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We derive the low-energy limit of quantum chromodynamics (QCD) and provide evidence that in the 
’t Hooft limit, i.e. for a very large number of colors and increasing ’t Hooft coupling, quark confinement 
is recovered. The low energy limit of the theory turns out to be a non-local Nambu–Jona-Lasinio (NJL) 
model. The effect of non-locality, arising from a gluon propagator that fits quite well to the profile of 
an instanton liquid, is to produce a phase transition from a chiral condensate to an instanton liquid, as 
the coupling increases with lower momentum. This phase transition suffices to move the poles of the 
quark propagator to the complex plane. As a consequence, free quarks are no longer physical states in 
the spectrum of the theory.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

One of the most important open problems in physics is the 
question of quark confinement. Quarks are never seen free but 
only in bound states (cf. Ref. [1,2] and references therein). Sev-
eral mechanisms have been proposed but none of them has ever 
been derived fully analytically from theory, i.e. quantum chro-
modynamics (QCD). An exception can be found in Kenneth G. 
Wilson’s semianalytic approach to QCD regularized on the lattice 
for which an area law for confinement at strong couplings has 
been demonstrated [3]. Some criteria have been obtained for con-
finement in four dimensions. Kugo and Ojima were able to obtain 
a well-known criterion starting from a reformulation of BRST in-
variance [4,5]. Similarly, Nishijima and his collaborators pointed 
out some constraints to grant confinement [6–10]. A proof of con-
finement exists in supersymmetric models where a condensate of 
monopoles like in a type II superconductors is seen [11,12]. Indeed, 
the exact β function for the Yang-Mills theory is known for some 
supersymmetric and the non-supersymmetric models [13–16]. Lat-
tice simulations have calculated the Yang-Mills theory beta func-
tion by using the RG evolution (in several schemes) in order to 
connect the regularization scale with the infrared behavior, cf. e.g. 
Ref. [17]. By tuning empirical parameters, the beta functions of the 

* Corresponding author.
E-mail addresses: marcofrasca@mclink.it (M. Frasca), anish.ghoshal@fuw.edu.pl

(A. Ghoshal), stefan.groote@ut.ee (S. Groote).
https://doi.org/10.1016/j.physletb.2023.138209
0370-2693/© 2023 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
models can be made consistent with the lattice results. Different 
confinement criteria and their overlapping regions are presented 
in Ref. [18].

Due to the discovery of Gribov copies [19] and their possible 
handling as proposed by Zwanziger [20], studies on confinement 
in Landau gauge seemed to indicate a gluon propagator running to 
zero in the infrared while the ghost propagator had to run to infin-
ity faster than in the free case. This qualitative picture is essential 
to have an idea of the potential between quarks. Measures of the 
gluon and ghost propagators [21–23] and the spectrum [24,25] on 
the lattice have shown that in a non-Abelian gauge theory without 
fermions a mass gap appears, in evident contrast with the scenario 
devised by Gribov and Zwanziger that in the original formulation 
is not able to accommodate this mass gap. As shown in several 
theoretical works, the behavior seen on the lattice should be ex-
pected [26–31]. These works provide closed form formulas for the 
gluon propagator with a number of fitting parameters. Indeed, a 
closed analytical formula for the gluon propagator is an important 
element to obtain the low-energy behavior of QCD in a manage-
able effective theory to prove confinement. For the same aim, the 
behavior of the running coupling in the infrared limit is essen-
tial [32,33] (see also the review [34]). An instanton liquid picture 
seems to play a relevant role [35,36]. Confinement in its simplest 
form can be seen as the combined effect of a potential obtained 
from the Wilson loop of a Yang-Mills theory without fermions 
and the running coupling yielding a linearly increasing potential 
in agreement with lattice data [37]. Note that in spacetime 2+1 di-
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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mensions, the theory is only marginally confining, as there is no 
running coupling and the potential increases only logarithmically. 
Still, also in this lower dimension confinement is granted [38].

