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ABSTRACT: High-energy particles traversing the Quark-Gluon plasma experience modified
(massive) dispersion, although their vacuum mass is negligible compared to the kinetic energy.
Due to poor convergence of the perturbative series in the regime of soft loop momenta, a more
precise determination of this effective mass is needed. This paper continues our investigation
on the factorisation between strongly-coupled infrared classical and perturbative ultraviolet
behavior. The former has been studied non-perturbatively within EQCD by determining
a non-local operator on the lattice. By computing the temperature-scale contribution to
the same operator in 4D QCD at next-to-leading order (NLO), we remove the ultraviolet
divergence of the EQCD calculation with an opposite infrared divergence from the hard
thermal scale. The result is a consistent, regulator-independent determination of the classical
contribution where the emergence of new divergences signals sensitivities to new regions of
phase space. We address the numerical impact of the classical and NLO thermal corrections
on the convergence of the factorised approach and on the partial applicability of our results
to calculations of transport coeflicients.
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1 Introduction

The Quark-Gluon Plasma (QGP) is a deconfined, chirally symmetric phase of nuclear matter
as described by Quantum Chromodynamics (QCD). The QGP is actively investigated through
heavy-ion collisions. Disentangling the properties of this short-lived state from the shower
of particles in the detectors requires an interplay of observables in the two main classes of
bulk properties and hard probes. The former pertain to the collective properties of the many
lower-energy particles, while the latter refer to the few energetic and/or feebly-coupled ones
which are not expected to equilibrate.

Jets are one of the most important hard probes — see [1-3] for recent reviews. These
self-collimated showers of hadrons are seeded by highly-energetic partons, in a regime where
perturbative QCD should be applicable. Whether that remains true as these partons cross the
QGP is still an open question, thus influencing the methods that one should apply to describe
jets in medium. If the jet and the medium are weakly coupled — which does not necessarily
imply a weakly-coupled medium — then the main theory ingredient in jet modification in



the QGP is medium-induced radiation. These modifications are sourced by the jet partons
undergoing frequent exchanges of transverse momentum with the medium through elastic
scatterings, encoded in the transverse scattering kernel C(b;). The jet partons can also
undergo forward scattering, whereby they are first scattered off their original momentum
state and then back into it, thus shifting the dispersion relation by an amount named m,
the asymptotic mass.

The transverse scattering kernel C (b, ) and my, are the most important medium-dependent
ingredients in the description of medium-induced radiation, see e.g. [4]. In this paper, we
continue our investigations of my,, started in [5, 6]. We recall that these mass shifts are
written in terms of the gauge condensate Z, and the fermion condensate Z; [7]

mi o= 0°Ce (Z,+ Z;) . miy = ¢*CiZy + 20° TN, 7y, (1.1)
where m2, , applies for quarks and m2, , applies for gluons. Here Cr = (N2 —1)/(2N,) is

the quadratic Casimir of the quark representation, Cy = N, is the adjoint Casimir, Ny is
the number of light (Dirac) quark species, and T = %

Eq. (1.1) can be understood as arising from integrating out the energy scale of the jet
E > T and truncating at first order in 7'/E. The matching coefficients are determined at
first order in g — we will return to this issue later. If the scale of the hard parton is £ 2 T
rather than F > T, higher orders in the T'/E expansion become relevant. This also makes
clear that ours is a distinct problem from the one recently tackled in [8-11], namely the
two-loop and power corrections to Hard Thermal Loops and their relation to the asymptotic
mass for quasiparticles obeying 7" > p > ¢T.

The condensates Z, and Z; are non-local and have a gauge-invariant definition in terms
of the correlators in the Hard Thermal Loop (HTL) action [7, 12]

1 —v,y*
Zi= — (L 1.2
e s 1OR (1.2)
1 1
— [eJ7) v
Z, = dA<vaF o F ) (1.3)

where v# = (1,v) is the light-like four-velocity of the hard particle, dy is the dimension of
the fermion, d, the dimension of the adjoint representation, and the expectation value (...)
denotes a thermal expectation value. Appendix A specifies our conventions.

All operators in thermal QCD are sensitive not just to the contribution of thermal
modes, with momenta of the order of the temperature T'. There exist also soft modes, with
momenta p ~ ¢g7T', and gluonic ultrasoft modes, with momenta of O(g?T). The former cause
the perturbative expansion to be in g rather than ag and are largely responsible for its slow
convergence. The latter, at an operator-dependent order, cause the loop expansion to fail [13].
Moreover, for bosons these infrared (IR) modes are dominated by classical field dynamics, as
their occupation numbers are ng(p) =~ T'/p > 1, with ng the Bose-Einstein distribution.

Soft modes first contribute to Z, at relative O(g), whereas Z; is first expected to receive
soft corrections at higher orders [7], i.e.

T2 Tmp T2

Zg:ZgLO"HSZg:E_ o +0(g%), Zf:ZfLO+5Zf:§+0+O(92)a (1.4)




where m2 is the leading-order Debye mass, given by [14]

2 g*T? 4

The next-to-leading order (NLO) correction, 6Z,, is negative and, for values of the coupling

corresponding to QGP temperatures, of comparable magnitude to the leading-order (LO)
contribution Z;°. The main motivation for [5, 6] and for the present paper is then to use
an interplay of lattice and perturbation theory to determine the classical IR contribution
to all orders. This can also allow to extend the applicability of the evaluation of the mass
shift to lower temperatures, since it uses perturbation theory for the thermal modes only,
which still have ag as expansion parameters.

At the technical level, this has been made possible by developments introduced by
Caron-Huot in [7, 15]. These papers showed how, for a hard, light-like parton interacting with
the QGP, this classical contribution can be treated in Electrostatic QCD (EQCD) [16-20], a
dimensionally-reduced Effective Field Theory (EFT) of QCD. This allows for non-perturbative
evaluations of the EQCD contribution to C(b;) and Z, through lattice EQCD. We refer
to [21-23] for the evaluation of C(b, ) in EQCD, its merging with the T-scale contribution
and its impact on medium-induced radiation.

For myo, one can rely on the equivalence between inverse covariant derivatives and
integrals over Wilson lines to rewrite eq. (1.3) as an integral over the light-like separation
of the two field strengths, inserted over light-like Wilson lines — see eq. (2.1). In [5, 6] its
EQCD counterpart was measured on the lattice as a function of the separation. To perform
the separation integration, ref. [6] also provided a NLO perturbative determination in EQCD,
to be used at distances shorter than the lattice spacing. There, in addition to discretisation,
one faces another conceptual obstacle: the ultraviolet (UV) of EQCD is not, by construction,
the UV of 4D thermal QCD. This is made manifest by the emergence of power-law and
log-divergences from the integration of the LO (one-loop) and NLO (two-loop) perturbative
EQCD at short separations. The super-renormalizable nature of EQCD prevents further
UV divergences at higher orders.

In [6] the separation integral could then be carried out by subtracting the LO and NLO
UV-divergent behaviors. For the power-law divergent LO term, this only amounts to avoiding
double counting with the soft limit of the T-scale LO contribution Zg°. For the log-divergent
NLO term, this subtraction introduces a cutoff scale Lyi,. Physically, it signals an expected
IR logarithmic divergence from thermal modes in 4D QCD at two-loop order.

The goal of this paper is precisely to determine the contribution to Z from thermal
modes in QCD at two-loop level. In so doing, we will recover the expected IR divergence,
evaluate it in dimensional reqularisation (DR) together with the aforementioned subtraction,
thus lifting the dependence on the cutoff scale L, and providing an expression for Zg
that is two-loop accurate for the T-scale modes and, when combined with the lattice results
from [6], all-order accurate for the classical IR modes. We anticipate that we shall also find
new ultraviolet and collinear divergences, signaling the emergence, at this loop order, of new
regions of phase space and a potential sensitivity to one-loop corrections to the matching
coefficients in eq. (1.1). Part of our main results have been anticipated in [24, 25]. We also
address which part of our results here and in [5, 6] remains valid when the energy of the
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Figure 1. Diagrams contributing the QCD force-force correlator Z; (2.1) at leading and next-to-
leading order. An external gray shaded vertex denotes an F~1 insertion; internal 2-point blobs the
respective self-energy; a solid line a Wilson line; and a curly line a gauge boson (A,,).

parton becomes of the order of the temperature, which is the relevant regime for calculations
of transport coefficients and production rates.

The paper is organised as follows. Section 2 summarises the setup of the problem, the
EQCD evaluation and the subtraction procedure for the UV divergences introduced in [6].
In section 3 we present our two-loop calculation of the T-scale contribution in 4D QCD,
showing how, in addition to expected IR and vacuum UV divergences, we find extra ones
and discuss their origin. In section 4, we show how the IR divergences cancel against the
UV ones, leading to a finite, regulator-independent result for the classical, non-perturbative
contribution. In section 5, we summarise our main findings and draw our conclusions. The
appendices are dedicated to the conventions and technical details of our calculations.

2 Background

As we anticipated, Z; can be rewritten as the following integral over light-like separated
field-strength insertions on a light-like Wilson line

1
7. =

/ dat 2t T Un (—00; 2 Yo, ™ (a7 ) Un (23 0)u, FL(0)Un (0500) ), (2.1)
0
where the Wilson line itself reads
rt
Ur(z%;0) =P exp(@'g/ dy+A‘“(y+)T3) , (2.2)
0

after having fixed v* = (1,0,0,1) — see appendix A. The Wilson lines stretch from and
back to negative light-cone infinity. They descend from the relation to the density matrix
of the hard parton, which is defined in the asymptotic past.

At leading order, the Wilson lines source no gluons and one just connects the two
field-strength tensors with a free thermal gluon propagator, as in diagram (a) of figure 1.
It yields [26-28]

Z° = (D—2)/62[9(610)+nB(|q0|)]27T5(Q2) = (D—2)/QnB(\q°|)27T5(Q2)

D::4 2/ nB(q) _ T2
q

I 2.3
where ng(q°) = (exp(q®/T) — 1)~1 is the Bose-Einstein distribution. Dimensional regularisa-
tion in D = 4—2¢ (d = 3—2e¢ for the spatial dimensions) has been used to remove the scale-free
vacuum contribution proportional to 6(q°). See appendix A and eq. (A.2) for our conventions.



