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1 Introduction

The AdS/CFT correspondence [1–3] has provided remarkable understanding of quantum
gravity theories, including insights toward resolving the black hole information paradox, and
strongly interacting quantum field theories. This correspondence relates quantum gravity
theories on d+ 1 dimensional asymptotically anti-de Sitter spaces (AdSd+1) to certain class
of d dimensional strongly interacting conformal field theories (CFTd) with a large amount
of degrees of freedom. Beyond asymptotically AdS spacetime, however, our understanding
of quantum gravity is highly limited, even though there have been several proposals for
gauge/gravity correspondences in non-AdS spacetimes. Some partial examples of these
proposals are the dS/CFT correspondence [4–6] for asymptotically de Sitter (dS) spacetime,
the celestial holography [7–9] for asymptotically Minkowski spacetime, and the holography
without boundaries [10].

– 1 –



J
H
E
P
0
3
(
2
0
2
4
)
1
0
3

In particular, the papers [11, 12] proposed a holographic duality between a classical
gravity on S3 and SU(2)k̂ Wess-Zumino-Witten (WZW) model with a certain analytically
continued value of the level k̂. We call this duality the S3/WZW duality in the rest of the
paper. Even though their original motivation of this proposal was to study Lorentzian de
Sitter spacetime, this duality provides an interesting explicit model for the holography without
boundaries. They used this Euclidean version of duality to prepare the Hartle-Hawking wave
functional [13] for the Lorentzian three-dimensional de Sitter spacetime. This duality has
some ambiguity at the subleading order of the Newton constant (i.e. one-loop level), but the
leading classical correspondence was explicitly checked in [11, 12]. Therefore, in this paper,
we focus on this Euclidean version of the duality in the leading classical order.

In this paper, we first note that the leading classical on-shell action of the theories
considered in [11, 12] are just linear in temperature, so the S3/WZW duality is completely
captured by a low-temperature dynamics. This reminds us about the story of the near-
AdS2/near-CFT1 correspondence [14–17] which universally appears in the near-extremal limit
of higher dimensional black holes [18]. A wide class of near-extremal higher dimensional
black holes develops an AdS2 near horizon geometry, and their low temperature dynamics is
dominated by zero modes in the remaining extra dimensions. Hence the S-wave reduction
for the extra dimensions leads to the Jackiw-Teitelboim (JT) gravity [19, 20] in near-AdS2
background. The breaking of the global AdS2 isometry (i.e. SL(2,R)) comes from the
fluctuations of the boundary of AdS2, and the effect of this breaking is described by the
so-called Schwarzian theory [16, 21–23]. In this paper, we will show that a similar dimensional
reduction is possible for the S3/WZW duality considered in [11, 12].

The rest of the paper is organized as follows. In the remaining of this section, we will
give a brief review of the S3/WZW duality. In section 2, we will discuss the dimensional
reduction of the gravity side within the second order formalism. This leads to the JT gravity
but with a non-standard boundary term. Then, we move onto the first-order formalism of
the three-dimensional gravity in terms of the Chern-Simons theory in section 3.1. We clarify
the boundary condition of this theory. The dimensional reduction can also be discussed in
the first-order formalism, which leads to the BF-theory with SU(2) gauge symmetry. We
will explain this in section 3.2, together with the higher spin SU(N) generalizations. In
section 4, we move onto the dual field theory. We first review the WZW model and its
reduction to a complex Alekseev-Shatashvili theory. In section 5, we finally discuss the
dimensional reduction of the WZW model or the Alekseev-Shatashvili theory, which leads
to a complex Liouville quantum mechanics (LQM). This establishes our proposed duality
between the classical limit of the JT gravity discussed in section 2 and the particular limit
of the level k̂ → −2 of this complex LQM. In the appendices, we summarize our notation
for the SU(2) and some supplemental materials.

1.1 Review of the S3/WZW duality

As described above, the duality considered in this paper is based on [11, 12]. In this subsection
we briefly review the basics of the dS/CFT correspondence, the model used in [11, 12], and
its relation to our Euclidean version of the duality.

The dS/CFT correspondence [4–6] (see also [24–26]) is a holographic duality for the
(Lorentzian) de Sitter (dS) spacetime analogous to the AdS/CFT correspondence; the dual
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CFTd is thought of as living at the future asymptotic boundary I+ of dSd+1. An analogous
dictionary to GKPW relation [2, 3] is formulated for the wave functional of universe [5]

ΨdS[ϕ(0)] =
〈

exp
(∫

ddxO(x)ϕ(0)(x)
)〉

CFT
, (1.1)

where the wave functional of universe ΨdS[ϕ(0)] is defined as the path integral over all the
bulk fields ϕ including the metric gµν with boundary conditions ϕ(x, T )|I+ = ϕ(0)(x), where
T denotes the global time of dSd+1. In the CFT side, ϕ(0)(x) plays a role of the sources that
generate the correlators with CFT operators O(x). To define the wave functional of universe
ΨdS, we have to also impose some initial condition which will be mentioned below.

A distinct point from the AdS/CFT is that the boundary I+ where CFT lives does not
include the bulk time, since it is a space-like surface. Therefore even if the gravity theory is
unitary, the dual CFT is not necessarily restricted to be unitary theory. Indeed, the analytic
continuation from AdS to dS: LAdS → iLdS implies the central charge of the dual CFT

c ∼ id−1 Ld−1
dS

G
(d+1)
N

(1.2)

does not generally satisfy the unitarity condition. For example, in the d = 3 case the central
charge takes negative value. In this case, a concrete example is known [27], where the
four-dimensional higher-spin dS gravity is dual to the large N limit of the Sp(N) model,
and the latter theory is known to be non-unitary. This duality is obtained by the analytic
continuation from the Klebanov-Polyakov duality [28].

In [11, 12], d = 2 case has been investigated and CFT2 dual to Einstein gravity with
positive cosmological constant is proposed to be non-chiral SU(2)k̂ Wess-Zumino-Witten
(WZW) model, while the semi-classical limit of the gravity side corresponds to a somewhat
unfamiliar limit of the level k̂ as we’ll describe shortly. Since the central charge of CFT2 is

c = i
3LdS
2GN

≡ ic(g), (1.3)

the limit of k̂ that corresponds to the large c(g) limit through the well-known formula
c = 3k̂/(k̂ + 2) can be found as

k̂ → −2 + 6i
c(g) + O

( 1
c(g)2

)
. (1.4)

Therefore the semi-classical limit in the gravity side corresponds to the critical level limit
k̂ → −2. The extension to higher-spin gravity is easily accomplished by replacing SU(2)k̂ with
SU(N)k̂, then the semi-classical limit becomes to k̂ → −N . This duality has an ambiguity
of including additional matter fields, though these does not contribute to quantities in the
leading order (i.e. tree-level). An example with including matter fields is given by the analytic
continuation of the Gaberdiel-Gopakumar duality [29, 30] (see also [31, 32]) that relates
three-dimensional AdS higher-spin gravity including a specific scalar field to the coset model

SU(N)k̂ × SU(N)1

SU(N)k̂+1
. (1.5)
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A special case with N = 2 gives the Einstein gravity. Note that in [11, 12], the initial
state for ΨdS is assumed to satisfy the Hartle-Hawking’s no-boundary condition [13], whose
semi-classical limit can be realized as the Euclidean path integral on the hemisphere B3.
Recently some justifications for taking the Hartle-Hawking state were discussed in [33–35].