An essential part in our understanding of confinement in QCD 
is strongly linked to a proper derivation of the low-energy limit 
of the theory. In this direction, a couple of seminal papers were 
written by Gerard ’t Hooft for 1+1 spacetime dimensions [39,40]. 
Two important results were obtained by ’t Hooft in these papers: 
1) A good understanding of the low-energy behavior of the the-
ory could be obtained in principle by considering the limit of the 
number of colors Nc running to infinity and keeping the product 
Nc g2 constant, with αs = g2/(4π) the strong coupling. In this limit 
the coupling goes to zero, faciliating a perturbative approach. 2) In 
1+1 spacetime dimensions the theory can be solved and provides 
the meson spectrum of the theory. One of the conclusions for 3+1 
spacetime dimensions was that a discrete spectrum of the Hamil-
tonian can grant the appearance of condensates providing the right 
set-up for quark confinement through a string model [39,41]. In-
deed, in Refs. [38,42] a discrete spectrum was obtained for a Yang-
Mills theory without quarks, confirming lattice results. Without 
providing explicitly the spectrum, this was also proved mathemat-
ically [46].

In a series of works [31,47,48], it was recently proved that in 
the ’t Hooft limit of a large number of colors the low energy 
limit of QCD is given by a non-local Nambu–Jona-Lasinio (NJL) 
model [49–52,57]. The local version of the NJL-model, as initially 
conceived in Refs. [49,50], does not confine. For bounded states 
obtained after bosonization [58], there is a threshold for the decay 
into quark and antiquark as free states that have never been ob-
served. Non-locality can help to remove such a problem [59]. The 
aim of this paper is to provide evidence that the non-local NJL-
model derived from QCD in Refs. [31,47,48] is indeed confining 
with the principles given in Refs. [59,60].

This paper is phenomenological in nature, and some relevant 
approximations are involved to solve the QCD equations in the 
low-energy limit. The most relevant of these is the ’t Hooft limit 
Nc with the ’t Hooft coupling λ = Nc g2 kept finite but large. Ac-
cordingly, we expand in 1/λ and terminate the expansion at lead-
ing order, neglecting higher-order correlations between fermionic 
degrees of freedom caused by the gluonic field.

The paper is structured as follows. In Sec. 2, we derive the NJL-
model from QCD and apply the bosonization and the mean field 
approximation, leading to the gap equation. In Sec. 3, we present 
the proof of quark confinement for the low-energy limit of QCD 
based on the gap equation we obtained previously. In Sec. 4 we 
give our conclusions.

2. Low-energy limit of QCD and NJL model

We consider the QCD lagrangian

LQ C D =
∑

i

q̄i(iγ μDμ + m)qi − 1

4
F μν

a F a
μν − 1

2ξ
(∂μ Aμ

a )(∂ν Aν
a )

(1)

where Dμ = ∂μ + igTa Aa
μ is the covariant derivative and F a

μν are 
the field strength tensor components. These can be obtained by 
igTa F a

μν = [Dμ, Dν ]. The sum over i is quite generic as it implies 
the sum over quark flavors and colors. Our Minkowskian metric 
reads gμν = diag(1, −1, −1, −1).

From the Euler–Lagrange equations, we obtain

0 = ∂LQ C D

∂ Aa
ν

− ∂μ
∂LQ C D

∂(∂μ Aa
ν)

= ∂μ(∂μ Aν
a − ∂ν Aμ

a ) + 1
∂ν(∂μ Aμ

a ) + g fabc∂μ(Aμ
b Aν

c )

ξ

2

+ g fabc(∂
μ Aν

b − ∂ν Aμ
b )Ac

μ + g2 fabc fcde Aμ
b Aν

d Ae
μ

− g
∑

i

q̄iγ
ν Taqi,

0 = ∂LQ C D

∂q̄i
− ∂μ

LQ C D

∂(∂q̄i)
= (iγ μDμ + m)qi . (2)

