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yZ-exchange contributions in low-energy parity-violating ep scattering
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In this work, the yZ-exchange contributions in the low-energy elastic parity-violating ep scattering are
discussed with the approximation m, = 0. By expanding the y pp and Zpp interactions on the momentum
of photon and considering both the leading-order and the next-to-leading order interactions, we calculate
the amplitudes of the yZ-exchange diagrams. After performing the loop integral, we expand the results
in the low energy limit, and obtain the analytic expressions for the amplitudes. Numerical comparisons show
that the analytic expressions are very close to the full results over a large region. We investigate the power
behaviors of these contributions and find that some are enhanced by a kinematic factor in the low energy limit.
Additionally, in some cases, the imaginary parts of the contributions from the next-to-leading-order interactions
are at the same order as those from the leading-order interactions. Furthermore, the corresponding contributions
to the physical observable quantity Apy are also discussed. Combining all the properties together, we conclude
that these analytic expressions describe the leading-order contributions of all yZ-exchange helicity amplitudes
in the region with o, K Q/My ~ § /Ml%, < 1, where «, is the fine structure constant, My is the mass of proton,
Q and § are the small quantities related to the momentum transfer and the center-of-mass energy.
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I. INTRODUCTION

The parity-violating effects in the elastic ep scattering pro-
vide the way to extract the weak charge of proton Qy and the
weak form factors of the proton Fl(é_p v ), Typically, the mea-
surement of the parity-violating asymmetry, defined as Apy =
(6™ —07)/(ct +07), is used to extract these quantities
[1-7]. To extract these physical quantities precisely, the virtual
radiative and the real radiative corrections should be estimated
carefully. Among the virtual radiative corrections, the contri-
butions from the y Z exchange are particularly distinct, as their
effects cannot be absorbed by certain constants even when the
momentum transfer is fixed. In the literature, several methods
have been employed to estimate the yZ-exchange contri-
butions to Apy. These include traditional calculation with
zero energy approximation [8], hadronic model [9], general
partonic distributions (GPDs) [10], and dispersion relations
(DRs) method [11,12].

In this work, we discuss the yZ-exchange contributions
from a different perspective. We use the low-energy y pp and
Z pp interactions, which are expanded on the momentum to
the leading-order (LO) and the next-to-leading-order (NLO),
to calculate the yZ-exchange amplitudes. A similar method
has been used to discuss the two-photon-exchange (TPE)
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contributions in elastic ep and pp scattering [13]. In this work,
we provide the analytic expressions for the y Z-exchange con-
tributions at the amplitude level in the low energy limit. These
expressions reveal several interesting properties, which are not
readily apparent in the direct numerical results or the conven-
tional estimation of the yZ-exchange contributions to Apy.

The paper is organized as follows. In Sec. II, at first
we take the ypp and Zpp interactions in the low energy
limit as examples to write down the yZ-exchange ampli-
tudes and express the amplitudes as linear sums of some
general invariant amplitudes. Then we discuss our approach
to calculate the corresponding coefficients of the invariant
amplitudes. The relations between the invariant amplitudes
and the helicity amplitudes in the center-of-mass frame are
also given. In Sec. III, we give the analytic expressions for
the y Z-exchange contributions to the coefficients and helicity
amplitudes in the low energy limit. For comparison, the cor-
responding contributions to the physical quantity Apy are also
given. In Sec. IV, we present the numeric comparison between
the analytic results and the full numeric results. In Sec. V,
we discuss the power behavior of these contributions and ex-
plore certain properties of the results when other interactions
are considered as inputs. Finally, in Secs. VI and VII, we
apply the obtained results to the upcoming P2 experiment and
provide a concise summary, respectively.

II. BASIC FORMULAS
A. yZ-exchange contributions in ep — ep at low energy

For the elastic ep scattering, the parity-conserving diagram
in the LO of the coupling constant is shown as Fig. 1(a)
where we label the momenta of the incoming electron, the
incoming proton, the outgoing electron, and the outgoing
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FIG. 1. The tree diagrams for ep — ep: (a) represents the one-photon-exchange diagram and (b) represents the one-Z-exchange diagram.

proton as pj 34, respectively. The parity-violating con-
tribution in the LO of coupling constant is from the
one-Z-exchange diagram, as shown in Fig. 1(b). When one
goes beyond the tree level, the radiative corrections should
be considered. Among all the virtual radiative corrections,
the contributions from yZ exchange and WW exchange play
special roles since their contributions are not only dependent
on the momentum transfer but also dependent on the center-
of-mass energy. The contributions from WW exchange [8] can
be well estimated since their contributions are dominated in
the region where the two W bosons’ momenta are large, while
the contributions from yZ exchange are much different. In
this work, we limit our discussion in the low energy limit
where the momentum transfer goes to zero and the center-
of-mass energy goes to the minimum physical value at fixed
momentum transfer. In this limit, a naive picture is that only
the interactions with the LO and the NLO of the momenta
give the main contributions. This argument has been used to
estimate the TPE contributions in ep, up scattering [13]. In
this work, we take the similar assumption to discuss the low
energy behaviors of the yZ-exchange contributions at first,
and then go back check their validity.

Naively, for the yZ-exchange contributions in the low
energy limit, only the elastic intermediate state gives the con-
tributions, which can be described by the diagrams shown in
Fig. 2. Generally, the interactions between the vector bosons
and the proton depend on the momentum transfer. In the liter-
ature, form factors are commonly introduced to describe the
structure of the proton. At low energy scales, the form factors
can be expanded order by order in terms of the momentum
transfer. The LO and the NLO interactions can be expressed
as follows:

l—‘;/l’ee = —iey’“’“, Fgeg = _l[g‘;y/i + ng/HVS],

1 . n 1" L
F}/pp,() =ieFy", prp’l = leFQMQU,
I o 5 5 n _ io"”
Fpr,() = _l[glyM + 831/“)/ ]v FZPP~1 = _ngMqv
(D
with
VA _ ¢ V.A
8e 4 sin Oy, cos nge ’
e
8123 = 81,23 2

4sin O cOS Oy

where 6, is the Weinberg angle, g/ = —1, ¢} = 1 — 4sin 4,
are the coupling constants in the standard model, Fj , are the
coupling constants of the y pp interactions in the low energy
limit, g12.3 are the normalized coupling constants of Zpp
interactions in the low energy limit, g is the momentum of
the incoming boson, the label O refers to the LO interactions
which are not dependent on the boson’s momentum, and the
label 1 refers to the NLO interactions which are proportion to
the boson’s momentum.

