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1 Introduction

Shift symmetries are a hallmark of theories with spontaneously broken symmetries. Sponta-
neously broken symmetries give rise to Goldstone bosons, and under the action of the broken
generators the Goldstone fields transform by simple shifts, at leading order in powers of the
field. On de Sitter (dS) and anti-de Sitter (AdS) space, in the case where the symmetry
breaking involves spacetime symmetries, there is a class of allowed shift symmetries compatible
with the underlying (A)dS isometries. These shift symmetries generalize the extended shift
symmetries of the flat space galileons [1, 2] to (A)dS space and to higher spins. The fields
possessing these symmetries can be thought of as the longitudinal modes of massive fields
that decouple as various massless and partially massless limits are taken in (A)dS.

On flat space, Goldstone fields and their generalizations with extended shift symmetries
are massless. A feature of the (A)dS shift-symmetric fields is that they have masses; the shift

– 1 –



J
H
E
P
0
4
(
2
0
2
4
)
1
0
0

symmetries appear only at particular discrete values of the masses relative to the background
curvature, with different mass values corresponding to different types of shift symmetries.
We can classify the different shift symmetries by a non-negative integer k, which gives the
number of factors of the spacetime coordinates that appear in the transformation law, e.g.,
for flat space scalars k = 0 is a simple constant shift, k = 1 is the galileon, and k = 2
is the special galileon [3–6]. Specific examples of shift symmetries of this kind on (A)dS
have been discussed for many years in widely varying contexts [7–24]. The possible shift
symmetries for all symmetric tensor bosons were classified in ref. [25] and this was extended
to bosonic anti-symmetric and mixed-symmetry fields in ref. [26]. For a more extensive
discussion of the motivation, background and wider context for the study of these fields,
we refer to the introduction of ref. [25].

In this paper, we extend this classification to fermionic fields. Fermionic shift symmetries
are associated with broken symmetry generators that are fermionic, so this is the case of
broken supersymmetry (SUSY) and the fermions which transform with shifts under the broken
generators are Goldstinos. The canonical example of such a theory is the Akulov-Volkov
theory [27, 28]. On flat space, this theory describes the low-energy dynamics of the spin-1/2
Goldstino mode resulting from the spontaneous breaking of N = 1 SUSY down to Poincaré
symmetry. The Goldstino is massless and to leading order in powers of the fields it transforms
with a simple shift under the broken SUSY generator.

On (A)dS space, the Akulov-Volkov Goldstino acquires a specific mass of order the
background curvature scale [29, 30]. This is the simplest example of the general classification
of shift symmetries acting on fermionic fields on (A)dS that we describe. As with bosonic
fields, these shift symmetries occur for all possible fermionic spins, and they appear at
particular discrete values of the fermion masses relative to the background curvature. The
shift-symmetric fields can be thought of as the longitudinal modes of massive fermionic
fields that decouple as the masses approach massless or partially massless points. From this
perspective, the Akulov-Volkov Goldstino is the longitudinal mode of a massive spin-3/2
field that decouples as the mass approaches the massless value. Indeed, in the case of
spontaneously broken gauged SUSY, i.e., supergravity (SUGRA), this is realized physically
as the super-Higgs mechanism: the Goldstino is eaten by the massless spin-3/2 field in the
SUGRA gravity multiplet to become a massive spin-3/2 field, which uses the degrees of the
freedom of the Goldstino for its longitudinal modes [29, 31].

On AdS space, the fermionic shift-symmetric fields are unitary — they have half-integer
dual conformal dimensions which lie above the relevant unitarity bound. On dS space,
they are non-unitary — they do not appear in the classification of fermionic dS unitary
representations [32].