From the equations of motion we can derive, in principle, the full 
hierarchy of Dyson–Schwinger equations. We solve this hierarchy 
by a method proposed by Bender, Milton and Savage [61], recently 
exploited in Refs. [31,42,62–64]. Note that if a source term is added 
to the Lagrangian describing the vacuum expectation values, trans-
lational invariance is broken, as it is expressed by the separate 
arguments in the Green functions. In this case, the vacuum ex-
pectation values of products of field operators expressing those 
Green functions are nonvanishing even in the case of a single field 
operator. This gives sense to starting to solve the tower of Dyson–
Schwinger equations with just this one-point Green function. In 
the end, setting the source term to zero restores the observable 
physical picture. This procedure is quite similar to the approach 
provided by the generating functional.

Accordingly, to the Lagrangian we add source terms like Aa
μ Jμa , 

q̄iηi and η̄iqi . For the sake of simplicity, we omit details on BRST 
ghosts. After this addition we can evaluate the functional deriva-
tives with respect to these sources. Such a procedure yields the 
Dyson–Schwinger equations [62]

∂2 A1a
ν (x) + g fabc

(
∂μ A2bc

μν (x, x) + ∂μ A1b
μ (x)A1c

ν (x)

− ∂ν A2bc
μν (x, x) − ∂ν A1b

μ (x)A1μ
c (x)

)
+g fabc∂

μ A2bc
μν (x, x) + g fabc∂

μ(A1b
μ (x)A1c

ν (x))

+g2 fabc fcde

(
gμρ A3bde

μνρ (x, x, x)

+A2bd
μν (x, x)A1μ

e (x) + A2eb
νρ (x, x)A1ρ

d (x) + A2de
μν (x, x)A1μ

b (x)

+A1μ
b (x)A1d

μ (x)A1e
ν (x)

)
= g

∑
i

γν T aq2
ii(x, x) + g

∑
i

q̄1
i (x)γν T aq1

i (x),

(i/∂ − mq)q
1
i (x) + gγ μ A1a

μ (x)Taq1
i (x) = 0, (3)

where we have introduced the one-, two- and three-point func-
tions as A1a

μ (x) = 〈Aa
μ(x)〉, A2ab

μν (x, y) = 〈Aa
μ(x)Ab

ν(y)〉 and A3abc
μνρ(x,

y, z) = 〈Aa
μ(x)Ab

ν(x)Ac
ρ(x)〉 for the gauge fields, and q1

i (x) = 〈qi(x)〉
and q2

i j(x, y) = 〈qi(x)q j(y)〉 for the quark fields. We can use the 
exact solutions already provided in Ref. [31] to write

A1a
ν (x) = ηa

νφ(x), A2ab
μν (x, y) =

(
gμν − ∂μ∂ν

∂2

)
δab�(x − y),

(4)

where ηa
μ are the coefficients of the polarization vector with 

ηa
μη

μ
b = δab , φ(x) is a scalar field and �(x − y) is the propaga-

tor of the scalar field. The ansatz we can afford so far, namely the 
gluon field as a constant polarization vector times a scalar func-
tion, is based on Refs. [29,30],1 and can help us to reach up to 
essential statements on the confinement. One obtains

1 The mapping between a quartic scalar field and the Yang-Mills theory has been 
a matter of discussion with the mathematician Terence Tao (Fields medallist) who 
accepted the proof given in Ref. [30] showing that such a mapping is exact in the 
Landau gauge but just asymptotic for other gauge choices for the coupling running 
to infinity.
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ηa
ν∂2φ(x) + 2Nc g2�(0)ηa

νφ(x) + Nc g2ηa
νφ3(x)

= g
∑

i

γν Taq2
ii(x, x) + g

∑
i

q̄1
i (x)γν T aq1

i (x),

(iγ μ∂μ − mq)q
1
i (x) + gγ μηa

μTaφ(x)q1
i (x) = 0. (5)