Using these interactions, the corresponding amplitudes for
y Z-exchange diagrams can be expressed as follows:

~ ar
ij) _ _lMZE/ (2n)du3FyeeSe(p3+l)

X F;Zteeulﬁ4r;upp,j(p4’ 174 - I)Sp(p4 - l)
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Y " / (2m)d 1317,0Se(p1 — 1)
X Fgeeulﬁ“rgpp,i(p% P2+ l)SP(pZ +1)
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x TP i(pa, pa = DSp(ps — DT, (pa — 1, p2)ua
x DY, (D% (p1 — p3 — 1), 3)

where #;,u; are the short writing of the spinors
a(p;, si), u(p;, s;) with corresponding masse m;, respectively,
[ is the momentum of the photon, i and j refer to the
order of the momentum in the vertices I'y,, and I'z,,,
[ is the renormalization scale and € =4 —d with d
the dimension. In the naive picture, the label ij = 00
corresponds to the LO contribution, while ij =01 and
ij = 10 correspond. Additionally, ij =22 corresponds to
the next-to-next-leading-order (NNLO) contribution. In
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FIG. 2. The yZ-exchange diagrams of ep — ep: (a,c) represent the box diagrams and (b,d) represent the crossed-box diagrams.

practical calculations, we consider all of these contributions
for comparison.

In practical calculations, the package FeynCalc10.0 [14] is
used to deal with Dirac matrix, the PackageX3.0 [15] is used
to do the loop integration and the the package LoopTools [16]
is used for cross-check.

B. The scheme to handle y5 in d dimension and the general
invariant amplitudes

To calculate the amplitudes /\/lg;”b’”’d) using the dimension
regularization, one must select a scheme to handle the Dirac
matrix ys in d dimension. This differs slightly from similar
calculation in the parity-conserving ep scattering, where, in
principle, there is no ys at the amplitude level in the latter
case. In our practical calculation, we choose the NDR scheme
in FeynCalc [14] to handle ys.

In the NDR scheme, there is an ambiguous definition for
the trace of a matrix with an odd number of ys matrices.
To avoid this ambiguity in the calculation, we separate the
full amplitude into a parity conserved (PC) part and a parity
violated (PV) part. We then further separate the PV part as
follows:

(a+b+c+d) __
./\/lyZJr et /\/l -Myz’
M3y = 8eMyz +3 My, @)
Since our focus is on the PV part of the amplitude, we
will only discuss the amplitudes M), and M‘?Z in the

following. After making the approximation of m, = 0, where
m, represents the mass of electron, the amplitudes MZ? can

be expressed as follows:

32

2

— = \%4

)/Z_E: yZz i =§:§:§ yZz;k Jgkpi’
i=1 = k=1

2
M?Z = Z‘FﬁZ:PzA = ZZ z,j3Fjg37DiAv &)

where the general invariant amplitudes P/ and P# are
chosen as

Pl = sy ysun sy us),

1
Py =—
*T 0

@3y, ysun | [daic™” quus],

P

w<

MNQ[ﬁ3 Pysuillia Kuol,

P‘I‘ = [1713)/Mul][ﬁ47/uy5u2]’

1
P = é[ﬁﬂ/”m][fmm Kysual,
1
Py = MNQ[ES Pui]liis Kysus] 6)

with P=py+ ps, K =p1+p3, 0* = —¢*. g =ps — p» =
p1 — p3, and My the mass of proton.

This separation differs slightly from the form used in the
references, where typically only three invariant amplitudes
are chosen [11]. As we have argued earlier, the purpose of
this separation is to avoid the ambiguous definition of ys in
d dimensions. With these definitions, the calculation of the
coefficients C)‘//Z,ijk and C;‘z, ;j3 now involves only even powers

of ys.
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Similarly, we separate the amplitude for one-Z exchange,

Mz, as
Mz = MEE + MEY,
=My + 8 My,

3
My =" F P (7
i=1
with X =V or A, respectively.

C. Calculation of C;/Z,i jx and sz,ijk

To calculate the coefficients C;‘//z ijx and C;,‘Z x> ONE can
solve the following system of algebraic equations in d dimen-
sions:

> My = X A

helicity helicity i=1
3 2 2
V*
= 2 222 CuphiaMIT,
helicity i=1 j=1 k=
A Ve _ A A
> MLT = Y YRR
helicity helicity i=1
32
— A = ATAx
= E E § CyZ,ij3Fjg3Mi7r-1 ) ®)
helicity i=1 j=1

where 7,V and T2 can be directly chosen as P! and P4,
respectively.

After calculating the following matrix in d-dimension:

D= Y PP ©)

helicity

the coefficients ., X, ; can be expressed as

Fozi = Z[(DX) N Y. ME,P (10)

helicity

Once FX yZ,i is known, the corresponding coefficients
CyZ,ijk* can be directly obtained.

The expressions of Din in d dimensions are a little complex,
so we do not list them here.

D. From general invariant amplitudes to helicity amplitudes

In some cases, the physical meaning of the general in-
variant amplitudes and their coefficients may not be clear, as
the behaviors of the coefficients Cffz’i i« can include certain
kinematic effects. Conversely, the physical meaning of the
helicity amplitudes is much clearer.

After performing some simple calculations, one can ob-
serve the following properties in the center-of-mass frame:

M+—ii,Pv _ M—Jrii,Pv =0,
M++++ PV, —MyT PV

—PV —+,PV ——4—,PV ———+,PV
MRV = —Mﬁ PPV — MY = MY,
MFTTTY = MY, 1)

TABLE I. The expressions for the invariant amplitudes with spe-
cial helicities P*** in the center-of-mass frame.

i 1 2 3
+H++V _ _ab _ 3
Pi v Q? My 0 My 0

+++-V 2cMy Q _
P V02 c 2¢
-V __ _
Pi v+0? 0 MyQ
pHttA _ ab+8M}0? 0 _
i v+Q? MyQ
+H+—A _ 2cMyQ o
M; 1O c 0
++——A 2 2
Mi v+Q? 0 MyQ

where the index Y refers to either Z or yZ, and the indexes
such as 4+ + ++ correspond to the helicities of the incoming
electron, the outgoing electron, the incoming proton, and the
outgoing proton, respectively.

