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1 Introduction

Over the last couple of decades, there has been a tremendous increase in our understanding
of flat-space scattering amplitudes both at tree/integrand level as well as at the level of the
full integrated amplitude, see e.g. ref. [1] for a recent overview of the field (also see refs. [2, 3]
for textbook introductions). The progress in the latter case has largely been driven by our
increase in the understanding of Feynman integrals and in particular their connection to
certain complex geometries, see ref. [4] for an extensive and pedagogical overview.

The simplest geometry appearing is the unique genus 0 surface, the Riemann sphere, which
is the geometry underlying all one-loop Feynman integrals (at least for integer propagator
powers). Every Feynman integral falling into this class is naturally evaluated in terms of
multiple polylogarithms (MPLs) [5, 6] and our understanding of the algebraic properties of
these special functions has greatly benefited our ability to compute Feynman integrals [7, §].
Starting at two loops, there are also Feynman integrals connected to surfaces of higher genus
as well as higher dimensional spaces, like Calabi-Yau geometries, see ref. [9] for a recent review.

The arguably simplest geometries beyond the Riemann sphere are the genus 1 surfaces,
namely elliptic curves. In the recent years integrals connected to elliptic curves have received



a lot of attention and we have gained a much better understanding of these integrals. In
particular, a class of special functions, called elliptic multiple polylogarithms (eMPLs), has
been defined [10-13], generalizing MPLs to the genus 1 case (see also ref. [14] for recent
progress at higher genus).

It is a natural question to ask if it is possible to carry over the tools developed for flat-
space amplitudes to also better understand scattering amplitudes on curved backgrounds. The
most natural curved spaces to investigate are the maximally symmetric spaces, namely (Anti-
)de-Sitter spaces. These are also otherwise well motivated, as de Sitter space is interesting
from a cosmological perspective while Anti-de-Sitter (AdS) space has received a tremendous
amount of attention since the discovery of the AdS/CFT correspondence [15].

However, many things we take for granted in flat space are more subtle in curved spaces,
as for example the definition of a scattering amplitude or even the definition of a particle [16].
For example in AdS space there is a timelike boundary, and hence there is no clear notion of
in- and out-states which would require infinite separation. The first proposal for the definition
of an AdS scattering amplitude was given in refs. [17-19], where it was argued that one should
consider correlation functions of the field operators inserted on the boundary. This mimics
the infinite separation important for flat-space amplitudes and is natural from an AdS/CFT
point of view, as these boundary correlation functions are equal to conformal correlation
functions of the dual primary operators in the dual conformal field theory (CFT). We will be
referring to this definition when we talk about AdS amplitudes in the rest of this paper.

The computation of these boundary correlation functions, however, is notoriously dif-
ficult. This is well illustrated by the fact that there lie almost twenty years between the
first considerations of four-point correlation functions [20, 21] and the full computation of
the simplest class of holographic correlation functions, namely those involving 1/2-BPS
operators [22], see also ref. [23] for a review.

More recently there has also been a proposal of interpreting the Mellin transform of
boundary correlation functions, the so-called Mellin amplitudes, as AdS scattering ampli-
tudes [24-27]. This is motivated by their analytic similarities to flat-space amplitudes and
their flat-space limit.

The analytic simplicity of Mellin amplitudes allowed more progress [28-32], which
particularly picked up after the development of a powerful bootstrap approach [33-38]. Note
that there is also a similar bootstrap approach directly in position space [33, 34, 38] which
however relies on a certain truncation condition on the spectrum [21] that is fulfilled in
certain supersymmetric theories but cannot be assumed in general.

With most of these efforts being focused on tree-level computations there has recently
also been some progress on loop corrections for AdS amplitudes corresponding to non-planar
O(1/N?) corrections in the dual CFT, see ref. [39] and references therein. These however
mostly rely on analytic conformal bootstrap methods to perform the computations on the
CFT side, see ref. [40] for a review. On the other hand explicit bulk calculations in position
space are quite rare [39, 41-47].

Recently, however, in ref. [39] it was found that in a very specific setup, to be introduced
in section 3, the Witten diagrams needed for the position space calculation, take a form very
similar to flat-space Feynman integrals. This allowed the authors to use methods well-known



from flat-space multi-loop computations to evaluate the four-point boundary correlation
function up to one-loop order for the boundary condition A = 2 (corresponding to the scaling
dimension of the corresponding primary operator in the dual CFT on the boundary). This
result could be fully expressed in terms of single-valued multiple polylogarithms [48-50].

It was furthermore pointed out that the amplitude is more complicated for A = 1, since
it involves an integral over a square root defining an elliptic curve in the computation of
the finite part of the one-loop contribution. The main goal of this paper is to compute this
integral in terms of elliptic multiple polylogarithms, allowing us to present full analytic results
for the one-loop four-point amplitude for A = 1. To the best of our knowledge this is the first
explicit computation of a curved-space amplitude/correlation function in terms of eMPLs.
We find that the result of this integral is no longer manifestly single-valued, in contrast with
the polylogarithmic contributions to the amplitude. Furthermore we will compute the symbol
of the result and find certain structures that were also observed in flat-space amplitudes.

The paper is organised as follows. In section 2 we will very briefly review the mathematics
of elliptic curves in order to then introduce elliptic multiple polylogarithms and their symbol.
We will then, in section 3, review the setup and sketch the computation of the one-loop
amplitude as given in ref. [39], resulting in an expression involving an elliptic integral. In
section 4 we will then evaluate this integral in terms of elliptic multiple polylogarithms, which
allows us to then present and discuss the full analytic result for the one-loop amplitude. In
section b we will compute and analyze the symbol of the elliptic integral. Finally, in section 6,
we will draw our conclusions and point to possible future directions.

2 Review of elliptic curves, elliptic multiple polylogarithms and their
symbol

The main result of this paper is an expression for (the finite part of) a one-loop AdS amplitude
in terms of elliptic multiple polylogarithms (eMPLs), which are integrals over rational functions
on an elliptic curve and therefore generalize the well-known multiple polylogarithms [5, 6]
(MPLs). In this section we will give a brief review of the mathematical basics of elliptic
curves and the definition of elliptic multiple polylogarithms and their symbols.

2.1 Elliptic curves

We will start by discussing the minimum of mathematical material necessary in order to
introduce eMPLs. For a more complete and rigorous introduction, see e.g. ref. [51]. We
will largely follow the conventions of ref. [52].

For our purposes an elliptic curve can be understood as the zero set of a fourth order
polynomial equation of the form!

£={(.y) eC |y’ =Pi()}. (2.1)

where Pj(z) is a monic polynomial of degree 4 with non-degenerate roots a;. We will refer
to the roots as the branch-points of the elliptic curve. The coordinates (x,y) should be
understood as an affine chart (z : y : 1) in the projective space CP?.

' A polynomial of higher degree would define a so-called hyperelliptic curve, in which there has been an
increasing amount of interest in the context of flat-space amplitudes [14, 53-57].



Note that an elliptic curve of this form is always birationally equivalent to a curve
defined by a polynomial of third order, which is the case usually studied in mathematics.
For example the transformation

. ay(ag — (ag —aqg)X) — a2a4’ (2.2)
a1 —ag — (ag —ag)X
(a1 — az)(a1 — aq)(a2 — aa)y/(a1 — as)(az — as)Y

- (a1 —as — (a2 — ag) X)? ’ (2:3)

brings the elliptic curve above into the so-called Legendre form
Y2=X(X-1)(X -\, (2.4)

with
(a1 — aq)(az — a3)

(a1 —a3)(az —aq)’

In the following we will assume that all of the roots a; are real and we will order them

A\ =

(2.5)

according to a1 < ag < ag < a4. This is the case that we will encounter later and we would
only have to perform minor changes in the following discussion for other cases, see e.g. ref. [58].
Let us now motivate and define various quantities related to a fixed elliptic curve.

There is a unique (up to a constant factor) holomorphic differential on the curve given
by dz/y. Since y is given by a square root of a fourth order polynomial with distinct roots,
its Riemann surface is a complex torus. The torus admits two independent cycles and hence
two periods, which we will define as follows?

a3 d az (.
w1 = 204/ —x, Wy = 204/ —x, (2.6)
a Z/ al y
with 1
Cqy = 5\/(0,1 — ag)(ag — a4). (27)
The branches of the square root when integrating y = /Ps(x) along the real axis are

chosen as follows:

-1 —oco<xr<a
- e <x<ay
VPi@) = IPi(@) x {1 ay<z<ay . (2.8)

7 az < x < ay

-1 ay<r<oo

Let us also quickly point out another important quantity that in fact uniquely characterizes
an elliptic curve, the so-called j-invariant

(1—=X1-))3
A2(1 — \)2

j =256 (2.9)

Two given elliptic curves are isomorphic if and only if their j-invariants coincide.