Using the properties of the symbols η, one has ηa
μη

μ
a = N2

c −1 and ∑
i q2

ii(x, x) = Nc N f S(0). Accordingly, the first differential equa-
tion (5) takes the form

∂2φ(x) + 2Nc g2�(0)φ(x) + Nc g2φ3(x)

= g

N2
c − 1

[
Nc N f γ

νηa
ν Ta S(0) +

∑
i

q̄1
i (x)γ νηa

ν Taq1
i (x)

]
. (6)

At this point we can consider the ’t Hooft limit Nc → ∞ with 
λ := Nc g2 � 1 being finite but large. Next, we can rescale the 
space variable as x → √

Nc g2x and look for a perturbative series 
φ(x) = φ0(x) + (Nc g2)−1φ1(x) + O ((Nc g2)−2) in the ’t Hooft cou-
pling, yielding at leading order (after reverting the rescaling)

∂2φ0(x) + 2λ�(0)φ0(x) + λφ3
0(x) = 0, (7)

while the next-to-leading order yields

∂2φ1(x) + 2λ�(0)φ1(x) + 3λφ2
0(x)φ1(x) =

= g

N2
c − 1

[
Nc N f γ

νηa
ν Ta S(0) +

∑
i

q̄1
i (x)γ νηa

ν Taq1
i (x)

]
. (8)

Truncating the series expansion in inverse powers of Nc g2 at the 
first order, one ends up with a NJL model. Higher orders would 
generate interactions with more than four fermions involved. An 
attempt in this direction was presented in Ref. [65] where the 
next-to-leading order terms turn out to depend on products of 
the gluon Green functions and higher powers of pairs of fermionic 
fields.

2.1. Zeroth order solution and Green function

As a constant, m2 = 2λ�(0) can be considered as the mass 
squared. Even though the leading order equation ∂2φ0(x) +
m2φ0(x) + λφ3

0(x) = 0 is nonlinear, we have found a solution ex-
pressed by Jacobi’s elliptic function [66],

φ0(x) = μ sn (k · x + θ |κ) (9)

with

k2 = 1

2
λμ2 + m2 and κ = m2 − k2

k2
, (10)

where μ and θ are integration constants. sn(z|κ) is Jacobi’s elliptic 
function of the first kind. Inserting this solution into the Green’s 
equation(
∂2 + m2 + 3λφ2

0(x)
)

�(x − y) = δ4(x − y) (11)

for the two-point function obtained as the next element of the 
tower of Dyson–Schwinger equations, this equation can be solved 
in momentum space by

�̃(p) = −
∞∑

n=0

Bn(κ)

p2 − m2
n + iε

,

Bn(κ) = (2n + 1)2π3

2(1 − κ)K (κ)3
√

κ

(−1)ne−(n+1/2)ϕ(κ)

1 − e−(2n+1)ϕ(κ)
, (12)

where
3

ϕ(κ) = K ∗(κ)

K (κ)
π, K ∗(z) = K (1 − z). (13)

The corresponding mass spectrum reads

mn = (2n + 1)π

2K (κ)

√
2k2 =: (2n + 1)mG(κ). (14)

This procedure ends up with a gap equation by inserting the 
Fourier transform of the propagator (12) back into m2 = 2λ�(0), 
yielding

m2 = −2λ

∫
d4 p

(2π)4

∞∑
n=0

Bn(κ)

p2 − (2n + 1)2m2
G(κ) + iε

. (15)

It can be shown that by this gap equation the spectrum of the 
theory without fermions is correctly given [42] in excellent agree-
ment with lattice data. Note that the momentum scale k2 of the 
one-point function and the momentum scale p2 of the two-point 
function are independent. Because of this, in the following section 
we use an empirical value to fix k2.

