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A model for describing spontaneous ternary fission of heavy nuclei is presented. It follows from the suggested

model that heavy nuclei have the same half-lives in spontaneous ternary and binary fission processes. The
collinear cluster tripartition process observed in FOBOS experiments is found to be the dominant reaction channel
in spontaneous true ternary fission of heavy nuclei within our model. Competition between binary fission and
the formation of a trinuclear system, which is responsible for the ratio of spontaneous ternary and binary fission

yields, is introduced.

1. Introduction

The process of nuclear decay began to be intensively studied in the
first half of the last century. Early theoretical models for alpha decay by
Gamow [1] and binary fission by Bohr and Wheeler [2] were developed.
Interest in ternary fission of heavy nuclei arose soon after the discovery
of binary fission [3-5]. First theoretical models of the ternary fission
were developed in the framework of the liquid drop model [6]. Later,
in 1980s, the ternary fission process with emitting alpha-particles or
other light nuclei (Li, Be, etc) was investigated by a number of nuclear
scientists [7-10]. Three types of ternary fission of heavy nuclei have
been observed: splitting into three fragments of nearly equal masses
(symmetric tripartition or true ternary fission), fission with the lightest
fragment in the mass range A > 30 (asymmetric tripartition), and fis-
sion with emitting light charged particle, mainly « particle, as a third
fragment (charged particle accompanied fission). These three types of
ternary decay, although being energetically favored compared to binary
fission, were found to be extremely rare with the measured upper limit
yields 2 x 1072, 8 x 1078 and 3 x 1073, respectively, relative to binary
fission [9].

Later, a series of experiments, carried out by the FOBOS group at
the Flerov Laboratory of Nuclear Reactions, JINR on ternary fission of
heavy nuclei raised new interest to the ternary decay process [11-15].
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In those experiments, the existence of a new type of ternary decay in the
reaction 235 U(n,,,f) and 252¢f(sh), namely collinear cluster tri-partition
(CCT), was reported. The measured yield of the CCT process turned out
to be surprisingly high, 4 x 10~3 per binary fission [12]. The collinear
configuration of the ternary system and the high experimental yield of
CCT products was explained by assuming that collective motion through
hyper-deformed pre-scission shapes of the mother nucleus leads to a
linear arrangement of three clusters due to the lowest Coulomb poten-
tial energy. Moreover, the Q-values of ternary fission are 25-30 MeV
more positive than for binary fission due to the formation of magic nu-
clei. These experimental results invoke a large number of theoretical
investigations of the CCT process [16-29]. Although many experimen-
tal features of the CCT process were well described in these theoretical
works, the mechanism of formation of a collinear ternary system, which
is responsible for high CCT yields in FOBOS experiments, is still un-
clear. Since the first experimental evidence of ternary fission comes
from a particle accompanied fission [9] of heavy nuclei, the mecha-
nism for the formation of a trinuclear configuration is assumed to be as
in Fig. 1 of Ref. [30]. In the fission process of heavy nuclei, during dy-
namical motion from saddle to scission points, the third fragment can
indeed be formed in the neck region before the rupture of the neck.
Since this process takes place dynamically and future fission fragments
are in the opposite motion, the probability of formation of clusters in
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Fig. 1. Mechanism of formation of CCT fragments.

the neck region decreases with increasing size of a cluster, which ex-
plains relatively high yield of a particle accompanied fission. However,
this scenario of ternary fission, in our opinion, can not explain the high
yields of the CCT process with a relatively large size (A ~ 50) of a mid-
dle nucleus.

In our recent works [28,31], we have shown that the decay time
of a trinuclear system (TNS) after the formation of TNS is ~ 10720 s,
This means that the half-life time of 2Cf in spontaneous ternary de-
cay is determined by the time of formation of TNS. So both the yield
and the half-life time in spontaneous ternary fission of 252Cf are mainly
determined at the TNS formation stage. Hence, we conclude that for
any theoretical model of ternary fission, the formation mechanism of
a trinuclear configuration is expected to be decisive for describing ex-
perimental data and predicting new features of the process. Thus, the
motivation of the present work is to reveal the formation mechanism of
TNS in spontaneous ternary fission of heavy nuclei. Here we consider
the formation of TNS as a subsequent formation of dinuclear systems.
The nucleon transfer process between TNS nuclei is responsible for the
formation of different trinuclear systems by analogy with the dinu-
clear system (DNS) model [32-35], which is widely applied to describe
fusion-fission reactions and spontaneous fission processes [36-38].