Although the conjecture was given for Lorentzian dS3, some calculations in [11, 12] are
done for Euclidean dS3, i.e. a three-sphere S3. A derivation of the Euclidean version is as
follows (see also the introduction of [12]). The partition function of S3 is constructed as
the squared norm of the wave functional of universe:

ZG[S3] =
∫

Dg(0)
µν

∣∣∣ΨdS
[
g(0)

µν

]∣∣∣2 . (1.6)

In particular, ΨdS approximates in the semi-classical regime as

ΨdS[S2] ∼ exp
(
−I(E)

G [B3] + iI
(L)
G [dST >0

3 ]
)
. (1.7)

Here I(E)
G [B3] is the contribution from the on-shell action for the Euclidean part of ΨdS at

T = 0, interpreted as the Gibbons-Hawking de Sitter entropy [36, 37]. The imaginary part
I

(L)
G [dST >0

3 ] is the contribution from the on-shell action for the Lorentzian part, i.e., the future
half T > 0 of dS3. In this approximation, the partition function on S3 (1.6) is expressed as1

ZG[S3] ∼
∣∣∣ΨG[S2]

∣∣∣2 =
∣∣∣ZSU(2)

WZW

∣∣∣2 ≡ ZCFT. (1.8)

In this paper, we study canonical ensemble partition functions. For example, the SU(2)k̂ WZW
model partition function is given by the S-matrix in spin-j representation of SU(2) as [38]

Z
SU(2)k̂
WZW = Sj

0 =
√

2
k̂ + 2

sin
(

π

k̂ + 2
(j + 1)

)
. (1.9)

Therefore we can expect that the Euclidean dS3 gravity theory on S3 is dual to a
double copy of the CFT2 that itself is dual to Lorentzian dS3. This relation would imply
that the holographic duality can be applied to a hemisphere; splitting the three-sphere as
S3 ≃ B3 ∪B3, the Euclidean dS3 gravity on each B3 is equivalent to a CFT on ∂B3 = S2. A
direct construction of this statement is attempted in appendix D.

2 Second order formalism

In this section, we study the three-dimensional gravity discussed in [11, 12] in the second order
formalism, and we will show that the its classical contribution can be completely captured
by a JT gravity on S2 with a non-standard boundary term.

The action of the 3d gravity on S3 we study is given by

IG = − 1
16πGN

∫
d3x

√
g3
(
R3 − 2

)
. (2.1)

1Note that the notation of ZCFT in this paper is different from that in [12] because the proposed dual CFT
in this paper is a double copy of SU(2) non-chiral WZW models.
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In the rest of this paper, we fix the dS radius as LdS = 1. The black hole solution is given by

ds2 = (r2
0 − r2)dτ2 + dr2

r2
0 − r2 + r2dφ2 , (2.2)

where r0 =
√

1 − 8GNEj in terms of the notation of [11, 12]. The vacuum solution corresponds
to Ej = 0 (i.e. r0 = 1), while in the following we use general r0 ≥ 1. The periodicity of
the Euclidean time is

τ ∼ τ + β , (2.3)

and the black hole inverse temperature is given by

β = 2π
r0
. (2.4)

From this expression, we can see that the horizon location r0 is proportional to the black
hole temperature β−1. The classical on-shell action was computed in [11, 12] as

Ion-shell
G = − r2

0 β

4GN
= − π r0

2GN
. (2.5)

If we consider the near-horizon geometry r → r0, then the metric (2.2) becomes

ds2 ≈ (r2
0 − r2)dτ2 + dr2

r2
0 − r2 + r2

0dφ
2 , (2.6)

so the near-horizon geometry is S2 × S1. Furthermore, if we imagine that we could take
a low temperature limit r0 → 0 (even though originally the horizon location is restricted
in r0 ≥ 1), the 3d physics can be approximated by taking the zero mode contribution in
the S1 direction. In particular, the on-shell action (2.5) is just linear in r0 (i.e. black hole
temperature), we expect the on-shell action can be recovered from the above approximation.
We will show that this is indeed the case in the following subsection.

Before proceeding to the dimensional reduction, we also review the two-linked Wilson
line geometry. The background metric for this geometry is

ds2 = (r2
0 − r2)dτ̃2 + dr2

r2
0 − r2 + r2dφ2 , (2.7)

with

τ̃ ∼ τ̃ + β̃ , β̃ = 2πr∗
r0

, (2.8)

where r∗ =
√

1 − 8GNEl in terms of the notation of [11, 12]. Then the classical on-shell
action for this geometry is given by

Ion-shell
G = − r2

0 β̃

4GN
= −πr0r∗

2GN
. (2.9)

In this case, we also have the on-shell action proportional to the black hole temperature,
so the dimensional reduction is possible.
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2.1 Dimensional reduction to 2D

Now we study the dimensional reduction from the 3D gravity described above. We consider
the following dimensional reduction ansatz for the 3D metric:

ds2
3 = g(2)

µν dx
µdxν + Φ2dφ2 , (2.10)

where g(2)
µν and Φ are functions of xµ and independent of φ. With this ansatz, the 3D Ricci

scalar is reduced as

R3 = R2 − 2Φ−1□2Φ , (2.11)

where □2 is the Laplacian corresponding to g(2)
µν . Using this result, the 3D action is reduced to

IG = − 1
8GN

∫
d2x

√
g2 Φ

(
R2 − 2

)
+ 1

4GN

∫ β

0
dτ
[√
g2 g

rr
2 ∂rΦ

]r=r0

r=0
. (2.12)

The 2D bulk action is the JT action, but we note that the boundary term is not the ordinary
Dirichlet boundary term appears in AdS2 [16] or Lorentzian dS2 [39]. In fact, all possible
boundary conditions are classified in [40], and according to their terminology, our boundary
term corresponds to the NN∗ boundary condition. This roughtly corresponds to imposing
Neumann boundary condition for the metric and Neumann boundary condition for the
dilaton. In appendix B, we will explain details of the variational principle for this JT action
and its boundary conditions.

The equations of motion of this 2d action are

R2 = 2 , (2.13)
∇µ∇νΦ − gµν∇2Φ − Φ gµν = 0 . (2.14)

The corresponding static background solution is given by

ds2
2 = (r2

0 − r2)dτ2 + dr2

r2
0 − r2 , (2.15)

Φ = r . (2.16)

This solution agrees with the original 3D background solution (2.2) provided with the
ansatz (2.10). For the dilaton solution, we fixed the coefficient in order to match with the
3D solution (2.2). Namely, we imposed the boundary condition

∂rΦ(r = r0) = 1 . (2.17)

With this background solution, now we would like to compute the classical on-shell action.
Since the background satisfies R2 = 2, the 2D bulk action does not give any contribution.
The on-shell action is given by the boundary term as

Ion-shell
G = β

4GN

[√
g2 g

rr
2 ∂rΦ

]r=r0

r=0

= β

4GN

[
r2

0 − r2
]r=r0

r=0

= − π r0
2GN

. (2.18)
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This agrees with (2.5). The above computation shows that even though we are dealing with
S2 geometry, in order to recover the on-shell action obtained in the 3D gravity, we need
to include some boundary terms at r = 0 and r = r0. This situation is analogous to the
computation of the on-shell action from the Chern-Simons theory discussed in section 3.1
of [12]. Similar ideas were also discussed for Lorenzian dS case in [41–43].

For the two-linked Wilson line geometry, with the ansatz (2.10), the reduction of the 3D
Ricci scalar contains an additional delta function which is responsible for the defect at r = 0:

R3 = R2 − 2Φ−1□2Φ − 2αδ2(x) , (2.19)

where α = 2π(1 − r∗). Therefore, the resulting 2D action is the defect JT gravity:

IG = − 1
8GN

[∫
d2x

√
g2 Φ

(
R2 − 2

)
− 2αΦ(0)

]
+ 1

4GN

∫ β̃

0
dτ̃
[√
g2 g

rr
2 ∂rΦ

]r=r0

r=0
. (2.20)

We note that there is an extra term 2αΦ(0) in the bulk action inserted at r = 0. Also now
the Eulidean time is given by τ̃ with period β̃. This theory was studied in [44–47], and
the background solution is given by the same form as in (2.16) except the τ is replaced by
τ̃ . Therefore, the evaluation of the on-shell action is also parallel to (2.18) except the β
coming from the τ integral is now replaced by β̃ as

Ion-shell
G = − r2

0 β̃

4GN
= −πr0r∗

2GN
. (2.21)

This agrees with (2.9).
Hence in this section, we have shown that the classical dynamics of the 3D gravity is

completely captured by the JT gravity in 2D with the NN∗ boundary condition.

