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1 Introduction

String-inspired non-local QFTs [1-13] have attracted significant attention in the recent
years, due to their apparent ability to solve several problems in high-energy physics. The
fact that non-local QFTs are free from UV divergences and do not introduce any new poles
to amplitudes made them suitable for furnishing solutions to several problems, such as
the hierarchy problem [14-17] and finding bouncing solutions to gravity [18]. The good
behavior of string-inspired non-local QFTs with infinite derivatives, arises from the non-
locality form factor that modulates the kinetic term, usually taken as the exponential of
an entire function of the d’Alembertian operator,
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where A is the scale of non-locality, i.e. the scale at which non-local effects come into
play. In particular, it is easy to see that loop amplitudes become modulated by a factor
~e s/ AZ, thereby making UV divergences exponentially suppressed for energy scales larger



than A. This renders non-local QFTs formulated in this manner super-renormalizable in
principle. Another attractive feature of this formulation, lies in the fact that an exponential
form factor does not introduce any new poles in the propagators, and therefore does not
introduce any new degrees of freedom compared with the local version of the theory.

In this paper, we will be concerned mainly with non-local QED. The first realistic
formulation of non-local QED was presented in [19]. The non-local QED Lagrangian in
the Feynman gauge can be expressed as follows
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where the covariant derivative is given by
V=0, +iQed, = V’=0+iQe(d-A+A-0)—Q**A% (1.3)

Notice that while the ordinary derivative is used in the gauge sector, the covariant
derivative has to be used in the fermion sector to make the Lagrangian gauge invariant.
Also notice that in general, the non-locality scales for the gauge and fermion sectors needn’t
be the same. In fact, as we will see later on, non-locality (at least in the fermion sector),
should be flavor-dependent. The Feynman rules corresponding to the propagators and
interaction vertex are given by
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where ¢y 2 are the momenta of the (outgoing) fermions. The details for deriving these rules
are provided in [19], where we refer the interested reader.

Recently, there has been an attempt to solve the (g—2), anomaly [20] through utilizing
the above non-local QED extension. As it is well-known, there is a discrepancy between
the theoretically predicted (see [23] and the references therein) and experimentally mea-
sured [24-27] magnetic dipole moment of the muon, which currently stands at a significance
of 4.20,!

Aay = a® — as™M = 251(59) x 107, (1.7)

!The recent results from Fermilab [28] brings the world average of the discrepancy to 249(59) x 107,
which brings its significance to the 5.00 threshold. However, we should point out that recent high-precision
QCD lattice simulations [29-31] appear to agree with the experimental measurements, thus reducing the
anomaly and placing tension between the lattice approach and the data-driven approach. We will ignore
this tension here as it is irrelevant for our discussion.



Other recent proposals to explain the anomaly include utilizing the SM Effective Field
Theory (SMEFT), [32-39], to which other proposal, such as non-locality, can be mapped.
The authors in [20] used the non-local QED extension above, in order to calculate the
QED form factors Fi(¢®) and F»(q?), and use them to explain the (g — 2),, discrepancy by
suitably setting the scale of non-locality to generate the anomaly, where the authors found
that a scale on non-locality for the muon of A, = 4.384 TeV would be sufficient to generate
the anomaly.

While the argument in [20] is in general correct, the authors nonetheless made errors
in their calculation. In specific, the authors calculated the correction to the form factors
at tree-level and at one-loop level, and while their tree-level calculation is correct, their
calculation at 1-loop is erroneous. In addition, there is another conceptual error related
to interpreting the results. The authors claim that one way to interpret their results is to
assume violation of gauge invariance. We show that this is incorrect, as gauge invariance
will always be preserved.

In this paper, we fix the 1-loop calculation made in [20] by recalculating the form
factors at 1-loop using the correct treatment for the non-local form factor, and we provide
the correct interpretation of the results. In addition, we utilize our machinery to obtain
other 1-loop results in non-local QED, such as the photon self-energy, the modification
to the electric potential, and the contribution to the Lamb shift. We also discuss charge
dequantization that corresponds to non-locality, and we utilize it to set stronger bounds
on the scale of non-locality from the bounds on millicharged particles.

We point out that after finalizing this paper, we found that some of the authors
of [20] extended their treatment in [21] to calculate several phenomenological results in
non-local QED, some of which overlap with our results. This includes calculating the non-
local corrections to the photon propagator, the Coulomb potential, the Lamb shift, the
electrostatic force, and the running of the QED coupling « in non-local QED. However, the
calculation in [21] utilized the same erroneous treatment used in [20] (see 3 for the discussion
of this erroneous treatment). As all their results are predicated upon the erroneous loop
correction to the photon propagator, all these results are also incorrect. In addition, they
claim that non-locality already arises in the photon propagator at the tree-level, which is
incorrect, as according to [22], any non-interacting non-local QFT is in fact local, which
can be shown through a simple change of variable of the wavefunction that absorbs the
non-locality on the non-interacting QFT in the definition of the field itself. Therefore, All
the results in [21] are erroneous.

This paper is organized as follows: in section 2, we review the results obtained in [20]
and highlight the errors they committed, then we provided the corrected calculation of
the form factors in section 3. In section 4, we present our additional novel results in non-
ocal QED at 1-loop. We also comment on the formalism of non-local QED with infinite
derivatives based on our result. Finally, we conclude in section 5.
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Figure 1. Tree-level (left) and 1-loop (right) contributions to the (g — 2),, anomaly. The propa-
gators and vertices are non-local.