This paper is organized as follows: in Sec. 2, the concepts of our
model to describe spontaneous ternary fission is presented. In Sec. 3,
the details of calculations of potential energies for DNS and TNS are
provided. The results of application of the model for describing spon-
taneous ternary fission of 2>2Cf are presented in section 4. In Sec. 5,
summary and conclusions are given.

2. Concept of formation of trinuclear system in spontaneous
ternary fission of heavy nuclei

In our model, spontaneous ternary fission of heavy nuclei takes place
in three consecutive stages (Fig. 1): first, the formation of asymmetric
DNS and its evolution in mass (and charge) asymmetry coordinates to-
wards symmetric DNS configurations, then the transformation of one of
the nearly symmetric DNS nuclei into another DNS, thus forming the
TNS, and finally the decay of TNS into three fragments. In the follow-
ing, we consider each of these stages in more detail.

In the first stage, a mononucleus transforms into an asymmetric DNS
due to the spontaneous condensation of valence nucleons to a light clus-
ter nucleus. The experimentally observed cluster radioactivity of radium
isotopes and actinides gives a cue that clusterization of valence nucleons
above the Pb core is peculiar to all elements heavier than Pb. However,
for heavy isotopes of uranium and transuranium elements it is impossi-
ble for all valence nucleons to be condensed to a cluster. This would be
energetically unfavorable as it would lead to the formation of light su-
per neutron-rich nuclei with a very low binding energy of neutrons. As
a consequence, part of the nucleons will be found in covalent states, i.e.
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they will envelop in their motion both the cluster nucleus and the asso-
ciated heavy nucleus. These covalent nucleons play an important role
in the evolution of the dinuclear molecule. They encompass in their mo-
tion both nuclei of the nuclear molecule, intensify their interaction, and
enhance the transfer of kinetic energy of the relative motion into the
excitation energy [39,40]. It is also known that the number of valence
nucleons outside the major shell (a level with a magic number) play
an important role in heavy ion fusion reactions, too [41,42]. For more
information about nuclear clusters and molecules, we refer readers to
invaluable books edited by W. Greiner [43] and by C. Beck [44-46].

As a result of nucleon condensation, different light cluster nuclei,
e.g., a particle, #9Be and '>!4C can be formed on the surface of a heavy
nucleus leading to the formation of an asymmetric DNS. The asymmet-
ric DNS then evolves in two competing coordinates: relative distance
coordinate R between the centers of heavy nuclei and a cluster, and
mass/charge asymmetry coordinates (due to the nucleon exchange).
The motion in R of asymmetric DNS is responsible for the cluster ra-
dioactivity. The nucleon exchange process between nuclei in DNS leads
to the evolution of asymmetric DNS towards more symmetric configu-
rations in accordance with potential energy of DNS. This first stage ends
up with the formation of excited and energetically favorable symmetric
DNS configurations (see Fig. 1). It is worth noting that motion in the R
coordinate of symmetric DNS leads to spontaneous binary fission. Since
the decay of symmetric DNS takes place from excited DNS states, this
first stage (clusterization + motion towards symmetric DNS) mainly de-
termines the half-lives for spontaneous fission [36]. The fully quantum
mechanical description of the nucleon clusterization process is a quite
complex task, and cluster formation probabilities can be calculated with
using different approximations, for example, within the approach given
in Ref. [36].

In the second stage, one of the excited nuclei in symmetric DNS
transforms into another asymmetric DNS, leading to the formation of
TNS. Here we assume that the light cluster in TNS appears on the outer
side of the heavier nucleus. Indeed, the Pauli principle and strong nu-
clear forces will prevent the formation of a light cluster between the two
heavy nuclei in DNS. The TNS formation process competes with the bi-
nary fission of excited symmetric DNS, which takes place in a nuclear
time scale. The nucleon transfer between nuclei in TNS leads to the for-
mation of TNS configurations with different asymmetries. One should
note that due to the Coulomb forces the nuclei in TNS are collinearly
placed, which favors the CCT mode of ternary fission observed in the
FOBOS experiments [12].

In the third stage, excited TNS decays into three fragments. The
dynamics of TNS decay in the presence of microscopic friction forces
was investigated in our previous work [28].

As a summary of this section, we conclude that since the second and
third stages of spontaneous ternary fission take place in nuclear times
under the influence of excitation energy, the first (clusterization + mo-
tion towards symmetric DNS) stage determines the half-life time of
spontaneous ternary fission. It implies that within the suggested model,
spontaneous binary and ternary fission have almost the same half-lives.
The ratio of ternary to binary fission is determined in the second stage;
from the competition between the decay of symmetric DNS and TNS
formation processes.

