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ABSTRACT: We construct, following [1, 2], a massive M2-brane (supermembrane) as the
limit of a genus two M2-brane that becomes a twice punctured Riemann surface with
particular boundary conditions on the fields defined on the punctures. The target space
is Mg x LC'D, where LCD is a genus one light cone diagram. It contains mass terms
and a topological term associated with the non-triviality of the target surface that, at
low energies, can be associated with the presence of a cosmological constant. We show
that the supergravity background of the M2-brane considered in this formulation requires
the presence of M9-branes acting as sources. They correspond to the 11D uplift of the
characteristic D8’s of Romans supergravity. To this end, we explicitly show that some of
the background singularities of the massive M2-brane can be reproduced by the M9-branes
found by [3]. This establishes a relation between the Romans mass and the moduli of the
massive M2-brane.

When dimensionally reduced, we obtain a worldsheet Hamiltonian of a N=2 type ITA
closed superstring in 10D. We denote it massive string. The corresponding massive string
inherits a non-vanishing constant term from the topological massive M2-brane that shifts
the Hamiltonian. The non-vanishing parameter is related to the non-trivial structure of
the massive M2-brane background and it can be related to the Romans mass term. It also
contains a modified tension due to the non-trivial dependence on the moduli and on the
punctures associated with the target torus.
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1 Introduction

The superstring theory in 10D and its nonperturbative description, M-theory in 11D are
unification theories of all the fundamental interactions in a single framework. The low
energy limit of M-theory on a flat space corresponds to the maximal supergravity in eleven
dimensions. From the 11D supergravity formulation, it is possible to obtain, through a
Kaluza Klein reduction, the maximal ITA supergravity in 10D, which is the low energy limit
of the N = 2 type IIA superstring. A Scherk-Schwarz’s reduction of the 11D supergravity
leads to a gauged deformation of the type IIA supergravity [4]. On the other hand, in 10D,
the type IIB sector is obtained through a T-duality transformation. In [5], it was found
that there exists a massive type ITA supergravity in 10D, known as Romans supergravity,
whose origin in M-theory was not clear. Brane solutions associated with Type IIA massive
supergravity were found in [6]. In [7] a M-theory origin proposal was made. Its uplift to
eleven dimensions supergravity had been previously established in [8]. There, the authors
found that the corresponding 11D action couples to M9-branes, which are the uplift of
the 10D D8-branes characteristics of Romans supergravity. The 11D massive supergravity
exhibits a cosmological term associated with the Romans supergravity mass parameter that
makes the theory non-covariant. In order to include consistently the cosmological term in
the 11D action a killing isometry in the space-time is required [8].

Besides, in [9], the authors showed that for particular backgrounds, the massive type
ITA string cannot be strongly coupled, which they took as an indication that this theory
could not have an origin in M-theory. However their argument was done in a weakly curved
region of space-time, something that the model that we present evades.

In [10], it was conjectured that the M-theory origin of type ITA massive Romans
supergravity could be obtained by taking the 11D uplift of the M-theory formulated on



a T-dual torus bundle with parabolic monodromy. A matrix theory approach of Hull’s
conjecture was proposed in [11]. A realization of this idea in terms of supermembranes
was proposed in [7], where the non-trivial uplift of the M2-brane with central charge
formulated on a punctured torus bundle and parabolic monodromy was obtained. We will
use interchangeably throughout the work the name supermembrane or M2-brane. Following
this idea we constructed, in [1], a rigorous formulation of the M2-brane on Mg x LC' D, where
LCD is a Light Cone Diagram, a two dimensional flat strip with identifications and with
prescribed segments whose curvature becomes infinite at some points. The Mandelstam
map, see [12-14], realizes the conformal equivalence between the punctured Riemann surface
and the LC'D. The real part of the map corresponds to the Green function of the Laplace
operator on the surface. It is the conformal time on the surface, a single-valued function
which maps the punctures to infinity on the LCD. At supergravity level, the punctures
in Riemann surfaces lead to delta function singularities in the equations of motion. These
singularities can be associated to the existence of Dp-brane sources [15], where p depends
on the dimension of the delta function. In the case of the massive Roman supergravity in
ten dimensions and its uplift to eleven dimensions, as we already mentioned, they have been
related to the coupling with D8-branes and M9-branes, respectively [16, 17]. In [18-21]
are considered examples of massive type ITA supergravity on punctured Riemann surfaces
generated by Dp-branes or M2-branes stacks.

The formulation of the massive supermembrane in [1, 2] exhibits several features
associated with the non-trivial topology of the target space that are not present in a
standard compactification. The Hamiltonian contains a non-trivial cosmological term
and a bosonic potential with new non-vanishing quadratic mass terms associated with all
dynamical fields. These quadratic terms, together with the rest of the contributions of the
supersymmetric potential, ensure that the potential does not contain valleys in any direction.
Thus, provided a proper matrix model regularization for the Hamiltonian, the regularized
theory satisfies the sufficient condition for discreteness [22] and the supersymmetric spectrum
must be discrete [1]. Therefore, the M2-brane on a punctured Riemann surface we propose
is one of the few known cases where the Hamiltonian of the theory has this relevant property.
In comparison to a standard S' compactification of the theory, the Hamiltonian of the
M2-brane on Mg x LC D target space is subject to more constraints, associated with the
area preserved diffeomorphisms that leave the punctures fixed.