3 First order formalism

3.1 Chern-Simons gravity

We can also discuss the dimensional reduction in the first order formalism. However, before
discussing the dimensional reduction in section 3.2, in this subsection we are going to
clarify some subtleties about bounder terms in the Chern-Simons gravity. In the following,
we denote the three-dimensional indices by capital letters and two-dimensional indices by
lowercase. M,N, µ, ν are spacetime indices contracted by gMN or gµν and A,B, a, b are
tangent space indices contracted by δAB or δab. In terms of the frame field EM

A defined by
gMN = EM

AEN
BδAB and the spin connection ΩM

A, the Einstein-Hilbert action

IG = − 1
16πGN

∫
d3x

√
g3
(
R3 − 2Λ

)
, (3.1)

is written as

IG = − 1
16πGN

∫
d3x ϵMNK

(
EMAR

A
NK − Λ

3 ϵABCEM
AEN

BEK
C
)
, (3.2)
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where we recovered the cosmological constant Λ to include the AdS case as well. (We will
review the double Wick rotation from AdS3 to S3 in appendix C.) Now introducing the
gauge fields by

A±A
M := −

(
ΩM

A ±
√

ΛEM
A) , (3.3)

the Einstein-Hilbert action is written in terms of the Chern-Simons actions as [48, 49]

IG = ICS[A+] − ICS[A−] + Ibdy[A+, A−] , (3.4)

where

ICS[A] = − k

8π

∫
d3x ϵMNK

[
AA

M∂NAKA + ϵABC

3 AA
MAB

NA
C
K

]
, (3.5)

Ibdy[A+, A−] = − k

8π

∫
d2x

(
A+A

τ A−
φA −A+A

φ A−
τA

)
, (3.6)

and

k = 1
4GN

√
Λ
. (3.7)

For the case of S3 (Λ = 1), since SO(4) ≃ SU(2) × SU(2), we can introduce the SU(2)
generators JA. (For explicit representations and their properties, see appendix A.) Then,
if we define

AM = AA
M JA , (3.8)

the Chern-Simons action becomes

ICS[A] = k

4π

∫
d3x ϵMNK tr

[
AM∂NAK + 2

3 AMANAK

]
. (3.9)

The background solutions which give the metric (2.2) are

EA =
{√

r2
0 − r2 dτ ,

dr√
r2

0 − r2
, rdφ

}
, (3.10)

ΩA =
{
−
√
r2

0 − r2 dφ , 0 ,−rdτ
}
. (3.11)

Therefore, on the basis of SU(2) (A.1), the background solutions of the gauge fields are

A± =


∓idr

2
√

r2
0−r2

ir±
√

r2
0−r2

2 dx∓

ir∓
√

r2
0−r2

2 dx∓ ±idr

2
√

r2
0−r2

 , (3.12)

where x± = τ ± φ. With this background solutions, we can evaluate the on-shell action as

Ion-shell
CS [A±] = 0 , (3.13)

Ion-shell
bdy [A+, A−] = − βr2

0
4GN

= − πr0
2GN

. (3.14)

This agrees with (2.5).
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On the other hand, the Chern-Simons action (3.9) can be rewritten as

ICS[A] = k

4π

∫
d3x tr

[
AφȦr −ArȦφ + 2AτFrφ

]
− k

4π

∫
r=r0

d2x tr
[
AτAφ

]
+ k

4π

∫
r=0

d2x tr
[
AτAφ

]
, (3.15)

where the dot denotes a derivative with respect to τ . Therefore, the variation of the Chern-
Simons action with respect to Aτ is

δICS[A] = (EOM) − k

4π

∫
r=r0

d2x tr
[
δAτAφ

]
+ k

4π

∫
r=0

d2x tr
[
δAτAφ

]
, (3.16)

while the variation of the boundary term (3.6) is

δIbdy[A+, A−] = k

4π

∫
r=r0

d2x tr
[
δA+

τ A
−
φ − δA−

τ A
+
φ

]
− k

4π

∫
r=0

d2x tr
[
δA+

τ A
−
φ − δA−

τ A
+
φ

]
.

(3.17)

Therefore, the boundary action (3.6) imposes boundary conditions

A+
φ = A−

φ , (3.18)

at r = r0 and r = 0. This is obviously not consistent with (3.12), so we need to replace the
boundary action (3.6) by another one. This is the same situation as in the Chern-Simons
gravity in AdS3 [50, 51], and our prescription is also the same as in the AdS3 case. In
AdS3, one eliminates the second line of (3.15) and include an additional boundary action
proportional to (A+

φ )2 + (A−
φ )2. Since we are dealing with Euclidean case, Aφ is equivalent to

Aτ here, so we employ a boundary action proportional to (A+
τ )2 + (A−

τ )2. We also keep the
Chern-Simons action as written in (3.15), so we add extra terms in our boundary action in
order to subtract the second line of (3.15). Hence our new boundary action is

Ĩbdy[A+, A−] = Ĩ
(r=r0)
bdy [A+, A−] + Ĩ

(r=0)
bdy [A+, A−] , (3.19)

with

Ĩ
(r=r0)
bdy [A+, A−] = k

4π

∫
r=r0

d2x tr
[
−A+

τ A
+
φ −A+

τ A
+
τ +A−

τ A
−
φ −A−

τ A
−
τ

]
, (3.20)

Ĩ
(r=0)
bdy [A+, A−] = − k

4π

∫
r=0

d2x tr
[
A+

τ A
+
φ −A−

τ A
−
φ

]
. (3.21)

This new boundary action imposes no boundary condition at r = 0 and imposes A+
+ = 0 = A−

−
at r = r0. With the background solution (3.12), the on-shell value of this new boundary
term gives

Ĩon-shell
bdy [A+, A−] = − βr2

0
8GN

= − πr0
4GN

. (3.22)

This is actually half of the on-shell action we had in section 2. This means that by changing
the boundary action, we have changed our theory, so that we now need two-copies of the
Chern-Simons action we have been discussing here.
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3.2 BF theory

In this subsection, we discuss the dimensional reduction in the first order formalism. A
dimensional reduction of a chiral Chern-Simons action was previously discussed in [52] for
the bulk action, and in [23, 53] with including the boundary term. In this section, we study
a dimensional reduction of the non-chiral Chern-Simons action, which leads to a single BF
action. A similar discussion was also given in [54]. BF theory with SL(2;R) gauge symmetry
was previously discussed for example in [55–57].

3.2.1 Dimensional reduction

In first order formalizm, the ansatz (2.10) is expressed by a vielbein E with components

EA = ea (A = a = 1, 2),
E3 = Φ(x) dφ,

(3.23)

where ea = ea
µdx

µ is a 2d vielbein associated with 2d metric g(2)
µν . The spin connection

ΩA is now given by

Ω1 = −e µ
2 ∂µΦ dφ,

Ω2 = e µ
1 ∂µΦ dφ,

Ω3 = ω,

(3.24)

where ω is the component ω = ω1
2 of a spin connection in two dimensions. These forms

indeed satisfy the torsion-free conditions dEA − ϵABCΩB ∧ EC = 0. Then the Chern-Simons
gauge connections A±A are given by

A+1 = e µ
2 ∂µΦ dφ− e1 A−1 = e µ

2 ∂µΦ dφ+ e1

A+2 = −e µ
1 ∂µΦ dφ− e2 A−2 = −e µ

1 ∂µΦ dφ+ e2

A+3 = −ω − Φ dφ, A−3 = −ω + Φ dφ

(3.25)

Let us evaluate the Chern-Simons gravity action

IG = ICS[A+] − ICS[A−] (3.26)

without any boundary terms. The Lagrangian density is calculated as
k

4π tr
[
A+ ∧ dA+ + 2

3A
+ ∧A+ ∧A+

]
− k

4π tr
[
A− ∧ dA− + 2

3A
− ∧A− ∧A−

]
= 1

16πGN

[
□2Φe1 ∧ e2 ∧ dφ− 2Φdω ∧ dφ+ 2

L2 Φe1 ∧ e2 ∧ dφ
]