3. Potential energies of DNS and TNS

The potential energy Upyg of a dinuclear system is calculated as

Upns = Vim,pns + Opns: @

where Opys = B; + B; — By, B;, B; and By are mass excesses of two
nuclei forming the DNS and a compound nucleus (CN), respectively.
Here “i” and “j” denote the nuclei in the DNS. Experimental values of
mass excesses by Audi et al. [47] are used in the current work. The
total interaction potential V;,, pyg of the DNS is the sum of the nuclear
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Vy and Coulomb potential V- energies. For the calculation of Coulomb
interaction between nuclei in the DNS we use the Wong formula [48]:

VoR.7.7 _zl.zje2 Z,Ze* [9 R
cij(Rij» Z;, j)—T+ e m( oibi +
ij ij
Z,Ze* 3
2 = 2 92 2 92
R (R3p2+R2,p2). @
ij

Here, §; and f; are the quadrupole deformation parameters, R, and
R,; are the radii of spherical nuclei, R;; is the relative distance between
their centers, and Z; and Z; are their charge numbers. The nuclear
part of the interaction is calculated using the double folding formal-
ism with the density dependent effective nucleon-nucleon forces f.¢¢
by Migdal [49]

Vij(Rij):/pi(r)feff(r’Rij)pj(r_Rij)drs 3)

where fo(r,R;;) = G [Fm + (Fox — Fm)%:l{")], and p(r,R;;) =
pi(r) + p;(xr — R;;). The following set of constants is used for the Migdal

. _ 3 o . y (A=2Z)(A;-2Z))
forces [49]: Cy =300 MeV-fm”, Fiy iy = fexin + exin (A T2Z)(A,72Z,)°

fin=0.09, fox ==2.59, f! =0.42 and f = 0.54. The nuclear densities
are taken in the form of two-parameter Fermi distribution:

P
|+ exp (£

where p, =0.17 fm=3 is the nuclear density at the center of a nucleus, ag
is the diffuseness parameter, and R;(6;) = rOAI.l/ 3(1 + f;Yyo(cos 0,)) is the
radius of a deformed nucleus. Here, r is the radius parameter, Y, is the
Legendre polynomial and A; is the mass number. The quadrupole defor-
mation parameters f; are taken from S. Raman et al. [50] presented for
excited 2% states. When p(r,R;;) > py, the nuclear part V),;; becomes
repulsive, which reflects the Pauli blocking principle. The DNS is lo-
cated at the minimum of the interaction potential, which corresponds
to R;; ® R; + R; + 0.5 fm. Due to the fast nucleon exchange process,
N /Z equilibration takes place in DNS [35]. This means that equilib-
rium masses of DNS nuclei for given charge numbers are determined
from the potential energy minimum with respect to 4; and 4;.
The potential energy of a TNS is calculated as

pi(r) = (€]

Urns = Vin,ons + O1nss )

1
for the TNS is calculated as the sum of two body interactions, i.e.

VinNs = Vine12 + Vin23 + Vigr.13- The TNS is located at the minimum
of the interaction potential with respect to the relative distance coordi-
nates R;3 and R,;. The masses of fragments for a certain charge number
Z is determined from N /Z equilibrium, as mentioned above.

In the DNS model, the radius parameter r, and the diffuseness pa-
rameter q in the nuclear density formula (4) were fixed to the values
ro = 1.17 fm and ay = 0.54 fm for the fusion-fission and quasifission
reactions [51]. However, in [39,40], Volkov et al. found the values
ro=1.2 fm and ay = 0.54 4+ (0.011 - Z)%(A - 2Z)/A fm to be better for
describing the processes of thermal neutron induced fission and spon-
taneous fission of heavy nuclei. This functional form of the diffuseness
parameter takes into account its dependence on neutron excess. In fis-
sion of heavy nuclei, two interacting nuclei (future fission fragments) at
a saddle point are more neutron rich comparing to DNS nuclei formed
in fusion reactions. Therefore, in this work, we take values of r, and q,
from Ref. [39,40].

where Qns = By + B, + By — B¢y . The interaction potential V;,, tns

4. Spontaneous ternary fission of 252Cf

In the first stage of spontaneous ternary fission of 252Cf, as a result
of clusterization process, light clusters beginning from « particle up to
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Fig. 2. The calculated driving potential of cluster + heavy nucleus for 252Cf as
a function of the charge number Z of one nucleus in the DNS.
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Fig. 3. The dependence of the interaction potential V;, ,ys on the relative dis-
tance Ry, coordinate for '22Cd+ '*0Sn.

