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The W boson mass mW in the grand unified theory inspired SOð5Þ × Uð1Þ × SUð3Þ gauge-Higgs
unification in the Randall-Sundrum (RS) warped space is evaluated. The muon decay μ− → e−ν̄eνμ
proceeds by the exchange of not only the zero mode of the W boson ðWð0ÞÞ but also Kaluza-Klein (KK)

excited modes WðnÞ and WðnÞ
R (n ≥ 1) at the tree level. The anti–de Sitter curvature of the RS space also

affects the relationship among the gauge couplings and the ratio of mW to the Z boson mass mZ. The W
couplings of leptons and quarks also change. With the given KK mass scale mKK the range of the
Aharonov-Bohm phase θH in the fifth dimension is constrained. For mKK ¼ 13 TeV, 0.085≲ θH ≲ 0.11
and 80.381≲mW ≲ 80.407 GeV. The predicted value of mW for 13 ≤ mKK ≤ 20 TeV lies between
mSM

W ¼ 80.354� 0.007 GeV in the standard model and mCDF
W ¼ 80.4335� 0.0094 GeV, the value

reported by the CDF Collaboration in 2022.

DOI: 10.1103/PhysRevD.108.115036

I. INTRODUCTION

Last year, the CDF Collaboration reported on the mass
of the W boson, mCDF

W ¼ 80.4335� 0.0094 GeV [1]. The
predicted value in the standard model (SM) is mSM

W ¼
80.354� 0.007 GeV [2–4]. The discrepancy between the
two has triggered huge debates on possible new physics
beyond the SM. The ATLAS Collaboration also reana-
lyzed the data in 2011 to obtain mATLAS

W ¼ 80.360�
0.016 GeV [5]. Although the experimental situation has
not been settled yet, it is worth examining various models
to find whether or not they can lead to a larger value for
mW than mSM

W without conflicting with other observations
at low energies.
There have been various proposals to account for themW

anomaly. Many of them are based on new physics effects
on the Peskin-Takeuchi oblique S and T parameters [6–10],
either at the tree level [11,12] or at the loop level [13–15].
Another approach is based on a scenario in which new
fields and/or couplings give additional contributions to the
Fermi constant GF [16,17].

It has been known that the SM SUð3ÞC × SUð2ÞL ×
Uð1ÞY gauge theory, though being mostly successful in
describing phenomena at low energies, has a severe gauge
hierarchy problem when embedded in a larger theory
such as grand unification. As one possible answer to this
problem, the gauge-Higgs unification (GHU) scenario has
been proposed in which gauge symmetry is dynamically
broken by an Aharonov-Bohm (AB) phase θH in the fifth
dimension. The 4D Higgs boson appears as a 4D fluc-
tuation mode of θH [18–34].
Among various GHU models, the SOð5Þ × Uð1Þ ×

SUð3Þ GHU in the Randall-Sundrum (RS) warped space,
inspired from the SOð11Þ gauge-Higgs grand unification
model [35], has been extensively investigated [32–34]. It
has been shown that the grand unified theory (GUT) inspired
GHUyields nearly the same phenomenology at low energies
as the SM. GHU models in the RS warped space predict, in
general, large parity violation in the couplings of quarks and
leptons to Kaluza-Klein (KK) excited modes of gauge
bosons, which can be clearly seen, for mKK ∼ 13 TeV,
for instance, at electron-positron (e−eþ) colliders such as
ILC with

ffiffiffi
s

p ¼ 250 GeV by using polarized e− and eþ

beams [36–40]. Deviation from the SM can be explored also
in the processes of W−Wþ production and single Higgs
production in e−eþ collisions [41,42]. Signals of Z0 par-
ticles, namely, KK excited modes of γ, Z, and ZR gauge
bosons, should be seen in high-luminosity LHCaswell [43].
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KKmodes of fermions andgauge bosons in theRSwarped
space have quite nontrivial couplings. Recently, oblique
corrections to γ,Z, andW propagators at the one loop level in
the GUT inspired GHU have been evaluated [44]. Inside the
loops, all possible KK modes of fermions run. The total
oblique corrections to S, T, andU turned out to be small as a
consequence of the coupling sum rules, special relations
holding among infinitely many gauge couplings in the KK
mode space. In the GHU scenario the 5D gauge invariance
seems to lead to many surprising coupling relations among
zero modes and KK excited modes of fermions and gauge
bosons. It has been shown in the SUð2Þ GHU model in the
RS space that gauge anomalies associated with various 4D
modes of gauge fields vary with the AB phase θH. The total
gauge anomalies obtained by summing contributions from
all fermionKKmodes are expressed in terms of the values of
the gauge fieldwave functions at the UVand IR branes of the
RS space, representing relations among gauge couplings of
right- and left-handed fermions [45,46].
In view of these facts, one may ask how large the W