In order to complete this section, we argue that the zeros of the 
gluon propagator are genuine glueball colorless states. We start by 
considering the correlation function for the scalar glueballs that is 
given by [43,44]

O(x) = 〈F aμν(x)F a
μν(x)F bρη(0)F b

ρη(0)〉. (16)

Using methods explained in Ref. [31], one can see that according 
to Ref. [45] the four-point correlator defining the correlation func-
tion of the glueball can be reduced to convolutions over one- and 
two-point functions. As the one-point function has no poles but 
zeros, the poles of the glueball four-point correlator are given by 
the poles of the two-point correlator. Therefore, these poles repre-
sent true colorless glueball states.

2.2. First order solution

By convoluting the propagator � with the right hand side of 
Eq. (8) we obtain

φ1(x) = g

N2
c − 1

∫
d4 y�(x − y)

×
[

Nc N f γ
νηa

ν Ta S(0) +
∑

i

q̄1
i (y)γ νηa

ν Taq1
i (y)

]
. (17)

We observe that the first term is just a renormalization of the 
fermion mass and can be chosen to be zero via the condition 
S(0) = 0. The second term is the expected NJL interaction in the 
equation of motion of the quarks.

The solution φ(x) we obtained above can be inserted into 
Eq. (5). In the ’t Hooft limit, we note that the term φ0 is neg-
ligibly small compared to the NJL term φ1. One can see this by 
observing that φ0 ∼ λ1/4 and φ1 ∼ λ. Therefore, in the strong cou-
pling limit λ � 1 the equation for the one-point function of the 
quark has just the NJL term. We can write

(iγ μ∂μ − mq)q
1
i (x) + g2

N2
c − 1

∑
η

∫
d4 y�(x − y)γ μηa

μTaq1
i (x)

×
∑

j

[
q̄1

j (y)γ νηb
ν Tbq1

j (y)
]

= 0. (18)

Such an equation can be recognized as the Euler–Lagrange equa-
tion for the one-point function of the quark obtained from a NJL 
model with a non-local interaction [52,59]
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L′′
NJL =

∑
i

q̄1
i (x)(iγ μ∂μ − mq)q

1
i (x)

+ g2

N2
c − 1

∑
η

∑
i

[
q̄1

i (x)γ μηa
μTaq1

i (x)
]∫

d4 y�(x − y)

×
∑

j

[
q̄1

j (y)γ νηb
ν Tbq1

j (y)
]
. (19)

We see that 
∑

η ηa
μηb

ν = δab gμν , where η symbolizes the polariza-
tions. Tracing out the color degrees of freedom with tr(Ta Ta) =
NcC F , C F = (N2

c − 1)/(2Nc), and∑
i

q̄1
i (x)γ μq1

i (x) = Nc

∑
i

ψ̄i(x)γ μψi(x),

∑
i

q̄1
i (x)q1

i (x) = Nc

∑
i

ψ̄i(x)ψi(x),

with ψi(x) being spinors in Dirac and flavor space only, we are led 
to the NJL Lagrangian

L′
NJL =

∑
i

ψ̄i(x)(iγ μ∂μ − mq)ψi(x)

+ Nc g2

2

∑
i

[
ψ̄i(x)γ μψi(x)

]∫
d4 y�(x − y)

∑
j

[
ψ̄ j(y)γμψ j(y)

]
.

(20)

After a Fierz rearrangement of the quark fields we obtain (cf. e.g. 
Refs. [53–57])

L′
NJL =

∑
i

ψ̄i(x)(iγ μ∂μ − mq)ψi(x)

+ Nc g2

2

∫
d4 y�(x − y)

∑
i, j

ψ̄i(x)ψ j(y)ψ̄ j(y)ψi(x)

+ Nc g2

2

∫
d4 y�(x − y)

∑
i, j

ψ̄i(x)iγ5ψ j(y)ψ̄ j(y)iγ5ψi(x)

− Nc g2

4

∫
d4 y�(x − y)

∑
i, j

ψ̄i(x)γ μψ j(y)ψ̄ j(y)γμψi(x)

− Nc g2

4

∫
d4 y�(x − y)

∑
i, j

ψ̄i(x)γ μγ5ψ j(y)ψ̄ j(y)γμγ5ψi(x).