2.1 Power counting and hierarchy of scales in jet-medium interactions

The LO contribution to Z, arises from the scale T as seen in eq. (2.3). In the infrared nB (q) =
T/q, so that eq. (2.3) has an order-g sensitivity to the soft scale g7, viz. [, a~gT q ~ gT?.
Indeed, that is where the NLO correction in eq. (1.4) appears. We can then summarise the
perturbative expansion of Z, as follows [6]

scaleT scale gT' scale ¢*T
r T2 Tu -
[ Tmp | Ty,
_ —h 2.5

+ i 2w w2 (2:5)

[ T In In ]
+ Chard In— L +CT +Chard 1n mp +Csoft hl Lis +C +Csoft ln T +C ] (26)
+O(g3) . (2.7)

We highlight the contributions from different orders of the coupling g row by row and from
different scales column by column. The T-scale contribution at O(g°) from eq. (2.3) is
displayed in (2.4) and the first O(g) correction from soft modes in (2.5). At the next order,
all scales contribute: the completely non-perturbative color-magnetic scale g7, as well as the
soft modes of the color-electric scale g7, and the thermal modes from 7. The coefficients cilnard
and cégft were determined as a byproduct of [6], whose main aim was the non-perturbative,
all-order determination of the classical soft and ultrasoft contribution. As we anticipated, the
procedure used there introduced an artificial dependence on a cutoff Lyj,: for the moment
we have kept the notation in eqs. (2.4)—(2.6) generic, with u, and s taken as placeholders for
an arbitrary scheme used to separate the thermal, soft and ultrasoft scales. The coefficients
on eq. (2.6) are then to be understood as scheme-depedent. For reasons that will become
evident later, knowing all coefficients in (2.4), (2.5), and (2.6) does not yield a self-contained
estimate of ms at O(g?), yet.

Consequently, our main aim is to connect the scheme used to remove the unphysical
EQCD UV from the EQCD results in [6], giving rise to Ly, dependence, to dimensional
regularisation. We will also compute the T-scale contribution in eq. (2.6), ci® 4 and c,,
in that same scheme. To this end, we first briefly review the determination of the EQCD
contribution to Z, from [5, 6].

2.2 EQCD setup

One starts from the EQCD continuum action,
1
Spacon — /x {2Tr FjFy; + Tt [Di, [ Dy, ®] + m2 Tr &2 + A, (Tr @2)2} : (2.8)

where ® is the adjoint, massive scalar arising from dimensional reduction of the A° gauge
field. One then derives the non-unitary EQCD analog of eq. (2.1)

Ur(L;0) =P exp <z’ggd /OLdz (A%(z) +19%(2)) Tg) . (2.9)



Since the field operators are classical in EQCD, they commute and allow us to write

1

- . - T -
T {0 (—00; L)O*(L) T Un (L; 0) 0" (0)TgUn (0; —00)) = —=2—(O"(L)U(L; 0)0*(0))
o (2.10)
Thus, the EQCD equivalent of Z; reads, given rotational invariance in the transverse plane
34 (d=1)T fo a : a\ Frab b , b
73 =~ [T AL ((Pe(D)+i(D.2(0)") T(L:0) (FLL(0)+i(D.2(0))") ).
(2.11)

where we used drCr /Ty = ds. At LO in perturbative EQCD, we can connect the operators
with EQCD propagators to find [7]

1 2 2 d-1)¢? T
—T/( { (A (. >QZ]—— s (2.12)
q

Z3d _
¢ +ie)?l ¢@+md g ¢ 2m

gLo

where the massive propagator is the ® propagator. Here we used DR to get to a finite result:
in so doing, a linearly-UV divergent term gets discarded. It is instructive to note that this
term would be (d — 1) q qlz, which corresponds precisely to the IR sensitivity of eq. (2.3),
as argued in the previous subsection, and to the linear terms in yuy, in eqgs. (2.4) and (2.5).
Thus, dimensional regularisation corresponds to subtracting off that (d — 1) fq q% bare, soft
limit from the resummed result in eq. (2.12). As we shall now see, this does not happen
automatically in the scheme that follows from the lattice computation.

For that end, it is more convenient to set d = 3 and to work with the quantities

(EE) = J(De®(L))* U5(L,0) (D.2(0))") (213)
(BB) = L(Fe.(L) US(L;0) FL,(0)). (214
HEB) = S(D,®(L)) US(1:0) FLL(0)) + 3 (F(L) UL 0) (D:2(0)),  (2.15)

which leaves us with

3d 4T [o° , 4T [o°
73 = _CT/ dL L( — (EE) + (BB) +i(EB)) = CT/ dL L (FF), (2.16)
A JO A JO
where we have implicitly defined (FF) = (EFE) — (BB) — i(EB).

In [5, 6] continuum-extrapolated lattice EQCD determinations of the three components of
(FF) have been performed for distances 0.25 < g2, < 3.0 at four values of the temperature.
To integrate over all separations, this lattice determination must be complemented at both
long and short distances to provide a finite result for the all-order classical contributions from
the soft and ultrasoft scales. In more detail, the IR region is addressed with a fitting ansatz,
intended to reproduce the expected exponential falloff from electrostatic and magnetostatic
screening, since one cannot reach arbitrarily large distances on the lattice. As for the UV, the
lattice approach becomes impractical at short distances due to associated discretisation effects.
However, at the shortest available separations, where mpL < 1, the lattice determination
agrees well with the perturbative NLO EQCD determination, as expected. This then
suggests a switch to the perturbative EQCD determination at short distances. Yet, the



naive integration down to zero separation of the perturbative EQCD result would result in
power-law and log divergences, as we mentioned.

But how does this divergent behavior manifest itself? Because of the super-renormaliza-
bility of EQCD, in the UV, it is natural to expect from dimensional analysis that
Co CQQ??d C49§d

312 T g

(FF>mDL<<1 = + v e e (217)

The first and second terms above are divergent when inserted into eq. (2.16). If integrated
down to a Ly, > 0, the former gives rise to a ¢g/ Ly contribution. In this position-space
scheme, this corresponds to the linear term in py in eq. (2.5). As the previous discussion
should have made clear, such a term corresponds to the soft limit of the bare LO calculation
in eq. (2.3); as it is already included there, it should be subtracted off from the EQCD
calculation, as per [5].

The coefficient ¢o was computed in [6] and, being a logarithmic divergence, shows up
also in DR. To arrive at a determination for Zg’d, [6] merged together the perturbative,
intermediate and IR regions as follows

mer 4T Lmin 2 Lmax
Z34|meree {/ dLL[<FF>NLO _“@ 029“} +/ dLL[(FF>lat . C”}
0

A L3 L? Lo L3
+f dLL[(FF)taﬂ _ LBH (2.18)
where [5, 6]
da Cida
= %a - _ 2.1
O g “ (47)? (2.19)

The shortest and longest separations for which lattice data is available are Ly, = 0.25/¢2,
and Lyax = 3.0/¢2,.' Between these two separations, the lattice-determined (FF ), is used.
At asymptotically large distances the modeled IR tail (F'F),; is used and at short distances
the NLO perturbative EQCD result (FF)nro is integrated. As we mentioned, the ¢y term
must be subtracted off everywhere, whereas the co-term is only subtracted in the perturbative
region. Eq. (2.18) thus introduces an artificial logarithmic dependence on its boundary L.

In section 4 we will show how this subtraction can be recast in dimensional regularisation.
The resulting UV pole cancels against an opposite IR one from computing the two-loop
contribution to Z, in thermal 4D QCD, which shall be carried out in the next section. This
is then our main motivation, as their sum provides a finite result for the non-perturbative
contribution, with the artificial cutoff, Ly, lifted. Such a calculation is evidently also in

line with our ultimate goal of determining all O(g?) corrections to Zy.

3 Thermal modes at O(g?)

We embark on the calculation of the T-scale contribution to Z, at NLO. In principle, this
requires the computation of the two-loop diagrams (b)—(j) in figure 1. As we are dealing with

'The (EB) contribution was only available for L > 0.5/g34 in [6]. This is irrelevant from the standpoint of
¢ subtraction, since only (E'E) is logarithmically divergent at small L.



the temperature scale, there is no need to or benefit in using any IR-resummed propagators
and vertices in the real-time formalism. The unresummed nature of the propagators can
be used to our advantage to greatly simplify the calculation.

In a nutshell, all but diagrams (c), (f), (g) only contain terms that are proportional to
either (A7 A7) or (A~ A*), both of which vanish in Feynman gauge. Furthermore, following
an argument to be given in section 3.1, we will see that only diagram (c¢) needs to be computed.
The remainder of the section is then devoted to the splitting up and the computation of the
different contributions: quark and gauge (gluon and ghost) in the polarisation tensor.

3.1 Equations of motion of the light-like Wilson line
Looking at eq. (2.1), we can write

-1
~—
& drCr

/O Tl et T (Un(—o0ia ) F (@) Un(a™:0) FH(0)Un(0—00) ), (3.1)

where F~+F~1 = F~*[F~% 4 F~YF~Y._ Continuing onwards, let us recast eq. (3.1) as a
double integral, using translation invariance

-1 0 zt
Ly = / da:+/ dy™
& dRCR 0 0 Y

X Tr (Un(—o0sat +y ")~ (o +y ") Un (et +y iy ) FH () Un(y 5 —0)),

7t
L z
o [ et [Tyt e (Un(mooia )P @) Unla iyt P Ul —o0))
dR,CR 0 0
(3.2)
where we have shifted z* in going to the second line. We now rewrite Z, as
Ze=Z7 + 27 + 2+ 2, (3.3)

with the index labelling to be elaborated on momentarily. By calling on a method introduced
in [29], we rewrite

F~t=_-0tA" +[D, 4. (3.4)

The equation of motion of the Wilson line, D;U(afr; yT) = 0 can then be used to rewrite
the commutator as a total derivative, i.e.

d
Ur(a;27)[D™, At (1) |Un (23 b) = P [U(a;27) AL (2h) Un (23 0)] . (3.5)
This should shed light on the labelling in eq. (3.3): the indices there denote whether the
—0+ A~ (+) or the [D™, A*] component (~) of the field strength tensor has been taken.
We start with the first term from eq. (3.3),
1

Zg* = T dnCh /oood:c+x+ Tr (Ug(—o00; )0 A~ (2F) U (27 0) 9 A~ (0) U (05 _OO)>($ 6)




For the second term, we have, employing eq. (3.5)

1
Zt =

/ dz™ Tr <UR(—oo; e AT (2T U (™27 /2)

0

x [AM (@t /2)Un(at /2;0) = Un(a* /2:0)A(0)|Us(0; —00)) . (3.7)
Translation invariance dictates that for the first part,

(Un(—00;a")0MA™ (a) Un(at; 2t /2) AL (2t /2) Un (et /2; —00) )

= (Un(—o00; 2t /2)0- A (a7 /2) Un (" /2; 0) AX(0)Un (0; —00) ), (3.8)

so that, by aptly redefining the integration variable, one finds, including its counterpart, that

ZgL_ == 10 /Ooodﬂv+ Tr <UR(—oo; )+ A (2T) Ug(2;0) AL (0)Ux (0; —OO)> ) (3.9)
Zit = o [t T (U (o) AL U 50) 05 AT O (0 0)) . (310

where we used the fact that, in a non-singular gauge, A*(oc0) = 0 and we applied translation
invariance and relabeled y* into ™. Finally, for the term with both commutators, we find

70 = decRTr (Un(—o0;0) A4(0) A (0)U (0 —o0) ). (3.11)
where we have again set the boundary term at infinity to zero.