In [23] it was shown that there exists a correspondence between the mapping class
group of the twice punctured torus and the (1,1)-knots. This result allowed us to classify the
monodromies over the twice-punctured torus (and thus the monodromies of the M2-brane on
My x LCD) in terms of (1,1)-knots. In order to interpret the supermembrane on Mg x LC' D
as the non-trivial uplift to ten non-compact dimensions of the M2-brane on a torus bundle
with C_ fluxes, the monodromies must be restricted to the subgroup of the mapping class
group of twice-punctured torus that preserves the decompactified direction. To achieve this
result, the unique monodromies allowed are the parabolic ones, which is consistent with the
results of [24] and the conjecture made by C. Hull in [10].

In this work, we study the reduction of the supermembrane on Mg x LC'D in order to
obtain the worldsheet Hamiltonian of a massive type IIA superstring in ten non-compact



dimensions. Now, the dimensional reduction must be performed in such a way that the
topological terms resulting from the compactification on the LC' D are preserved. Hence, we
will not follow the standard double dimensional reduction (see for example [25]). Instead, we
will use the symmetries of the theory to fix a gauge (similar to the KK reduction) to reduce
the target-space. Then, the reduction of the worldvolume will follow from the properties
of the Riemann surfaces with punctures. It is also necessary to reduce the number of
constraints in the theory. In this sense, the properties of the Mandelstam map will play
a fundamental role. We organize this work in the following way: section 2 summarizes
the key findings of our previous work done in [1] by presenting the Hamiltonian of the
M2-brane on Mg x LC'D. In section 3, we discuss the dimensional reduction of the theory
and its constraints and we obtain the action of the massive type ITA string theory in ten
non-compact dimensions. Finally, in section 4, we analyze the results obtained of the work.

2 The supermembrane action in the light cone gauge

The supermembrane was originally introduced in [3]. Its formulation in the Light Cone
Gauge (LCG) on a Minkowski target space was obtained in [26]. In this section we will
briefly review some of those results [26] and we will present the supermembrane action
in the light cone gauge on Mg x T2. The action of the supermembrane in a Minkowski
space-time is given by

S = _TM2 / d§3 |:\/ —g + E“”w\iffuyaw\if
RxX
X (;auf(“(@vf(” +UTY0,0) + éirﬂ@u\ﬁrvav\if)], (2.1)

where T)o is the M2-brane tension, I'* are the gamma matrix in eleven dimensions, X*
(u,v = 0,...,10) are the embedding maps of the supermembrane, # is a 32 component
Majorana spinor and 3 is a compact Riemann surface. All the fields are functions of
the worldvolume coordinates £* (u,v,w = 0,1,2) and gy, are the components of the
worldvolume induced metric, this is

Guv = (0, X" + ITH0, 1) (0, X" + IT0, )1, (2.2)

Now we can use the light cone coordinates X* = (X*, X~ XM) with M,N =1,...,9
1 1

V2 Vuw

and, by decomposing £* = (t,0") with r = 1,2, one can fix the LCG as follows,

X+ (X0 £ X9, (10 +19), (2.3)

Xt =t TIT¥=0. (2.4)
Thus, following the notation introduced in [26] we can write the Lagrangian density can be
written as' -
£=~Tus (VGA + €0, XMIT Ty 0,0), (2.5)
1We are using €77 = —¢".



where

Ors = 87")2]\485)2M7 Ur = gor = 87")27 + atXMarXM + \ilriarli"v
900 = 200X~ + 9, X M0, Xy + 29T~ 8y,

and g = det(grs), A = —goo + urg"*us. Then, the conjugate momenta can be written as

Po=Tyn L, PV = P (@XY g 0,XM), §=-P T

Thus, the Hamiltonian density is given by

~ 2
P™ +T357 g -
= % — Tapoe™ 0, XMITT,0,7, (2.6)
subject to the following constraints
PO,X+P 9,X +ST" ¥ =0, S+P I F=0. (2.7)

Now, we can use the area preserving diffeomorphims to set the gauge P = P%/W, where

/E VI = 1. (2.8)

This allows to introduce the Lie bracket

{o,0} =

VW is a scalar density satisfying

67‘8

VI

The supermembrane Lagrangian density can be written in a way that is explicitly

0,050, (2.9)

invariant under area preserving diffeomorphims (see [26]). This requires the introduction of a
gauge field w related to time-dependent reparametrizations of the worldvolume. This will be

L 1 . = B Tya = U .
= Z(DeXM)?2 4 T~ DyW — M2 (XM gNy2 4 T2 gp-par M G} 4 DyX -
PS_\/W 2( 0 ) + 0 4P6|_{ ) }+P6~_ { ’ }+ 0 ;
(2.10)
where
Doe =0, 0 —{w, e}. (2.11)
Furthermore, we can now solve (2.7) for X, this is
- 1 = -
0 X = ———=(PO, X+ ST 0,V). 2.12
PE\/W( ) (2.12)
In order to ensure the existence of a single-valued solution for X, one must impose
- 1 - . = .
p=ddX")=d [~(PdX + ST dv)| =0 (2.13)
vW
- 1 . . = -
o = / dX~ = [ ———(PdX + ST-d¥) =0, (2.14)
Ck e VW



where Cr, (k=1,...,2g for g > 1) are the homology basis of one-cycles over ¥. They cor-
respond to the local and global first class constraints associated with the residual symmetry
of Area Preserving Diffeomorphisms (APD).