(21)

2.3. Bosonization

�α are understood as a set of combined Dirac and flavor ma-
trices given by 1, iγ5, γμ and γμγ5 after the Fierz rearrangement 
and the flavor matrices 1 and 1

2 λα relating quarks of equal and 
different flavor i and j in adjoint representation. For �α we have 
the conjugation rule γ 0�

†
αγ 0 = �α , where α denotes the compo-

nents of the adjoint flavor representation. Accordingly, the spinor 
ψ(x) spans over all these spaces. As the coefficients of these two 
contributions are the same, the sum over these given 1 + 3 = 4
degrees of freedom can be reinterpreted as a sum over the compo-
nents of a four-vector. Next we apply the bosonization procedure 
shown in Ref. [57] by adding scalar–isoscalar and pseudoscalar–
isovector mesonic fields at an intermediate space-time location 
w = (x + y)/2 as auxiliary fields Mα(w) = (σ (w); �π(w)) coupled 
to the nonlocal fermionic currents. After Fierz rearrangement, this 
sums up to the NJL action
4

SNJL = − Nc g2

2G2

∫
d4z�(z)

∫
d4 wM∗

α(w)Mα(w) (22)

+
∫

d4x

[
ψ̄(x)(iγ μ∂μ − mq)ψ(x)

+ Nc g2

2

∫
d4 y�(x − y)ψ̄(x)�αψ(y)ψ̄(y)�αψ(x)

]

(G = 2 
∫

d4z�(z) = 2�̃(0)). By performing a nonlocal functional 
shift

Mα

(
x + y

2

)
→ Mα

(
x + y

2

)
+ Gψ̄(x)�αψ(y), (23)

the nonlocal quartic fermionic interaction can be removed. Instead, 
the fermion field starts to interact nonlocally with the mesonic 
fields,

SNJL = − Nc g2

2G2

∫
d4z�(z)

∫
d4 wM∗

α(w)Mα(w)

+
∫

d4xψ̄(x)(iγ μ∂μ − mq)ψ(x) (24)

− Nc g2

2G

∫
d4x

∫
d4 yψ̄(x)�(x − y)

×
(

Mα

(
x + y

2

)
+ M∗

α

(
x + y

2

))
�αψ(y).

After Fourier transform, in momentum space one obtains

SNJL = − Nc g2

4G

∫
d4q

(2π)4
M̃∗

α(q)M̃α(q)

+
∫

d4 p

(2π)4
¯̃
ψ(p)(/p − mq)ψ̃(p) (25)

− Nc g2

2G

∫
d4 p

(2π)4

∫
d4 p′

(2π)4
¯̃
ψ(p)�̃

×
(

p + p′

2

)(
M̃α(p − p′) + M̃∗

α(p − p′)
)

�αψ̃(p′),

where the symbols with tilde are used for the Fourier transformed 
quantities.

2.4. Mean field approximation

Out of the many different contributions obtained after Fierz re-
arrangement, the mean field approximation makes a choice that is 
phenomenologically justified. We can expand the physical mesonic 
fields σ̃ (p) = σ̄ + δσ̃ (p) and �̃π(p) = δ �̃π(p) about the vacuum ex-
pectation value σ̄ = 〈σ 〉 where the expansion coefficient to zeroth 
order is the mean field approximation. This approximation with-
out any information about possible correlations is sufficient for our 
means as it leads directly to the mass gap equation. In this approx-
imation one obtains the simplified NJL action

SNJL = − Nc g2σ̄ 2

4G
V (4) +

∫
d4 p

(2π)4
¯̃
ψ(p)(/p − mq)ψ̃(p)

− Nc g2σ̄

G

∫
d4 p

(2π)4
¯̃
ψ(p)�̃(p)ψ̃(p)

