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ARTICLE INFO ABSTRACT

Editor: A. Ringwald A major problem in the Skyrme model is that the binding energy of skyrmions, which model nuclei, is too high
by an order of magnitude. We show that the most popular solution to this problem, to construct models with
zero classical binding energy, still produces large binding energies when spin energy is included. We argue that
it is thus necessary to include quantum effects. We calculate the binding energy of skyrmions including the most
simple quantum correction, that of vibrational modes in a harmonic approximation. We show that this can give

physically reasonable results for nucleon numbers N = 1-8 thanks to a remarkable cancellation between the

strongly binding classical energy and the strongly unbinding zero-point energy from vibrational modes.

The binding energy of a nucleus measures the amount of energy it
takes to break it apart into its constituent nucleons. If the nucleus in
question has atomic number N and energy E; then its binding energy
per nucleon is

BE /N=E - EyN/N. (€Y

Here, a positive binding energy means that a nucleus is bound. For
stable nuclei, the binding energy per nucleon lies between 0 and 10
MeV, a tiny fraction of the nucleon’s mass of around 1 GeV. Since it is so
small, the binding energy is sensitive to many competing, complicated
effects. The semi-empirical mass formula [1] tries to account for these
effects and gives good results for a wide range of nuclei.

In the Skyrme model, nuclei are modeled as topological solitons,
now called skyrmions, in a nonlinear theory of pions [2]. The topology
of the model means that the skyrmions have a conserved topological
charge N. After quantization, the skyrmion is identified as a nucleus
and N is identified with the nucleon number. The main contribution to
the energy is the classical mass of the N-skyrmion EJ**. Just includ-
ing the classical mass, we can calculate the classical binding energy of
a skyrmion. Generally, the result is an order of magnitude too large,
as first pointed out in [3]. In response, many authors have constructed
modified Skyrme models with low classical binding energies by: modi-
fying the potential [4,5]; keeping only a sixth-order derivative term [6];
adding an infinite tower of vector mesons (inspired by holographic ar-
guments) [7]; adding omega mesons [8]; gauging the model [9]; or
adding auxiliary fields [10]. The aim of these papers is to create a
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“BPS Skyrme model” whose classical binding energy vanishes (or al-
most does). This endeavor has been a primary focus of Skyrme model
research over the past decade and a half.

However, these models only solve the classical binding energy prob-
lem. To really compare skyrmions to nuclei, we must quantize the
model. In the simplest quantization, we allow the skyrmions to rigidly
rotate and isorotate. This method is commonly known as collective
coordinate-, rigid body- or zero-mode quantization and is by far the
most common method used [11,12]. In this scheme the total energy of
a skyrmion is the classical mass plus the kinetic spin/isospin energy,
E®P" Consider a zero-mode quantization applied to the alpha parti-
cle in a BPS Skyrme model. The a-particle has no spin energy, so the
binding energy per nucleon is given by

BE. /4= EM — EMs/4 4 EPN = EP @)

where the classical masses cancel since we study a BPS model (which
has zero classical binding energy). The spin energy of the 1-skyrmion
can be calculated in a rigid body quantization, it is one-quarter of the
energy difference between the proton and Delta [11]: equal to 73.5
MeV. This is an order of magnitude larger than the true binding energy
of the a-particle, 7.1 MeV. Hence even in a BPS model the quantum
binding energy is too large by an order of magnitude, once the simplest
quantum effects are taken into account.

The above paragraph suggests that the binding energy problem can-
not be resolved in a rigid body quantization. But this makes sense: the
binding energy measures the energy it takes to break apart the nu-
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cleus into its constituent nucleons. Hence we should include enough
degrees of freedom in the quantization to allow for break-up. If a sin-
gle skyrmion has k degrees of freedom, we should include Nk degrees
of freedom when quantizing the N-skyrmion. In this letter, we will
consider the simplest such quantization and show that it resolves the
binding energy problem.