At two-loop level, eq. (3.6) can only receive a contribution from diagram (¢) in Feynman
gauge; terms with an A~ pulled from the Wilson line cannot contribute, as there is no triple
A~ vertex. Moreover, there cannot be a contribution of the form of diagram (g) as the
gA~ AL part of the covariant derivative has been removed from the correlator through the
previous manipulations. Similar arguments can be safely applied to egs. (3.9) and (3.10):
they only receive a “mixed” contribution from diagram (c); this relies on the observation
that no vertex with two A~ gluons exists.

Eq. (3.11) is the only piece of the decomposition that does not vanish at LO in Feynman
gauge; it corresponds precisely to diagram (a). Eq. (3.11) also receives an NLO contribution
from (c). It also contains the only contribution directly involving the Wilson lines, as either
of them can source an A~ gluon that can connect with a three-gluon vertex to the two A+
ones. However, that would give rise to the following colour structure

C=freAteAtba=c, (3.12)

which vanishes, due to the symmetric (anti-symmetric) nature of A+%ALb (%), Therefore,
through this reorganisation, we conclude that all of the NLO corrections to Z; come from
diagram (c). We arrive at the same conclusion from an explicit real-time computation of
diagrams (f) and (g), whose contributions end up cancelling each other [25].



3.2 Decomposition of the gluon self-energy

We thus dive straight into the computation of diagram (c)

()
& dRCR

where we have used rotational invariance in the transverse plane. As the field-strength

/ dat P Tr{ (07 A% ()~ 0" A~ (a))(0 A*(0)~ 0" A (0))),  (3.13)

insertions are at positive time separation, there is indistinguishably a forward Wightman
or time-ordered one-loop propagator stretching between them

Zéc) =—(D-2) /Dood$+ /Q gteia et {(q_)ZGim(Q) —2¢"¢ GL(Q) + (qx)zG;_(Q)]

ng(q°
= (-2 [ (EE(F(Q) - FA(@). (3.14)

where we have used the Kubo-Martin-Schwinger (KMS) relation to write the forward Wight-
man > propagator in terms of the statistical function 1+ ny(¢%) and the one-loop spectral
function Fr(Q) — Fa(Q). Its retarded and advanced components read

Frya(Q) = (a7)1152.,(Q) — 2¢™ (T15.,(Q) — TT3,(Q))

+(¢M)2(I90,(Q) + I2,(Q) - 250,(Q)] . (3.15)

when written in terms of the one-loop self-energies, given in appendix B. It is then useful to

1
(QZ + i€q0)2

decompose the self-energies in terms of their longitudinal (L) and transverse (71") components
(with respect to the three-momentum), which can also be found in appendix B

I NQ) = P (@I Q) + P (I 4(Q) (3.16)
where Pj, and Py, are given in egs. (B.1)-(B.2).
We can then rewrite eq. (3.15) as
)
(Q? £ ieq")?
which leaves us with the decomposition

20 g"_(q;) { e (P2 @+ qiff (m(@-1(@)] -adv.}

x\2 )2
Foa(@) = L (@ - mr@)] . e

(7)Y (Q) +

=2 2, (3.18)
where adv. stands for the advanced part while Zécg_Q corresponds to the (¢7)%- and Zg(?z_T
to the II, — Il -proportional terms

2= [ {0 DD ). 319
Z$) 0 = /Q tqf 733@(3;){(@2 jiEqO)?ﬁ(Hf(Q) ~15(Q)) —adv.}. (3.20)

The strategy adopted for the remainder of this section is to compute O(g?) corrections to
Zy according to the above decomposition. Rather than wading through technical details
(which can be found in appendix C), we instead focus on highlighting and discussing the
physical relevance of the various divergences that we encounter.
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3.3 Zécg_2 contribution

For the computation of Zéc;,Q, we can resort to standard Euclidean techniques. We start from

© 1 0 117(Q) 117(Q)
Z =i(D—-2 — — 21
8.q? i )/Q(Q (g )) {(QZ +ieq")?  (Q2% —igq0)? ) (3.21)
where we have kept the even-in-¢° part of the integrand only. By analyticity, we have

117 (Qr)
Qs

2y =—(D=2)
Qe

(3.22)

Here, Q2 = ¢3 + ¢? is the Euclidean four-momentum squared, with gy = 27nT a bosonic
Matsubara frequency and IQE the standard sum-integral, see eq. (A.2). Likewise, II%(Qy) is
the transverse Euclidean polarisation tensor, given in appendix B. The integrations can then
be carried out using standard Euclidean techniques, as detailed in appendix C.1.

The contribution of a gluon and ghost loop reads (cf. eq. (C.18))

2 2
(©) CaT A
Do mnt0 = 9672 {3 (e +4kn T)
61 10 4
+8In A — 4y, + 5t g mT- ? 2 1n2+ 3 X [0.209378] |, (3.23)

where B stands for bosonic, 7y is the Euler-Mascheroni constant and A &~ 1.28243 is the
Glaisher constant. Here and in all following formulae we truncate the expansion in D = 4—2¢ to
the order-€” term included. We have further subtracted off the gy = 0 zero-mode contribution
associated with the QQp sum-integral. This IR-divergent zero-mode contribution can be found
in section 4 (see eq. (4.1)), where we cancel its divergence with an opposite one from the
EQCD subtraction term discussed in and after eq. (2.18).

The fermionic contribution from the quark loop reads — see eq. (C.19)

2 2
© ¢*TeN; T {4 ( MA) 26 10
Z = _doEr 41n by 4+ = — - % [0.199478] | 24
. oo |3\ A s ) e+ = 5 x [0.19947] (3.24)

In this case, the Qg zero mode is included, as its contribution is finite as expected from the
purely non-Abelian nature of the ¢y subtraction in egs. (2.18)—(2.19).
Upon summing egs. (3.23) and (3.24), we find

(c) IR safe (e) (c )
Z _Zg q2, Bn7é0+Z 2 F
22 r
g T 11 1 m
-I= [( Ca— TFNF) (;+4m7)
61 10 52 4
+Ca (8N A—dypt 5ty nm— 2o x [0.299378] )
26 16 10
—TFNF(161nA+47E+§—§1n(4w)—§ x [0, 199478})} (3.25)

The attentive reader will have noticed that egs. (3.23) and (3.24) are divergent. The very
attentive reader will also have noticed that the divergent term in eq. (3.25) is proportional to

— 11 —



the first coefficient of the QCD S function. Indeed, the divergence is of ultraviolet origin:
it arises from the thermal part of a bosonic loop integral multiplying the vacuum part of
the other loop integral. This divergence is then removed by charge renormalisation. In
more detail, let us consider the standard relation between bare and renormalised coupling
at one-loop level, viz.

11 4
} +0(g%), where by = §CA - gTFNF- (3.26)

2 2= 2bO
Ipare = 9 (:U’) 1- (47‘(‘)
Let us then go back to the leading-order term in eq. (2.3), recalling that, as per eq. (1.1),
mZ,
O(g*) term there generates the counterterm

2p, ns(q) ¢°T? 4 1 A2
ZHoet — (g — 1) 0/ B “TeNg )| — = —21
g ( ) q ( Ch — F F)[ c n4 T

is obtained by multiplying Z, by g%.2 Hence, if that g2 is replaced by eq. (3.26), the

(47)2€ q  96m2 3 T } » (3.27)

when multiplying the LO term in eq. (2.3). Upon adding egs. (3.25) and (3.27), we find®

IR/UV safi JR saf
ZOI/WVsate _ glOIRsale | 710

g7q
2T2 MUV
%WQ{( Ca— TFNF)an -
4 32 4
+Ci [—801nA—4’yE—|—99+331n7r—§1n2+3 x [0.299378}}
38 .8 10
+Te Ny {1611(114—4%— 55 Inldm)+ 5 x [0.199478}} } . (3.

Here, we relabeled i1 — piyy to distinguish it from other occurrences of p, which are to
be understood as factorisation scales, whereas [iyy is a genuine renormalisation scale. When
merging the perturbative and lattice data, we will fix g2 to the values that correspond to
those chosen in the various lattice ensembles, as explained in appendix D.

3.4 Zéc) 7.+ contribution

In this subsection, differently from the previous one, we rely on real-time methods: as detailed
in appendix C.2.2, standard Euclidean techniques are not applicable for this class of integrals,
due to the (¢~ — ie)? denominator in eq. (3.20). We thus set up everything so that the
integration over K, the loop momenta running through the self-energy blob is done in four
dimensions. We choose this scheme to avoid having to consider the D-dimensional equivalents
of the one-loop self-energies listed in appendix B. The integration over @), the momentum
picked up during the forward scattering, is instead done in D = 4 — 2¢ dimensions. As we
shall see, this contribution will present divergences showing sensitivity to hard, collinear and
soft regions of phase space. When dealing with these regions one then needs to adopt the
same scheme, as we shall do in section 4 for the L — T part of the soft contribution.

2We are following the notation originally introduced in [7]; arguably, moving g* into the definition of Z,
would be preferable, as it would make this operator scheme-independent.

3The fermionic piece of the expression below has also been determined using real-time methods such as
those employed in the next subsection, see [25]. The two determinations agree within numerical uncertainty.
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The fermionic and bosonic L —T contributions are computed in appendix C.2.1 and C.2.2,
respectively. Furthermore, as the vacuum contribution of the longitudinal and transverse
self-energies is identical by Lorentz invariance, no charge renormalisation is needed in this

2

case; indeed, the counterterm (3.27) was fully absorbed by the (¢7)* contribution.

Our result then comes from the sum of egs. (C.69) and (C.78), viz.