2 Review of the previous non-local (g — 2), results

In this section, we quickly review the main results in [20] and highlight the errors committed
by the authors. The non-local contribution to the (g—2), was evaluated by calculating the
tree-level and the 1-loop corrections to the yu™ ™~ vertex shown in figure 1. At tree-level,
the matrix element can be written as

iMF = ieu(q)TH(p)u(qr), (2.1)

where p = g2 — ¢1, and the vertex function I'* is expressed in terms of the form factors F}

and F5 as follow -

I*(p) = FL(p* )" + Fa(p®) ng Pu- (22)

In non-local QED, I'#(p) is given by eq. (1.6). The Dirac equation and the Gordon
identity can be used to bring the matrix element in eq. (2.1) to the form

qg q% ‘1% ‘1%
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4 —q 92 — g
(2.3)

and for the muon we have Ay = A,. Comparing (2.3) with (2.1) and (2.2), we can imme-
diately identify

AZ A 1 92 a1
B(p?) = m? [ S | 45 (M M), (2.4)
95 — qi 2
el — el
FQ(pz) = _m2 ( 2 2 ) . (25)
43 — 41
Setting uF to be on-shell, i.e. @ =q¢= mi, we see that the muon g factor is given by
™ Zp m
g =2(R0? =0+ B =0)) =2, = (g-2), =2 —1)= 2550 (20)



and therefore, generating the anomaly in eq. (1.7) at tree-level only requires A, ~ 3 TeV.?
This is the main result in [20] and it is indeed correct.

Matters are different, however, when considering the 1-loop contribution shown on the
r.h.s. of figure 1. When calculating the 1-loop diagram, the authors in [20] expanded the
non-locality form factor as follows:

eis/A?:1il2+l'<:/\'2')+pgxt_'_'”7 (2.7)
f

where peyt are the external momenta and [ is the internal momentum in the loop to be
integrated over. The authors claimed that all higher-order corrections were divergent and
needed regularization, keeping only the non-divergent leading order for their calculation,
and keeping the non-locality form factor with only one vertex/propagator at a time in
their calculation, while assuming the other vertices/propagators to be local in the matrix
element. This way, they furnished six sub-diagrams for the 1-loop calculation by assigning
the non-locality to a different vertex/ propagator each time, then they summed all six
matrix elements together. This treatment is erroneous, as expanding in powers of 2 /A?
breaks down when I 2 Ay, which is bound to happen when the integral over [ is carried
out. Thus, all the results in [20] at 1-loop are incorrect.

Contrary to the claim of the authors in [20], the momentum integrals in non-local QFTs
are actually non-divergent, although they might still need regularization in some cases to
keep the threshold corrections within acceptable limits as discussed in [14] and as we show
later on. In fact, the main motivation for introducing an exponential non-locality form
factor was to render the theory super-renormalizable and free from any UV divergences.
Expanding the non-locality form factor as in eq. (2.7) while truncating the said expansion
at a certain order in the internal momentum [ invalidates this renormalizability, as now
the infinite series in ! (which sums up to a finite exponential), is turned into a finite sum
that is now divergent. This is clearly an incorrect prescription to deal with the form of
non-locality at loop-level.

As we shall show in the next section, the proper prescription is to expand in powers of
the external momenta (divided by the scale of non-locality), rather than the loop momen-
tum, i.e. expand in powers of pext/A. This is because for all relevant observables, including
the contribution to the magnetic dipole moment, the external momenta are always small
compared to the scale of non-locality, which according to [19] is constrained by the LHC
data to be larger than ~ 2.5—3TeV. Of course, for calculations where the external mo-
menta are large and comparable to the (presumed) scale of non-locality, the expansion in
Pext/ A is not valid, however, when this occurs, the entire Lagrangian in eq. (1.2) is no
longer valid as an Effective Field Theory (EFT), and must be replaced with the full (and
yet unknown) UV theory. This case is not relevant at the low energies of interest for our
purposes and we ignore it here.

2The value of A, =~ 4.384 TeV cited in [20] includes the (incorrect) loop correction.



3 Corrected results for F;(p?) and F(p?)

In this section, we show how to calculate the matrix element that corresponds to the 1-
loop diagram shown on the r.h.s. of figure 1 in non-local QED. Specifically, we show how
to extract the form factors Fy(p?) and Fy(p?). In our calculation, we limit ourselves to the
LO in the expansion of peyt/A. The matrix element can be written as

—ie

3 d*k
iMF = (2) u(q2) / WV'/(CD, kE+aq)e(k+ q)VH(E+qi, k + q2)

X gk +q)VP(q1, k+ q)g . (k)u(qr), (3.1)
where IIf, II; and V' are given egs. (1.4), (1.5) and (1.6), respectively.

3.1 The proper momentum expansion

Consider a non-locality factor that is a function of the sum of the external momentum ¢
and the internal momentum k. We can expand the external momenta assuming that they
are small compared to the scale of non-locality as follows

(k + q)? k> +m?+2q -k
exp VR = exp A2 )
k? +m? 2¢-k  1(2¢-k)* 1 (2q-k)?®
:eXp(A2>[1 T +3!A6+”l’

e p<k2+m2>[cos (2iq-k> isin <2iq-k>] (3.2)
=exp | ———— — ] - B .
A2 A2 A2 ’

where we have assumed that the fermion is on-shell in the first line. Notice that af-
ter the Wick rotation, as required for loop calculations, the exponential factor becomes
exp (—k%/A?), and that the internal momentum is to be integrated over from 0 to oo,
however, in any case, the value of the sine and cosine functions will always be between 0
and 1 regardless of the value of k. In the regime k < A (with ¢ < A always implied), we
can approximate the sine and cosine functions to LO, i.e.