By performing the φ-integral and utilizing the properties

e1 ∧ e2 = √
g2d

2x, dω = 1
2R2

√
g2d

2x, (3.27)

the action has the form

Ibulk = 1
8GN

∫
M2

□2Φe1 ∧ e2 − 2Φdω + 2Φe1 ∧ e2

= − 1
8GN

∫
M2

d2x
√
g2Φ(R2 − 2) + 1

8GN

∫
M2

d2x
√
g2□2Φ

(3.28)
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Next we consider the original boundary term given by (3.6). This boundary action is reduced to

Ibdy = 1
8GN

∫
M2

d2x
√
g2□2Φ , (3.29)

so that the total action agrees with (2.12). Finally we consider the modified boundary
term given by (3.20) and (3.21). Assuming g(2) is the diagonal metric, the boundary term
at r = 0 takes the form

Ĩ
(r=0)
bdy = − 1

8GN

∫
r=0

dτ(e2
τ∂1Φ − e1

τ∂2Φ + ωτ Φ) = − 1
8GN

∫
d2x□2Φ. (3.30)

Since these terms cancel with the additional terms in (3.28), this boundary term imposes no
boundary condition at r = 0. The boundary term at r = r0 terns out to be

Ĩ
(r=r0)
bdy = − 1

8GN

∫
r=r0

dτ(e2
τ∂1Φ − e1

τ∂2Φ + ωτ Φ) − 1
8GN

∫
r=r0

dτ
(
g(2)

ττ + ω2
τ

)
. (3.31)

The sum of the bulk and boundary terms, we have

IG = − 1
8GN

∫
M2

d2x
√
g2Φ (R2 − 2) − 1

8GN

∫
r=r0

dτ(g(2)
ττ + ω2

τ ). (3.32)

We note that the boundary term differs from the one discussed in section 2.1. This is
not surprise since we changed the boundary term in the Chern-Simons gravity in section 3.1.
This means that we have changed the theory. In the current case, we have g(2)

ττ = r2
0 − r2

and ω2
τ = −r, so the classical on-shell action is now given by

Ion-shell
G = − r2

0 β

8GN
= − π r0

4GN
. (3.33)

This on-shell action is half of that of the original 3d gravity theory. Hence as we discussed
in section 3.1, with this boundary term, we need twice of the current theory in order to
match with the original theory.

Next let us split the gauge connection A+ as

A+ = a+ + b+ dφ, (3.34)

where a and b are a 1-form and 0-form, respectively, given by

a+ = e1J1 + e2J2 − ωJ3,

b+ = e µ
2 ∂µΦJ1 − e µ

1 ∂µΦJ2 + ΦJ3.
(3.35)

We can easily deduce that the Chern-Simons action reduces to the BF theory:

ICS[A+] = k

4π

∫
M3

tr
[
2b+da+ + 2b+a+ ∧ a+ − d(b+a+)

]
∧ dφ (3.36)

= k

∫
M2

tr[b+f+] − k

2

∫
M2

d tr[b+a+], (3.37)

where f+ ≡ da+ + a+ ∧ a+. Next we consider the second part ICS[A−]. The gauge field
A− is split as

A− = a− + b−dϕ, (3.38)
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where

a− = −e1J1 − e2J2 − ωJ3,

b− = e µ
2 ∂µΦJ1 − e µ

1 ∂µΦJ2 − ΦJ3.
(3.39)

The dimensional reduction of Chern-Simons action can be done in the same way above:

ICS[A−] = k

∫
M2

tr[b−f−] − k

2

∫
M2

d tr[b−a−], (3.40)

where f− ≡ da− + a− ∧ a−. Comparing the expressions (3.35) and (3.39), we can find that
tr[b−f−] = − tr[b+f+], tr[b−a−] = − tr[b+a+]. Therefore

ICS[A+] − ICS[A−] = 2k
∫

M2
tr[b+f+] − k

∫
M2

d tr[b+a+]. (3.41)

Thus we can find that the holomorphic and anti-holomorphic part of the bulk Chern-Simons
gravity action reduces to twice the single BF theory. This fact about the bulk action has
also been stated in [54]

The boundary term that reproduces (3.31) is given by

Ibdy = k

∫
r=r0

tr
[
a+b+ + (a+

τ )2dτ
]
. (3.42)

Therefore in terms of BF theory the total action can be found to be

IG = 2k
∫

tr[b+f+] + k

∫
r=r0

dτ tr
[
(a+

τ )2
]
. (3.43)

3.2.2 BF theory analysis

In this subsection, let us start with the action obtained in the previous subsection

IG = 2k
∫

M2
tr[bf ] +

∫
r=r0

dτ tr[a2
τ ] (3.44)

and solve the theory. Henceforth we omit the superscript ± since IG has the form of a single
BF theory. We parameterize the components of a and b as

a = e1J1 + e2J2 + ωJ3 (3.45)
b = Φ1J1 + Φ2J2 + ΦJ3 (3.46)

The bulk EOM on b imposes the flat connection

f = 0. (3.47)

The bulk EOM db+ [a, b] = 0 with respect to a is written in terms of components as

∂µΦ = −e1
µΦ2 + e2

µΦ1,

∂µΦ1 = ωµΦ2 − e2
µΦ,

∂µΦ2 = −ωµΦ1 + e1
µΦ,

(3.48)
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From the above equations we can find Φ satisfies

∇µ∇νΦ = −gµνΦ, (3.49)

where ∇µ is the covariant derivative, and

Φ1 = eµ
2∂µΦ,

Φ2 = −eµ
1∂µΦ

(3.50)

Let us consider the background solution

e1 =
√
r2

0 − r2dτ, e2 = dr√
r2

0 − r2
, Φ = r, (3.51)

then the remaining fields are determined by

ω = −rdτ, Φ1 =
√
r2

0 − r2, Φ2 = 0. (3.52)

Therefore a and b become

a = 1
2

 idr√
r2

0−r2 −(
√
r2

0 − r2 + ir)dτ

(
√
r2

0 − r2 − ir)dτ −idr√
r2

0−r2 ,

 (3.53)

b = 1
2

 0 −
√
r2

0 − r2 + ir√
r2

0 − r2 + ir 0

 . (3.54)

Since the bulk term vanishes on shell due to f = 0, the on-shell action only comes from
the boundary term. On the above solution, the boundary term takes

Ion-shell
G = Ion-shell

bdy = − πr0
4GN

, (3.55)

which is consistent with the 3d calculations of the on-shell action.

3.2.3 Higher-spin extension

One advantage of adopting the first order formalism is that the generalization to higher-spin
gravity is straightforward, just replacing the gauge group SU(2) with SU(N) [58, 59]. From
the discussions of Chern-Simons formulation of three-dimensional higher-spin gravity theory,
the Chern-Simons level is related to the gravitational notions as

k = 1
8GN ϵN

, (3.56)

where ϵN ≡ N(N2 − 1)/12. First we describe the classification of the smooth solutions to
the bulk equations of motion

f = 0, db+ [a, b] = 0. (3.57)
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Here we consider the principal embedding of SU(2) into SU(N), where the SU(2) generators
Ja embedded satisfy

[Ja, Jb] = ϵabcJc, (3.58)

tr[JaJb] = ϵNδa,b, ϵN = 1
12N(N2 − 1). (3.59)

We classify the smooth flat connections in the same way as [60], where the trivial holonomy
is imposed as the smoothness condition. Expressing the connection as

a = h−1aτh dτ + h−1dh, h = erJ1 , (3.60)

the holonomy takes the form

Holτ (a) = h−1P exp
(∫ β

0
dτaτ

)
h. (3.61)

Imposing the trivial holonomy condition, which is given by Hol(A) = 1 for odd N and
Hol(A) = ±1 for even N [60], we have

aτ = −
⌊N

2 ⌋∑
i=1

ñiB
(1)
2i−1(1, 1), (3.62)

where [
B

(l)
k (x, y)

]
ij
≡ xδi,kδj,k+l − yδi,k+lδj,k. (3.63)

