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1 Introduction

The absence of neutrino masses remains one of the biggest shortcomings of the Standard
Model (SM). The arguably simplest solution to this problem is given by the Type-I Seesaw
Mechanism, in which the SM-neutrinos are coupled to right-handed neutrinos (RHNs)
Ni [1–6]. Given that their masses could be as large as 1015 GeV, it is not surprising that
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they have so far evaded both direct and indirect experimental detection. Thus, there has
been growing interest in strategies to constrain their parameter space through theoretical
arguments.

One of the most successful attempts to do so relies on the stability of the electroweak
vacuum. As we will review in section 2, current measurements suggest that the latter is
not a global minimum of the Higgs potential, but can instead decay into lower-lying states
through bubble nucleation. The rate of such nucleation events is increased through the
effects of additional fermions with a Yukawa-coupling to the Higgs, such as RHNs [7–10].
Meanwhile our ongoing existence provides an upper bound on the decay rate of our vacuum,
which can thus be translated to bounds on the RHNs’ parameter space.

This strategy and its consequences have been explored extensively in the literature,
covering the type-I seesaw with degenerate RHN masses, [11–14], non-degenerate RHN
masses (restricted to two heavy generations) [15], the linear [16] and inverse seesaw mech-
anism [17] as well as type-III [12]. Restricting ourselves to the type-I model for simplicity
and concreteness, we revisit these computations with a particular focus on an important,
yet previously neglected aspect of it: the Higgs’ coupling to gravity.

On the first look, it might appear counter-intuitive that the parameter space of RHNs,
whose masses are usually well below the Planck scale, could be so sensitive to gravitational
effects. This feature can be understood by realizing that, at high energies, the Higgs
potential’s only scale dependence is through the RG-running of the quartic coupling λ. This
seems to cause the tunneling process to be determined by the value of λ at its minimum [18].
Assuming only SM particle content, this value lies at µ∗ ∼ 1017 GeV. However, introducing
additional fermions, and in particular RHNs, drives this scale to even larger values, in
many cases beyond the Planck scale. Thus, it is evident that gravitational effects need to
be taken into account.

In the context of vacuum decay, they manifest to leading order through their influence
on the instanton mediating the decay, which has been thoroughly investigated in the litera-
ture [19–21]. One of the most important consequences of the Higgs’ interaction with gravity
is that it gives rise to corrections to the Euclidean action, which stabilize the vacuum.

The strength of this stabilization depends not only on the RG-trajectory of the quartic
coupling, but also on the Higgs’ non-minimal coupling to gravity, characterized by the
coupling constant ξ. It is well-established that the most general theory for the Higgs on
a curved background should not only include its minimal coupling to gravity, but also an
interaction term ∝ ξRh2, where R is curvature scalar and h is the Higgs field. Such a
term is not only allowed by the theory’s symmetries, but would in any case be generated
radiatively [22–30]. As the gravitational correction to the decay rate is controlled by the
combination (1 + 6ξ)2, we find that already relatively small values of ξ notably enhance
the stabilizing effect of gravity, and even more so for larger values.

As an additional result, we provide a systematic analysis of the decay rate’s dependence
on various combinations of the neutrinos’ Yukawa couplings. We find in particular that it
is most sensitive to the combination Tr(Y †ν YνY †ν Yν) rather than Tr(Y †ν Yν), which is often
used in the literature. While these give equivalent results for all previously considered
cases, we find significant deviations for others.
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We perform all our stability computations at one-loop, using the consistent scheme
developed in [18, 21, 31, 32]. Given the very high scales we are interested in, we run all
couplings using their three-loop (two-loop) beta functions for the SM (neutrino) contribu-
tions. At the RHN mass scales we also take into account all relevant threshold corrections,
as recently derived in [33].

The rest of this article is organized as follows. In section 2, we discuss the consistent cal-
culation of vacuum decay probabilities at NLO including gravitational effects. In section 3,
we review the most important features of the type-I seesaw mechanism and discuss the
effects of adding RHNs on the stability of the electroweak vacuum. In section 4, we present
our results for the metastability bounds in the case of a low-scale seesaw. We find that the
parameters used by previous works become unreliable at intermediate scales, for which we
provide a suitable set of parameters. We furthermore show how this parametrization can be
used to construct an approximate RG running scheme for scenarios with degenerate RHN
masses. We conclude our discussion of low-scale seesaw models with a discussion of their
impact on the instability scale. In section 5, we present our results for a high-scale seesaw,
covering both the possibility of two and three heavy RHNs, with important implications
for high-scale leptogenesis. In the appendix, we provide threshold corrections (A), the beta
functions (B), and corrections to the decay rate (C) used in our calculations.

2 Electroweak vacuum decay

2.1 Standard Model at NLO

At energies far above the electroweak scale, the SM Higgs’ effective potential takes the
simple form

Veff(µ, h) ' 1
4λeff(µ, h)h4. (2.1)

Assuming ongoing validity of the SM, the quartic coupling λ becomes negative at energies
larger than the so-called instability scale h ∼ µI ∼ 1011 GeV. This behavior can be un-
derstood through the quartic coupling’s beta function βλ, which is rendered negative by
a large contribution from the top Yukawa coupling, ∆βλ ∝ −6y4

t . As a consequence, the
potential becomes unbounded from below at large field values. This allows the Higgs to
tunnel out of the current (false) electroweak vacuum into the region of negative λ, with
dramatic consequences.

Such a tunneling would occur through bubble nucleation, i.e. the formation of a “bub-
ble” in some point in space-time populated with field values far beyond the instability scale.
This process can be described by an instanton, whose Euclidean action determines the de-
cay rate to leading order. Due to the classical scale invariance of the potential eq. (2.1), the
bounce is not unique. Instead there exists a one-parameter family of solutions characterized
by the bubble size R,

hR(r) =
√

8
|λ|

R2

R2 + r2 ·
1
R
. (2.2)

The total decay rate is given by the integral over the contributions from all these solutions,
which has been shown to imply a divergent decay rate [18]. However, leading-order loop
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corrections to the decay rate break the scale invariance, yielding the finite expression
Γ
V

=
∫ dR
R5 e−SE [hR]D

(
R−1) , where SE [hR] = 8π2

3 |λ (R−1)| . (2.3)

Here, D summarizes all but the gravitational corrections at NLO as derived in [18], which
we present in the appendix for the convenience of the reader.1 In principle, the integral
over R can be performed analytically by resumming loop corrections to the Euclidean
action, ultimately leading to a result of the form

Γ
V
∝ µ4

∗e
− 8π2

3|λ(µ∗)| , (2.4)

where µ∗ satisfies βλ(µ∗) = 0. In other words, the leading order decay rate is determined
by the value of the quartic coupling at its minimum.

On a conceptual level, this result can be understood as the decay rate being dominated
by the bounce whose size minimizes the Euclidean action, i.e., maximizes |λ|. A similar
result could have been obtained by applying a saddle point approximation to eq. (2.3).
Using the central values of the most recent world averages for the running parameters’
value at the top mass scale [34], we find that µ∗ = 4.34 · 1017 GeV and λ(µ∗) = −0.01.2

2.2 Effect of gravity and the Higgs’ non-minimal coupling

The SM decay rate is dominated by the contribution from the instanton linked to the RG
scale µ∗ ∼ 4.34 · 1017 GeV, where the quartic coupling reaches its minimum. Introducing
additional fermions with sizeable Yukawa couplings to the Higgs drives this scale to even
higher values, oftentimes beyond the Planck scale, where gravitational corrections should
be taken into account. One of the most important results we review in the remainder of
this section is that doing so automatically keeps the relevant scale sub-Planckian for all
scenarios of interest in this article.

As a scalar, the Higgs can interact with gravity not only in the “standard” (minimal)
way, but also through a non-minimal coupling,

S =
∫

d4x
√
−g

(
Lminimal + ξ

2Rh
2
)
, (2.5)

where R is the usual curvature scalar and ξ characterizes the strength of the coupling.
To appreciate the importance of this term, it is helpful to note that, even if one were to

set ξ to zero at some scale, e.g. the Planck scale, a non-vanishing value would nevertheless
be generated radiatively at all other scales. This can be seen from its beta function [30],
which is, in the regime of interest for our analysis, given by

β
(1)
ξ = 1

(4π)2

(
ξ + 1

6

)(
12λ+ 6y2

t + 2Tr(Y †ν Yν)− 3
2g
′2 − 9

2g
2
)
, (2.6)

1This scheme allows for a complete incorporation of one-loop effects, unlike the common procedure of
simply using the one-loop corrected effective action when finding the instanton. As pointed out in [31],
doing so would induce an error comparable to the remaining one-loop terms, as the instanton prevents a
momentum-expansion of corrections to the Higgs’ gradient term.

2This value differs by almost 30% from that found by the authors of [18]. This can be traced back to a
shift in the central value of the top mass together the quartic coupling’s near-criticality and thus sensitivity
to such a correction.
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where Yν describes the neutrinos Yukawa couplings and will be defined through eq. (3.1).
An important special case is ξ = −1

6 , for which not only the one-loop beta function vanishes,
but also, as we will show in this subsection, the leading order gravitational correction to
the decay rate. At our level of accuracy this amounts to neglecting gravity entirely and
thus, as we will show, leads to a trans-Planckian RG scale. To allow for a comparison of our
results to the existing literature, but also to make transparent the effect of our more precise
calculations, we nevertheless consistently keep track of it throughout the remainder of this
article. When doing so, we will thus also adopt the common procedure of introducing a
hard cutoff at µ = MPl, evaluating all couplings at the latter whenever µ∗ > MPl.3

Large values of ξ are often considered in the context of Higgs inflation. While early
works suggested that the latter can be achieved through values of ξ as large as ξ =
104 [35], more recent theoretical developments have shifted the focus to smaller values ξ ∼
102 [36–39], which are also of interest for other applications, such as the production of
primordial black holes [40–43] and other scenarios to produce dark matter [44]. It is also
crucial to note that Higgs inflation requires a positive λ in the regime of interest, i.e., that
it is not compatible with the scenarios considered in this article. We will thus restrict our-
selves to values of ξ smaller than 10, which are more than sufficient to convey our central
point and easily avoid any issues with unitarity or naturalness.