boson massmW is in the GUT inspired GHU. There are KK
excited modes of W and WR gauge bosons that couple to
leptons and contribute to the muon decay at the tree level.
Further, the relation between the gauge couplings and the
ratio of theW and Z boson massesmW=mZ is changed even
at the tree level. In this paper, we analyze this matter in
detail. Additional relevant parameters in the GUT inspired
GHU are the KK mass scale mKK and the AB phase θH.
It will be seen below that, for mKK ¼ 13 TeV, for in-
stance, 0.085≲ θH ≲ 0.11 is allowed and mW becomes
80.381≲mW ≲ 80.407 GeV. The dominant contributions
come from large gauge couplings of left-handed leptons to
the first KK excited mode of theW bosonWð1Þ, the change
in the W couplings of leptons (e and μ), and the change in
the relation between the gauge couplings and mass ratio
mW=mZ in the RS warped space.
In Sec. II the GUT inspired SOð5Þ ×Uð1ÞX × SUð3ÞC

GHU model is explained. In Sec. III the W boson mass is
evaluated. It will be seen that the predicted value of mW in
the GUT inspired GHU is mostly determined by the value
of θH. A summary is given in Sec. IV.

II. GUT INSPIRED GHU

The GUT inspired SOð5Þ ×Uð1ÞX × SUð3ÞC GHU was
introduced in Ref. [32]. It is defined in the RS warped
space, whose metric is given by [47]

ds2 ¼ gMNdxMdxN ¼ e−2σðyÞημνdxμdxν þ dy2; ð2:1Þ

where M;N ¼ 0; 1; 2; 3; 5; μ; ν ¼ 0; 1; 2; 3, y ¼ x5,
ημν ¼ diagð−1;þ1;þ1;þ1Þ, σðyÞ ¼ σðyþ 2LÞ ¼ σð−yÞ,
and σðyÞ ¼ ky for 0 ≤ y ≤ L. In terms of the conformal
coordinate z ¼ eky (0 ≤ y ≤ L, 1 ≤ z ≤ zL ¼ ekL),

ds2 ¼ 1

z2

�
ημνdxμdxν þ

dz2

k2

�
: ð2:2Þ

The bulk region 0 < y < L is anti–de Sitter (AdS) space-
time with a cosmological constant Λ ¼ −6k2, which is
sandwiched by the UV brane at y ¼ 0 and the IR brane at
y ¼ L. zL is called as the warp factor. The KK mass scale is
given by mKK ¼ πk=ðzL − 1Þ ≃ πkz−1L for zL ≫ 1.

Gauge fields ASOð5Þ
M , AUð1ÞX

M , and ASUð3ÞC
M of SOð5Þ ×

Uð1ÞX × SUð3ÞC satisfy the orbifold boundary conditions
(BCs)

�
Aμ

Ay

�
ðx; yj − yÞ ¼ Pj

�
Aμ

−Ay

�
ðx; yj þ yÞP−1

j ðj¼ 0;1Þ;

ð2:3Þ

where ðy0;y1Þ¼ð0;LÞ. HereP0¼P1¼PSOð5Þ
5 ¼ diagðI4;−I1Þ

for ASOð5Þ
M in the vector representation and P0 ¼ P1 ¼ 1 for

AUð1ÞX
M and ASUð3ÞC

M . The 4D Higgs field is contained in the

SOð5Þ=SOð4Þ part ofASOð5Þ
y . The orbifold BCs break SOð5Þ

to SOð4Þ ≃ SUð2ÞL × SUð2ÞR.
The matter content in the GUT inspired GHU is

summarized in Table I. Quark and lepton multiplets are
introduced in three generations. The lepton multiplets
Ψα

ð1;4Þðx; yÞ (α ¼ 1; 2; 3) satisfy BCs

Ψα
ð1;4Þðx; yj − yÞ ¼ −PSOð5Þ

4 γ5Ψα
ð1;4Þðx; yj þ yÞ; ð2:4Þ

where PSOð5Þ
4 ¼ diagðI2;−I2Þ. (For BCs of other multip-

lets, see Refs. [32] or [44].) The action of Ψα
ð1;4Þ in the

bulk is

Sleptonbulk ¼
Z

d5x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detG

p X
α

Ψ̄α
ð1;4ÞDðcαÞΨα

ð1;4Þ;

DðcÞ ¼ γAeAM
�
DM þ 1

8
ωMBC

h
γB; γC

i�
− cσ0ðyÞ;

DM ¼ ∂M − igAA
SOð5Þ
M − igBQXA

Uð1Þ
M : ð2:5Þ

TABLE I. The matter fields in the GUT inspired SOð5Þ ×
Uð1Þ × SUð3Þ gauge-Higgs unification. ðSUð3ÞC; SOð5ÞÞUð1ÞX
content of each field is shown in the last column.