To better understand the quantization procedure first consider the
entire configuration space of Skyrme fields, consisting of all SU(2)-
valued fields that approach a constant value at infinity. The total space
is split into disconnected components labeled by N and hence we can
consider each N independently. For each N, there are energy minimiz-
ing solutions called skyrmions. Recently, it has been shown that there
are many more skyrmions than previously thought and that the number
of solutions might grow exponentially with N [13]. So the configura-
tion space is complicated with many paths between solutions, which
themselves contain saddle points [14]. The energy of the saddle points
measures the height of the energy barrier separating the two skyrmion
solutions.

Now consider the global energy-minimizing N -skyrmion. Its low en-
ergy dynamics are described by its zero modes. Just including these
modes means that the skyrmion has no energy to deform and cannot
transform, via a path, to a different solution. The quantum wavefunc-
tion is localized on one configuration. A generic skyrmion has nine zero
modes: three translations, three rotations and three isorotations. The 1-
skyrmion is special as it has spherical symmetry, meaning that rotations
and isorotations are equivalent and so it only has six zero modes. Quan-
tization of the zero modes gives rise to quantum numbers corresponding
to linear momentum P, spin J and isospin /. The spin and isospin
quantum energy is that of a generalized rotating body and gives contri-
butions of the form ~ h2J(J + 1)/Ay + h2I(I + 1)/A; where Aj | are
moments of inertia. We will denote the combined spin and isospin en-
ergy contribution as E;I;m. The symmetries of each skyrmion restrict the
allowed quantum states; the allowed state with the lowest spin energy
is the ground state of the quantum N-skyrmion, and should describe
the corresponding N -nucleus with isospin /.

There are then vibrational modes with frequency wfv , the nor-
mal and quasinormal modes of the classical N-skyrmion solution. The
N =1 skyrmion has one vibrational mode: the scaling, or breathing,
mode which corresponds to a change of size and has frequency w,
and models the Roper resonance [15,16]. Larger skyrmions with high
symmetry have a more complicated vibrational mode spectrum. The
symmetry and frequency of the modes depend on the structure of each
skyrmion. These were calculated systematically in [17] for baryon num-
bers N = 1-8, following earlier works [18,19]. It was discovered that
each skyrmion has approximately 7N normal modes (including zero
modes). Importantly, these modes only exist in sectors with solitons:
the N =0 sector has no low-energy vibrational modes. Finally, there
are scattering modes, which are not collective excitations of the soli-
ton. To first approximation the scattering modes in each topological
sector, including N =0, are the same. Taking them into account will
simply shift the total energy by a constant amount and renormalize
the coupling constants. Hence they do not affect the binding energy
substantially and we can take their effect into account by fitting our
parameters.

We will use a quantization where we include the vibrational modes
in a harmonic approximation. Physically, this means that the skyrmion
has some deformation energy but not enough to surpass the energy
barrier between it and another skyrmion. In reality, not all modes are
harmonic and the wavefunction could spread over several solutions.
The approximation makes most sense in topological sectors where there
is only one skyrmion solution: currently this is thought to be true for
N =1,2,3,4,6 and 7. The nucleus wavefunction |¥) is the product of
the zero mode wavefunction and Gaussian wavefunctions. In this ap-
proximation, the energy of a single skyrmion is

E =EM+ EP" 4 lho, N=1, ®3)
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(the 2-skyrmion has one fewer vibrational modes due to its toroidal
symmetry). We simplify the formula by defining the average mode fre-
quency for each skyrmion

TN-9

o N
“NTIN 9 Z; On > ®

with a suitable adjustment for N =1 and 2. Note that the vibrational
energy of the 1-skyrmion has only one contributing frequency, while
the energy of the N-skyrmion has ~ 7N vibrational contributions. This
imbalance will unbind the larger skyrmions, provided that w, is not too
large. Overall, the binding energy of the N-skyrmion in the harmonic
quantization is

— mass mass spin spin
B.E.—NE1 —EN +NE1 —EN

+%h(NwS—(7N—9)@N). )

The formula highlights that, in this approximation, the binding energy
is the result of a delicate balance between classical mass, spin and vi-
brational energies.