The helicity amplitudes can be expressed as follows:

ot X
M '

=Y RS pEEEY (12)

In Table I, we present the expressions for Piiiix in the

center-of-mass frame, where the momenta are chosen as

p/f = (ECﬂ 0’ 05 E(‘)a

Py = (M} +E2, 0,0, —E.),

Py = (Ec, E;sin6,, 0, E. cos 6,), (13)
and some variables are defined as

s=(p1 + p2)*,

v EZS—ZM%,—Qz,

a=v+ Q> +2My0,
= v+ Q% — 2MyO,

cz\/v2

Using these expressions, the helicity amplitudes
can be expressed as direct linear combinations of the
coefficients C))/(Zfijk' For instance, we have the following
relationship:

—4MZ 0% — 0% (14)

bt X
M ’

+H++V ab
M7 = _er‘FyZI 4AMNQF ), — M Q]:)/Z3
2 2 ab
== Z Z v+ QZCVZ e 4MNQCVZ 2jk
=1 k=
y B
+ WQC)/Z’?)jk Egk. (15)
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III. EXPRESSIONS IN THE LOW ENERGY LIMIT

In this section, we firstly present the analytical expressions
for C;‘//fijk in the low-energy limit. Then, we provide the an-
alytical expressions for the corresponding corrections to the
helicity amplitudes and the experimental measurement Apy.
These analytic expressions clearly demonstrate the power-law
behavior of the corrections in a transparent manner. Fur-
thermore, they can be utilized to estimate the yZ-exchange
corrections for all feasible future measurements, particularly

J

8
Re[}'gl] = _1\712’ Re[fzz] =
V4
8
Re[fé,l] = _A732’ Re[}?,z] =
4

Physically, when Q? is fixed, the physical v has a minimum
value given by

Vphs Z Vmin = Q\/ 4M1%/ + QZ- (I7)

To calculate C)’fzqi j« in the low energy limit, we expand them
at 0 — 0and 6 = v — vpi, — 0 independently after the loop
integration. This approach differs slightly from the usual dis-
cussion where Q — 0 and E, — 0 are used, with E, the
energy of initial electron in the laboratory frame. The reason
for not expanding the results in terms of Q and E, is that when
Q is fixed, E, actually has a minimum value given by

Vmin + Q2
AMy

This implies that Q — 0 and E, — 0 are not completely in-
dependent for the physical process.

In practical calculations, the expansion of C)’fz’l. i on O
and & should be done independently. This means that the
expansion is valid for any &/Q ratio. The final expressions
for the nonzero LO contributions Cféﬁ?k are presented in the
Appendix A.

We would like to mention that the contributions which are
only dependent on Q but not dependent on 8, have the similar
behaviors with the radiative corrections to the vertexes I'y) |
and I'; . This means that these contributions can be absorbed
into certain constants at fixed Q. However, the most significant
characteristic of the yZ-exchange contributions lies in their
dependence on § at a fixed Q.

Ee 2 Emin = (18)

B. Helicity amplitudes when Q> — 0 and v — vy,

Since the physical meaning of the helicity amplitudes is
much more definite than that of the coefficients, we provide
the expressions for the helicity amplitudes in the low-energy
limit in this subsection.

At the tree level, the helicity amplitudes due to the one-Z-
exchange can be separated as

2
M;i:&i,v — ZMifii'ngéé,

k=1

M;+++A = M;;LJrJr Ag3g\g/' (19)

at low values of Q and E, assuming knowledge of the low-
energy constants.

X 2
A. CyZ,ijk when Q° — 0 and v — vy,

Before discussing the properties of the coefficients Cffz ijk
in the low energy limit, for comparison, we list the expressions

X
of F7, as

& 0

—_—— V =
M2 30y Re[F) 5] =0,

=0, Re[F3 5] =0. (16)

(
tt X

After expanding M7 on O and ¢ independently, the

nonzero LO contributions M3 *=%0

Table II with

are expressed as

1
h = oMo T3y
MZ(2MyQ + 8)

7= /@My O + 8)8. (20)

Similarly, the helicity amplitudes due to the y Z exchange can
be separated as

itV _ AtV o o o
M7 = ZMyZ,jk FigiZe
jk
Mot = 2 Mgy g @D
J

We would like to mention that in order to obtain the correct

expressions for the nonzero LO contributions Mf;fki’x’m,

one should not directly substitute Cf;gk into Eq. (12). The
reason for this is that there are cancellations between the
contributions from different Cféﬁ?k at the LO in certain spe-
cific cases. Therefor, to obtain the correct expressions for the
nonzero LO contributions /\/lf; ﬁi’x’m, one should substitute
CX, ;i into Eq. (12), and then expand M55 as 0 — 0
and 6 — 0. The existence of these cancellations also suggests
that the helicity amplitudes reflect the physical properties in a
more definite manner.

The final expressions for the nonzero LO contributions

++++ X,LO : :
M vz ik are presented in Appendix B.

TABLE II. The expressions for M;fii’x’w in the center-of-
mass frame.

Hs ++++ +4++— ++——
M?ﬁ.V.LO I’ZZZ _2hZMNQ hZZ
M5O 2h(2MN QO + 8)0? —hz a0 0
MEALO h(SM2Q* + %) 2hzMyQ —hz?
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C. Apy when Q* = 0 and v — v,

After  obtaining the  coefficients C; ;)fz, ik

MyZ, jk*EEX ] the yZ-exchange contributions to all
related physical quantities can be determined. In this
subsection, we discuss the yZ-exchange contributions to
the physical measurement Apy which is defined as

or

> helicity M T M — MEM™)
D helicity MTME* + M M=)

Apv = (22)

where M™* ™ are the helicity amplitudes in the laboratory
frame with the helicity of the incoming electron being =+,
respectively.

At the tree level, where only the contributions from the
one-photon exchange and the one-Z exchange diagrams are
considered, the corresponding A;V can be expressed as

A;{?Z - [ZZAZ lknggA +ZAZ 13Fggge:|

i=1 k=1

(23)
where
o = 4AFMy (v’ — 4MzQ* + Q%)
+FLQ* (v + 4M{ Q% — Q%) + 16F M 0*
— AFM3 7 24)
and
8
Ay = _WMZQ (”2 — 4M0* + Q4)
4 2 3
- —WMNQ (4MyQ + 8)2MyS + O°),
z
16
-A‘z/,u = _WMI%/Q67
z
16
A;,zl = _WM]%/QG’
z
2
Azy = _WQ4(V2 +4My0* — 0Y)
z
2 22 .2
— _WQ (8MNQ +z )7
16 16
Aos = =3pMi0'y = — 3 M0 My +9),
z
16 16
A 2 4 2 4
Az = —@M OV — _ATZMNQ (2MnQ + 9).
(25)
When considering the interference between the one-

photon exchange diagram and yZ-exchange diagrams, the

corresponding A4S is expressed as
1L 3
y®yZ _ 4 4 A -v
Apy —%(;N Re| fyZ,gAvL; "Re[F),,] e)
302 2
= oo | 2 2 LN RG] et
i=1 j=1 k=1
32
+ Z ZMARe[Cﬁz.i,ja]ﬂyzg@‘e/ (26)

i=1 j=1

NV = 8MRQ*[(v? — 4Mz 0% + O*)Fy +20°Fy],

Ny = 4MyQ[8MyQ'Fy + Q2 (v +4MyQ° — OY)B],

NY = 8MyQv(v? — 4My0* — OY)F,

N = 16M} 0V (F + F),

N} =AMy Q*[8MF Q°F) + (v¥ + 4My0* — 0Y)P],

N3 = 8MyQ* (V2 — 4M30* — OY)(F + F), 27
where we have used the indexes y and yZ in F; to indicate

the source of the coupling constants, although their numerical
values are equal. For instance, F} represents the coupling
constant from the one-photon exchange diagram, while Fl”Z
represents the coupling constant from the yZ-exchange
diagram.