In the bulk Quark ð3; 4Þ1
6
ð3; 1Þþ−1

3

ð3; 1Þ−−1
3

Lepton ð1; 4Þ−1
2

Dark fermion ΨD ð3; 4Þ1
6
ð1; 5Þþ0 ð1; 5Þ−0

On the UV brane Majorana fermion χ ð1; 1Þ0
Brane scalar Φ ð1; 4Þ1

2
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The dimensionless parameter c in DðcÞ is called the bulk
mass parameter, which controls the wave functions of the
zero modes of the fermions. In the GUT inspired GHU, the
bulk mass parameters are negative for both lepton and
quark multiplets. On the UV brane at y ¼ 0, gauge-singlet
Majorana fermions χαð1;1Þ and one brane scalar Φð1;4Þ are

introduced. There arise gauge-invariant brane interactions
of the form fκ̃αβ1 χ̄βð1;1ÞΦ̃

†
ð1;4ÞΨ

α
ð1;4Þ þ H:c:gδðyÞ, where Φ̃ð1;4Þ

denotes a conjugate field in (1; 4) formed from Φ�
ð1;4Þ. The

brane scalar field Φð1;4Þ spontaneously develops a non-
vanishing expectation value hΦi ≠ 0, which, with the brane
interaction term, induces the inverse seesaw mechanism
for neutrinos.
In the electroweak sector, there are two 5D gauge

couplings, gA and gB, corresponding to the gauge groups
SOð5Þ andUð1ÞX, respectively. The 5D gauge coupling g5DY
of Uð1ÞY is given by g5DY ¼ gAgB=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ g2B

p
. The 4D

SUð2ÞL and Uð1ÞY gauge coupling constants are given
by gw ¼ gA=

ffiffiffiffi
L

p
and gY ¼ g5DY =

ffiffiffiffi
L

p
. The bare weak mixing

angle θ̄0W determined by the ratio of the gauge couplings is
given by

sin θ̄0W ¼ gYffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2w þ g2Y

p ¼ gBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2A þ 2g2B

p : ð2:6Þ

As is seen below, the mixing angle determined from the
ratio mW=mZ slightly differs from the one defined in (2.6)
even at the tree level in GHU in the RS space.
The 4D Higgs boson field ΦHðxÞ appears as a part of

ASOð5Þ
y . ASOð5Þ

z ¼ ðkzÞ−1ASOð5Þ
y (1 ≤ z ≤ zL) in the tensor

representation is expanded as

Aðj5Þ
z ðx;zÞ¼ 1ffiffiffi

k
p ϕjðxÞuHðzÞþ �� � ; uHðzÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

z2L−1

s
z;

ΦHðxÞ¼
1ffiffiffi
2

p
�
ϕ2þ iϕ1

ϕ4− iϕ3

�
: ð2:7Þ

ΦH develops nonvanishing expectation value at the quan-
tum level by the Hosotani mechanism. Without loss of
generality, we take hϕ1i; hϕ2i; hϕ3i ¼ 0 and hϕ4i ≠ 0. The
AB phase θH in the fifth dimension is given by

Ŵ ¼ P exp

�
igA

Z
L

−L
dyhASOð5Þ

y i
�
¼ expfiθH · 2Tð45Þg:

ð2:8Þ

In terms of θH, A
ð45Þ
z is expanded as

Að45Þ
z ðx; zÞ ¼ 1ffiffiffi

k
p fθHfH þHðxÞguHðzÞ þ � � � ;

fH ¼ 2

gA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k

z2L − 1

s
¼ 2

gw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

Lðz2L − 1Þ

s
: ð2:9Þ

The 4D neutral Higgs field HðxÞ is the fluctuation mode of
the AB phase θH.
The AB phase θH plays an important role in GHU. The

value of θH is determined by the location of the absolute
minimum of the effective potential VeffðθHÞ, and the Higgs
boson mass mH is given by m2

H ¼ f−2H d2VeffðθHÞ=dθ2Hjmin.
With the KK mass scale mKK given, the allowed range of
θH is constrained to reproduce the Higgs boson and top
quark masses and also to be consistent with the current
observations at low energies.