isotopes of sulfur, which are above the Pb core, can be formed on the
surface of the mother nucleus. The calculation of spectroscopic factors
for these clusters is out of the aim of the present work. We can refer
the readers to Ref. [36], where the method of calculation of cluster for-
mation probabilities is given in the framework of the DNS model for
describing cluster radioactivity of heavy nuclei. The driving potential
of cluster + heavy nucleus for 22Cf is presented in Fig. 2 as a func-
tion of the charge number Z of one nucleus in the DNS. One can see
that the formation of light clusters (Z,, . < 5) can not lead to the evo-
lution of asymmetric DNS towards symmetric configurations since the
nucleon transfer cannot happen to energetically forbidden DNS states
with 4 < Z,;,...r < 16. Hence, in spontaneous ternary fission of 232Cf,
the clustering process leads to the formation of a cluster nucleus S on
the surface of the Pb core. The formed asymmetric DNS will evolve by
the nucleon transfer process towards more symmetric configurations.
It is seen from Fig. 2 that symmetric DNS states can have about 20-30
MeV excitation energy and lighter nuclei in DNS can have a charge num-
ber Z =30-48, according to the potential energy of DNS. The formation
probabilities of nearly symmetric DNS configurations are proportional
to the relevant level densities, which exponentially depend on the cor-
responding potential energy.

As an example, let us discuss the formation process of TNS from
one of the most energetically favorable DNS configuration Cd + Sn.
The nearly symmetric DNS state '22Cd+ 13%Sn has Ef\ s =25.73 MeV
excitation energy (see Fig. 2). As mentioned above, the DNS is lo-
cated at the minimum of the interaction potential at relative distances
R;; ~ R; + R; + 0.5 fm and the decay barrier B, pyg = 6.34 MeV pre-
vents it from splitting (Fig. 3). Under the influence of the excitation
energy, an a particle can be formed on the outer surface of Cd, thus
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Fig. 4. The driving potential of TNS formed from a nearly symmetric DNS state
122Gd+ 1308n, as a function of the left border nucleus charge number Z,.

forming the TNS. Further TNS evolution by nucleon transfer between
fragments leads to the formation of more symmetric configurations, as
illustrated schematically in Fig. 1. One should note that since Sn is a
magic nucleus, the nucleon exchange process during the evolution of
TNS does not alter the border nucleus 2, which remains to be Sn. The
driving potential of the TNS as a function of the left border nucleus
charge number Z, is presented in Fig. 4 for TNS formed from a nearly
symmetric DNS state '22Cd+ !3°Sn. To reach more symmetric TNS con-
figurations, the system should pass through the potential barrier, which
is defined by the height of the Businaro-Gallone (B.G.) point Bfl\?s
shown in Fig. 4. The value of the potential barrier obtained with respect
to the energy of the 122Cd+ 13%Sn configuration is B’?I\?S =17.01 MeV.
As already mentioned, the TNS formation process competes with the
binary decay of the '22Cd+ !3°Sn DNS configuration. This competition
mainly determines the ratio of ternary to binary fission yields. One can
estimate this ratio by the approximated formula:

Yier fiss.
I expl—(Bis — B .ons)/Tos)- 6
Ybin. fiss.
where Tpyg is the temperature of the 122Cd+ '3Sn DNS configuration.
The temperature can be calculated with the Fermi-gas model formula

as: Tpns = 4/ Efjng/@ with the level density parameter a = Acy/12.
This estimation gives the result Y,,, r;ss /Ypin siss. = 6.7 X 1073, which is
very close to the CCT yields observed in FOBOS experiments [15].

After passing the B.G. point, TNS quickly reaches more symmet-
ric configurations as potential energy decreases, so the size of the left
border nucleus 1 increases. One can see from Fig. 4 that the potential
energy of the ternary system drastically decreases as the size of the mid-
dle nucleus decreases, reaching -80 MeV for the case where the middle
nucleus is Be. This reduction of the potential energy of a ternary sys-
tem can transform to either inner excitation energies or kinetic energies
of border nuclei. This leads to the system becoming quite unstable after
passing the B.G. point, and system mostly decays before reaching such
configurations where the middle nucleus is one of the lightest cluster
nuclei. Thus, the relative yields of ternary decay products are strongly
affected by the dynamics of the ternary system in mass asymmetry and
relative distance coordinates after passing the B.G. point.