It is possible now, to write the Hamiltonian of the theory as,

(f’
Vi

Then, one can compactify the M2-brane Hamiltonian on My x T? and take as a base

]. 2 ind

2
T2 5 - - - -
) +%{XM,XN}Q—zTMQPBxIJPTM{XM,111} . (2.15)

manifold a regular genus-two Riemann surface ¥5. Thus, due to the compact dimensions,

the embedding maps can be decomposed as XM = (X™, X"), with m = 1,...,7 labelling

the non-compact dimensions and r = 1,2 the compact ones associated with the 2-torus.

The X™ maps X5 to the transverse subspace of My while X” maps s to the target 72
Hence, the Hamiltonian of the supermembrane can be written as

H 1/ >V W
3o

~ 2 ~ 2
lm ]7’ 11%42 % v 2 2 \ 72
+ + XM X" 4 T { XM X"

~ 2P0 VIV
T2 = . = R
+ %{X’“,XSP — 2T POUT T {X™, U} — 2T POUTT,.{X", ¥} |, (2.16)
subject now to the following five APD constraints
1 - L. =
¢o=d [\/W(Pdem + P dX" 4+ ST d¥)| =0, (2.17)
1 - . . _ -
= —— (PpdX™+ P.dX" + ST~ d¥) =0, 2.18
where k = 1,...,4. We will use these expressions in the subsequent sections of the paper.

3 The massive supermembrane on My X LC'D

In this section, we will give a brief review of the results about the formulation of the
massive supermembrane found in [2]. The specific limit of a supermembrane on Mgy x T?
over a compact Riemann surface of genus two X9 yields this supermembrane formulation.
Specifically, when one of the handles of 39 shrinks to a string. In this limit, we end up with
a twice punctured torus with a string attached to it. Under the right conditions for the
supermembrane maps, the string does not carry M2-brane energy and, therefore, is one of the
string-like configurations discussed in [27, 28]. This particular construction for the massive
supermembrane has two main advantages. The first one is that it enables us to use all of
the results from [29]. The second advantage is that it allows for a rigorous treatment of all
of the theory’s surface terms as well as the supersymmetric algebra (see [2] for more details).
Furthermore, we can keep the interpretation of this formulation as the decompactification
limit of the supermembrane on a torus bundle with parabolic monodromy and therefore an
explicit realization of Hull’s conjecture [10]. It imposes boundary conditions on the fields
valued at the punctures.
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Figure 1. The torus with two punctures and the one loop interaction string diagram with one

incoming/outgoing string. The Mandelstam map send the punctures over the torus to oo in
the LCD.

3.1 The twice punctured torus

Here we will review some useful results about the relation between the Light Cone Diagram
(LCD) and the torus with two punctures ¥; o (see figure 1) needed to describe the massive
supermembrane formulation. The Light Cone diagram is a two dimensional flat strip with
identifications and with prescribed segments whose curvature becomes infinite at some
points. These results are the base of the massive supermembrane formulation [1] and they
will be useful in the next sections. The relation between these two surfaces is given by the
Mandelstam map (see [12, 13])

O1(z — Z1|7)
O1(z — Za|7)

Im(Zy — Zs)
Imr

F(z)=aln [ } — 2T (z — 20), (3.1)
where O1(z,7) are the Jacobi functions and Z, with » = 1,2 are the positions of the
punctures in a complex coordinates over the torus. The set of parameters necessary to
characterize the torus with two punctures are the Teichmiiller parameter, 7, and the
positions of the Punctures, Z,.. On the twice punctured torus the coordinate system z is

defined in terms of the holomorphic one-form dz satisfying
dz = dX' + 7dX?, (3.2)

where dX" is a set of real normalized forms over the regular torus, this is

/ dX" = o}, (3.3)
Cx

On the other hand, the set of parameters that describe the LC'D are the external
weights «, the internal weights (,, the internal length 7', and the twist angles 6,. This
parameter can be written in terms of the Mandelstan map as following,

/ dF = (—1)"2ria, /dF o /dF = (31— Boba),  (34)
Cr a b 2w

P
T = dd. (3.5)
Py



Then in order to complete the equivalence between the two surfaces, (see figure 1.), the
following relation between both sets of parameter is required

27Ti(Zl — ZQ) == (91 + 92)&1 - 0492 — 27Tiﬁ17’. (36)

It is useful to decompose the Mandelstam map in terms of its real and imaginary parts,
that is ' = G+ ¢H. The function G is single valued, but dG is harmonic, since it has poles
at the punctures. The function H is multivalued and dH is harmonic. The behavior of each
function near the punctures is given by

G~ (1) aln|z - Z,|, (3.7)
H~ (=1 ap, with ¢e€0,27] (r=1,2).

