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o/-corrections. But the mass spectrum turns out to be robust, and conformal dimensions
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1 Introduction and results summary

String theory or supergravity solutions on a maximally symmetric spacetime, with cosmological

constant A, times compact extra dimensions, may or may not exhibit scale separation. This

property, important for phenomenology, has recently received a revived interest. A scale-

separated solution admits a large hierarchy between A and the typical mass scale mgg of

Kaluza-Klein states coming from the extra dimensions: m¥y /|A| > 1. This hierarchy allows

to have an effective description of physics at low energy in the maximally symmetric spacetime



only, as in our universe. Scale-separated solutions are however rare, especially when requiring
in addition a parametric control (i.e. an arbitrarily good control on the scale separation
in terms of a parameter): until recently, the only such example was the so-called DGKT
solution [1] (see also [2-4]). This is a solution of 10d massive type ITA supergravity on a
4-dimensional (4d) anti-de Sitter spacetime, times a torus orbifold 7°/Z3, together with a
(smeared) orientifold Og-plane. In this solution, the parameter of interest, denoted n, is
related to an Fj flux integer, and it is unbounded as Fj; does not enter a tadpole condition.
Interestingly, this parameter n that controls scale separation also governs the classicality or
supergravity approximation of the solution, namely, the string coupling becomes small and
the toroidal volume becomes large in the limit of large n. In this limit, one gets both a (very)
scale-separated solution and a classical string theory background. Last but not least, this
anti-de Sitter solution is perturbatively stable, and can be a vacuum for the 4d scalar fields.
Scale separation, classicality and perturbative stability are rare properties; see e.g. [5] for the
situation of Minkowski and de Sitter supergravity solutions. Scale separation in particular is
so uncommon that it has been conjectured not to exist, within the swampland program [6, 7].
This has led to many discussions [5, 8-19] (see also [20-24] for early works). Constructions of
similar examples in 4d [25-31] and 3d [32-34] have then been performed. These examples are
usually related to the original DGKT, e.g. by T-duality or by considering slight generalizations
such as anisotropy. One observation has been that the conformal dimensions in a would-be
holographically dual CFT take integer values [35-40]. This is also rare enough to be noticed,
and it raised the question whether the peculiarity of scale separation could be related to
this CFT property. It seems not to be the case, as some generalisations of DGKT solutions
were found not to provide integer conformal dimensions, in 4d [41] and in 3d [37], but it
remains an important property of the original DGKT. We will come back to it in this paper,
since we will be interested in its mass spectrum.

One criticism against the DGKT solution is that the Og source is smeared. On the
covering torus T, the corresponding 9 intersecting sources are not localized or backreacted;
only the integrals of their contributions appear in the 10d equations. This is a general issue
of supergravity solutions, whenever facing intersecting sources; it goes beyond this 4d anti-de
Sitter setting. In contrast, a localized solution on Minkowski times a torus for parallel sources
was given in [42]. For the DGKT solution, an approximate localized solution has however
been recently obtained in [43, 44]. To reach this result, the idea there has been to use the
parameter n to construct an extension beyond the original DGKT solution, that would
capture (part of) the source backreaction. It takes the form of a perturbative expansion in
large n, where 0" order fields correspond to the DGKT (smeared) solution, and 1% order
ones are a correction to the former that provides the backreaction; the 15* order coming
as a 1/n power. In this paper, we are going to consider two extensions of DGKT in the
form of such a n-expansion. We will perform the expansion both at a 10d level, to get a
corrected solution to the 10d equations, but also at the 4d level, to get corrections to the
4d theory, critical point, and mass spectrum.

Of particular interest to us are the corrections to the mass spectrum that one can obtain
via such extensions of DGKT. As emphasized, the DGKT solution possesses rare properties,
and whether we can construct more general solutions (here extensions) that share some of
these properties is a first question that motivates our work. We mentioned in particular the
property of the integer conformal dimensions. A natural guess would be that corrections to
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the DGKT solution would modify the mass spectrum, thus altering this latter property (see
e.g. [45] along these lines, in a dual framework). After considering two extensions of DGKT,
including one generalisation of the backreacted solution of [43], we will however conclude
that the mass spectrum is very robust, and the integer property is maintained. Another
motivation for considering the mass spectrum is the recent observation of a mass bound [18]:
almost all supersymmetric and many non-supersymmetric anti-de Sitter solutions (in 4d or
higher), with radius /, admit a scalar whose mass m obeys the bound m?/?> < —2. In DGKT,
depending how some flux signs are chosen (related to supersymmetry), either this claim is
verified, saturating this —2 bound with some axions, or all scalar masses verify m? > 0; we
detail the mass spectrum in section 2.2.2. The latter case is one of the few known counter
examples to the previous observation. Therefore, we would like to know whether extensions
of DGKT would alter the mass spectrum, with respect to the —2 bound in the former case,
and with respect to positive or negative m? in the latter case. We will conclude once again
on the robustness of the spectrum within the two extensions considered, preventing us to
observe any evolution with respect to this mass bound.

In section 2, we start by rederiving the 10d smeared DGKT solution, and then reproduce
it as the critical point of a scalar potential within a corresponding 4d theory. We then
compute the mass spectrum. The completeness of the derivation and consistency of the
conventions is useful for later sections. To consider extensions beyond this DGKT solution,
including a backreacted version, one needs a more general compactification setting with warp
factor, dilaton and localized source contributions. We detail such a general warped setting,
with 10d conventions and equations in appendix A.1. Building on the localized results of [43],
we verify explicitly in appendix A.2 how a smearing procedure can reproduce the smeared
source contributions of the 10d solution of section 2. In appendix B.2, we derive a general
4d theory corresponding to such a warped compactification, namely its kinetic terms and
scalar potential. This derivation does not make use of N' = 1 supergravity formalism, but
is performed as a direct dimensional reduction, building on [46]; it would be interesting
to compare this derived warped 4d effective theory to the results of [47-54]. We believe
that this theory could find more applications beyond this paper. Having available both a
10d and 4d description of a warped compactification, we can consider n-expansions of the
fields, including of the warp factor.

In section 3, we generalise the n-expansion of [43], for which an approximate backreacted
solution was obtained. We are especially interested in the fluxes H, Fy, Fg at 15 order, for
which we allow for general scalings with n. In section 4, we consider another n-expansion,
where on top of the freedom for H, Fy, Fg, the setting differs in the 15 order scaling of
the metric, the dilaton, and a certain compactification ansatz. The motivation for giving
more freedom in H, Fy, Fy is the following. The 4d theory at leading order (LO) in the
n-expansion, corresponding to the DGKT 4d theory, scales with n as n~9/2. When looking

11/2
9

for next-to-leading order (NLO) corrections, one finds most contributions at n~ and

10/2 or lower. It is however

—10/2

a few corrected axionic terms (not considered in [43]) at n~
argued in [43] that bulk o/-corrections could appear at the level n , while tube o/- and
gs-corrections (referring to the corrections in the region close to the sources) could appear

almost at the same level, namely at n~=21/4

. This implies that computing corrections to the
mass spectrum due to the backreaction or localization is meaningless, since those would mix

with o/-corrections. In turn, it is hard to conclude on the impact of o’-corrections on the
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n—3 ++LO (DGKT) potential
(1)
> F;"’ NLO terms
_ 10 | /) Bulk a'-corrections
noz NLO axionic terms
n—% + Tube o’- and gs-corrections
n—5 Tt Most NLO corrections

Figure 1. Scaling with the parameter n of the various terms in the scalar potential of the 4d theory.
The leading order (LO) terms scale at n~%/2 and correspond to the 4d DGKT scalar potential. The
corrections in powers of 1/n, due to the perturbative n-expansions considered in this paper, are broadly
referred to as next-to-leading order (NLO) terms. They appear at various subdominant scaling levels.
They compete with /- and gs-corrections, whose scaling given here follows [43]. We refer to the main
text for more details.

mass spectrum, as one could be tempted from [45], since those may mix with backreaction
contributions. Our strategy is then to consider more general extensions including H, Fy, Fg
15¢ order contributions. To our surprise, those turn out to be very constrained, by flux
quantization (setting H") = 0) and then equations of motion (setting Fﬁ(l) = 0). Nevertheless,
the 15 order correction F, 4(1) can still contribute and by adjusting its scaling, it would generate
a scalar potential scaling as n%/279 with 0 < g < 1 /2, therefore higher than the problematic

—-10/2

level n . We summarize this situation in figure 1.

In our two extensions, things however conspire such that the NLO potential due to F 4(1)
does not really alter the mass spectrum! For the first n-expansion considered in section 3, F, 4(1)
is forced to vanish at the critical point, as no field can balance this correction. We show this
both with 10d equations and the 4d theory. The spectrum therefore remains the same until its
hits o’-corrections. In section 3.2.3, we still discuss possible refinements of this claim, by re-
analysing possible bulk o’-corrections and arguing that they could actually appear at a much
lower level; this situation deserves more investigation. For the second n-expansion considered
in section 4, F, f) provides an actual corrected solution at 15* order, thanks to the metric and
dilaton corrections appearing at the same scaling. This solution is obtained both by solving
10d equations and 4d NLO ones. As is however realised in 4d, this correction can eventually
be interpreted (and repackaged) as a redefinition of the parameter n — n’ =n + e pl-9,

with a constant e(t). This parameter can still obey the Fj quantization condition, so this n'—9
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correction is admissible. Viewed as a redefinition of the parameter, we understand why, as
we eventually find out, the mass spectrum is only altered via a correction of the cosmological
constant. As a consequence, m?I? or the conformal dimensions are left unchanged by this
correction. This shows again the robustness of the spectrum against extensions.

Without a better understanding of the /- and gs-corrections, or considering different
extensions of DGKT, we conclude that this solution seems to remain robust and very specific,
in its properties and mass spectrum. One aspect we left aside are the blow-up modes, that
could be worth investigating. Indeed, some of the peculiarities of DGKT are due to its orbifold,
but the latter comes at the price of having blow-up modes. Surprisingly still, those are Kéhler
moduli and admit m? > 0. It would be interesting to see if any of the extensions or corrections
mentioned above could affect this spectrum. To that end, one would first need to establish on
firm grounds the scalar potential for those modes, with a clear 10d origin, and then see how it

gets affected by corrections in n, e.g. to the metric; this goes beyond the scope of this work.

2 DGKT

In this section, we review the DGKT anti-de Sitter solution on a torus orbifold [1], first in
10d type ITA massive supergravity and then as the critical point of a scalar potential in a
4d theory. We finally derive the 4d mass spectrum. This provides us with a starting point
for the extensions considered in the next sections.

2.1 10d DGKT solution

We describe here the DGKT solution in 10d type IIA massive supergravity. Conventions
are detailed in appendix A.1. The solution requires a certain amount of notations that
we try to keep minimal.

2.1.1 Compactification ansatz

The solution of 10d type ITA massive supergravity presented in [1] has a 10d spacetime
split as 4d anti-de Sitter times a 6d compact space being a torus orbifold, together with
a space-filling orientifold Og-plane. Let us start with the torus 7% = T2 x T2 x T? and
introduce for i = 1,2, 3 the coordinates z* = >~ +iy%, ie. 2! = y' +iy? etc. Each T? is
made compact with the following discrete identifications

PURNIELNES PUPLETEE (2.1)

From there, we consider the orbifold T°/Z%, and we refer to [1] for the two Z3 actions and
details on the resulting space. Finally, one has the orientifold reflection: z* — —%*. On the
covering torus 79, the Og-plane can be viewed as 9 localized sources, as detailed e.g. in [43].

The orbifold and orientifold project out many field components of type IIA supergravity,
and the solution ansatz has to respect these projections. To start with, the 6d metric is given by

3
ds? = gndy™dy" = 2(/<c\/§)1/5 Z v; ((dy?H2 + (dy*)?). (2.2)
i=1



The overall normalisation is for later convenience; we take x to carry the physical dimension
of a length®, while 3* and v; are dimensionless. The freedom in the metric ansatz is carried
by the v;, which will be fixed in the 10d solution, and appear as scalar fluctuations in 4d.

On this 6d space, only few forms can be defined, as they need to be invariant under the two
Zs; they will also appear in the flux ansatz. The even and odd forms are respectively given by

. ) . A
w' = (kV3)31d A A, @' = —w AwP  with {i,5,k} = {1,2,3},  (2.3)
K
volg = vivouz wh Aw? Aw® = /|gs| dyt A... AdyS, (2.4)
1
Q=31idz' Ad22 A d2® = (a0 +i0), (2.5)

V2

where the normalisations are chosen for future convenience. It will be useful to have the
explicit expressions for some of these forms, namely

o= V231 (dy2 Ady*Ady® —dy? Ady® Ady® —dyt Ady? Ady® —dyt /\dy4/\dy5) (2.6)
Bo =237 (dy" Ady® Ady® —dy" Ady* Ady® —dy? Ady® Ady® —dy? Ady* Ady?) (2.7)
o' = 4(3/(1)% dyP Ady*Ady® Ady®, @% = 4(3&‘1)% dy* Ady? Ady® Ady®, (2.8)
= 4(3,%_1)% dyt Ady? Ady3 Ady?.

The real forms o and g are even, respectively odd, under the orientifold reflection.

Let us finally give few integrals of these forms. Given the coordinate identifications,
each T? corresponds to a parallelogram, whose area is the same as the rectangle defined by
y? =1~y 41 and y* ~ y? + ? One therefore gets the following integral

) ) ) ) 3
/TZ idz! AdZ' = /T2 2dy* I A dy® =2 ‘g = V3. (2.9)

Modding out the T by the two Z3 divides the 6d volume by 9. This leads to the following
6d integrals

/ w' Nw? Aw? =k, / wt A = 6 (2.10)

TS /72 T6 /72

/ volg = Kk v1v9v3 = vol, (2.11)
T6 /72

/ iNAQ= agANPog=1, (212)
T6 /72 T6 /72

where (2.11) defines the scalar quantity vol.
We can now present the ansatz for the 6d background fluxes, allowed by the projections.
We start with the following ones

Fy=V2en', H = —ppo, Fy=—v2my, (2.13)

where the normalisations and signs are due to our conventions, detailed in appendix A.1. The
quantities mg, p, e;, referred to as flux numbers in the following, will be related to integers
thanks to flux quantization; we can already specify their physical dimension

mo ~ length™! p ~ length?, e; ~ length® . (2.14)



We take in addition for this solution
F=0, (2.15)

as is standard for a smeared solution on a toroidal manifold. Fg can be left free in the ansatz,
but the equations of motion will set Fg = 0.

Axions do not enter the 10d solution, but as fluctuations, they are still constrained by
the geometry and the allowed forms. They are parameterized as follows

3
BQZZbiwi7 03:\/56010, (216)
=1

where b;, £ will appear as 4d scalars, and one has C; = 0.