2The prefactor is chosen such that the periods have unit normalization in the Legendre coordinates (X,Y).



As will be sketched below, one can show that an elliptic curve with periods wq,ws is
equivalent to a complex torus C/A, where A = w1Z @ waZ is a lattice spanned by the periods.
It turns out that two elliptic curves are isomorphic if and only if the lattices corresponding
to the associated tori are homothetic, i.e. equal up to a constant factor. Hence, without
loss of generality, we can rescale the lattice and consider the torus C/A;, A; = Z & 7Z,
where we defined the modular parameter

w
r=22cH, (2.10)
w1
taking values on the upper half plane. To see how the identification between an elliptic curve
and the torus works, let us define the Weierstrafl o function

1 1 1
o)==+ Y < - 2) | (2.11)
z (mm)e 22 ((0.0)} (z+m+nT) (m +nt)

The Weierstra3 o function is an example of an elliptic function (in z), i.e. a doubly periodic
function defined on C. It satisfies an addition theorem [59]

ga(z + W'T) _ 1 (p/(»?f;'f) — p/(w;T))Q _ p(Z'T) _ @(’LUT) (2 12)
’ 4\ p(z7) — p(w;7) ’ n '
and the Weierstrafl differential equation
P = 40" — gap — g3 = 4(p — e1)(p — e2)(p — €3), (2.13)

where g;, e; are functions of 7 but constant in z.
It is clear from the differential equation that for any z € C/A; for fixed 7, the point
(z,y) = (p(z),9'(2)) lies on the elliptic curve defined by the equation

y? =423 — g2(T)x — g3(71), (2.14)
y? = 4(x — e (7)) (x — ea(7))(x — e3(7)). (2.15)

It follows from the properties of the Weierstra3 p function that these are genuine elliptic
curves, i.e. the roots are non-degenerate. Conversely it is easy to see that given one of the
two points (xg, £yg) on the elliptic curve, the point

2y = :I:/ ’ dyx mod A, (2.16)

satisfies (p(z+;7), 9 (24;7)) = (0, £y0). Thus we have a bijection between the elliptic curve
& and the torus C/A given by the maps

£ = C/A, (0, £10) — i/wo d; mod A, (2.17)
C/A — €, 2 (9(2), ¢ (). (2.18)



Using the fact that every elliptic curve is birationally equivalent to one in Weierstrafl form
we can transform this correspondence to the case of an elliptic curve defined by a quartic
polynomial. One finds [13]

o
£ — C/A-, (20, 230) 1 2y = £ [P 9T L0d AL, (219)
w1 Jar Y
C/A; — &, 2 (k(2;@), ek (2;@)). (2.20)

Here, @ = (a1, a9, a3, ayq) denotes the vector of branch points and the function & is defined by

I€(Z Ei) B —3a1a13a24p(w12; 7') =+ a%§1 — 2a159 + 353
’ —3&13&24[{3((.012; T) + 3a% —2a151 + S9

(2.21)

with the abbreviations a;; = a; — a; and 5, = s, (a2, a3, a4) denoting symmetric polynomials
of degree n.

2.2 Elliptic multiple polylogarithms

In the last subsection we introduced the bare minimum of material on elliptic curves that
now allows us to introduce elliptic multiple polylogarithms (eMPLs) [10-13]. We will largely
follow refs. [13, 52].

Elliptic multiple polylogarithms form a natural function basis for integrals over rational
functions on an elliptic curve. They are defined as iterated integrals over kernels g(")(z, T)
defined by a generating series, the so-called Eisenstein-Kronecker series

010,101 (z 4+, 7)1 > (n) N
F(z,a,7) = e a nz_:og (z,7)a™. (2.22)
Here o
01(z,7) = 2¢"/8sin(7z) [T = a™(1 = 2¢" cos(2mz) + ¢*"), (2.23)
n=1

is the odd Jacobi theta function and ¢ = e*™7. The kernels have definite parity
9" (=2,7) = (=1)"¢" (2, 7), (2.24)

and satisfy the following (quasi-)periodicity properties

(n) _ ) (n) - (2m)R g
g (Z+17T) =g (ZaT)v g <Z+Ta7—) - Z k' g (277-)' (225>
k=0 '

Inside the fundamental domain spanned by 1 and 7 only the kernel g(l)(z, 7) has a simple
pole with unit residue at the origin, whereas the kernels ¢(™(z,7) with n > 2 are regular.
However, also the higher weight kernels acquire poles outside of the fundamental domain
e.g at z = 7 due to quasi-periodicity.

Note that, since the kernels do not have full double periodicity, they are strictly speaking
not well-defined on the torus, but only on its universal cover, which is C. One can remedy
this by adding a factor to the Eisenstein-Kronecker series that cancels the lack of double-
periodicity at the cost of introducing an anti-holomorphic dependence [12]. In the following
we will however stick to the meromorphic kernels defined above.



Elliptic multiple polylogarithms (eMPLs) are now defined as iterated integrals over the
kernels we just introduced

VA
T(% o sz 7) :/0 Az g (2 — 2y, T)D(%2 7 Wi 7Y, (2.26)

with the recursion starting with f( ;2,7) = 1. We will refer to k as the length and to
Sk n; as the weight of the eMPL.

As iterated integrals, eMPLs satisfy some general properties [60], the most important
for us will be that they satisfy a shuffle algebra

f(Alv"'7Ak;Z’T)f‘(Ak+la"‘7A]€+l;za7-) = Z f(AO'(l)v"'7Aa'(k+l);277—)) (227)
oeX(k,l)

with A; = (%) and where X(k,l) denotes the set of shuffles of the sets {1,...,k}, {k +
1,...,k+ 1}, i.e. the collection of ordered unions of these two sets that preserve the order
in the respective sets.

Note that since the kernel g()(z,7) has a pole at z = 0, there might be end-point
divergences making the definition above ill-defined for (ng, zx) = (1,0). We can always use
the shuffle algebra to separate divergent eMPLs into finite ones and powers of the basic
divergent eMPL which we regularize in the following way

f(é;z,T) = log (1 - 62””> —2miz + /OZ dz’ (g(l)(z’,T) — 627”2;”1) —log (:31”) (2.28)
Note that this regularization differs from the one chosen in ref. [52] by an additional term
which will lead to a nicer form of the result of the integral to be computed in section 4.

There is also a different definition of elliptic multiple polylogarithms phrased not on
the torus but directly on the elliptic curve. They are also given as iterated integrals over
kernels taken from an infinite set. In the following we will only need the following kernels
of weights 0 and 1:

Yo(0,2) = %4 (2.29)
1
= 2.

Yi(c, z) 7 —c (2.30)

Ye
oi(e,x) = —2° 2.31
()=t (231)
Here, y. = \/Ps(c) and ¢ € C. Expressions for the other kernels can be found in ref. [13].

The eMPLs on the elliptic curve are now again defined as iterated integrals over these kernels
T
Ba( 2 ) = [ da! o (en, o Ea (3 2 8 50',), (2.32)
0
with E4( ;2,d) = 1. It was shown in ref. [13] that the space of functions spanned by the

two different definitions of eMPLs is the same, i.e. one can express every eMPL of the one
sort as a C-linear combination of eMPLs of the other sort. This is achieved by relating the



differential forms that are integrated over using the map between the elliptic curve and the
torus and general facts about elliptic functions. We will only need the following relations

dz 1 (c,x) = dz [g(l)(z — 2, T) + g(l)(z + 26, T) — g(l)(z — 24, T) — g( )(z + 24, T )} (2.33)

dzy_y(c,z) =dz [g(l)(z — 2e,7) — g Wz + 26,7) + 9V (20 — 20, 7) + 9V (20 + 24, T }
(2.34)

where
*° dx
Ze = —, (2.35)
wl )
is the torus point corresponding to the point at infinity on the elliptic curve. Note that
MPLs are a special case of eMPLs, since we have

Glcry ... cpy2) = E4(Cl1 - 51%2’7@') , (2.36)

which allows us to write certain combinations of eMPLs on the torus as ordinary logarithms.

2.3 The symbol of elliptic multiple polylogarithms

The symbol of a transcendental function [61] is a tensor encoding the differential equation of
the function and can, roughly speaking, be understood as a decomposition into “elementary
building blocks”, the so-called symbol letters. The first entries of the symbol encode disconti-
nuities of the function, while the last entries encode derivatives. It was first introduced into
the physics literature in the context of multiple polylogarithms in ref. [7], further developed
in ref. [62] and connected to a Hopf algebra structure in ref. [8]. It was extended to eMPLs
in ref. [63]. We will in large parts follow the conventions of ref. [64].