Here ñi ∈ Z for odd N and ñi ∈ Z + 1/2 for even N . Next, by solving the second EOM
in (3.57) for this connection, we obtain

b = h−1

− ⌊N
2 ⌋∑

i=1
niB

(1)
2i−1(1, 1)

h, (3.64)

where ni ∈ Z for odd N and ni + 1/2 ∈ Z for even N . These solutions are regarded as the
dimensional reduction of solutions in Chern-Simons theory given in [12]. In terms of metric,
those solutions correspond to S3 with conical defects. The periodicities for τ, ϕ are given by

2π

⌊N
2 ⌋∑

i=1

2n2
i

ϵN


−1

, 2π

⌊N
2 ⌋∑

i=1

2ñ2
i

ϵN


−1

, (3.65)

respectively. To impose the spacial periodicity ϕ ∼ ϕ + 2π, we choose ñi = ρi with the
Weyl vector

ρi = N + 1
2 − i. (3.66)

Compared to (2.2), the deficit angle is encoded to r0 as

r0 =
⌊N

2 ⌋∑
i=1

2n2
i

ϵN
. (3.67)
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Let us evaluate the on-shell action for these solutions. The bulk action does not again
contribute since f = 0. As the boundary term, here we consider

Ibdy = k

∫
r=r0

dτ tr[b2], (3.68)

which is the same one as that given in [57]. This boundary term is actually identical with
the one we considered in (3.44) for SU(2) BF theory. For this boundary term we find

Ion-shell
G = − πr0

4GN
, (3.69)

the twice of which matches with the on-shell action calculated in the second order formalism.

4 Dual 2d CFT

In this section, we discuss the reduction of the Chern-Simons formulation of 3d gravity theory
to 2d CFT. The procedure is analogous to the ordinary AdS3 case: first reduce two copies
of Chern-Simons theory to a non-chiral WZW model and then perform a reduction to the
Alekseev-Shatashvili theory, following the discussion of [61, 62].

Here we would like to make a comment to clarify a confusing point about the dual
CFT2. In some calculations in [12], Liouville theory (and Toda field theory) is used instead
of SU(2)k̂ WZW model. However, we did not use the Hamiltonian reduction to justify using
the Liouville theory, but just relied on the fact that the correlators of the Virasoro minimal
model can be evaluated by an analytic continuation of Liouville theory [63]. Therefore
this theory is not directly related to the Liouville theory obtained from the Hamiltonian
reduction [50], though there would be some relation between them. Indeed, the Liouville
theory used in [12] describes the gravity theory with including the matter sector, while the
discussion of Hamiltonian reduction only accounts for the pure gravity sector.

4.1 Wess-Zumino-Witten model

First we consider the reduction of the Chern-Simons theory to the Wess-Zumino-Witten
model as in the AdS3 case [38, 64]. For the Chern-Simons action

ICS[A] = k

4π

∫
M3

tr
[
A ∧ dA+ 2

3 A ∧A ∧A
]
, (4.1)

the equation of motion F = dA + A ∧ A = 0 is solved by a pure gauge. Denoting this
solution by2

A± = G−1
± dG± . (4.2)

Here we use the notation of [51] to denote G± = G±(τ, r, φ) and g± = g±(τ, φ). For the
bulk action, we have

ICS[A±] = − k

12π

∫
M3

tr
(
G−1

± dG±
)3
. (4.3)

2There could be a zero mode contribution and also a problem about global structure of this solution [65].
Here, we ignore both of these subtleties.
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The original boundary action leads to a coupling between the holomorphic and anti-holomorphic
sectors and it is not appropriate. On the other hand, the modified boundary term gives

Ĩ
(r=r0)
bdy [A+, A−] = k

2π

∫
r=r0

dτdφ tr
[
− g−1

+ ∂τg+g
−1
+ ∂+g+ + g−1

− ∂τg−g
−1
− ∂−g−

]
, (4.4)

where ∂± = 1
2(∂τ ± ∂φ). This certainly leads to a decoupled action between the holomorphic

and anti-holomorphic sector. Therefore, the total CFT action is given by

ICFT[g+, g−] = I
(+)
WZW[g+] − I

(−)
WZW[g−] , (4.5)

with

I
(±)
WZW[g±] = ∓ k

2π

∫
∂M3

dτdφ tr
(
g−1
± ∂τg±g

−1
± ∂±g±

)∣∣∣
r=r0

− k

12π

∫
M3

tr
(
G−1

± dG±
)3
. (4.6)

This CFT is indeed the one considered in [11, 12], which was purposed in to be dual to
the 3D gravity on S3.

We note that for this WZW model, the level k is defined in (3.7), and the classical limit
corresponds to k → ∞. The on-shell action agrees with the one obtained in the second order
formalism in this limit as we showed in section 2. On the other hand, the WZW model used
in [11, 12] has level k̂ and it was claimed that the k̂ → −2 + 4GN i limit is dual to the 3D
gravity. We will clarify some of the relations between these two limits, but it is interesting to
understand more the connection between these two limits of the different WZW models.

4.2 Alekseev-Shatashvili theory

The reduction of the WZW model to Liouville theory is well-known at least for SL(2,R)
case [51, 59, 66]. However, as pointed out in [61, 62], this reduction is not complete and
one needs to perform a quasi-local quotient. This procedure leads to a two copies of the
Alekseev-Shatashvili action. In this subsection, we assume the simple analytic continuation
from AdS3 to S3 (as we reviewed in appendix C) also works for this rewriting of the WZW
model to the Alekseev-Shatashvili action for our SU(2) case.

Following [61, 62], we perform a Gauss decomposition of the gauge field G± on the
SU(2) basis (A.1):

G+ =
(cos

(
X
2

)
− sin

(
X
2

)
sin
(

X
2

)
cos

(
X
2

) )(Λ 0
0 Λ−1

)(
1 Y
0 1

)
. (4.7)

Here, we note that the fields we introduced here are all complex fields with Re(Λ) > 0
and X ∼ X + 2π. One can think that this process is extending the original SU(2) gauge
symmetry to the SL(2;C) symmetry at this point. For G−, we have the same form of
decomposition, but with fields X̄, Λ̄ and Ȳ . If we require the G+ to be unitary, the fields
must to satisfy the following conditions.

|Λ|2 cos
(
X −X∗

2

)
= 1 , Y = Λ∗

Λ sin
(
X −X∗

2

)
(4.8)
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After substituting this decomposition into the action and then imposing the quasi-local
quotient leads to the Alekseev-Shatashvili action [61, 62]

ICFT[X, X̄] = I
(+)
AS [X] + I

(−)
AS [X̄] , (4.9)

with

I
(±)
AS [X] = k

π

∫
dτdφ

[
X ′′∂±X

′

X ′2 − µX ′∂±X

]
, (4.10)

where the prime denotes a derivative with respect to τ and µ is a complex constant.
The holomorphic part of the stress tensor is given by

T = − c

12 S
(

tan(X
2 );x+

)
, (4.11)

where S
(
f ; z

)
is the Schwarzian derivative

S
(
f ; z

)
= f ′′′(z)
f ′′(z) − 3

2

(
f ′′(z)
f ′(z)

)2
, (4.12)

and the central charge is

c = 6k . (4.13)

5 Liouville quantum mechanics

5.1 From Alekseev-Shatashvili theory

Finally, we consider the dimensional reduction of the Alekseev-Shatashvili action defined
in (4.10). As in section 2 and 3.2, we regard the field X (and X̄) independent of the spacial
coordinate φ. This leads to

I
(+)
AS [X] = 2k

∫ β

0
dτ

[
X ′′2

X ′2 − µX ′2
]
. (5.1)

If we introduce the Liouville variable by X ′ = e
iϕ
2 , then we arrive at the Liouville quantum

mechanics

ILQM[ϕ] = I
(+)
AS [X] = −k

∫ β

0
dτ

[1
2 (∂τϕ)2 + 2µ eiϕ

]
. (5.2)

Since the conjugate momentum is πϕ = ∂L
∂ϕ̇

= −kϕ̇, where the dot denotes a derivative with
respect to τ , the Lagrangian is written as

L = πϕϕ̇+
π2

ϕ

2k − 2kµ eiϕ . (5.3)

In (4.10), we took a particular solution where µ is a constant. Now we imagine to promote the
Liouville cosmological constant µ to be a time-dependent variable. Therefore, the action (5.2)
is a particular gauge fixed version of this generalized theory. In order to recover the gauge
degrees of freedom, we promote the Liouville cosmological constant µ to a dynamical valuable
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by πf = −4ik2µ, where the coefficient is just for convenience. Adding the kinetic term for
this degrees of freedom, we have new Lagrangian

L = πϕϕ̇+ πf ḟ + 1
2k
(
π2

ϕ − iπf e
iϕ
)
. (5.4)

Therefore, the Hamiltonian is H = 1
2k (−π2

ϕ + iπfe
iϕ).