Neglecting the expansion of spacetime, which is justified as the Hubble parameter
satisfies ȧ

a � µ∗ [45–48], the Higgs’ coupling to gravity manifests to leading order in an
additional term in the Euclidean action describing the gravitational potential induced by
the instanton,

Sgrav
E (µR) ' 8π2

3 |λ (µR)| + 256π3(1 + 6ξ)2

45λ2 (R−1)
µ2
R

M2
Pl

+O

((
µR
MPl

)4
)
, (2.7)

where µR ≡ R−1 and the Planck mass isMPl = 1.22·1019 GeV [19, 49].4 The backreaction of
gravity on the instanton only emerges at the next order of |λ|−

1
2 (R ·MPl). This observation

is essential for our RG analysis, which relies on the identification µ ∼ hR ∼ R−1. We will
discuss the validity of our perturbative treatment and the mechanism that ensures it at
the end of this subsection.

On a technical level, the new term prevents a straightforward application of the tech-
niques allowing for an exact evaluation of the R-integral outlined in [18]. Instead, follow-
ing [21, 32], this integral can be evaluated through a saddle point approximation,

Γ
V
' e−SE(λ(µS),µS)

√√√√ 2π
d2

d lnµ2SE (λ(µS), µS)
µ4
SD(µS) , (2.8)

where the Euclidean action is again given by eq. (2.7).
3Any attempt to obtain precise results from this approach would require further modifications to our

underlying scheme. Going forward we will ignore this issue, as making these modifications would prevent
a comparison with the existing literature, but also since we estimate that the effects would be far smaller
than the error related to the introduction of a cutoff.

4Note that, throughout this article, we will assume metric gravity. Gravitational corrections to the
decay rate in Palatini gravity have recently been investigated in [50], whose results suggest that it should
be straightforward to extend our analysis to this model.
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All couplings, as well as the corrections summarized in D, are evaluated at the saddle
point R−1

S = µS minimizing the Euclidean action. This scale, which has been named
instanton scale in [21, 32], is the solution of

βλ(µS)
(
|λ(µS)|+ 64(1 + 6ξ)2π

15
µ2
S

M2
Pl

)
= −|λ(µS)|64(1 + 6ξ)2π

15
µ2
S

M2
Pl

(
1 + βξ

1 + 6ξ

)
. (2.9)

In the limit M2
Pl → ∞ and keeping in mind that λ(µS) < 0, it reduces to the condition

βλ(µS) = 0, i.e., µS = µ∗. The right-hand side is strictly negative, as is the bracket on the
left-hand side. Thus, also βλ(µS) needs to be negative, and therefore µS < µ∗. However,
as βλ is loop-suppressed and varies only logarithmically, the effect of the right-hand side
is significant already for scales up to two orders of magnitude below the Planck scale even
in the scenario of a relatively small non-minimal coupling ξ ∼ 0.

The correction to the Euclidean action induced by the gravitational correction is
strictly positive, thus increasing the Euclidean action and thereby lowering the decay rate.
While the increase in the Euclidean action is partially compensated for by a shift in the
instanton scale away from µ∗, it is easy to see that this effect is always subdominant.

The gravitational contribution to the instanton scale eq. (2.9) as well as to the Eu-
clidean action appear multiplied by a factor of (1+6ξ)2, i.e., the non-minimal coupling can
be expected to enhance the gravitational stabilization already for ξ & O(10−1). However,
we will find in later sections that this effect is already significant without a non-minimal
coupling, in agreement with our initial motivation and previous discussions.

Finally, we may observe that eq. (2.9) also helps ensure the applicability of our compu-
tation in general and our perturbative treatment in particular, as it typically implies that
µS � MPl, even for trans-Planckian values of µ∗. We make this manifest in our results
through the introduction of a smallness parameter,

εgrav ≡
∆Sgrav

E

SMink
E

= 32π
15|λ(µS)|(1 + 6ξ)2 µ

2
S

M2
Pl
, (2.10)

which we will demand to be strictly smaller than one. We will find that this is always the
case for smaller values of ξ due to the mechanism described above. The only significant
exceptions we find are for parameter space scans with ξ ∼ 10, in which we highlight the
corresponding points separately.

The extension of our discussion beyond the leading order in gravitational corrections is
well-understood, albeit not within the framework laid out in [18, 31]. It is, however, easy to
see that the next order of the perturbative treatment would manifest through corrections
to the shape of the instanton.5

2.3 Decay probability and metastability

The decay of the electroweak vacuum would have drastic consequences for the universe,
and our ongoing existence implies that it has not yet occured. We can thus safely conclude
that the total probability that such an event has occured within our past lightcone P must

5The interplay between this effect and the RG running at LO has been discussed in [20].
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be smaller than O(1). Having at hand an expression for the probability per unit volume,
this probability can be obtained by

Pdecay =
∫
P

Γ
V

= VP ·
Γ
V
< 1, (2.11)

where the second equality is true as the decay rate is constant throughout a majority of
our past lightcone. The volume of the latter can be determined in terms of the current
Hubble constant,

VP = 0.15
H4

0
= 2.2 · 10163 (GeV)−4, (2.12)

with H0 ≈ 67.4 km
s·Mpc [51]. Thus, the continued existence of the electroweak vacuum re-

quires that
Γ
V
<

( Γ
V

)
crit
≡ 4.57 · 10−164 GeV4 = e−376.104 GeV4, (2.13)

which, through eq. (2.4), can be understood as a lower bound on the quartic coupling at
high energies or, equivalently, an upper bound on the impact of any destabilizing effect.

Many previous works have relied on a related, but not equivalent condition. Setting
aside the issue that not specifying the scale of the RG rate would manifest in a divergent
decay rate, one can nevertheless obtain a (conservative) bound by demanding that the
equivalent of eq. (2.13) is satisfied for instantons at all allowed renormalization scales. To
leading order, this amounts to,( Γ

V

)
∼ max

µI<µ<MPl
µ4e
− 8π2

3|λ(µ)| <

( Γ
V

)
crit

, (2.14)

which can be translated to a lower bound on the quartic coupling at its minimum. In the
absence of gravity, this inequality agrees to leading order with the one obtained from the
more rigorous approach reviewed in section 2.1. While this indeed happens to be the case
in the SM, it is easy to see that a modified running, e.g., through the addition of RHNs,
could easily drive µ∗ beyond MPl. As a consequence, one would either have to accept
dropping the most important contribution to eq. (2.14) or extrapolate the SM couplings
beyond the Planck scale.

3 Type-I seesaw mechanism

The Type-I Seesaw Mechanism is one of the simplest SM extensions capable of explaining
light neutrino masses [1–6]. It relies on the introduction of fermionic SM singlets Ni, usually
referred to as right handed neutrinos (RHNs). Their dynamics and interactions with the
SM lepton doublets Lα is described by the Lagrangian

L = N̄i/∂Ni − (Y`)αβL̄αHlR − (Yν)αiL̄αHcNi −
1
2(MN )ijN c

iNj + h.c. , (3.1)

where Y` is charged lepton mass matrix and Lα is the SU(2)L lepton doublet. In the flavor
basis (νc, N), neutrino mass matrix can be written as

mν =
(

0 MD

MT
D MN

)
, (3.2)
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where MD = Yν√
2vEW . Upon diagonalization in the limit MN � MD, this implies the

famous seesaw relation for the light neutrino mass matrix after spontaneous symmetry
breaking,

mν ' −
v2
EW

2 YνMN
−1 Y T

ν . (3.3)

In the basis in which the charged leptons’ mass matrix and gauge-interactions are flavor
diagonal, the light neutrinos’ mass matrix can be diagonalized by the unitary matrix UPMNS

UT
PMNSmνUPMNS = Diag(m1,m2,m3) = mDiag. (3.4)

UPMNS can be completely parametrized by the mixing angles θij and the Dirac CP phase δ.
It also depends on two currently unknown Majorana phases, which we set to α1 = α2 = 0 for
our analysis. Since only the active neutrino mass splittings ∆m2

ij are known, two different
mass hierarchies are possible: normal hierarchy (NH), m1 < m2 < m3, and inverted
hierarchy (IH), m3 < m1 < m2. Throughout this work, we use the central values of these
known parameters derived from a recent global fit to the neutrino oscillation data [52].

Using eq. (3.3), the Yukawa matrix can be expressed in terms of the Casas-Ibarra
parametrization, i.e.,

Yν = − i
√

2
vEW

U∗PMNS m
1/2
DiagRM

1/2
N (3.5)

where R is a general complex orthogonal matrix and, together with MN , contains the
model’s remaining free parameters.

3.1 Neutrinos and vacuum stability

The effect of RHNs on vacuum stability can be best understood through eq. (2.4). Like all
other fermions, their inclusion gives rise to a negative contribution to the quartic coupling’s
beta function, which for a type-I-seesaw is to leading order given by

∆βλ = 1
(4π)2

[
4λTr(Y †ν Yν)− 2Tr(Y †ν YνY †ν Yν)

]
. (3.6)

In terms of Feynman diagrams, the first term can be understood as an insertion of a
neutrino loop into the propagator of one of the Higgs particles entering/leaving the vertex.
Meanwhile, the second term is generated by a diagram in which the four-Higgs vertex itself
gets a correction from a neutrino loop.

Assuming reasonably large Yukawa couplings, these terms drive λ to more negative
values, thereby increasing the decay rate. Besides their direct negative contribution to the
running of λ, introducing neutrinos also amplifies the destabilizing effect of the top quark
by increasing its Yukawa coupling,

∆βyt = 1
(4π)2 ytTr(Y

†
ν Yν). (3.7)

In addition to lowering the values of λ at high energies, eqs. (3.6) and (3.7) push µ∗
towards larger values, often even beyond the Planck scale, as illustrated in the left panel
of figure 1 for a generic example. This is evident from the full expression for βλ, as given,
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Figure 1. (Left panel) The RG evolution of λ with and without the effect of RHNs. The SM
trajectory (Yν =0) is labelled λSM, while the curved labelled λν contains the effects of RHNs with a
generic set of parameters near the metastability bound. (Right panel) The corresponding Euclidean
action including leading-order gravitational corrections as a function of µ ≡ 1

R — before the saddle
point approximation has been performed — for different values of the non-minimal coupling ξ.
In both panels, orange lines mark unstable electroweak vacua, while blue lines mark metastable
ones.

e.g., in eq. (B.1). In the SM, λ reaches a minimum when the negative contribution from
the top quark becomes smaller than its positive counterparts from the gauge bosons. If,
however, its decline is counteracted as well as compensated for by the neutrino terms, the
cancellation characterizing the minimum of λ occurs only at much larger scales.