Generally speaking, if we consider an iterated integral of length k where the total
differential consists of one-forms w; and integrals of strictly lower length I ,g:), ki < k,
schematically written as

ar, =31, w;, (2.37)

one can recursively define the symbol as

ZS ) @wi, k>0, and S(Ip) = Io, (2.38)

the symbol letters then being the differential one-forms w;. For multiple polylogarithms for
example the symbol letters are dlog forms of rational functions of the kinematics

w; = dlog R;. (2.39)



To find the symbol of eMPLs we hence need to consider their total differential. It is given
in closed form by [63]

21 ... zka 21...2p—1 0 zpg2..25

- = np—1 0
dl“("l 2,7) = Z anI"("l np—1 0 npio..np 'Z,T> w(np+np+1)(zp+l . Zp,T)

L I PP

p—1 T ni..Mp—2 Np_1+T Npt1..10 Np—T

+3 % : F( pEr et 2 1) W) (2 — 2,7)
p=1 r=0 -1 =

Npr1+7— 1)

p+1 N1..Np_1 Nptp1+7r Npt2 P——

- ( npy1 — 1 ) F( Sy e apiaese BT W 2y = 2p,7) |
P

(2.40)

where we set (29, 2zx+1) = (2,0), (ng,ng+1) = (0,0) as well as (j) = 1. Further we have
defined the one-forms

w™(z,7) = dz g™ (z,7) + Zﬁg(”ﬂ)(z,ﬂ, for n >0, (2.41)
i
dr
(-1 -
w " (z,7) 57 (2.42)

Note that the right hand side of the symbol only involves eMPLs of lower length, i.e. it
satisfies a differential equation without a homogeneous term. Hence we could now immediately
associate a symbol using the usual recursive definition as done for example in ref. [63]. The
symbol letters would then be the one-forms defined above. In analogy with the polylogarithmic
case where we usually write the symbol letters as dlog forms and then drop the d operator
(and often even the log) we would like to write the forms as the primitive of some function
which we would then use as symbol letters. As remarked in ref. [64] this is indeed possible

since the one-forms w(™(z,7) are exact. Hence we define
w™(z,7) = (2mi)" QM (2, 1), (2.43)

where the conventional power of 27i is introduced to ensure that all Q") (z,7) have tran-
scendental weight 1, leading to simpler identities between them. Using these new letters
to define the symbol we arrive at the definition [64]
N k—1 .
S(D(mutyiz)) = Yo (=0mens (Dl gt z) ) @ Qe nen) (s, — z,)

k np+1
Np—1+7r—1 ~ e 3 _
e b ol ) L o
p=1 r=0 p—1
npt1+7—1 = ni..np_ + g -
( S >8(F(2‘1.‘.2§f M 2)) @ QT (24 - 3)]
(2.44)

with T(210%: 2) = (2mi)k~ > MD(™M Tk ) ensuring that all I have transcendental weight

Z1.. Zk’
equal to their length, and suppressing 7 dependencies for brevity.® If one ends up with a

3In the following we will often omit the dependence on 7 without further comment.



sum of tensors of different lengths one should project onto the length k component. This
projection is left implicit above. We can extend the definition of the symbol to the whole
algebra of eMPLs by requiring it to be C-linear and map the product of two eMPLs to the
shuffle product of their respective symbols.

One can give explicit series representations for the new symbol letters Q(")(z, T), see
ref. [64]. Note that the Q(™)(z,7) are only defined up to constants i.e. closed zero forms. We
will in the following identify each Q) (z,7) with its equivalence class modulo addition of
zero forms, i.e. we will understand them as cohomology classes.

The symbol letters inherit various properties from the kernels appearing in the one-forms

parity: QM (—z,7) = (=1)"T1QM (2, 1), (2.45)
periodicity: Q™ (z +1,7) = Q™ (2, 1), (2.46)
n+1 (_1)k;
quasi-periodicity: Q™ (z 4 7,7) = Z o Q=R (2, 7). (2.47)
k=0 ’

Remember that these are identities between the cohomology classes, so they only hold
modulo constants.

Since the symbol letters are primitives of the one-forms consisting of the kernels they
are connected to length 1 eMPLs

@ri) (22, 7) = QM (2 — 2o, 1) — Q) (=2, 7). (2.48)

One might be concerned with QM) (0, 7) being divergent, inheriting the divergence (and regu-
larization) from I'(}; 2, 7). However remember that in the symbol we are really interested in

a0 (0,7) = ST g0, 7). (2.49)

which is completely finite.

There are further identities beyond the symbol letters besides the trivial ones stated
above. The simplest ones (and the only ones that we will use in this paper) express certain
combinations of letters as a dlog form. Observe for example

a—=c g —cC

_ b B N N N
10g<b c>:/ do ST(Liz) +T( L sz) —D(Lsm) —T( L i2) — (2 — 2a)

= QW (2 — 2.) + QU (2 + 2) — QP (2 — z) — QD (2 + 2,) — (2 — 2a)-
(2.50)

Taking the difference of two such equations with the same a,b but different values of ¢
gives a relation where all dependence on z, drops out. Degenerations of this identity and
further identities building upon Abel’s addition theorem and the elliptic Bloch relation were
investigated in ref. [64].

3 The four-point amplitude of a conformally coupled scalar

The main goal of this paper is to compute a certain AdS loop amplitude in terms of eMPLs as
introduced in the preceding section. The computation builds upon a relation between Witten

,10,



diagrams and flat-space Feynman integrals first pointed out in ref. [39] in the context of a
conformally coupled scalar field in AdSy. We will first review this setup and the mapping to
flat-space Feynman integrals. Building upon this we will then sketch the computation of the
four-point amplitude up to one-loop order as performed in ref. [39] to which we refer for more
details. This will result in an expression containing single-valued multiple polylogarithms and
an elliptic integral which we will then evaluate in terms of eMPLs in the following section.

3.1 The setup

Let us first define the theory in which the connection between Witten diagrams and Feynman
integrals was found. To this end consider the Poincaré patch of Wick rotated (Euclidean)
four-dimensional Anti-de-Sitter space (AdSs) with coordinates x# = (z,x*).* Here x € R?
parametrizes the conformally flat boundary and z € Rsg denotes the radial coordinate.
The metric takes the form

oy dz? +dx?

ds” = (3.1)

a?z?
where a denotes the AdS radius, which we will set to one in the following.
We will now couple a massless scalar to this background geometry in a non-minimal way

s— [ dizyg @(8@2 + ;§R¢2> , (3.2)

AdSy

such that the equations of motion have conformal symmetry (conformal coupling). This

is achieved by setting £ = % in AdSp [16]. Plugging in the value of the Ricci scalar
R = —D(D —1) and D = 4 generates an effective mass m? = —2. To allow for interesting

dynamics we also need to add an interaction term. As will become clear later, the simplest
interaction for which the mapping to flat-space Feynman integrals works for the scaling and
boundary dimensions of interest, is quartic. Adding this leaves us with the action

_ 4 1 2 1 9o 1.4
S—Ads4dxﬁ(2(8¢) + omio +4!)\¢>. (3.3)

By inspecting the free field equation one can argue that the field has the asymptotic behaviour
P(2,%x) ~ 22¢g(x) with A(A — d) = m? where d = 3 is the boundary dimension [65]. This
gives us the two choices A = 1,2 corresponding to different boundary conditions, which we
will indicate by a subscript ¢a(z).° By the AdS/CFT correspondence there is a dual CFT
containing a primary operator O with scaling dimension A corresponding to our scalar field.
Hence we will also, somewhat loosely, refer to A as the scaling dimension of ¢.

One might be worried that since our bulk theory does not include gravity, i.e. no
dynamical metric, there is no stress-tensor in the dual CFT, which does not seem to make
sense. However, the theory we are considering can still be interesting from an AdS/CFT
point of view, as it can approximate a gravitational theory with a strongly self-interacting
scalar ¢. Since our focus will be on the bulk computation we will not comment on this
further, see e.g. ref. [67] for a more elaborate discussion.

4Mathematically speaking this is just the Poincaré upper half-plane model of hyperbolic geometry.
®Note that both possibilities are inside the unitarity window A > (d — 2)/2 [66].
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We want to compute the four-point amplitude in the theory just introduced, which we
take to be defined as the correlation function of the field operators inserted on the boundary
(A (x1)PA(%x2)PA (x3)Pa(x4)), as already alluded to in the introduction. This equals the
CFT correlation function of the dual operators (O (x1)Oa(x2)Oa(x3)Ona(x4)). We will
however compute this entirely from the AdS side, i.e. we will not make use of any boundary
information. Note however that the bulk one-loop computation allows the extraction of
quantum corrections to the anomalous dimensions of the CFT, see refs. [43, 44] for details.