2iq - k 1
cos (%) 21+O<A2),
2iq - k 1
sin< ZXQ ) ~ 0+0<A2), (3.3)

On the other hand, in the regime where k > A (again with ¢ < A also implied), the
2

k
exponential factor e~ 22 < 1, which implies that in eq. (3.2)

2iq-k\ _*& 2iq-k\ _*&
cos< Zj{2 )e Ag, sin( Zq )e A% <1, (3.4)

and the contribution in this regime is negligible. This only leaves the regime where k£ ~ A.
)

In this regime, e A2 is not small, however, q - k/A? ~ /A < 1, which implies that



the approximation in eq. (3.3) continues to hold (as long as the ¢ < A). Therefore, the
non-locality form factor can be approximated as follows

k+q)? k2 +m? 2 -k
exp [(AQ)]:exp< e 1+ ICRRE (3.5)

Finally, we point out that given the experimental bound on A 2 2.5—3TeV, for all
practical purposes, the mass in eq. (3.5) can also be dropped. We have checked numerically
that for masses ~ O(EW), the LO in the approximation in eq. (3.5) differs from the
numerical solution be no more than 1% [14], thus justifying our treatment.

3.2 The matrix element at LO in 1/A

Given the above expansion, we can simplify the matrix element in eq. (3.1). Working to
the LO in 1/A, it is easy to see that all non-locality factors become ~ e*”/A% (14 O(1/A2)).
Thus, the full matrix element simplifies to

3k?2 k2
K exp (@ +Az>
M / o

Yk +p)? —m?|[(k — q1)* — m2][k? — m?]
QQ{ ef+1 YK+ p+mV (K +m)y

(H) VI +p+m)y (k4 m)(kud, + ak) (3.6)
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% kl/ 1% 4
#(e ) e B gt e+ m) g, + b }u<ql>,

where we have given the photon a mass m, in order to regulate the IR divergence that
corresponds to the massless photon. The expression is quite complex. However, it can
be greatly simplified by inspecting the naive degree of divergence for each term. It is
not hard to see that the first term dominates, whereas the remaining 3 yield subleading
corrections. More specifically, we see that the first term ~ kY, whereas the second and
third terms ~ 1/k, and the last ~ 1/k%. Thus, the last 3 terms will be suppressed by one
or two extra powers of the scale non-locality compared to the first. Explicit calculation
shows that the first term yields a contribution ~ O(1), whereas the remaining terms yield
a leading contribution ~ O(m?/ A?c) at best. Therefore they can be safely neglected. In
the following, we only consider the contribution from the first term.

In order to extract the NLO corrections to the form factors 6 F(p?) and 6Fy(p?), we
need to bring the matrix element to the canonical form

2 nz 2
5F1<p > ,u+ ; p,,éFg(p >

iMF = (—ie)u(gz) u(q1)- (3.7)




Following the standard procedure of collecting the denominators through the Feynman
parameters, then using the Ward and Gordon identities, and after significant Dirac algebra,
the matrix element becomes

iMM ~ e [ dedydz6(1—2—y—2) | —— F 4+ 2e f+e i
(2m)
T

—1p2 — 4z + 22)ym? mz(l —z
XU(Q2)( 2 +(](; _i);’ ) v+ (kQ(_lA)z;)puU“”)U(QI)a (3.8)

Pk <6(5+r2)[’§ (4+r2)Ey (3+r2)/’§2>
1

where we have defined r = Ay /Ay and A = —zyp® + (1 — 2)*m? + zm2.
3.3 Extracting 6Fy(p?)

Comparing eq. (3.7) with eq. (3.8), we find that

4 (5+r2)ﬁ (4+r2)ﬁ (3+r2)ﬁ
SF(p? = 0) ~ i62/ dadyd=6(1 — x —y — Z)/ (21:‘)4 (7N 2T L
— k% 4+ (1 — 42 + 22)m?
2
X < (k2 — A)3 , (3.9)

and it is quite straightforward to calculate the momentum and Feynman integrals to obtain

a m2 —(3 +r?)m? —(4 + r?)ym?
Fy ~ — |18 — 81 — | - K| —r’— ) - 2Ei| ——————"
o 167r[8 8°g(mz) ( A ) ( A2 )

_Ei<_(5 ;;z)mz)] (3.10)

where the exponential integral function Ei(t) is given by

[e.9] e*Z

Ei(t) = —/ dz—, (3.11)
—t z

and we have dropped the photon mass inside Ei(t) since it is free from any IR divergences.

Nonetheless, there is a logarithmic IR divergence when m., — 0 which needs to be regu-

larized, just like the case in local QED. On the other hand, unlike local QED, the result

is free from any UV divergences, which is a direct result of the exponential non-locality

form factor that rendered all amplitudes finite. Curing the IR divergence can be done by
2 _
2=
FE to be equal to some minimum energy FEy;, that defines the resolution of the detector,

following the prescription used in local QED. For instance, since m p? = E?, we can set
however, we find it more suitable to use the renormalization prescription formulated in [14]
to renormalize non-local QFTs.

The reason behind this choice is as follows: although after removing the IR divergence
in eq. (3.10) and using A, ~ 3TeV that corresponds to solving the (¢ — 2), anomaly,
one obtains (assuming r ~ 1) an NLO correction §F; ~ O(1072), which is acceptable;
we should note that this does not hold when the scale of non-locality is much larger than



that. Specifically, as found in [14], quadratic divergences in the local QFT translate into a
quadratic dependence on the scale of non-locality in the non-local version, and logarithmic
divergences in the local QFT translate into a logarithmic-like dependence on the scale of
non-locality through the function Ei(—t), which behaves like a logarithmic function for
t < 1. These threshold correction could be unacceptably large in some situations (as we
shall show below), and become divergent when Ay — oo.