In the general case, TNS can be formed in a similar way from any
energetically possible DNS states. The two-dimensional driving poten-
tial of TNSs formed from nearly symmetric DNS configurations with
Z, =49-60 is presented in Fig. 5. One can see that the nucleon ex-
change process between TNS nuclei favors the formation of TNSs with
Z, =50-52. This means that the ternary systems Z, + Z; + Xe, Z,; + Z;
+ Baand Z; + Z; + Ce partially go to the Z; + Z; + Snand Z, + Z;
+ Te states due to the nucleon exchange between middle and right bor-
der nuclei before passing the B.G. point. This may lead to higher yields
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Fig. 5. The driving potential of TNS U, 1ns formed from nearly symmetric DNS
configurations as a function of the charge number Z, and Z, of border nuclei.
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Fig. 6. The driving potential of TNS formed from nearly symmetric DNS states
122Cd+ 130sn and %Mo+ '**Ba as a function of the left border nucleus charge
number Z, for fixed right border nuclei '3°Sn (black solid line) and '*Ba (red
dashed line).

of the ternary products Z; + Z; + Sn and Z; + Z; + Te in comparison
with the ternary products Z, + Z3 + Xe, Z, + Z; + Baand Z, + Z; +
Ce [12,15].

For clarity, a comparison of driving potentials of TNSs with fixed
right border nuclei (Sn and Ba) is represented in Fig. 6. For the ternary
system Z; + Z; + Ba with the fixed right border nucleus Ba, the ratio
Yier. fiss./ Yoin. fiss.» Which is calculated by formula (6) is much smaller
since the B.G. point is much higher than for Z; + Z; + Sn. The depen-
dence of Y, fiss /Ypin riss. ON the fixed charge number Z, of the right
border nucleus is given in Fig. 7. However, as already mentioned, the
nucleon exchange process between TNS nuclei formed from nearly sym-
metric DNS states with Z, = 49-60 leads to the formation of TNSs with
Z, = 50-52 before passing the B.G. point (see Fig. 5) with high prob-
ability. Therefore, the ratio Y,,, sy /Ypin fiss. for all TNS formed from
nearly symmetric DNS states will be close to the value 6.7 x 107>, which
is obtained for the Z; + Z; + Sn case.

As we have noticed, the relative yields of ternary products depend
strongly on the dynamics of the system after passing the B.G. point
in mass asymmetry and relative distance coordinates. Obviously, the
decay of the ternary systems >°Ca+7?>Ni+ 139Sn and 7>Ni+>°Ca+ 130sn
with magic nuclei Ca, Ni, Sn are best candidates for experimental ob-
servation of the CCT process. The calculated excitation energy of the
TNS 72Ni+9Ca+ 139sn (*°Ca+ 72Ni+ 130Sn), which is defined as the po-
tential energy of TNS with respect to the energy of 252Cf, is 29.61 MeV
(19.25 MeV). The TNS 72Ni+ 59Ca+ 139Sn is located at the minimum of
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Fig. 8. The total interaction potential V, 1ys as a function of the relative dis-
tances R, and Ry; for the ">Ni+3'Ca+ 1*Sn configuration.

the interaction potential V;,, tns With respect to the relative distances
R;5 and R,3, as shown in Fig. 8. The dynamics of the ternary decay of
the TNS 72Ni+ °Ca+ 1398n is described in our recent work [28]. After
the decay, the excited ternary fission fragments can emit neutrons.

5. Summary and conclusions

In this paper, a model to describe a mechanism of spontaneous
ternary fission is suggested. According to the model, spontaneous
ternary fission of heavy nuclei takes place in three consecutive stages:
first, the formation of an asymmetric DNS and its evolution in the mass
and charge asymmetry coordinates towards symmetric DNS configura-
tions, second, the transformation of one of the symmetric DNS nuclei
into another DNS, thus forming the TNS, and finally, the decay of TNS
into three fragments (Fig. 1).

The formation of an asymmetric DNS in the first stage of sponta-
neous ternary fission of 222Cf takes place due to spontaneous cluster-
ization of valence nucleons above the Pb core. Since the second and
the third stages of spontaneous ternary fission take place in a nuclear
time scale, the half-life time is determined in the first stage. This im-
plies that spontaneous binary and ternary fission processes have very
close half-lives within our model. Due to the Coulomb forces, the nuclei
in TNS are collinearly placed, which approves the dominant role of the
CCT process in spontaneous ternary fission. The yield ratio of ternary
to binary fission is determined in the second stage; from the competi-
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tion between the binary decay of symmetric DNS and TNS formation
processes. A simple estimation of this ratio within our model gives the
result 6.7 X 107, which is close to the CCT yields observed in FOBOS
experiments.

The presented model of spontaneous ternary fission describes well
the experimentally observed features and quantities of spontaneous
ternary fission of 22Cf. New theoretical methods can be developed in
the framework of the presented model for a more accurate quantita-
tive description of the three stages of spontaneous ternary fission. The
authors also hope for further increased interest among experimental sci-
entists in the ternary fission phenomenon.
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