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We use the Trans-Planckian Censorship Conjecture (TCC) to constrain the decay constants f characterizing 
a set of N identical axion-like fields with cosine potentials, improving upon the precision of other 
Swampland conjectures and existing string-theoretic arguments. We find that consistency with the TCC 
requires any such set of axion-like fields to satisfy f

√
N � 0.6Mpl , where Mpl is the reduced Planck 

mass. We show that this bound makes models of axion-driven inflation incapable of simultaneously 
producing the required number of e-foldings and the observed scalar spectral tilt. In contrast, we find 
that models of axion quintessence can be simultaneously compatible with the TCC and observational 
data, provided that the axions’ initial field values are set near the maxima of their potentials to within 
roughly ±π

5 f .
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 

(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

In the context of effective field theories, an axion-like field 
(henceforth, “axion”) is a pseudoscalar angular degree of freedom 
that emerges as the Nambu-Goldstone mode of a complex scalar 
field with a spontaneously broken chiral U(1) symmetry. The ax-
ion’s continuous shift symmetry can be explicitly broken at suffi-
ciently low energies by non-perturbative effects, such as instanton 
transitions within a non-Abelian gauge sector coupled to the ax-
ion. These effects give the axion ϕ a periodic effective potential 
that takes the form V eff ∝ cos(ϕ/ f ) in the dilute instanton gas 
approximation, up to an additive constant [1]. Here the decay con-
stant f is set by the scale of spontaneous symmetry breaking. The 
scope of this work will be restricted to potentials of this form. Ex-
cept for a brief discussion related to axion quintessence, we will 
also assume that the net vacuum energy is negligible compared to 
the amplitude of the axion potential, setting

V (ϕ) = m2 f 2[cos(ϕ/ f ) + 1], (1)

with m = |V ′′(nπ f )|, n ∈ Z, denoting the axion’s nominal mass. 
The mass is exponentially sensitive to the instanton action and 
can therefore take on a wide range of values depending on the 
gauge sector to which the axion is coupled [1]. Moreover, the 
axion’s mass is shielded from large perturbative loop corrections 
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due to its (weakly broken) shift symmetry [2]. These factors have 
motivated the use of axions as candidates for a wide range of cos-
mological models postulating the existence of spin-zero fields with 
low masses and flat potentials, including models of inflation and 
quintessence (see, e.g., [3] for a review).

In addition to being phenomenologically interesting, axions are 
on strong theoretical footing due to their generic emergence in 
the low-energy limit of string theory [4]. These “string axions” 
can acquire a similarly wide range of masses from worldsheet 
or membrane instantons [4,5], though contributions from other 
non-perturbative effects remain uncertain [6,7]. Despite this uncer-
tainty, attempts to model the accelerated expansion of the universe 
using string axions have continued for decades [8–14].

Independently, string-theoretic arguments (and considerations 
of quantum gravity more broadly) have led to the development 
of Swampland conjectures that place limits on viable effective 
field theories and on the possible dynamics of cosmic expansion 
[15–17]. One such conjecture is the Trans-Planckian Censorship 
Conjecture (TCC), which states that a phase of accelerated expan-
sion will never last long enough for sub-Planckian perturbation 
modes to be stretched to super-Hubble length scales [17]. In addi-
tion to being consistent with explicit constructions in string theory, 
the TCC has been supported by general arguments from holog-
raphy and gravitational renormalizability, and it is connected to 
many of the other Swampland conjectures [18–20]. As a result, the 
scope of the TCC extends to systems containing axions of any ori-
gin compatible with quantum gravity, whether string-theoretic or 
otherwise.
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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In this work, we analyze the implications of the TCC for ax-
ions in general and for models of axion-driven cosmic acceleration 
in particular. Our central goal will be to place constraints on the 
decay constants characterizing systems of N identical axions with 
masses m � Mpl , where Mpl = √

h̄c/(8πG) is the reduced Planck 
mass. N -axion systems are frequently used in models of cosmic 
acceleration [9,14,21–25], motivated by the failure of string the-
ory to produce an axion with a sufficiently large decay constant 
( f � Mpl) to drive single-field inflation [26–28] or quintessence 
[2,9,21]. The goal of these models is typically to use many axions 
with small decay constants to mimic a single axion with a large 
“effective” decay constant, feff ≡ f

√
N , that could drive acceler-

ated expansion [21,22]. Later arguments from string theory and 
the Swampland program, however, have suggested that even feff is 
bounded from above by the Planck scale [29–32].