We now review all the quantities that appear in (6) and how they are
calculated in the Skyrme model (for reviews, see [20-23]). The Skyrme
model is written in terms of the SU(2)-valued field U(x,t). The basic
Skyrme model depends on three parameters: the pion decay constant
F,, the Skyrme coupling parameter e and the pion mass m,. Defining
the energy and length scales as F,/4e and 27 /eF,, we can convert to
dimensionless units. We’ll highlight all dimensionless quantities using
a tilde. The dimensionless pion mass is given by m =2m, /eF, and the
dimensionless Skyrme model is defined by the Lagrange density

5 1 1 ~
£=Tr(—3L,L" + e[l LAY L)+ 32U ~ 1)),

where L, = U‘ld”U is the su(2)-valued left current of U. The mass of
the skyrmion U (x) is the potential part of the Lagrangian

E™aS[(x)] = — / LIUx)d%x, )

The kinetic part, evaluated under a rigid body approximation, provides
the 6 X 6 spin/isospin moment of inertia tensor

A, :-/ % (Tr (6,G,;) + iTr([Lk,G,.][Lk,G,.]))d%,

where G; =iG,,7, is an su(2) current, whose elements can be simplified
using rotational and isorotational symmetry, equal to

G - ?ilmi‘le’ i=1,2,3, @)
! 5U 5 Ugl, i=4,5,6.

The spin energy can be calculated from the zero-mode wavefunction
and the moments of inertia:

EP" =(0|(J,DA'(J, DT |e) /2, @

where J, I are the body-fixed spin and isospin operators. The ground
states |®) have been calculated for N = 1-8 in [12].

The vibrational modes satisfy the linear small fluctuation equation
around the minimal energy skyrmion. Their frequencies wlN have been
calculated using a flow-and-projection method in [17] for m = 1. We
use these values in this letter. For some values of N, not all 7N modes
were found. In this work, we assume the missing modes do exist and
set their frequency equal to the largest known mode. We also include
the (small number of) quasinormal modes from [17] in the same way as
normal modes, taking the real part of the frequency. In principle, these
should be treated more carefully.

The parameters F, and e can be used to set the energy and length
scales of the theory. Hence the only remaining parameter is the dimen-
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Table 1

Properties of the N-skyrmion for 7 =1 in dimen-
sionless units. The spin expressions for the N = 3,5
and 7 skyrmions are quite complicated and can be
found in [12].

N Emass/N ESPi“

> EPM10) 8

analytic  numeric

1 1677 3/8A;,  7.89 1.200
2 1611 1/A3, 6.51 0.805
3 156.8 (121 5.16 0.808
4 1534 0 0 0.761
5 1534 [12] 3.17 0.695
6 1523 1/A8, 0.56 0.701
7 1510 (121 2.45 0.695
8  151.6 0 0 0.676
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Fig. 1. The quantum binding energy per nucleon in the Skyrme model (green)
against the experimental binding energy (red). We plot the results for the quan-
tization in this letter (left) and for rigid body quantization (right). Experimental
binding energies are calculated from [24].

sionless pion mass. The energies, moments of inertia and vibrational
frequencies all depend on 7/ and have previously been calculated in
the case m = 1. These values are shown in Table 1, in dimensionless
units. There are some subtle choices to be made when making this ta-
ble. First, the 7-skyrmion has dodecahedral symmetry which gives a
spin 7/2 ground state, but the true ground state has spin 3/2. To calcu-
late the N =7 binding energy, we will compare the energy of the spin
7/2 state in the Skyrme model to the excited spin 7/2 state of 'Li. We
also use the spin 3/2 state of the 5-skyrmion to compare to the ground
state of He. These choices do not greatly affect the results.
The energy of a skyrmion in dimensionful units is