To remedy such situations, [14] formulated a prescription to renormalize non-local
QFTs dubbed the Non-locality Renormalization Scheme (NRS), where any quadratic de-
pendence on the scale on non-locality is subtracted, whereas the logarithmic-like depen-
dence is either kept (the Minimum Non-locality Subtraction or MNS), or subtracted (the
Modified Minimum Non-locality Subtraction or MNS), such that in the limit A — oo, the
non-local result will correspond to the dimensionally regularized local case, up to possibly
scheme-dependent constant terms. Both schemes are generic and can be used for any QFT.
In our case, the quadratic dependence on A is already absent, thus we need to utilize the
MNS scheme. In the MNS scheme, we use the following prescription

() () - (). 12

where p is a renormalization scale. Using this prescription with eq. (3.10), then using the
expansion of Ei(—t) for small argument

[ —m? m?
eq. (3.10) simplifies to
a |9 m? m?
0F1(0) ~ —|= —21 — | —1 — |- 3.14
1(0) M[Q og<mg/> og<u2)} (3.14)

The renormalization scale u, should be chosen appropriately based on some renor-
malization condition. As suggested in [14], the NRS was introduced so that in the limit
A — oo, the renormalized non-local QFT would agree with the renormalized local QFT,
upto possible scheme-dependent constant terms. Therefore, a suitable renormaliztion con-
dition is to require the vanishing of all higher-order corrections to Fj. Therefore, setting
eq. (3.14) to vanish implies ]

p= e (3.15)
My
and it is fairly easy to see that through suitable renormalization conditions, all higher-
orders corrections to F} can be made to vanish, such that the renormalization at tree-level
is exact to all orders in non-local QED, just as the case in local QED, i.e.

2

LO NLO NNLO LO m?\ iz 2m?
f f
(3.16)

where F[©(0) is obtained from eq. (2.4) by taking the limit g2 — ¢ = m?, and we see that
limp 00 F1 (0) =1, in agreement with the local limit.



3.4 Extracting 0F»(q?)

Comparing eq. (3.8) to eq. (3.7), we immediately identify the NLO correction to Fy(p?)

SFy(p* = 0) ~ 2im2e2/da:dyd25(1 —r—y—2z)z(1—2)

Ak [ G bl ek 1
X/(27T)4 (6 Af +2€ Af +e Af m s (317)

and following the same procedure used to obtain 0 F}, it is fairly straightforward to evaluate

the integrals and find

3+r3m?_ [ —(3+1r?)m? @+rHm?_ [(—(4+r?)m?
5Fy(p? = 0) = & |14 E E
2(p”=0) = 5 [ 1212 AZ 6AZ A2

5+r2)m? _ [ —(5+1r2)m? m?
! 12A% E1< ( A?) >+O<A§>‘ (3.18)

Given the vanishing of F5(0) at tree-level, we can see that eq. (3.18) yields the correct
local limit, i.e. lima ;00 F2(0) = a/27. Nevertheless, the result in eq. (3.18) is inaccurate.
More specifically, although the leading term in eq. (3.18) is indeed correct, the subleading
corrections are incomplete. The reason behind this is that the leading corrections arising
from the neglected terms in eq. (3.6) (the last 3 terms), and the NLO expansion terms in
external momenta p-k/ A? and ¢-k/ Afc in the first term in eq. (3.6), will yield contributions of
the same size as the subleading corrections in eq. (3.18). Therefore, a proper calculation of
0F5(0) would require expanding eq. (3.6) to NLO in the external momenta, then keeping the
terms that yield contributions of the same order as the subleading corrections in eq. (3.18).
However, this is a challenging task, as there are literally hundreds of terms in the expansion.
Nonetheless, there is no need for alarm, as the size of these contribution is easy to estimate

2 2
SENO(2 — ) m ko x 2 g 3.19
2 (p ) X 167TA% 1 A} 3 ( )

where k ~ (a few). Thus we have

«
~

Fy(p® =0) ~ o

(3.20)

m? —m?
()]
8A 7 A 7
Numerically, if we use Ay ~ 3TeV as required by the anomaly, and set k& = 100, then

the NLO correction would be ~ & x O(1077) < F3©(0). Therefore, the NLO corrections
can be safely neglected and there is no need for any exact calculation at NLO.

4 Further results at 1-loop in non-local QED

We have shown in section 2 how to correct the results in [20] and provided the proper
treatment to calculate loop diagrams in non-local QFTs in the limit A > peyt. In this

~10 -
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Figure 2. Photon self-energy in non-local QED. The diagram on the left is unique to the non-local
case and arises from expanding the covariant derivative in the non-local form factor.

section, we will utilize this treatment in order to perform several novel calculations in non-
local QED. Specifically, we calculate the photon self-energy, how non-locality modifies the
Coulomb potential of electric charges, and the modification of non-locality to the enegy
levels of the hydrogen atom, especially its contribution to the Lamb shift. We also discuss
charge dequantization through non-locality and the corresponding bounds on the scale of
non-locality that can be obtained from millicharge searches.

4.1 Photon self-energy

Here we calculate the photon self-energy in non-local QED. This result is necessary for
calculating the corresponding modification to the Coulomb potential, i.e. the non-local
Uehling potential. Unlike local QED, where there is only one diagram that contributes to
the photon self-energy at 1-loop (the diagram on the r.h.s. of figure 2), non-local QED has
an additional contribution through the vertex 1)¢yy (the diagram on the Lh.s. of figure 2).
This diagram arises from expanding the covariant derivative in the non-local form factor
and is a direct result of requiring the action to be gauge invariant. The contribution from
this diagram is given by

k2
d*k ie™ (f +m)
TTHY — 502 uv
ill ie / i [V | (4.1)

where V* corresponds to the vertex ¢n)yy. The Feynman rule that corresponds to this
vertex is a very complicated function that was calculated in [40]. Luckily, we don’t need to
evaluate this contribution explicitly, as it can easily be shown that when closing the loop
(i.e. when the momenta of the fermions are equal), V# vanishes. On the other hand, the
second contribution is non-vanishing and to the leading order in ¢/Ay, is given by

2 y
I — 2 / Ak | A g my (4 m) (4.2)
(2m)* ((k+q)? —=m?)(k* —m?) |’ '
which can be calculated through the standard way, yielding the result
200 (1 [ A3 —4m? — da(z — 1)¢>
I*Y ~ _7Oé dx iglﬂ/ 4 (QQQMV _ qqu)x(x _ 1)El m 'Z(x )q + O(l)
(4.3)