Following our discussion in section 2.2, taking into account gravitational corrections
leads to a “decoupling” of the relevant RG scale, the instanton scale µS , from the scale
marking the minimum of λ, µ∗. This is illustrated in figure 1, where we plot the running of
the quartic coupling λ beyond the heaviest RHN mass scale for a generic choice of neutrino
parameters near the metastability bound. Due to the non-zero Yν , no minimum forms
below the Planck scale, and λ is driven to significantly smaller values. Using eq. (2.4) with
λ(MPl), this causes an increase in the exponent of the decay rate by a factor of roughly 10,
rendering the vacuum unstable. However, due to the effect of gravitational corrections
described in section 2.2, the instanton scale is pushed to lower values and the decay rate
decreased. For large enough values of the non-minimal coupling, the vacuum becomes
metastable.

The Yukawa couplings also contribute directly to the decay rate, namely through the
functional determinants summarized in the factor D in eq. (2.3). This factor leads to
an effective one-loop contribution from each particle coupled to the Higgs, which has been
calculated analytically in [18]. We present the results extended by the neutrino contribution
in section C.

3.2 Relevant parameters for the RG evolution

We established in section 2 that the neutrinos’ influence on vacuum stability is predomi-
nantly through their effect on the running of λ. This allows us to identify suitable quantities
for the presentation of the metastability bounds. To leading order, the neutrinos’ correc-
tion to βλ, given in eq. (3.6), is sensitive to the neutrinos’ parameters only through the
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combinations Tr(Y †ν Yν) and Tr(Y †ν YνY †ν Yν). To simplify the following discussion, we can
now introduce a set of new parameters {T2n}n∈N defined as

T2n ≡ Tr
[(
Y †ν Yν

)n]
, (3.8)

to which we will refer as trace parameters.
The parameter T2 appears in βλ multiplied with λ, which, for all scenarios of interest

to us, causes a significant suppression relative to the term ∝ T4. In other words, we
can expect that our bounds take the clearest form when expressed in terms of T4, with a
remaining dependence on T2. It is well-known that there exist many instances in which
these two parameters are related through the relation T 2

2 ' T4, which motivated previous
works to express their results in terms of T2. However, as we will demonstrate explicitly
in section 4.1, this is not guaranteed.

To extend this analysis beyond the leading order, we need to take into account NLO
contributions to the decay rate as well as higher orders of the loop expansion in the running
of the relevant parameters and threshold corrections. An important observation necessary
for this analyis is that the beta function for Yν can be used to obtain beta functions for
the trace parameters, which we provide in section B.

To illustrate our point, let us first consider the running of λ itself at two-loop and that
of the remaining parameters at one-loop accuracy. Since the latter affect the Euclidean
action only indirectly through the running of λ, we estimate these effects to be comparable.
This allows us to approximate the effect of the RHNs on the overall running as

∆λ ∼
(
β

(1)
λ (λT2, T4, yt) + β

(2)
λ (T2, T4, T6)

)
ln
(
µS
MN

)
+ . . . (3.9)

∆yt ∼
(
β(1)
yt (T2)

)
ln
(
µS
MN

)
+ . . . (3.10)

∆T4 ∼
(
β

(1)
T4

(T2, T4, T6)
)

ln
(
µS
MN

)
(3.11)

∆T2 ∼
(
β

(1)
T2

(T2, T4)
)

ln
(
µS
MN

)
+ . . . (3.12)

Thus, we find that increasing the order of the loop expansion in the running for λ by 1
requires the inclusion of one additional trace parameter.

A consistent running at two-loop also requires the inclusion of threshold corrections at
one-loop, which we provide in section A.2. For scenarios with approximately degenerate
RHN masses, these introduce an additional parameter Tr(Y †ν YνY T

ν Y
∗
ν ), which we estimate

to have an effect comparable to that of T6. For non-degenerate RHN masses, these cor-
rections mix different flavors. This prevents a complete, consistent analyis along the lines
of this subsection for such cases. Crucially, this does not interfere with our conclusion
that T4 can be expected to be the most important parameter, which we concluded solely
through leading order arguments, which are insensitive to these threshold corrections.

Lastly, we may note that the decay rate also depends on the Yukawa couplings Yν
directly through the neutrinos’ functional determinants, which we derive in section C.
While these cannot strictly be expressed through the trace parameters, they can be related
with T2 up to a deviation that has proven negligible in our numerical analysis.
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4 Low-scale Type-I seesaw

For RHNs to appreciably affect the RG running of λ, the entries of Yν need to be of O(0.1−
1). In the canonical scenario, assuming this to be the case and the light neutrino mass scale
to be the observed 0.1 eV, the required mass scale for the heavy states is around 1015 GeV.

In the standard picture described above, trying to lower MN below 1015 GeV leads
to tiny values for Yν , which therefore cannot contribute appreciable to βλ. For instance,
requiring MN to be around the TeV scale leads to Yν ∼ O(10−6), implying a negligible
impact on the decay rate. This simple estimate neglects however the general matrix struc-
ture of the seesaw relation, which can be made manifest, e.g., through the Casas-Ibarra
parametrization discussed in section 3. Due to this structure, it is possible for the entries
in the matrix eq. (3.3) to cancel out in such a way as to yield light neutrino masses and yet
retain high values for the entries in Yν (for large complex phases in R). The latter feature
leads to improved prospects for detection at current/near future experiments due to high
values of the mixing parameter U = Yν vM

−1
N . Previous studies [53–59] have shown that

larger mixing angles are possible with various special textures for YD and MN .
In this article, we consider light neutrino mass generation from the seesaw mechanism

at tree-level. For low-scale seesaw models, it has been shown that the seesaw relation is
radiatively stable under quantum corrections only ifMN has a degenerate spectrum [60, 61].
This also reduces the number of free parameters in the Casas-Ibarra parametrization of Yν .
In the limit of large entries for Yν , this effectively corresponds to an approximate B − L̃
symmetry, where L̃ is the generalized lepton number [60, 62].

4.1 Metastability bounds

Following our arguments in section 2.3, we may exclude scenarios in which condition
eq. (2.11) is violated. To obtain the RG-trajectories necessary to evaluate this relation
we first integrate the SM beta functions as given in section B at three-loop6 until the
matching scale MN . As matching condition in the IR we use the current central values at
the top mass scale as given in [34],

λ(Mt) = 0.12607 ; yt(Mt) = 0.9312 ;
gs(Mt) = 1.1618 ; g′(Mt) = 0.358545 ; g(Mt) = 0.64765 . (4.1)

where gs, g′ and g are the SU(3)c, SU(2)L and U(1)Y gauge coupling respectively.
Following our discussion in section 3.2, the relevant parameters for the running of λ are

the traces Tr(Y †ν Yν) and Tr(Y †ν YνY †ν Yν). As a consequence, we will find that the require-
ment of metastability amounts to an upper bound on these quantities of order O(0.1− 1).
For such values together with relatively low masses MN . 1011 GeV, it can be shown
that [11, 12]

Tr(Y †ν Yν)2 ∼ Tr(Y †ν YνY †ν Yν). (4.2)

6The effects of the bottom-quark and tau lepton at one-loop are comparable to those of the top quark
at three-loop, and thus included in our analysis.
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Therefore, the metastability bound in this case can be reported directly in terms of
Tr(Y †ν Yν). We outline an analytical proof for this result and show that the bounds are
essentially insensitive to the matrix structure of Yν in this high-magnitude limit in sec-
tion A.1. In section 4.2, we will discuss casees where this condition fails and demonstrate
a reliable analysis based on a larger set of parameters. We furthermore find that once the
condition 4.2 is satisfied at the matching scale, it can be recovered for the full range of
scales for interest to us. This allows us to directly use T2 = Tr(Y †ν Yν) in our running rather
than the full Yukawa matrix.

At the matching scale MN , we match the SM couplings with the full theory using the
threshold corrections given in section A.2. Integrating the beta functions of this model
(using Tr(Y †ν Yν) as a parameter), we are able to numerically determine the instanton scale
by using relation eq. (2.9), including the running of the non-minimal coupling ξ at one-loop
level. The decay rate can then be evaluated by inserting this scale and the RG trajectories
of the relevant parameters into eq. (2.8). We furthermore keep track of the convergence
of our perturbative treatments of gravity, characterized by the parameter εgrav defined in
eq. (2.10), and higher-order loop effects, controlled by the couplings. We find that the
validity of our expansions is guaranteed until deep inside the unstable regime. Following
our previous discussion, we scan the degenerate RHN mass MN and the trace parameter
Tr(Y †ν Yν) (evaluated at the RG scale µ = MN ) for different values of the non-minimal
coupling parameter ξ (evaluated at the Planck scale).

The results of our parameter scan (in the regime where eq. (4.2) is satisfied) of the
low-scale type-I seesaw are shown in figure 2. In the left panel we display our results for
the upper bound on Tr(Y †ν Yν) imposed by metastability of the electroweak vacuum as a
function of the RHN mass scale for different values of the non-minimal coupling ξ at the
Planck scale. For any given ξ, the bound on Tr(Y †ν Yν) becomes weaker with increasing
MN . Another noticeable feature is the relaxation of the bounds on Tr(Y †ν Yν) as ξ increases
from ξ = −1

6 to ξ = 10. As expected from our previous discussions of the impact of
gravitational corrections, the positive contribution to the Euclidean action stabilizes the
electroweak vacuum, thus allowing for higher values of Tr(Y †ν Yν) to be compatible with
metastability. For ξ = −1

6 and MN at the TeV scale, we find that Tr(Y †ν Yν) . 0.22 is
required for metastability, while Tr(Y †ν Yν) . 0.32 becomes viable at MN = 1010 GeV.
These bounds get relaxed for higher ξ’s, e.g. for ξ = 10, the allowed value for MN = 1TeV
gets relaxed to 0.26 and to 0.45 for MN = 1010 GeV. Note that while the bounds are quite
independent of the neutrino mass ordering, the choice of lightest neutrino mass scale m0
affects the bound. We have chosen m0 = 0 eV in our work and the bounds get stronger for
non-zero m0.