2 TR 12,3
©  _omd 2 20 e Al
BLTnz0 (47r)2{62 (0 S 0 ) (3.29)
QﬂeVE_% 72 5 3 )
21 Ay =224 2 —2(ln2 -1
* 27T Mt 4 et 2 (In )
1
ﬂA12€_5 1 9 9 2 é/
21n? ~n%(2) — 2(1 262
+ 87T +2n() (nCQ) +<2
1. /2 1. /3 1 1 4
+ §L12(§) + Zle(Z) - 5 — Z ln(3) In 3}
QC T2
+ 948‘*2{0.145277 - 5.13832}
Y5
2T NeT? (2102 nA2e%
= { : +41n(2)1n'u8ﬁ;2+2ln2(2)+0.438129—1.97382},

where (s = ((s) is the Riemann zeta function, (In(s)" = ¢’(s)/¢(s) and ~; is the first Stieltjes
constant. For the C,-proportional gauge contribution, we have again subtracted off the
zero-mode associated with the @ integration. Its value is given in eq. (4.2). The parts that
have been obtained numerically have not been summed, to highlight their origin from the
various contributions listed in appendix C.2.1 and C.2.2. What remains contains a 1/¢? pole,
which signals the presence of double logarithmic divergences not of vacuum origin. These
divergences originate from a pole term and a cut term. The former denotes the contribution
to eq. (3.20) where the discontinuity implied in the “retarded minus advanced” spectral
structure comes from the pole in the 1/Q? propagator. The latter instead acquires spectral
weight from the imaginary parts of the polarisation tensor.

To clarify the physical origin of these divergences, we now inspect these divergent terms,
deferring their precise evaluation to appendix C.2.1 and C.2.2. For what concerns the pole
term, it arises from eq. (C.53) and its bosonic equivalent, yielding

(©) m} g +ns(le’])

md [ 1+2ns(q) ¢} + 242
2 Jq 243 qi

2
Lors(Q?) = -

7 = PR .30
g,L-T,pole 2 0 (q_ _ i€)2 q (3 3 )

While the vacuum term would be scale-free and vanishing in DR, it physically corresponds
to a UV divergence for ¢° — oo, which is accompanied by a collinear divergence. This
shows up for ¢*> > ¢q; — 0, i.e

(c) _ 2 L1
Zg,LfT,pole div — _mD/ 2

3.31
Q27 (3:31)

4*>qL
While we leave the proper analysis of this divergence to future work, we think it is safe to
speculate that it will be absorbed by properly dealing with the small ¢, and large ¢* regions.

“There is in addition a power-law divergent zero-mode term from the 7'/¢° infrared limit of the Bose-Einstein
distribution. This is not unexpected: it corresponds to the O(m3) term in the ¢ > mp expansion of eq. (2.12).
It too needs subtracting, as it is already included there. DR takes care of this automatically.
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The former will require systematic resummation of the asymptotic mass and of multiple soft
scattering effects, likely relating this double-logarithmic divergence to the ones observed in the
transverse-momentum broadening coefficient in [30, 31] and systematised for a weakly-coupled
QGP in [32].° The large-¢* region is instead likely related to the emergence of the ¢* ~ F
region, with £ > T the large light-cone energy of the hard jet parton, thus relating this
divergence to the possible loop corrections to the matching coefficients in eq. (1.1).

Let us now inspect the cut term. As detailed in appendix C.2.1 and C.2.2, the divergence
arises again from the vacuum part, i.e. 8(q%), in the 1 + ng(q°) prefactor. As explained there,
it is convenient to make the integrand explicitly even in ¢°, leading to

©) A d¢° 1 1
Zg,L-T,cut div = 167 /0 dkf(k)/o o (q e 16)2 + (qo Fap i6)2:|
x 0(q — 2k) { (3(2k —¢°)% - q2) 0(q + 2k — ¢°)0(¢° — @)
— (32k +¢°)% = *) 0(a" — a + 2k)0(q — qo)] , (3.32)
where
f(k) = 2Tu Neng (k) + Cang (k) , (3.33)

and ny(k) = (exp(k/T) + 1)~! is the Fermi-Dirac distribution. Eq. (3.32) arises from
appropriately combining egs. (C.55) and (C.65), together with their bosonic counterparts
like eq. (C.74). We only consider here the 6(q — 2k) part of egs. (C.65) and (C.74) as it
is the divergent one.

Let us consider for illustration the simplest part of the above, the ¢?-proportional piece
in 3(2k — ¢°)? — ¢?) in the time-like slice ¢° > ¢. The main message will not be altered
by including the other terms. It reads

/ dk f(k //qu (;ITO (5 [ qo_lqz)Q + (qojw]e(q—%)

2(kq+q?) + ¢}
:2/ dk k k:/ z 0(q — 2k 3.34
0 Fk) a 73 (q7 + 4kq + 4k?) (g~ 28) (3.34)

—/Oodk:kf(k)/ B
~Jo a. (g} +4k?)?

where the arising logarithmic term is what causes the double pole in DR. Its k-dependent

% YO +O0(k/q)| . (3.35)

argument is what is responsible for the different arguments of the logarithms in the fermionic
and bosonic case, see the Ng-proportional In2 term in eq. (3.29). Moreover, the In(q, /(2k))
must come from two regions of the ¢* integral in eq. (3.34), once we take the asymptotic
UV expansion ¢ > k. Indeed, we have a first region for ¢* ~ ¢q; > k and a second region
for q, ~ qf_ /k > q; — we are exploiting evenness in ¢* to consider twice the positive
range only. We then have, by appropriately expanding the integrand in the two regions

5Tt also remains to be understood how such a long-duration collinear process could be used as an ingredient
in the determination of an equally long-duration (formation time) medium-induced radiation. This question
too is left for future work.
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Figure 2. EQCD equivalent of diagram (c). The labelling is identical to that from figure 1 except
that here, curly lines represent spatial gauge bosons, double lines are adjoint Wilson lines and solid
lines are adjoint scalars.

and separating them by a cutoff u

4p? 4
— = s an = s .
o 7™ w7t po T mg*(qt +4ke?) gt

which reproduces the ¢; > k limit of eq. (3.35).

This then clarifies that the cut term has a double-logarithmic UV divergence, which we
can again speculate to be related to the emergence of the g7 ~ E region. Its proper handling
is also left to future work. We conclude by remarking that in the real-time calculation of
Zgg_Q (cf. [25]) there is a cancellation between a double-log akin to that in eq. (3.35) and
an opposite one arising from a pole contribution which is very different from the simple one

in eq. (3.31). The collinear sensitivity of the latter and its absence in Zg; _, — see [25] —

might explain why no such cancellation happens for Z&_T.

4 Cancellation of IR QCD divergences with UV EQCD divergences

As we explained around eq. (2.18), the EQCD evaluation in [6] relied on a subtraction of
the co-proportional UV-log divergent term from NLO perturbative EQCD in eq. (2.18),
which introduced a logarithmic dependence on the Ly, regulator. The Q) zero modes in
the perturbative QCD evaluation of the previous section, on the other hand, introduced
an IR log-divergence, viz.

2 2 _
(©) _BgNITR L (A B
Zqu_Q,B,nzo V) € 41n oT 3| (4.1)
2 2 _
(©) _g°C\T 1 Q
Zg’L'T7B7n:0 - 327T2 |:_6 o 2 ln E + 2 ) (4'2)

which have been obtained from egs. (C.17) and (C.71).

Our goal in this section is to add back a DR version of the NLO subtraction in eq. (2.18).
The resulting UV poles in 1/e should cancel against those in eqs. (4.1) and (4.2). To this end,
we note that [6] used Feynman gauge for the 3D gauge field of EQCD. From the arguments
of section 3.1 we then know that this co-proportional UV divergence must come from the
EQCD analogue of diagram (c), shown in figure 2. This suggests that

3d (¢)

Zénatch = Z(C) 4 ng](f?),@ + Zé,cz.T,B,nzo + Zg 1700 5 (4.3)

2,q~2,B,n=0

d (c)

where Zg 20 is the (¢7)? and Zgigc)@ the L — T piece of the UV divergence, evaluated in

DR. When z;dding eq. (4.3) to (2.18), we will undo the ¢ subtraction and thus arrive at
Zgon-pert class _ ng‘merge + ZglatCh ’ (44)

which is a finite, Lyn-independent result for the non-perturbative evaluation of the classical
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contribution. The best-available determination of Z; is then

non-pert class+NLO T LO non-pert class+NLO T
7z = Z1° 4 627 (4.5)
non-pert class+NLO T non-pert class (o), IR/UV safe (c)
6Z Z Zg q- T Zg,L—T,n;éO ) (4.6)

where 6Z§°n‘pert class+NLO T iy corporates the classical modes to all orders and the thermal

modes to NLO. The final two terms in eq. (4.6) have been given in egs. (3.28) and (3.29).

3d (c)

Let us now begin the determination of Zg - and Zg’i,(;?cw starting from the former.

C2

With respect to the decomposition defined in eq. (2.16), we first take the (BB) contribution
from appendix A.3 of [6] (cf. eq. (A.14))

1 etla-
BB, =7 [ a0+ @ =0 (W @) (47)
where II% A9 AV div is the EQCD transverse gluon polarisation tensor in the massless limit. As

we are 1nvest1gat1ng a UV divergence on the EQCD side, the ¢ > my, limit is the appropriate
one. It can be extracted either from the mp — 0 limit of eq. (A.10) in [6] or from the
zero-mode contribution to eq. (B.4). We find

a 3g3dCA (1 é)r(d)z —d d—
5 b (471-) F(dZ_ 1)2 M3 dqd 2’ (48)

d=3-2¢ _ sab 395,Caq

T —
Agab avl@) =

4.9
Cut (4.9
where we have denoted the d = 3 limit for future use.

The second term in eq. (4.7), proportional to (d — 1)g2, corresponds to the Z (—2‘)c

contribution. To obtain it, we must then integrate in L up to the cutoff while performlng the

q integration in DR, so that its Zgatch

contribution undoes the corresponding piece of the
co subtraction. Looking at eq. (2.16) and using eq. (4.8), we then find

) = [y g = BACT W DR 2T )
ga e g, ¢2div = “ogd (d—3) (Laningt)**~°
3¢g:.C
_ 3guCiT [ T Ay 41n(meu)} . (4.10)
6472 €

Since g2, = ¢*T + O(g*), the 1/¢ term cancels against the one from eq. (4.1).