The computation of correlation functions works analogously to flat space with Witten
diagrams [65] acting as the AdS analogues of (position-space) Feynman diagrams. For
example the four-point amplitude of the conformally coupled scalar considered here has
the diagrammatic expansion

L2 3 T T3
(Pa(71)PA (72)PA(23)PA(24)) = + perms. | — A
T T4 T Ty
i) T3
A2 5
+ o5 + perms. | + O(X\°). (3.4)
I Ty

The Feynman rules for these diagrams are almost the same as in flat-space, the only difference
being the different form of the propagators. In particular we have to distinguish between
propagators connecting a bulk and a boundary point and propagators connecting two bulk
points. The (scalar) bulk-to-bulk propagator is given by [68]

A A+1 d
Gal(w1,m3) = Na&®oFy (2, —5 A— 5 th 52) ; (3.5)
where 9y s
1?2
= ) 3.6
¢ 22+ 22 + (x1 — x3)2 (36)
and the normalization factor is given by
24 I'(A)
= ) 3.7
Na =35z d 20(A — d/2) (3.7)
We can obtain the bulk-to-boundary propagator by taking the limit zo — 0°
K ) = lim 2 2G =28\ 2 : 3.8
A(xlax-? - Zzlglo 22 A(I’l,l’Q) - A Z% + (Xl _ X2)2 . ( . )

The key observation in ref. [39] was that for the setup given above the form of the bulk-
to-bulk propagator simplifies and one can express them in terms of the so-called conformal
flat-space propagator

2129

Gc(x1,$2) = m, (3-9)

SNote that the conventions for the normalization vary in the literature, we will stick to the one used in
ref. [39].
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which has a similar form as the usual Feynman propagators. Note that (z1 — x2)? = (21 —
zz)2 + (x1 — )(2)2 denotes the Euclidean squared distance and not the contraction with the
AdS metric. Plugging in the boundary dimension and scaling dimensions one explicitly finds

G (w1, 22) = (2;) (Gel1,22) — Gelr, r(22))] (3.10)
Caco(w, 2) = (2;)2 (Ge(1, 22) + Golir, o(22))] (3.11)

where o(z,x) = (—z,x) is the antipodal map.

After expressing all bulk-to-bulk propagators in this form the integrand of a Witten
diagram already closely resembles the integrand of a flat-space Feynman integral, with the
factors of the radial coordinate z possibly being interpreted as “linear propagators” u - x
with v = (1,0) perpendicular to the boundary. Such linear propagators are also known to
show up in flat-space computations, as for example in heavy quark effective theory [69] or
region expansions of Feynman integrals [70], see also ref. [71].

One might still be worried about the appearance of the antipodal map and the integration
running over R x R+ rather than R*. Due to the quartic interaction, however, the integrand
will always be even under the action of the antipodal map, and the integration region can
thus easily be extended. The two terms differing by the action of the antipodal map then
simply add up, see ref. [39] for more details. This then lets the integral properly take the
form of a flat-space Feynman integral (possibly with linear propagators).

Another issue that can show up is that the integrals might be divergent. This will in
particular be the case for the integral considered in this paper. We will employ dimensional
regularization to regulate the divergence. This choice however breaks the AdS-symmetry
and there are alternative regularization procedures that preserve the AdS isometries, for
more details we refer to ref. [39].

In ref. [39] this connection between Witten diagrams and Feynman integrals alluded to
above has been used to fully evaluate the four-point amplitude for A = 2 up to one-loop
order in terms of single-valued combinations of multiple polylogarithms. In the following
subsection we will consider the amplitude for A = 1 which is technically more challenging due
to the appearance of an elliptic integral. This will then be evaluated in the following section.

3.2 The four-point amplitude for A =1

As the amplitude for A = 2 has already been fully computed [39], let us now focus on the
amplitude for A = 1. We will continue to follow ref. [39]. The order \° part contains no
interaction and is thus trivial. Also the order \! part is easily computed as was explicitly done
in ref. [39]. For contact diagrams the connection between Witten diagrams and flat-space
Feynman integrals however is even more immediate and very general, as pointed out in
ref. [72]. In particular the contact diagram here is (up to a prefactor) equal to the box
integral in four-dimensional flat space which is well known to be given by the Bloch-Wigner
dilogarithm [73].
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The first non-trivial piece is thus the one-loop contribution given by the three bubble
diagrams

5 (DA (1) DA (2) DA (23) DA (T4)) =

O(\2),
@ @ @ o
s-channel t-channel u-channel

Let us sketch the computation for the s-channel diagram. Using the Feynman rules
for Witten diagrams we find

-1 4 APy, dPys (w-y)(u-y2)\> 1 (u-y1)(u-yo)
Wbubble s 12 4 4 2 +5 2
2 @2m)2 Jra ()t (u-y2) (y1 —y2) 2 (y1—y2)
U - Y1 U- Yy U - Y U - Y2
(y1 —x1)2 (y1 —x2)2 (y2 — x3)2 (y2 — x3)%’

where the prefactor comes from the normalization of the propagators, the factor from extending

(3.13)

the integration to all of R* and a symmetry factor of 1/2.”7 Further we set D = 4 — 2¢ to
regulate divergences. One can now use the conformal symmetry in the boundary coordinates
to express the integral in terms of conformal invariants, for the details see ref. [39]. One gets

4 dDy1/ APy, [((u-y1)(u-yz)>2+1(u-y1)(u-yz)
R4 (

Wiibile.s =
bubble,s = (912 22,22, Jra (u-y1)? u- o) (y1 — 12)? 2 (y1—y2)?

1 —2e . 2 . 2
(y1 — u1)*(y2 — u1) yi(yr —uc)?*(y2 — ua)
with the vectors
(+¢ ¢—¢
=(0.1 = 2> 1
Uy (0’ ’O’O)a U¢ ( T 9 70 ’ (3 5)
where ¢, ¢ are connected to the conformal cross ratios
x2 3 3,23 -
2= v= =100 -9, (3.16)

2
$141‘23 T14%23
and x?j = (x; — xj)2. By expanding the square brackets above we find two terms, the first of

which is divergent and was already computed in ref. [39] by directly integrating the Feynman
parameter representation yielding

¢—¢

"Note that we have added the symmetry factor compared to e.g. eq. (4.13) in ref. [39]. This leads to

o 7T_26€_2’YE6 CE 1 2BW(C5 5) fl (Cv 5) BW(C’ 6) -~
Wiibblesdiv = — @rf® (6 s + c—¢  c-¢ log(¢¢)
LBV O 10010 - 1 - c>]) SRS

the overall factor in the previous and also in later equations differing by a factor of 2 from the one in the
corresponding equations in ref. [39]. This will not further be pointed out.
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where BW(¢, ¢) is the Bloch-Wigner dilogarithm

BWI(C.0) = Lia(¢) ~ Lin(0) + 5 loa(cO) o (13 ). (3.18)
and f1(¢,€) is a pure [74, 75] single valued combination of multiple polylogarithms of weight
3. An explicit expression can be found in ref. [39] or in eq. (4.26).

The divergence is of UV origin and is proportional to the contact diagram. Hence it
can be removed by a counter term which renormalizes the coupling A, leading to a scale
dependence of the coupling. The corresponding beta function was computed in ref. [39] and
shown to be consistent with the well-known result in flat-space ¢* theory.

The finite part

_ 2 CC_ d*yy d*ys 1
WhTh fn = / , (3.19
bubble,s,f (2m)12 $125534 R Uy JRE U Y2 (Y1 — yz)zy%(yl - “4)2@2 —up)? ( )

is more challenging to evaluate. By Feynman parametrizing, changing variables and performing
some of the integrations one can bring this into the form [39]

1 U
WA - " Il 2

bubble s,fin (27[-)8 256%21%4 (’U,, v, )7 (3 0)

where

B(o)
: dr [ d , 3.21
.2 4/ T/ 0 0?2 —Daxr?2 + ((—z+y—2)0%2 + z)r + z02 (3:21)
and

B(o) = 2Lis(0) — 2Lia(—0) + 2log(o)[log(l — o) — log(1 + o)]. (3.22)

The steps in the other channels are similar and one ends up with [39]

% <¢A($l)¢A($2)¢A(x3)¢A(x4)>’

A 0(2),A=1

1 13 144 Li /
= | =W (v Ly (u,v) Li(u,v)+0(€)

(2m)8 ( em? " 25‘7129534 16%“} 5512 34 ,egt:u}
(3.23)

The expressions for Wol A4y, v) and L(l)’i(u, v) can be found in ref. [39]. The important
point for us is that they can be written as pure combinations of single-valued MPLs. On
the other hand

Li(u,v) = T (3.24)

“@
<
~
~
I
\.ﬂ

(

(

(
where I(z,y, z) is the integral defined in eq. (3.21). Thus the only part of the computation
of the four-point amplitude left to perform is the integral I(z,y, z). This integral turns out
to involve an elliptic curve and we will evaluate it explicitly in terms of elliptic multiple
polylogarithms in the next section.