In Section 2, we improve upon the precision of these bounds 
by showing that N -axion systems are only compatible with the 
TCC if feff � 0.6Mpl . In Section 3, we show that this bound rules 
out models of N -axion inflation to a much greater degree than 
the existing 2σ tensions between measurements of the cosmic 
microwave background (CMB) and predictions from axion-driven 
“natural inflation” scenarios [33]. On the other hand, we find in 
Section 4 that the TCC is compatible with N -axion quintessence 
models, as long as the initial field values lie sufficiently close to 
the maxima of the axions’ cosine potentials. Finally, in Section 5, 
we summarize our results, elaborate on the different implications 
for quintessence models when the axions are string-theoretic vs. 
non-string-theoretic in origin, and comment on possible extensions 
of this study. Note that throughout the remainder of this work, we 
will work in units where Mpl = 1.

2. TCC constraints on axions

The TCC restricts the duration of any phase of accelerated ex-
pansion of the universe by forbidding sub-Planckian perturbation 
modes from being stretched to super-Hubble length scales. Math-
ematically, this statement can be written as

aend

a0
≤ Mpl

Hend
, (2)

where a0 ≡ 1 is the scale factor at the onset of accelerated expan-
sion, and aend and Hend are the scale factor and Hubble parameter 
at its completion. This restriction can be used to constrain the 
potential of any scalar field by requiring that Eq. (2) is obeyed 
throughout the field’s evolution for all physically allowed initial 
conditions [17]. Note that where quantum fluctuations or tunnel-
ing events are concerned, the TCC has been interpreted as a proba-
bilistic statement, with Eq. (2) holding for the expected amplitude 
of fluctuations or expected tunneling time [17].

In this section, we will first develop an approximate analytic 
constraint on the effective decay constant feff ≡ f

√
N charac-

terizing the potential of an N -axion system, and we will then 
tighten this constraint using more accurate numerical methods. For 
the analytic calculation, we choose to give each field ϕn (where 
n = 1, ... , N ) an initial value

ϕn(0) = mf 2
eff

π
√

6
(3)

and initial velocity

ϕ̇n(0) = m2 feff

6π
(4)

at some initial time t = 0. We also restrict our analysis to ax-
ions with masses satisfying m � 1/(N f ) or m � 1, whichever is 
2

stricter. This ensures that ϕn(0) � f and ϕ̇n(0)2 � V (ϕn(0)), al-
lowing us to approximate

V ′(ϕn) ≈ −m2ϕn (5)

and, per the Friedmann Equation,

3H2 ≈
N∑

n=1

V (ϕn) ≈ 2m2 f 2
eff. (6)

Our choice of initial conditions—which, no matter how con-
trived, must still obey the TCC—places the fields sufficiently close 
to the hilltop (ϕn = 0) to drive accelerated expansion, but suffi-
ciently far from the hilltop (and with sufficiently large velocities) 
to make quantum fluctuations subdominant to classical evolution. 
We derive this latter statement in Appendix A.

Using the initial conditions (3)-(4) and the approximations 
(5)-(6), we solve the equations of motion

ϕ̈n + 3Hϕ̇n + V ′(ϕn) = 0 (7)

to find an exponential growing mode

ϕ+(t) = Aeω+t, (8)

where

A ≡ ϕn(0) ·
3 + f −2

eff +
√

9 + 6 f −2
eff

2
√

9 + 6 f −2
eff

, (9)

ω+ ≡ H

2

(√
9 + 6 f −2

eff − 3

)
. (10)

Note that A ≈ ϕn(0) for any feff � 0.1, and the inverse time 
constant is ω+ ≈ H/(2 f 2

eff) in the limit feff 
 1 or alternatively 
ω+ ≈ m in the limit feff � 1.