This theory now has the SU(2) gauge symmetry, which is generated by

ℓ̂−1 = iπf , (5.5)
ℓ̂0 = −fπf + iπϕ , (5.6)
ℓ̂+1 = if2πf + 2fπϕ + eiϕ . (5.7)

Imposing the canonical commutation relations [ϕ, πϕ] = 1 = [f, πf ], these generators satisfy

[ℓ̂±1, ℓ̂0] = ±ℓ̂±1 , [ℓ̂+1, ℓ̂−1] = 2ℓ̂0 . (5.8)

The Hamiltonian is now given by the SU(2) quadratic Casimir as

H = 1
2k

(
ℓ̂ 2

0 + 1
2{ℓ̂−1, ℓ̂+1}

)
= 1

2k
(
− π2

ϕ + iπf e
iϕ
)
. (5.9)

Next we consider the partition function of this theory in the spin j representation. Since
the Hamiltonian is the SU(2) quadratic Casimir, the partition function can be written in
terms of the SU(2) characters as

Zj(β) = TrRj

[
e−βH] = χj

(
iβ

4πk

)
, (5.10)

where the character is

χj(τ) = TrRj

[
e2πiτH] . (5.11)

Since we are interested in the semi-classical limit k → ∞, it is more useful to consider
the S-modular transform of the character [18, 22]. Under the S-transform τ → −1/τ , the
character transforms as

χj(τ) =
∑

ℓ

Sj
ℓ χℓ(−1/τ) , (5.12)

with the S matrix

Sj
ℓ =

√
2

k̂ + 2
sin
(

π

k̂ + 2
(j + 1)(ℓ+ 1)

)
, (5.13)

where

k̂ = 4k
1 − 2k . (5.14)

Since

χj(−1/τ) = χj

(4πki
β

)
= TrRj

[
e
− 8π2kH

β
]
, (5.15)
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the ground state dominates among the summation in (5.12) in the semi-classical limit k → ∞.
Therefore, in the semi-classical limit, the partition function is approximated by

Zj(β) ≈ Sj
0 =

√
2

k̂ + 2
sin
(
πr0

k̂ + 2

)
, (5.16)

where we used r0 = j + 1. A similar discussion was also given in [23]. The rest of the story is
as same as in the higher dimensional case proposed in [11, 12]. In the

k̂ → −2 + 6i
c(g) + O

(
(c(g))2) , (5.17)

limit, where

c(g) = 3
2GN

, (5.18)

the partition function becomes

Zj(β) ≈
∣∣∣∣∣c(g)

3

∣∣∣∣∣
1
2

exp
[
πc(g)r0

6

]
. (5.19)

Therefore, square of this partition function agrees with the JT gravity result in (2.18).
We note that the level k := kCS in AS action is the Chern-Simons level and it is different

from the level k̂ of the SU(2)k̂ WZW model considered in [11, 12]. In the SU(2)k̂ WZW
model, the central charge is expressed by

c = 3k̂
k̂ + 2

. (5.20)

If we equate this expression to (4.13) and solve it for k̂, we find the relation between the
two levels

k̂ = 4kCS
1 − 2kCS

. (5.21)

From this equation, we can see that the semi-classical limit of the Chern-Simons level
corresponds to the critical limit of the WZW level:

kCS → ∞ ⇔ k̂ → −2 . (5.22)

This is the origin of the critical limit of the WZW level proposed in [11, 12].
We can also recover the above result for the partition function by studying the LQM in

the semi-classical limit (in large k = kCS). The equation of motion of the action (5.2) is

−∂2
τϕ+ 2iµ eiϕ = 0 , (5.23)

and the periodic boundary condition ϕ(τ) = ϕ(τ + β) gives the background solution

eiϕ(τ) = − 1
µ

(
π

β

)2 1
cos

(
π
β (τ + a)

)2 , (5.24)
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where a is a real constant. Once we plug this solution back into the action (5.2), we find

Ion-shell
LQM = −2π2k

β
= −π

2

β

k̂

k̂ + 2
≈ −π

2c(g)

3β = −πc
(g)r0
6 . (5.25)

This agrees with (5.16).
Based on this observation, we finally propose our conjecture that the JT gravity defined

on S2 as in (2.12) is dual to two copies of the Liouville quantum mechanics defined in this
section in the critical limit of k̂ (5.17).

5.2 From Schwarzian theory

In this subsection, we discuss how to derive the Liouville quantum mechanics we obtained
in the previous subsection from the Schwarzian theory. The Schwarzian theory is described
by the Lagrangian

L = C S(f ; τ) = C

[
f ′′′(τ)
f ′′(τ) − 3

2

(
f ′′(τ)
f ′(τ)

)2]
, (5.26)

where C is the Schwarzian coupling and now the prime denotes the derivative with respect
to τ . This theory has SL(2;R) symmetry, but now we complexify the field f and the time
τ . Now the theory is invariant under the SL(2;C) symmetry

f(τ) → αf(τ) + β

γf(τ) + δ
, (α, β, γ, δ ∈ C) (5.27)

If we choose a particular direction of this SL(2;C) symmetry, we find the (real) SU(2)
symmetry. The infinitesimal transformations of the SU(2) symmetry is given by

δ−f(τ) = iε− , (5.28)
δ0 f(τ) = −ε0 f(τ) , (5.29)
δ+f(τ) = iε+ f(τ)2 , (5.30)

where ε0, ε−, ε+ ∈ R. The associated conserved charges of these transformations are found
as [16]

Q− = iC

[
f ′′′

f ′2
− f ′′2

f ′3

]
, (5.31)

Q0 = −C
[
ff ′′′

f ′2
− ff ′′2

f ′3
− f ′′

f ′

]
, (5.32)

Q+ = iC

[
f2f ′′′

f ′2
− f2f ′′2

f ′3
− 2ff ′′

f ′
+ 2f ′

]
. (5.33)

With appropriate canonical quantization, these charges satisfy

[Q0, Q±] = ±Q± , [Q+, Q−] = 2Q0 . (5.34)
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In order to see this canonical quantization, we rewrite the Lagrangian by integration
by parts as

L = C

2 ϕ′2 + πf (f ′ − ieiϕ) , (5.35)

where πf is the Lagrange multiplier and we used an identification f ′ = ieiϕ [22]. Since
πϕ = Cϕ′, we can also rewrite this Lagrangian as

L = πϕϕ
′ + πff

′ −
(
π2

ϕ

2C + iπfe
iϕ

)
. (5.36)

The equation of motion for ϕ gives us Cϕ′′ = πfe
iϕ. Using this equation and the identification

f ′ = ieiϕ, we can rewrite the conserved charges as

Q− = iπf , (5.37)
Q0 = −fπf + iπϕ , (5.38)
Q+ = if2πf + 2fπϕ − 2Ceiϕ . (5.39)

If we impose the canonical quantization [ϕ, πϕ] = [f, πf ] = 1, we find the charges satisfy the
SU(2) commutation relations (5.34). The Hamiltonian is now given by

H = 1
2C

(
Q 2

0 + 1
2{Q−, Q+}

)
= 1

2C
(
− π2

ϕ − 2iCπf e
iϕ
)
. (5.40)

Now these charges and the Hamiltonian agree with (5.7) and (5.9), once we rescale f → −2Cf
and πf → −πf/2C with identifications Q− = −ℓ̂−1/2C, Q0 = ℓ̂0 and Q+ = −2Cℓ̂+1.