= − Nc g2σ̄ 2

4G
V (4) +

∫
d4 p

(2π)4
¯̃
ψ(p)(/p − Mq(p))ψ̃(p) (26)

with G = 2�̃(0) and the unit space-time volume V (4) , where
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Mq(p) = mq + Nc g2

G
�̃(p)σ̄ = mq + Nc g2�̃(p)

2�̃(0)
σ̄ (27)

is the dynamical mass of the quark. The bosonization procedure 
yields

Sbos

V (4)
= − Nc g2σ̄ 2

4G
− i

∫
d4 p

(2π)4
ln det(/p − Mq(p)), (28)

where det denotes the direct product of a functional and an analyt-
ical determinant, the former in the Fock space transition between 
space-time points x and y, the latter in the Dirac and flavor in-
dices. On the other hand, one has

ln det(/p − Mq(p)) = tr ln(/p − Mq(p)) = 1

2
4N f ln

(
p2 − M2

q(p)
)

.

(29)

Taking the variation of the action Sbos with respect to σ̄ yields the 
latter quantity. Accounting for the dependence of Mq(p) on σ̄ , we 
have

0 = − Nc g2σ̄

2G
− 2iN f

∫
d4 p

(2π)4

2Mq(p)

p2 − M2
q(p)

Nc g2

G
�̃(p)

⇒ σ̄ = −8iN f

∫
d4 p

(2π)4

�̃(p)Mq(p)

p2 − M2
q(p)

. (30)

Finally, this result can be re-inserted to Eq. (27) to obtain the dy-
namical mass equation

Mq(p) = mq − 4iN f Nc g2 �̃(p)

�̃(0)

∫
d4 p′

(2π)4

�̃(p′)Mq(p′)
p′2 − M2

q(p′)
. (31)

In this way, we have derived this equation directly from the QCD 
Lagrangian. Following Ref. [48] we do not consider the explicit de-
pendence of M0 = Mq on the momentum. We use this choice to 
obtain a qualitative picture of the dynamics, giving up the possibil-
ity of wavefunction renormalization and the possibility to estimate 
of the size of the error. After that, performing the Wick rotation, 
we obtain the mass gap equation in Euclidean space,

M0 = mq + Cαs

�2∫
0

M0�̃(p′)p′2dp′2

p′2 + M2
0

, C = 4N f Nc. (32)

3. Quark confinement

The idea to understand quark confinement is strongly linked 
to the expected behavior of the roots of the gap equation (32), 
i.e. the poles of the quark propagator. The idea presented here 
is identical with the idea presented in Ref. [68], though without 
employing a general model for the non-locality. To represent phys-
ical propagating degrees of freedom, for these poles one should 
expect solutions on the real axis. The effect of the gluonic interac-
tion is to move such poles in the complex plane so that no decay 
into such degrees of freedom is ever expected and the free quarks 
never propagate. This moves the solution from a chiral conden-
sate phase to a confining phase for quarks at increasing coupling. 
Indeed, a full comprehension of such roots can only be achieved 
through the non-approximated gluon propagator �̃(p). Therefore, 
we performed an analysis of the lowest zero of �̃(p), finding out 
that for M0 < 0.39m0 there are two distinct real zeros while above 
these two zeros are given by two complex conjugate numbers. This 
can be seen in Fig. 1. The threshold at 0.39m0 should be seen as 
the point beyond which, mathematically speaking, a chiral con-
densate could possibly appear. We observe that the result depends 
critically on the mass gap value m0. In turn, this value depends 
5

Fig. 1. The two lowest zeros of −p2 = Mq(p) in Euclidean domain in units of m2
0, 

splitted into real parts (green straight lines) and imaginary parts (red dashed lines), 
in dependence on the ratio M0/m0. The zeros become complex for approximately 
M0/m0 > 0.39.

on an arbitrary integration constant and, therefore, should be fixed 
by the experiment. This situation is similar to that of the constant 
� entering in asymptotic freedom, and it is possible that these 
two constants are related. Our best choice to fix this value is via 
the mixed gluonic-quark state f0(500) that could in principle be 
identified with the σ meson in the NJL model, giving rise to the 
breaking of chiral symmetry.