III. THE W BOSON MASS

In the SM, the Fermi constant Gμ determined from the μ
decay is given by [48]

Gμffiffiffi
2

p ¼ πα

2s2W

1

m2
W
ð1þ ΔrloopSM Þ; ð3:1Þ

s2W ¼ 1 −
m2

W

m2
Z
; ð3:2Þ

where α−1 ¼ 137.035999084ð21Þ, Gμ ¼ 1.1663788ð6Þ×
10−5 GeV−2, and mZ ¼ 91.1876ð21Þ GeV [49]. ΔrloopSM
represents the sum of all loop corrections, which depends
on α, mW , mZ, mH, strong gauge coupling constant, and
masses of quarks and leptons. Combining Eqs. (3.1)
and (3.2), one can write the W boson mass in the SM as

mSM
W ¼ mZffiffiffi

2
p

2
41þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4παð1þ ΔrloopSM Þffiffiffi
2

p
Gμm2

Z

s 3
51=2

: ð3:3Þ

At the tree level, ΔrloopSM ¼ 0 so that mSM
W jtree ¼

80.9387 GeV, which is much larger than the observed
W mass. Significant efforts have been made to evaluate
ΔrloopSM . At the moment, the estimated value is ΔrloopSM ≃
0.0383�0.0004 and mSM

W ≃80.354�0.007GeV [2–4].
In GHU both of the relations (3.1) and (3.2) are

modified, even at the tree level. With given θH the masses
of W and Z, mW ¼ kλW and mZ ¼ kλZ, satisfy [32]

2Sð1; λW; zLÞC0ð1; λW; zLÞ þ λWsin2θH ¼ 0; ð3:4Þ

2Sð1; λZ; zLÞC0ð1; λZ; zLÞ þ
λZsin2θH
1 − sin2θ0W

¼ 0; ð3:5Þ

where the functions Cðz; λ; zLÞ and Sðz; λ; zLÞ are
expressed in terms of Bessel functions, as given in
Eq. (A1). At the tree level, sin2 θ0W in (3.5) is equal to
sin2 θ̄0W given in (2.6). With the orbifold boundary con-
dition (2.3), physicalmW andmZ, and sin2 θ0W specified, the
wave functions of W and Z are determined with the
conditions (3.4) and (3.5). The boundary condition does
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not change by radiative corrections. In other words, sin2 θ0W
appearing in (3.5) is the bare weak mixing angle in the on-
shell scheme in GHU, corresponding to s2W (3.2) in the SM.
mZ is one of the input parameters. WithmKK¼ πk=ðzL−1Þ
specified, the relation (3.5) fixes the value of zL and k. Then
the relation (3.4) determines λW and mW . The ratio mW=mZ

thus determined is slightly different from cos θ0W . For
θH ¼ 0.1, mKK ¼ 13 TeV, sin2 θ0W ¼ 0.2227, for instance,
one finds mW −mZ cos θ0W ¼ −1.59 MeV.
The value of sin2 θ0W needs to be determined self-

consistently such that the observed Gμ is reproduced. In
the GUT inspired GHU α, Gμ, mZ, strong gauge coupling
constant, masses of quarks and leptons, and mH are input
parameters. With given sin2 θ0W , θH, and mKK, one can
evaluate the mass spectra of KK gauge bosons and their
couplings to leptons. The μ decay proceeds, at the tree
level, by emitting not only W ¼ Wð0Þ, but also WðnÞ and
WðnÞ

R (n ≥ 1). Here WðnÞ
R are gauge bosons in SUð2ÞR of

SOð4Þ ¼ SUð2ÞL × SUð2ÞR ⊂ SOð5Þ; hence the relation
(3.1) is replaced by

Gμffiffiffi
2

p ¼ πα

2sin2θ0W

ĝW
ð0Þ

μνμ;L
ĝW

ð0Þ
eνe;L

m2
Wð0Þ

ð1þ ΔrGÞð1þ ΔrloopGHUÞ;