,15,



4 The elliptic integral and the full one-loop result

The goal of this section and main result of this paper is the computation of the elliptic
integral found in the last section. After finding an explicit expression in terms of elliptic
multiple polylogarithms we are then able to present the full one-loop result for the amplitude
of a conformally coupled scalar in AdS4 as introduced in the last section.

4.1 The elliptic integral

To see the appearance of the elliptic curve in the integral (3.21) one can solve the r-integral

to find

1 Ld
“B

_m W (0)log R(o,w). (4.1)

I(z,y,2) =

Here \(z,y, 2) = 22 + y% + 2% — 22y — 2wz — 2yz is the Kéllén function, R(o, w) is a rational
function and w satisfies

2e(y+ 2z —x) z?
2 4 2
=P = 4.2
wh=Blo) ="+ Nays) 0 Aaye) (42
and hence defines an elliptic curve with branch points
T x
ay = — PRI az = 20
r— (Vi+ V3 r=(i=VA) )

e e I v e

One can easily check that the branch points are all real for

VI+VzZ <z, y,z>0. (4.4)

We will in the following restrict to this region of parameter space such that we can directly
follow the conventions laid out in section 2. Note that this region includes the region relevant
for the u-channel diagram with kinematics satisfying /u + /v < 1, u,v > 0. With minor
changes one can also solve the integral in the parameter regions relevant for the s- and
t-channel diagrams with the kinematics satisfying the same constraint. This will be outlined
in appendix A. Other kinematic regions can be solved similarly.

Since we are focusing on the u-channel parameter region we can set z = 1 in the following.
To evaluate this integral in terms of eMPLs note that B(o) is a combination of classical
polylogarithms and hence can immediately be rewritten as a combination of eMPLs. This
can also be achieved for the logarithm. By differentiating we find that

% log 'R,(o', fu)) = 41/}_1(0, 0'). (45)

In order to integrate this back up again we add and subtract the pole at ¢ = 0 and then
regularize the divergent integral using the usual tangential base-point regularisation (as
described e.g. in ref. [13]) to find

logR(o,w) = 4/00 do’[1_1(0,0") — 11(0,0")] + 4log o + log(yz). (4.6)
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Expressing the logarithm as an integral [;” do’:(0,0’) and changing variables to the torus,
we thus find the desired expression for the logarithm in terms of eMPLs.

We would now like to use the shuffle algebra to express the integrand as a linear
combination of eMPLs (with each term only containing one eMPL) and using do /w = dz w1 /¢4
to perform the final integral by definition of eMPLs. However, because we introduced 1
as a base point above, we will encounter eMPLs both of the form f( ..;2 — 29,7) and
f( ..;z — 21, T), which prevents us from directly using the shuffle algebra. However we can
make use of the path decomposition formula for iterated integrals [60] to write the eMPLs of
the latter form in terms of eMPLs of the former form and ones of the form f‘( S 321 — 20,T).
These eMPLs now do not depend on the integration variable and can be taken out of the
integral. For the other eMPLs we can now make use of the shuffle algebra and perform the
final integration. Since the upper limit of the o integration was 1, the eMPLs of the result
now all have z; — 2y as argument and we can nicely use the shuffle algebra to combine them
into a linear combination of eMPLs, with each term only containing one.

At this point we note that the expression for the integral contains eMPLs with dependence
on 4 punctures on the torus z_1, 2g, 21, 2« and on the modular parameter 7. Since the original
integral only had two degrees of freedom, however, we expect there to be relations between
the punctures and the modular parameter. Indeed one can find numerically (and it is also
not hard to prove analytically) that

1 1

T 1 7
Zx = —, zZ1=-4+=-—2, 20 =

Z1:*+*+Z. (47)

+7'
2’ 4 2

N

The two degrees of freedom are now the modular parameter 7 and one puncture on the
torus defined by

Ld
Z221—20:C—4 j (4.8)
w1 Jo

One might ask to which point on the elliptic curve this belongs, i.e. what x(Z) is. Using
the addition theorem for g one can show that

K(Z) = —asy| a‘zl — 1. (4.9)
az — 1

After plugging in the values (4.7) for the punctures we would now like to bring the result

into a form as canonical as possible. By differentiating, using the properties of the kernels
and integrating back up one can bring the expression into a form where all eMPLs are of
the form I'(%Z} 2 %F; Z) with

11 7
1 7]-7 1 YA o o (- 4.1
ni € 0,1} 26{0222+2} (4.10)

The four choices of z; correspond to precisely the branch points on the elliptic curve. Note
that besides the trivial parity and (quasi-)periodicity properties of the kernels we also needed
the following non-trivial relation that reduces a kernel with double argument to a sum of
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kernels with shifted argument [76]

AL 1 T 1 T
(n) _ |, (n) - (n) o (n) .0
9" (2z,7) 1 [g (z,7)+g <z+2,7)+g (z+2)+g (z+2+2,r>}

n mon—2
Z o (s g ) e (454 57)]

From the correspondence (2.20) it is clear that the sign of the torus punctures corresponds
to the sign of y, i.e. the branch of the square root. Since we however expect the physical
result to not depend on this choice, the result should not depend on the sign of the torus
punctures. We can make this manifest by rewriting the result in a “parity eigenbasis” defined
analogously to ordinary eMPLs by

~ z ~
To("2ks2,7) /0 dz’ggl)(z',zl,ﬂfi(gg i), (4.12)

with fi( ;2;7) = 1 and where now n; € Z can take negative values. The kernels are defined by

gf)(zla»@ﬂ') = 17

(n)

(4.13)
98 (21, 20,7) = gD (21 — 29, 7) + sign(n) g™V (21 + 22, 7), n #£0.

Performing this change of function basis one indeed observes that all parity eMPLs with
negative n; drop out which reflects the fact alluded to above that the result is independent
of the signs of the points on the torus.

We can now realise that only certain combinations of the kernels show up in the eMPLs.
Hence we define

dz gy (2,7) = dz gl (2,0,7) = dz = wy, (4.14)
dzgill)(z,T) =dz [gg)(z,O,T) — gg:l)(z, 1/2,7’)] = dlog (U + Z4> =wjy, (4.15)
— Q4

dzgg)(z,T) =dz [g:(l:l)(Z,T/Q,T) — gil)(z, 1/2 4 7'/2,7')} = dlog (Z + 23) =wp, (4.16)
— a3

dzgp)(2,7) = dz [g)(2,0,7) + 91 (2, 1/2,7) = 98 (2, 7/2,7) = g1 (2, 1/2 4 7/2,7)|

2 _ 2
= dlog (U a§> = we, (4.17)

where we used the map from the torus to the elliptic curve to write the weight one combinations
as dlog forms.

Rewriting the result in terms of the new kernels and rewriting the length 1 eMPLs as
logarithms using the dlog representation of the kernels, the expression for the integral takes

a very compact form (the technical details of this rewriting are deferred to appendix B)

2
1= { — o2+ 2 og(A)Z — T(wi, w4 2,7) (4.18)
4
1
- 5 log(A) [I(WO,WA,wc; Z7 T) +I(WO,WB,WB; ZvT) - I(wo,WA,WA; Za T)]
1
+ 5 [I(WO,WA,WC,WC; Za T) +I(W0,WB,WB,WA; 27 7_) - I(WO,WA,WA,WA; Za T)] }
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Here we defined the algebraic function of the kinematic variables

A= 1—y—Z+\,)\(1,y,Z)

Further we defined the (Chen) iterated integrals [60]

(4.19)

Yn—1

T(@1, - ;) = / "y Fi() / " dun Falya) - / Ayn fuln),  (4.20)

0

where the f; are defined to be the pull backs f;(y)dy = v*w; of the one-forms w; to the
path v between the base point xg and the point z. The dependence on the path was left
implicit above. In the Chen iterated integrals above we are taking the path from zy = (0, ic0)
along the straight line to (0,7) and then along the straight line to the point x = (Z, 7).
Since our result vanishes for Z = 0 the first part does not contribute and the Chen iterated
integrals reduce to eMPLs.