Notice that the result has a quadratic dependence on the Afc, as well as a logarithmic-
like dependence on the A?c through the function Ei(¢). As explained in detail in [14]
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and highlighted in section 3.3, this dependence on the non-local scale, corresponds to the
quadratic and logarithmic divergences in the local theory (when a UV cutoff is used). Al-
though the quadratic and logarithmic dependence imply that the non-local version of QED
is finite, they nonetheless introduce unacceptably large threshold corrections as we show
later on, and thus they need regularization. Following the NRS prescription introduced
in [14], any quadratic dependence on the scale of non-locality must be subtracted, whereas
the logarithmic-like dependence may or may not be subtracted depending on the scheme,
(see discussion around eq. (3.12)). The quadratic dependence on Ay can be straightfor-
wardly subtracted. On the other hand, to subtract the logarithmic-like dependence on the
scale on non-locality, we modify the MNS slightly to make closer to the local case, i.e. we
subtract the divergence as follows

~

I(¢%) = M (q%) — T2(0), (4.4)

which can always be arranged via a suitable choice of 2 in eq. (3.12). Thus, the renor-
malized photon self-energy reads

(%) =~ (%" — ¢"¢")2(g?), (4.5)
with,
1 [ —4m2—dx(z—1)q?
o ~2a dxa:(:z—l)E1(m Aﬂgﬂ” ) ) MNS;
H2(q") =~

(4.6)
2 [ deate [ (et ) ()] N

As we shall see below, it is necessary to renormalize the photon self-energy this way,
otherwise, large threshold corrections will render the theory essentially nonphysical. No-
tice from eq. (4.6) that photon self-energy in non-local QED preserves both the Lorentz
invariance and the Ward identity, and that the photon remains massless, just like the local
case. This is reasonable as the action in eq. (1.2) is both Lorentz and gauge invariant by
construction.

4.2 Modification to the electric potential

It is well-known in local QED, that ﬁg(gQ) will modify the electric potential between two
electric point charges compared to the classical Coulomb potential. In general, the modified
electric potential can be expressed as

v = e [ LD il , 47
0= G (1 - a(—IP)) )

and in local QED, this modifies the electric potential by the Uehling term?

. o} 402 4
V(r) = _H - 15m2 (F)

(4.8)

3This Uehling potential is an approximation. We show a more careful treatment in appendix A.
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Figure 3. Comparison between the leading terms in the modified potential in local and non-
local QED in the MNS scheme for 2 benchmark points for the scale of (fermionic) non-locality;
Ay =10*GeV and Ay = 101° GeV.

Here, we seek to calculate the modified electric potential in non-local QED. Thus, we
use II5(¢?) given in eq. (4.6) to calculate the modified potential in eq. (4.7). We first use
the MNS result in our calculation. In the non-relativistic limit momentum |g]? < m?, and
with m < Ay, we have

Ei(_4m2 +4§§x - 1)@2) ~ Ei<_i?2> — oz — 1)'35, (4.9)

and the integral in eq. (4.6) is easily evaluated, yielding

~ a [ [ —4m? q?
™5 (=1ql?) = o {E1< > > + 5‘712] (4.10)
f

which can be used in eq. (4.7) to find the modified electric potential

« 402 1

_15 2 o —4m?2
ot (=

. 1
VMNS (T) = a 10: [ —4m?2 [
1 2 e )

5%?)] . (4.11)
)

We compare between the local and the non-local Uehling potentials for two benchmarks
in figure 3. Notice that non-locality always lowers the potential, where we see that the
non-local potential is ~ 2.4% (~ 4.4%) lower than the local case for Ay = 10* (10'%) GeV.
The reason for this is that non-locality suppressed contributions from higher momenta,
thereby providing additional screening to the electric charge.

Although the modified non-local Coulomb potential exhibits similar characteristics to
the local one as expected, it nonetheless suffers from a serious anomaly: for any EFT
to be physically sound, the UV sector should yield IR corrections that are represented
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by irrelevant operators suppressed by the scale of the UV sector, which become smaller
the larger the UV scale becomes, eventually decoupling completely when the UV scale is
sent to infinity. In other words, for our non-locality description to constitute a physically
sound EFT, the corrections of the non-locality in the IR should becomes smaller as Ay
becomes larger, eventually restoring the local limit when Ay — oco. However, what we
are witnessing here is quite the opposite behavior: the IR effects of non-locality becomes
larger as Ay increases (i.e. non-locality reduces the Coulomb potential more as its scale
increases), and when Ay — oo, the electric potential vanishes instead of reproducing the
local limit!

The reason behind this anomalous behavior lies in the logarithmic-like dependence
on the scale of non-locality, which is encoded in the function Ei(—m?/ A;) As explained
above, the logarithmic divergence in the local case, which is removed via the essentially
ad hoc prescription in eq. (4.4), is retained in the non-local MNS scheme because non-
locality makes it finite, however this function can lead to sizable threshold corrections when
m/Ay < 1 that eventually turn into the (local) logarithmic divergence when m/Ay — 0.

Things are quite different when we use II(¢2) in the MNS scheme instead (bottom
line in eq. (4.6)) to calculate the modified potential. In this case we find

2
4
«@ 402~

Vims(F) =~ T Tom2® 1 83(7), (4.12)

and we can see now that this modified potential looks more reasonable as an EFT. We also
notice that taking the limit Ay — oo yields the local case in eq. (4.8). This potential only
modifies the local limit marginally, as Ay > m from experimental measurements.