Ey= % (ERass 4 e* EPN 4 2 (TN = 9)d) . (10)
Using the inputs of Table (1), we can calculate the energies and binding
energies of the nuclei. There are many ways to calibrate F, and e. We
take E; equal to the neutron mass by fixing F,(e) appropriately, then
adjust e to minimize the binding energy error for N = 2-8 with respect
to the L? norm. The procedure gives F, = 51.8 MeV and e = 2.42. The
binding energy results are shown in Fig. 1. Most importantly, the bind-
ing energies are the correct order of magnitude, equal to a few MeV.
This is a significant improvement on the previous result from zero-mode
quantization. All nuclei except the 3-skyrmion are bound, with binding
energies close to their true values.

To understand the results in more detail, and why they fail in certain
cases, we plot the three contributions,

AEmass — Emass _ EmaSS/N (11)
1 N ’

AESP = EP _ B/ N 12)

AE"® = h(Na,-(IN =9ay) /N, (13)

in dimensionful units in Fig. 2. First, note that the classical binding en-
ergy is around 75 MeV per nucleon, and the spin energy contributes
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Fig. 2. The three contributions to the binding energy per nucleon: the classical
mass (blue), spin (orange) and vibrational (purple) contributions.

further to this binding. So a rigid rotor quantization, ignoring vibra-
tional contributions, gets the binding energy wrong by a factor of ~ 10.
The vibrational contributions are also large, and approximately can-
cel the other factors to give the small binding energy. Remarkably, the
mass and vibrational contribution vary significantly with N, but have
the same shape as each other. This similarity in shape is needed to pro-
duce the correct binding energies.

The unbound 3-skyrmion is due to the small kink seen in the vibra-
tional energy at N = 3 (highlighted by a star in Fig. 2), in turn due to
a particularly large frequency of one of its A, modes, with @ = 1.59
[17] (almost double the size of its average frequency). If just this fre-
quency was adjusted by 33%, the nucleus becomes bound. Since this
mode is above the pion mass, it is a quasinormal mode and its fre-
quency is difficult to measure. The motivation of the paper [17] was
to count the number of modes; hence the work did not consider the
size of errors of the vibrations. Their importance in the quantization
procedure gives motivation to carefully check those results, and bet-
ter estimate their values/errors. Fig. 2 also shows that the 5-skyrmion
breaks the trend for every individual contribution. This nucleus is un-
stable to a+nucleon breakup, but we model it as a ground state in a
harmonic well. Hence our model may be incomplete. The Beryllium-8
nucleus is unstable to @ + a decay and there are four known 8-skyrmion
solutions [13]. Hence it is surprising that our harmonic approxima-
tion for the 8-skyrmion gives a good binding energy result. There are
many interesting questions about the quantization of the 8-skyrmion.
The anharmonic extensions of its two lowest modes (A4;,,® = 0.18 and
Azg,a) =0.19) are periodic while the splitting mode (4, g ®= 0.25) is
likely highly anharmonic [17], similar to the splitting mode of the 2-
skyrmion [25]. The paths connecting the four different solutions go over
saddle points, and these might have a sufficiently large energy barrier
to render the harmonic approximation of the vibrational modes reli-
able. This can be checked using the nudged elastic band method [14].
Since two of the four states are classically degenerate, their quantum
contribution should probably be averaged in a more complete treat-
ment; this averaging procedure may give approximately the same result
as our simplistic first attempt here.

Finally, we comment on our parameter choice. We plot ours and sev-
eral other parameter choices in Fig. 3. Since our quantization scheme
is different than all others considered, it is not surprising that our pa-
rameters are different too. The value of F, is set by calibrating the
1-skyrmion mass to the nucleon mass. It is smaller than in other quan-
tization schemes, to compensate for the added vibrational energy of the
1-skyrmion in our scheme. In theories with both a mesonic sector and
a baryonic sector, it is often the case that the parameters fitting the
mesonic sector overestimate the masses in the baryonic sector [26,27].
In nuclear physics such an effect is sometimes called an in-medium
effect. We tabulate the binding energies for a variety of F, and e in
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Table 2
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Results for a range of parameters F, and e. We tabulate the total mass of the
1-skyrmion and the binding energy of the 2-8 skyrmions. All quantities are in
MeV, except the dimensionless skyrme coupling parameter e.