On the other hand, near the zeros of dF', denoted as P,, the functions G and H can be
written as

G(z) ~ G(Pa) ~ S Re(D(P)(z ~ P)), (39)
H(z) ~ H(Pa) ~ S Tm(D(P)(z — Pa)?), (3.10)

where

2 2 _ — ?
i1 |0201(Pa— 20,7) (ELGM(P@ ZmT)) ] (3.11)

D(R,) = Z(_l) O1(Py — 2, 7) ©1(FPy — 2, 7)

r=1

Finally, we recall some properties of the functions K and H that will be useful in the next

section,
Giz+1)—G(z2)=G(z+71)—G(2) =0 (3.12)
H(z+41)— H(z) = 2MW, (3.13)
H(z+7)— H(z) = 7 m;ff(i)_ 21)7) (3.14)

3.2 Massive supermembrane

Following the procedure developed in [2] we will begin with the formulation of the super-
membrane on compact genus-two Riemann surface 3y as the base manifolds and Mg x T2
as the target space. Then we will deform Y5 as described in the figure 2. That is, we will
take the limit in which one of the radii of the handles of the genus two surface tends to
zero. Thus, we can expand the maps X, X" and U, in a Fourier series and keep only the
order zero of the variable associated with the small radius. This implies that, in this limit,
all the supermembranes fields will depend only on the coordinate along the handle (see
figure 2-(b)). In this way, we get a string-like configuration like the ones described in [27]
and the final surface, that will denote as 53172, is essentially a twice punctured torus X1 2
with a string attached to the punctures (see figure 2-(c)).
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Figure 2. (a) The genus two regular Riemann surface 3. (b) A deformation of ¥a. (c) The surface
2172 obtained by taking one of the radii of ¥ tending to zero. This corresponds to a singular 72
with a string attached to it.

Now, we can describe the dependence of the M2-brane fields in two regions. The first
one is the definition of the maps on ¥ 2, where we can follow the same definition used
in [1]. The second region is the string attached to X 2, that we shall denote as y2. Then,
given a coordinate system, z (given in the previous section), over ¥; o and defining as u the
coordinate associated with vy, we can write

- Xxm Z by ~ )\ z by
mo_ (t,z,%Z) over Xjg9 §— (t,z,2z) over X 7 (3.15)
Y™(t,u) over s O(t,u) over 7,
and
o XE(t,2,2)87 + XH(t,2,2)85 over Ty (3.16)
YTt ) over yo '
The maps X% and X# are defined as in [1], i.e,
XE =K+ AK X" —mH+ A", (3.17)

where m is an integer, that outside the punctures can be interpreted as a winding, and the
1-forms dAX, dAH are exact over 1 5. Then, we deform the target 72 into a LC'D surface.
Thus, the metric that we define over the LC'D on the target is given by

12 A A
d82 = ﬁdGQ + dH2 = dK2 + OéQdI‘IQ7 (318)
cosh™(G
where H = H/a, G = G/ and [ is constant with length units. Now, since the constant
is associated with the coordinate G, it is reasonable to assume that it should be related
with the only characteristic horizontal length of the LCD, this is,

KT

! kT, (3.19)

a

where T' = T/a and k is constant with length units. The reason why we introduce the
constant k will be clear in the last section of this work in which « plays an important role.
Notice, from (3.1) and (3.5), that [ is independent of a.



Under all these considerations, and as discussed in [27, 28], the string attached to X1 o
does not change the supermembrane energy and therefore we can write

H= n=| #u (3.20)

E2—>531,2 Y12

Moreover, since the string-like configuration that we are considering here has no M2-brane
dynamics associated with it, without losing generality we can impose

Y™ (u,t) = const, Y, (u,t) = const, ©Os(u,t)= const, (3.21)
which implies
Zs Zs
Xm  =v =o. (3.22)
Z Z

On the other hand, since the Y (u,t) are singled-valued functions and dA* and dA" are

exact 1-forms over X o, it is reasonable to consider

= 0. (3.23)

At this point we can follow the same steps presented in [1] to analyse the Hamiltonian
over Y. Specifically, we define the worldvolume metric, over 3 2, as

1 o
VIV = —¢*0,K0,H, (3.24)

where K = tanh G. Then we can fix the gauge

(K, A%} + m{H, A"} = 0. (3.25)

We denote 2172 the fundamental region in the complex plane of the punctured Riemann
surface X1 2. In order to deal with the singular behavior of the metric at the punctures
and zeros we cut f]l,g through a closed curve that circumvents the two punctures, and the
zeros with a radius e and touch a point in the boundary of 31 5, see figure 3 (see [30]). We
denote as C). the curves around the punctures, D, the curves around the zeros, and I}, with
j=1,...,4, to the curves between them. Following the discussion presented in [1], it is
clear that the curves I; can be chosen as curves H = cte. We denote as ¥’ the resulting
region after cutting 53172.
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Figure 3. The region ¥’ obtained by cutting 2172 through the curves C1,Co, D1, Dy and I. The
path obtained by the union of the curves C1,I,Cs,D1D5 and I~ is denoted by c.

Under all these considerations, the Hamiltonian of the theory can be written as (see [1]
for more details)

(IaTyam)? 1 ) < P, )2 ( Py >2 < Py )2
H = —+ lim do“ VW — + | — + ([ —
QPJ QPJ e—0 Jyv v W v W v W

1
+ T (SN XM (X HY 4 (XK 4 2(X7, KHX™, AK)

+{X™ ARV pom{X™ HI{X™, AHY 4 {X™, AHY? pom{H, AR} {AH AKY
+m?{H, ARY? 4 2{ AT KA, AR} 4+ {AT AR+ (K ATY? 4 (K, ARY?