4.3 Corrections to the hydrogen energy levels and contribution to the
Lamb shift

Corrections to the electric potential will affect the energy levels of the hydrogen atom.
Here, we calculate the modified energy levels of the hydrogen atom due to the modified
potential found in section 4.2. In particular, we calculate the contribution to the Lamb
shift, which can be compared to the experimentally measured value to set limits on the scale
of non-locality. The shift in the energy levels that corresponds to the modified potential is
given by?*

AE = / d3p* (F)SV (7)ab (7). (4.13)

First, let’s use the modified non-local potential in the MNS scheme, which is given in
eq. (4.11). This potential leads to the following shift in the energy levels

a 1 4o 1

(=am?\  15m?2 ([
o E(E) P (3]

AE:/d?’F\w(F)\?[ 253(7#)]. (4.14)

4Notice here that v is the unperturbed wavefunction corresponding to the local potential. In general,
non-locality will induce a small correction d¢ to this wavefunction, and the Lamb shift will receive a
correction ~ d1dV 1), however, as d1) is the same order as 6V, this correction is second order compared to
the leading correction to Lamb shift and for energies < Ay relevant for the Lamb shift, it is negligible.
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Notice that the first term is equal to the local case multiplied by a non-local correction
factor, thus we can be immediately read it off from the local case

—13.6
AE() ~ eVv. (4.15)

n? [1 - ;Ei(ﬁ’?”?)]

This term does not contribute to the Lamb shift, which measures the correction to the

transition 2515 — 2Py 5. However, it does modify the energy levels themselves as we shall
discuss below. The second term is easily evaluated on the support of the delta function

4o’ |4(0)]?
 15m2 2"
a 1 [ —4m?2
{ —37E1( A2 )]

Notice that only S-wave states are nonzero at the origin. Therefore for 25, the wave-

function is [1(0)2s]? = a®*m? /87, which implies that the non-local correction to the Lamb
shift is given by

5
ABEy, = -2 ! = AL (4.17)

30m 2 27
[1 - ;Ei(i@”‘z)] [1 - ;TEi(ﬁtfz)]
7 ¥
where AF, is the Lamb shift in local QED. For the transition 2.1 — 2P, /5, the difference
between the theoretical and experimental energy differences is given by [41]

0F = AE™ — AE™P = 1057.833 — 1057.845 = —0.012 MHz, (4.18)

which can be used in conjunction with eq. (4.17) to set a lower bound on the scale of
non-locality. A 20 limit can be obtained by requiring

|AENL] S [20E], (4.19)

however, the resulting lower bound is ridiculously large ~ O(10'3%9)! and many orders
of magnitude larger than the Landau pole. This would clearly exclude non-local QED (at
least as prescribed by the action in eq. (1.2)) as a realistic QFT. To make matters worse,
the modification to the energy levels given by eq. (4.15) will set a different limit on the
scale of non-locality. As the energies of transitions in the hydrogen atom are well-measured,
they can be used to set (different) limits on the scale on non-locality. The best measures
transition we are aware of is the 1.5 — 25 transition, which theoretically corresponds to
10.2eV. The experimentally measured value of this transition reads [42]

fils_os = 2466061413187018 + 11Hz == AFjg_0g = 10.1988 = O(10~ %) eV. (4.20)

Using this limit in eq. (4.15) requires Ay = 1 MeV! Clearly this is inconsistent with the
other bound and is too low to make any physical sense, not to mention that it is in conflict
with the LHC bounds [19]. Just as the case with the modified potential, the root of these
conflicting results lies the large threshold corrections arising from function Ei(—4m?/ A?c)
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As illustrated in detail in [14], and as the case with the modified potential above, in some
cases, it is not sufficient just to subtract the quadratic dependence on Ay, i.e. use the MNS
scheme, and one has to also subtract the logarithmic-like dependence on A through the
MNS prescription in eq. (3.12). Therefore, we should use MNS result for I(¢2) in eq. (4.6),
which in the non-relativistic limit ¢?> < m? yields the result®

2 4m
fiys o _odd” T (4.21)

~

" 15mm?2

Using this in eq. (4.7) to evaluate the modified electric potential, we obtain

! 402 i .
quﬂ) = _W — We A5 53(7‘), (4,22)

and we can see clearly that the potential is not modified away from the origin, and that
the local limit in eq. (4.8) is retrieved when Ay — oco. Using this modified potential in
eq. (4.13), we can easily see that the energy levels will be identical to the local case, since
the leading term in the MNS is identical to the local case, thereby evading any bounds
from energy transitions. On the other hand, the contribution to the Lamb shift becomes

2

odm —T5
AEWE —30771_6 f s (423)

which in conjunction with eq. (4.18) brings the lower limit on Ay from above the Landau
pole to a mere ~ 50 MeV.

The MNS scheme results are consistent and logical. In addition, the modified potential
and the corresponding Lamb shift yield the correct (local) limit when Ay — oo, unlike the

case with the MNS scheme. This means that the MNS is indeed the correct prescription
to use for the Lamb shift. Nonetheless, the vast disparity between the results of the two
schemes, and the fact that the non-locality formulation does not completely eliminate the
need for renormalization in many cases, both merit further comments. We will comment
on the results in section 4.4 below.

4.4 Comments on non-local QED and non-locality renormalization

As discussed in detail in [14], although non-locality does indeed render UV-divergent quan-
tities in local QFT's finite, it nonetheless could lead to unacceptably large threshold correc-
tions. The quadratic divergence in the local case translates into a quadratic dependence
on the scale of non-locality, whereas the logarithmic divergence in the local case translates
into a logarithmic-like dependence on the scale of non-locality through the function Ei(¢).

The calculation in 4.3, shows how unacceptably large these threshold corrections could
be. We saw that when the logarithmic-like dependence is kept, non-locality could yield
physically inconsistent results. On the other hand, when this problematic dependence is
subtracted via the MNS scheme, the results are consistent and yield the correct local limit.