An interesting feature is the approximately linear form of our bounds. This can be
easily understood through eq. (3.9), as the overall impact of the RHNs’ effect on the running
of λ is given by ∆λ ∝ Tr(Y †ν Yν) · ln (µS/MN ), assuming validity of the high-magnitude
approximation eq. (4.2). Thus, to leading order the constrained quantity becomes the
product of the trace parameter and ln(MN ), which is roughly constant along our bounds
in figure 2. Another important consequence of this relation is the independence of our
results from the number of RHNs, as none of these parameters explicitly depends on it.
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Figure 2. (Left) The upper bound Tr(Y †ν Yν) as a function of degenerate RHN mass scale MN

for non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. (Right) Bounds on mixing parameter |U |2 (shown in

blue) as a function of degenerate RHN mass scale MN for different non-minimal couplings along
with current constraints from EWPD [63–68] and future projections for HL-LHC, FCC-hh, ILC,
LHeC, CLIC and e−γ colliders [69–79]. We incorporate the set of values of ξ also highlighted in the
left panel (including the uncertainties, see section 4.3), but the differences between their impacts
are too small to be distinguished in this plot (dark blue band).

Apart from kinematical factors, the cross section for RHN production and decay along
with some lepton flavor α is directly proportional to the mixing angle Uα. Since our
treatment for vacuum metastability is flavor-blind, we choose to also report our results in
terms of total mixing angle |U |2 to allow for better comparison with future experimental
searches. In general, the mixing angle satisfies

|U |2 =
∑
|Uα|2 = v2

2 Tr
(
M−1
N Y †ν YνM

−1
N

)
. (4.3)

For degenerate RHN mass scales this reduces to

|U |2 = v2

2M2
N

Tr
(
Y †ν Yν

)
, (4.4)

allowing for a direct translation of theoretical bounds from the metastability criterion to
experimentally interesting bounds on mixing.

In the right panel of figure 2, we display our bounds from metastability (as already
shown in the left panel) in terms of the total mixing angle |U |2 as a function of RHN
mass scale. The grey region, labeled Perturbativity, can be ruled out by demanding that
Tr(Y †ν Yν) ≤ 4π below the Planck scale. The light green region labeled Seesaw in the lower
left is incompatible with the light neutrino masses being entirely generated through the
type-I seesaw mechanism. The only major experimental constraint above MN > 1TeV
arises from electroweak precision measurements. The mixing between the active and the
heavy state can induce corrections to Electroweak Precision Data (EWPD) observables.
These precision observables include various leptonic and hadronic measurements such as the
weak mixing angle (θW ), the mass of the W boson, ratios of certain leptonic weak decays
testing EW universality, various ratios of Z boson decay rates as well as its decay width ΓZ .
Such deviations from new physics are tightly constrained. Assuming the strongest bounds
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Figure 3. Scatter plot of Tr(Y †ν Yν)2 vs Tr(Y †ν YνY †ν Yν) forMN = 1014 GeV, Normal Hierarchy and
non-minimal coupling ξ =

(
− 1

6 , 0, 1, 10
)
. Colored points (except orange) correspond to metastable

electroweak vacuum for corresponding ξ (in addition to the metastable region for lower value of
ξ). Orange points signify unstable electroweak vacuum. (Left) RGE evolution has been performed
using entire 3×3 matrix form of Yν and (Right) using Tn-parametrization involving only T2, T4, T6.

on the mixing parameter (arising from coupling to the first generation), the constraint from
EWPD is |U |2 < 0.0025, for MN & 1GeV [63–68]. For MN > 1TeV, the metastability
of the electroweak vacuum sets the strongest bounds on |U |2.

It is noticeable that the dependence on the non-minimal coupling ξ is barely visible in
this plot due to the logarithmic scale of the plot. Therefore, in the right panel the various
bounds for different ξ merge into a single curve, labeled Metastability. We notice that
the metastability bound performs far better than the naive bound arising from requiring
perturbativity. It rules out a major portion of the parameter space in the |U |2−MN plane.
The current constraints from EWPD are stronger only for higher mixing (|U |2 < 10−3) and
lower MN < 10TeV. Proposed future direct searches at HL-LHC, FCC-hh, ILC, LHeC,
CLIC and e−γ colliders [69–80] will be able to set competitive bounds7 for a mixing as low
as |U |2 ∼ 10−6.

4.2 Importance of T4 and efficient RG evolution

As discussed earlier, previous results were obtained by assuming the high-magnitude limit
of Tr(Y †ν Yν), which justifies the approximation Tr(Y †ν Yν)2 ∼ Tr(Y †ν YνY †ν Yν). Thus, the
bound on the type-I seesaw mechanism’s parameter space is effectively described by the
single parameter Tr(Y †ν Yν) in this limit. The approximation fails when the magnitude of
Tr(Y †ν Yν) is in the vicinity of the expected value from the canonical seesaw. This usually
happens at high MN , see figure 3 (left panel), which shows the results of our parameter
scan in the Tr(Y †ν Yν)- Tr(Y †ν YνY †ν Yν)-plane for MN = 1014 GeV and taking into account
the full set of beta functions for Yν as given in B and threshold corrections as discussed in
section A.2.

Besides the breakdown of the approximation T 2
2 ' T4, we find that these results agree

with our previous theoretical expectations. First, the metastability bounds get successively
7We again assume strongest mixing with the first generation to get most stringent future exclusions.
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relaxed as we increase the value of ξ. Second, the bounds strongly depend on T4 and are
almost independent of T2.

This deviation is a manifestation of the breakdown of the approximation T 2
2 ' T4,

which would suggest that a complete RG analysis taking into account the full flavor struc-
ture is necessary. While this is, in principle, straightforward to do numerically, there is also
a simpler way. Recall that, at the level of accuracy underlying our analysis, the relevant SM
parameters depend on the Yukawa couplings only through the trace parameters. We may
furthermore observe that it is always possible to express their scale dependence through a
set of beta functions which themselves depend only on the SM couplings and trace param-
eters. Thus, instead of integrating the full RG equations, we may equivalently work with
this new set of beta functions as long as we are primarily interested in the decay rate.

To leading order, this would amount to treating T4 and T2 as constants, which is of
course always possible. At next-to-leading order, one would have to incorporate threshold
corrections and take into account the running of these two parameters. This requires
to specify the value of T6, which is to be treated as a constant, and the combination
Tr(Y †ν YνY T

ν Y
∗
ν ) necessary for the matching at µ = MN . For non-degenerate RHN masses,

the latter takes the more complicated form we present in section A.2. Crucially, this
expression cannot be conveniently expressed through the trace parameters, preventing a
self-contained analysis. As a consequence, we find that this effective RG running scheme
is only reasonably applicable to scenarios with near-degenerate RHN masses.

To illustrate the effectiveness of this procedure, we applied it to perform a next-to-
leading order analysis (as defined in the previous paragraph) of the scenario previously
discussed in this subsection, i.e., MN = 1014 GeV, NH and different values of ξ. The left
panel of figure 3 shows our results obtained from this complete analysis, while the right
panel shows the results obtained through this effective scheme.

4.3 Comparison with SM uncertainties

As discussed in section 4.1, the derivation of metastability bounds involves running the SM
couplings up to the instanton scale µS . Doing so requires matching these couplings with
their initial values at some reference scale, e.g., the top-mass scale Mt. Due to the high
sensitivity of the decay rate to the quartic coupling and the large hierarchy of scales, it can
be expected that the remaining experimental uncertainties in these initial values introduce
a significant theoretical error in the metastability bounds. It is well-understood that the
uncertainty in λ arises predominantly from that in its initial value, as well as those in the
top Yukawa coupling yt and the strong gauge coupling gs [21, 32, 81]. These have recently
been quantified individually by using a combination of linear error propagation and Monte
Carlo simulations in ref. [34], who found that the 1σ error ranges for these relevant SM
parameters are given by

∆λ(Mt) = ±0.00030 ; ∆yt(Mt) = ±0.0022 ; ∆gs(Mt) = ±0.0045 . (4.5)

To obtain the corresponding uncertainty in the decay rate, we first construct the error
ellipsoid in the (λ(Mt), yt(Mt), gs(Mt))-space as described in ref. [81].8 We then repeat the

8As it is sufficient to illustrate our central point, we restrict ourselves to the 68% confidence ellipsoid.
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Figure 4. The 1σ error band arising from uncertainties in SM parameters for the metastability
bound on Tr(Y †ν Yν) as a function of degenerate RHN mass scale MN for non-minimal couplings
ξ =

(
− 1

6 , 0, 1, 10
)
. Dashed lines denote the central values also shown in figure 2.

computation described in section 4.1 over a suitable mesh of points on this ellipsoid, calcu-
lating the metastability bound for each of the corresponding sets (λ(Mt), yt(Mt), gs(Mt)).

We present our results for the 1σ error band in figure 4 for different values of ξ, with
the dashed line corresponding to the central values of the SM couplings.9 Our analysis
shows that for any given non-minimal coupling constant ξ, the experimental uncertainties
imply significant error bars for the metastability bounds already at 68% confidence. Most
importantly in the context of our work, we find that these are comparable to the effects
of the gravitational corrections we consider. Thus, we find that the existing metastability
bounds do not only suffer from a previously ignored theoretical uncertainty arising from the
non-minimal coupling to gravity, but also a large experimental error bar. This sensitivity
on the couplings’ initial values does, on the other hand, also imply that this error bar can
be very efficiently reduced through the increased precision of future experiments.

4.4 Impact on the instability scale

Following our discussion in section 3.1, RHNs drive λ to smaller values at energies above
MN , where they influence its RG running. If this occurs at energies where λ is positive, it
results in a lower value of the instability scale µI compared to its SM value µSMI ∼ 1011 GeV.

9We have also included the error bar in the right panel of figure 2.
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Although the precise value of this scale is irrelevant for the numerical calculation of the
decay rate as long as µI � µS , it is nevertheless of central importance for related questions.