Accelerated expansion continues at least until ϕn ∼ f , where 
one also has from Eq. (8) that ϕ̇n ∼ ω+ f . This can be verified 
by computing the equation of state, ε ≡ 3

2 (1 + w) ≡ 3
2 (1 + P/ρ), 

where P and ρ are respectively the total pressure and energy den-
sity. In particular, for a collection of identical scalar fields, we have 
that

ε = 3ϕ̇2
n

ϕ̇2
n + 2V (ϕn)

≈ 3

1 + 3(m/ω+)2( f /ϕn)2
. (11)

When feff � 1, we see that ε ≈ 3
1+3( f /ϕn)2 approaches O(1) as 

ϕn → f , signaling the end of acceleration of the scale factor (which 
obeys ä ∝ (1 − ε)). In the opposite limit ( feff � 1), the equation 
of state is still well below unity when ϕn ≈ f , meaning acceler-
ation will go on for a bit longer—but it will certainly end before 
the fields reach the minima at ϕn = π f , where V = 0 and ε = 3. 
Therefore, in either case, we can conservatively assume that accel-
eration lasts from ϕn ∼ ϕn(0) until ϕn ∼ f , and the scale factor at 
the end of acceleration satisfies

ln(aend) =
tend∫

t=0

H(t)dt � Hendtend ≈ Hend

ω+
ln

(
f

A

)
. (12)

The Friedmann equation gives

Hend =
√

ρend

3
≥

√
V end

3
∼ mfeff√

2
, (13)

and the TCC constraint (2) thus requires the parameters of this 
model to satisfy
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Fig. 1. Maximum values of feff ≡ f
√
N allowed by the TCC as a function of axion 

mass m and axion count N , according to numerical simulations with ±0.01Mpl

precision on feff .

mfeff√
2ω+

ln

(
f

A

)
< ln

( √
2

mfeff

)
. (14)

It is straightforward to check that for a broad range of masses 
(any m � 0.01) and axion count (any N � 1000), the constraint 
(14) places an upper bound on feff that is at most O(1) and 
asymptotes toward ∼ 0.7 as the mass decreases. This constraint 
in the low-mass regime is already somewhat tighter than other 
Swampland conjectures and string-theoretic arguments, which 
broadly disfavor scenarios with feff � 1 [29–32]. Importantly, fac-
tors of O(1) in the logarithm on the right-hand side do not mean-
ingfully affect this asymptotic behavior, so our results remain true 
under slight modifications to the cutoff scales in the TCC.

Due to our choice of initial conditions and analytic approxima-
tions, the above constraint on feff is a conservative one. We can 
produce an even tighter bound on feff by numerically simulating 
N axions beginning from rest at precisely ϕn = 0. To maximize the 
accuracy of these simulations, we replace the approximations from 
Eqs. (5)-(6) with the exact expressions

V ′(ϕn) = −m2 f sin(ϕn/ f ) (15)

and

3H2 =
N∑

n=1

[
V (ϕn) + 1

2
ϕ̇2

n

]
. (16)

We account for quantum fluctuations in the fields by sup-
plementing their classical evolution (governed by Eq. (7)) with 
stochastic jumps in the field values applied independently to each 
field (see Appendix A for details). Since the simulations are random 
in nature, we bound feff by the highest value for which fewer than 
half of the simulations violate the TCC. This bound is illustrated as 
a function of m and N in Fig. 1, and it closely matches the conclu-
sions from our analytic calculation in the low-mass limit (relevant, 
e.g., for quintessence models), constraining

feff � 0.6 (for m � GeV ). (17)

At higher masses (relevant, e.g., for inflationary models), the con-
straint on feff is even tighter, reflecting the shrinking hierarchy 
between the Hubble scale and the Planck scale. The constraints are 
also generally tighter for systems with lower axion count N , as 
predicted by the analytic constraint (14).
3

3. Constraints on inflation

Inflationary models require several features to be successful, in-
cluding a period of accelerated expansion lasting sufficiently many 
e-folds to establish a Bunch-Davies vacuum and generate inhomo-
geneous modes that are just today re-entering the Hubble horizon 
and are observable in the CMB. These modes must also have an 
amplitude, tilt, and tensor-to-scalar ratio compatible with obser-
vational bounds. In this section, we show that models of axion 
inflation using the potential (1) and obeying the TCC constraint 
(17) cannot satisfy all of these criteria at once, regardless of initial 
conditions.