The gap equation (32) can be simplified by choosing mq = 0, 
and the factor Mq can be cancelled from the numerator to remove 
the trivial case. This technique permits to find the fixed point solu-
tion of the given iterative integral equation avoiding the awkward 
issue to resume all the iterates. One obtains

1 = Cαs

�2∫
0

�(p′)p′2dp′2

p′2 + M2
0

= Cα

∞∑
n=0

�2∫
0

Bn p′2dp′2

(p′2 + (2n + 1)2m2
0)(p′2 + M2

0)

= Cαs

∞∑
n=0

�2∫
0

Bndp′2

(2n + 1)2m2
0 − M2

0

×
(

(2n + 1)2m2
0

p′2 + (2n + 1)2m2
0

− M2
0

p′2 + M2
0

)
(33)

= Cαs

∞∑
n=0

Bn

(2n + 1)2m2
0 − M2

0

×
(
(2n + 1)2m2

0 ln

(
1+ �2

(2n + 1)2m2
0

)
− M2

0 ln

(
1+ �2

M2
0

))
.

For � = 1 GeV and m0 = 0.512(15) GeV one obtains M0 = 0.427(29)

GeV as in Ref. [48] which is clearly above the threshold 0.39m0 =
0.2 GeV and, therefore, indicates quark confinement.

3.1. Understanding quark confinement

As we have seen, with increasing coupling of the theory the 
quark confinement arises at the point where the chiral condensates 
of different flavors perform a transition to a confined phase with 
an instanton liquid of gluon degrees of freedom. Neglecting the 
bare quark masses we have found the critical effective quark mass 
for which such a transition happens. Our choice of the ground state 
for the gluon field represents quite well a Fubini instanton [67]. 
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Therefore, we expect that the chiral condensate changes into an 
instanton ground state that could condensate into a liquid.

The presence of the instanton liquid removes single quarks from 
the physical spectrum of the theory. From the mathematical point 
of view this means that the poles in the quark propagator become 
complex. The vacuum of the theory appears to undergo a series 
of phase transitions while the gluon sector generates a mass gap 
by itself in a dynamical way. The presence of the mass gap in the 
gluon sector is pivotal for the appearance of the phase transitions 
in the quark sector and, in the last instance, to the confinement of 
quarks.

4. Conclusions and outlook

There are different approaches to understand the confinement 
of quarks. One of these is given by solutions of the gap equa-
tion of the dynamical quark mass. With a reasonable UV cutoff of 
� = 1 GeV and the glueball spectrum starting at the mass m0 =
0.512(15) GeV of the f0(500) resonance, the gap equation pro-
vides a value M0 = 0.427(29) GeV for the dynamical quark mass 
which turns out to be too large to allow for real valued poles of 
the quark propagator. As a consequence, free quarks are no longer 
physical states of the theory and the quarks can be expected to be 
confined. Even though the multiple approximations applied in this 
approach do not allow for quantitative estimates, we have shown 
how this scenario is realized in the low-energy regime of QCD by 
taking into account the ’t Hooft limit. By doing so, the low-energy 
limit of QCD turns out to be a well-defined non-local NJL model 
with all the parameters obtained from QCD. This entails a scenario 
where several condensates are formed that are expected to pro-
vide confinement in a regime of very low momentum and strong 
coupling.

Having a low-energy limit of QCD permits to do several com-
putations to be compared with experiments. Indeed, our first ap-
plication was to the g − 2 problem [48] with a very satisfactory 
agreement with data. Further research has to show whether and 
to what extent our description of quark confinement depends on 
the given parameter values and whether a stricter derivations of 
observables allows for a comparison with experiments.
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