As for the L — T piece, we need the qi—proportional piece of eq. (4.7) together with the
contribution from the (EFE) correlator. We extract this from eq. (A.8) of [6] and expand
towards the UV to arrive at

50 93 Carmp <_ 180 Cade i —mp g )
167

2
> C
g _5‘“"% = pago qe () - (4.11)

As the corresponding IR pole has been obtained using the mixed scheme described at the

Hgagn(q) =

beginning of section 3.4, we stick to the same scheme here and have evaluated eq. (4.11)
in d = 3. From eq. (A.13) of [6], we then write

EBE =3 [ R (T (0). (112)
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To get the full I, — IT;, EQCD contribution, we need to add to this its (BB) counterpart.
It arises from the qi—proportional piece in eq. (4.7) with the d = 3 polarisation tensor in
eq. (4.9). We then evaluate the Fourier transform in DR and carry out the L integration,
as in eq. (4.10). This yields — see again eq. (2.16)

Lunin 2 (4Ll ) 3—d
250 = [ L (BB, - B5)Y,,) - 9iaCaT T (% )(meu>

da Ay B-a\ 2
20T [1 Lininft
:9§$2{6—1+2%+4h1“;“}, (4.13)

which, reassuringly contains a 1/e pole that cancels exactly against the one from eq. (4.2). We
note that, if the Fourier transforms in eqgs. (4.7) and (4.12) are carried out in three dimensions,
the former vanishes, whereas the latter gives <EE>((§3/ d—3 = Cadag? /(4w L)?, from which the
value of ¢z in eq. (2.19) is extracted. We have split our calculation in a (¢~)? part and a L—T
part, rather than a (F'F) and a (BB) one, to check the explicit cancellation of 1/e poles in
each of the former two parts and to account for our mixed scheme in the L — T contribution.

We can finally insert eqs. (4.1), (4.2), (4.10) and (4.13) into eq. (4.3), together with the
LO EQCD matching ¢2, = ¢*7, to find

92 CAT2
T2

Zypeh = 21n(2LminT) + 275 — 3| . (4.14)

Note that in computing Zgon‘pert class the In Ly above cancels against the — il %02932(1 term

in eq. (2.18), as we originally set to show.
We conclude by noting that eq. (4.14) is somewhat arbitrary: a firm necessity of the

merge

cancellation of the L,;, dependence of Z§d| through the IR divergence of the thermal

scale contribution is the In(Lyin7") term. The non-logarithmic parts, on the other hand,
can freely be shuffled between eq. (4.14) and egs. (3.28) and (3.29) by redefining the scheme
used to separate the IR-divergent part from the remainder in section 3. This is of course
irrelevant once these three equations are summed in eq. (4.6). However, in the next section
we shall not include the Zg(cL)T n£0
sensitivities to new regions of phase space we have left to future work. Hence, to present

(c)

CL,T N0 let us determine what would happen

contribution, as it contains extra divergences signaling

a first estimate of the impact of neglecting Zg

to eq. (4.14) if we were to omit the finite parts associated with the L — T contribution. By
dropping them from eqs. (4.2) and (4.13) we find

B QZCATZ

Zmatch ) _ rymatch
g,no L-T finite parts g 3972

1422+ 27, . (4.15)
The numerical impact of egs. (4.14) and (4.15) will be discussed in the next section.

5 Summary and discussion

In section 3, we determined the contribution to Z, of the temperature scale at order g% it
is given by egs. (3.28) and (3.29) for the two contributions in which it has naturally been
split; see eq. (3.18). In section 4, we analyzed the IR divergences of the T-scale contribution
and showed how they cancel against the UV divergences from EQCD found in [6] when they
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are consistently evaluated in the same DR scheme. In eq. (4.4), we explain how to add the
lattice result of [6] with the finite remainder, eq. (4.14), of the cancellation of the divergences,
lifting the artificial dependence on the UV cutoff introduced in [6].

To evaluate the numerical impact of our work, we should in principle use our best
available result, summing the NLO T-scale contribution with the all-order non-perturbative
evaluation. This is given by eq. (4.6), which, after inserting all ingredients, gives rise to
g2CAT2

82

22 -
@2T2 (/11 . 4 ) fioy
O = STuN, | 21n oY
+96ﬂ2{<3 AT R JE Ty

5Zé10n—pert class+NLO T _ ng |merge + {2 1D(2LminT) +27E - 3}

94 32 8 4
+C,4 {—8OlnA—47E—|—9—|—3ln7r—31n2+3 X [0.299378]] (5.1)

38 8 10
+ThN; [16111A—47E—9—|—31n(47r)+3 x [0.199478]] }
2 GeTET S - oA12 -1
mp {2 2( perz | BATe )
(4m)2 | €2 27T 8nT

+

COVE— S 2
+21n? pe ” —4’yl+%—2'y§—1+41n2
A2 -1 3 4
+21n2u—EIHQ(Z)—Q(lnCQ)’%——Q

G2
+%L12(§) +£Lig(z> —iln(3)ln;l}

22

g°T
— .145277—5.13832
+487r2 {CA {0 5277—5.1383 ]

12 -1
— TNk [21?2 +41n(2)In 'UASW#
The one outstanding roadblock is that our evaluation of the “longitudinal minus transverse’
Zg(fg_T n£0 contribution in eq. (3.29) contains yet uncancelled double-logarithmic divergences
from the sensitivity to the collinear (¢, ~ ms) and hard (¢* ~ E > T) regions of phase
space. We have left their understanding and cancellation to future work. Here, we present
a numerical analysis of the impact of the other corrections, namely the (¢~)? contribution,
Zg(i;fg{/ uv safe, given in eq. (3.28) and the classical contribution determined from lattice and
perturbative EQCD in [6] complemented by the cancellation of the logarithmic sensitivity
achieved through egs. (4.3) and (4.14). More precisely, let us define

5Z§nite = Zgon—pert class + Zéi;fgi/UV safe (52>

g2CAT2

—21In%(2)4-0.438129— 1.97382} } :

)

T
_ Zg3d|merge + 21n 5 + 2vg — 3]

82 292,
22
¢2T? (/11 4 ~ “ N, + 41In(4) Ny
20, — STuN ) 21n(4me e
+967r2{(3CA 3r F> n( e P ToN. — 4N, )
94 32 8 4
+C’A[—801nA—47E+ S+ S TS24 o x [0.299378]]
1

+ TN, [1611114 Yy — %8 4 gln(élﬂ) T 30 x [0.199478]] } (5.3)
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- Zélon—pert class 52§nite 52213;3?(4.15) Zgio

T2 T2 T2 T2

250 MeV | —0.513(138)(45)(7) | —0.340(138)(45)(7) | —0.465(138)(45)(7) || —0.376
500 MeV | —0.619(99)(39)(3) | —0.491(99)(39)(3) | —0.584(99)(39)(3) || —0.324
1GeV | —0.462(71)(9)(7) | —0.356(71)(9)(7) | —0.430(71)(9)(7) | —0.305

100GeV | —0.327(16)(5)(2) | —0.274(16)(5)(2) | —0.310(16)(5)(2) | —0.223

Table 1. Values for our main results. 522%2‘3(4‘15) is defined by replacing eq. (4.14) with eq. (4.15)
in Zg‘m'pert class and ngLo is given by eq. (2.12). See appendix D for details on the renormalisation
scale and the values of the coupling. We recall that these values are to be added to the LO value
Zy© =T?/6, as per eq. (4.5).

which is obtained by summing egs. (3.28) and (4.3). We also set fiyy to eq. (D.1), in keeping
with the renormalisation scale used in the EQCD matching, and Ly, = 1/(4g2,), the value
used in Z34|""*

partial subset of O(g?) corrections, let us remark that Zy

(¢7)? structure as the LO term — compare eq. (2.3) and (3.19). It is thus fundamentally
different from Zé?Z—T,n 200

In table 1, we collect the numerical values for our main results. We refer to appendix D
for the coupling prescriptions and the EQCD data for Z§d|merge from [6]. ozt s

g Eq. (4.15
defined by replacing eq. (4.14) with eq. (4.15) in Zgon’pert class thus giving a first, very rough

in [6]. To further motivate our choice of looking, for the time being, at this

IR/UV saf
(C),Z /UV safe comes from the same

which indeed contains a new structure and new divergences.

estimate of the error associated with the lack of inclusion of the L — T contribution. The
quoted uncertainties are inherited from [6]. They come from statistical errors in lattice EQCD
(first bracket), from the integration of the IR tail in eq. (4.3) (second bracket) and from
the quadrature of the lattice data (third bracket).

As we see, our results for 6Z§nite are negative and, in magnitude, larger than Z3° =T 2/6
(see eq. (2.3)), to which they are to be added, as per eq. (4.5). With the exception of the
highest temperature, within errors they are however compatible with the O(g) correction
only, i.e. the leading-order contribution in perturbative EQCD given by ngLO in the last
column of the table. Recall that Zg’io is obtained in eq. (2.12), which in turn clarifies why a
negative contribution arises: it comes from removing the incorrect, unscreened IR of bare
QCD and replacing it with the correct, screened IR of EQCD. As the screened contribution
is necessarily smaller than the bare unscreened one, negativity sets in.

This large negative contribution, resulting in an overall negative Z;, may appear prob-
lematic. However, until the divergences of the L — T contributions are addressed by properly
including collinear and hard modes, we refrain from making definite statements on the
convergence of EQCD factorisation for this observable. Already by simply reshuffling the
finite parts associated with the cancellation of IR and UV divergences in the L — T channel
— the 5237%151_6( 415 column — we see a significant variation. Fully understanding these extra
regions of phase space may give rise to even larger contributions, due to potentially large
double logarithms.

These potentially enhanced double logarithms would relate the T-scale physics in egs. (5.1)
and eq. (3.29) with hard, gt ~ E > T physics related to the EFT matching implicit in
eq. (1.1), as we commented there. They would also include collinear physics, with effects
such as the quantum-mechanical interference of multiple soft scatterings, as we mentioned
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in section 3.4 after eq. (3.31). At the moment we do not speculate further on these matters
and leave them to future work.

As a final remark, we comment on the expansion undergirding the factorisation of the
asymptotic mass into the operators Z, and Z; described by eq. (1.1). It requires the parton
energy F to be E > T when the T-scale contribution to these operators is considered. If the
soft contribution is considered, the expansion becomes E > myp, so that, in the weak-coupling
regime, it remains applicable for £ ~ T. This also holds for egs. (4.4) and (4.14), as the
latter is obtained from the soft limit of the T-scale contribution.® This has then the very
important consequence that our values for Zgon'pert class tabulated in table 1, are valid
also when considering partons with thermal energies. This then makes them applicable for
corrections to observables such as the thermal photon rate or transport coefficients, where
they could be used to complement the existing NLO determinations [33-35].
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A Conventions
Our sign for the covariant derivative is
D, =0, —1i9A,,

which fixes the sign of the three gluon vertex to be positive. Moreover, we employ the “mostly
minus” (+, —, —, —) metric. Uppercase letters denote four-momenta, lowercase letters the
modulus of the three-momenta. When using light-cone coordinates

A 0 P
prEto—=vbP,  p=p-p=vP,  PQ=p'¢+pq -pra, (Al
where the two light-like reference vectors are defined as
1
6“55(1,0,0,—1), v* =(1,0,0,1).