First, the very idea of metastability bounds depends entirely on the assumption that
the vacuum can actually decay. This is, however, a highly non-trivial statement, as it is
well-known that there exists a wide class of mechanisms capable of stabilizing the vacuum.
The enormous range of scales between µSMI and the limits of current observations thus
allows for numerous scenarios capable of seriously undermining all arguments involving
vacuum decay.

This possible problem could be resolved if the instability scale were lowered to values
closer to the electroweak scale, where its consequences could be probed by future detectors.
While it has been shown that this would require couplings far exceeding our metastability
bounds, it has also been shown that this can be compensated for through the previously
mentioned stabilizing effects, e.g., the introduction of any kind of new physics which can
be effectively described through a dimension-six operator C6

Λ2
UV

[21, 32, 82]. In such cases
the metastability bounds can be understood as a lower bound on the effectiveness of this
additional effect. The generalization of our analysis to such cases is straightforward [21, 32],
and schematically amounts to a replacement (1 + 6ξ)2M−2

Pl → C6Λ−1
UV up to numerical

coefficients.
Another important property of the instability scale is its relation to the hierarchy

problem. It was first pointed out in [51] that the SM symmetry breaking pattern requires
the electroweak scale to be smaller than µI by roughly one order of magnitude. This
observation has recently proven crucial in attempts to solve the hierarchy problem via
independent vacuum selection arguments [21, 32, 51, 82–87]. Due to the nature of their
underlying bound, their effectiveness at actually solving the hierarchy problem hinges on
the possibility of a significantly lower instability scale.

While such a lowering can be achieved through the addition of any kind of fermion
with a Yukawa coupling to the Higgs (see [88] for another recent example), RHNs serve
as one of the arguably most natural candidates. Following our discussion in section 3,
the neutrinos’ effect on the instability scale can be expected to be largest for the kind of
scenarios discussed in this section. In figure 5, we present the one-loop instability scale µ1

I

as a function of T2 ≡ Tr(Y †ν Yν) at the matching scale for different values of Mν . This scale
is defined through the effective quartic coupling including one-loop corrections as

λ1-loopeff

(
µ = µ1

I , h = µ1
I

)
= 0. (4.6)

We find that significantly lowering the instability scale requires T2 to take values of
O(0.1−1), which typically correspond to an unstable vacuum or even a non-perturbative
running of the couplings. Thus, values of µI close to current observational bounds are
only consistent with the metastability bound eq. (2.13) if the neutrinos’ destabilizing effect
is at least partially compensated for by additional BSM physics, which could also restore
perturbativity.
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Figure 5. The 1-loop instability scale µ(1)
I as a function of the parameter T2 at the matching scale

for different values of the degenerate RHN mass. Note that we performed this scan over the entire
parameter space, including unstable or non-perturbative regions, which could be rendered viable
by the effects of other new physics.

5 High-scale Type-I seesaw

As discussed in the previous section, the low-scale seesaw mechanism requires degenerate
RHN masses to ensure radiative stability of the seesaw relation. Without enforcing the
degeneracy in MN , large Yukawas are possible only for the high-scale seesaw in Type-I
seesaw mechanism. High-scale seesaw models are a natural alternative to low scale see-
saws featuring hierarchical RHN mass scales. A salient feature is the generation of the
baryon asymmetry ηB without requiring finely tuned MN s (whereas in low-scale leptogen-
esis, they need to exhibit a quasi-degenerate spectrum for the production of ηB). Although
these heavy RHNs are not directly accessible in current experiments due to the high mass
scales involved, these scenarios can be ruled out through the observation of lepton number
violating (LNV) signals at the LHC [89].

To explain the observed ηB in the type-I seesaw, it has been shown that thermal
leptogenesis provides a lower bound on the mass of the lightest RHN, M1 & 109 GeV
(assuming an O(1) efficiency factor), known as Davidson-Ibarra bound10 [91]. It has also
been shown that high-scale leptogenesis is viable only for M1 up to 1015 GeV [92, 93].
Therefore, in our parameter scan, we will consider the range M1 = (109−1015)GeV for the
scenarios of 2 as well as 3 RHNs.

In this section, we will first discuss the RG evolution in the case of non-degenerate RHN
masses. We then discuss the results of the parameter scan for the metastable electroweak
vacuum in presence of gravity for the high-scale type-I seesaw with both 2 and 3 RHNs.
Finally we discuss the implications of these results for high-scale leptogenesis scenarios.

10This bound can be relaxed to some degree by O(10) fine-tuned cancellations between the tree-level and
loop-level light neutrino masses. This would however still imply that even the lightest RHN would still lie
far beyond the range of near-future experiments [90].
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5.1 RG evolution

Non-degenerate RHN masses also require a modification of the RG running of the relevant
couplings. It is well-understood that the influence of each of these particles manifests only
at RG scales above the matching scales µmatch,i ∼ MNi . This can be embedded into the
standard perturbative framework by using multiple effective theories at different scales.
The simplest example for this is the SM extended by the dimension-five Weinberg mass
term [8, 94] for the light neutrinos, which can be understood as an effective theory of the
full seesaw model obtained by integrating out all RHNs.11 The running of κ could, in
principle, also be of importance for our analysis, especially for high-scale seesaw models:
while the observational input data we use to reduce the number of relevant parameters in
our analysis is usually obtained at the mass scale of the light neutrinos, we require its value
at the matching scales to determine the corresponding RHN parameters. To understand
the effect of the running between these two scales, it is beneficial to consider the beta
function for κ,

βκ = 1
(4π)2

(
6y2
t κ− 3g2

2 κ+ λκ
)

(5.1)

This implies that, to leading order, the running of the mass eigenvalues is independent of the
mixing parameters and only amounts to a rescaling of κ, and thus, the light neutrino masses.
For our purposes, this scaling can simply be compensated for by rescaling the complex
orthogonal matrix R. While this simplifies the presentation of our results significantly, it
also makes an additional step necessary if one wanted to express them in terms of internal
parameters.

As can be expected due to presence of threshold corrections and modification of Yν
at each RHN mass threshold, it is not possible to implement the trace approximation or
Tn-parametrization approach to simplify the RG running analysis. Therefore, we use the
full matrix form of Yν for the RG evolution in this section.

5.2 Metastability bounds — 2 RHNs

We first apply the procedure described in the previous subsection to scenarios with two
RHNs with relevant couplings at the scales of interest. As for the low-scale seesaw mod-
els, we ensure the applicability of the perturbative expansions underlying our analysis by
keeping track of the couplings and εgrav. Restricting ourselves to scenarios with success-
ful thermal leptogenesis, we scan the RHN masses over M1 ∈ [109 GeV, 1015 GeV] and
M2 ∈ [M1, 1019 GeV]. We parametrize the 3× 2 complex orthogonal matrix R as

RNH =
(

0 cos z sin z
0 − sin z cos z

)
, RIH =

(
cos z sin z 0
− sin z cos z 0

)
, (5.2)

where z is a complex parameter with range Re(z) ∈ [−π, π] and Im(z) ∈ [−π, π].
In figure 6, we display the results of our parameter scan for T4 as a function of the

lightest mass scale M1 for NH and different values of the non-minimal coupling ξ. We find
11We will throughout our analysis consistently neglect the effect of this operator on the SM couplings as

it is suppressed by a factor of µ2/M−2
N , and hence, small in the relevant regime µ�MN .
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Figure 6. (2 RHNs) Scatter plot of
√
T4 as a function of lightest RHN mass scale M1 for Nor-

mal Hierarchy (NH) and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Blue points correspond to a

metastable electroweak vacuum while the orange points signify an unstable electroweak vacuum.
Gray and black points mark non-perturbative behavior in the loop-expansion and gravitational
corrections respectively.

a clear separation of the metastable, unstable and non-perturbative regions in terms of T4,
in agreement with our discussion in section 3.2. The fuzziness of the boundary regions is
a consequence of the projection onto the T4-M1 plane, and we will find a clear separating
line when moving to the T4-M2 plane. Our scan reveals that the metastability bound does
not explicitly depend M1. As, however, M1 is bounded from above by phenomenological
constraints for any given T4 and the latter is restricted by metastability, our results also
imply an upper bound on M1, in agreement with previous works [15, 95, 96].

We once again notice that gravitational effects loosen the bound on T4, and therefore,
also on M1. This effect is illustrated in figure 8, which presents an overlay of our upper
bounds on T4 as a function of M3. For the NH (IH) case without gravity (ξ = −1

6), the
upper bound on

√
T4 is around 0.51 (0.46) and M1 is restricted to values below 1014.4 GeV

(1014.2 GeV). Meanwhile, for the NH (IH) case with gravity and ξ = 10, the bound on
√
T4

gets relaxed to 1.64 (1.09), while that on M1 is loosened to 1014.7 GeV (1014.5 GeV).
In addition, we observe that gravitational effects seem to amplify the fuzziness of the

transition between the different regions, especially for larger ξs. This can also be best
understood by keeping in mind that figure 6 only represents a projection from the higher-
dimensional parameter space. Comparing these results with figure 7, it is easy to see that
this behavior is just a manifestation of a distinct feature in the T4 −M2-plane.
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Figure 7. (2 RHNs) Scatter plot of
√
T4 as a function of heaviest RHN mass scale M2 for Nor-

mal Hierarchy (NH) and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Blue points correspond to a

metastable electroweak vacuum while the orange points signify an unstable electroweak vacuum.
Gray and black points mark non-perturbative behavior in the loop-expansion and gravitational
corrections respectively.

The dependence of T4 on M2 is shown in figure 7. Unlike for M1, we find a clear
dependence onM2. This is due to the fact that heavier RHNs have a larger contribution to
Yν and T4, and thus also the running of λ. This dependence also explains the amplification
of the gravitational stabilization for large M2 and ξ, most clearly visible in the plot for
ξ = 10. This feature can be understood from the determinant equation for the instanton
scale µS , eq. (2.9), where µS appears either multiplied with (1 + 6ξ)2 or as the RG scale
of running parameters. As the latter dependence is only logarithmic, we find that the
instanton scale roughly scales as µ2

S ∝ (1 + 6ξ)−2M2
Pl. Our numerical analysis shows

that, near the transition from metastable to unstable region, the coefficient is such that
roughly µS ∼ 1016 GeV. Since the dominant contribution to T4 is linked to the heaviest
RHN, increasing M2 to values close to µS drastically reduces the RHNs total impact on
the running of λ up to µS , which scales with ln

( µS
M2

)
. This behavior is also responsible

for the breakdown of our pertubative treatment of the gravitational effects for ξ = 10 in
this region.