Expressed in terms of ordinary eMPLs the result reads

Cq

wi1wo

I:—C32+7: {log(A>Z+Z [f(SJ;;Z)—f(Sé;Z)}}

1 ~
o) 3 [er(h.)y

s1,82==%

(L ) T b 2) (L 7))

0
1 0
+f(8 5111+TT 321 ,Z)+f(8 811% szllJrTT;Z)_f(

H H
+§ S 20(0605252)-T(060 sk 2) T (066 405 2) +20 (30 49

_F(gtl)s;% ssll'gfaz)_f‘(g(l)sglé 53157z> _f<8(1)5211'57 (1)’Z>_f‘<8(1)521177 SJ%’Z)
+f(8 (1) 8211J2rT 8311J2FT i Z +f(8 é 3211+TT 331%7Z)_f(8 é 821% évZ)_f(g (1) 521% 531%72)
+f<8 (1) 5215 5311757 7Z>+f<8 (1) s;g 5315’2 *2f(8 311% (1) 331%7Z>+f‘<8 511% (lJ 5311;” ’Z)
(002 05352) =20 (001 002 032)+T (0 613 sad saiie 2
+f(8 311% S9 11;” é?Z)+f(8 311% ED) 11J2rT S;%,Z)—f(g 311% S9 11;”' 3311;” 7Z)

f(8 311% 52117* 5315;2) +f(8 sllg szlg cl);Z)Jrf 8% 321; sslé;Z>
(003 07 0857 2) L0035 005 2) 4T (00 5 02 0:2)
_f(g slllTT 3211+TT sgéﬂz)_f(g slllTT 521% é’Z)+f(8 5111+TT 521% 531%;2)
_f(g 811% 521127 (l)vz>+f<8 811% 52112 s;%;Z) +f(8 sllg 521% (1)52)
_f(g s11§ szlg s;%;Z)_‘_f‘(g 811% 321% 531%;2)}' (4'21)

Note that we can rewrite the prefactor of the result in terms of a modular form. Since this
relation will play no further role in this paper, we will not review modular forms here but
only give a brief introduction in appendix C and also give further references there. Let
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us here just note that

wiwy 4 n(21)* _ 4 m(r) (4.92)

a Jie-a 1™ ie-¢
””' 10_:0[ ( 27rm7'> (4‘23)

is the Dedekind eta function and we made use of the ¢, variables introduced in eq. (3.16).

where

To find the n quotient we performed a ¢-expansion of the left hand side making use of the
known g-expansion of the modular lambda function [77] and identified the resulting sequence
using the “On-Line Encyclopedia of Integer Sequences” [77] and ref. [78]. The eta-quotient
which we defined to be m(7) now turns out to be a modular form, or more precisely an
Eisenstein series, of weight 1 for the congruence subgroup I'(4).

Equations (4.18) and (4.21) together with the relation (4.22) constitute the final form
of the elliptic integral for the u-channel diagram. Note that the integral is not manifestly
single-valued, i.e. it is naturally expressed in terms of purely holomorphic periods [79] and not
in terms of single-valued periods [80] as one might have expected from the polylogarithmic
parts of the amplitude.

4.2 Result for the full one-loop amplitude

By combining the analytic result for the elliptic integral from the last subsection (and
appendix A) and the polylogarithmic contributions already computed in ref. [39] we can now
present the full analytic result for the one-loop amplitude of a conformally coupled scalar
in AdS4 dual to a primary operator of scaling dimension A = 1:

2}y (0 (21)0a (w2)0a (900 00)|

O(A2),A=1
¢ (3 BB m D A loa(¢E) — © F 3
e, {—EBW@, - 3hC.O+ 5BW<<, $)10g(60) — 5BW(S, Q) log((1 — ¢)(1 - o}
+£C_ > kim(T(i)){_C?’Z(i) 6 [IOg(A(Z) l)_I(WO’me(i)’T(i))}
¢ = ¢l iefs.tu}

2 log(A™) [I(WO’WA’W@ 70, 70) + T(wo, wp,wp; 29, 7))
—T(wo, wa,wa; 29, 70) — T(wo, wa, wa Z("),T(i))}

+% {I(WOMAMC,WC;Z(i),T(i)) + Z(wo, wp, wp, wa; ZD, 7))
_I(UJO,UJA,WA,WA; Z(Z); 7_(1)):| } + O(E) (424)

Here we defined

by = ——\, k= k=1, (4.25)
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and a pure, single-valued combination of multiple polylogarithms of weight 3 [39]

11«;<>:1og@<>PﬁLl(c,g)-—IAL1(¢,§>-%Ln<<nnl<g) —Iﬁﬂéﬂﬁ1(§>]

+ 2Lig <C7 g) — 2Lig (C_, g—) + Liq 2 <<7 g) — Lijo (57 g)

+ 2Li; (g) Lis(¢) — 2Liy (g) Lig(¢) + Lip (¢)Lia (g_) — Liy (¢)Lig (g)

+ Lig(¢) — Lig(C) + Lina(1,¢) — Lin, (1, ). (4.26)

Also recall that BW((, () refers to the Bloch-Wigner dilogarithm (3.18) and m(7) to the
modular form (4.22). By expressing z,y, z as conformal cross ratios u,v (following the
prescription (3.24)) in egs. (A.5), (A.6) and (4.19) we can write

u—v—1—/A1,u,v)
2y/v ’
A(t)_v—u—l— A1, u,v)
2\/u ’

AW — 1—u—v+ AL u0)
2\/uv '

Note that the result contains three different pairs of variables (Z, ) indexed by the three

A —

(4.27)

channels because they are computed using different elliptic curves, see appendix A. The j-
invariants of the elliptic curves corresponding to the s-,t- and u-channel integrals respectively,
are given by

i = 256(\(1,u,v) +v)3

v\, u,v)
o 256(A\ (1, u,v) +u)3
= 4.2
.]t u2)\(1,u’v) ) ( 8)
~ 256(A(1,u,v) + uv)?
Ju= w202 \(1, u, v)

Indeed, for a generic kinematic point the three elliptic curves are not isomorphic.
Equation (4.24) adds to the very short list of known one-loop curved-space amplitudes in
position space. Also in contrast to the majority of loop-level results which build upon analytic
conformal bootstrap methods [40], this amplitude was computed purely from the bulk side.
A couple of comments are in order. First note that both the polylogarithmic and the
elliptic parts are pure combinations of (e)MPLs in the sense of refs. [52, 74, 75]. They are
also both of uniform transcendentality, all terms having weight 3 (when one assigns e weight
-1, as is customary). This is not the case for the amplitude with A = 2 where the maximum
transcendental weight is 3 but also terms of lower transcendental weight appear [39].
There is an important qualitative difference between the polylogarithmic and the elliptic
parts of the A = 1 amplitude. While the polylogarithmic part is naturally expressed in terms
of single-valued MPLs, which are examples of single-valued periods, and hence is manifestly
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single-valued, this is not true for the elliptic part. Here only holomorphic periods occur
spoiling the manifest single-valuedness of the amplitude. This explicitly shows that manifest
single-valuedness in the polylogarithmic sector does not have to be an indication for the
same property in the elliptic sector. Again this is different for the A = 2 amplitude which
is purely polylogarithmic and manifestly single-valued [39].

One might be worried about the seemingly divergent limit ¢ — ¢, where the four boundary
points approach a line, i.e. a one-dimensional configuration. It turns out, however, that the
apparent singularity cancels in the limit. This is easy to see in the polylogarithmic part
but not immediately obvious in the elliptic sector.

For simplicity let us again focus on the u-channel contribution. The apparent singularity
is sitting in the overall prefactor but turns out to be cancelled by a zero in the modular
form m(7). This is most easily seen by just studying the fraction wiwp/c4 in the limit. A
short computation shows that it is indeed finite

wWi1wo N ™
C4 VI -¢)

The finiteness of the prefactor in the elliptic contribution should be contrasted with the

(4.29)

divergent prefactor in the polylogarithmic contribution which only gets cancelled by a zero in
the polylogarithms. This is connected to the manifest single-valuedness of the polylogarithmic
contribution leading to a zero in the ¢ — ¢ limit which is cancelled by the pole in the prefactor.
Since the elliptic sector does not have this zero in the eMPLs there is no pole in the prefactor.

Further note that also the eMPLs simplify in this limit. To understand this note that
a straightforward computation shows that the limit in the variables on the elliptic curve
is given by the modular parameter 7 approaching the cusp at infinity and the puncture Z
approaching a transcendental function of the cross ratio ¢

T =100, Z— —iarctan < 1-4l-9) - 1) . (4.30)

u 2\/¢(1=¢)

Hence to compute the value of the eMPLs in the limit we need to replace all of the eMPLs

with their cusp value, which can be explicitly computed in terms of ordinary MPLs using the
g-expansion of the integration kernels [63] and in particular is finite.® Hence we conclude
that in the limit of a one dimensional configuration of boundary points the result is finite
and reduces to a combination of MPLs.