Finally, the dilaton ¢ will be fixed to a constant value in the 10d solution, and will be
considered as a scalar fluctuation in the 4d theory. We could also give more detail on the
Og-plane whose contribution appears in the 10d equations; the fact it will taken smeared
requires however a longer discussion that we leave to the next subsection. Having specified
the 10d geometry and the compactification ansatz of the fields, we now show how the 10d
equations are solved, fixing the free parameters and expressing the whole solution in terms
of the flux numbers only.

2.1.2 Solution

We show here how the previous ansatz leads to a solution of 10d equations. As we will see, the
solution is said to be smeared: the first consequence is that the dilaton ¢ is constant and there
is no warp factor, i.e. the spacetime is a direct product of a 4d anti-de Sitter spacetime and the
6d manifold. With respect to the more general ansatz of appendix A.1, this sets e/ = 1. This,
together with the ansatz previously presented, simplify the 10d equations of appendix A.1.

We start with the flux equations of motion (A.7)-(A.10). All exterior derivatives on
internal forms vanish. Provided that either H or F} is non-vanishing, as desired here, we
deduce the requirement

Fs=0. (2.17)

All those equations are then satisfied. Among the others, (A.6) and (A.15)—(A.17), the
non-trivial equations boil down to

F, Bianchi identity: — HFp = % vol | (2.18)
dilaton e.om.: 2R + e‘ﬁ% —|H?=0 (2.19)

4d Einstein equation: 4R = e‘b% —2|H|? + e*(|Fy|* — 3| F4|?) (2.20)
6d Einstein: 0= 62%1?4 mpgrFy L1+ %Hmpqﬂnpq (2.21)

T+ 75" (10 — 20 HP + (B> = 31 Faf?))

with m = 1,...,6 and indices are lifted with the 6d metric g,. Rf denotes the Ricci scalar
associated to the 4d metric gﬁy in (A.1), and we refer to appendix A.1 for further notations.
The source contributions T,,, will be defined below.

-7 -



Before solving these equations, we need to clarify the situation of the sources, namely
the Og-plane. The contributions T110 and alike are defined in appendix A.1 with localized and
backreacted sources. The DGKT solution is however smeared, meaning that the §-functions
appearing in those quantities are replaced by 1; similarly, the warp factor that plays the
role of the Green’s function for these d-functions (see e.g. [42]) is set to a constant so that
its derivatives vanish. Overall, smearing amounts to consider the integral of equations of
motion, instead of their localized version. If one would know the localized solution, this
smearing procedure could in principle be performed to get the corresponding constant value
for T}, and other smeared quantities. This is done to some extent in [43] starting with the 9
localized sources on the torus covering. We revisit this smearing procedure in appendix A.2
to match the smeared DGKT solution. In this subsection, we take a different path: we rather
consider the torus orbifold, on which there is only one Og. This corresponds to having only
one source set I = 1, so we drop the label I in above equations. We do not know the localized
solution for it, but we follow [1] considering that there exists a smeared version, described
by a constant quantity T1g. Instead of fixing 1o by its localized definition together with a
smearing procedure, it gets fixed here by solving the various equations.

A related matter is to determine the volume forms vol); and vol ;. The Og is said in [1] to
wrap the cycle along ag. We thus take vol)| to be proportional to o, and vol; proportional to
Bo, obeying the standard constraint voljj Avol | = vols. It is not straightforward to understand
what are here the corresponding 3 dimensions wrapped, since both ag and Fy are a sum of four
3-forms along different directions. In both cases however, the directions in each 3-form share

the same metric volume 1/8v/3 k v1v2v3. The two volume forms should then be proportional to
this factor, and what remains to be determined is an overall numerical factor. The constraint

VolH Avol| = volg leaves one possible relative factor between the two forms. The Bianchi
%
other side, —H Fy, is fixed). The quantity % also appears alone in further independent

identity involves % vol |, so this normalisation ambiguity is also present in (since the

equations, so this ambiguity is eventually fixed. With this knowledge, we finally pick

1
VOIJ_ = 5«&1)11)21)3 ﬁo, VOIH = 2\/I£1)11}2123 Qg . (2.22)
The Bianchi identity is then solved by

Two _ _ pmo2v2. (2.23)

7 NI

Having only an Og-plane, we must have T1g > 0, so pmg < O.

Finally, we will also use an alternative, or effective, description of the above smeared source.
One may effectively consider each of the four 3-forms in o as a subspace wrapped by an O,
carrying 1/4 of the total charge. Doing so, we then consider four sets of sources, I =1,...,4,
along these 4 subspaces. We introduce the corresponding volume forms vol||,, vol, ;, with

1
vol = 7 vol,, vol, = 1 > rvoly,, volj|, Avol, = volg, (2.24)



together with the (smeared) charge contributions for each set T} = T% = T = Tj = %Tm,
and Tyo = Y. ;T},- The Bianchi identity (2.18) can be rewritten as
=~ Ty
—HFy =) —="vol.,. (2.25)
1=1
This alternative, effective description is useful to solve the Einstein equation, where T,
defined as follows [55] appears
™y "Iy T1[0
Ton =Y 0m'" b Gy vy =7 (2.26)
I

Here, my|, refers to the directions along the Og in set I; those are precisely easier to identify
when considering the four sets, rather than in the full ag. We get that 2 sets I contribute
to each direction m, giving thus half a charge of 1o

1T,
T = gmni%o : (2.27)

A cross-check of this result is that ¢"" T, = %Tlo as it should. Having explicitly determined
the source contributions, we are ready to solve the remaining equations.

The solution, as given in [1], is essentially captured by the background values for the
4d fluctuations in terms of the flux numbers: those are

v 1 /5 |erezes s 3 ( 5 K )1/4
vi leil el V31 kmo |’ N 4|p\ 12 |moeiezes| ’ i=¢
(2.28)
The above gives the useful relation
5
et ) (2.29)

42 JEorvguzme|

Let us now verify that this is indeed a solution of the above equations. The dilaton and the
Einstein equations require the flux squares: those are given in general by

3 2.9
D i1 €;V;

R T T .
(K v1v9v3)?

2.30
KV1U20U3 (2.30)

Using the background values (2.28) and (2.29), we obtain the convenient expressions

Ty 5 p? 27 p? 25  p?
poTo _5_ P MEP=t P =2 (231
7 2 K V1U203 16 kK viv9us 16 Kk v1vou3
The dilaton e.o.m. (2.19) then fixes the 4d Ricci scalar as follows
3 p?
Ry =—--"——— 2.32
4 4 kKvivgus (2.32)

its sign allowing us to verify that this is an anti-de Sitter solution. The 4d Einstein equa-
tion (2.20) offers the first non-trivial check of the above quantities, and is satisfied. The
other non-trivial check is to satisfy the 6d (trace-reversed) Einstein equations (2.21). To



verify this, we first compute each of the quantities appearing: those are proportional to
v for m,n = 2k — 1,2k — 1 and 2k, 2k

1 1 1
2¢ 9 3)3p? 1 3)3p? 5 3)3p?
S 2 (rV3)3p Uk —Hmqunpqzi(ﬁf) Dok, €T =2 (V3)3p” v
3! 4 KU1U20V3 2 K U103 2  KU1UaV3
1
23 (kV3)3p?

D (972l HP 2o -3y ) = — 22 (VIR (2.33)

8 4  KvivoUs

where we used (2.27) for T,,,. With the above quantities, it is straightforward to verify that
the 6d Einstein equations are satisfied. We have then verified that the DGKT solution indeed
solves the smeared 10d equations of type ITA supergravity.

For completeness, one may consider the source quantization for one Og, following the
definitions (A.2)—(A.4) together with the flux quantization (see e.g. [56]) to reach the fol-
lowing equalities

T
%wh 2 x 2mvVa! /H = (2nvVa)thy,  Fy=(2nVa!)7L fo, (2.34)
with the flux integers fy, hs € Z. Applied to the Bianchi identity, the above integrals give
a tadpole condition

fohs = —2. (2.35)

This condition is not needed to solve the 10d equations, nor in the 4d analysis; we will
still come back to it when considering extensions of the DGKT solution. Expressing the
tadpole condition in terms of p, mg, or T1g9, would be interesting but this requires to know
J Bo. That question is related to the smearing procedure mentioned previously, as it considers
the integral over the localized definition of Tg, with the quantized nature of the source. We
thus discuss these subtleties in appendix A.2.

In the following, we show that this 10d solution can be obtained as a critical point of
a scalar potential in a 4d effective theory.

2.2 4d description

We now provide a 4d effective theory for the 10d compactification setting described above.
This 4d theory is of the form

1
S= /d4 94 ( pR4 gzyauﬁp 8#90 _V> ) (236)

where g;; denotes the field space metric, and M, the Planck mass. We show that the
previous 10d solution can be obtained as a critical point of the scalar potential V. Having
determined the kinetic terms, we then compute the mass spectrum at this anti-de Sitter
solution. Most of these results follow [1], with few extensions. This presentation will be
useful for the next sections.

To derive the 4d theory, in particular the scalar potential with background fluxes, we
follow [46], whose conventions are compatible with the above 10d ones and with the toroidal
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compactification setting. The 4d theory comes from a direct dimensional reduction of 10d
supergravity; this approach is useful in view of the solution extensions considered in the next
sections. For the DGKT setting alone, an alternative could be to use 4d N' = 1 supergravity,
where the 4d real fields, the saxions {v;, ¢} and the axions {b;, £}, pair up into 3 complex
Kaéhler moduli and the axio-dilaton. The interest of this compactification is indeed the absence
of complex structure moduli. The orbifold however comes at the price of having 9 extra Kéhler
moduli corresponding to the blow-up modes (or twisted sector); we ignore those in this work.

2.2.1 4d scalar potential and critical point

We start with the general potential derived in [46]. Considering only the fields in the ansatz
detailed in section 2.1.1, this potential first boils down to

1 2 e29 2

1 T 29
<2|H|2 —e?10 % FZ + |FoBs|” +

1
2 V= Fi+ -Fy B2 A B
(2mVal)6 M2~ vol 7 1T B A

)

where fluxes are given by their background values, and gauge potentials By and C, are the

1 (2.37)
+‘03/\H+F4/\BQ—|—6FO By AN By A\ By

4d axions. Tjp has here the off-shell expression of [46],! but it can equivalently be given by
the tadpole cancellation condition or Bianchi identity that should hold in any case, so we
can use here the expression (2.23). The expression (2.37) of the potential is the same as
in [46], except that we gave it in terms of the dimensionful volume “vol” defined in (2.11).
In that case, the Planck mass does not depend on the background volume or dilaton (those
are fully included in the fields), and is thus simply given here by M, = (md/ )~1/2, with
o/ = [2. Our V has mass dimension 4; comparing to [1, (3.20)] where the potential has
mass dimension —4, we get the following relation

2
W VDGKT = Vhere . (238)
We further compute the potential in terms of the 4d fields with the compactification ansatz
of section 2.1.1 and obtain

2/Mp2 p2 62¢ 63@5 e4¢ 6405
Ty P o alpme| S 2 T 2 2.39
@)~ 2ol 2V APl g g (239
2 2 2
4¢ % bl_Qﬁmoblbzbg €;V; 1 B b, 2> O b4 b3
e (Vol ’UZ2 vol? 2 b; +v013( Ept2eibi)” | +OWbL, )

where the sums are on i = 1,2,3. This reproduces the potential in [1], as can be verified
with (2.38), and up to 2mv/a’ overall factors that were missed in [1, (3.21)], as can be seen
using e.g. (2.14).

Introducing V) o for the first and second line of the potential (2.39) (neglecting higher
dependence in the axions than quadratic), we rewrite V. = V; 4+ V4 using the following

!The expression for Tio in [46] allows for a B-field dependence, coming from the DBI action. Here however,
there is no B2 component on the world-volume of hypothetical Dg parallel to the Og, as can be seen in (2.16),
so we do not need to include this dependence.
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simplifying variables:

A | E N B
mo e €1€2€3
Tf:\/‘E"ei‘”i’ g:\/vol\m |mo|’ E:‘ K ” bi=leil bi, ¢=1plE,

(2.40)
where one verifies that r;, g are dimensionless. We rewrite the potential as follows
2/M? 2/M? Pmol? /e -
V= L Vi+W)=—5—(Vi+ W), 241
(27 a)® (27Va!)b ( ' 2> E2 ( ! 2> (241)
with
- 14 AL T
Vi=- —2V2 LS i 2.42
=S V24° + e to Il (2.42)

by,

4 72 7

~ mo| ¢ b; b;
‘/2 et ’ ’ ( | | T‘,?L E 77%1 — 2 | | 7"2‘2 § Sﬂ"? 7";,
i J

E 12 +(E+ Zsibi)2> : (2.43)

where s; = sign(mge;), while products and sums are on ¢ = 1,2,3, and the sum in the second
axionic term contains 3 terms, each including the 3 indices. We used that pmg < 0. This
expression of the potential shows that the dependence on flux numbers is only an overall
factor; changing those will therefore not affect the critical point, nor the mass spectrum
(except for the signs s;), up to an overall rescaling. This is a very specific property of DGKT.

Having determined the scalar potential, we now find its critical point. Since it is (at
least) quadratic in the axions b;, £, we consider the critical point solution given by

bi=¢=0. (2.44)

The first derivative of the potential with respect to the saxions, evaluated at the critical
point, thus only involves V;j to which we restrict. We disagree with [1, (3.26)] and we thus
generalize the procedure of [1] by keeping three different variables v; or r; to determine the
critical point; this will however lead to the same final critical point. We compute

989‘71 +2 Zri&«if/l = 44" 12 <4 —

5
:>9H7”z'2‘0:4\%7

3 5
—= (Il = Z(gI1r)) 2
V2 1 ) (2.45)

where the last value is obtained at the critical point, setting the above line to 0. Using then
0,V = 0, one gets the relation at the critical point

1 9
gzrf |0 = %Hrf |0' (2'46)

Using finally 0,,V = 0, one concludes on the values

) 27
r%:r%:r§|05’r2 = (246) T4:§, (245) g|0:\/;a (247)

at the critical point, as in [1]. From those, with (2.40) and (2.44), one recovers the background
values given in 10d in (2.28).
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These field values allow us to evaluate the potential at the critical point

2/M? pimol? ( ) 2 27
Py =2 : 2.48
(2mVa’)0 0 p: \5) 28 (248)

verifying that we have an anti-de Sitter solution. We can relate the latter to the 4d Ricci
scalar in 4d Einstein frame

Vo 6 p'mol? ( )227
R4 4M2 = —(2nVd!) g ) o (2.49)

Following conventions of [46], the 4d metric in 10d string frame, respectively its Ricci scalar,
are related to the 4d metric in 4d Einstein frame, respectively the above Ricci scalar (on
the solution), by

g5, = (2nVal)® — gﬂu, Ry = (2mf) £ 724 (2.50)
We then compute RY, and verify that it matches the one obtained in the 10d solution (2.32).