B. E. per nucleon of the N-skyrmion

4 5 6 7 8

6.99 7.22 5.11 7.88 5.16
8.15 8.52 4.79 8.99 4.71
9.19 9.67 4.51 9.99 4.31
10.2 10.8 4.22 11.0 3.91
11.3 12.0 3.94 12.0 3.51
7.08 5.39 5.33 4.83 7.06

F, e M, 2 3
51.8 242 941 082  -0.57
836 245 1500 -0.15 -3.45
112.0 247 2000 -1.01  -6.02
141.0 248 2500 -1.87 -8.59
169.0 248 3000 274  -11.2
Experimental 1.11 2.7
200~ ° e This work
160- Manton, Wood
e Halcrow, Harland
& 190- Lau, Manton
Adkins, Nappi
80 - e Meier, Walliser
° — Physical F-
25 30 35 40 45 5.0

e

Fig. 3. Several calibrations of the Skyrme model from this work; Manton, Wood
[28]; Halcrow, Harland [29]; Lau, Manton [30]; Adkins, Nappi [31]; Meier,
Walliser [32] and Ma, Harada [22], and the physical pion decay constant F, =
186 MeV.

Table 2. The binding energies are fairly insensitive to the value of F:
we can triple the value of F, and still get accurate binding energies
with an adjusted e, but the nucleon mass becomes large. Our value of e
is also small, although it is the same order of magnitude as other cali-
brations. Note that the vibrational contribution is quite sensitive to the
value of w,. This gives an overall shift in AE"®, which can be compen-
sated by a shift in e.

In conclusion, we have considered the binding energy problem in
the Skyrme model. We have shown that the usual solution, creating a
BPS Skyrme model, cannot resolve the problem on its own. Instead, we
have applied the simplest possible harmonic quantization, using previ-
ously published results as input. Remarkably, we get binding energies
that are the same order of magnitude as the experimental values. The re-
sults show that classical binding energies are not an appropriate way to
calibrate the Skyrme model. Instead, one should use more refined data
such as the vibrational spectra. Our arguments do not rule out near-BPS
models: these will have a smaller AE™#* and, since their landscapes
are flatter, smaller frequencies and hence smaller A EVP. This balance
could still give a Skyrme model with realistic binding energies.

Binding energy is also important for describing nuclear matter and
neutron stars. Here, the Skyrme model’s large binding energy leads to a
deep minimum in the binding energy per baryon, which is now a func-
tion of matter density. The presence of the minimum makes it difficult
to model the crust of a neutron star. Despite isospin corrections [33] and
new multi-wall solutions [34] improving the situation, the inclusion of
quantum corrections may erase this unwanted minimum, providing an
alternative solution to the problem.

In analyzing our results, we found a rich set of questions about indi-
vidual skyrmions: does the 3-skyrmion really have such a large A,
quasinormal mode? Is harmonic quantization appropriate for the 5-
skyrmion? And more broadly, can we improve the results by tweaking
the Skyrme model through the pion mass, sextic term, vector, or sigma
mesons? Is the relationship between the classical mass and vibrational
energy in Fig. 2 a generic feature of Skyrme models? These are not
the usual questions asked of skyrmions and shows that from our dif-
ferent quantization, different questions naturally arise. The solutions
to these problems primarily require the calculation of more accurate
vibrational spectra of skyrmions. Developing a fast algorithm for this

problem should be a priority in future work. We also argued that our
approximation works well for topological charge when there is only
one skyrmion solution. When N is large, there are many solutions and
new quantization methods should be developed. These could involve
mapping out the configuration space using string methods [14] or in-
troducing a statistical approach and averaging over properties of many
solutions.
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