+ {H, AH}2> — 2P Tapa(UT T {X™, U} 4+ UT T {AK W} + O T {AT U}
+ U T{K, U} + VT Ty{H, ¥})|. (3.26)

Defining,

= (Adxt 4 —Lgxf
f (\/W vW vW

and as was shown in [2], the Hamiltonian is subject to five constraints. These are: a Local
APD constraint

dX™ + P;\Ifrd\IJ), (3.27)

df =0, (3.28)

and four global APD constraints

Q:L#ﬂ,@zlﬁﬂ,©=lﬁfQ @=Af=& (3.29)

where the first two are associated with the homology basis of cycles defined over the regular
torus (see figure 4-(a)). The one associated with the curve C} it is intrinsically related with
singularities of the base manifold. The constraint associated with 7, (see figure 4-(b)) is
related with the homology curve along the deformed handle of 35, which is still present
after deforming 39 into 21,2.

~10 -
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Figure 4. (a) Non-trivial cycles over ¥ 5. (b) The curve v and its decomposition into the curves
71 and 7.

In the following we will mention some of the fundamental features of the massive
supermembrane Hamiltonian. From eq. (3.26) it can be seen that it is very different from
a standard compactification of the M2-brane on a S!. Firstly, it contains a mass term
associated with the non-trivial topology of the LC'D on the target space given by

(%

A

2
lim | dK AdHS (K, BV = 2ram?kT (3.30)
e—0 Jy/ 4

This term can be interpreted as a as the uplift to ten non-compact dimensions of the central
charge condition proposed in [31]. In second place, it possesses non-vanishing mass terms
associated with the dynamics fields X™ AKX and AH these are

(O X™)? + (05 X™)% £ 0,
(O AT)? + (95,A%)? £ 0,
(O AT)? + (95 AM)? £ 0.

Thus, the fermionic potential, been linear in the bosonic coordinates, is dominated by the
bosonic potential due to these non-vanishing quadratic contribution to the Hamiltonian.
This fact, together with the structure of the rest of the potential, ensure that the Hamiltonian
satisfy the discreteness sufficient condition found in [24], as formerly shown in [1].

On the other hand, the supersymmetric analysis of this supermembrane formulation [2],
shows that due to presence of punctures in the base manifold only half of the supersymmetry

is preserved.

4 Connections with Roman’s massive supergravity

In this section, we will discuss how the massive supermembrane can be related to Roman’s
massive supergravity. It is important to mention that our goal in this section is not to
present a formal proof but instead to show a series of arguments that suggest a relation
between the results presented here and Roman’s supergravity as its low energy limit.

- 11 -



As discussed in [1], the singularities due to the punctures lead to 62 singularities in the
target space curvature. In detail, the metric (3.18) near the punctures can be written as

_ ia/21
z Zr) , (4.1)

u
d52—>l2| 7" 'U/r:CT|Z Z|( —

Jur* 7

where ¢, are a constants with length units. Thus, near the punctures, the curvature satisfies
the following condition
R = 5(Ju.|), (4.2)

where 62(|u,|) is defined as follows

2T
/ de/ dlu,|

Here, we use u, = |u,|e?® and ¢ is a compact support function in the disk |u,| < U.
On the other hand, near the zeros of dF, this is P,, the line element (3.18) can be
written as

282l anl) = 20 [ a5 G Dl = ~000). (43)

| D(Pa) | a]? a; _ B2, o _ 5
ds? —>l20—]d Tia|?, 26—2:(z—Pa)2+Ba(z P.)*+ 5 (¢ —P,)2—B.(z—P,)?),

(4.4)

where ¢, are constants with length units and 5, = D(P,)/D(P,). Hence, near the zeros,
the curvature takes the form
R — 6%(|ua)), (4.5)

with

64
/ dé, / d|uam 2(|ia]) (| i)

264

— 2n /0 el g () 9(17al) = 60) (4.6)

As before, we use @, = |da]eié“ and ¢ is a compact support function in the disk |i,| < U.

According to supergravity theory, d-type singularities imply the existence of p-branes
sources [15]. In the case of the massive M2-brane the §2 singularities suggest that the space-
time source, at a supergravity level, must be of the type of the M9-brane presented in [16]
(see also [17]). This is the proposed source for the massive supergravity in eleven dimensions
discussed in [8] as the uplift to eleven dimensions of Roman’s massive supergravity.

Let us consider, for example, a M9-brane simple solution of massive D = 11 supergravity
equation of motion given by [16, 17]

dsitg-prane = —H (y) P/ (d* — dag) + H(y) "' dy® + H(y)*/*d=?, (4.7)

with N
m
H(y) =d+ ;!y\, (4.8)
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where p and d are constants. It is important to mention that this is a solution of the D = 11
massive supergravity only when p # 0. Moreover, in [8], z is a required isometry direction
and m is the Romans supergravity mass. This could be related to the M9-brane tension as

g ()7
— 71y dz m:TMg, (49)
167G (Y

where Ths9 is the M9-brane tension. It is important to mention that, by construction,

following [17],

the kinetic term of the M9-brane proposed in [16] describe a M9-brane wrapped along
the isometry direction and therefore there is no integration in this direction (see eq. (27)
in [16]). Thus, the Ths9 could be directly identified as the D8-brane tension, Tpg, after a
KK reduction along the isometry direction.