2.2.2 4d kinetic terms and masses

We now provide the kinetic terms in the 4d theory (2.36); this will allow us to compute the
mass spectrum at the above critical point. The kinetic terms for the saxions are computed
directly from 10d supergravity, using known results, in appendix B.1. They are given by

1
Skineg, = —3 /d4:m/ |94 2M5 ((alng)2 + (0ln71)? + (Olnry)? + (dln 7“3)2) . (2.51)

From this expression, we can easily read the canonically normalized fields g, #;. The kinetic
terms for the axions are simpler to obtain and are generically given in [46, (2.23)]. We deduce
here the following kinetic terms, that we rewrite in terms of the different field variables,
in particular (2.40)

M2
Stins, == [ d'floa] (10Baf + 10C412)
M2 1 2¢
= —Tp/d4x\/ |94] <Z;(3bz’)2 +2‘efol(3§)2>
- /d4 p‘mo’ (zl(ab) 42 2(65)2> (2.52)

Since g, r; are 4d fields, we refrain from going to a canonical basis for the axions. We now
have all ingredients to compute the mass spectrum.

In our conventions, the masses squared are the eigenvalues of the mass matrix M* j=
gi’kaajv. At the critical point and in the canonical basis, they boil down to those of
M o= 5ik8k8jV. The field space metric is block diagonal in the axions and the saxions.
The Hessian of the potential at the critical point is also block diagonal in the axions and
the saxions. So we can treat both independently.
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We start by the saxions, only having to consider for them the contribution of V;. We
get the following evaluation at the critical point

5 5
~ 3\2 11x9 ~ 3\2 9x17
9285‘/1‘0:(5) 26 Tfaivl’0:<5) 26
2.53
N 3\3 9 8 3\3 9 (2.53)
griagamvl‘oz(g)) 91° rjriaTjaTiV1’0:<5) 3
We deduce the mass matrix in the canonical basis {g,7;}
o (2mVa)8 pYmel? N
M = ( 7TV/E;> p ’n2?|2 6lk69kéijpﬁ’0
2/A4g FE2

L1111

2rVa)S plimel? (3\% | 1 1L 2 2
= 3 =] 9 17 ) (2.54)

26 B\ 12172

17

1224

giving the masses squared
5 5
2 _ @mva) pllmelz 32 Vol (70

Moz =~ T 5) ¢ (35,9,9,9) = e 3 0 6,6,6 (2.55)

Using the following relation between the masses squared in the 4d anti-de Sitter bulk and the
conformal weights A of the single trace operators in a would-be dual 3d CFT

Z& 3 j: ’[ 12 (2 56)
9 %‘ m .
‘ |0|

rewritten for convenience, we obtain here the conformal weights

Ao = (10, 6,6, 6) . (2.57)

We turn to the axions, for which the only contribution comes from Va. We first compute
the Hessian at the critical point: we get

E E " 34
| ,245% 2975 20 =g
o ol 29 (2.58)
B 1 o, i E 1 o 5 Vhlo= st |
= ——Sp+Sis;.
‘7n/’ 294 & 210 = |Tn/‘ 294 b b 210 — 3 k 2]
We deduce the mass matrix (in non-canonical basis {&,b;}) at the critical point
_1 _s51 _S2 _s3
2g2T4 2g2r4 292T4 292r4
_ij plmol? 26 | s 5 —3s3+ s182) (=52 + s183
37001V o = (2mV o) 3 2 5.0 5 34 y ; )
Ex T sz (—3583 + s182) 5 (=351 + 5283)
S3 (—%Sz + 8183) (—%Sl + 8283) %
16 16 fl I, L,
Vil | s1 5 (=553 4 5152) (—3s2 + s153)
3 5 . 3 (2.59)
D s2 (—3583 + s5152) 9 (—381 + s283)
S3 (—%SQ + 8183) (—%Sl + 8283) %
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Computing the eigenvalues, we conclude

Vil 1 (88, 10, 10, 10) for s18953 = —1, i.c. epeaesmo < 0
5 _ Vil 1 (2.60)
5 .
Mg 3 (— 2,40,40,40) for s1s983 =1, i.e. ejesegmg >0

ar —

Recall that the Breitenlohner-Freedman bound in 4d is given by m*M?2/|V|o| > —3/4, so the
negative mass squared obtained above still provides a stable anti-de Sitter solution. This
spectrum gives the following conformal weights with (2.56)

(11, 5,5, 5) for s1s983 = —1,
Agz = (2.61)
(2, 8, 8, 8) for s1s983 =1,

where A = 2 can be traded for A = 1. As a side remark, note that only s1s983 = —1 gives
a supersymmetric solution [1, (5.17)].

As pointed out already, the peculiar form of the potential allows to get a mass spectrum
that only depends on the flux numbers through an overall factor: the value of the potential
itself at the critical point. This leads to universal conformal weights independent of the
flux numbers (except for the signs s;).

3 Warping DGKT

The 10d DGKT solution presented in section 2.1.2 is smeared: the Og-plane sources are not
localized or backreacted, their contributions as well as the warp factor e and the dilaton
are constant. A more complete, backreacted solution would rather allow for varying warp
factor and dilaton, and localized source contributions. An ansatz for such a solution is
presented in appendix A.l. Starting with 10d massive type IIA supergravity and Og-planes,
we provide there the 10d equations resulting from such a compactification ansatz. We also
indicate how our conventions match those of [43]. In section 2.1.2 and appendix A.2, we
show how taking a smeared limit on these equations (with e = 1) brings us back to the
setting of DGKT, with a smeared solution.

While we know the equations and ansatz for a backreacted solution, finding it is an open
problem. An approximate solution, beyond the smeared limit, has however been proposed
in [43] (see also [44]) using a perturbative expansion in a discretized parameter n. The 0"
order in this n-expansion is the DGKT (smeared) solution, and the 15 order provides the
approximate warped and localized solution.

The parameter n corresponds to a common scaling parameter of the three F; flux numbers
e;; it can also be understood as a common integer to the three components in the quantized
flux Fy. Importantly, the DGKT solution allows this parameter to be chosen arbitrarily large,
playing a crucial role in the parametric scale separation and parametric control on classicality
of the solution. This is why extensions of the DGKT solution based on a n-expansion can be
considered. As mentioned, one such extension can be used to get an approximate warped and
backreacted solution, and this is what we focus on in this section. We discuss aspects of this
extension first in 10d and then in 4d. One motivation is to know how the 4d mass spectrum
would be altered at 15' order. A different extension is then considered in the next section.
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In this section, we consider the following n-expansion of the 10d fields of appendix A.1

gmn = guhn!? + gl ™2 + O(n~37%)
g = gm0 2 4 grn (), =372 L 0 (n75/2)
Al = w = wOnd* 4 wWp=V4 L O(n=5/4)
e =1 =7Op3/4 4 rWp=14 | 054
fo = Fy'n’ (3.1)
Fy = F2(0)n1/2 —|—F2(1)n0 +O(n71/2)
H=H90 ft HOp=sn 0< s <1
Fy= F4(0)n + F4(1)n1*84 , 0<sy<1

FG:O—i—FG(l)nSG, 1<sg<2—58,, S<2—s54

where w, 7 are notations of [43], and [ is our 4d anti-de Sitter radius in 10d string frame.
The 0*" order fields should be given on-shell by the DGKT solution. One recognises their
scaling with n: starting with g,u,, 7, this is seen thanks to (2.28), with ¢; ~ n, E ~ n3. For
w, this is due to the anti-de Sitter radius /, whose scaling can be read from (2.49) and related
equations, with —12172 = R} & Eg ?R, E~Y2 Finally, we recall that FQ(O) = Féo) =0
in the DGKT solution, the fluxes Fyy and H do not scale at 0 order, but Fj scales as n
by definition. To this, we could add the scaling the 4d Einstein frame metric: it can be
read from R4 in the DGKT solution

G = gfg) n? 4. (3.2)

This is however not needed for now. At 15 order, the scalings in (3.1) are those of [43],
provided one picks s;, = s4 = %, s¢ = 1; we leave ourselves more freedom here on these three
scalings for future purposes, and do not fix their values. Note that s, > 0 and s4 > 0 are
necessary by definition of the expansion, the other bounds will be motivated below. Also,
strictly speaking, the value sg = 1 of [43] is excluded by our bound sg > 1, but this can
be ignored for now as that bound will only be required later. In addition, one can verify
the following relation at 15* order

gmn(l) S—— (o)gg)gqn (0), (3.3)

consistent with the above scaling for the inverse 6d metric. Finally, note that Fy is not
corrected, as it is meant to be an independent quantized scalar.

We consider the n-expansion (3.1), first in the 10d warped setting of appendix A.1, and
then in a corresponding 4d warped theory.

3.1 10d extended solution

As verified in section 2.1.2 and appendix A.2, smearing equations and quantities of ap-
pendix A.1 gives the back the DGKT compactification ansatz and solution. The n-expansion
presented above is meant in the same way. Plugging the field expansion (3.1) in the 10d
equations of appendix A.1, one can develop them at leading order (LO) and next-to leading
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order (NLO) in n. The LO, which only involves 0" order fields, should reproduce, or at
least be compatible with the DGKT solution. This is verified to some extent in [43]; since
our conventions match, this is also true for us. At NLO, 15 order fields appear. This is
where a solution was found in [43], that matches the expectations of what an approximate
backreacted solution would be. For completeness, we give this solution in our conventions
(the only difference being the RR sign, see appendix A.1)

A= 5 (00 (Re () na (i () G
 im (o047 2)) na (im (2 ),

¢9) 1
Z(o) - _3:(0) - v1v2\1/37(0) q,t:zo,mﬁ (Re (a2aq+2t Za)) 7 (3.5)
u'(ll) - V1V2\:/237'( 0) tzo,m a4aq+4tﬁ (Re( o Zb)) ’ (3'6)
where 3 ( Re = —2/ ds [1 — H 03 <2Rez ) + constant , (3.7)
for 65(o, T) Z e2mino—rn® (3.8)

n=—0oo

The solution is expressed in terms of the z¢ defined in section 2.1.1, and a = e'5. The v;

0" order contribution, no 15% order one.

The 6d metric is nevertheless corrected at 15 order by the u( ) , with ul(zo) = 0; we refer to [43,
(4.12)-(4.14)] about it. The function § plays the role of generahzed Green’s function (see [42]),

in such a way that dF21 will give a d-function, and similarly for the Laplacian of w and 7.

are related to our v; as in (A.22) and only have a

This NLO solution, expressed in terms of 15¢ order fields, does not involve 15¢ order
corrections to H, Fy, Fy. This is because those decouple from the rest of the equations, and
can consistently be set to zero. We devote the rest of this subsection to these fluxes. We
allow more freedom in their scaling as indicated in (3.1) than in [43], and make important
observations on their 15 order contributions.

3.1.1 H, F; and Fg fluxes: decoupling at NLO

We now expand the various equations at NLO, with an interest in H, Fy and Fg at 15
order. We start with the Bianchi identities (BI) given in (A.6). Using that FQ(O) =0, those
are given at NLO by

dHY =0 (3.9)

(1) (0) (0) Tllo
dFy”’ — HO AN FyY = z]: — Vol (3.10)
dFMnt=s — HO A FD =0 (3.11)

The F» BI is the one considered in [43] and solved by the solution detailed above. The F; BI
has two terms that we kept for illustration: since s4 < 1, the second term H(©) A F2(1) (which

,17,



does not seem to vanish with the above solution) is subdominant and should then be dropped
at NLO. This leaves us with closed HV, F 4(1), and Fél) is necessarily closed.

We turn to the flux equations of motion given in (A.7)-(A.10). Using the metric scaling,
we first get the following Hodge star action at 1% order on dy™? = dy' A ... A dyP

e dyt? = *éo) dyl-P nB3-P)/2 4 *él) dy'? n-r)/2 (3.12)
When acting on a flux given schematically by F, = F,go)nf 0+ Fzgl)nf 1, we get at NLO
*GFp = n(l—p)/2+f0 (*gI)FZSO) + *éO)Flgl) n1+f1—f0> ) (3‘13)

Since in the scaling (3.1) we always have 1+ fi; — fo > 0, the second term dominates; for Fg
the first term vanishes anyway. Furthermore, we can compare *éO)Fél) times the 0" order of

et W EO) times their 15t order: et4]*

or e72%, to * or =2 diminish by 1/n between the

two orders, while the fluxes diminish by less than 1/n. This means that the contribution
with *éo)Fzgl) is dominant and e** and e~2¢ can be set to their 0*® order. We finally get

the following NLO flux equations

A=V FM) =0 (3.14)

AP FM 1 + HO AL FMpse=2 — g (3.15)
A=V FM) =0 (3.16)

d(rO% O gOyp=sn _ pO A O pMpse—2 _ g (3.17)

where we used that FQ(O) =0, HO A *éO)FiO) = 0 and that w(®) and 7(9) are constant. The
LO Fj and H equations require that sg —2 < 0, already implied by the conditions sg < 2 — s4,
S6 < 2 — Sp, in (3.1). In addition, those two conditions on sg imply that the second terms
in the F; and H equations at NLO are subdominant. This makes H®) | F 451), Fél) co-closed.
FQ(I) is also co-closed, which is satisfied by the above solution.

We conclude that H(l),Fil),Fél)
metric), with the scaling constrained as in (3.1). We also note that they decouple from

are harmonic forms (with respect to the 0 order

the other equations so far, and can thus be ignored or set to zero as done in [43], with
a more general scaling.

We now turn to the remaining equations, namely the dilaton, the 4d and 6d Einstein
equations given in (A.15)—(A.17). To compute them at NLO, let us first provide the following
schematic expansion, at LO + NLO

For F,=F"nfo+EFMnlt, (3.18)
’Fp’2w‘Féo)’2n2f07§+2F]§0)F1§1)(971(0)>pnfo+fr§+pFI§0)FI§0)(gfl(0))pflgfl(1)nzfofg—l_
In addition, one has

2f0—§>f0+f1—g>2fo—§—1, (3.19)

which makes the last term subdominant, hence not to be considered at NLO. Indeed, by
definition, f; < fp giving the first inequality, that guarantees that the LO is dominant. The
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second inequality boils down to f1 > fo — 1, a property that we already noticed for our fluxes
n (3.1) (for Fg, one uses FG(O) = 0). This derivation of the NLO for |F,|* will be useful in
the following. For now, let us consider the LO: we get

LO: e HP =rOHOR31 2E2 =1//O |FO2n 3" for p=0,2,4. (3.20)

We can compare this contribution to that of Age™® that appears in all equations (A.15)—
(A.17). We first establish that the Christoffel symbol goes as T' ~ I'® +- T =1, Then,
using that 7(© is constant, we get at NLO

Age™® = AL (1) =3/, (3.21)

We conclude that in each of the equations (A.15)—(A.17), the LO flux contributions have
the same scaling as the NLO of Age~?. Therefore, the NLO version of these equations only
involves the 0*" order of the fluxes, as already indicated in [43]. Once again, H O F 4(1), Fﬁ(l)
decouple and can be ignored or set to zero; we also do not get any constraint on our 15
order scalings sy, s4, s¢ from these remaining equations at NLO. The only constraint we thus

obtained for HY, F, 4(1), Fél) with the general scaling in (3.1), is that they are harmonic forms.