5Notice that in eq. (4.9), we have droped the exponential factor since m <« Ay. However, here we have
to keep it as it is the only source of non-locality modification that remains in the MNS scheme.
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These calculations seem to suggest that whenever the local version of the theory has
a logarithmic divergence, the MNS scheme should be used to avoid large threshold correc-
tions that could contradict the experimental results. Or perhaps one should choose the
appropriate renormalization scheme depending on the calculation at hand in an ad-hoc
manner, however, in doing so, one faces the obvious question: what is the point of us-
ing non-locality to begin with if the results still need regularization to remove any large
threshold corrections that could be unacceptable experimentally?

Non-locality through infinite derivatives as shown in eq. (1.1) was mainly introduced
as a solution to the UV divergences in the local QFT, i.e. to make the theory super-
renormalizable without the need for any renormalization schemes as in local QFTs. Before
the age of the LHC, the scale on non-locality was thought (or hoped) to be low, however,
given the LHC bound on A [19], we now know that this is not the case. Thus, any threshold
corrections that correspond to UV divergences in the local case will indeed be sizable and
even too large in some cases as we saw with the modification to the energy levels of the
hydrogen atom and the Lamb shift.

The necessity to use a renormalization scheme to eliminate the non-local “divergence-
like” threshold corrections seems to defeat the whole purpose of using non-local QFTs,
which casts serious doubt on their usefulness. We will neither attempt to answer this
question here, nor suggest that physicists should give up on non-locality. However, what
we hope to do is start a discussion on this issue. We will not discuss this issue any further.

4.5 Charge dequantization

An important result highlighted in [20] but not emphasized enough, is the fact that non-
locality can lead to charge dequantization. It was found in [20] (see eq. (2.4)) that at

tree-level )
2 m=
F1(0) = (1 + ZZ)&? . (4.24)
!

As we’ve argued in 3.3 (see eq. (3.16) above), all higher order corrections to F;(0) can
be made to vanish through appropriate renormalization conditions. Therefore, F;(0) above
is exact to all orders. Since F3(0) essentially renormalizes the electric charge, i.e.

2
2\ ™Mf 2
m — 2m
Fl(o):Q:<1+A§>eA?g1+A2f+---, (4.25)
f f

we can see that non-locality leads to charge dequantization. It has long been known that the
electric charge can be dequantized via the introduction of a new gauged U(1) group [43-45],
however, non-locality now offers a novel way for charge dequantization.

Notice from eq. (4.25) that the electric charge depends on the ratio 2mys/A, which
was interpreted in [20] as either a violation of gauge invariance, or a violation of lepton
charge universality. This interpretation is erroneous, since the action in eq. (1.2) is gauge
invariant by construction, and in all calculation gauge invariance is never broken. What
this result truly means is that eq. (4.25) offers 2 possibilities: either the scale of non-locality
is universal, which implies a violation of the electric charge universality; or that the electric
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charge is universal (by keeping the ratio 2my/Ay fixed), which implies a flavor-dependent
scale of non-locality.

Let’s discuss these two possibilities in more detail. First, Let’s assume for the moment
that the lepton’s charge is universal. From [45] (see also [46] for more details), it is shown
that if the SM is extended by 3 Dirac neutrinos, and if the SM fermions obtain their mass
through the Higgs mechanism, then charge can be dequantizaed as follows

;L = Q;R = ¢ Vi, (4.26)
L=Ql =-1+c Vi (4.27)
i i 2 1 .
ur, = upR = g + 56 Vz, (428)
- - 1 1 .

Qi = Qi = —3+ 3¢ Vi, (4.29)

where ¢ refers to the fermion generation. These conditions are obtained by demanding that
the SM fermion Yukawa interactions be gauge invariant, and that the gauge anomalies
cancel. Comparing this with eq. (4.25), we can immediately identify®

2 2 2
. 2m; _ dm;,  2my

A? AZ A2

(4.30)

and we can use the limits on the neutrino charges to set bounds on the flavor-dependent
scales on non-locality. The most stringent constrains on the charge of neutrinos arises from
beta decay in combination with limits on matter neutrality [45, 47, 48]

le] < 10721, (4.31)

which translates into the flavor-dependent lower limits on the scale of non-locality for the
SM fermions

Ao > 2.29 x 101 TeV, (4.32)
A, 2 4.74 x 10° TeV, (4.33)
A = 7.95 x 107 TeV, (4.34)
Ay > 1.37 x 10° TeV, (4.35)
Ag = 2.09 x 105 TeV, (4.36)
Ay > 4.16 x 105 TeV, (4.37)
A, > 8.03 x 107 TeV, (4.38)
Ay > 1.87 x 10% TeV, (4.39)
Ay > 1.09 x 101° TeV, (4.40)

and we see that in this case (where neutrinos are assumed to be Dirac fermions), we can
obtain stringent bounds that are much stronger than the LHC bounds obtained in [19]. On

SNotice that the eq. (4.25) implies that the charge of any lepton is = 1 4 €, however, eq. (4.26) implies
that @, = e. The resolution for this apparent contradiction is to define Q, = F1(0) — 1, since in the local
limit, neutrinos do no couple to the photon. This way the local limit is obtained when Ay — oo, and the
charge dequantization is correct.
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the other hand, if neutrinos are Majoranan fermions, then the invariance of the Weinberg
operator implies that they must be electrically neutral [43-45], which according to the
conditions in eq. (4.26)—(4.29) implies that the electric charge of the SM is quantized.
Therefore, non-local QED with infinite derivatives as formulated in the action (1.2) is
inconsistent with Majorana neutrinos.

Finally, we discuss the second possibility represented by a universal non-locality scale.
We can immediately see that this possibility is excluded. The reason for this is that a uni-
versal non-locality scale implies a flavor-dependent charge, which cannot be accommodated
according to the conditions in egs. (4.26)—(4.29). Therefore, we conclude that non-locality
cannot be universal and must be flavor-dependent (assuming it exists!).