Now, it can be checked that near y = 0 the curvature of the line element (4.7) can be

written as
Rty — 02(y), (4.10)
4 m? - 12 - -
[z [[dyg o T8 )a(y) = [ dy B 0 ) d(y) = 9(0).
167TGN TMg
(4.11)

Now, at this point, it is clear that the background metric used in this work for the massive
supermembrane formulation does not coincide with the line element (4.7). This is not
surprising since we are considering a target space that does not have the global isometry
required for the massive supergravity formulation. However, we are only interested in
comparing the singularities in order to show that the M9-branes can be the sources of our
solution. Hence, we compare the singularities of the line element (4.7) with the ones get
from the massive supermembrane background we are proposing (3.18). In each case the
curvature has a § — type singularity, but with a different volumen element. Thus, we are
looking the values for d and p in which the delta definition coincide. Let us begin with the
singularities at the zeros of dF'. Now, it is important to mention that in the cases of the
zeros of dF', the comparison with the M9-brane solution only makes sense in the regions
G < G(P1) and G(P) < G (regions (1) and (3) in figure 5). This is due to the fact that
for G(P1) < G < G(P,) (region (2)) we do not have the isometry direction required for
the massive eleven-dimensional supergravity. This could indicate that, in this region, the
Romans mass should be zero.

Thus, for the region (1) or (3), if d = 0 and p = —6/5 it can be checked that the
definition of 62 and 2 coincide and we get the following relation between the massive
supermembrane parameters and the Romans mass for each P,

1 (5\321D(P, .
g = <> LG (4.12)
3\2 N

In the same regions, (1) and (3), we can also identify z — H in equation (4.9) to get the
following relation B

amg

AMa_ _ pa . (4.13)

(11) M9
8GN
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(1) (2) (3)

G(P) G(P)

Figure 5. Region of the LCD characterized by: (1) G < G(P1), (2) G(P1) < G < G(P,) and (3)
G(PQ) < @G.

Thus in the limit to ten dimensions (o — 0) we find
Mg
e __Ta.. (4.14)
e
In the case of the punctures, it can be checked that there are no values of p and d in
which the definition of 62 and 62 coincide. However, if we consider the case lp] < 1 and

d = 0, we can write

4 4m?2y| 10 my
ZHOP/3+1 5 <1+ In () _|_> . 4.15
3 m % 3P ) (4.15)
Comparing this expression with (4.3) it is clear there is a match but only at leading order
in p when [p| < 1. In other words the metric proposed in this work for the massive
supermembrane formulation is only describing part of the information contained in the
metric (4.7). Thus, we could write the following relation

)

4;2 =2 + (corrections in p). (4.16)
Hence, in order to find a complete match in these points, there are at least two possible ways
in which one can proceed. The first one is to find another M9-brane solution considering an
ansatz different than the one used in [16, 17] to obtain (4.7). A way to do it, would be to
consider different warp factors in the line element that could also have a dependence on y, z.
A second way could be to address this problem by formulating the massive supermembrane
directly in the background generated by multiple M9-branes using the line element (4.7) as
shown in [16]. Now, this would lead to the highly non trivial problem of finding and analysing
the complete form of the supersymmetric part of the supermembrane Hamiltonian [32]. We
will consider these points elsewhere.

Consequently, we found that the massive M2-brane [1, 2] is consistent at effective
level with a 11D supergravity coupled to M9-branes. The source associated to Romans
supergravity are D8-branes and in the 11D massive supergravity they correspond to the
M9-branes.
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5 Massive type ITA superstring

In this section, we analyze the double dimensional reduction of the massive supermembrane.
We obtain a modified N = 2 type IIA string, we denote it as massive string. The first step
of this reduction requires to obtain the string configurations of the massive supermembrane,
where all dynamics fields only depend in one direction of the base manifold. One possibility
is to consider that all the fields depend on a linear combination of K and H, similar to the
ansatz considered in [33], however, the different geometrical nature of the variables K and
H make unclear the interpretation of the new variable obtained by this combination. The
other possibility is to consider that all the supermembrane dynamics fields are of the form

X™ = fm(H)X"(t, K) +U™(H), AR = (K AR (t, K) + UK (H), (5.1)
AT = fH(H AR (¢, K) + U (H), U=\ (H)U(t, K) + A(H), (5.2)
X™ = f™E)X™(t, H)+ U™(K), AR = fR(K)AK(t, H) + UK (K), (5.3)
A = fH(KYAH (¢, H) + UM (K), U =YKt H)+UY(K). (5.4)

Now, following the same argument presented in [1], it can be see that the previous ex-
pressions are not supersymmetric configurations of the massive supermembrane unless
fm=f& = fH = f¥ =1 and all the U’s functions are proportional to K (for (5.1)-(5.2))
or H (for (5.3)-(5.4)). If all the U’s functions are proportional to K or H the 1-forms
dX™, dAX dAH and d¥ will be harmonic, which is a contradiction with the massive su-
permembrane formulation. Thus, all U’s functions should be constant which, without loss
of generality, we can set to zero.

This lead us only with two possibilities: the first one is that all the supermembrane
fields are functions of (¢, K) and the second one when the fields are functions of (¢, H).
Since we search for a closed massive string by taking a limit in which we eliminate the only
compact target-space direction, H, the only possibility is to assume that, all the fields are
functions of (¢, K)

X™=X"(t K), A¥=AK@t K), (5.5)
AT = AH (1K), =0 K).

Introducing these expressions in (3.25) we get the following result
kAl =0, = Af = AH(@). (5.7)

Under this conditions the local supermembrane constraint (3.28) is trivially satisfied
and from the global constraint (3

O ATdH =0, (5.8)
C

which implies that AH ig a constant, i.e.

A = constant. (5.9)
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The global constraints (; and (s are trivially satisfied. At this point it is important to
mention that, if we had assumed that all the fields were functions of (¢, H), the previous
procedure would result in eliminating the dynamic field AX, and therefore we would end
with a geometrical object more similar to a string with one compact dimension. In the case
we consider, in distinction, the 10D space is noncompact.