ΔrG ¼ 1

ĝW
ð0Þ

μνμ;L
ĝW

ð0Þ
eνe;L

X∞
n¼1

(
ĝW

ðnÞ
μνμ;L

ĝW
ðnÞ

eνe;L

�
mWð0Þ

mWðnÞ

�
2

þ ĝ
WðnÞ

R
μνμ;L

ĝ
WðnÞ

R
eνe;L

�
mWð0Þ

m
WðnÞ

R

�
2
)
; ð3:6Þ

where the coupling ofWðnÞ to eνe, for instance, is given by
ðgw=

ffiffiffi
2

p ÞWðnÞ
μ fĝWðnÞ

eνe;L
ν̄e;Lγ

μeL þ ĝW
ðnÞ

eνe;R
ν̄e;Rγ

μeRg. The right-

handed couplings are very small (jĝWðnÞ
eνe;R

j < 10−19, etc.) and
have been omitted in the expression for ΔrG in (3.6).
ΔrloopGHU represents the sum of loop corrections. In GHU the
W boson mass mW ¼ mWð0Þ is determined by solving (3.4)
and (3.6) simultaneously.
The mass spectra fmWðnÞ ¼ kλWðnÞg and fmWðnÞ

R
¼ kλ

WðnÞ
R
g

are determined by

2Sð1;λWðnÞ ;zLÞC0ð1;λWðnÞ ;zLÞþλWðnÞsin2θH ¼ 0; ð3:7Þ

Cð1; λ
WðnÞ

R
; zLÞ ¼ 0; ð3:8Þ

respectively. Wave functions of gauge and fermion fields
are also determined, with which gauge couplings among
them are evaluated (see [44,50] for details). The values of

fmWðnÞ ; ĝW
ðnÞ

eνe;L
; ĝW

ðnÞ
μνμ;L

g and fm
WðnÞ

R
; ĝ

WðnÞ
R

eνe;L
; ĝ

WðnÞ
R

μνμ;L
g are tabu-

lated in Tables II and III formKK ¼ 13 TeV and θH ¼ 0.10,
respectively. One sees that the Wð1Þ mode has large
couplings ĝW

ð1Þ
eνe;L

∼ 5.721 and ĝW
ð1Þ

μνμ;L
∼ 5.446, giving an

appreciable correction to Gμ. The infinite sum in ΔrG
in (3.6) is seen to rapidly converge.
ΔrloopGHU in (3.6) represents radiative corrections. KK

excited modes of gauge bosons, leptons, and quarks give
little contribution to ΔrloopGHU, as their masses are of OðmKKÞ
and mμ=mKK ≪ 1. Only SM particles give relevant con-

tributions to ΔrloopGHU, and the couplings among the SM
particles are nearly the same as in the SM (for instance,
ĝW

ð0Þ
eνe;L

¼ 0.997649 as shown in Table II). In Ref. [44],
oblique corrections to theW, Z, and γ propagators, namely,
Peskin-Takeuchi S, T, U parameters, [51] due to the KK
modes of quarks and leptons, have been evaluated. It has
been shown that as a result of the coupling sum rules the
oblique corrections are small. The contributions of KK
excited modes of quark-lepton multiplets to S, T, andU per
KK level are δS ∼ 0.002, δT ∼ 0.02, and δU ∼ 10−5 [44].

Contributions to oblique parameters of WðnÞ, WðnÞ
R (n ≥ 1)

TABLE II. The masses mWðnÞ and couplings ĝW
ðnÞ

eνe;L
, ĝW

ðnÞ
μνμ;L

ðn ¼
0; 1;…; 9Þ are shown for mKK ¼ 13 TeV and θH ¼ 0.10 with
sin2 θ0W ¼ 0.22266. Right-handed couplings are very small;
jĝWðnÞ

eνe;R
j < 2 × 10−20 and jĝWðnÞ

μνμ;R
j < 8 × 10−19 for n ≤ 14.

n mWðnÞ ðGeVÞ
mWðnÞ mWð0Þ

ĝW
ðnÞ

eνe;L
ĝW

ðnÞ
μνμ;L

mKK mWðnÞ

0 80.396 0.0062 1 0.997649 0.997646
1 10199 0.7845 7.88 × 10−3 5.72126 5.44645

2 15857 1.2198 5.07 × 10−3 0.01858 0.01641

3 23102 1.7771 3.48 × 10−3 2.26066 1.72755

4 29032 2.2332 2.77 × 10−3 0.00607 0.00421

5 36074 2.7749 2.23 × 10−3 0.82175 0.59526

6 42099 3.2384 1.91 × 10−3 0.00291 0.00226

7 49062 3.7740 1.64 × 10−3 0.48331 0.36385

8 55135 4.2412 1.46 × 10−3 0.00173 0.00123

9 62056 4.7735 1.30 × 10−3 0.28815 0.20853

TABLE III. The masses m
WðnÞ

R
and couplings ĝ

WðnÞ
R

eνe;L
, ĝ

WðnÞ
R

μνμ;L
ðn ¼

1; 2;…; 5Þ are shown for mKK ¼ 13 TeV and θH ¼ 0.10 with
sin2 θ0W ¼ 0.22266. Right-handed couplings are very small;

jĝW
ðnÞ
R

eνe;R
j < 2 × 10−19 and jĝW

ðnÞ
R

μνμ;R
j < 2 × 10−17 for n ≤ 8.