The modes re-entering the Hubble horizon today were pro-
duced N∗

e ∼ 30 − 60 e-folds of the scale factor prior to the end 
of inflation, depending on the reheating temperature [34]. Note 
that even protracted reheating scenarios, which have previously 
been used to adjust N∗

e and improve compatibility between nat-
ural inflation and data [35], cannot push N∗

e below O(30) without 
interfering with Big Bang Nucleosynthesis (BBN). This leads to a 
constraint on the total number of e-folds of accelerated expansion, 
Ntot

e ≡ ln(aend) � 30. It is straightforward to show that this condi-
tion cannot be satisfied in N -axion inflation models with feff � 1
when the fields begin from rest in the lower half of the cosine 
potential. In this case, the equation of motion (7) is solved by 
damped oscillations around the minimum scaling roughly as

[ϕn(t) − f π ] ∼ e−mfefft cos(mt) (trough). (18)

It is clear to see that acceleration cannot last for time scales longer 
than t ∼ m−1, leading to a severely limited Ntot

e = ∫
Hdt � feff � 1. 

This rules out inflationary models with initial conditions in the 
lower half of the potential.

On the other hand, when the axion field values begin near the 
maxima of their potentials, it is possible to achieve a large number 
of e-folds while satisfying the TCC bound on feff, as long as the 
axion mass m satisfies

mfeff � 10−19. (19)

This upper limit comes from a model-independent bound on the 
energy scale of TCC-compliant inflation [36,37]. Even if this condi-
tion is satisfied, however, one still runs into severe inconsistencies 
between N -axion inflation models and measurements of the spec-
tral tilt. (For earlier constraints on inflation driven by a single 
axion, which had already begun to show tensions with observa-
tional data, see Refs. [33,38–40].)

We know from Eq. (8) and the following discussion that each 
field’s trajectory near the hilltop scales roughly as

ϕn(t) ∝ emt (hilltop). (20)

Since the scale factor grows approximately as

a(t) ∝ eHt ≈ e
√

2/3 feffmt, (21)

N∗
e e-folds of the scale factor correspond to about N∗

e / feff e-folds 
of the field value, implying that ϕn � f at the time the large-scale 
CMB modes were being created. Then, since the equation of state 
(11) evaluated at ϕn � f and feff � 1 is

ε ≈ ϕ2
n

f 2
, (22)

the equation of state would have been ε∗ ≈ e−2N∗
e / feff � e−60

when those CMB modes were created. The tensor-to-scalar ratio 
r∗ = 16ε∗ is therefore similarly small and consistent with the ob-
servational upper bound [41]. On the other hand, the scalar tilt is 
given by
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1 − ns = d ln(ε)

d ln(a)
+ 2ε ≈ d ln(ε)

d ln(a)
, (23)

and since ε ∝ ϕ2
n , we have that

1 − ns ≈ 2
d ln(ϕn)

d ln(a)
= 2

d ln(ϕn)

Hdt
≈ 2 f −1

eff , (24)

up to multiplicative factors of order unity. Clearly, any feff � 1 will 
be inconsistent with the observed spectral tilt (1 − ns ≈ 0.03) by 
at least two orders of magnitude [33]. As a result, even when the 
number of e-folds is sufficient and consistent with the TCC, models 
of N -axion inflation obeying Eq. (17) still fail.

The example of axion inflation considered here illustrates a 
much more general tension between inflation and the TCC. It has 
been shown in Refs. [36,37] that for TCC-compliant inflationary 
models to be consistent with the perturbation amplitude observed 
in the CMB, the equation of state N∗

e e-folds before the end of in-
flation must satisfy ln(ε∗) � −71. On the other hand, the observed 
tilt tells us that d ln(ε)/d ln(a) ∼ 0.03 at that same time. In or-
der to end inflation by achieving ε = 1 within O(30) e-folds of the 
scale factor, it is necessary for d lnε/d ln(a) to increase rapidly to at 
least O(1); however, as we have demonstrated, this does not occur 
naturally on cosine (or any approximately inverse-parabolic) po-
tentials. This issue has been noticed already in previous proposals 
for TCC-compliant models of inflation [34,36,42]. In certain models, 
it was resolved by a sharp and finely tuned cliff in the inflaton’s 
potential [36] or a finely tuned waterfall phase transition that ends 
acceleration as soon as the inflaton exits the slow-roll regime [34]. 
In any case, it is evident that the TCC requires inflationary models 
to be supplemented with a “kill switch” mechanism that ends ac-
celeration at just the right time to match observational constraints.