Continuing with our original assumption, we can write the string configurations Hamil-
tonian from the massive M2-brane one as

ArlaT 202 o 0 i
CraTuent) 2%ty [ aRndit P2+ P+ o (03 X7+ a(0 AN )

H.—=
° 2P, Py e=0 )

—2mT a2 P YT T o 0. (5.10)

Following the same procedure presented in [1] (and more recently [34]) the later expression
can be written as

(4rlaTyrom)? N (27)? /

1 A A A
H, = dK [an + P2+ mPTi0% (0 X™)? + (0 A%)?)

2P 2P J-1
TarpaPy -
— TEM2AT0 G T 0,0 . (5.11)
27
Now, setting
1 N
925(1+K)7r (5.12)
we get
(4mlmaTy)? 4w /” o (TmTapa)? . ome mTyaPy -
Hy=——""""+— [ dO| |P5+———(0pX") —————— VI T oy
s 2P0+ +PO+ 0 mt 4 ( 0 ) 4 HUp s

(5.13)

where X" = (X", AX). This Hamiltonian is restricted to the constraint ¢; = 0, which can

be rewritten as

/ <Pmdf(m + PJ\IIF—d\p> = 0. (5.14)
0

Notice that, due to (3.22) and (3.23), this is a Hamiltonian for a closed string, and
the constraint will be the corresponding level matching constraint. However, in order to
fully establish this statement, we must eliminate the non-dynamic string represented by the
72 curve. Thus, since the string attached to X1 2 does not contain any dynamical degrees
of freedom, we will take the limit where the length of the curve v, tends to zero. The
string-like spike imposes the same boundary conditions on the two punctures, and it defines
a closed string.

Now, let us analyse in detail the fermionic contribution of (5.13) in order to characterize
that the string truly corresponds to the type ITA sector. For this, we use the following
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representation for the gamma matrix?

00 B 0 Lig
't =+v2 I =+v2

I — ™0 kK — 70 rH — 7 0
0 — m ] 0 — 8 ) 0 — 9 )
v v v

where v = (y™,~%,+”) are the Euclidean SO(9) gamma matrices. Now, we can solve the

condition I'TW¥ = 0 as
0
U=k , 5.15
( S) (5.15)

where S is 16 components Majorana spinor and k is a constant. The fermionic term in the
Hamiltonian can be rewritten as

UT Tydy¥ = —v/2k2577%9,8. (5.16)

Now, without loss of generality, we can assume that we are in a representation were 79 is
the chirality matrix in ten dimensions. Thus, we can decompose the spinors as S = S! 4 52,
with 4987 = (=1)"*1S" and therefore

U Tyl = V2k2[(5%)1995% — (51)19yS"]. (5.17)
Notice that this term can be written in the same form as [35], that is
[(5%)1995% — (S")1855"] = xp°p' Do (5.18)

where p?, p! are the Dirac matrices in two dimensions

0 —i 0
p0:<z’o>’ p1:<z’0>’ (5.19)

X = <§i> . (5.20)

3

and

Thus, the Hamiltonian can be written as

1 ™ . 2 ~n

H, = 4mi>T, /d&([P% 212mT O X™)?

s mi= oo + (47r(27r2mTM2a)> A s+ ( Tém Mza) (OpX™)
—»Z(2ﬂ27n7h42a);prOplabx]>, (5.21)

T
where we set
i .

K=—— Pf=2mTypa, P =47P,. 5.22
AN2mm3 T 0 M2 " " ( )

2Notice that the election for T® and I'¥ is quite arbitrary. However, as is expected, the results will not
depends on this.
3See that xTp° is the definition of the Dirac conjugate on the worldsheet.
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Following [25] (see also [36]), we will define the string tension as

Ts = CETM2.

(5.23)

Thus, to complete the double dimensional reduction we must take the limit o — 0 in such

a way that a0 remains constant. Notice that, in our expressions, the string tension gets

modified to
Ts = 271'2st.

(5.24)

Although in the double dimensional reduction, the dependence on H is lost, its behavior

around the punctures in terms of a characteristic integer m # 0, appears in the definitions of

massive string tension, T,. Then, the final Hamiltonian obtained by the double dimensional

reduction of the massive supermembrane can be written as

212T,

H. =
3 72 47T

and subject to
/ (ﬁmagf(m + ZXT(“)gx) df = 0.
0 2T

Now we can expand the maps as is usual in string theory, that is,

X — gt o P(;h Z { e—2in(t=0) @672in(t+9)
0 27TT 7TT n ’
— Z Sne—2zn (t—0)
n#0
Z S —2in t+0
n#0

. / d9< {13,?1 + T2(0pX™)2 — ZTSXT/)OPIOHX] ),
0 T

(5.25)

(5.26)

(5.27)
(5.28)

(5.29)

where zj' and F" are constants representing the mass center position and momentum.