n m
WðnÞ

R
ðGeVÞ

m
WðnÞ

R
mWð0Þ

ĝ
WðnÞ

R
eνe;L

ĝ
WðnÞ

R
μνμ;L

mKK
m

WðnÞ
R

1 9951 0.7655 8.08 × 10−3 0.01449 0.01382

2 22842 1.7571 3.52 × 10−3 0.00579 0.00445

3 35809 2.7546 2.25 × 10−3 0.00209 0.00151

4 48794 3.7534 1.65 × 10−3 0.00122 0.00092
5 61785 4.7527 1.30 × 10−3 0.00073 0.00053
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also need to be taken into account for complete analysis.
We expect that they are small as well. It is reasonable to
approximate ΔrloopGHU by ΔrloopSM . In the evaluation below, we
take ΔrloopGHU ¼ ΔrloopSM ¼ 0.0383.
Now, one can evaluate mW for given mKK and θH.

Specify a tentative value for sin2 θ0W, with which one
determines mW from (3.4) and also from (3.6). The two
values generally differ from each other. We adjust sin2 θ0W
such that these two values for mW coincide. In this manner
mW and sin2 θ0W are determined to satisfy (3.4) and (3.6)
simultaneously. For mKK ¼ 13 TeV and θH ¼ 0.10, for
instance, we find that mW ¼ 80.396GeV, sin2 θ0W ¼
0.22266, ĝW

ð0Þ
eνe;L

ĝW
ð0Þ

μνμ;L
¼ 0.99530, and ΔrG ¼ 0.0020.

In Fig. 1 the predicted values for mW are plotted for
various values of mKK and θH. It is seen that mW in GHU
becomes larger than mSM

W in the SM, but is smaller than
mCDF

W for 13 ≤ mKK ≤ 20 TeV. The GUT inspired GHU in
the RS space naturally predicts the W boson mass well
above mSM

W . We note that an uncertainty ΔmW of about
7 MeV is expected as in the SM for an uncertainty in mSM

W .
In Figs. 2–4, sin2 θ0W , ĝW

ð0Þ
eνe;L

ĝW
ð0Þ

μνμ;L
and ΔrG are displayed,

respectively. It is observed that these quantities are mostly
determined by the value of θH. It is seen in Fig. 2 that
sin2 θ0W in the on-shell scheme in GHU approaches
s2W jSM ¼ 1 − ðm2

W=m
2
ZÞ in the on-shell scheme in the

SM as mKK becomes larger. Similarly, ĝW
ð0Þ

eνe;L
ĝW

ð0Þ
μνμ;L

and
ΔrG also approach those in the SM as mKK becomes large.
To compare the result in GHU to that in the SM, let us

rewrite the formula (3.6) in the form

Gμffiffiffi
2

p ¼ C
πα

2s2W;GHU

1

m2
Wð0Þ

ð1þ ΔrloopGHUÞ;

C ¼ s2W;GHU

sin2θ0W
ĝW

ð0Þ
μνμ;L

ĝW
ð0Þ

eνe;L
ð1þ ΔrGÞ; ð3:9Þ

where s2W;GHU ¼ 1 − ðm2
Wð0Þ=m2

ZÞ. There are three
factors in C. For mKK ¼ 13 TeV and θH ¼ 0.10 one
finds s2W;GHU= sin

2 θ0W ¼ 1.00014, ĝW
ð0Þ

μνμ;L
ĝW

ð0Þ
eνe;L

¼ 0.99530,

1þ ΔrG ¼ 1.0020, and therefore C ¼ 0.997425 < 1. In
other words, the effective ΔreffGHU defined by 1þ ΔreffGHU ¼
Cð1þ ΔrloopGHUÞ becomes smaller than ΔrloopGHU ∼ ΔrloopSM ,

which in turn makes mð0Þ
W larger than mSM

W .
In Figs. 1–4 the range of θH is restricted to

θmin
H ≤ θH ≤ θmax

H , once mKK is specified. For θH < θmin
H ,

the top quark massmt cannot be reproduced. The top quark
mass mt ¼ kλt is determined by

SLð1; λt; ct; zLÞSRð1; λt; ct; zLÞ þ sin2
θH
2

¼ 0; ð3:10Þ

FIG. 1. TheW boson mass mW in GHU is plotted as a function
of θH with various mKK. The constraint mKK ≳ 13 TeV is
obtained from the experimental data at the LHC [43]. The
predicted mW in GHU for 13 ≤ mKK ≤ 20 TeV lies between
mSM

W and mCDF
W .