6 Conclusions and discussions

In this paper, we have studied a dimensional reduction of the S3/WZW model duality
proposed in [11, 12]. Justification of this dimensional reduction comes from the fact that the
classical on-shell action in the duality of [11, 12] is simply linear in temperature. For the
gravity side, in the second order formalism, we showed that the Einstein gravity on S3 is
simply reduced to a JT gravity on S2 with a non-standard (or Neumann-Neumann type)
boundary term. In the first order formalism, we have discussed an inconsistency between the
boundary term, which is simply obtained by rewriting from the second order formalism action,
and the background solution. We then provided a possible modification of the boundary term,
even though this may not be the unique modification of the boundary term which is consistent
with the background solutions. For the CFT side we argued that the dimensional reduction of
the SU(2)k̂ WZW model is given by a certain type of a complex Liouviile quantum mechanics
with SU(2) gauge symmetry. therefore, we proposed a duality between the S2 (classical) JT
gravity and this complex Liouville quantum mechanics in the limit of k̂ → −2.

We have to mention an important difference between our dimensional reduction discussed
in this paper and the well known dimensional reduction of BTZ black hole physics down to
AdS2 JT gravity [18]. In the near extremal limit, the BTZ geometry develops the throat
region (where the geometry is approximated by AdS2 × S1) and a far-away region close to

– 21 –



J
H
E
P
0
3
(
2
0
2
4
)
1
0
3

the three dimensional conformal boundary where quantum fluctuations are suppressed. In
this case, the Schwarzian theory lives in the overlap region of these two regions. In contrast
to this BTZ dimensional reduction, our dimensionally reduced Liouville quantum mechanics
lives exactly where the two copies of the WZW models live (i.e. at r = r0). In this sense, our
dimensional reduction is more like the usual Kaluza-Klein reduction, rather than the BTZ
dimensional reduction. Furthermore, in sphere geometry, there is no region where quantum
fluctuations are suppressed. This fact might be related to the one-loop ambiguity in the
duality of [11, 12], and such one-loop ambiguity also exists in our dimensionally reduced
duality. We hope to come back in the future work to further clarify this point.

There are several future directions from this work. One obvious direction is to study
correlation functions in our proposed duality which is work in progress [67]. In particular,
it is interesting to study the out-of-time order correlators in this duality. In the AdS2 JT
gravity/the Schwarzian theory duality [39], the out-of-time order correlators saturates the
known maximal chaos bound [68]. It would be interesting to check weather we have the same
story in our S2 JT gravity/complex Liouville quantum mechanics duality.

Another direction would be to study a supersymmetric generalization of our works.
Since the supersymmetric WZW model [69–71] has a similar structure of the central charge
and S-matrix, it seems possible to consider the smae limit proposed in [11, 12] for this
case as well. It would be interesting to explicitly check whether this limit produces the
corresponding three-dimensional supergravity. If this works, it is also interesting to study its
dimensional reduction to see if it produces a supersymmetric JT gravity and supersymmetric
Liouville quantum mechanics.
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A SU(2) symmetry

In this appendix, we summarize our notation for the SU(2) symmetry. We define the SU(2)
generators

J1 = iσ2
2 = 1

2

(
0 −1
1 0

)
, J2 = iσ3

2 = 1
2

(
i 0
0 −i

)
, J3 = iσ1

2 = 1
2

(
0 i

i 0

)
, (A.1)

which satisfy

[
JA, JB

]
= ϵABCJ

C , tr
(
JAJB

)
= −1

2 δAB , tr
(
JAJBJC

)
= −1

4 ϵABC . (A.2)
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Sometimes it’s also useful to define the Chevalley basis by Λ0 = iJ2, Λ± = −i(J3 ± iJ1),
which satisfy [

Λ0,Λ±
]

= ±Λ± ,
[
Λ+,Λ−

]
= 2Λ0 . (A.3)

Let us also summarize the relation of these SU(2) generators to the SL(2;R) generators.
We denote that latter generators with tilde. They can be introduced by J̃1 = iJ1, J̃2 = −J2,
J̃3 = iJ3 and they satisfy[

J̃1, J̃2
]

= −J̃3 ,
[
J̃2, J̃3

]
= −J̃1 ,

[
J̃3, J̃1

]
= J̃2 . (A.4)

Their Chevalley basis are given by Λ̃0 = iJ̃2 = −Λ0, Λ̃± = −i(J̃3 ± iJ̃1) = iΛ±, which satisfy[
Λ̃0, Λ̃±

]
= ∓Λ̃± ,

[
Λ̃+, Λ̃−

]
= 2Λ̃0 . (A.5)

B Boundary conditions of JT gravity

In this appendix, we discuss the details of the variational principle and boundary conditions
for the JT gravity, we derived in section 2.1, mostly following the discussion of [40]. By
taking the variation of the bulk JT action

Ibulk = − 1
8GN

∫
d2x

√
g2 Φ

(
R2 − 2

)
, (B.1)

we find [40]

δIbulk = −EOM + 1
8GN

∫
du
[
2Φδ

(√
guuK

)
− 2∂nΦ

(
δ
√
guu
)]
, (B.2)

where u is the boundary Euclidean time and K is the trace of the extrinsic curvature on the
boundary. Therefore, with the boundary term in (2.12), we have boundary conditions

√
guuK , and ∂nΦ fixed (B.3)

where ∂n is the normal derivative with respect to the boundary.
In order to parametrize the boundary value of K, let us consider the Fefferman-Graham-

like coordinates

ds2 =
(√

r2
0 − r2 − b(τ)r

)2
1 + b(τ)2 dτ2 + dr2

r2
0 − r2 , (B.4)

where b(τ) is an arbitrary (smooth) function of τ . This metric gives R2 = 2, regardless of the
exact form of b(τ). This metric can be realized in the three-dimensional embedding space

X2 + Y 2 + Z2 = 1 , (B.5)

with parametrizations

X =
(√

1 −
(
r

r0

)2
− b(τ) r

r0

)
cos(r0τ)√
1 + b(τ)2 , (B.6)

Y =
(√

1 −
(
r

r0

)2
− b(τ) r

r0

)
sin(r0τ)√
1 + b(τ)2 , (B.7)

Z =
(
r

r0
+ b(τ)

√
1 −

(
r

r0

)2
)

1√
1 + b(τ)2 . (B.8)
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With this metric, the trace of the extrinsic curvature is given by

K = 1
b(τ)

 r + b(τ)
√
r2

0 − r2

r − b(τ)−1
√
r2

0 − r2

 . (B.9)

Therefore the first boundary condition which fixes √
guuK on the boundary, fixes b(τ) = b0 =

constant.
Now under the metric (B.4) with b(τ) = b0, the dilaton equation (2.14) is solved by

Φ =
[
AX +BY + CZ

]
b(τ)=b0

, (B.10)

where X,Y, Z are given by (B.8) and A,B,C are integration constants. Now the second
boundary condition for the normal derivative of the dilaton

∂nΦ =
√
r2

0 − r2 ∂rΦ = fixed (B.11)

requires A = B = 0. Hence, the values of b0 and C finally controls all possible boundary
conditions. The solution we discussed in the main text corresponds to b0 = 0 and C = r0.