3.1.2 H, F; and Fg fluxes: quantization and (N)NLO

Even though these fluxes at 15* order decouple in equations at NLO, there are important
reasons to consider them, as we will see in 4d. There is then a crucial observation to be
made. The bottom line of the previous study is that H(), F4(1), Fél) have to be harmonic:
this implies that they must be quantized. Harmonic forms on the torus orbifold with the
orientifold are constrained as in the initial flux ansatz: in other words, these fluxes have to
be on the same cycles as their 0'" order counterparts. This gives

H=—p+pM)s, Fi=v2(e; + eﬁ”n‘s“)w", Fs = fMdSy, (3.22)

where we introduced the 15¢ order flux numbers p(!), e,gl), f (1), Note that those should carry
(part of) the scaling in n, in agreement with (3.1). Given that the DGKT (0" order) fluxes
are already quantized, the 15* order contributions should be quantized independently. The
quantization gets written as follows

/H = (27r\/a)2 (hs + hél)n_sh) , /F4 _ (27“/&)3 (fuin + fiz‘l)nl_&l) ,

(3.23)
/F6 = 2rVa')? él)nss, with hs, hél)n_sh, fain, iil)nl_s‘*, fél)ns6 €Z.
We deduce the flux numbers quantization
(2mVa!)? ay_ @mva)? o) -
p=- hs,  p= h ", 3.24
TR TR (324
2 2 2 !
€; = ( 77'\/7) f4z ez('l) = ( ﬂ—\/i) 45" T f(l) = ( W\/G?) (gl)n% (325>
V2 ai V2 [ JdSy

The condition (hél) /n°h) € Z is constraining, because 0 < s, < 1. The coefficient hz(,)l)

fixed number but n is like a variable that can be sent to arbitrary large values; in particular,

is a
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the expansion considered before is valid only in the limit of large n. It is therefore clear
(1)

that the quantization condition hs 'n™*" € Z cannot be satisfied for arbitrary n. To allow
the large n limit, we set

D=0, M=o, HO=0, (3.26)

This situation is very similar to that of Fy, which is not corrected beyond the O order.
In addition, we recall the tadpole condition (2.35), giving with Fy = (27v/)~! fo that
fohs = —2, ie. |h3| = 1 or 2. Getting the integer hgl)n_sh smaller than such an |hs|, in
order to have the 1% order subdominant to the O order, is very limited (and not much
subdominant). So again for consistency of the expansion, we are led to (3.26).

We now come back to the H-flux equation of motion at NLO. In that equation (3.17),
the Fg term was subdominant thanks to the condition sg < 2 — sp, in (3.1). If H) =0, one
has however no access to s, so this condition cannot be checked. Another way to see the issue
is to start directly with H(1) = 0 (as one does for Fy): the resulting NLO equation would just
be Fio) A *éO)Fél) = 0. Note that further terms in F2(1) would appear in (3.17) with a scaling
n~!: the Fﬁ(l) term remains dominant, avoiding a mixing with those, thanks to the bound
s¢ > 1 in (3.1). Then, the only solution to the resulting NLO equation F4(0) A *éO)Fél) =0
is Fﬁ(l) = 0. As we will see, this situation is similar to the one in the 4d scalar potential,
where Fél) can generate a linear term in the axions, leading to an analogous equation; one
solution will then be to make FG(U vanish. For these reasons, we set

=0, fW=0, FY=o. (3.27)

The NLO equations and the quantization of fluxes therefore lead to very important constraints
on HM), Fil), Fél), even with the general scalings of (3.1), leaving for now only Fil) non-zero.
We finally come back to the 6d Einstein equation (A.17). As explained in section 3.1.1,

0*" order fluxes. A priori, one should not consider

this equation at NLO only involved
NNLO, since such an order can potentially involve 2" order fields, that go beyond the
extension one wants to consider here. The n-dependence for 2°4 order fields is proposed in the
expansion (3.1) under the symbol O(n#), following [43]; we did not propose any for H, Fy, Fg
for which we allowed more freedom in the scaling. Taking this expansion into account, let
us revisit the 6d Einstein equation (A.17), aiming to look at the NNLO. The schematic

n-expansion for the terms appearing in that equation is as follows
- g (e‘¢A6 e+ (0e™ %)% + 46‘¢‘A8pe’45)”6_¢> ~ n3/? (1 +nt 4 (’)(n_2)>
+4e 2074V, 9,6 + 2PV, 006" — 20,6 %D, e ¢

—2¢ _ —¢ —_ T
+ & C HppgH Pl — Imne=20| 12 4 €T, — g T e—9T10

Lo ° LT T nl2 (14T 0 7?)
+o5 (| Fol® + 3| Fs )

+oscg Pt mpar Fy 0 — 3% | Faf? | ~ n'/2 (1 + n=%)

H5Ey mpFy " = G| B2~ 0 (14 O(n72))
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where we used the argued HWY = 0, Féo) = Fél) = 0, together with FQ(O) = 0 and the
definition of the source contributions Ty and T;,,. The above is easily obtained thanks to
the fact that the metric, the warp factor and the dilaton evolve by 1/n between each order.
We recover that the LO is given by the first terms, namely the Ricci tensor and derivatives of
warp factor and dilaton, at 0'" order. The NLO is given by 1%% order contributions of the

Oth

latter, together with order fluxes and sources, as mentioned already. The surprise comes

at the next level, that we refer to as NNLO: thanks to 0 < s4 < 1, it is given by

1
<F4 mpqu4 npqr 3%J|F ’2) n1/2784 =0. (328)

—1/2 which is a lower

Indeed, all other contributions, including 2°4 order fields, appear at n
order. This is surprising because this gives a new constraint on F 11) , which does not involve
27d order fields, and therefore should a priori be obeyed. This is not mentioned in [43],
even though s; = % considered there is captured by the above.? In addition, all terms
entering the LO are actually vanishing (since fields at 0" order are constant), so the LO
equation is somehow unsatisfactory. Such an LO equation could be ignored, and one may
promote the above NNLO to NLO, then to be considered. This hierarchy will be made
clearer in 4d with the scalar potential, where we will see that the above constraint on Fj

indeed has to be considered.

We rewrite (3.28) more explicitly, using the 0'" order metric to raise indices
1 0 1 3 1 1
3|F4( mpquég n — 8 £32L4|F4( ;qrsFél( ) pars =0. (329)

Contracting it with an inverse metric gives the second term in (3.29) to vanish, which in
turn requires the first term to vanish

1 TS 1 0 1 r
(3.20) = 4'F4(I))qrsF4() =0 s g O o FAD P =0 (3.30)

We rewrite it more explicitly and get

Vizje{,2,3}, eel) vl veelN i =0 = V=0 = FV =0,  (3.31)

where we used that in the DGKT solution, all Fy components are non-zero: ejeses # 0.
The (N)NLO constraint (3.28) therefore requires F) 4(1) to vanish! The closer look we took
at fluxes H, Fy, Fg has thus set important constraints on them, starting with quantization
and eventually forcing them all to vanish at 1% order. We will revisit these constraints
from a 4d perspective.

2The NNLO 6d Einstein equation, as derived from the scaling of [43] (included in the above analysis) would
take the following form

_2 0)

© ©
HU HIOP = P20 | o o F“) PP —sZ B = 0,

mpq 4 mpqr

,Fz(lw)lpF(O) P gmn |F2| +
where the squares of fluxes are the contraction of the 0™ and 1°° order components, and all terms scale as
n®. The DGKT solution, FZ(O) = 0, would cause the first two terms to vanish, while the flux quantization
constraint would make the terms involving H® to vanish, leaving us with equation (3.28). This eventually
gives the solution for Fil) presented in (3.31).
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3.2 4d theory and solution

In appendix A.1, we have provided the equations of 10d type ITA supergravity with sources
in a warped compactification ansatz. In this section, we consider a 4d effective theory for
such a compactification. We derive in full generality in appendix B.2 such a “warped 4d
theory” from 10d type IIA supergravity, and repeat the result here. We use conventions
of [46], slightly different than those of [43], and our 4d theory is more general. It is obtained
using the following 10d string frame metric

ds? = 7(z)"* W g, () da"dz” + gy (2, y) dy™dy", (3.32)
with the 4d field
7 = Vi = mva) 0 [ @yl 42, (3.33)

and g, ends up being the 4d Einstein frame metric. The action for the resulting 4d theory
is given by

M2
/d4x\/|g4| (;’m-vpm (3.34)

My 1 [ d5y+/]gele?”
— 2 V2(OVss)2 — =0y Gimn O* g+ |0 B |? +0C, 5|? 6) +S5..

The terms captured by Sg, are given in (B.16); they cannot be better detailed in all generality
without some knowledge of the fields dependence on y. These terms eventually contribute to
the scalar potential. The other part of the scalar potential is given by

M2
Voart = TP(QW\/&)*‘V(;ZE / d%yy/|gs| e*4 2% (—R6+12e2A(86A)2+86AA66A—4(8¢)2

T 1 2¢
—e¢2$+§yH12+% [F§+\F2+F032]2
I

1)

(3.35)

1
+ F4+CIAH+F2/\B2+§FO BoA\Bsy

We recall from [46] that we consider here only background fluxes, while the axions By, C3
are 4d fluctuations. The source term in the potential can also be rewritten in general using
the Bianchi identity, as explained around (B.21).

With this general warped 4d theory at hand, we can apply the n-expansion (3.1) of the
fields to get a corresponding 4d theory order by order. At LO, we will recover the theory
used for the DGKT solution, and we will then consider the higher orders corrections. In this
expansion, we use for simplicity that FQ(O) =0, Féo) =0,C, =0, and that w©, T(O),gv(ﬂr% are
independent of y. In the above general 4d theory, we also see a new ingredient w.r.t. 10d:
the axions. In order to perform an n-expansion of the 4d theory, we consider

By = Béo)nl/2 + Bél)nb
Cy = COn32 4 c{Vne (3.36)
with b<0, e<1.

— 922 —



As we will see, their 0" order scalings are fixed by requiring that their kinetic terms, as well
as their scalar potential contributions, scale in the same manner as the rest of the action at
LO.? In the 4d DGKT solution, Béo) = Céo) = 0, so one could as well ignore these fields. It
will still be useful to have a 4d off-shell notion for this scaling, in particular in the potential.
Regarding the 15 order, it would a priori be enough to require b < %, c < % The more
stringent scalings above is a choice to have their 15* order contributions subdominant at NLO,
as we will see. We are now ready to expand the warped 4d theory order by order.

3.2.1 4d theory at LO

We first discuss 0" order and then 15¢ order fields contributions.
o Ot" order and LO

We first consider the 0 order contributions of the various fields: those will contribute
to the LO of the 4d action. We start with the kinetic terms in (3.34): at 0" order in the
fields, they boil down to

M2 0 —2 0 1 (0)

—f(véqj (@Vi)? ~ — 30ugs 0™ ) + 0B + 10CiV|? 29 ) . (3.37)
Note that we neglected to consider the 4d metric. As mentioned around (3.2), the 4d metric
in Einstein frame scales at 0" order as n%2. We deduce the following first part of the 4d
action in terms of 0" order fields

/ d4 |ga| =2 (R( ) (3.38)

1 1
2(Vé23 (V50 =5 0uglih 0" g™ >+|aB§°)|2+|aC§°>|2e%“”)>n—9/2.

This is the LO expression of this part of the action, as there is no other contribution. Note
that here and in the following, it will not be necessary to expand the overall 4d volume

given by /]gal.
We turn to the scalar potential. Using the independence of w(9), 7(9), 97(221 with respect to y,

and the same for Fs+. .., the Fg contribution (B.16) becomes at LO (given by 0" order fields)

9 0
)

30ne may be bothered by the fact that the axions do not scale at 0°" order as their internal flux counterparts.

M? elo 1
=——P2 [d%,/ CsANH+Fy;ANBy+—-Fy BoAByAB
4 / ’94’ (27r\/07 6 3 4 2 6 0 D2 2 2

=6 [ dSy+/Igs]

Those should however be considered as independent quantities, because the above axions are 4d fluctuations.
This can be seen through their associated field strength, which has components given by 90,B2 or 0,Cs,
i.e. with one 4d leg, contrary to the 6d H and Fj. This emphasizes the independence of those fields and of
their n-scaling.
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where the superscript ¢ denotes the 0" order (with n included). From this and (3.35), we
deduce the following potential at LO
M 2 2¢(0) TL 1 e2¢ 2
V=-=, e?y 04 g [FZ FyB 3.39
Z 2’ "+ 5 |0 T | FoB2)| (3.39)

(2nvVa!)=6 [ dSyy/|gg
2.\ 0
}) n=9?

1
+ F4+§F0 By N\ By
Contrary to the other pieces of the action, we will see that 15 order fields could have
Oth

1
—|—‘Cg/\H+F4/\BQ—|—6FQ By AN By N\ By

order fields are thus
~9/2.

contributed to this LO scalar potential, but they actually do not;
enough. We verify that the complete 4d theory at LO scales as n
The LO 4d theory matches perfectly the one used in DGKT. Indeed, the kinetic terms
correspond to the ones obtained for DGKT, given in (B.4) or (2.51) for the saxions and (2.52)
for the axions. The scalar potential agrees with the DGKT one given in (2.37). This was
already mentioned in [43], even though we provided a more general analysis, including axions.

Oth

As emphasized, it was enough to consider order fields; we turn to 15¢ order contributions

at LO, the fate of which is still very instructive.
« 15 order and LO

Some terms in the scalar potential of the warped 4d theory (3.35) turn out to give

9/ 2 while contributing a priori with 1 order fields.

the same scaling as above, namely n~
In that case, 15% order fields can also be said to contribute at LO. There are three such
terms: we show here that they all vanish, because they are total derivatives that integrate
to zero, as briefly mentioned in [43].