FIG. 2. sin2 θ0W in the on-shell scheme is plotted as a function of
θH with various mKK. s2W jSM ¼ 1 − ðm2

W=m
2
ZÞ ¼ 0.22339�

0.00010 is the value in the on-shell scheme in the SM, listed
in Table 10.2 of Ref. [49].

FIG. 3. The product of the W couplings of μ and e normalized
by the SM coupling gw=

ffiffiffi
2

p
, ĝWμνĝWeν ≡ ĝW

ð0Þ
μνμ;L

ĝW
ð0Þ

eνe;L
, is plotted as a

function of θH with various mKK.

FIG. 4. ΔrG in Eq. (3.6) is plotted as a function of θH with
various mKK. ΔrG ¼ 0 in the SM.
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where ct is the bulk mass parameter of the top quark field
and SL=Rðz; λ; c; zLÞ is given by Eq. (A3). Equation (3.10)
is invariant under ct → −ct. With given θH, zL, and λt, a
solution for jctj exists only for θH ≥ θmin

H (ct ¼ 0 for
θH ¼ θmin

H ). In Fig. 5, jctj as a function of θH with various
mKK is displayed. We note that the bulk mass parameters of
the other up-type quarks and charged leptons are deter-
mined by the same form of the equations as Eq. (3.10). For
mKK ¼ 13 TeV and θH ¼ 0.1, for instance, one finds
ðcu; cc; ctÞ ¼ ð−0.863;−0.722;−0.275Þ and ðce; cμ; cτÞ ¼
ð−1.012;−0.796;−0.677Þ. The mass hierarchy of quarks
and leptons is naturally explained by Oð1Þ bulk mass
parameters in GHU. Only the top quark field has jctj < 1

2
as

mt > mW . In the GUT inspired GHU, negative values for
the bulk mass parameters for quark and lepton multiplet
fields have been adopted. Positive bulk mass parameters
would lead to additional MeV scale neutrinos in the lepton
sector and additional very light KK modes of down-type
quarks in the first and second generations, the latter of
which conflicts with the observation [32].
The value of θH is also constrained by θH < θmax

H . It turns
out that for θH > θmax

H the μ-e universality is spoiled,
particularly in the Z couplings of the right-handed e and μ

at the mZ scale. For instance, with mKK ¼ 13 TeV, the μ-e
universality holds within an error of 3 × 10−6 for
0.09 ≤ θH ≤ 0.11, but the universality breaks with a
magnitude 3 × 10−3 for θH ¼ 0.115. It seems to be related
to the fact that the AdS curvature (Λ ¼ −6k2) becomes
large. 8 × 1012 ≤ k ≤ 3 × 1017 GeV for 0.09 ≤ θH ≤ 0.11,
whereas k ¼ 6 × 1018 GeV for θH ¼ 0.115, the value of k
getting close to the Planck mass scale. See Fig. 6. We also
note that another constraint mKK ≳ 13 TeV is obtained
from the experimental data at the LHC [43].
Once mKK and θH are specified, sin2 θ0W in the on-shell

scheme in GHU is determined as described above. Now we
estimate the forward-backward asymmetry Aμ

FB in the
e−eþ → μ−μþ process at the mZ pole. For this end, we
need to know sin2 θ̄0WðmZÞ at themZ scale corresponding to
ŝ2Z ¼ sin2 θ̂WðmZÞ in the MS scheme in the SM [49]. In
relating sin2 θ0W to sin2 θ̄0WðmZÞ, only SM particles are
relevant, as all KK modes are very heavy (mKK ≫ mZ).
Further, the couplings among SM particles in GHU are
nearly the same as those in the SM. Therefore, it is
reasonable to approximate as sin2 θ̄0WðmZÞ ∼ KSM sin2 θ0W ,
where KSM ¼ ŝ2Z=s

2
W ∼ 0.23122=0.22339 [49]. With this

sin2 θ̄0WðmZÞ one evaluates the Z couplings of e and μ at the
mZ scale, from which Aμ

FBðmZÞ is determined. The result is
plotted in Fig. 7. It is seen that the predicted values in GHU
are consistent with the experimental data Aμ

FBðmZÞexp ¼
0.0169� 0.0013 for 13 ≤ mKK ≤ 20 TeV.