Using these expressions we can write the Hamiltonian as following

2127, 1

H, = —
s 72 +47TT5

D (P")? +2(N + N),
m
where N and N are the number operators defined as

N = Np + Np, NZNB—}—NF,

with

NB:ZZO[@”O[?’ NB:ZZd@nd;ﬁ,

m n#£0 m n#0
Np=> Y nsS™ s Np=> 3 nS™Sm
m n#0 m n#£0
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(5.31)
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Thus, the mass operator can be written as

- R 21272 . _
M? = ArT,Hs = > (Pi")? = T, + 87Ty(N + N). (5.34)
- T
Finally, the level matching constraint leads to
N - N =0. (5.35)

We have obtained the mass operator of a type ITA massive superstring in 10D, satisfying the
standard level matching constraint for a string in ten non-compact dimensions. However, it
exhibits features that make it different from the usual type ITA superstring mass operator.
It possesses a non-vanishing constant term of topological origin in M-theory given in terms
of a modified massive string tension together with a dependence of the parameter [ on the
Romans mass term. Although the massive string will be slightly modified when formulated
on a more general background, the distinctive signature of Romans supergravity is already
captured in the present description. It appears as a shift in the Hamiltonian description,
fixing a constant scale in energy associated with the induced effect on the string of the
non-trivial topology of space-time. At an effective level, it introduces a cosmological constant
parametrized by the Romans mass term.

6 Conclusions

A striking goal in the literature has been the search of the Type ITA string worldsheet
consistent with Romans supergravity.

In this paper we obtain a worldsheet description of a massive type IIA superstring in
ten noncompact dimensions space-time. Despite the simplicity of the background considered
in this work, it still contains the mass terms characteristic of Romans supergravity. We
perform a process of double dimensional reduction of the massive supermembrane obtained
in [1, 2]. In the reduction process the dynamical maps can only be functions of (¢, K)
or (t,H). However, the only possibility to obtain a closed string Hamiltonian with ten
non-compact directions in the target space is when all the fields are functions of (¢, K'). After
the dimensional reduction, we end up with a type IIA N = 2 closed string Hamiltonian that
contains a non-vanishing topological term and a modified string tension. The topological
contribution is inherited from the topological term of the massive supermembrane and keeps
track of the non-trivial structure of the Riemann surface. This inherited term also contains
a parameter T related to the Romans mass term. In addition it represent a shift in the
spectrum of the string.

We obtain several connections between our formulation and a consistent uplift to
M-theory of 10D Romans supergravity: in first place, the massive M2-brane [1, 2, 7]
was constructed as an explicit realization of Hull’s conjecture in M-theory. When it
is dimensionally reduced to Mg x T? one obtains a M2-brane on a torus bundle with
parabolic monodromy whose low energy description corresponds to type II parabolic gauged
supergravity in 9D. This is relevant because Romans supergravity when KK reduced leads
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to a type II parabolic gauged supergravity in 9D. We also show a connection between the
massive supermembrane and Roman’s supergravity. It appears when we analyze the type
of singularities of the twice punctured torus at a supergravity level. Indeed, it is possible to
verify that the metric (3.18) leads to §? singularities in the curvature scalar, which implies
the presence of singularities at the supergravity level. The order of the singularities indicate
that the source associated with these points should correspond to a wrapped M9-branes
as the ones considered in [16]. Furthermore in [2] we analyzed in detail the associated
superalgebra of the massive M2-brane and we obtained that one of the surface terms realizes,
on top of the M2-brane central charge, a central charge of the type Z, s whose dual has
been associated with the presence of a 9-brane. Hence, the M2-brane background considered
here is consistent with the presence at supergravity level of M9-branes, objects characteristic
of the uplift to 11D of Romans supergravity.

Furthermore, in order to establish more evidences between the connection of the massive
supermembrane formulation and the massive supergravity, we relate our results with those
of [8, 16], at a supergravity level. We have considered the M9-brane solution to massive
D = 11 supergravity with the background metric of the massive supermembrane. We
find that this M9-brane solution can reproduce the singularities of the massive M2-brane
background in the zeros of dF'. This allows us to identify the mass term of the cosmological
constant at supergravity level (related to the presence of the M9-branes) with the parameter
T of the topological term present in the massive supermembrane as well as in the massive
superstring formulations. In the punctures, we could not associate them to the particular
M9-brane solutions considered in [16], in order to reproduce the same type of singularity.
However, we will like to stress that this does not imply that these singularities cannot be
described in terms of M9-branes, only that this particular solution cannot. In order to
establish a closer relationship between the massive M2-brane and Roman’s supergravity, we
need to consider the formulation of the M2-brane on a more general background.

In any case, massive supergravity in 11D requires the presence of M9-branes, — which
in 10D are associated with D8 domain wall solutions —, and we have shown that their
associated central charges require to couple to a supermembrane formulated on a punctured
manifold (i.e. a massive supermembrane) like the one we have presented here, and in [1, 2].

Finally, we would like to comment that our construction can be extended to N punctures
with weight «;, such that >, ; = 0, and higher genus, g, surfaces. In this case, the
Mandelstam map is also well defined, and we end up with a general Light Cone Diagram
in the target space, Mg x LC'D. It coincides with the g-loop and N strings interaction
diagram. In the formulation of the supermembrane we are considering, the moduli of this
surface are fixed parameters. After the double dimensional reduction some of the moduli of
the LC'D are captured by the topological parameter and the tension of the massive string.
A possible generalization of our construction would be to consider instead of one LC'D, the
complete moduli space of punctured Riemann surfaces.

In conclusion, we have found a type IIA massive closed string that represents a first
step to the full-fledge massive type IIA string formulation of Roman’s supergravity. In order
to find a complete agreement, it may be necessary to explore more complicated backgrounds
than the one used in this work (and in [1, 2]).
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