After substituting C
press ALE7” as

2.jx Into the expression, one can ex-

2 2

2
= % ZZZRe ‘AVZUk Iﬂijzg"g/2
il

i=1 j=1k

yQvZ
APV

2 2

Z - -

+ Z Re[Aﬁz,i_lg]F;yF_‘,‘y 838‘:
im1 j=1

_ Grpt
N 4ﬁnae

where Gp = naJ(«/EM% sin® B, cos? 6y,) is the Fermi con-
stant, a, = ¢ /47 is the fine structure constant, and t = —Q”.
Similar to MEFEEX , to obtain the nonzero LO contributions

vZ,jk
X,LO X
A y7.ijk> One should substitute C7, ; ., into the expressions and

then expand them in terms of Q and § around 0. The final
expressions for the nonzero LO contributions AﬁéL.Sk are pre-
sented in Appendix C. '

(O +072]. (28)

IV. NUMERICAL PROPERTIES

Before discussing the analytic properties, we perform a
numerical comparison between the nonzero LO contributions
and the full contributions for different values of Q in the
range (0.05,0.1,0.2,0.5) GeV and for different values of §
in the range [0, 1] GeV?. We find that the two results are
very similar across all these regions. In Figs. 3 and 4, we
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vZ.13

yZ.13

035501-7

0.2, and 0.5 GeV, respectively.



QIAN-QIAN GUO AND HAI-QING ZHOU

PHYSICAL REVIEW C 108, 035501 (2023)

TABLE III. The power behaviors of the contributions Re[}'}f AR
Re[F},1, Re[C}, 1, and Re[C}, 5], where only the contributions
from the LO interactions are considered and the contributions from
Rir have been neglected.

TABLE IV. The power behaviors of the contributions Im[]-}’, AR
Im[F},], Im[C}, ], and Im[CﬁZJm], where only the contributions
from the LO interactions are considered and the contributions from
Iir have been neglected.

Power behavior Power behavior

Power behavior Power behavior

Re[F),] 1 Re[C), 1] o, 2E
Re[F,,]  nocontribution  Re[C},,)] w log — 4MN
Re[F};]  no contribution  Re[C}, 5] oze o
Re[F4,] 1 Re[C, 113] o, 2HEFE
Re[F7,]  no contribution Re[C;‘ZY2 13 a, MQN
Re[F;;]  no contribution  Re[C), ;5] o, 7

Im[}'g, W no contribution Im[C;‘//Z.m] o, Max {M2 - 1)
Im[]—‘; N no contribution Im[C;‘//z. ol @, ATQN
Im[F} 5] no contribution Im[C), 5] . %
Im[]—‘é N no contribution Im[C;‘qul 5] aMax{ 5= Q2 1)
Im[.F,] no contribution Im[C/, 5] . ZAX/]IVNQQJrS
Im[Fy 5] no contribution Im[C4, 53] . %

take Re[./\/l;f; TI”L’.V‘LO] and Rte[./\/l;fz T;’V‘LO] as examples to
show the numerical comparison. The comparisons clearly
demonstrate that the analytic nonzero LO expressions provide
a reliable approximation of the full result at the low energy

scale.

V. POWER BEHAVIORS IN THE LOW ENERGY LIMIT
A. Power behaviors of C}, ., in the low energy limit

The analytic expressions for C¥; Z k exhibit some intriguing
properties, with the most 51gn1ﬁcant one being their power
behavior in relation to the variables Q and §.

To illustrate the physical implications of these power be-
haviors clearly, we compare two cases in terms of their
behaviors. In the first case, we examine the power behaviors
of the contributions from one-Z exchange and yZ exchange,
considering only the LO interactions. In the second case, we
compare the power behaviors of the imaginary parts of the
contributions from yZ exchange, considering both the LO
interactions and the NLO interactions.

When considering only the LO interactions, the couplings
F,, g, are zero, while F; and g 3 are nonzero. In this case,
all interactions are well defined within the standard model.
At the tree level, there are two nonzero PV contributions,
namely, Re[F} ] and Re[F2 ], which are independent of O
and §. Regardfng the yZ-ex’change contributions, there are
now six nonzero contributions, such as C]‘//ZJ.11 and C;‘Z’m.
By utilizing the analytic expressions given in Egs. (A1), (A2),
(A4), (AS), one can directly obtain the power behaviors of
these contributions at low energy.

For convenience, we present the power behaviors of
Re[FZ,i"], Re[FZ, i*], Re[C), 1, and Re[C}, 5] together
in Table III. The comparisons clearly demonstrate that, except
for Re[C 2211] the coefficients from the yZ-exchange con-
trlbutlons always exhibit an enhanced factor of My /Q for any
given §. This implies that when Q /My =~ «,, the y Z exchange
can provide contributions of comparable magnitude to the
one-Z exchange.

This enhancement is not surprising. A similar property
occurs in the pure electromagnetic system near the threshold,
where contributions from multiple-photon exchange need to
be summed. In the case of bound states governed by pure

electromagnetic interactions, typically only the ladder dia-
grams are summed.

The detailed calculations demonstrate that the enhanced
factor My /Q appears not only in the sum of box diagrams
[Fig. 2 (a+4-c)] but also in the sum of crossed box diagrams
[Fig. 2 (b+d)]. This is in stark contrast to the case of pure
electromagnetic interactions. In Table IV, we present the
power behaviors of Im[C zi1l and Im[CAZlB] The results
clearly demonstrate that, in the region 8 > MyQ, there is
enhancement for all coefficients except Im[c)\//z,zu]’ while
no enhancement is observed in other regions. This behavior
differs from that of the real parts. In literature, the imagi-
nary parts are typically used as inputs in DRs to estimate
the real parts of the yZ-exchange contributions. Our results
highlight the importance of carefully considering the imagi-
nary parts of CV Lz.ijk and CyZl « even when considering only
the leading- order (LO) interactions, particularly in the region
where o6 /MyQ ~ 1.

When considering interactions beyond the LO, the effec-
tive interactions with nonzero F, and g, come into play. In
this case, at the low-energy scale, the corresponding radia-
tive contributions should be combined with the four-fermion
contact interactions to yield the final physical contributions.
An important characteristic is that, at the one-loop level, the
contact interactions do not alter the imaginary parts of the
y Z-exchange contributions. This implies that the low-energy
behaviors of the imaginary parts are physical, and they can
serve as a unique means to verify the power counting rules.