We provide a summary of our results in table 1. It is worth recalling that we assumed
the lightest neutrino mass scale to be m0 = 0. The bounds in each case will become
stronger for non-zero m0.
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Figure 8. (2 RHNs) Scatter plot of
√
T4 against the heaviest RHNmass scaleM2, Normal Hierarchy

and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Colored points (except orange) correspond to an

electroweak vacuum which is stable for their corresponding ξ (and all larger values). Orange points
signify an unstable electroweak vacuum for all considered values of ξ. Gray and black points mark
non-perturbative behavior in the loop-expansion and gravitational corrections respectively.

Case Max.
√
T4 Max. M1 (in GeV) Max. M2 (in GeV)

ξ = − 1
6

NH 0.51 1014.4 1015.3

IH 0.46 1014.2 1014.4

ξ = 0
NH 0.71 1014.5 1015.3

IH 0.63 1014.3 1014.6

ξ = 1
NH 0.95 1014.6 1015.5

IH 0.76 1014.3 1014.7

ξ = 10
NH 1.64 1014.7 1016.0

IH 1.09 1014.5 1014.8

Table 1. Summary of metastability bounds on T4, M1 and M2 in the case of 2 RHNs and Normal
Hierarchy (NH) as well as Inverse Hierarchy (IH).

5.3 Metastability bounds — 3 RHNs

Once again imposing the condition of successful thermal leptogenesis, we scan the masses
over the range M1 ∈ [109 GeV, 1015 GeV], M2 ∈ [M1, 1019 GeV] and M3 ∈ [M2, 1019 GeV].
The 3× 3 complex orthogonal matrix R can be parametrized as

R =

 1 0 0
0 cos z1 sin z1
0 − sin z1 cos z1


 cos z2 0 sin z2

0 1 0
− sin z2 0 cos z2


 cos z3 sin z3 0
− sin z3 cos z3 0

0 0 1

 (5.3)
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Figure 9. (3 Heavy N) Scatter plot of
√
T4 as a function of lightest RHN mass scale M1 (3 RHN

case) for NH and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Blue points correspond to metastable

electroweak vacuum while the orange points signify unstable electroweak vacuum. Gray and black
points mark non-perturbative behavior in the loop-expansion and gravitational corrections respec-
tively.

where zi (i = 1, 2, 3) are complex parameters with ranges, Re(zi) ∈ [−π, π] and
Im(zi) ∈ [−π, π].

In figure 9, we display the results of our scan for T4 as a function of the lightest mass
scale M1 for NH and different non-minimal couplings ξ. Similar to the case of two heavy
RHNs, we again notice the clear separation of metastable and unstable/non-perturbative
regions with almost no dependence on the lightest RHN mass scale M1. In addition to
these regions, we again find that our perturbative treatment of the gravitational effects
breaks down for M3 & 1015.5 GeV and ξ = 10.

For the NH (IH) case with conformal coupling (ξ = −1
6), which nullifies the gravita-

tional contributions to leading order, the upper bound on
√
T4 is around 0.53 (0.49) and

M1 is restricted to be below 1014.3 GeV (1013.9 GeV). Meanwhile, for the NH (IH) case with
gravity and ξ = 10, the upper bound T4 gets relaxed to 1.77 (1.59) and the bound on M1
is loosened to 1014.7 GeV (1014.3 GeV). However, as these latter bounds were obtained near
the breakdown of our perturbative treatment of the gravitational effects (see figure 11), it
is likely that these values could be modified by a higher-order analysis.

In figure 10, we display the results of our scan for T4 as a function of the mass scale
M2 for NH and different non-minimal couplings ξ. We notice that although the parameter
scan range for M2 was up to 1019 GeV, th mass range allowed by the metastability bounds
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Figure 10. (3 Heavy N) Scatter plot of
√
T4 as a function of RHN mass scale M1 (3 RHN case) for

NH and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Blue points correspond to metastable electroweak

vacuum while the orange points signify unstable electroweak vacuum. Gray and black points mark
non-perturbative behavior in the loop-expansion and gravitational corrections respectively.

on T4 restricts M2 to values below 1016 GeV. Unlike in the case of two heavy RHNs, we
find no dependence of the bounds on T4 on M2.

In figure 11, we display the results of our scan for T4 as a function of the heaviest RHN
mass scaleM3 for NH and different non-minimal couplings ξ. We again find a dependence of
the T4 metastability bound onM3. Just as the analogous behavior in our analysis involving
two RHNs, this is because the largest contribution to T4 arises from the heaviest RHN. We
also recover the amplification of the gravitational stabilization for large M3 and ξ, which
can, in the same way as we discussed for the case of two RHNs, be understood through
a lowering of the instanton scale µS . In general, we again find that gravitational effects
significantly stabilize the electroweak vacuum, corresponding to weaker bounds on T4.

We provide a summary of our results in table 2, assuming a light neutrino mass scale
m0 = 0. As before, we expect stronger bounds for a non-zero m0.

5.4 Implications for high-scale leptogenesis

For the case of two RHNs, metastability sets an upper bound on M1 and M2, see figures 6
and 7, as summarized in table 1 for different ξs. Comparing all these values, we find a
hierarchy between these bounds, Mmax

2 and Mmax
1 . For a NH, we find Mmax

2 ∼ 10Mmax
1 ,

while for an IH Mmax
2 ∼ 2Mmax

1 holds loosely.
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Figure 11. (3 Heavy N) Scatter plot of
√
T4 as a function of heaviest RHN mass scale M3

(3 RHN case) for NH and non-minimal coupling ξ =
(
− 1

6 , 0, 1, 10
)
. Blue points correspond to

metastable electroweak vacuum while the orange points signify unstable electroweak vacuum. Gray
and black points mark non-perturbative behavior in the loop-expansion and gravitational corrections
respectively.

Case Max.
√
T4 Max. M1 (in GeV) Max. M2 (in GeV) Max. M3 (in GeV)

ξ = − 1
6

NH 0.53 1014.3 1015.0 1015.9

IH 0.49 1013.9 1014.2 1015.5

ξ = 0
NH 0.94 1014.3 1015.1 1016.5

IH 0.71 1014.1 1014.4 1016.0

ξ = 1
NH 1.93 1014.5 1015.3 1016.8

IH 0.92 1014.3 1014.6 1016.0

ξ = 10
NH 1.77(2.91) 1014.7 1015.6 1017.5

IH 1.59(3.14) 1014.3 1014.7 1016.4

Table 2. Summary of metastability bounds on T4, M1, M2 and M3 in the case of 3 RHNs and
Normal Hierarchy (NH) as well as Inverse Hierarchy (IH).

These bounds have important consequences for high-scale leptogenesis. For the case
of a conformal coupling (ξ = −1

6), M1,2 is restricted to values below 1015.3 GeV. In con-
junction with previous discussions, the range of RHN masses for high-scale leptogenesis
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gets restricted to 109−1016 GeV. This bound is only valid for RHNs which contribute to
light neutrino mass generation through the seesaw relation and if no other new degrees
of freedom are introduced below the RHN mass scales. If the RHNs are decoupled, their
masses can easily be set to higher scales (usually set to MPlanck for RGE studies). New
degrees of freedom like scalars can usually relax the stringent bounds on Yν and MN .

Similar to the 2 RHNs case, we notice that there are upper bounds on M1,M2 andM3.
We find that the bounds on M1 and M2 are slightly stronger in the 3 RHN case and again
exhibit a hierarchy. For a NH, we find Mmax

2 ∼ 6.5Mmax
1 , while for an IH Mmax

2 ∼ 2Mmax
1

holds loosely. The upper bound on M3 with a metastable vacuum tends to be an order of
magnitude higher than the bounds on M1 and M2. For comparison, in the case of an IH
without gravity (ξ = −1

6), M1 andM2 are restricted to be below 1013.9 GeV and 1014.2 GeV
respectively, while the bound on M3 lies around 1015.5 GeV. As pointed out earlier, the
bounds on M3 can be relaxed if it decouples from the seesaw mechanism, which is usually
the case for high-scale leptogenesis with two heavy RHNs. A complete summary of the
bounds on M1,2,3 is given in table 2.

6 Conclusions

Introducing RHNs to the SM allows to simultaneously explain the generation of light neu-
trino masses and the observed matter-antimatter asymmetry of the universe. Despite a
plethora of experimental searches, the parameter space of the type-I seesaw mechanism
remains restricted only for MN . 1TeV. These limitations of current experimental acces-
sibility motivate the search for theoretical constraints on the theory. In this article, we
investigated the bounds arising from the stability of the electroweak vacuum. The intro-
duction of additional fermions, such as RHNs, has the potential to lower the vacuum’s
expected lifetime below the current age of the universe. This allows for the derivation of
stringent bounds on these Yukawa couplings to the Higgs in terms of their corresponding
RHNs’ masses.

We performed a complete systematic study of the parameter space for the type-I seesaw
mechanism (for MN > 1TeV) from the perspective of vacuum stability, covering both low-
and high-scale type-I seesaws including both two and three RHNs. In most cases, non-
zero Yνs push the scale where λ takes its minimum, µ∗, beyond the Planck scale. This
motivated us to discuss the crucial conceptual and numerical importance of gravitational
corrections to the decay rate. We find that doing so keeps all relevant scales below MPl
while simultaneously stabilizing the vacuum. We show that the non-minimal coupling ξ of
the Higgs with gravity can enhance this stabilizing effect and help relieve stringent bounds
on Yν found in previous works. This effect is naturally strongest for large values of ξ
(usually of interest in the context of Higgs inflation). However, even small values, which
are almost inevitably generated radiatively, lead to a notable effect.