4. Constraints on quintessence

Unlike inflationary models, a successful model of axion quint-
essence only needs to achieve O(1) e-fold of accelerated expansion 
with a low (quasi-de Sitter) equation of state. Moreover, obser-
vational constraints on the time-dependence of the equation of 
state are significantly weaker than in the case of inflation. As a 
result, it is possible in principle for axion quintessence models to 
be simultaneously consistent with the TCC and with all available 
observational data.

Indeed, it was shown in Refs. [2,21,43] that models of a single 
axion with f � 0.5 can successfully reproduce the behavior of dark 
energy for a broad range of initial conditions. The primary issue 
with these models, however, is that they are difficult to construct 
within string theory. This is because the existence of a supersym-
metry breaking sector gives rise to instanton-generated potentials 
with

V S S B(ϕ) = m2
S · e−Sinst cos(ϕ/ f ), (25)

where mS is the scale of supersymmetry breaking and Sinst is the 
instanton action [9,44]. As a result, an axion whose potential is 
of the same order as the present-day critical energy density must 
have

m2
S · e−Sinst � H2

0 =⇒ Sinst � 2 ln

(
mS

H0

)
� 200, (26)

assuming mS � TeV. Because a string axion’s decay constant is re-
lated to the instanton action via

f ∼ 1/Sinst � 0.005, (27)

any string axion sufficiently light to be quintessence will have a 
decay constant that falls far short of the f ∼ 0.5 threshold [9]. This 
4

Fig. 2. Comparison of theoretical predictions (solid/dotted curves) to the observa-
tional upper bound (dashed black curve, adapted from Ref. [46]) on the dark energy 
equation of state wϕ as a function of redshift z. The solid-curve theoretical pre-
dictions are generated under the assumption of N � 104 identical axions with 
feff = 0.6, while the dotted curves illustrate sensitivity to feff ∈ {0.55, 0.65}. The 
blue curve, which is consistent with the observational constraints, assumes all of 
these axions have initial field values satisfying θn(0) ≡ ϕn(0)/ f = π/5, while the 
red curve, which violates observational constraints, assumes the initial positions 
are randomly, uniformly distributed across their domain. Note that these theoretical 
predictions are generated by numerically simulating the axions’ classical evolution, 
starting from zero initial velocity at early times (z 
 1), in the presence of ordinary 
(dust-like) matter. Present-day (z = 0) is defined by reaching the fractional energy 
densities 	m = 0.3 and 	ϕ = 0.7.

line of reasoning suggests that if axions are string-theoretic in ori-
gin, one needs at least N ∼ 104 of them to produce a satisfactory 
effective decay constant, feff ≡ f

√
N � 0.5.

As it happens, depending on the particular Calabi-Yau compact-
ification, models of string theory can contain up to O(102 − 106)

light axions in their low-energy limits [9,45]. It is natural to ask 
whether a collection of this many axions can successfully mimic 
dark energy if their initial field values are spread in a random 
uniform distribution across the cosine potential. Unfortunately, nu-
merical simulations show that this scenario would require feff �
1.4, which violates the TCC by at least O(ln(m−1)) e-folds of ac-
celerated expansion.

In Fig. 2, we compare the dark energy equation of state wϕ ≡
Pϕ/ρϕ as a function of redshift z for a scenario with a random 
uniform distribution of initial field values (red curve) versus one 
with identical field values near the hilltop (blue curve), each with 
feff = 0.6. Only the model with initial field values near the hilltop 
is compatible with the observational upper limit on wϕ . While re-
quiring that each initial field value satisfies |θn(0)| ≡ |ϕn(0)|/ f �
π/5 would be a modest constraint for single-axion models, it is 
a much more demanding one for models with N � 104 axions. 
This result suggests that mechanisms for dynamically positioning 
axions near the hilltop, such as the maximal-misalignment mecha-
nism used in N-essence [30], may be essential for models of string-
axion quintessence.