C Wick rotation from AdS3

In this appendix, let us review the Wick rotation from (Lorentzian) AdS3 to S3. AdS3 can
be embedded into R2,2 as a timelike hypersurface as

−
(
X−1)2 − (X0)2 +

(
X1)2 +

(
X2)2 = −L2

AdS . (C.1)

The global coordinates of AdS3 is implemented by

X−1 = LAdS cosh ρ cos t , (C.2)
X0 = LAdS cosh ρ sin t , (C.3)
X1 = LAdS sinh ρ cosφ , (C.4)
X2 = LAdS sinh ρ sinφ , (C.5)

which leads to

ds2 = L2
AdS

(
− cosh2 ρ dt2 + dρ2 + sinh2 ρ dφ2) . (C.6)

Now the double Wick Rotation to S3 is obtained by

LAdS → iLS3 , ρ → iθ . (C.7)

This transforms the metric to

ds2 = L2
S3
(
dθ2 + cos2 θ dt2 + sin2 θ dφ2) . (C.8)

We note that t was originally a Lorentzian time in AdS3, but now it becomes an Euclidean
time in S3 without any Wick Rotation for it.
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If we recover LS3 in (2.2), we have

EM
A ∝ LS3 , ΩM

A ∝ 1 . (C.9)

This explains why there is no explicit imaginary unit appears in the definition of the gauge
fields in (3.3), where the imaginary unit from

√
Λ cancels with the one from EM

A.
For the discussion in section 4.2, it is also useful to have the Wick rotation from the

(Lorentzian) BTZ black hole metric to the Eulidean dS black hole metric. The (Lorentzian)
BTZ black hole metric is

ds2 = L2
AdS

(
−(r2 − r2

0)dt2 + dr2

r2 − r2
0

+ r2dθ2
)
. (C.10)

The Wick rotation to the Eulidean dS black hole metric is given by

LAdS → iLS3 , r → ir (r0 → ir0 , t → τ) . (C.11)

This leads to the Eulidean dS black hole metric

ds2 = L2
S3

(
(r2

0 − r2)dτ2 + dr2

r2
0 − r2 + r2dθ2

)
. (C.12)

D Chern-Simons gravity on B3

As discussed in the introduction, the partition function on S3 is constructed as the squared
norm of the Hartle-Hawking wave functional of universe and then a double copy of the
CFT partition functions:

ZG[S3] = |ΨHH|2 = |ZCFT[S2]|2. (D.1)

In the semi-classical limit, the Hartle-Hawking wave function takes the form

ΨHH ∼ exp
(
I

(E)
G [B3] + iI

(L)
G [dSt>0]

)
. (D.2)

Since the Lorentzian part is just a phase factor, only the Euclidean part survives when we
take the squared norm and gives S3 partition function. We split the sphere as S3 = B3 ∪B3

(glued along the equator) and apply CS/WZW correspondence (with boundary) to each B3.
In this perspective we expect that a double copy of WZW models located on the equator
is dual to the Chern-Simons gravity on S3.

D.1 Chern-Simons gravity on B3

Let us consider the Chern-Simons gravity on B3 with unit radius, whose metric is given by

ds2 = dθ2 + sin2 θ ds2
S2 , 0 ≤ θ ≤ π

2 , (D.3)

with the boundary at θ = π/2. This metric can be obtained by the analytic continuation
T → iθ + iπ/2 from Lorentzian dS3 metric

ds2 = −dT 2 + cosh2 T ds2
S2 . (D.4)
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As the metric of S2, we adopt the Fubini-Study metric for CP 1 ≃ S2:

ds2
S2 = 4dzdz̄

(1 + |z|2)2 = 4(dx2 + dy2)
(1 + x2 + y2)2 , (D.5)

where z = x + iy, z̄ = x − iy. The vielbein and the spin connection associated with this
metric are

E1 = dθ, E2 = 2 sin θ
1 + x2 + y2dx, E3 = 2 sin θ

1 + x2 + y2dy (D.6)

Ω1 = 2(ydx− xdy)
1 + x2 + y2 , Ω2 = − 2 cos θ

1 + x2 + y2dy, Ω3 = 2 cos θ
1 + x2 + y2dx. (D.7)

Then the connections are

A± = ±1
2

(
i 0
0 −i

)
dθ + 1

2(1 + |z|2)

(
zdz̄ − z̄dz −2e∓iθdz

2e±iθdz̄ −zdz̄ + z̄dz

)
. (D.8)

On the boundary θ = π/2, each component of these fields takes the following form

A±
z = 1

2(1 + |z|2)

(
−z̄ ±2i
0 z̄

)
, A±

z̄ = 1
2(1 + |z|2)

(
z 0

±2i −z

)
. (D.9)

We would like to consider the boundary term of the Chern-Simons gravity action.
Chern-Simons action is defined by

ICS[A] = k

4π

∫
Tr
[
A ∧ dA+ 2

3A ∧A ∧A
]
. (D.10)

In terms of the coordinates introduced above, this can be expressed as

ICS[A] = − k

4π

∫
B3
dθdxdyTr[Ay∂θAx −Ax∂θAy + 2AθFxy] (D.11)

without producing any boundary contributions. The variation of the holomorphic part of
the action is

δICS[A] = (EOM) + k

4π

∫
θ=π/2

dxdyTr[AyδAx −AxδAy] (D.12)

= (EOM) − k

4π

∫
θ=π/2

dzdz̄Tr[AzδAz̄ −Az̄δAz]. (D.13)

Now we consider the following boundary term:

I+
bdy[A] = k

4π

∫
θ=π/2

dxdyTr[AzAz̄], (D.14)

then the variation of the total action becomes

δ(ICS[A] + I+
bdy[A]) = (EOM) + k

2π

∫
θ=π/2

Tr[Az̄δAz] (D.15)

Therefore we can fix the boundary value of Az. On the other hand, if we flip the overall sign as

I−bdy[A] = − k

4π

∫
θ=π/2

dxdyTr[AzAz̄], (D.16)
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then the variation of the total action

δ(ICS[A] + I−bdy[A]) = (EOM) − k

2π

∫
θ=π/2

Tr[AzδAz̄], (D.17)

which fixes Az̄ on the boundary. Now our interest is the difference of two Chern-Simons actions
ICS[A+]− ICS[A−]. We adopt the boundary terms I+

bdy[A+] for A+ and I−bdy[A−] for A−, and
fix the components A+

z and A−
z̄ as the corresponding form in (D.9). The remaining components

A+
z̄ , A

−
z are automatically determined from the condition that A+, A− are anti-hermitian.

After all, the total action we consider is

IG = ICS[A+] − ICS[A−] + k

4π

∫
θ=π/2

Tr[A+
z A

+
z̄ +A−

z A
−
z̄ ]. (D.18)

Each on-shell action for the solution (D.8) is evaluated as

Ion-shell
CS [A+] = −Ion-shell

CS [A−] = − π

8GN
, (D.19)∫

θ=π/2
Tr[A+

z A
+
z̄ +A−

z A
−
z̄ ] = 0 (D.20)

Thus we have

Ion-shell
G [B3] = − π

4GN
, (D.21)

the twice of which is equal to the on-shell action for the whole S3 spacetime.
The Fubini-Study metric of S2 is transformed to the ordinary polar coordinate

ds2
S2 = dψ2 + sin2 ψdφ2 (D.22)

by a coordinate transformation z = eiφ/ tan(ψ/2). In that coordinate, the on-shell action
becomes

ik

2π

∫
θ= π

2

dψdφ
cos(ψ/2)

2 sin3(ψ/2)
Tr[A+

z A
+
z̄ +A−

z A
−
z̄ ] (D.23)

By replacing with φ→ r0φ, we can make the conical defect geometry. Since the integrand in
the above on-shell action does not depend on φ, the scaling φ→ r0φ just gives the ovarall
factor r0 coming from the measure. Thus the on-shell action on such a geometry is

Ion-shell
G [BHr0 ] = − πr0

4GN
(D.24)

Pictorially this geometry is topologically equivalent to B3 but along a conical defect ϕ = 0
approaching to the boundary.

D.2 Relation to WZW model

We would like to discuss the reduction to WZW model. Since the boundary of the space
we are considering is not an asymptotic boundary, we adopt a different method which is
described in [72].
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The background solutions (D.8) can be decomposed as

A+ = b−1db+ b−1ab, A− = bdb−1 + bab−1, (D.25)

by using same 1-form a and b = eθJ2 , and a can be written as the pure gauge

az = h−1∂zh, az̄ = h−1∂z̄h, (D.26)

where

h = 1√
1 + |z|2

(
1 −z
z̄ 1

)
. (D.27)

Thus A± themselves can also be expressed as

A± = (G±)−1dG±, (D.28)

where

G+ = hb, G− = hb−1. (D.29)

Substituting the expressions to Chern-Simons gravity action (D.18) leads to [72]

IG[G−1
+ dG+, G

−1
− dG−] = IWZW[G+G

−1
− ], (D.30)

where IWZW[g] denotes the usual non-chiral WZW action. We can derive the relation by
using the Polyakov-Wiegman identity.
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