This asymmetric convention for the T and ~ components of the light-cone coordinates has

two advantages: it has unitary Jacobian, i.e. dp®dp? = dpTdp~, in scalings where p~ < p*

it then implies p° ~ p* ~ pt.

%We remark that, even in this regime, our results remain different from those of [8-11]. These papers
determine the two-loop and power-suppressed one-loop contributions from the hard thermal scale to the
self-energy for soft external modes, to then take the asymptotic mass limit. It then corresponds to first
expanding for P <« Q; ~ T, where P is the external momentum and @Q; the loop momenta, to then take
the P > mp limit. Our calculation, on the other hand, corresponds to taking a P > @Q; ~ T expansion to
then take the P — T > mp limit from above. Indeed, our calculation in this limit sees IR divergences given
by egs. (4.1)—(4.2) which are then absorbed by EQCD, whereas the results of [8—11] are finite after charge
renormalization, further highlighting their difference.
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The emergent momenta integrals are often regularised in d = D — 1 = 3 — 2¢, employing
the MS renormalisation scale ji? = 4re 2. Denoting spatial momenta as p = (p 1,D2)s
this allows to use the shorthand

aPp A%

=T / : /E/f’_d/ : /Eus_d/ :
dd—lp

=T , / = ;3¢ / L A2

B One-loop self-energies and projectors

We document in this appendix the self energies that are needed for the computation of
diagram (c) in section 3. We start by providing the transverse and longitudinal projectors
(with respect to the three-momentum) that are used to arrive at the decomposition eq. (3.18)

n v
P(Q) = —g" qQZ Q) (B.1)
PIQ) = gy - LL QO (@ QR

(u*) = (1,0,0,0). (B.3)

The main ingredient for the Euclidean evaluation of the (¢~)? contribution is the Feynman-
gauge transverse Euclidean polarisation tensor, which can be obtained from, e.g. [36]. It reads

(0 2N;f D - 2)K% - Q% - %R (Q} + 2 - 2k)
7 K2(Qr — Ke)?
2K2: - B Q2 + 2k2 — 2k2
- 2g2TFNF;€ =% (D 2 ( ) (B.4)

For the L — T contribution, we need instead the difference between the retarded longitu-
dinal and transverse part, which appears in eq. (3.20). Its gauge contribution (gluon and
ghost) and its quark contribution can be read off from [37], viz.

QCA
I (Q)a—TH(@)s = s |, (k)| ~Ska(363 —¢")

0 . 0 .

2 2 2 a2 q +q—2k+ice q q+2k‘+21
12k — ¢ +3¢2) |1 1

+Q ( +303) { e ¥ et

0 ; 0_ . 0 _ .
H%quQ[mnq tatie @ —gt2ktie | ¢’4q 2k+z.€”
@O —q+ie O +q+2k+ie @O —q—2k+ie
(B.5)
_ 2¢°Ti N,
I (Q)r —I17(Q)r = g : F/ ks (k { 8kq (345 —4%)
0 . 0 .
2 9 9 9 q +q—2k-+1ie q —q+2k+zs}
12k~ — 3 1 1
T ( T q0> { " 0—q—2k+i8+ nq0+q+2k+i5
0_ . 0 B .
—|—12kq0Q2[1 " +q-+ie 14 Q+2k+2.€_1nq +q 2k+z.5”
@O —q+ie O +q+2k+ie " —q—2k+ie
(B.6)

where B and F stand for bosonic and fermionic.
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C Diagram (c) computation: technical details

C.1 Euclidean evaluation of Zg’q—z

We start from eq. (3.22). Upon inserting eq. (B.4) into eq. (3.22), we encounter the following
class of sum-integrals

At — i 1 9" ko (C.1)
st = e T [ RE Qe — K |
EAE

~ 1 qaleQ

I;ll'?Zs s3 i 0_~0 s (CQ)
st =L T QR RE(Qs — Ko
where Ig;% 15953 = Ls,sys, and fermionic momenta are denoted by curly brackets. The integrals
that appear in eq. (B.4) are
1
Ji =1y :i —15 = hils, (C.3)
Onkcy P EE
J2 =111, =0, (C.4)
1 T 1 32T
J3=Tio11 = = - —4ln—=5 +6 C.5
Lo ?ém G W Sl M o ©9)
171 1 1 2

Jy =1, :i {—]i — = 7 l1la, (C.6)

LTI gl QLT KR (d-2)

T2 [1 A3 95
— I = g |+ A Ty 0209378 .

Js 1:111 28872 | + n47‘rT + 3vg + D 0.299378| , (C 7)

and the fermionic counterparts J; obtained by summing over odd {Kg}. We used the
one-loop bosonic and fermionic master integrals

_ 1 g 20T T (s — 9)
IS - ¢PE [PE2]3 - ,LL 2T (471_)% F(S) C28—d7 (08)
~ 1
I, = — = (2% - 1)T,, (C.9)
i{PE} [PEQ]

where (s = ((s) is the Riemann zeta function. Jy vanishes identically, as shown with
integration-by-parts (IBP) methods [38]. The integrals J3 in eq. (C.5) and J5 in eq. (C.7)
need to be evaluated independently due to absence of collinearity in the integral [39]. Details
on their evaluation are provided below in appendix C.1.1.

The fermionic counterparts read

N ~ 1 ~
J1=1y0, = %[ Ve =Ti1,, (C.10)
Qu{Kg} “E E
jQZle:O, (C]_].)
s 1 —T% 1 8T
_F - S a2 g 12
J3 1,011 j Q%K,%(q—kﬂ 9672 | ¢ n ﬁA12 +n4|, (C )

{QeKE}
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A A 171 1 1 2
J4:Il;101:# qg[qg—%hlf @:(d 2)1112, (C.13)

QE {K }

572 T1 6 8 168 46
J. =701 In - InA+ > 1n2—0.199478 14
5= = 1152%2[ +4 T+57E+3+ 5 Tty (C.14)

We used the one-loop fermionic master integrals (C.9) and that Jo too vanishes identically,
see e.g. [40]. Details on Js and Js are provided below in section C.1.1.
From eq. (3.22), eq. (B.4) and the definitions of the master integrals, we have

7, =—(D-2)g? [Nc((D —2)Jy — Ja — % —Ji+ 2J5)

. D—4. Js 2J, 45 )]
— 9TLN. (2, — - - . 1
¥ F( "= p 3 p32tp_2 (C.15)

The bosonic part gives

52N, T2 1 [ 8
Z(C)_ :C{——éll — —1 A—— 2
8:q 2B 57672 € 47T + 5 x [-0.209378]
24 13
A B 86, 1
e 1 - (C.16)
2 2 =
(c) 39 N.T _ 1 _ A 5
Zqu,Q’B’n:() = W E 41n ﬁ g y (017)

where the last line is the Qg zero-mode part of the J; integrals, before any Qg shift has
been performed. It gives rise to the soft IR divergence and can be evaluated relatively
straightforwardly (cf. e.g. eq. (C.44) and [41]).

After subtracting this zero-mode from the bosonic contribution — which we shall match
with EQCD later — we find the bosonic and fermionic parts of eq. (C.15)

(c) e ©)
Zg,q‘z,B,nséO - Zg,q 2B qu 2,B,n=0
g°N.T? 11 4
+4ln 71 i 2
o L + = x [~0.209378]
12 61
ST +33+ﬁ1 7r—ln2} (C.18)
g0 _ _@TNeT?[1 A 5 0.199478] + 3 + C.19
g te = qagz | T A gy tg X [F01994T8 4+ 3ye 4 S (C9)

C.1.1 Evaluation of J3 and Js and their fermionic counterparts

For the bosonic J3 and fermionic J3, we first perform the Matsubara sums and drop the
scale-free vacuum x vacuum term, i.e.

- L 2@l 42ne(R)] _ [ ons(@)[14ns (k)
J3_%{ L, QEEE(a—K)? _/qk 4qk(q—k)2 —/qk ghlq—K?2 (C.20)
Jy = 1 [ ne(@)[L—ne(k)]

JS_Zf{QEKE}W_ /qk gk(q—k)? ~’ (C.21)
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where we have used the q <> k symmetry of the integrand. We can now split the vacuum
and thermal parts in k. The former can be treated as follows

0) _ ns(q) ns(Q)0(k —q) | ns(q)0(k —q)
I = +/qk ij(q_ o7~ e + e ] , (C.22)
50) ne(q)  ne(@)(k—q) | ne(q)0(k—q)
5= /qk {qk(q - k)? qk? " qk3 } ’ (C.23)

The sum of the first two terms in both cases is now finite and can be treated in d = 3,
whereas the third term is doable in DR. We then find

2 2
o _ T T[1_41 ‘”T] 94
T3 = o T a2 e T gan) (C.24)
2 2
) T2 T {1_41 SWT} )
T30 = 4872 9672 | e nﬁAm ’ (C.25)

where the first term comes from the finite part and the second from the DR part.
We now turn to the thermal k contribution. There we need to subtract its zero mode
only for the bosonic integral and treat it separately in DR, i.e.