In Tables V and VI, we present the power behaviors of the
ratios Im[C}, ; ;1/Im[C}, ;;,] and Im[C}), 123]/Im[CVZ”3] in
different reglons The results indicate that the naive NNLO
contributions, Im[C)‘,/Z’ 221, are of higher order, while the naive
NLO contributions are actually of the same order as the LO
contributions. These observations suggest that the naive power
counting rules are not preserved in certain cases.

B. Power behaviors of the helicity amplitudes

Since the helicity amplitudes directly correspond to ob-
servable physical quantities, their properties may provide a
more definite reflection of the physical meaning compared to
the coefficients C)}/(Z,i i In this section, we present the power
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TABLE V. The power behaviors of the ratios
Im[C;/z,ijk]/Im[C;/z,n 1
Power behavior SLEKMyQ S~MyQ 53> MyQ
Im[C;’Z,m]/Im[C;’Z’m] 1 1 1
Im[CXZ,IZI]/Im[CXZ,lll] 1 1 1

2

Im[c;/z, 122]/Im[C;/Z, ml % M%, Aijlv
Im[CXz,zlz]/Im[C;/z,zn] 1 1 1
Im[CXz,zlz]/Im[C;/z,zn] 1 1 1
Im[C}, ,,1/Im[C}, 5] o(M;?%) o(M;?) o(M;?)
Im[C;’Zjlz]/Im[C;/mH] 1 1 1
Im[C;’ZYm]/Im[C)‘,’Z_m] 1 1 1
Im[c}YZﬁZZ]/Im[C;‘//Z,}l 1] % ATQN M%Z]

behaviors of the helicity amplitudes based on the expressions
listed in Appendix B.

In Tables VII and VIII, we present the power be-
haviors of the helicity amplitudes resulting from one-Z
exchange and yZ exchange, considering only the LO in-
teractions. In Table IX, we list the power behaviors of the
ratios Re[MyZ, 1k*EX) /Re[ M Z, kEEEEX] in different
regions, where the enhanced factors are indicated by a wavy
line. These enhancements suggest that, even when consider-
ing only the LO interactions, diagrams with higher orders
of o, should be considered and summed to obtain the cor-
rect contributions in specific regions. Directly estimating the
y Z-exchange contributions to the helicity amplitudes through
loop integrals or dispersion relations is only valid outside
these regions. The results in Table IX clearly reveal the
availability of specific yZ-exchange helicity amplitudes in
different regions. Combining all these regions, we find that
only in the region, where o, K Q/My ~ & /M]%, < 1, all the
y Z-exchange helicity amplitudes are applicable. Outside this
region, higher-order radiative corrections should be taken into
account.

The full physical helicity amplitudes of ep scattering are
the linear sum of the V parts and the A parts. Therefore, when
considering only the LO interactions, the corresponding ratios
of the full physical helicity amplitudes can be expressed as

Re[ M 751" |Fig1g} + Re[ M55 |Figag!
Re[Mifii’v]glg’j i Re[M;ﬁ;ii,A]gSgg

By combining the power behaviors listed in Tables VII and
IX, one can observe that there are still enhancements for the

TABLE VI. The power behaviors of the contributions
Im[sz,izﬂ/Im[sz,na]'

Power behavior §KMyQ SAMyQ 8> MyQ
Im[CY, 1, ]/Im[CY, 3] 1 1 1
IM[C?, 5,1/ I[CY, 3] 1 1 1
IM[C?, 15, ]/IM[CY, 3] 1 1 1

TABLE VII. The power behaviors of Re[/\/lifﬁ'v],
Re[/\/l}fii"’], Re[/\/lf;ﬁi’v], and Re[/\/lj;flif’v], where only
the LO interactions are considered and the contributions from Rz
have been neglected.

Power behavior Power behavior

Re[ M7 "] hz? Re[ M} 1H'] a.hMax(M} 0, )
Re[ M7 h(8MZ 0% +22) Rel MY 1] a,hME(2MyQ + 8)

Re[M;1""]  hzMyQ  Re[M}}{ "] ahzMyQ
ReLMIT ] heMyQ  RelM1"]  achs et
Re[M;T77Y] hz? Re[ M} o hz?
Re[M; 1] hz? Re[ M7 1] ahz?

full physical helicity amplitudes in the + + ++ and + + +—
cases when assuming g;g* and g3g" to be at the same order.
In Table X, we present the power behaviors

of the ratios Im[./\/lfz ?;i’v] / Im[/\/lf; Tli’v] and
Im[Mﬁf ?;i’A] /Im[/\/lf; Tf’A] in different regions. These
results show that, in the region & < 0? €« MyQ, the

contributions from the NLO interactions, Im[M};""]

and Im[M}37""], are even larger than the contribution from

the LO interactions, Im[/\/t)fz+ V1. Furthermore, for any 8,

the contributions from the NLO interactions, Im[M};3:"]

or Im[M 73741, are at the same order as the contributions

from the LO interactions, Im[./\/l;f f;’A] or Im[./\/l;;f ;r;’A],
respectively. Since the imaginary parts of these contributions
cannot be canceled by contact interactions, these properties
indicate that the naive power counting rules are broken in
these cases. On the other hand, contributions involving higher
interactions, such as Im[Mfi ii‘v], are much smaller and
follow the naive power counting rules.

In practical calculations, we also considered interactions
involving higher-order momentum, such as Fj qu/ (where g,
is the momentum of the incoming photon), to examine their
behavior. We found that the imaginary parts of the corre-
sponding contributions are at higher orders. This indicates
that, although certain NLO contributions break the naive
power counting rules, the imaginary parts of contributions
MG with i+ j > 3 (such as the NNLO interac-

tions) can be safely neglected in the low energy limit. These

TABLE VIIL The power behaviors of Im[M;7**"],
Im[MiﬁiiA], Im[Mfzi,ﬁi'v], and Im[MfZi_]if‘V], where only
the LO interactions are considered.

Power behavior Power behavior

Im[MT**Y] no contribution Im[M;’Z V] a.h?
Im[M2§++‘A] no contribution Irn[./\/l;z ERAT a h(8ME Q% 4 32%)

Im[MT+~"] no contribution Im[M ;"] ahzMyQ

vZ,11
+++-.A St +++—A (3My Q+8)(My O+3)
Im[M73 I no contribution Im[AM7777™"] aehzT
Im[M~""] no contribution Im[M T ah?
Im[M; ™41 no contribution Im[ M7 5 a.h?
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TABLE IX. The of  Re[M;;;"*1/
Re[/\/@fﬁ’x] in different regions, where only the LO interactions
are considered. The terms with enhanced factors are labeled by a
wavy line.

power behaviors

Power behaviors in

different regions §KMyQ S=MyQ &> MyQ

Re[MIZTHV/Re[MGTTHY] o, M€ o, o,

2
Re[ M7 5 1/Re[ M4 o M o i
Re[ M3V /Re[ M5 1T7Y] o, o, o,
Re[My/ 5 1/Rel My a2 o, g
Re[M;erlf‘V]/Re[M;T**‘V] o, o, o,
Re[M);15771/Re[ M5 {77] o, o, o,

important observations suggest that, although the naive power
counting rules for the imaginary parts are not upheld, there are
still regular power rules governing the imaginary parts of the
contributions.