If the axions do not saturate the TCC bound and instead have 
a lower feff, it is still possible to comply with observational con-
straints, but only for more finely tuned initial values of ϕn . We can 
estimate the necessary tuning by adapting the result from Eq. (12)
to variable initial conditions {ϕn(0), ϕ̇n(0)} and taking the limit 
feff � 1, finding that the number of e-folds of acceleration accrued 
during classical evolution is given by

Ntot
e ≈ feff ln

(
2 f

)
. (28)
ϕn(0) + ϕ̇n(0)/m
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The argument of the logarithm depends on whether the axion be-
gins in slow-roll1 (with ϕ̇n(0)/m ∼ ϕn(0)/ feff) or with negligible 
field velocity (ϕ̇n(0)/m � ϕn(0)), though this difference will not 
be too important. In order to achieve at least O(1) e-fold of accel-
erated expansion, ϕn(0) must satisfy

ϕn(0)/ f � e− f −1
eff , (29)

where we have neglected the sub-exponential scaling with factors 
dependent on the initial field velocity. Note that in the limit of a 
single axion, this upper bound reproduces the result from Ref. [21]
and roughly represents the probability that an axion with a ran-
dom initial field value can drive quintessence. This bound differs 
from the probability found in Ref. [13] for two important reasons. 
First, we used the full definition of the equation of state (Eq. (11)) 
to determine when acceleration ends, rather than the approximate 
slow-roll expression ε ≈ 1

2 |∇V /V |2. Second, we required accelera-
tion to continue for O(1) e-fold to satisfy observational constraints 
for quintessence, whereas the limits in Ref. [13] included cases 
where the duration of accelerated expansion is arbitrarily shorter.

From Eq. (29), we see that extreme fine-tuning can classically 
compensate for arbitrarily low values of feff in axion quintessence 
models. In practice, however, quantum fluctuations can destabilize 
extremely fine-tuned configurations. Whether fluctuations in the 
field are on the order of some TCC-compliant inflationary energy 
scale, the present Hubble scale, or even several orders of magni-
tude lower, they impose a lower bound on ϕn(0)/ f and in turn 
constrain

feff � 0.01. (30)

This bound is slightly looser than the analogous calculation 
for a single axion in Ref. [21] (which assumed a higher, TCC-
violating inflationary energy scale), but it still disfavors models 
of quintessence driven by a single string axion with f � 0.005.

Finally, we comment on the possibility of a nonzero cosmolog-
ical constant and its effect on axion quintessence models. Obvi-
ously, if the vacuum energy density is small and positive, there 
is no need for quintessence in the first place. However, vacua 
in string theory have a notorious preference for negative energy 
densities [47], and explicit models have been constructed where 
the negative vacuum energy density ρvac is smaller in magnitude 
than the present dark energy density ρD E ∼ H2

0 [48]. In the limit 
|ρvac| � ρD E , the phenomenology of axion quintessence models 
would be indistinguishable from that arising in the present work 
under the assumption ρvac = 0. Moreover, numerical calculations 
show that assuming a more comparable vacuum energy density, 
such that V (ϕn) = m2 f 2 cos(ϕn/ f ) with no constant offset, would 
only change the constraints on feff (calculated in Section 2) and 
|θn(0)| (calculated in this section) by O(10%). These conclusions 
are consistent with Ref. [49], which found axion quintessence mod-
els to be compatible with the presence of a small cosmological 
constant of either sign.

5. Conclusions & discussion

The central finding in this work is that the TCC constrains any 
system of N identical axions with simple cosine potentials to have 
decay constants satisfying feff ≡ f

√
N � 0.6 in reduced Planck 

units. This bound is even tighter for axions with masses near the 

1 We caution that even if the axion is slowly rolling at the onset of acceleration, 
much of its later trajectory will occur outside of the slow-roll regime. Indeed, one 
can check using Eqs. (8) and (10) that a necessary condition for slow-roll, ϕ̈ � Hϕ̇ , 
breaks down when the growing mode is dominant in models with feff � 1.
5

Planck scale (see Fig. 1). Because the TCC must hold for any phys-
ically allowed initial conditions (and not just the initial conditions 
in our own observable universe), these constraints apply to all such 
systems of axions, regardless of whether or not they are responsi-
ble for driving accelerated expansion.