IO = / {nB(q)nB(k) na(@)T _ ne(g)T ] O / r(@ne(k) o)

gk(a—k)?  gk*(a-k)?  gk*(q—k)? k qk(q—k)*
Once again, the sum of the first two terms is finite. It can be treated numerically in three
dimensions. The third term is dealt with in DR, using standard vacuum techniques for the
k integration followed by the q one. We find

T2 1 [t
IO = [ — 3.25532 — - — 4ln% - 2}. (C.27)

6472 €

Using the position-space method of [40, 42], the numerical part can be integrated analytically
with full agreement, finding

2 2 P
a T 2 ] T { 1 o }
— 143In -~ ~ 2 _4mb o 2
T3 = e { T T T T ’ (C.28)
2
s 17
B = e [1 In 2} (C.29)

Hence

2
(0 Ty T 1_ 1 327T }
J,?, = J3 + J3 = 1927‘(‘2 |:€ HTTLAIQ + 6 5 (030)
2
o g g T7TL 8T
Jy3=J3 ' +J3 = ~ 962 [ —41n iz +1In4|. (C.31)

To evaluate J5, we employ again the positon-space methods of [42] and write J;5 as

ne éEKE 2KQ(QE + K;)? i Q2 7 11(), (€32
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where we can separate the vacuum and thermal contribution to II(Q)

@) =F gz, e = 10(@0) +17Q0) (©:33)

The vacuum contribution is obtainable by replacing the Matsubara sum over kg with a
Euclidean [dko/(27). Employing standard DR methods and inserting the result into
eq. (C.32), yields

d—2)d—1)T* 4T3 -d T 11 A2 2
JéO):M6—2d(( ) 7) (2 . ) (g >4572d:_7 —+4ln’u + -
53— a L€ s
(4m)d+1igz—2d [(4)I(42) 57672 47T 3
(C.34)
For H(T), we instead proceed in position space, i.e.
QE i Br k065p0—k0—% eir‘(p-&-q-i-k)
K2(Qg + Kg)? QE + Ky)? KiPg
k2elkolr o—lao+kolr
- TZ / 43ra0° 4;)2 elar (C.35)

where d,, = p,,0 and in the last step we took the three-dimensional Fourier transforms. One
can also work out the Matsubara sum, finding

- c70|7_‘eiq-r

(Qp) = T° /d3r6|r {|q0\3+ g(q% coth(F) + csch?(7)(|qo| + coth(7 ))) _2} ’

(C.36)
where Gy = qo/(2nT) and 7 = 27Tr. To get II")| we must subtract the vacuum contribution,
again obtained by replacing the sum with the integral. We then find

|q0|r iqr 1 1
3 [ 43..€ 2 - L - 20+
=T /d oz {3 (qO (coth(r) 77> + |0 (csch (7) 772)

1
+ csch?(7) coth(7) — 7"3) + |qo]} (C.37)
In principle, we should naively insert this into eq. (C.32). We would find that

1) Since the Fourier transform

elar 1 _ e~laolr
Aﬁ%: e (10 (C.38)

is only defined in 3D for the non-zero modes, we need to treat the (g zero mode
separately.

2) If we use egs. (C.37) and (C.38) together, perform the nonzero ¢y sum, we are then
faced with a dr/r UV logarithmic divergence. As per [42], we must then subtract off
the Qg > T limit of eq. (C.37) in position space and add it back in momentum space
in DR.
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We then find
5 e |q0|r iq-r
2472

where the dots stand for higher-order terms in the expansion for ¥ < 1 with 7gy ~ 1. In

NQy>T) =13 /d @r+.. ., (C.39)

momentum space the analogue expansion can be made by having either of the Ky and
Qr + Ky denominators in eq. (C.32) be much larger than 7. The leading term comes from
the former, yielding

1 T
NQu>T) = Q2$ +O<Q2> (C.40)

By splitting J5(T) into three terms and noting that primed sum-integrals exclude the
zero mode, we obtain

’ 0, L QR QR¢? o, QT K& 70 a' KR (Qp + Ki)?
_ EET)ﬁnite+JéT)div. +J5(T),QO=O' (C.41)

For the first term we proceed in position space. After using eq. (C.38) and performing
the ¢op sum, we have

T)finite _ T4 Z /

q0#0

e_lqolf)e_lqolf 1

[(csch2 (7) coth(r)— %3)

47Tq§r 8r2

—qu\(cschQ( )—l—i- )—qu] (coth( )_71’_;:)]

=2 Je] [t (o) i (o)) (LRTED._ L

+ln (e—F+1) (CSChQ(f)_i_l_l)_i_csch(F) (3coth( )_1_3)}

3 ) 62 7 72
2
=1—0.0997928| x — C.42
where the integration is finite and has been carried out numerically.”
For the divergent piece we find, using IBP
2
T)diV'_il q5 i 1 . 4—d¢ 1 T, — d_4II
= 1,2 K2 T 2,271 = T g o912
op P20, e {2 QEEq] d-2
7% J1 L AS
4In—+2 4 4

1927r{ * 4T+ 7E+] (C43)

"An analytical evaluation could be possible by using IBP: In(1+¢™") = In(1—e™2") —In(1—e™"), and these
two terms are related to the derivatives of the polylogarithms. The non-logarithmic and non-polylogarithmic
term can be done using the methods of [40, 42], giving

Ir csch(7) (3 coth(T) _1_3 T hlilz_l_
6r2 v =) Toen?| N8 2 TR
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Finally, the zero mode can be computed using Feynman parametrisation and the series
expansion for the Riemann zeta function. Below, we list the bosonic [43] and fermionic results

.« _ (k3)°
G e AL

QeKg

6-2aL (% — s1)T(s12 — DT (s13 — 2)T (5123 — d) 272Cog,p5—20-2d

T T o) o — ) Ty (O
Znw =, s R~ e (0D
Qe{kp} TF TTE o
where sg;p = 3¢ (i} Si- The two special cases relevant for our computation
Zm = JEET) o 127;22 ’ (C.46)
2, TE AEET) ©=0 =0, (C.47)

can also be read from egs. (D2) and (D5) of [41]. Summing up egs. (C.34), (C.42), (C.43)
and (C.46) we find eq. (C.7).

For J5 we adopt the same strategy used for its bosonic counterpart. The Ky vacuum part
is identical and given by eq. (C.34). The Ky thermal part is split in three terms (cf. eq. (C.41))

jéT) _ jéT) ﬁnite+jéT)div. _’_jS(T)#]o:O. (C.48)

The finite and divergent terms are

T) finite __ /d3 { le ) Li, ( >] (csch3 (cosh(2r) +3) i)

473 7
_7 6 coth(7) csch(r) —1 1
+1In (e + 1) ( 3 7%)
csch(7) /6 csch(r) 6
11— —
o ( 7 r2)}
2
= 0.0831159| X —— C.49
[ I Gz (C-49)
(1) div. 2—d (T) div. (C.43) T? [1 A8
= (2 -1 = 4In——+2 4—1n4|. .
Js ( )3 —apa | TAN S 2 41 (C.50)

Finally, the zero mode can be read off from eq. (C.47). Summing up egs. (C.34), (C.49), (C.50)
and (C.47) we find eq. (C.14).

C.2 Real-time evaluation of Zz ;

For the sake of readability, we split our evaluation into the fermionic quark- and the bosonic
gauge-contribution.
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C.2.1 Quark contribution

The unresummed Hard Thermal Loop (HTL) subset of the full contribution, using eq. (B.6), is

14+n5(¢°) [¢F (MF(Q) —TIH(Q))ur ]
—adv. C.51
g,LTHTLF / (¢ —ie)? 2(Q7 i) adv.|, ( )

2 2 2 2 0,2 0 .

g°TeNeT* [  (6g5—4¢%)  ,9°Q", ¢ +q+ic
HE(Q)F,HTL—H?(Q)F,HTL: 2 |:— q2 +3 q3 qo—q—i—ie , (C.52)

which, after inserting eq. (C.52) into (C.51), gives rise to a pole and a cut contribution.
The pole contribution is

2 2 1 0 2 2\ 2
(c) g Te NeT §+nB(’q |) (GQO —4q )qL 2
Zg,L-T,F,HTLpole - 19 0 (q_ — i€>2 q2 QTZW(S(Q ) (053)
2T N T? 1 1 2
_ _9 1tV / nB(Q)[ __ __ C%_ (C.54)
6 a 29 llg—g¢*—ie)* (—q—q¢*—ie)?lq
2 2 — J,»l — +l 2
g Te NeT [1 2. pe’mT2 o jLeTET2 T 9 3]
= |+ - 21 —4 — -2 -
w82 @ T T pr Mt Tt g

where in DR, the second step used that the vacuum part is scale-free. The cut contribution
of the HTL piece is instead

2 2 q 0 2 0 0 0
Z(c) g Te N T / dq 27_[_[ 1+nB(q ) + nB(q ) } (055)

g,L-T,F,HTLcut — 4 qJo 2w e ("—q7—ie)? ' (qO+q7+ic)?

where we have symmetrised the frequency integral before restricting the integration to be
over twice the positive range. The ng-independent part is now scale-free, while the rest can
be done in a somewhat similar way to the pole piece

272 < dq® | 0

B 1 1
d d4/ da(1 — 1{
X/QO 4 o(1—at)F (qoqu*i8)2+(q0+qx+i8)2
(C.56)

Z(C) ¢*Tw Ny T2( e

gL-TFHTLcut 4

Our strategy here is to do the following subtraction: ng(¢%) — ns(¢%) F (/¢ — 0(T — ¢°)/2).
In this way, the subtraction is finite, and then we re-evaluate the addition in DR. For the
finite part, we find, performing the angular and momentum integrations first

2 2 0
(¢) _ g TeNeT” 1 / dg° 0{ o_ T G(T—qq
on Jy 24 ) T ot T

g,L-T,F,HTL cut finite ~ 4
 d 1 1 1
></ ﬁ/ dx(1—x2){ : — + : 2}
® qJ (¢ —qz —ie)* ~ (¢°+ qu +ig)

2 2
g Ty NeT e'E
=107 In o (In2—-1). (C.57)
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For the DR subtracted part, we instead do the frequency integral first, splitting it into
the ¢ > T and ¢ < T ranges,

2 2 =2 a1 1
) g TeNeT= fmeT® e 2m 2 00 dea gy d=1
ZQE,CL-T,F,HTLcut div — ) ( ) r ( 0 dqq —ldx (1 -z ) 2

47 d%l) (27T)d
2 1— a2
X{H(T—q)[—Ple—i-ln = }
’TQ o q2x2‘ 2T2
+0(q—1T) {ln 2 PT2 — q2x2} } (C.58)

where the principal value (PV) P arises from the & — 0 limit. The ¢ > T slice is finite
whereas the T' > ¢ part is IR-divergent and needs regularisation

d—1

2r 2

o )P(d;l)@w)d
1 a1 743 9 1—72
X{/ de(1-2?)2 T 3[ Pl_xQ—i—ln = ]

/ dz (1 [L12( ) o (ﬁ;) +1n2|x|—”62”, (C.59)

7(e) QQTFNFT2 (ﬂQGWE €

g,L-T,F,HTLcut div 8

_ *TeN:T?