As we made no use of any CFT information in our computation it is an interesting
question to ask what the amplitude now implies for the boundary CFT. As is well known,
the interaction in the bulk leads to quantum corrections to the scaling dimensions of the
operators on the boundary, i.e. anomalous dimensions. Using the operator product expansion
(OPE) of the correlation function we just computed it is now possible to extract the first
order anomalous dimension of the operator dual to the scalar field ¢. This was fully carried
out in ref. [39], as the extraction of anomalous dimension does not need the full evaluation of
the elliptic integral, and we refer the reader to this reference for further details.

8An explicit computation shows that harmonic polylogarithms [81] are actually enough to express the
result.
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One might however ask how these results can be obtained from our full analytic results
for the correlation function. As discussed in ref. [39], the anomalous dimension can be read
off from the coefficient of log(u) in the OPE limit 1 — x2, x3 — x4 of the correlation
function. We will not fully perform this computation as the results were already obtained in
ref. [39], we will however quickly explain how one could reproduce the anomalous dimension
here, i.e. how the limit acts on our result.

We will again restrict to the u-channel, hence we are interested in the log(y) expansion.
Note that the y — 0 limit is the degeneration limit of the elliptic curve where the two positive
and the two negative roots coincide and the holomorphic differential degenerates to a sum
of dlog forms. Hence the integrations in the definition of the periods can now introduce
logarithmic end-point singularities which are precisely the logarithms we are after. More
concretely we find the following leading behaviour in the y — 0 limit:

—m 7 1 1—+v1—2 loo A 1 | w1Wo 1 |
T ~ VAN og| ———1, logA~ —=logy, ~———logy.
log y 2logy & 1+vV1—2z & g &Y (1 — 2)3/2 &Y

(4.31)
Hence we see that 7 and Z vanish in the limit while the prefactor (leading singularity) and
the logarithms of the result diverge.
To find the behaviour of the eMPLs in the limit we can use a modular transformation
7 = —1/7" and then study the limit 7" — ico. The expansion in this limit just corresponds
to the well-known g-expansion. One can use the modular properties of the kernels and their
g-expansions as given in ref. [63] to find the behaviour of the eMPLs in the limit. Let us
illustrate this with a simple example:

_ z
F<%;Z;—1/):/ ng(l)(Z—1/2,—1/7'/)
T 0

2
z
= / dz [—T’g(l)(—T/Z +7'/2,7") + 2mit! (2 — 1/2)}
0
_ iWT/ZQ — log (1 N e—iwr’) + log (1 _ e—i7r'r’+27riT’Z) +0 (67271'7')
. Z2
~inr' 72 = T2 (4.32)
T

One could work out the other eMPLs in a similar way and hence compute the anomalous
dimension of the primary operator dual to the bulk scalar field.

5 The symbol of the elliptic integral

In the last section we have found an explicit expression for the elliptic integral I(1,y, z) in
terms of eMPLs. This now allows us to straightforwardly compute its symbol as reviewed
in section 2.3.

After computing the symbol and projecting onto the highest length part we can im-
mediately see a big simplification just by making use of the trivial relations of the symbol
letters, such that the only letters appearing are of the form Q™ with n < 2. Inspired by the
simplification of the result of the integral in the previous section after identifying certain

— 23 —



combinations of kernels we analogously define the following combinations of symbol letters

7) = QM (z,7) - QW (2 —1/2,7),

)= QM (z—7/2,7) - QW (z —1/2 — 7/2,7), (5.1)
O (2,7) = QM (2,7) + QM (2 = 1/2,7) — Q) (2 = 7/2,7) — Q) (2 — 1/2 — 7/2, 7).

Using the identity connecting certain combinations of letters to a dlog form (and a limiting

case) we can express all combinations of letters with n = 1 appearing in the symbol as
logarithms. We can then write the symbol in the following form®

167i I(1 V@ [loga; @ QO (Z . ® (2mi 2
S<6m o Y, 2 > ZSf [oga ® (Z,7)+0© ®(m7’)}, (5.2)

where
S(f1) =log(y) ® log(AB) + log(z) ® log(.A/B), (5.3)
S(f2) = log(y) ® log(z) + log(z) ® log(y),
and
=B, 0, =402(2Z,7) - logB, (5.5)
as =y/z, Oy= 4(2542). (5.6)

Here we defined the algebraic function
yt+z—(y—2) (y—2— ALy 2)
2./yz ’

also recall that A was defined in eq. (4.19).
There are a few comments in order. First note that all first entries of the symbol are

B=

(5.7)

given by logarithms of the conformal cross ratios, which is precisely the physical first entry
condition [82]. Also the second entries are purely logarithmic but can be complicated algebraic
functions of the cross ratios. The final entries are only given by the basic elliptic symbol letters

Q0(z,7)=2miz, QEV(0,7) = —2mir. (5.8)

These features where also observed in the elliptic flat-space 10-point double-box integral
in ref. [83].

When looking at the third entries, we observe both simple logarithmic letters, accompanied
by the dZ form in the last entry, as well as more complicated elliptic letters, accompanied
by the dr form in the final entry. These very different looking logarithmic and elliptic third
entries are however very closely related, which is made manifest by the symbol prime [64]

S'(0;) = QO (Z 1) @' log(a;). (5.9)

°T am grateful to Matthias Wilhelm and Chi Zhang for pointing this out.
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This relation further makes the form (5.2) of the symbol manifestly doubly periodic and also
manifests some of the integrability properties, see ref. [64] for a more elaborate discussion
on these points.

This relationship between logarithmic and elliptic third entries was first observed in
the context of flat-space amplitudes for the unequal mass sunrise and 10-point double-box
integrals [64]. The structure and in particular the relation between the elliptic and logarithmic
third entries was then used to bootstrap the symbol of the 12-point double-box integral
in ref. [84].

6 Conclusions and future directions

The main result of this paper is the computation of the elliptic integral contributing to
the finite part of the four-point amplitude of a conformally coupled scalar in Euclidean
AdS, dual to a primary operator with scaling dimension A = 1 in the dual CFT. This
computation allowed us to present the full analytic result for the amplitude, serving as one
of the rare examples of an explicit result for a curved space amplitude beyond tree level
computed directly in position space.

Furthermore to the best of our knowledge this is the first instance of a curved-space
amplitude evaluated in terms of elliptic multiple polylogarithms which play an increasingly
important role in flat-space computations. Another interesting observation is that the com-
puted integral spoils the manifest single-valuedness of the amplitude since only a holomorphic
variable appears in our result.

We furthermore computed the symbol of the integral, finding similar structures as
observed for the symbol of the flat-space double-box integral. In particular the last entry
only consists of basic elliptic symbol letters, and the first entry only contains logarithms of
conformal cross ratios in accordance with the physical first entry condition. Furthermore we
observe that the symbol prime relates the complicated elliptic third entries to the simple
logarithmic ones, which was first observed in ref. [64].

Furthermore we note that the correspondence between Witten diagrams and flat-space
Feynman integrals that builds the basis for the computation of the amplitude in this paper
seems to be very special, i.e. the setup of the theory is quite specific. One might hence
wonder if there is a more general connection, which would allow to import methods from
flat-space multi-loop Feynman integral computations to compute more general position space
amplitudes in AdS.

Let us point out that the key player of the correspondence of ref. [39] is the conformal
coupling and it is quite easy to vary other parameters such as the boundary dimension d (and
hence the scaling dimensions A) or the valency of the vertex n. To see this note that for a
conformally coupled scalar in d dimensions the allowed scaling dimensions are Ay = (d+1)/2.
If one plugs these values into the general form of the bulk-to-bulk propagator one easily finds
that it again takes the form of a flat-space propagator (with higher propagator powers).

A bit of care still has to be taken concerning the parity of the integrand in the radial
coordinates z, which we needed to be even to extend the integration domain. To study this
note that a vertex with valency n will contribute a factor (for simplicity assuming all scaling
dimensions at the vertex to be equal) ZBx=(d+1)  From this it easily follows that for all odd
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d and arbitrary n at least one of the two scaling dimensions A will lead to an even integrand,
hence allowing the use of flat-space methods. Even d are more tricky since they lead to
non-integer scaling dimensions which do not allow a naive extension of the integration domain.

Hence there is a wider class of possible diagrams with different boundary and scaling
dimensions as well as different vertex valencies which can be attacked with flat-space methods
such as the ones reviewed and used in this paper. It would certainly be an interesting
question how far one can push this for conformally coupled scalars. In particular it would be
interesting to study higher point diagrams which are, however, technically quite challenging
due to the high number of variables.

The more interesting question however would be if one can also find a connection between
Witten diagrams and flat-space Feynman integrals beyond conformally coupled scalars. This
has been fully understood for contact diagrams [72] but connections between exchange or
loop diagrams are, to the best of our knowledge, restricted to conformal coupling so far.
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A The integral in the s- and t-channel

In section 4 we computed the elliptic integral I(x,y, z) in the kinematic region

i+ VE <V, (A.1)

for x = 1, which in particular includes the correct parameters for the u-channel contribution
to the amplitude in the kinematic region \/u++/v < 1. In this appendix we want to sketch the
computation for the remaining s- and ¢-channel contributions in the same kinematic region.