(0)

The first one is the term in Rg. Since gmy, is independent of y, the 0!

order of Rg vanishes,
since it is built on derivatives of the metric. The next order will come from having a single g%)l
or g™ (1) acted upon by the two derivatives of Rg; the other (inverse) metrics involved being

th order. Using the definition of Rg and Christoffel symbols, we get schematically at 15¢ order
R ~ g™ 9 (gpq (0)397%)) n3/2 — 9 (gmn (0) gpa (0)8g§}9)) n3/2 (3.40)

The complete term in the potential (3.35) then goes as follows

(0)
Vet [ doulanle o2 o | ETEELCE] a0y i) 0 (g7 0 O a0,
(/ dﬁy%?ﬁ
(3.41)
where the extra factors are all necessarily at 0" order. The scaling is indeed the LO one in
n~92, with a 1% order field. Since | géo)] is independent of y, this becomes a total derivative,
that we thus integrate to zero, so this term eventually does not contribute.
The second term is in e"4Age?t. The same reasoning applies, where this time we use
that w(©® is independent of y: we get

e A Age ~ Lgm" ©) ow® n=3/2, (3.42)
w(0)
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This complete term in the potential has the same prefactor as before, giving the same overall

—9/2_ As above, it becomes a total derivative that we set to zero.

scaling in n
The third occurrence of a 1% order field is through the source term. One may replace
the T, or Tig = >.; T}, (at O'® order) using the Bianchi identity, as in (B.21). We then

get the following LO term

V_;/ —¢ ZVO]HI ng —HA FQ) (343)
(0)

)12 36
(<27Tf / Z olf ) A (aFgY — HOY A BD) 0002 (3.44)
[ dy/1 96

Since sources are wrapping cycles, dvolfﬁ ) = 0, so the 1¢ order contribution of F2(1) becomes
a total derivative, which then integrates to zero.

It is important to note that these appearances of 15 order fields at LO coincide with 10d
equations considered in [43]. For instance the Fy Bianchi identity that is solved involves F2(1).
Similarly, as discussed in section 3.1.1, the Einstein equations involve 15¢ order contributions

0t order. We mentioned

from the Ricci tensor and the warp factor, while fluxes contribute at
a doubt in section 3.1.2 on whether those equations should be considered as NLO or actually
LO; from the 4d perspective here, we would rather choose the latter. Consistently with
this choice, turning to the 4d NLO in the following, we will see appearing the next order

equation that constrains the Fy-flux (3.29).

3.2.2 4d theory at NLO and critical point

We now develop the warped 4d theory at NLO in the n-expansion (3.1); we only consider
its scalar potential. Because of flux quantization discussed in section 3.1.2, we consider
H® = 0; we leave at first the possibility of having FG(I). We also consider FQ(O) = 0. We
start with the first terms of the scalar potential (3.35), and provide the following schematic
LO and NLO expansion

V&f [ d%y\/]ge| e*4—2¢ ( — R + 12e724(0e4)? 4 8e~ A Age — 4(0¢)? .
~n72 (14 n7t) .

. - , 2 n ( +n )

—et 5y Bk JHP + SR + (P
(3.45)
This can be understood as follows. Most LO contributions come from 0% order fields; going
to 15 order fields to get to NLO diminishes the scaling by 1/n (for the metric, the warp factor
and the dilaton, which is what contributes here), hence the NLO scaling above. The other LO
contributions come from 15 order fields, as total derivatives. For those terms (R, e~ A Aget
and dF),* we have to be more cautious: there are two possibilities for the NLO. First it can
be the product of two 15¢ order fields; the new 1* order field w.r.t. to LO is either a metric,
a warp factor or a dilaton, so we reach the scaling indicated above. Second, the NLO can
be due to a single 2" order field times O order fields. In that case, the single 2 order

4For the source contributions, one may either use the definition of T4, in terms of metrics, or replace it by
the Bianchi identity; in both cases, the reasoning leads to the same scaling.
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field has to be under a derivative, leading eventually to a total derivative contribution, as
explained previously at LO. So such NLO contributions are set to zero. We conclude that
the terms considered above have NLO contributions that scale as n=1/2.

The remaining terms in the scalar potential depend on Fjy, Fg and the axions. For those,
a threshold will rather be n=19/2. For now on, we therefore restrict further the scaling of

Fy given in (3.1) towards

1
Fy=FOn 4+ FYnl=% 0<sy< 5 (3.46)

—-10/2

This will allow us to get Fy contributions dominant, and higher than n . An important

motivation for this restriction will be the topic of the next subsubsection, o/-corrections, as

those are argued in [43] to appear at n~10/2

. Note that the following discussion of Fy, Fg and
axionic contributions is not done in [43]; the above scaling restriction also does not include
the value s4 = % of [43], so we deviate from now on from that reference.

Let us start with the following term from (3.35), that we develop at LO and NLO

schematically as follows

Vi / Sy /|gs| 44292 |Fy + FyBo|? (3.47)
~ e X ((F()Béo))2 n=9? 4 2F2(1)FOB§O) n10/2 4 2F023§0)B§1) n710/2+b) + subdominant ,

0™ order fields. As anticipated, the restriction b < 0 avoids

contributions of 15 order axions, leaving as NLO contribution the term in FQ(I)FOBgo) n—10/2,

where omitted prefactors are

Interestingly, this term is linear in the axion.” As mentioned, this term will be subdominant
to the Fj terms, so we do not consider it.

We turn to the following Fy terms, read from the warped 4d effective action (3.35): we
develop it schematically at NLO and on our compactification ansatz

2

1
V&f/dﬁy |g6|e4A—2¢e2¢ F4+Cl/\H_|_F2/\BQ—|—§FO By Bg (3.48)

1
~ox 1072 (Fio) +5(Fo B§)<0>> (B2 BV B+ B BY Bt ) +subd.,

where omitted prefactors are 0' order fields. The last two terms are of order n~10/2

while the F, 4(1) term is of higher level thanks to the restriction (3.46), as anticipated.
We are left with the contributions from Sg, in (B.16). We first get the scaling

or lower,

1 1
Sk, ~ n*9/2*3(1+n*1) x scaling of (F6+C3/\H+F4/\B2+5F2ABQ/\BQ+6FQBQ/\BQ/\BQ)2 ,

where the square does not involve the metric. At NLO, we get schematically

1 (0)
p10/2-1 <03AH+F4/\B2+6F0 B§> (F§1>n86+0§1)AH<0> n¢+FMABY n3/2_54>+subd.,

SLess schematically, this term can be written as being proportional to the 6-form Bgo) A *éO)FQ(U. It would
be interesting to check whether this vanishes, given the solution (3.4).

— 26 —



where several terms were shown to be subdominant (to the F4(1) one) thanks to b < 0 and
the restriction on s4 (3.46). As anticipated in (3.36), the scaling ¢ < 1 also makes the Cél)
term subdominant, and with a lower scaling than n~'°/2. On the contrary, (3.46) allows

—-10/2

the F4(1) term to scale higher than n . Finally, let us focus on the Fﬁ(l) term, which also

scales higher than n~19/2 thanks to s > 1 in (3.1). This term is problematic because it

generates a linear term for both 0"

order axions, the rest of their potential being quadratic.
This would change the 0" order axions in the solution, by giving them a non-zero value,
contrary to (2.44). To avoid this, a first requirement is sg < %, making the term subdominant
to LO; note this requirement can also be seen from a (Fél))2 term not written above. We
further want this contribution to be lower at our NLO, so that the 0*" order axions are left
3

unchanged. This leads us to pick the more stringent scaling (with respect to 5 and to (3.1))

S < % — S84 . (349)
This effectively makes Fﬁ(l) disappear from the 4d theory at NLO, which amounts to set
Fﬁ(l) = 0; this is consistent with the discussion in section 3.1.2. The only dominant term
in Sp, is finally the one in Fil); considering no dependence on y for Fil) as in (3.22), Sg,
gets simplified as at O order.
To summarize, starting from the warped 4d theory (3.34), using the scalings (3.1)
and (3.36), restricting further to

1 3
O<34<§, 1<36<§—54, (3.50)

we get the following scalar potential at NLO

0

2 [ Jdoy/Tgel 17

2 NG 40 VNLO
» | 2mval)b e

— (FO 4 L6 B0 50 £V v

(0)

1
+ (Cg/\ H + FyN By + 6F0 By A\ By A B2> . ( 4(1)/\ B§0)> n_9/2_s4 . (3.51)

Oth

The dot is the contraction of forms with the order 6d metric, from which the scaling has

been extracted. We get an NLO scaling at n~%2754 which as argued is above n~19/2,
The axion terms in V0 are at least quadratic, so their critical point can consistently
be set at Béo) = Céo)

critical point, therefore only involves the term without axion, that we denote VI\}LO

= 0. The first derivative of V1o with respect to the saxions, at the

2 om/a)6 167 16 3
—QVI\}LO = ( F\/OT) € F4(0) . F4(1) n~9/27sa 6—3 Z eiegl)UQ (3.52)
Mp vol i—1

J d%y+/]gel b

where the last expression captures the dependence on the saxions. It is then straightforward
to show that

8¢VNLO = &)z.VNLO =0 = Vi, e(l) =0 = F4(1) = 0, (3.53)

1
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where we used that Vi, e; # 0. Asin 10d with the (N)NLO equations discussed in section 3.1.2,
we obtain that the solution requires F 4(1) = 0 at this n-level.
So in the end, VNr,o = 0 and there is no correction to the potential, the critical point or

10/2

the mass spectrum above n~'%<. We now turn to this n-level and the related o’ corrections.

3.2.3 Hitting the a’-corrections

Bulk o/-corrections to the 4d theory are said in [43] to arise at order n=5 = n—10/2

, while we
recall from above that the LO order 4d theory is at n=%/2. Once one reaches o/-corrections,
the 4d theory gets modified, so the perturbative corrections to the mass spectrum due to
the n-expansion alone are not meaningful anymore. Those could still be computed, but
o/-corrections should as well be taken into account and this would then change the result.
In addition, o/-corrections are not fully known, so it seems out of sight to be able to fully
compute corrections to the mass spectrum once these corrections appear. Interestingly, we

tried above to get NLO corrections above the o/-correction level of n~10/2

(1)

scaling F;’/, but we eventually showed that such a correction to the solution is not admissible

, thanks to a specific

and enforces F, il) = 0. The 4d theory, the critical point and the mass spectrum are therefore
robust against corrections, at least until that level.

It is interesting to revisit the arguments presented in [43] regarding the bulk o/-corrections.
As is well-known in type II supergravities, those arise at o/ 3, corresponding to 8-derivative
terms. They could involve a mixture of supergravity fluxes and metric contractions; however,
fluxes typically lead to subdominant terms because of the extra inverse metrics necessary to
contract their indices, and the dilaton factors on RR fluxes. A dominant m-derivative term
is then rather given by considering only metric contractions and derivatives (e.g. Riemann
or Ricci tensors). An estimate of its scaling is schematically given by

(9"

Oth

m
2

=3

g @"g~nTT (3.54)

Oth

where the scaling is obtained from order metrics. Such terms come with a order

prefactor ew avd g(;] ~ n~3. The overall scaling of a dominant m-derivative term is then given

by n™ " 3 xn mT This leads to the mentioned n =192 for 8-derivatives, i.e. the
first o’-correction. To thls let us add the string loop correct1ons which as argued in [43],

grow with g2 =772 ~ n~ 3. The - loop then adds a factor n™ % to the LO scaling, bringing

—10/2 for the first correction at [ = 1.

us here lower than n

While the above arguments prevent us from pursuing the computation of corrections to
the 4d theory, we note however that the evaluation of the o’-correction scalings could be
refined. Indeed, the 2-derivatives term, given e.g. by Réo) should appear at n=31. We recall
however that this does not happen because this contribution vanishes, since 0" order metrics
are constant. This allows the LO to be at n~3. The above argument, counting the scaling
in (3.54), would face the same issue. To get a non-vanishing term, the metric acted upon
by the derivatives should be non-constant, which only happens at 15¢ order (note that this
point and the following reasoning hold true for the torus orbifold considered in this paper,
but things could be different on a general Calabi-Yau manifold). Considering dg") instead
of 8g'” lowers the scaling by n~!. This is what happens for us at LO, where R( ) appears

instead of Ré ). But as argued in section 3.2.1, this term becomes a total derivative that gets
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n—3 4 LO (DGKT) potential
n_% + NLO axionic terms
n—% + Tube o’- and gs-corrections
71—-%% 4+ Most NLO corrections

? 4 Bulk o/-corrections

Figure 2. Analogue to figure 1, with the level of bulk o/-corrections reassessed for the torus orbifold.
We refer to the main text for more details.

integrated to 0. The same would be true here, if all other fields are the 0*" order metric and
dilaton, which are constant. To get a contributing term, one needs a second 1% order (inverse)
metric, which further reduces the scaling by an extra n~!. We deduce the actual scaling to be

N B S AT DS S S S
o 7<g ) g 0%\ ~nT"=n"2xn"2, (3.55)
198”|

Vit

—10/2

much lower than n . It then becomes relevant to compare this to the scaling of flux

terms, or of string loop corrections.

—~10/2

If o/-corrections appear at a lower level than n , as indicated in figure 2, then

the previous perturbative corrections could be considered. Indeed, we recall that most of

11/2

them were appearing at n™ as in (3.45). We also found few axionic terms appearing

—10/2 41 Jower; it would be

in (3.47), (3.48) and possibly coming from Sg,, that would scale as n
interesting to reexamine those in detail. However, another type of corrections were discussed
in [43]: the /- and gs-corrections in tube regions around the sources, where the backreaction

cannot be neglected. It was argued that those would arise at n—21/4

, so very close to the
previously mentioned n~1%/2; we refer to the discussion in [43] about these corrections. A
more advanced study then seems required to determine the precise n-level of the various
corrections, including ours. The 4d theory, the critical point and the mass spectrum appear
at first to be robust against corrections until they hit o’- or gs-corrections, but as suggested,

a more thorough analysis of the various corrections involved would be welcome.
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4 New DGKT extension

As explained at the beginning of section 3, the 10d DGKT solution admits an unbounded
discretized parameter n, common to the three components of F,;. This parameter allows
to consider extensions of this solution as a perturbative expansion in n: the 0! order is
nothing but the 10d DGKT solution, and corrections to the 10d fields appear at 15 order.
A first n-expansion was given in (3.1), generalising the one of [43], and was studied in the
previous section. We consider in this section a new n-expansion, given as follows in terms
of the fields defined in appendix A.l

Guv :gg,)j) n9/2+gl(}l,) n?79 0<g<1
g = g 0) =92 1 QW(l) n*9/2*g’

G = gl + glhn!/279

mn

gmn _ gmn (O)n—l/Q +gmn(l)n—l/2—g

e =w=w"n%* + M3+ 0<w<1

e~ =1 =70p3/4 4 T(l)n3/4_t, 0<t<l1 (4.1)
Fy=rF"Y
Fy = Fn?,

H=H92 + gOp=sn 0<sp,<1/2,
Fy = 4(0)n+F4(1)n1*54, 0<s4<1/2,

F6:F6(1)n36, 1<sg<2—5p, s<2—s54

Once again, 0" order fields match the DGKT solution, with FQ(O) =0, Féo) = 0. We recall
that g;(,,(z)/), gf,%, w©@, 79 are independent of y. The same holds for FO(O), HO), F4(0), which are
quantized. The scalings chosen at 15' order make the corresponding fields and corrections
dominant over the scalings of [43], except for F». The 15 order solution of [43] might then
be recovered at a subdominant order, but we will not investigate this. Further motivations
for the scalings chosen will appear later in this section. We will use this new n-expansion
in the warped compactification 10d setting of appendix A.1, and then in the corresponding
4d theory. We will see how the solution and the mass spectrum get corrected.