For a low-scale seesaw, we have shown that the bounds are almost independent of the
matrix structure of Yν and the number of RHNs in the high-magnitude limit. We presented
our bounds on Yν in terms of Tr(Y †ν Yν) and the total mixing parameter |U|2 in figure 2.
These metastability bounds perform far better than the perturbativity bound as well as
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all proposed future searches for RHN masses above 1TeV. When the approximation breaks
down, we find that due to the strong dependence of βλ on Tr(Y †ν Yν) and Tr(Y †ν YνY †ν Yν)
(more prominently on the latter), the RG evolution can be carried out with good accuracy
using only the trace parameters. Lastly, we also provide extensive results for the instabil-
ity scale, which has recently gained some interest in the context of cosmology and BSM
Higgs physics.

For the case of a high-scale seesaw, our results are summarized in table 1 and 2. As
expected, gravitational corrections ensure consistency of our computations and significantly
stabilize the vacuum, leading to looser bounds. Our results also have strong implications
for high-scale leptogenesis. We find that metastability imposes clear upper bounds on the
allowed values of the smallest (M1) and largest RHN masses (M2/M3).
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A Neutrinos and RG running

A.1 Trace approximation

The quantities that affect the RGE running for Higgs quartic coupling at leading order are
the traces Tr(Y †ν Yν) and Tr(Y †ν YνY †ν Yν). The running is significantly affected only when
the magnitudes of these traces are of order O(0.1−1). Under this assumption, we outline
an analytical proof below to show that Tr(Y †ν Yν)2 ∼ Tr(Y †ν YνY †ν Yν) in this high-magnitude
limit, s.t. the bounds are almost insensitive to the matrix structure of Yν .

The Casas-Ibarra parametrization of Yν is given by

Yν = − i

vew
U∗PMNS

√
mν R

√
MN (A.1)

where vew is the vacuum expectation value of SM the Higgs field, UPMNS is the PMNS
matrix, mν(MN ) is the diagonalized light (heavy right-handed) neutrino mass matrix and
R is a general complex orthogonal matrix.

The complex orthogonal matrix R can be decomposed in several ways [11, 12, 97].
For transparency and easier physical understanding, we use a parametrization recently
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proposed in [97]. In the usual Euler decomposition of R, we have N real and N complex
angles. The real angles correspond to rotations in the N ×N complex matrix space, while
the complex angles correspond to scalings. In [97], the orthogonal matrix is decomposed as
5 real angles and 1 complex angle. This implies that the magnitude of any quantity which
is a function of Yν will depend primarily on the complex angle/scaling:

R = O13(θ13)O23(θ23)R12(z12)O23(θ′23)O13(θ′13), (A.2)

where Oij(Rij) is the real(complex) orthogonal rotation matrix in the ij-th plane. Note
that the case of 2 RHNs can be recovered by setting all angles except the complex angle
z12 to zero. The complex rotation matrix R12 can be written as

R12 =

 cos z12 sin z12 0
− sin z12 cos z12 0

0 0 1

 = O12

 cosh y −i sinh y 0
i sinh y cosh y 0

0 0 1

 , (A.3)

where z12 = x + i y. The high-magnitude limit for Tr(Y †Y ) corresponds to a large y. In
this limit

cosh y ∼ sinh y ∼ ey

2 . (A.4)

This implies that all possible trace combinations of Yν(Y †ν ) can be decomposed as a polyno-
mial series in ey. For Tr(Y †ν Yν), the contribution in the high-magnitude limit is dominated12

by the term proportional to e2y,

Tr(Y †ν Yν) ∼ A× B2 e2y, (A.5)

where

A = m2 cos2 θ23 + cos2 θ13(m1 +m3 sin2 θ23) + sin2 θ13(m3 +m1 cos2 θ23),
B = M2 cos2 θ′23 + cos2 θ′13(M1 +M3 sin2 θ′23) + sin2 θ′13(M3 +M1 cos2 θ′23). (A.6)

Similarly applying eq. (A.3), Tr(Y †ν YνY †ν Yν) can be written as a polynomial series in ey

dominated by the contribution of order e4y if Tr(Y †Y ) is large. On retaining the domi-
nant terms,

Tr(Y †ν YνY †ν Yν) ∼
(A× B

2

)2
e4y (A.7)

Finally on comparing eqs. (A.5) and (A.7), we have our final result

Tr(Y †ν Yν)2 ∼ Tr(Y †ν YνY †ν Yν) (A.8)

in the high-magnitude Tr(Y †ν Yν) limit. Therefore, we can use the above result for our RGE
analysis and report the results as bounds on Tr(Y †ν Yν) irrespective of the matrix structure
of Y . These bounds on Tr(Y †Y ) can be transformed back to study the dependence on
internal parameters such as θij , mi or MNi by using eq. (A.5).

12The coefficients of different powers of ey cannot affect the conclusion since the rest of the entries in the
decomposition of R are only around O(1).
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A.2 Threshold corrections

The introduction of RHNs affects the Higgs’ dynamics not only through the running of its
parameters, but also by inducing direct corrections to its parameters as

λeff(µ, h) = λ(µ) + δλSM(µ, h) + δλν(µ, h) (A.9)

This simple observation affects our discussion in two ways. First, taking seriously our
EFT-approach we describe the running of our couplings using different theories at different
energies. The matching of these theories is usually performed through the requirement
that all physical quantities, such as scattering amplitudes, be continuous at the matching
scale. This typically implies that the running parameter needs to be corrected through
a threshold correction, which compensates for the absence of loops involving the heavy
particle in the theory below the matching scale. Taking as an example the quartic coupling,
this implies that

λUV(Mi) + δλUV(Mi)
!= λIR(Mi) + δλIR(Mi) (A.10)

⇔ λUV(Mi)
!= λIR(Mi)−

(
δλUV(Mi)− δλIR(Mi)

)
. (A.11)

In other words, at the matching scale µ = MNi one has to subtract from the running
coupling the loop-corrections induced by the particles that enter the spectrum.

The neutrinos’ contributions to these threshold corrections for all SM couplings of
interest has recently been derived, e.g., in [98]. For the readers’ convenience, we repeat
their results for the Higgs quartic and top Yukawa coupling here in the limit m2 �M2

i for
all i:

(4π)2δλUV =− λIR
(
Y †ν Yν

)
ii

[
1 + ln

(
µ2

M2
i

)]
+ (A.12)

+
(
Y †ν Yν

)
ik

(
Y †ν Yν

)
ki

M2
i

(
1 + ln

(
µ2

M2
i

))
−M2

k

(
1 + ln

(
µ2

M2
k

))
M2
i −M2

k

− (A.13)

−
(
Y †ν Yν

)
ik

(
Y †ν Yν

)
ik

MiMk ln
(
M2
i

M2
k

)
M2
i −M2

k

(A.14)

(4π)2δyUVt =− yIRt ·
1
4
(
Y †ν Yν

)
ii

[
1 + ln

(
µ2

M2
i

)]
, (A.15)

where all indices are summed over all RHNs in the spectrum at the scale µ. All implicit
contractions, such as in Y †ν Yν , are performed using the indices representing left-handed
neutrinos. For degenerate masses, these expressions simplify to

(4π)2δλUV =− λIRTr
(
Y †ν Yν

) [
1 + ln

(
µ2

M2

)]
+ (A.16)

+ Tr
(
Y †ν YνY

†
ν Yν

)
ln
(
µ2

M

)
− Tr

(
Y †ν YνY

T
ν Y

∗
ν

)
(A.17)

(4π)2δyUVt =− yIRt ·
1
4Tr

(
Y †ν Yν

) [
1 + ln

(
µ2

M2

)]
. (A.18)
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B β-functions

We provide the beta functions used in our calculations, as originally derived in [10, 51].
For the quartic coupling λ, we have

βλ = 1
(4π)2

[
24λ2 − 6y4

t + 3
8

(
2g4 +

(
g2 + g′

2
)2
)
− λ

(
9g2 + 3g′2 − 12y2

t

)
+ (B.1)

+ 4λTr
(
Y †ν Yν

)
− 2Tr

(
Y †ν YνY

†
ν Yν

) ]
+

+ 1
(4π)4

[ 1
48
(
915g6−289g4g′

2−559g2g′
4−379g′6

)
+ 30y6

t − y4
t

(8
3g
′2+32g2

s+3λ
)

+

+ λ

(
−73

8 g
4 + 39

4 g
2g′

2 + 629
24 g

′4 + 108g2λ+ 36g′2λ− 312λ2
)

+

+ y2
t

(
−9

4g
4 + 21

2 g
2g′

2 − 19
4 g
′4 + λ

(45
2 g

2 + 85
6 g
′2 + 80g2

s − 144λ
))

+

+ Tr
(
Y †ν Yν

)(
−3

4g
4 − 1

4g
′4 − 1

4g
2g′

2 + 5
2
(
3g2 + g′

2
)
− 48λ2

)
−

− λTr
(
Y †ν YνY

†
ν Yν

)
+ 10Tr

(
Y †ν YνY

†
ν YνY

†
ν Yν

) ]
+

+ 1
(4π)6

[
λ3
(
12022.7λ+ 1746y2

t − 774.904g2 − 258.3g′2
)

+

+ λ2y2
t

(
3536.52y2

t + 321.54g2
s − 719.078g2 − 212.896g′2

)
+

+ λ2
(
−1580.56g4 − 1030.734g′4 − 1055.466g2g′

2
)

+

+ λy4
t

(
−446.764y2

t − 1325.732g2
s − 10.94g2 − 70.05g′2

)
+

+ λy2
t

(
713.936g4

s − 639.328g4 − 415.888g′4+

+30.288g2
sg

2 + 58.18g2
sg
′2 + 18.716g2g′

2
)

+

+ λg4
(
−114.288g2

s + 1730.966g2 + 265.46g′2
)

+

+ λg′
4
(
−46.562g2

s + 343.072g2 + 260.814g′2
)

+

+ y6
t

(
−486.298y2

t + 500.988g2
s + 146.276g2 + 113.1g′2

)
+

+ y4
t

(
−100.402g4

s + 31.768g4 + 88.6g′4 + 26.698g2
sg

2+

+58.566g2
sg
′2 − 234.52g2g′

2
)

+

+ y2
t g

2
s

(
32.928g4 + 3.644g′4 + 37.954g2g′

2
)