Since the integral is symmetric in y, z it makes no difference if we choose z = 1 and
VZ +/y < 1 corresponding to the above kinematic region in the s-channel or with y and z
interchanged corresponding to the t-channel. For definiteness let us thus set z = 1 but the
result will also be valid in the ¢-channel (with the role of u,v exchanged).

The main difference in the computation is that the branch points of the elliptic curve in
this case are not all real but all imaginary. We can however simply perform a coordinate
transformation ¢ = —io’ which leads to a new form of the elliptic curve

(w®)? = P (o), (A.2)

with P4(S) (0) = Py(—io)|,_,. In these coordinates the branch points are now all real again.
The steps to compute the integral are now exactly the same as before and the result also
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takes the same form

2

(5),,(8) -
I= { =2 + T [log(A) 20) — T(wy, wa; 20, 71)]

icgs)x
— = log(A®) [I(WO;WAaWCS 7 7)) 4 T(wo,wp, wp; 29, 7))
*I(w(]vava;Z(S)aT(S))}

1
+5 [I(WO,WA’W07WC§ Z® 7)) £ T(wo, wp, wp,wa; 29, 7))

_I(w(]vaawAawA;Z(S)aT(S)):| }? (A3)
with ©
7() — 04/"1", (A.4)
29 Jo w
and

2\

In the t-channel one has

x—1—z—Aux,1,2)

) — A
A NE (A.6)
Furthermore we find
(s),.(s)
wywy 4w 1 (s) A
. () - — . 7?77,(7' )7 ( 7)
ic)e \flc—dliyec
w§t)w(()t) 47 1 m(T(t)) (A.8)

s \lc=Aifa-00a-9
in s- and t-channel respectively. All quantities are computed on the transformed elliptic curve
with real branch points, we could however also transform back to the original curve.

Note that the three elliptic curves in the s-,t-,and u-channel are non-isomorphic for
generic u, v, as can be seen from their respective j-invariants given in eq. (4.28). Hence we
have three different sets of 7 and Z parameters. They have to be related since the physical
problem only has two degrees of freedom but it is not possible to write down an explicit
relation between them. Implicit relations can be obtained for example by using the explicit
form of the j-invariants as rational functions of the conformal cross ratios to derive relations
between the three j invariants which can then be read as implicit relations between the 7
parameters. Similarly one can compute k(Z) for the three Zs in terms of the cross ratios
and derive implicit relations for the Z variables.

B Technical details of the calculation

In section 4 when computing the elliptic integral we stated that to get to the final form (4.18)
of the integral we need to rewrite certain combinations of length one eMPLs as logarithms.
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The only combination appearing at length one is

L(we; Z,7) = /Zdz (gg)(z,O,T) —|—g£_3)(z, 1/2,7) — gg)(z,7/2,7) - gg)(z, 1/2 +T/2,T)) .

" (B.1)
The difference of two terms here can always be rewritten as a logarithm. If no regularization
is involved this is straightforward. For example we find

(B.2)

Z —
[z (81720 = g0 a1 /2 4 72, = o (M = A
0

2ay K(Z)—as

where k(Z) was given in eq. (4.9). However when the regularization is involved there are
some technical complications that will be described in more detail in the rest of this appendix.

First note that at the start of the computation we had no need to regularize as everything
was manifestly finite. Only after shuffling all the (J) entries to the left we encounter
divergent eMPLs, their regularization however can be chosen arbitrarily because they would
of course again all drop out by using the shuffle algebra. When we now want to rewrite
certain (regularized) combinations of eMPLs as logarithms we will have to choose a concrete
regularization and the choice will play a role for the result. The reason for choosing a
“non-standard” regularization as indicated in section 2 will become clear in the following.

We need to compute one logarithm involving a regularized eMPL and we can choose
that one to be given by the combination

z
Lyeg = /0 dz (gg)(z,O,T) — g(il)(z, 1/2,7-)) . (B.3)
Let us first compute L. by regularizing the first term as
7L
R ng:I: (25077-) ) (B4)
€/wi

where R is an operator picking out the constant term in a log e expansion. One finds

(k(Z) —a1)(az +as) —2a4
2a4(a3 — ay) K(Z) — a4

R [/EZ dz (g$)(z,0,7)—g$)(z,1/2,7))] :log<

Jwi

) . (B.5)

This now differs from the result in the “usual” regularization as for example chosen in ref. [52]
by some C(7) which is constant in Z. This is now computed in the usual regularization

(r(1/4) —a1)(as +as)  —2a4 )
2a4(a3 — a4) R(1/4) — Q4 ’
(B.6)

where we conveniently put Z = 1/4 since the full expression is independent of Z. The second

C(r) = /01/4dz (g(il)(z,O,T) - g$)(z,1/2,7)> —log (

term is easily evaluated using x(1/4) = oo yielding

log (W’> . (B.7)

ay4 — as

The integral we are now left to evaluate

F(r) = 2/01/4 dz (g(l)(z,T) — g(l)(z —1/2, 7')) , (B.8)
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is a bit tricky. By differentiating and integrating back up one can write it as

= 2/ 2m V(12,7 - (2)(0,7'/)} —im+ 2log(2). (B.9)

Here the cusp value can be computed from the g-expansions of the g kernels as can be
found in ref. [63] for example and the derivative can be evaluated using the mixed-heat
equation property of the kernels [63]

0 n 0
Z ) (n+1)
g (e,7) = S gz, ), (B.10)
The final integral can be computed explicitly and finally yields [85]
K(\ 1
F(r) = —im — 2log <((T))> b log(1 — A(7)). (B.11)
T

Here K is the complete elliptic integral of the first kind and A is the modular lambda function.
In terms of branch points and periods these are given by

_ (a1 — a4)(ag — a3)
A(r) = (01— a3) (a2 —a1)’ (B.12)
K(\(1)) =w1/2, (B.13)

so that by putting everything together we finally get

C(7) = 2log (_M) . (B.14)

w1

If we now absorb this into the regularization we get the clean relation

/Z dz (gil)(z, 0,7) — gg)(z, 1/2,7)) = log <(K(Z) —a)(a3 ) —2a4 ) . (B.15)

0 2a4(as — ay) K(Z) — aq

where now the divergent eMPLs are regularized with the non-standard regularization as
given in section 2. Combining this with the other logarithms arising from eMPLs that do not
require regularization then yields the logarithm that shows up in the final result (4.18).

C Brief introduction to modular forms

In this appendix we introduce some basics of modular forms necessary to understand the
relation (4.22). For a more rigorous treatment consider refs. [86, 87], also see refs. [63, 88, 89|
for more elaborate introductions in the physics literature.

First we fix a so-called congruence subgroup I' of the modular group SL(2,Z). This is
a subgroup that contains a principal congruence subgroup

T(N) = {M € SL(2,7), A= ((1) (1)> mod N} <SL(2,2). (C.1)
The action of the congruence subgroup I' on the extended upper-half plane HU Q U {ico}

partitions Q U {ico} into distinct orbits, to which we will refer (often in the form of a
representative) as the cusps of I'.
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We can now define a modular form of weight % for the congruence subgroup I' < SL(2,7Z)
to be a holomorphic function f : H — C which transforms covariantly under the action of I'

/ <Z:j__2> = (et +d)¥ f(7) for all <Z Z) el (C.2)

and is holomorphic at all cusps of I'. We will denote the space of modular forms of weight
k for the congruence subgroup I' by My (T).
Let us briefly comment on the last condition. Every modular form for I'(N) admits

a Fourier expansion

oo
f(r) = Z angl, with gy = ¢'/N = 2™7/N. (C.3)
n=-—oo
The function f is now said to be holomorphic at the cusp iocco if there are no negative powers
of g in this expansion. The holomorphicity at the other cusps can be understood by mapping
the cusps to 700, i.e. f is holomorphic at the cusp r € Q if

il () = er+ )5 (50, 9= (Z 2) € S1(2,2), ()

is holomorphic at ico, where v € SL(2,Z) is chosen such that r = v - ico = a/c.

If a modular form f € M(I") vanishes at all of the cusps of I we refer to it as a cusp
form. Let Si(T") be the space of all cusp forms of weight k for the congruence subgroup I'.
Then the space of modular forms decomposes into a direct sum of the space of cusp forms
and the so-called Eisenstein subspace & (I")

M (T) = Sp(T) & Ek(D), (C.5)

The elements of & (I") are referred to as Eisenstein series of weight k& for the congruence
subgroup T.
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any medium, provided the original author(s) and source are credited.
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