Before doing so, let us specify more the compactification ansatz for the 15* order fields.
We first take gf}l,),g%%, w71 to be independent of y. Regarding the metric, we consider a
much more restricted ansatz, respecting the orbifold and orientifold constraints: similarly
to the 0™ order metric in (2.2), we choose at 1% order

aY =9 o =al, o) =0gld, gt =0form#n. (4.2)

We introduce accordingly the quantities vil), vél), vél), independent of y, together with the

oth (0) 1/2.

order ones v; © = v;/n"/?; none of those carry any n. They obey

1) ON (1)
i=123: Up =Pl S (4.3)
Ui 92i~1,2i—-1  92i2i
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leil , (0)

We finally introduce v(?) = 44" = 4 /n3/2 (without sum on i), which also carries no n.

We introduce as well for convenience v(%)

@ leil ) o LM
v =22y (no sum) = UZ(O) =3 (4.4)

7

Introducing such a v is a priori a further restriction on the possible solutions, as it imposes
an isotropy among the 4, but we choose to look here for such “simple” solutions. We comment

more on this ansatz at the end on the section 4.2.2.

The fact girlz% is diagonal has several technical implications. First, any component g%%

(1)

can be viewed as proportional to g%% with a factor independent of y, namely a ratio %
V.

As a consequence, the Hodge star at 15 order *él) (with one gﬁrlu)«b or g™ (1)) on any form is
proportional to *go)‘ Second, we can rewrite the metric expansion as follows, knowing that

the components are diagonal and using that g™ (1) = —gmp(0) g/},}])gqn ©)
g(l) g(l)
Gmn = gop '/ (1 + 5 n“") , g =g Ot (1 -5 n“") , (45)
mn Jmn

for fixed m = n. Finally, the following quantity will often appear, and it gets simplified
(1) (1)
2

65 (4.6)

R
$
o‘sv
H
[\
-
> 4
=
H
4

We now have all tools to consider the n-expansion (4.1) with the specified compactification
ansatz in 10d and in 4d.

4.1 10d extended solution
4.1.1 Equations at NLO and flux quantization

We consider here the complete 10d equations presented in appendix A.1 and expand them
order by order. As mentioned in section 3, 0" order fields should contribute to LO equations,
and satisfy them as being the DGKT solution. We are then interested in NLO with 15
order fields. We start with the flux equations of motion (A.7)-(A.10) and focus first on
H, Fy, Fs. Thanks to the above ansatz, in particular the independence on y, and the fact
that H (0),F4EO) are harmonic, we get at NLO

AP EM 02 1 HO AP FM ps = 0 (4.7)
A=V FM) =0 (4.8)
6_2¢(0>d<*é0)H(1)) n2=sh _ Fio) A *éO)Fél) n® =0 (4.9)

where we used sg > 1 from (4.1). Using as well s4 < 2—s4, s6 < 2— sp,, the Fg terms are then
subdominant, making the fluxes H®, 4(1), él) co-closed w.r.t. the 0" order metric. Looking
now at the Bianchi identities (A.6) at NLO, it is easy to see that they require these forms to
be closed. We conclude that H®, 4(1), Fﬁ(l) are harmonic w.r.t. the 0" order metric.
This situation has already been encountered with the previous extension, and discussed
in section 3.1.2. These harmonic fluxes have to be quantized. An ansatz for them, compatible

with the orbifold and orientifold, was given in (3.22), followed by the quantization of their flux
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numbers. As argued there, this together with the large n expansion led to the requirement
in (3.26) of a vanishing H("). The H-flux e.o.m. additionally led, given the scalings chosen,
to having a vanishing Fél). The reasoning holds true here so we consider from now on

HY =0, FY=o. (4.10)

We finally turn to the F5 equations. Simply because both H and Fj; components are
along the same directions at 0™ and 1% order (see (3.22)), one has H A *¢Fy = 0. So one
gets at NLO the equations

A=V FEMy =0 (4.11)

o) T
AR —HOARY =3 ool (4.12)
I

None of our corrections (except FQ(I)) are y dependent, so we will not be able to solve the
dilaton or Einstein equations with a localized source contribution, defined in appendix A.1. So
we have to smear our source contributions, and the solution to be obtained will be a smeared
correction to DGKT. Note that smeared or not, TTIIOVOI 1, is not metric dependent and is only
counting the number of Og, so this quantity does not get corrected by our 1% order fields.
A first way to solve the above equations is to take this source contribution as smeared and
then consider a harmonic FQ(I) (possibly vanishing). Another option could be to maintain a
localized Bianchi identity, and replace H© A Féo) for the smeared source contribution as done
in [43]; in that case, the above equations completely decouple from the rest of the equations.
As we will see, there is no other F2(1) contribution to the other equations at NLO, so in the end
we do not need to bother about this field. In the 4d theory at NLO, it will also not appear.
Coming back to the source contributions T}, appearing in the dilaton and Einstein
equations, those only get corrected due to corrections of the metric. At 0" order, one could
trade >, T}, for Tjp and use a universal dependence on the metric: those quantities all go
as 1/\/g1, where /g1 ~ | ge|'/*. Since corrections are only those of the metric, then the 15
order correction to this source contribution is easily obtained from this metric dependence:

we compute using (4.6)

3 0
Tl() = Tl((o)) n_3/4 (1 - 5 m n_g) 5 (413)

where the 0" order DGKT value is Tl(g)n_3/ 4. Similarly, following the discussion around (2.26),

we get the relation T, = % gmn%. From this, we get the following corrected expression

(0) 1)
1 T _ 1o _
Lonn = iggr?% 7,170 n 1/4 (1 - 5@” g) . (4'14)

These expressions will provide a solution at 15% order to the remaining equations.

We turn to the dilaton and the Einstein equations given in (A.15)—(A.17), in view of
developing them at NLO and solving them. First, using the independence of the metric,
dilaton and warp factor w.r.t. y, true for us both at 0" and 1%* order, the equations simplify
to the following ones
codio

0=2e"2R5 — |H? + =

(4.15)
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6
T
0= —4lHP? —e*> (¢~ 1)|Fq|2+3e¢$, (4.16)
q=0

1 e2®
0= §HquHn P74 (e%FQ mpFQ n P + ?F‘l quTFzL npqr> + €¢Tmn
g 6
+ R (1- q)e*?|Fy|> 4 8¢*?|Fg|? — 2|H|* — e®T) . (4.17)

8

Those match the equations (2.19)—(2.21) solved in 10d by DGKT, showing once again the
compatibility when using only 0" order quantities, corresponding to LO. When developing
these equations at NLO, 15 order fields must appear.

The first equation above, the dilaton e.o.m., need not be solved as it only defines e 24RY.
The 4d cosmological constant is related to R4 the Ricci scalar of the 4d Einstein frame metric.
On-shell, the two Ricci scalars are related by Rj = Ve Ra, where Vg, is defined in (B.11).

We then rewrite the above equation as follows

e2¢ 1 ¢T10
Ry = (2nVa/)® ROV ( |H|* - = ) , (4.18)

and will consider later its expansion at NLO.

We turn to the other two equations to solve. Using that Fg = 0 and verifying that Fj
contributions are subdominant (to the Fj ones), one is left with the following equations
to expand and solve

T;
0= —4’H|2+e2¢(|F0|2—3|F4|2)+3€¢$> (419)
1 Pa e2? pqr @
0= §Hmqun 31 - F1 quTF n + " Tinn
+ B8 (| By — 3| Fy” — 2 HI? - e“To) (4.:20)

This leaves three 15 order field contributions, from the metric, the dilaton and Fj. Having
them all to contribute at the same level at NLO requires to fix their scalings in (4.1) as

t=g=s4, (4.21)

which constrains the range of g,¢. With this choice, we are now ready to expand and solve
these remaining equations at NLO.

4.1.2 Solution

We have proposed in (4.1) a new n-expansion at 15¢ order beyond the DGKT solution.
After (4.1), we have specified further our 10d solution ansatz. We have started developing
and solving the 10d equations at NLO, restricting further our solution. We are left with
the Einstein equations (4.19) and (4.20) to expand at NLO and solve, which we do in the
following. Our variables are three 15* order fields: the metric, the dilaton and Fj, whose
scaling are now related as in (4.21). Let us make already the following observation on the
Fy-flux (3.22): due to equation (4.20), a solution with the above ansatz will need to satisfy

Vi: - =), (4.22)
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meaning that egl) is proportional to e; with the same proportionality factor Vi, given by
the symbol e, This isotropy is related to the isotropy of the metric components, and the
symbol v introduced in (4.4). We now find a solution with this simplified solution ansatz.

We start with equation (4.19). We consider it at NLO, making 1% order fields appear.
We reconstruct 0" order quantities that we denote with a superscript © (i.e. containing the

n dependence). We get at NLO the following quantities

of 7 LM 0 /+(1) 3,1
—2¢ 2 __ —2¢ 2 - —¢ _ —¢ -
& |H| = (6’ |H| ) (27(0) —37(0) n g’ € T10 = (6 TIO) T(O) _51}(0) n 9

0 ,U(l)
|Fy? = (yF4|2) <_4v(0)+2e(1)> n9, (4.23)

where we used (4.13). Note that I does not contribute at NLO when considering e 2% x (4.19).
0

Focusing then on (€2¢> e72? x (4.19), we use the 0" order results (2.30) and (2.31) to

eventually rewrite (4.19) at NLO as

17 o 81

1) _
5T 2~ e =0, (4.24)

We turn to (4.20) and proceed similarly. We get the following quantities at NLO

e—Q%Hmqunpq = <e_2¢;|H |29mn>0 (2:8 - 228) n=? (4.25)
%le v Fy 7T — <§|F4|2gmn)0 (2 o) _ 31;3) "9 (4.26)
e T = <; Gmn €® T;O>O (:_E(l); — ;Zg) n 9 (4.27)
gm?" (—eT1o — 27| HI? + [Fy|* - 3| Fy?)

= <g1gn>0 [:E;i (—e’¢T1o - 4@*2¢|1L—’|2)0 + Zi(l); <;6¢T10 +4e | H? + Ff + 9|F4\2>0

+eM (—6|F4|2)0]n’g (4.28)

0
where we used (4.14). These are all ingredients needed to rewrite (62¢) e 2% x (4.20). To
that end, we use again the 0'' order results (2.30) and (2.31), and rewrite (4.20) at NLO as

(1) W 9
T v 1)
o im0 (4:29)

Combining (4.29) with (4.24), we get the following 10d solution

™ 3 ™ 1
T _2.m Yo _ .0
=1 50— 3° - (4.30)
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We use the above to compute the correction to the cosmological constant. From (4.18),
we first obtain at LO and NLO

Ry — RO 2 0 ) 3 T\ (1) 9 T\
! 4—( ‘ ) [T<—|H]2+e¢10> +v<—3|H|2+ ¢m) Jne.

(2mVa/)6 -~ \ S dby/Tgs] 7(0) 27 v(0) a7

Using the 0" order results (2.30), (2.31), as well as the expressions for the 4d Ricci
scalar (2.32), (2.50), and the solution (4.30), we finally obtain

Ry=TRY (1 — gn—g e<1>> : (4.31)

Note that this is compatible with having a 15* order correction to the 4d metric in n™9, as
indicated with the initial ansatz (4.1).

We summarize the 10d solution obtained at NLO: it is given by the expansion (4.1) with
all 1% order fields independent of y, except F2(1), and

1 1 1 1 1 1
dV =0, o=t =g, =0 for m#n,

92?—1,21'—1 - gg?Qz o Ugl) o

P . : 0,1) _, (0,1)|ei] 0 _ v
=123 G =0 L@ o Vith v =y —  (nosum), v e
92i=1,2i—1  Y2i.2¢ Vi
mn(l) _ _ _mn(0) o)
g - g U(O) I

0 31)(1) _ 1 Tio 0 11}(1) —
Tyo = (Tho) (1—21)«))” ), Tng(ggmn7) l=5S—mn 9,

HY =0, FM=0, Fi=v2e (1+e(1)n_s4)u7i with e; ~n,

O<g=t=si<y, (4.32)
(1) 3 (1) o) 1 (1)
0T3¢ Lo T
_p0(1_9, - 1)
Ry=R{(1-3n77 ). (4.33)

In addition, FQ(I) and wM) drop out of the equations at NLO; they can equivalently be set
to zero at this order. Contrary to the n-expansion (3.1) studied in the previous section,
we obtain here a non-vanishing correction in Fjy that gets related to that of the metric and
the dilaton. The scalings allow precisely here such a relation. Before commenting more on
this solution, we now turn to its 4d description.

4.2 4d description

We consider here the new n-expansion (4.1) and compactification ansatz previously detailed
within a 4d effective theory. We start from the general warped 4d effective theory given
in (3.34) and will expand it accordingly at NLO. To that end, we need, as for the other
expansion, the scaling of the 4d axions. We give it as follows

By = B2 4 B{Vp1/2=b b~ 0, (4.34)
Cs = C'?Eo)ng’/2 + Cél)n3/2_c, c>0.
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We then have all ingredients to expand the 4d theory at NLO. From the resulting 4d
theory, we will recover the previous 10d solution (4.30) as a 4d critical point. We will finally
investigate the corrections to the mass spectrum.

4.2.1 4d theory

We start with the warped 4d effective theory in (3.34) and expand it at LO and NLO. We
use the expansion (4.1) as well as the above axion scalings, together with the independence
of most of the fields w.r.t. y. We perform as explained in section 3.2.1 an integration to
zero of the Fy total derivative, and use Fg = 0. We get at first the following 4d theory,
to be further expanded at LO and NLO

M2
/ d4xv'g4'< o RV (4:35)
MP2 -2 2 1 mn 2 2¢ 2
2 (V6¢ (OVe5)” — §8ugmn oM g™" + |0Ba|” + €“?|0Cs| > ,

with
2 1
V4 4.36
M @rv/a (439

e*? Lip <’ / LA A Byt F? +|FyB
= — | = ——F | VO 0o+ — 0b2
J dy/[gel \ 2 J Sy /lgel J 2 [°

1
Fy+ iFO By A By

’ 2

2
1
+ +‘C3/\H+F4/\BQ+6FOBQ/\BZ/\B2

)

where vol| is meant here generally, to possibly include metric corrections. The quantity
m Jvoly A H A Fy could also be traded for —e? %. Note that as explained in
section 3.2.2, the F5, NLO contributions are subdominant to the Fj ones, so they have
been already dropped.