IV. SUMMARY

In this paper, we have evaluated theW boson mass in the
GUT inspired GHU in the RS space. With the KK mass
scale mKK specified, the allowed range of the AB phase θH
is constrained as θmin

H ≤ θH ≤ θmax
H . For mKK ¼ 13 TeV,

for instance, 0.085≲ θH ≲ 0.11, and the predicted mW is
80.381≲mW ≲ 80.407 GeV. The result for other values of
mKK is depicted in Fig. 1. For 13 ≤ mKK ≤ 20 TeV, the
predicted mW lies between the SM value mSM

W ¼ 80.354�
0.007 and the CDF value mCDF

W ¼ 80.4335� 0.0094 GeV.

FIG. 6. The parameter k in the AdS curvature of the RS warped
spaceΛ ¼ −6k2 is depicted as a function of θH with variousmKK.
As k approaches the Planck mass scale, the μ-e universality starts
to break down.

FIG. 5. The absolute value of the bulk mass parameter of the
top quark multiplet field ct is plotted as a function of θH
with various mKK.

FIG. 7. The forward-backward asymmetry in the process
e−eþ → μ−μþ at the Z pole Aμ

FBðmZÞ is plotted as a
function of θH with various mKK. Aμ

FBðmZÞ for 13 ≤ mKK ≤
20 TeV is consistent with the observed value Aμ

FBðmZÞexp ¼
0.0169� 0.0013.
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In the GUT inspired GHU, the value ofmW is determined
by (3.4) and (3.6). In addition toW ¼ Wð0Þ, the KK excited

modes WðnÞ and WðnÞ
R (n ≥ 1) mediate the μ decay at the

tree level. The W couplings of e and μ, ĝW
ð0Þ

eνe;L
and ĝW

ð0Þ
μνμ;L

,
become slightly smaller than those in the SM, which leads
to a larger value for mW than that in the SM. It is curious
that mW is mostly determined by the value of the AB phase
θH as seen in Fig. 1.
It is extremely important to definitively determinemW by

experiments. The WþW− production process in the eþe−
collisions near the threshold should give indispensable
information on mW . Once mW is determined, the values of
mKK and θH in GHU can be severely constrained.
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APPENDIX: BASIS FUNCTIONS

We summarize the basis functions used for wave
functions of gauge and fermion fields. For gauge fields,
we introduce

Fα;βðu; vÞ≡ JαðuÞYβðvÞ − YαðuÞJβðvÞ;
Cðz; λ; zLÞ ¼

π

2
λzzLF1;0ðλz; λzLÞ;

Sðz; λ; zLÞ ¼ −
π

2
λzF1;1ðλz; λzLÞ;

C0ðz; λ; zLÞ ¼
π

2
λ2zzLF0;0ðλz; λzLÞ;

S0ðz; λ; zLÞ ¼ −
π

2
λ2zF0;1ðλz; λzLÞ; ðA1Þ

where JαðuÞ and YαðuÞ are Bessel functions of the first and
second kind. They satisfy

−z
d
dz

1

z
d
dz

�
C

S

�
¼ λ2

�
C

S

�
; ðA2Þ

with the boundary conditions CðzL; λ; zLÞ ¼ zL,
C0ðzL; λ; zLÞ ¼ SðzL; λ; zLÞ ¼ 0, S0ðzL; λ; zLÞ ¼ λ, and
CS0 − SC0 ¼ λz.
For fermion fields with a bulk mass parameter c, we

define

�
CL

SL

�
ðz; λ; c; zLÞ ¼ � π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fcþ1

2
;c∓1

2
ðλz; λzLÞ;�

CR

SR

�
ðz; λ; c; zLÞ ¼∓ π

2
λ

ffiffiffiffiffiffiffi
zzL

p
Fc−1

2
;c�1

2
ðλz; λzLÞ: ðA3Þ

These functions satisfy

DþðcÞ
�
CL

SL

�
¼ λ

�
SR
CR

�
;

D−ðcÞ
�
CR

SR

�
¼ λ

�
SL
CL

�
; D�ðcÞ ¼� d

dz
þ c
z
; ðA4Þ

with the boundary conditions CR=L ¼ 1, SR=L ¼ 0 at
z ¼ zL, and CLCR − SLSR ¼ 1.
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