Due to these power behaviors, we conclude that in the
low-energy regions where the radiative corrections are not
strongly enhanced, the imaginary parts are reliable when both
the LO and the NLO interactions are included. This also
means that the corresponding real parts are reliable since the
real and imaginary parts obtained in our calculation obey the
DRs. The power behaviors of the imaginary parts also suggest
a systematic way to estimate the yZ-exchange contributions
to higher orders of low energy: one can take the effective

TABLE X. The power behaviors of Im[/\/lj;ﬁi’x]/
Re[MfZ%Iini’X] in different regions, where the contributions at

the same order are labeled by a wavy line.

Power behaviors in

different regions S K MyQ S~MyQ &> MyQ

LML ImME i "
MM MM 2 - s
MMM g &
M ML L L
MMV ImME T i T
Im[ M3V /Im M Y] - - M%
MM & o
M ) imMG L L L
MMV M o T

0 8

Im[ M5V /Im M Y] e e
S J— 2 2 2
Im[M 25V Am MG Y] g g, 2.
Qo

Im[ M55 71 /I M 1)

5‘05.0

interactions with higher order momentum as inputs to obtain
the corresponding imaginary parts of the amplitudes and then
use the DRs to obtain the corresponding real parts. Such a
method can avoid the breakdown of the power counting rules
that occur in the real parts. Naturally, the cost is that some
unknown constants may be introduced to absorb the contribu-
tions from high energy.

: % A
C. Power behaviors of Aﬂ,i ik and A;,Z,ijk

In Table XI, we present the power behaviors
of Re[AZ, 11"], Re[AZ, 13*], Re[AyZ 111V], and
Re[AyZ, 1134], where only the LO interactions are
considered. The results clearly show that the yZ-exchange
contribution Re[AyZ, 111V] is always smaller than
the one-Z-exchange contribution Re[AZ, 11Y]. In the
region with 6 & MyQ or &> MyQ, the yZ-exchange
contribution Re[ Ay Z, 113]is as large as the one-Z-exchange
contribution Re[.AZ, 13%], but it is still much smaller than
the one-Z-exchange contribution Re[.AZ, 11Y] in these two
regions. Combining these properties, one can conclude that
there is no additional enhancement in the yZ-exchange
contributions to the full APV. This is very different from
the properties of yZ-exchange contributions to the helicity
amplitudes or the coefficients.

In Table XII, we present the power behaviors
of the ratios Im[AyZ, ijk"]/Im[AyZ, 111"] and
Im[AyZ, ijk*]/Im[AyZ, 1134]. The results show that
only the contributions Im[.AyZ, 123*] and Im[AyZ, 2134]
are at the same order as the contribution Im[ Ay Z, 113%], and
other contributions from the NLO interactions are always
smaller than those from the LO interactions. This means that
the naive power counting rules for APV are broken in some
cases, and the contributions from the NLO interactions should
be considered.

VI. APPLICATION

As an application, one can directly apply the above results
to discuss the yZ-exchange contributions for the upcoming
P2 experiment with Q% = 0.0045 GeV? and E, = 0.155 GeV.
Since the terms A, |,, and Agz.zzz contain UV divergences
and should be absorbed by certain contact terms, we neglect
them in the current analysis. By taking the IR scale puRr =
1 GeV, the finite parts of the analytical expressions for Apy
give the following results:

g

O77°(P2) = 107* x =¢(257.245F ¢, + 8.350F¢,
o

+ 14.711F F>g + 4.099F;’g| + 4.099F,F &),
\4
4EO(P2) = 107 x 5 (414.330F7
o
+418.543F F, — 0.156F)) g3, (29)

where we have used g; and g¥** while not g; and g/ to express
the results, and the terms with ?ILR have been neglected.
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TABLE XI. The power behaviors of Re[Ay |1, Re[A7 3], Re[A7,,,], and Re[.A7, 3], where only the LO interactions are considered.

The relative enhanced terms are labeled by a wavy line.

Power

behavior 8§ K Q3 /My O’ /My < 8 < MyQ 8§~ MyQ 5> MyQ
Re[ A} ] M2 Q° MyQ3s M0 M;Q*8?
Re[A} 1] o.My Q%S o.M} 08 o M4 Q! aM20%8
Re[.A*Z‘,B] M/%/Q5 M/%/Q5 M;%/Q5 M;%/Q46
Re[A}, 5] a M3 0’ M0 aMi0* « M08

For comparison, the direct numeric calculation of the full
expressions gives the following results:

ge

0y,(P2) = 107 x ;(230.269F12g1 +7.582F g,

+13.928F F>g + 4.090F;’ g + 4.394F:Fg,),
A%
[, (P2) = 107 x 5 (410.700F?
(o2

+410.961F F, — 0.115F;) g. (30)

We can observe that there is about 10% difference between
D‘;g‘o and D‘;Z, this is natural and acceptable, since for P2

experiment, the corresponding 8 is about 0.45GeV? which is
not a small value.

VII. CONCLUSION

In summary, the full results reveal many interesting and
important properties of the yZ-exchange contributions at the
amplitude level, which are not evident in the contributions
to the physical quantity Apy. Our findings suggest that when
Q and § approach O independently, it is important to care-
fully consider the yZ-exchange contributions. Specifically,

TABLE XII. The power behaviors of Im[.A7,,1/Im[AY, ]
and Im[A}, . 1/Tm[ A%, ;] in different regions.