We further consider the compactification ansatz, allowing us to introduce the 4d fields.
Respecting the orbifold and orientifold projections, we take the following ansatz (in line

with 10d considerations)

i=1,2,3: g 19i1 = g2z = 2(kV3) vy, (4.37)
3
By =) buw', C3=+v2¢ap,
i-1

where together with ¢, the above v;, b;, £ are our 4d fields. We slightly abuse of notations:
those fields were used already for DGKT in 4d, but we now consider them to contain both
0*" and 1% order contributions. In agreement with the above n-expansions and notations,
they can be written as

v; = vz(o)nl/z + vl-(l)nl/%g, 0<g<1/2 (4.38)

e=® = =3/ 4 =0 3/4—g

b; = bl(»o)nl/2 + bgl)nlﬂ_b

¢ = Op1/2 | 1/
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We also detail the background fluxes: as in the 10d solution ansatz, Fy, H only have a 0"
order contribution, contrary to Fj

—V2mg, H=—pBy, Fi=+2¢ (1 Te® n—g) i (4.39)

with e; ~ n. Using these ingredients in the above 4d theory, we rewrite it as follows
/ d4 |94 ( PRy -V (4.40)

M2 Ko1v9v3 2 o 3 1 e2¢
——2( (9 Olnw;)? = ) 2)
4 ( ( e2¢ ) + ;( nvi)”+ Z vf H'Ul?}Q’Ug( 6 ’

i=1

(4.41)

226 3¢ 46 2 22
B pe e e 9 1y, — e;v;
= 4+ 2V2pmy + {m—&— 1+eMn9 E —
(2(f<;v11)2v3)2 (ﬂvlvgvg)% KvvgUs | 0 ( ) (m}lvzvg)z
b2 bibobs o= eiv2
2y ) o) _brbabs e
2 1
o 02 mor ( e ) (Kv1vaus)? = b
. 2
B 4 (13
AL ( ep+ (1+eDn) § jez ) +O(b}, € )D

Remarkably, the effective 4d theory just obtained matches formally the DGKT 4d theory
given in (2.39), and (2.51), (2.52), up to the map

ei e (1+eMn=9) v, b, & (DGKT) — v, ¢, b;, € (here). 4.42
( 6,bi, € 6,bi, €

Studying the extremum, as well as the mass spectrum, will then be straightforward.

We have not developed the theory at LO and NLO. The previous identification with
DGKT makes such a development unnecessary. As we will see, if one nevertheless performs
such a development, we recover the 10d solution obtained via such an expansion. Note
also that the NLO correction to the theory is in n™9 with respect to the LO, because of
the correction of Fy, of the fields and of R4. Since 0 < g < 1/2, we get the NLO at order
n=9279 > n=10/2 i e above the level where o/- and gs-corrections may appear, as discussed
in section 3.2.3. This motivates us further to consider the new n-expansion (4.1).

4.2.2 Critical point, mass spectrum and interpretation

Given the formal matching of our 4d theory with the DGKT one, indicated in (4.42),
determining the critical point and the resulting mass spectrum is straightforward: we will
follow appendix 2.2.1 and 2.2.2. We start with the critical point. As in (2.44), we get
here that the axions vanish

b =£=0, (4.43)
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which comes from the fact that the potential is at least quadratic in them. Turning to the
saxions, we can proceed as for DGKT: we first introduce some fields r;, g as in (2.40), including
in their definition the e; correction of (4.42). The potential then gets similarly simplified,
and is formally the same as (2.42) and (2.43), up to overall factors. The extremum values for
ri,g can be read from (2.47). Translating back to v;, ¢, we obtain at the critical point

1/2 ¢ @ 0 —3/2
wleil = (wile)® (1+eWn9)"?, ¢ :< e ) (14 e ns) ™
\/KU1U203 V/KU1U203
(4.44)

0 order field values. Using the v; expan-

where the numerics are absorbed within the
sion (4.38), with (v;|e;|)°? = vgg)n1/2\ei|, we expand and rewrite the first equality as

e 1
L+ —gn =1+ —eMp9, (4.45)
v, 2
o . . otV 1) :
We note that the ratio is independent of i and can thus be written as —5; = ;”)(—O), as with
Yy
the 10d notations. The second equality above can be rewritten into
0 3/4
e ? = (e_¢) (1 + e n_g) / , (4.46)

then further expanded and compared to the ¢ expansion in (4.38). Eventually, we get the
following critical point values
e_¢(1)

3
6(1) X m = 16(1) . (4.47)

) 1
20 2

Those reproduce precisely the 10d solution (4.30), that was obtained by solving the NLO
expansion of the 10d equations.
The value of the potential at the extremum and the 4d Ricci scalar can be obtained
from the DGKT ones (2.49), with the mapping (4.42)
Vi _

R4 =4 ﬁ}? == (R4)O (1 + 6(1) n_g)

R (R4)° (1 - ge(l) n_9> : (4.48)

The last expression, obtained by expanding, matches precisely the value of the 10d
solution (4.33).

We turn to the mass spectrum, for which we follow again the DGKT derivation of
section 2.2.2. As above, we introduce the fields r;, g, b;, & of (2.40), including in their definition
the e; correction of (4.42). Note that the signs s; are left unchanged by the correction of (4.42)
for sufficiently large n. As mentioned above, each part of the potential (for the saxions and
the axions) only depends on the fluxes by an overall factor, so the correction (4.42) only
affects the potential in this way. The same is true for the kinetic terms: the fluxes only
appear though an overall factor for the axions, and not at all for the saxions. The mass
spectrum computation could then only be altered by such a correction to overall factors. As
can be seen in the mass matrices (2.54), (2.59), or in the masses (2.55), (2.60), the overall
factor is in the end the same for the saxions and axions, and is in addition nothing but the
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vacuum value of the scalar potential V|g. The only change in the mass spectrum is thus the
correction to Vo, that can be read in (4.48). In other words, the masses obtained are

2 _ (m2)° D p=9) " 2 (2)° (1 - 26
m —<m> (1+e n ) _(m) 1 56 1 , (4.49)
m? m? '
VT = (\V| |> given in (2.55) and (2.60). (4.50)
0 0

We conclude that the mass spectrum is barely changed at 15 order by the new n-expansion (4.1).
Indeed, since the ratio m?/|V || is not corrected, the conformal dimensions are unchanged.
They equate the same integers as given in (2.57) and (2.61).

The 4d description finally allows us to reinterpret the new n-expansion (4.1), together
with the compactification ansatz considered. We have seen that the 4d theory was formally
the same as DGKT up to the map (4.42), that redefines the 4d fields and the Fj-flux. The
change of the latter can be viewed as

n—n+eVnl=9=0n' (4.51)

where we recall that e(!) is a constant and 0 < g < 1/2. As shown around (3.23), the
quantization of the Fy-flux is still possible with such a correction, contrary to the H-flux. In
the end, the n-expansion (4.1) can then be understood as being only a redefinition of the
discretized parameter n of DGKT to n/, making use of the fact that it is still possible to
satisfy the quantization conditions and get flux integers with a lower power of n, namely
n!=9. Another interpretation, that we followed, is to view it as a correction to (or extension
of) DGKT with a parameter n. In that case, the corrections are however very specific
as they only alter the masses through the cosmological constant. Let us emphasize that
interpreting the new expansion (4.1) as a simple redefinition n — n’ of DGKT was not
obvious from the start, especially not from 10d, where we solved equations perturbatively
in the parameter n; this is more easily seen in the 4d theory where the treatment was not
perturbative. Getting to this interpretation also required constraints from the 10d equations
and the flux quantization to set some fluxes to zero and refine the scalings.® Let us also
stress that taking rather the point of view of a correction to DGKT, then not only the flux
is corrected, but also the metric, the dilaton and the cosmological constant. It remains a
remarkable property of DGKT that the conformal dimensions are eventually not changed,
making again its spectrum robust under possible extensions.
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A  10d elements

A.1 Warped 10d type IIA supergravity

In this appendix, we detail our conventions for 10d massive type IIA supergravity. For them,

we follow [57, appendix A}, and [55, appendix A] for the multiple source sets. In addition, we

consider a compactification ansatz on a 6d manifold, with a warp factor in the 4d part of the

metric, and give here the resulting 10d equations split on 4d and 6d. We finally compare for

future purposes our equations to those of [43], finding a perfect match upon translation.
We start with the following 10d string frame metric

ds? = ¢24W) gfy(x)d:z:“dx” + Grmn(y)dy™dy", (A.1)

split as a warped product of a 4d spacetime and a 6d compact space. The 4d volume form
associated to gﬁy is Volf , and Rf is the corresponding Ricci scalar. We denote with an S
these 4d quantities, to be later distinguished from those in 4d Einstein frame. In addition,
we consider the dilaton to have only internal (6d) dependence: ¢(y).

Prior to giving the 10d supergravity equations, split on 4d and 6d, let us recall our
notations for the (space-filling) Og-plane contribution. We first introduce various notations
with the following rewriting of DBI action, where we consider no world-volume B-field

d7¢ e )i+ :/ ~by0lS A voly A 6+ A2
- e ’Z [910] 106 Voly A VO, 3 ( )
= [ e /IPlgull (L),

referring to [57, (A.7)] for more details. We also introduce the transverse volume form vol |

SpBI
—cpTp

Os¢

such that vol)| A vol | = volg. We further recall the concept of source set labeled by I: one
set is made of the sources that wrap the same internal submanifold. We consider here one Og
source (i.e. one DBI action) for each set I and no Dg, and then use the notation [55, 57]

I
o _ gy oni/ar , [1P1910]l 5(L). (A.3)
7 |g10]

We then have the following relation between previously introduced quantities for one set I
T
2mvVal x 2037 = %volh . (A.4)
We also denote

Tio=)Y Ti. (A.5)
I

Finally, we complete our compactification ansatz as follows: we consider all flux-forms
H, Fy, Fy, Fy, Fg to be internal. The form Fg comes from the 10d 4-form RR flux, split as
FJ0 = e*vol{ % Fs + Fy. This gives the square [F[°]> = |F4|? — |Fg|?. With all these
ingredients, we are ready to give the 10d equations in string frame, split on 4d and 6d.
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To start with, the flux Bianchi identities are given by

dH =0
dfy =0
Tt A6
ng—HAF(]:Z%VOILI (4.6)
I
dfy —HAF,=0
and the flux equations of motion are given by
6_4Ad(€4A *g FQ) + HAx¢Fy =0 (A?)
e 4 Ad(e* w6 Fy) + H A #6Fg = 0 (A.8)
d(e* x¢ F5) =0 (A.9)
4
e (e wg H) — > Fy A #6Fy =0. (A.10)

q=0
The 10d version of the dilaton equation of motion is given in [57, (A.14)]. We combine it
here with [57, (C.5)] and [58, (2.28)] to write it as follows

T
0=2e"2R{ +2Rs — |H|> + e‘i’% (A.11)
— 2e74(9e?1)? — 8e A Age? ! + 2e719(9e??)? — 4e?P Nge 2P — 8e207249,, 240 2% .

We finally turn to the Einstein equations. The trace-reversed 10d Einstein equation is
obtained using [57, (A.15), (2.14)]

1 020 1 e®
Run = ZHMPQHNPQ‘FT <F2 mpk, NP+§F410MPQRF410N PQR) +§TMN_2VM‘9N¢

9gMN e? 1o e 2 2 102 2
P BN (T S| HP 4 (R~ | B3O - Ag+2000P ), (A12)
and we give in the bulk of the paper the definition of the source energy-momentum tensor
Tarv. From there, we first get the 4d Einstein equation, proportional to its trace: we obtain
it using [57, appendix C]
2¢ 8 e? T,
0=2e4R5 + |HP? + -3 (g - 1|F,)> - 520
4 P (A13)
—de AN 24 — 46_4A(862A)2 — 2P Nge 2P — 6e297249,,e2 40 e2?

The 6d (trace-reversed) Einstein equation is obtained using in addition [58, (2.23c)]

1 e2¢ e?

1
0= Rmn - 4Hmqun Pa— 7 <F2 mpFQ n b + *F4 mpqu4 npqr) - 7Tmn

3! 2
¢ 1 2¢ 1
e (& —
~ fmn ( = T = GlHP + = ([Fo* = [ = 3[F{°P) + Se**Age™ (A14)

+ 62¢2A8pe2‘48p62¢> — 272V, 0% + e 40,20, + 2V,,0,6
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For convenience, we rewrite the above dilaton, 4d and 6d Einstein equations as follows

T
0=2e924RS 4 2R — e ?|H|> + %
— 2479724 (9eM)? — 16 9 A Age — 8Age™? — 32e7 40,010 ? (A.15)
0= —e 20724ART le*2¢|H|2 L f:(q - D|F, >+ ¢ T
12 14 ¢ 4 7
+4e7 27 ANg e +12e729724(9e)? £ e P Age? 4 (e ?)? + 129749, e 0me 9.
(A.16)
_ e 2 1 1 e ?
0= —e 2¢Rmn + THmqun P4 + 5 (FQ mpF2 n P —+ §F4 quTF4 nqu) + TTmn
S 24|24 B30 — )L+ BIE) — e 00
_ gmn gmn _ g L0210
8 16 4 U S A
+ % (eﬂi’AG e+ (9e7?)? + 4e’¢*A8peA8pe’¢)
+ 42974V, 0 + 2V, 00 ? — 20,6 0pe ¢ . (A.17)

Having presented the 10d type ITA supergravity equations split as 4d and 6d on a warped
compactification ansatz, in our conventions, let us compare them to those of [43]. Starting
with the dilaton and Einstein equations (A.15)—(A.17), we find a perfect agreement with [43,
(2.9)-(2.11)] thanks to the following translation

e =1, e x constant = w, (A.18)

11 1
271'\/& 7 2#\/&
where here and in the following the left-hand side are our notations and the right-hand side

those of [43]. One should also note that 27va/ = 1 in [43]. This translation is based on
the definitions of quantities in each set of conventions, and one then verifies the matching

1r _
03" = d;3,

= 25(7‘(‘1) s Tmn =2 Z Hi,mné(ﬂ'i) y (Alg)

of the equations.

Let us add more details on the warp factor and the map of conventions. The 4d metric
(in 10d string frame) in [43] is w?g5, where g%, is said to be the AdS metric with unit radius,
so that w effectively carries the AdS scale. In general, the AdS metric is proportional to
12 where [ is the AdS radius, and in 4d, one has for the AdS Ricci scalar R = —12/1?;
9" R;,, = —12 is indeed used in [43] (we use a label s, which is absent in that reference;
this is to avoid confusion with our metrics). Our 4d metric in (A.1) is denoted eQAgfy, where

gﬁy denotes the complete AdS metric. We conclude on the matching
el=w, (A.20)

recalling that [ is here our 4d anti-de Sitter radius in 10d string frame, and verify the
matching of the Ry terms in the above 10d equations.
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Regarding flux equations, we get a matching of equations (A.6) and (A.7)—(A.10) with [43,
(2.3)-(2.8)]," except for a sign difference in the non-trivial Bianchi identity in (A.6). That
sign has no physical impact and can be compensated by changing the sign of RR fluxes
(which leaves all other equations unchanged): we get

there = _thhere . (A21)

Having mapped our conventions to those of [43], we can for instance import the analysis
and solutions worked-out there.