1
Ll (1n2_1)[ +21n—+—1} (C.60)

2T

where 1(z) = (InT'(z))" is the digamma function. Finally

2 2 +
g TeNgT Iue'YE
Zé,cz-T,F,HTLcut = #(hl 2- 1)[ 2In AnT . (0.61)

Let us now consider the non-HTL piece

2 2
T (Q)s — AT = 2l [ k(i) [240g

0 .
+q—2k+ e
302k — a2 — ¢2) 1 q
+(( a) q>nq0—q—2k‘+i6
0 .
9 q —q+2k+ic
1
q> O+ q+ 2k +ic]’

+(3(2k+ ") - (C.62)
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where Il = II — Ilgry. This then gives

“TedV +n5(¢°) ¢
Zé,cl)z-T,F,non—HTL_g : F/ dkng(k /(—Bzg)zqé

< |0l - (@~ 20?) (32K - ¢ - )
—0(q? — (¢ + 20)?) (3(2k + o) — ¢?) ] . (C.63)

Here, we used the fact that the % piece vanishes® to restrict to the purely odd % +ng(q%)

component. Let us again symmetrise and restrict to twice the positive frequency range

Z(c) _9 TFNF/ dkn / /ql 2+nB 0) %"FTIB(QO) ]
g,L-T,F,non-HTL q _q —ZE)Q (q0+qz+ZE)2

«{ota-20)| (3(2k—q0)2—q2> 0(2k+q—q)

~(32k+¢°)*- %) 9(q—2k—q0)]

+0(2k—q) (3(2k—q")2~¢?) 0(2k3+q—q0)9(q0+q—2k)} . (C.64)

We start by dealing with the vacuum part

2T N. oo q2
Zé,cl)z—T,F,non-HTLvaC =g / dkng(k / / 7J5_
8 0 0 q

1
q ¢ L(°—¢ —16)2+(q0+qz+i€)2]
X{9(q2k)[( (2k—¢")? q2)«9(q+2k )

~(32k+¢")*-¢?) 9(q—2k—q0)]

02k -0) (320~ ) 62kt~ -2k +0) | (C6)

The strategy here is the following: we further symmetrise the expression in ¢?, to perform
the ¢° integrations. After that one can take ¢ — 0. Logarithmic pieces will see their
argument change to its absolute value, while possible imaginary parts will cancel out due
to ¢ symmetrisation. Non-logarithmic pieces present poles on the g* integration range.
If we restrict to twice the positive ¢* range, these occur at —|2k — ¢| + ¢* = 0 and are
turned into a PV prescription by the ¢ — 0 limit. We can thus proceed to the ¢* integral
in the two ranges 2k > ¢ and ¢ > 2k. In the latter case, we find two subranges, one for
q1 < 2k and one for ¢, > 2k. This last one has to be carried out in DR, since it contains
a UV divergence. We then find

2 2 7 A12 ,— 12
(C) . g TFNFT 1 2 /,LA e 2 2 /,LA e 2 7 2 2
R T B W P G g )
2y 2y 1.3y 1 1 4

(C.66)

8Tt gives rise to fully retarded and fully advanced contributions in ¢*. The contours can be safely closed in
these half-planes without encountering singularities or contributions from the arcs at large |¢*|, thus yielding
a vanishing contribution.
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For the thermal part, we have instead

Z(C)

g,L-T,Fnon-HTL th —

4d°
g TFNF/ dkn )/OOqu ooﬂn ( ){Zq tanh™ <q2+q§) _4]
0o 4n? ¢

x {e<q — 2k) [ (32k =" = ¢*) 02k + 4~ o)
- (3(2k +q")? - qQ) 0(q — 2k — qo)]
£ 002k — q) (3(2k — ") — %) 62k + g — )0(a" + 4 2k)} (6T

Here, we first perform the ¢ integration analytically, followed by ¢" and k& numerically. We find

2 2
TN T
ZéfZ.T,F,non,HTLth = 4275[—0.438129+ 1.97382} : (C.68)
—_—— ——
q<2k q>2k
Putting everything together, we find
2TNGT2 (2 2, peete iA2e~2
7% :9”{ 0 1 n2—1
& L-T:F 4872 €2 e<n AT o 167T o )
1 1
ﬂe'YE+§ 2 5 3 { ﬁe'YE+§ :|
21n? —4 — -2 Z4+2(In2-1)|21
2" e — A — 2t g+ 2(In2 - 1)1 2In e

iA2e~3 7 2 1. 2y 1. /3y 1
pom2 P C 0 Ly209) o(ngy)? + 22 4 SLio(3) + ZLiQ(f) .

167T 2 (2 2 3 4 2
1 4
— —1In(3)In - —0.438129 + 1.97382 } . (C.69)
4 3 —_—
q<2k q>2k

C.2.2 Gluon and ghost contribution
We start from egs. (3.20) and (B.5)

Zg(,LTB QCA// 1+nB ))nB(/ﬂ)[qz(qi.o(—SkQ(Mg—qQ)

3(q— —ie)? Q2% +ieq0)
2 2 9 2 qo+q—2k+1e qo—q+2k+ia)
+Q°(12k" —q¢"+3 (ln —+1n :
o ¢+3%) qo—q—2k+ie qo+q+2k+ie
) —q+2k—+i —2k+1
21n qo_'_q—H,E—Hn P~ _H,E—ln Qo+4q —1—1.5)) —adv.} .
qo—q-+ie qo+q+2k+ie qo—q—2k+1ie

+12kq0Q2(
(C.70)

As was done in section C.1, we need to separate out the contributions from zero and non-zero
@ Matsubara modes. In this case, because of the presence of the 1/(¢~ — ig)? factor, the ¢°
integrand possesses poles in addition to those associated with the Matsubara frequencies,
meaning that we cannot effectively trade the ¢ integral for a sum over Matsubara modes as
was done before. However, by first shifting: ¢* — ¢* + i—gqo, we may eliminate the ¢" pole
tied to the 1/(q~ — ie)? prefactor, before proceeding to carry out the ¢" integration using
contour methods. Of course, one may worry that such a shift spoils the analytical structure
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of the retarded (advanced) functions in the upper (lower) ¢" plane. It has nevertheless

been pointed out by Caron-Huot [15]° that as long as X is lightlike or spacelike, one may
|z°]

always work in a frame where 7] < 1, in which case the analytical structure of the causal

functions is not altered.!” Thus, in this case where X is lightlike, the appropriate shift is
precisely: ¢*> — ¢ + ¢°. Following this maneuver, we can safely carry out the integral ¢°
and extract the n = 0 contribution

(©) g CA // qu k) 5 ‘%—q‘
A 4kq — (12k 1
gL-T,Bn=0 — 5(q% + ie)? 7= ¢)ln q+ 2k
2 2
g°C\T 1 [2ee 3
3272 | ¢ A= T ¢(2> ’ (C.71)

which is needed for the matching calculation completed in section 4.

For the contribution from the non-zero Matsubara modes, we rather persist in the
Minkowskian signature so that we can employ the same strategy as in appendix C.2.1. In
more detail, for the HTL part, the k integrand is given by kng(k). Therefore, given that

2T2
/dkknB _2/ dk kng (k) = : (C.72)

we may simply make the replacement 2Ny7x — C, in eq. (C.61) to obtain the bosonic
equivalent. This yields

20,T°[1 2 je’™*3 fiemt 2 5
Z(C) _9°Ca [ 1 91n2 _ 4 T 92 }
g,L-T,B,HTL 4872 2 . n T 4+ 21In T v + 1 e+ 5
2 2 _ +1
g-C\T [1 eVET 2
In2—-1)|—-+21 C.73
gy 2| o 2T (C.73)

For the vacuum part of the non-HTL contribution, we have instead

20 1
7(©) _9°Ca / dk / / 4l }
g,L-T,B,non-HTL vac 167_‘_ nB q . q 715)2 + (qO _'_ qz _|,_ 715)2
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" 252 n 7L12(§) + 1LiQ(g) e g} . (C.75)

9See also [44, 45].
While the methods introduced in [15] are strictly speaking only defined for Jij} < 1, they can be safely

extended to null correlators as well, provided the zero mode contribution is free of collinear singularities, which
is the case here.

- 32 —



where in the last step, the methods of appendix C.2.1 were used. For the thermal part, we
have to subtract the zero mode (cf. eq. (C.?l)“). This yields

2C dq 1 T
g,L-T,B,non-HTL th,n£0 — — / dkn B / 2 |:nB(q0) - qo]

Z(C)
0
{QQ tanh™ ( 2+q0) B 4}

X

q q?

X {9(q — 2k) { (3(2k —q¢")* - q2) 0(2k +q—q°)
- (3(2k +¢°)? - qz) 0(q — 2k — qo)]

+0(2k — q) (326 — ) — ) 02k + ¢ — °)ole" + g — 20)}.
(C.76)

Here, we first perform the g integral analytically, followed by the ¢° and k integrals numerically.
We find

(e) g°CaT?
28] rponrithnto = gy | 0-145277-5.13832 . (C.77)

q<2k q>2k

Not including the @ zero-mode contribution, the total is then

2 2 LeVETS = A12,—1
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4 3
q<2k q>2k

D Determination of the QCD coupling

When adding perturbative and lattice determinations we need to be consistent in our choice of
the coupling g. Indeed, we need to set it to the values that correspond to those chosen in the
EQCD matching coefficients in the lattice ensembles. The matching procedure and coupling
determination for these ensembles is detailed in [21, 22], following [20, 46]. The resulting
values of the coupling and the number of light flavors Ny are listed in table 2, together with the
data for ng|merge from [6].12 The matching procedure corresponds to a renormalisation scale

poy = 4nTe "1, (D.1)

1No zero-mode subtraction was necessary in the HTL part, since the zero mode is scale-free there.
2In the notation and normalisation of [6], that quantity is (Zg’d /931 )fan. It is listed in table 1 there; please
refer to the latest arXiv version, which fixes a numerical issue in previous versions.
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34 |merge
T 92 NF Zgl
95T

250MeV | 3.725027 | 3 | 0.085(37)(12)(2)

500 MeV | 2.763516 | 3 | —0.024(36)(14)(1)

1GeV | 2210169 | 4 | —0.026(32)(4)(3)

100 GeV | 1.066561 | 5 | —0.179(15)(5)(2)

Table 2. The values for the QCD coupling squared and the number of light flavors correspond to
those used in the matching coefficients in the lattice ensembles of [5, 6], see [21, 22] for details. Data

3d |merge
Za

for comes from [6].

where at one-loop level [20]

— N+ 41n(4) N,
22N, — 4N,

Qi =ex (D.2)

Hence, we set jiyy to eq. (D.1) when numerically evaluating eq. (3.28) in section 5.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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