Power behaviors § K MyQ 8§~ MyQ 8> MyQ
Im[A;‘fz. 1 12]/Im[-’4¥z, 11l MQTjg ’S;v A%
Im['A‘;Z,IZ] ]/Im[A‘;Z, il MQT; 1\?1;, %
Im[ A}, 5,1/Im[A} ] ,\% ,S;] A%
Im[A‘;Z,ZlI]/Im[A‘;Z,H]] MQTja 5}% %
Im['A‘;Z.ZIZ]/Im[-A;‘:Z, il MQT;S 3% AT;]
Im[A‘y/Z,zzl ]/Im[A‘;Z. 1l M%;; IS;/ %
Im[A‘;z,zzz]/ Im[A‘;z, 11l MQTZ; A(TJ,;] n%f
Im[A%, 13]/Im[ A%, 5] o 1 1
Im[A;éz,zls]/Im[Aﬁz, 113] 1 1 M§2Q2
Im[Aﬁz.zzﬂ/Im[Aﬁz, 113 % % QTZ

to estimate the yZ-exchange contributions, both the LO and
NLO interactions should be included, which goes beyond the
naive power counting rules. Additionally, in the region with
o, K Q/My ~ 8 /M3 < 1, our results can be applied to esti-
mate the yZ-exchange contributions to any related physical
quantities. However, outside this region, for some helicity
amplitudes, the higher-order radiative contributions should
be considered and summed. For the full physical quantity
Apy, the expressions can be applied in a wider region with
(O/My L 1)N (6 /M,%, <« 1). Finally, for the imaginary parts,
although some contributions from the NLO interactions are
not suppressed by the factor Q/My, the contributions with
more higher-order interactions are suppressed. As a result, the
corresponding real parts can be estimated order by order at
the low energy scale via the DRs, and the imaginary parts by
the effective interactions.

ACKNOWLEDGMENTS

H.-Q.Z. would like to thank Shin-Nan Yang and Zhi-Hui
Guo for their helpful suggestions and discussions. This work
is funded in part by the National Natural Science Foundation
of China under Grants No. 12075058, No. 12047503, and No.
11975075.

APPENDIX A: EXPRESSIONS FOR C;'0

The nonzero LO contributions, Re[C v.LO ] and Re[CA‘LO 1,

can be expressed as vZijk vZ.ijk
Re[C20] =~ 132 e

X [Z + 310g1\MTf, + %Rm],
Re[C)7 1] = = ﬂ(j&g ZMNQ# B +2log AMTﬂ
Re[C) D ] = Re[C); 7,1,
Refcj,] = 2 0D
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V,LO 7 _ Y
Re[Cyz,zn] = _nM§ My
1. v+0> 2My0O+3$ aMy
x | —log 5>— log ,
4 Tv—-0? 8My, vz — Q4
V.LO q _ o 0
Re[Cyz,zn] = _WM% My
1, 7. v+0* 1
724 Slog~ 2 4 "R,
XI:ZTL' +8 Ogv—Q2+2 IR
vio 7 _ e 0
Re[Cyz,zzl] = nM%M_N
1. v+0*> 2My0O+3$ aMy
x | = log — 5— log ,
8 v — Q2 16My, V2 — Q4
e QCMNQ +9) Mz
Re[CV0 1= & 7 - 1210g 22 |,
e[Gran] aME 144My °% My
V,LO _ o, MN 5 MZ
Re[C)75,] = n_ng[é_l + 3log iy |
V,LO _ o, MN 1 MZ
Re[CyZ,312] = ﬂM% E[E + 2log ]\TN )
V,LO V,.LO
Re[CyZ,321] = Re[Cijlz]»
V.LO T _ o My
Re[Cyz,m] = _nM% 0
[1 M Mz | Mg } (A)
n —log — + —5Ryy |,
47 16M2 My = 8M2
and
A,LO N [P ZMNQ + 1)
Re[Cyz,m] = _nM§ 0’
9 My 0’
—4+3log— + ——RRr/|,
% [4 o oMy o R
ALO 7 e 2MyQO+46(9 My
Re[cyz,m] = _nM§ T 1 +3log ATN )
A,LO _ (093 MN _9 MZ_
Re[CJ/Z,ZB] = n_Mﬁz _5 + 6log M_N_’
A,LO A,LO
Re[Cyz,zzs] = Re[Cyz,m]’
A,LO _ o, MN _9 MZ-
Re[CyZ,313] = ﬂM% 6 _Z + 3log ]\TN_ )
A,LO A,LO
Re[Cyz,323] = Re[CijB], (A2)
where «, is the fine structure constant and
v+ Q? aMipd, 1
Rir =1 1 = )
R 0gv—Qz(O vz—Q4+glR
-2
Hyv 1
Ryv =log — + —,
Y M2 E
1 1
— = — ve +Indr. (A3)
€IR, UV €IR, UV

We would like to mention that the nonzero NLO contributions
are also present in Re[C]‘//’ZL’ZO”] and Re[C)Y'ZL!Sz]] due to the
v+0Q?
v—0?
the form of Re[C}Y’ZLSIZ] appears significantly different from
the other terms. However, in our practical calculations, we
have verified this form using independent numerical results
obtained from the LoopTools package, and we have found that
the two results are consistent.

The nonzero LO contributions Im[C}‘f’ZIjgk] and Im[Cﬁ’zL,Sk]
are expressed as

- IlR]s

small factor log in the LO contributions. At first glance,

o [ (AMyQ +6)8
m[C20,] = 3| P

S MZ| AMEQ?
a, CMyQ + 8)?
5] = - 25 LD
vZ, MZ  8MZQ?

Im(C)7 2] = Im[C); P ],

o (MyQ +8)2MNQ + 8)BMNQ +5)

V,LO 7 _
Im[CyZ,IZZ] - _M% 16M§,Q2 ’
v.Lo 7 _ e 0
Im[CyZ,le] - 17%4MN ’
V,LO o 0
Im[Cyz,zu] =z 8My [7 4 4hr],
z
vio 7 %e 0
Im[CyZ,221] - _17% SMN ’
V,.LO o, Q2MyQ +§)°
Im[C}/Z,ZZZ] = _Mézl 192M1%/ ’
V,LO o, 2MNQ + )
Im[CVZ,Sl]] = M2 AMyO
z
V.LO o 2MNQ + 6
Im[CyZ,312] = AT% 8MyO

Im [C;‘//’ZL,?zl] = Im[Ca‘//’ZL,?lz]’

oo (MyQ +8)BMyQ + )

VLo 7 _
and
ALO o, [ 2M3%Q% + 4My QS + §°
Im[Cyz,113] = @[_ M2 +Ir |,
A.LO a. 2CMyQ + 5)2
A e VA TY Y/
A,LO o, 2MNQ + 8
Im[ yz.213] = @ MyO
ALO 1 _ ALO
Im[Cyz,m] = Im[Cyz,m]’
ALO o, 2MNQ + 6
Im[CVZ,313] = MI 2MyQ
A,LO A,LO
Im[CyZ,szs] = Im[Cyz 313 (A5)
with
2My 1 1
I = 2log VMR | (A6)
+0? R
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APPENDIX B: EXPRESSIONS FOR M7 %10