A.2 Smearing source contributions

In [43] is considered a smearing procedure, mentioned in section 2.1.2. We use it here to
reproduce (to some extent) the smeared source contributions in the smeared DGKT solution
of section 2.1.2, starting from their localised definitions. Note that the smeared 10d solution
is not fully explicited nor verified in [43], and we bridge here this gap.

The map between our conventions and those of [43] on source contributions is given
in (A.19). Those involve 6d metric components so let us first m(a;)) those. Our notations
0)2

follow [1]: the metric is given in (2.2). In [43], a similar symbol v; '~ is unfortunately used

with a different meaning. We then change that notation as follows: U§0)2 in [43] — V2,

and map the notations
2(kV/3)3 v = v2nl/2, (A.22)

We verify the matching of the 6d volume computation, recalling that the work in [43] is done
on the covering torus 79 instead of the orbifold 7°/73

6 _ (V3 ! 2,212, 3/2
9V01:/TGd Yv/96 = 9 Kv1vU3 = | vivavsnt (A.23)

This can be found in [43, (2.14), (4.18)], and here in (2.11); the orbifold divides this vol-
ume by 9.

We now start considering the source contributions. From the definitions (A.2)—(A.4)
giving the source quantization, we reached in section 2.1.2 the integral [ % vol| = 2x 2.
Using in addition the (smeared) solution value for vol, (2.22), we deduce the following value
of the smeared source contribution in the DGKT solution

—1
L To_, <\/v01 5()) . (A.24)
T6 /72

27r\/07?

We then need to compute the above integral. It is unclear to us how to do so, and on
which 3d space to perform it. We still propose the following result, which will pass various
consistency check

1
/ Bo = =V/2371, (A.25)
TS /72 2

"The sign between the two terms in the H-flux e.o.m. seems at first sight different. This is due to a
difference in the Hodge star conventions: in d dimensions on a p-form, they differ by a sign (—1)?(¢~?). This
leads to a minus sign only on the H-flux, eventually giving the same equation.
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where one recognises the factor /2 3% in Bo (2.7). Going to the covering torus brings a factor
9 to this integral. Tjo becomes the sum of the different set contributions, Tig = >°; T{,. We
deduce that the smeared contribution on the covering torus is

T10 4
%f Z 7\@3%\/@ . (A.26)

According to the map (A.19), the above should be the smeared version of 23", d(m;) in [43],
where the sum is done on the 9 sources on the covering torus. The smearing procedure
described in [43, (2.13), (2.14), (4.18)] leads to the following replacement

8 4

Vi, 1) ) — = . A.27
)= 5 Navg V233 Vvol (420

Since the result is independent of ¢, we get that
225 (m;) = 18 x (A.28)

\f34f

which matches the result (A.26). In section 2.1.2, the value of T3¢ was rather fixed through
the Bianchi identity. From the above expression, the value of section 2.1.2 can now be
recovered from its definition and source quantization, or the flux quantization and tadpole
condition (2.23).

It would also be interesting to recover vol; in the smeared solution (2.22), or Tigvol,
from the smearing procedure of [43]. vol, would then appear as an effective transverse
volume built from the sum of all those on the covering torus. Doing so would require the
volumes volz,, where 7; is the dual cycle to the wrapped one m;. Those are however not
made explicit in [43], and we refrain from doing so.

Nevertheless, another related quantity can be obtained through smearing: the source
energy-momentum tensor T,,,. While we have its value in the smeared solution, let us
reproduce it as an effective quantity from smearing, as done above for T1y. We start in [43]
with > I 1, 0(7;): in the smeared limit, since 6(7;) becomes independent of ¢, that quantity
becomes proportional to Y ,IL; . We read that sum from [43, table 2] and get

ZHz(Ol)l = ZHz(,()Q)z = g\’%v ZHE,OB)?; = ZHE% = g"%» ZH§05)5 = ZHz 66 — 2v§,
(A.29)
while ZHZ .mn = 0 for m 7 n. In other words, we deduce in the smeared limit for m,n =
2k — 1,2k — 1 and 2k, 2k

1/2

> 0(m). (A.30)

Using the mapping to our notations (A.19) (having verified above the match between §(7;)

S Tind(mi) = gvk /2 () =

and TY,), we get

n — (’i\/g)l/g Uk % .

One verifies that this is precisely the smeared value of the DGKT solution (2.33), thanks
0 (2.29). We conclude that the smearing procedure, as described in [43], is able to reproduce

(A.31)

the values of the smeared source contributions of the DGKT solution given in section 2.1.2.
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B 4d elements

B.1 DGKT saxions kinetic terms

We derive here the saxions kinetic terms from 10d supergravity for the DGKT setting,
allowing us to have consistent conventions. This result is used in section 2.2.2. To get these
kinetic terms, we use known results; a more general and complete derivation is provided in
appendix B.2. In [56] was considered the following 10d string frame metric split in 4d and 6d

dsiy = 7 2gudatda” (B.1)
£ (o783 + (AP)?) + 005 (dy?)2 + (dy)) + 3o (d”) + (@)

with 4d fluctuations 7, p, 01, 02 and the 4d dilaton 7 = e‘¢p% used to go to 4d Einstein frame.
Then, the 4d kinetic terms were found in [56, (D.16)] to be given by

M? 3
Skin = _TP /d4$\/ |g4] (2(81n7’)2 + 5((91np)2 +12 ((311101)2 + (0lnoy)? — 3ln0181n02>) .
The following 6d metric
dsg = B3 ((dy")? + () + B3 ()2 + (dy")?) + B} ((dy")* + (%)), (B2)
corresponds to the previous one with
1 1
3 R3\3 R3)3
_ - (=2 =(=) . B.
p2 = RiR2R3, o1 (Rl) ; o2 <R2 (B.3)

From these results, we obtain the following kinetic terms

M2
Siin = =" / d'z\/lga| 2 ((Olnr)? + (OInRy)? + (InR)? + (InR3)?) . (B.4)

We now apply the above results to the 10d metrics of interest. The relation between the 10d
string frame 4d metric and the 4d Einstein frame one is given in (2.50). Comparing to (B.1),
we can identify 772 to (2mva/)® %. Given the definition of g in (2.40), we deduce 7! x g.

Turning to the 6d metric, comparing (B.2) to (2.2), and using the definition of r; in (2.40),
we get R? oc v; o 77. We conclude on the following kinetic terms for the 4d fields of interest

1
Skin = —5 /d4a:\/ |94 2M5 ((8lng)2 + (0lnr1)? 4 (Olnry)? + (8lnr3)2) . (B.5)

B.2 Warped 4d theory: kinetic terms and scalar potential

We work out here in full generality a 4d effective theory obtained by dimensional reduction
of 10d type ITA supergravity with sources, on a warped compactification. We will use it
in the main text for the extensions of DGKT.

We start by considering the following 10d string frame metric

ds® = 7(z) 72 W) g, () dzt'da” + p(2) g (2, y) dy™dy™, (B.6)
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which is more general than (A.1). The 4d Einstein frame metric will eventually be given by
guv- We first compute the corresponding 10d Ricci scalar: it will contribute to the kinetic
terms and the potential for this warped compactification. It is given as follows

Rig=12e ARy +p~ ! (RG - 126_2A(86A)2 - 86_AA66A)

— e 24 Vu (37’48“772 + szflgmna“(pgmn))

B.7
_ gefZA 7_6(87_72)2 _ 2672A T48M7726u(pgmn)pflgmn ( )
7 24 1 1 7 24 1
=€ Oulpgmn)p™ 9" 0" (pgpe)p™ g™ + €™ Dulpgmn) 0" (P~ g™")

In the above, R4 and Rg are respectively built from g,,, 4d derivatives, and g,,, 6d
derivatives. The 4d squares and covariant derivatives are built with g,,, while the 6d squares
are built with g,,,. Note that the 10d Ricci scalar for the purely warped 10d metric (A.1)
can also be read from [58, (2.28)], and the one for the metric (B.6) without warp factor can
be read from [56, (D.2)], and [59, (4.8)] in d dimensions.

The above formula can have interesting applications, given its generality. For our purposes
however, we set p = 1: the resulting metric from (B.6), namely

ds? = 7(x) "2 AW Guv () dztdz” + gmn(x,y) dy™dy" , (B.8)
will be enough for the 4d fields to be considered. We then simplify and rewrite the above

Rio = Re — 12e724(9e?)? — 8e A Age? (B.9)

3
+72e724 (724 -V, (3728“7_2 + gmna“gmn) - 57_4(872)2 + 7720, 7% " (grmn ) g™
1 1
- Zau(gmn)gmnaﬂ(gpq)gpq + Zaugmnaugmn) .

The first line will contribute to the 4d scalar potential, while the others will give the
kinetic terms.

We now write the 10d Ricci scalar (B.9) as the first line plus 72724 (R4 + ...) for
simplicity, and denote the determinant of the 10d metric (B.8) by |G|. We obtain

1

— [ d%%/|G| e72? Ryp B.10
) 2
K

10
M2
= = [ dtoflgdl 2 Voo (Ra+ )

+ (2nVa!) 8 V6_¢1 72 /d6y\/ |ge| e*472¢ (726 —12e724(9e?)? — 8€7AA66A) )

with Vg, = (Qm/&)*ﬁ/dﬁy |g| €2472¢ (B.11)
M2
= /d4a:\/]g4] (;(R4+>—VR> with T72:V6_¢17
MI? —61)—2 6 4A-2 —2A A2 —A A
and Vg = —7(277\/07) Voo /d yy/|gel e ¢ (R(; — 12e % (0e™)” — 8e™ " Age ) )
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with 2x2, = (27)7a/* and M} = (ma/)~!. Note that 72 = Vg, allows to reach the 4d Einstein
frame, with metric g,,,. We follow conventions of [46], adapting them to the fact that A and
¢ depend on internal coordinates. We have minor differences with conventions of [43].

In the following, we assume (which will be true in our applications) that the dependence on
4d versus 6d coordinates, in |gg| and in e?, factorizes. As a consequence, Ouln|ge| and aulne‘l5
are independent of 6d coordinates. We are then able to factorize out a 6d integral as follows

OV —
o = [ vt ke )

1
= /dﬁy 24\ /|gsle™2? <28uln|gﬁ| + 0uln e_2¢> (B.12)
Ve 1 ...
- G (37 hm 200).

In other words, we get

1
=" 0 Gmn , (B.13)

_ 1 _
20,0 = —Vy 0 Vs + igm"a#gmn =729, + :

where all terms are only 4d dependent. We use this to compute the contribution from the
10d dilaton kinetic term, minus the 6d square on 6d derivatives

— — ]- mn — mn
4003 — 400)F = 7274 (7O + 0u(gmn) g0 (Gp0)g" — 7207 D (Guun)g™)
This allows us to conclude

1
72/(11055\/@6_% (Rlo +4(3¢)%O>
o ) (B.14)
/ d4 |94 ( (R4 V6¢ (0Vep)? + @an o gm"> — VR¢> ,

where we integrated to zero the 4d total derivative in (B.9), and with
M?2
VRe = 771’(271'\/9)_6 ng?/dﬁy |g| e~ (7?,6126_2A(66A)286_AA66A+4(5)¢)2> ,

in which we have 6d derivatives and metric.

We turn to the fluxes and their contribution to the scalar potential. For those we follow
the procedure described in [46] which takes care of the bulk terms as well as the Chern-Simons
ones, and the need to distinguish the background fluxes from the axion fluctuations. For the
contribution of the 6d fluxes to the scalar potential, we first get the following expression,
with a 6d integral as above already for Rg

M? e _ 1 e2¢ 2
=% orval) 6v6;/d6y 19| 1420 <2|H|2+2[F02+|F2—|—FOBQ| (B.15)

| i

Vi

1
+|Fu+Cy /\H+F2/\BQ+§FO BoA\Bsy
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In addition, one has to consider possible 4d fluxes: the 4d component of Fy gives rise to the
Fs term. Following [46, (2.13)], we get for it the term

Sr=—— / a'z/lgal v f(jéryﬁ)i_M (<2m/o7>-6 / <F6+...>)2, (B.16)

|96]

1 1
Fs+...=F3+CsNH+F,ANBy+Ch /\H/\BQ+§F2/\BQ/\BQ+6FOB2/\B2/\BQ .

Trading the 6d integral squared for a flux square would require to know more on the
y-dependence of the fluxes and the 6d metric, a simplification we do not consider for now.

From the 10d flux terms, we can also obtain the kinetic terms for the axions, that we
take to be only dependent on 4d coordinates (and we neglect for simplicity here the possible
y dependence of the 6d metric entering the squares). Proceeding as before, we obtain

dSy/[gsle**
Skin /d4 iy — ) SR OC a|? f— . B.17
it oz ( |0Ba|” — | 1,3] 2o )0 Vo, (B.17)

Finally, we consider the sources contributions to the scalar potential. Starting from the
DBI action for one Og per set I, we eventually obtain

M? Tl
Vi = — o V)02 [flasl et o 0y
T

where the definition of 10 is given in (A.3).

Putting all pieces together, we conclude with the full action for the warped 4d theory,
obtained from type ITA supergravity with sources, with the 10d metric (B.8). There, we
took 72 = Vg, the latter being defined in (B.11). The action is

/d4 g“( " Ra—Voart (B.19)
M | [ %y /gl
__p -2 2 L mn B 9 9 Y 96 )

4 (V6¢ (OV6)" = 5 0ugmn 0" ™" +|0Ba " +]0C1 5] v/ Vi, + Sk,

with
M2
Voart = 7p(27r\/a)_6 V6_¢2/d6y |ge| 4720 (—7?,6+126_2A(86A)2+8€_AA66A—4(8¢)2
T 1 e2?
—6¢Z%+§’H’2+? |:F02+‘F2+F032’2
I

1)

(B.20)

1
+ | Fy+Cq /\H+F2AB2+§FO BoABs

and where the Fg term (B.16) provides the rest of the potential.
Let us add that the source term in the potential can be rewritten using the Bianchi identity,
here given by (A.6), which should hold in any case. Combining relations around (A.3), we
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get the rewriting

@y lgol oS0 T _ [ ancosTio ) n g
y1/lgs| e - = e 7 volj, Avoly,
I I
= /64A7¢ZVOIHI A (dFy; — H A Fy) (B.21)
I

where one may project dFy — H A Fy on each transverse space I. For our applications, it
won’t be necessary since the vol|, will be enough for this projection, so that dFy — H A Fy
can be factorized as above.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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