+ y2
t g

4
(
125g2 + 43.470g′2

)
+

+ y2
t g
′4
(
58.318g2 + 102.936g′2

)
+

+ g2
s

(
15.072g6 + 7.138g′6 + 5.024g4g′

2 + 6.138g2g′
4
)
−

− 228.182g8 − 23.272g′8 − 126.296g6g′
2 + 36.112g4g′

4 − 14.288g2g′
6
]
.
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For the top Yukawa coupling yt, we have, at the same order,

βyt = yt
(4π)2

[
− 9

4g
2 − 17

12g
′2 − 8g2

s + 9
2y

2
t + Tr

(
Y †ν Yν

) ]
+ (B.2)

+ yt
(4π)4

[
− 23

4 g
4 − 3

4g
2g′

2 + 1187
216 g

′4 + 9g2g2
s + 19

9 g
′2g2

s − 108g4
s+

+ y2
t

(225
16 g

2 + 131
16 + 36g2

s

)
+ 6

(
λ2 − 2y4

t − 2λy2
t

)
+

+ Tr
(
Y †ν Yν

)(
−9

8y
2
t + 5

8g
′2 + 15

8 g
2
)
− 9

4Tr
(
Y †ν YνY

†
ν Yν

) ]
+

+ yt
(4π)6

[
y4

t

(
58.6028y2

t + 198λ− 157g2
s −

1593
16 g2 − 2437

48 g′
2
)

+

+ λy2
t

(15
4 λ+ 16g2

s −
135
2 g2 − 127

6 g′
2
)

+

+ y2
t

(
363.764g4

s + 16.990g4 − 67.839g′4 + 48.370g2
sg

2+

+ 30.123g2
sg
′2 + 58.048g2g′

2
)

+

+ λ2
(
−36λ+ 45g2 + 15g′2

)
+ λ

(
−171

16 g
4 − 1089

144 g
′4 + 39

8 g
2g′

2
)

+

+ 619.35g6
s + 169.829g6 + 74.074g′6 + 73.654g4

sg
2 − 25.16g4

sg
′2−

− 21.072g2
sg

4 − 61.997g2
sg
′4 − 107

4 g2
sg

2g′
2 − 7.905g4g′

2 − 12.339g2g′
4
]
.

The beta functions of the gauge couplings g′, g and gs are respectively given by

βg′ = g′3

(4π)2 ·
41
6 + g′3

(4π)4

[199
18 g

′2 + 9
2g

2 + 44
3 g

2
s −

17
6 y

2
t −

1
2Tr

(
Y †ν Yν

) ]
+ (B.3)

+ g′3

(4π)6

[
y2

t

(315
16 y

2
t −

29
5 g

2
s −

785
32 g

2 − 2827
288 g

′2
)

+ λ

(
− 3λ+ 3

2g
2 + 3

2g
′2
)

+

+ 99g4
s + 1315

64 g4 − 388613
5184 g′

4 − 25
9 g

2
sg

2 − 137
27 g

2
sg
′2 + 205

96 g
2g′

2
]
,

βg =− g3

(4π)2 ·
19
6 + g3

(4π)4

[3
2g
′2 + 35

6 g
2 + 12g2

s −
3
2y

2
t −

1
2Tr

(
Y †ν Yν

) ]
+ (B.4)

+ g3

(4π)6

[
y2

t

(147
16 y

2
t − 7g2

s −
729
32 g

2 − 593
96 g

′2
)

+ λ

(
−3λ+ 3

2g
2 + 1

2g
′2
)

+

+ 81g4
s + 324953

1728 g4 − 5597
576 g

′4 + 39g2
sg

2 − 1
3g

2
sg
′2 + 291

32 g
2g′

2
]
,

and

βgs =− g3
s

(4π)2 · 7 + g3
s

(4π)4

[11
6 g

2
s + 9

2g
2 − 26g2

s − 2y2
t

]
+ (B.5)

+ g3
s

(4π)6

[
y2

t

(
15y2

t − 40g2
s − 93/8g2 − 101/24g′2

)
+

+ 65
2 g

4
s + 109

8 g4 − 2615
216 g

′4 + 21g2
sg

2 + 77
9 g

2
sg
′2 − 1

8g
2g′

2
]
.
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For the neutrinos’ Yukawa couplings, the beta function at 2-loop order is

βYν = Yν
(4π)2

[3
2Y
†
ν Yν + 3y2

t −
3
4g
′2 − 9

4g
2 + Tr

(
Y †ν Yν

) ]
+ (B.6)

+ Yν
(4π)4

[3
2Y
†
ν YνY

†
ν Yν −

27
8 y

2
tY
†
ν Yν −

9
4Y
†
ν YνTr

(
Y †ν Yν

)
− 27

16y
4
t −

9
4Tr

(
Y †ν YνY

†
ν Yν

)
+

+ 6λ2 − 12λY †ν Yν + 1
16
(
93g′2 + 135g2

)
Y †ν Yν + 5

4y
2
t

(17
12g

′2 + 9
4g

2 + 8g2
s

)
+

+ 5
8Tr

(
Y †ν Yν

) (
g′

2 + 3g2
)

+ 5
8g
′4 − 45

8 g
′2g2 − 115

8 g4
]

The running of the two most important trace parameters, as defined in eqs. (3.9)–(3.12),
is to leading order given by

βT2 = 2 T2
(4π)2

[
T2 + 3

2y
2
t −

3
4g
′2 − 9

4g
2 + 3

2T4

]
(B.7)

βT6 = 4 T4
(4π)2

[
T2 + 3

2y
2
t −

3
4g
′2 − 9

4g
2 + 3

2T6

]
(B.8)

C NLO tunneling rate for the SM with RHNs

For completeness, we include here the NLO formula for the vacuum decay rate derived
in [31]. Before performing the integral over the dilatation modes, the decay rate per unit
volume is given by

Γ
V

=
∫ dR
R5 e−SE(λ(R−1),R)D

(
R−1). (C.1)

The factor D
(
R−1) is defined as

D
(
R−1) ≡ 72√

6π2S
4
E

(
λ
(
R−1

)
, R
)
· (C.2)

· exp
[
12ζ ′(−1)− 25

3 + π2 − γE −
3
2 ln 2− 3

2S
+
fin (X)− 3S+

fin (Y ) + 3
2S

ψ̄ψ
fin

(√
Z
)

−3Sψ̄ψloops (Z)− 1
2S

AG
diff (X)− SAG

diff (Y )− SAG
loops (X)− 2SAG

loops (Y ) + ∆Sν
]
,

where X ≡ − g2+g′2
12λ , Y ≡ − g2

12λ , and Z ≡
y2

t
λ and ∆Sν parametrizes the neutrinos’ contri-

butions. The correction S+
fin(x) appearing in the exponent is given by

S+
fin(x) = x2

(
6γE + 51− 6π2

)
+ 6x+ 11

36 + ln 2π + 3ζ(3)
4π2 − 4ζ ′(−1)− ln

(
cos

(
π
2κx

)
6πx

)
−

− xκx
[
ψ(−1)

(3 + κx
2

)
− ψ(−1)

(3− κx
2

)]
+ (C.3)

+
(

6x− 1
6

)[
ψ(−2)

(3 + κx
2

)
+ ψ(−2)

(3− κx
2

)]
+ κx

[
ψ(−3)

(3 + κx
2

)
− ψ(−3)

(3− κx
2

)]
− 2

[
ψ(−4)

(3 + κx
2

)
+ ψ(−4)

(3− κx
2

)]
,
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where κx ≡
√

1− 24x and ψn is the Polygamma function. The other corrections to the
action are

SAG
diff (x) = x2

(
121− 12π2

)
− 45

2 x
2, (C.4)

SAG
loops(x) =− 5

18 −
1
3 (γE − ln 2)− x

(
7 + 6(γE − ln 2)

)
− 9x2

(1
2 + γE − ln 2

)
, (C.5)

Sψ̄ψloops(x) =− x
(13

8 + 2
3(γE − ln 2)

)
+ x2

( 5
18 + 1

3(γE − ln 2)
)
, (C.6)

as well as

Sψ̄ψfin (x) = 16ψ(−1)(2)− 8
3ψ

(−2)(2) + 4
3x

2(1− γE)− x4

3 (1− 2γE)− (C.7)

− 4
3x(1− x2)

[
ψ(−1)(2 + x)− ψ(−1)(2− x)

]
+

+ 4
3x(1− 3x2)

[
ψ(−2)(2 + x) + ψ(−2)(2− x)

]
+

+ 8x
[
ψ(−3)(2 + x)− ψ(−3)(2− x)

]
− 8

[
ψ(−4)(2 + x) + ψ(−4)(2− x)

]
.

A full derivation of these corrections can be found in [18].
We consistently find that the scale of interest for our analysis, µS , is larger than the

RHNs explicit masses. As a consequence, we can safely neglect them during our calculation
of the vacuum decay rate and move to a flavor space basis of interaction eigenstates in
which the Yukawa matrix becomes diagonal. After doing so, the neutrinos’ combine into
three Dirac fermions with masses ∝ yν,ihR, where y2

ν,i are the eigenvalues of Y †ν Yν . Thus,
the neutrinos’ fluctuation operator can be factorized into three copies of the top quark’s
operator with the replacement yt → yν,i. This allows a straightforward application of the
computation given in [18], ultimately yielding

∆νS =
∑
i

1
2S

ψ̄ψ
fin

(√
Zi
)
− Sψ̄ψloops (Zi) , (C.8)

where now Zi = y2
ν,i

λ .
This prescription also preserves the relation T 2

2 ∼ T4 we used for low-scale seesaw
models. As first pointed out in [21], the cancellations necessary to achieve this relation
while upholding agreement with observations and, crucially, simultaneously allowing for
large enough Yukawa couplings to be of interest for our discussion can be used to show that

∆νSlow-scale = 1
2S

ψ̄ψ
fin

(√
Zlow-scale

)
− Sψ̄ψloops (Zlow-scale) , (C.9)

where now Zlow-scale = T2
λ . In essence, the criteria above allow to move to a basis in flavor

space in which two of the RHNs can be combined into a single Dirac fermion, whose Yukawa
coupling is now given by

√
T2 [62].

The latter observation can, however, not be immediately generalized to our effective
running in terms of T -parameters. As the latter only serves as an approximate scheme we
nevertheless use eq. (C.9) for this discussion, as the deviation from our results obtained
from a full analysis is within our desired level of accuracy.
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