Before we conclude this section, we should point out that although it appears that
the renormalization condition in eq. (3.16) can be used to set the electric charge @ = 1
and thus avoid charge dequantization altogether; this choice is actually not possible, as it
would involve tuning all higher-order corrections against the tree-level one to reproduce
the desired value. This tuning would include a complicated dependence on the different
scales of non-locality of all of the particles running in the higher-order loops, which come
at different powers and should cancel against each other. Satisfying such a condition will
not be possible.

5 Discussion and conclusions

In this paper, we corrected the results obtained in [20] and provided the correct treatment
for extracting the magnetic dipole moment in non-local QED. In specific, we showed how to
properly extract the form factors F;(p?) and Fy(p?), and showed how to properly regularize
them using the NRS scheme proposed in [14]. We also showed how non-local form factors
exhibit the correct local limit when the scale of non-locality Ay — oc.

We used our treatment to calculate some novel results in non-local QED. Specifically,
we calculated the photon self-energy and showed that in non-local QED, the result is both
Lorentz and gauge invariant, which is a reasonable result given that the non-local QED
action is both Lorentz and gauge invariant by construction. This means that the photon
remains massless and the Ward identity is respected in non-local QED, just as the case
with local QED. Part of these results was also demonstrated in [40], and they contradict
the claim made in [20] that gauge invariance could be broken.

We also calculated the non-local Uehling potential in both the MNS and MNS schemes.
We found that in the former case, the electric potential is indeed modified at and away from
the origin, where non-locality always enhances the charge screening effect, thereby lowering
the potential compared to the local limit. Nonetheless, we found counter-intuitively, that
increasing the scale of non-locality would enhance this effect, in contradiction to how a
sound EFT should behave. We showed that the reason behind this lies in the logarithmic-
like “divergence” which, although being absent in the local case, gets included in the
non-local case. We showed that subtracting the logarithmic-like dependence on the scale
of non-locality through the MNS scheme remedies the situation, and we showed that in
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that case non-locality almost has no impact on the electric potential away from the origin,
and only marginally modifies the potential at the origin.

We also calculated the modification of the energy levels of the hydrogen atom and
the contribution to the Lamb shift due to non-locality. We found that when the MNS
scheme is used, experimental constraints on the measured energy levels of the hydrogen
atom and the Lamb shift are inconsistent and essentially rule out non-locality as a viable
prescription. On the other hand, we found that when the MNS scheme is used, i.e. when
the logarithmic-like dependence on the scale of non-locality is subtracted, the situation is
cured. Specifically, we found that using the MNS scheme, there will be no modification to
the energy levels compared to the local case, whereas the modification to the Lamb shift
due to non-locality is marginal and sets a lower limit of only ~ 50 MeV.

Throughout our calculation, we showed that although non-locality does indeed render
any UV-divergent quantities in the local case finite, it nonetheless could introduce large
threshold corrections that could be problematic, and could even contradict experimental
bounds. In specific, we showed that quadratic divergences in local QFTs translate into a
(finite) quadratic dependence on the scale of non-locality, whereas logarithmic divergences
in local QFTs translate into a (finite) logarithmic-like dependence on the scale on non-
locality through the function Ei(f). We argued that this situation can be remedied by
utilizing the NRS prescription formulated in [14], whereby the quadratic and logarithmic
dependence can be subtracted following a suitable subtraction scheme, in a manner similar
to dimensional regularization in local QFTs, however, we also argued that the need for
regularizing non-local QFTs brings into question their usefulness as a means to regularize
(divergent) local QFTs. We are hoping that our findings would bring a serious discussion
vis-a-vis the correct prescription to formulate non-local QFTs, or whether non-locality
should be incorporated into QFT's to begin with.

We also showed that non-locality provides a novel way for charge dequantization.
Specifically, we showed that a universal scale of non-locality is excluded as it would lead
to the SM particles having different (dequantized) charges, which is excluded by the re-
quirement of gauge invariance of the Yukawa couplings of fermions and the cancellation
of gauge anomalies. On the other hand, we found that a flavor-dependent scale of non-
locality can accommodate charge dequantization if and only if the SM neutrinos are of a
Dirac type, since Majorana neutrinos imply that the electric charge of the SM is quantized.
We showed that the experimental limits on the electric charge of neutrinos can set much
stronger bounds on the scale of non-locality compared to the bounds from the LHC, which
range between 10°—10'° TeV depending on the type of the fermion.
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A More accurate calculation of the Uehling potential

In section 3.2, we presented an approximate calculation to the modified electric potential
(the Uehling potential). Here, we show a more accurate treatment. In momentum space,
the electric potential can be expressed as

2
o2y C (1 T (2
Vig) = (1~ T(a). (A1)
which in local QED and at 1-loop is given by
2 1 2
~, 9 € 2a q
Vig*) = 2<1+/0 dxz(l — x)log [1—:5(1—@]). (A.2)

q T m2

Evaluating the integral and Fourier transforming the momentum space to the position
space leads to the usual Uehling potential in local QED

« a e 2mr 1
V(T‘)—r(lﬁLWWﬁL"'), T>>E’ (A3)

and we see that the first term in eq. (A.3) is simply the classical Coulomb potential, whereas
the second terms is a Yukawa-type interaction the arises from the quantum radiative cor-
rections. At distances r > 1/m, vacuum polarization due to virtual ete™ pairs constitutes
a screening effect that reduces the bare charge.

A similar treatment can be applied to non-local QED by using ﬁg(qQ) in eq. (4.6),
where the correction to the Coulomb potential is given by

892 [ daz(x — 1)Ei<‘MW>, MNS;
ga? (1 1) |Bi il —de@=1)e® ) gy —dm? MNS .
qu fO :r:r(x — ) 1 A2 — Afc ) .

The integrals can be either approximated or performed numerically, then they can be

5‘7(q2) ~

Fourier transformed to yield the correction to the Coulomb potential in position space.
Here we note that non-locality provides additional screening because it eliminates higher
momenta.
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