The nonzero LO contributions M;’; ;:“V‘LO and /\/l;f; ;“3+’A‘LO are expressed as
V,LO ach My v+ Q2
RC[M;FZTIJF ] = yr |:(8M1%/Q2 + Z2) (5 + 121og m) 4 472 (7-[2 + log S +Rr ||,
tr+rviLo] _ Qeh 2792, 2 Mz 2
Re[ M7 1770 = e (8M3 0% + 2°) 1+410g}\71v +42MNQ + 8)Q°Rik |,
,V,.LO ach 22, 2 Mz
Re[ M7 510] = S a3 07 4 - )(1 +dlog E)
trrvioy Xl o0 oM; My | 6M;
Re[M77, ]=- T (8MyQ* +z )|:4 + o 16log My + M_]%]RUV ,
Re[ M FA410] = Y a2 oMy + 8)(3 + 4log M2 ) + (8M3 Q% + )R
vZ.13 - N N g My N Z7)RR |,
60.h Mz
Re[ M7 0] = —=M3(2MyQ + 6)(3 +4log ATN) (BI)

and

Im[MHY0] = —aeh2?[1 + 1],

2MnNQ + 6
[ M 150] = —ah T L2 [(0MFQ7 - 2) + 16M30%h],
N
2MyQ + 6
Im[M 1] = ah 22 EL (1op2 02 4 2),
8M,
V.LO (2MyQ +8) 2 2 2
Im[ M50 = aehW(IZMNQ +52°),
Im[ M7 15540 = aeh[ (8M3 Q7 +32%) — (8MQ° + ) ],
Im[ M54 = da, hQMy Q + 8. (B2)
The nonzero LO contributions M;’; ;.L,:’V’LO and M;“;' ;”;*A’LO are expressed as follows:
3 2
ttt-vio] _  Xehz 2 My(v + Q°)
Re[ M7 ]=- o MNQ|:471 —5+4log Mo -0 + 4Rr
_ hz Mz  2MyQ+$
Re[ M FHH-V.LO _ % M | +4log 22 L ZENETOR .
e[ yZ.12 ] - NvQO|1+4log My + WMy IR
—V,.LO Ole/’lz MZ
RC[M;_Z;—] ] =— MNQ[I +4log M—N],
_ hz M M;  6M;
R M+++ ,V,.LO :_ae M 4 —2—161 Mz —ZR ’
e[ yZ,22 ] P NO |4+ M2 og My + M2 uv
_ 3a.hz My(2MyQ + 6) M; 2 Q@
R +++-ALOY _ _ 3idlog 242 < el
e[Myz,w ] - 0 +4log My + 3My0 1 5 R
_ 3a.hz My(2MyQ + ) M
+++—ALOT _ e Mz
Re[My75 "] = —— 0 3+4log 7= |, (B3)

and

Im[M;LZTf’V’LO] = 20lehZMNQ[1 + IIR]v

2M, )
Im[M+++7,v,LO] — —aehz(l\ngT+)Q[5 + 41R],

yZ,12
N
2M 1)
Im[M;—z;—,V,LO] _ 3aehz( NO+ )Q7
SMy
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44— V,LOT _ (2MNQ +8)*Q
Im[M;75, "] = —O‘ehZW’
_ 3MNQ + 8)(MyQ + 8 M} 0?
Im[./\/l;;g AT = _Z%hz( NQ + H)(MyQ )|: - it Ile|,
’ MyQ (BMNQ + 8)(MNQ + 6)
- (2MyQ + 8)?
Im| M40 = 20 hg——= B4
m[ M7 ] oehz MyO (B4)
The nonzero LO contributions M;L; ;k_’V’LO and /\/l;f; ]73_’A’LO are expressed as
3 2
t4——VLOT _ Y, o , 2 My(v + Q°)
Re[MyZ,ll ] = EhZ |:47T -5 + 410g m + 4R[R s
——V.LO Ye ;2 Mz
RC[M;/LZIZ ] = _Ehz |:1 —|—410g ]W_Nil’
Re[M;?z_l_'V'LO] = Re[M;ZTz_’V'LO]’
o M2 M;  6M2
Re[MT1 V0] = —“h? |4+ —F — 16log — + —LRuv |,
M T A L R R
3 2
tt——ALOY _ %, 2|, o My +07)
Re[MyZ,IS ] = —Ehz |:47T -9 + 410g m + 4R]R ,
3a M,
——ALO7 _ 2 z
Re[M1} 5 "10] = 4—7:hz [3 + 4log ATN] (BS)
and
Im[ M7 70 = —a h?[1 + I,
— (2MnQ +§)
Im[/\/l++ ; ,V,LO] = _q PN O
rel 8M3
——V,LO ——V,LO
Im[/\/l;’Zz] 1= Im[Mle 1.
++——,V,LO7 __ 2 (ZMyQ + 8)2
Im[ M7, 0] = aehz T
——ALO ——V,LO
Im[M;er.% = _Im[M;an I
Im[ M 75740 = —Im[ M7V (B6)

APPENDIX C: EXPRESSIONS FOR A0

AX,LO

The nonzero LO contributions Re|[ V7 jk] are expressed as follows:

8w,
_JTM%
2a,
==

v+ Q?
Re[A‘;;?ll] = MyQ*7 |:7r2 + log 0 + RIR},

v —

M
Re[A)77), QZ[(ZMNQ +8)3 + 16M2Q*(2MyQ + 8) log ATZ + 8M§Q4RIR],
N

20, M
Re[A/7S, ] = ——5 0> QM Q + 8)| @My Q + 8)* + 16M2 Q% log —Z |,
TM; My

o M.
Re[AY)0,] = -0’ 2My 0 + 5)[2(4va +9MZ)Q* — 722 — 4(8M} Q% + %) log ATf, + 12M§Q2RUV},
z

2nM

4o, M. 40?
Re[A775] = _li%/Q4(2MNQ + 5)|:5 + 12log ATff + MRIR},
z

Re[A‘;’ZL,%z] ==

20, M.
0 AMEMyQ +8)( 1 +4log =~ ) + (8MZQ* + 22)Rr |,
M My
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8a
Re[A};9),] = —My0* (2MNQ+8)<1 +4log —=

i)

JTMZ

o, M
Re[AY}9,] = QOMNQ + 5)[4va + 9MZ — 16M} log ATf/ + 6M§RUV:|,
V4

2 M.
A,LO e 4
Re[ A7) = = M0 [3%(3 +4log 1) +80°(2MyQ + a)RIR},

e M
['A?/ZL(I)B] == 2M1%/Q222(3 + 4log ATZ),
VA N
16ae 0?
[‘AI)‘;ZL(Z)B] M2 MI%IQ MyQ + 5)|:7T + log QZ + R[Ri| s
Re[A)zom] = =505 Q4[8M,2VQ2(3 +10log2) +223(=5 + 111og2)
V4
Mz M4
+8(4M3 Q0 — 2 )1og ay (40M3 Q% + 112°) log — QJ 1)
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