We have shown that this constraint rules out models of axion-
driven inflation, as larger values of feff are required to achieve 
sufficiently many e-folds of inflation and produce the correct spec-
tral tilt. We have also argued that reconciling any inflationary 
model with the TCC—axionic or otherwise—requires a mechanism 
for ending inflation via a sharp and sudden increase of the equa-
tion of state ε , rather than the traditional graceful exit. Some ex-
amples in the literature show that this can be accomplished in 
principle, but they rely on an extraordinary amount of fine-tuning 
[34,36].

In contrast to axion-driven inflation, models of axion quint-
essence can be simultaneously compatible with the TCC and ob-
servational data, as long as 0.01 � feff � 0.6 and the axions’ ini-
tial field values are near the top of the potential at the level of 
tuning specified by Eq. (28). In the case of a single axion with 
f ≈ 0.6, the necessary tuning is relatively modest, requiring the 
initial dimensionless field value to satisfy |θ | ≡ |ϕ|/ f � π/5. Ul-
tralight string axions, however, typically have much lower decay 
constants f � 0.005, and one would therefore need N � 104 of 
them, each aligned to within ±π/5 radians of the maximum, in or-
der to achieve the same effect. Alternatively, one could have fewer 
string axions (resulting in a lower feff) with more finely tuned 
initial conditions, up to the limit set by quantum fluctuations. In 
either case, axions that are specifically string-theoretic in origin 
appear to require a mechanism to perch them near the hilltop.

We emphasize that the bounds and constraints derived in this 
work apply specifically to models of N identical axions with co-
sine potentials. Models of inflation making use of multiple non-
identical axions [50,51] or axions coupled to a bath of radiation 
[52–54] are not directly constrained by the present work, but they 
are unlikely to overcome the general obstacles for TCC-compliant 
inflation outlined above. Models of quintessence using axions with 
a small range of masses and decay constants would likely still be 
feasible with some additional tuning, but more elaborate models of 
axion quintessence, which may incorporate nontrivial interactions 
between axions, monodromies, contributions from higher-order in-
stanton corrections, or interactions with dynamical moduli, require 
their own independent analysis.
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Appendix A. Quantum fluctuations

While the axion fields are located at the hilltops of their poten-
tials with sufficiently low classical velocities, their evolution may 
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be dominated by quantum fluctuations. The initial conditions used 
for the analytic calculation in Section 2, namely ϕn(0) = mf 2

eff

π
√

6
and 

ϕ̇n(0) = m2 feff
6π , are specifically chosen to avoid this regime. To see 

this, we can consider the RMS fluctuation [55] of a massive field 
in a de Sitter background,

(
ϕn)rms =
√

H2

8π2η
(e2η ln(a) − 1), (A.1)

and compare its time-derivative

˙(
ϕn)rms = H3e2η ln(a)

8π2(
ϕn)rms
(A.2)

to the field’s classical velocity. Here, a is the scale factor, η =
−m2/(3H2), and we have taken H to be approximately constant. 
Since η < 0, we have that

˙(
ϕn)rms <
H3

8π2(
ϕn)rms
, (A.3)

so we can conservatively estimate that ˙(
ϕn)rms � ϕ̇n(0) when

H3

8π2(
ϕn)rms
� m2 feff

6π
⇐⇒ (
ϕn)rms �

mf 2
eff

π
√

6
. (A.4)

In other words, the initial conditions we chose ensure that quan-
tum effects offset the initial field values by a factor less than 
O(1). Additionally, the classical equations of motion (7) ensure 
that ϕ̈n ≈ m2ϕn − 3Hϕ̇n remains positive when starting from these 
initial conditions, amplifying the fields’ classical velocities while 

˙(
ϕn)rms falls off.
To simulate the effects of quantum fluctuations numerically, we 

employ a random walk with time step dt , where at each time step, 
the field value of each axion changes by

δϕn = ± H

2π

√
Hdt · eη ln(a). (A.5)

At each time step, the scale factor changes according to d ln(a) =
Hdt , and so the variance of this random walk at some future time 
with scale factor a will be, indeed,

〈ϕ2
n 〉 =

ln(a)
Hdt∑
j=0

H3

4π2
dt · e2η( jHdt) (A.6)

≈
ln(a)
Hdt∫

j=0

H3

4π2
dt · e2η( jHdt)dj (A.7)

= H2

8π2η
(e2η ln(a) − 1). (A.8)
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