The above classification of possible (A)dS shift symmetries is at the level of free field
theory or representation theory. A more interesting, and more difficult, dynamical question
is whether there exist non-trivial interactions that preserve the shift symmetries. The free
shift-symmetric fields always have shift-invariant field strengths constructed from derivatives
of the field. Trivial interactions can always be formed by using simple powers of the shift-
invariant field strength, analogous to Euler-Heisenberg or Born-Infeld type interactions in
U(1) gauge theory. These interactions retain the same shift symmetry as the linear theory.
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By ‘non-trivial’ interactions, we mean interactions that are not of this type, but rather those
that deform the symmetry algebra so that the shift-symmetries do not commute. The k = 1
and k = 2 scalars allow non-trivial self-interactions of this type [16, 17, 25, 33], as does the
k = 0 vector [34, 35], but no other examples are currently known for the bosonic theories.

A necessary condition for non-trivial interactions in the above mentioned sense is the
existence of a suitable Lie algebra that underlies the symmetries [36, 37]. Trivial interactions
do not deform the algebra of the linear theory, whereas non-trivial interactions do deform
the algebra. The interacting examples mentioned above are single field cases whose algebra
allows for a deformation in which the shift-symmetries do not commute [25].

Below we study the question of whether non-trivial interactions can exist for shift-
symmetric fermions. We do this by studying whether there exist suitable Lie superalgebras
that deform the Lie superalgebra of the free theories. The properties of these Lie superalgebras
are dimension and signature dependent, so for clarity we will stick to the specific case of
four-dimensional AdS space. AdS4 has the isometry algebra so(2, 3), which is isomorphic
to the symplectic Lie algebra sp(4,R).

By studying these algebras, we can rule out the existence of certain theories. One
example is the SUSY special galileon on AdS space. The possibility of supersymmetric
galileons in flat spacetime has been much studied [38–46]. The special galileon in AdS4 is
a scalar field theory with a k = 2 shift transformation that realizes the symmetry breaking
pattern sl(5,R) → so(3, 2) [25, 33]. It is known that there is no supersymmetric special
galileon in flat spacetime [47, 48]. Here, by studying the possible Lie superalgebras, we will
see that there is no suitable symmetry algebra that could underly a non-trivial SUSY special
galileon on AdS4, and so no such theory exists.

The simplest suitable Lie superalgebra that does exist has a single fermionic shift sym-
metry acting on a spin-1/2 fermion, in addition to the AdS isometries. This Lie superalgebra
corresponds to osp(1|4), the algebra of N = 1 supersymmetry in AdS4. This is the algebra
underlying the AdS Akulov-Volkov theory. We will discuss the symmetry transformations of
this theory in detail using the AdS4 fermionic ambient space formalism.

Another such Lie superalgebra is su(2, 2|1), which has two spin-1/2 fermionic generators, a
vector generator and two scalar generators, in addition to the generators of the AdS isometries.
This has an osp(1|4) subalgebra which, when linearly realized, corresponds to the breaking
pattern su(2, 2|1) → osp(1|4), whose bosonic part is so(4, 2)× u(1) → so(3, 2). This underlies
the AdS4 supersymmetric DBI theory [49, 50], in which five-dimensional AdS SUSY is broken
to four-dimensional AdS SUSY. This is a multi-field example: there is a k = 1 shift-symmetric
scalar (the DBI scalar), a k = 0 scalar, and a k = 0 shift-symmetric spin-1/2 fermion. These
three fields together form a linear shift-symmetric multiplet of N = 1 AdS4 SUSY. These
fields can also be thought of as the longitudinal modes that decouple when an N = 1 massive
graviton multiplet approaches the limit of the partially massless multiplet [51–53].

Once multiple fields are considered, there is an infinite series of candidate Lie superalgebras
that can underlie theories with multiple shift-symmetric fields including fermions. These can
be constructed by considering the associative superalgebra of endomorphisms of a Z2-graded
vector space and using the natural (anti)commutator to form the Lie superbracket. These are
analogous to the bosonic algebras studied in ref. [54], which are finite-dimensional subalgebras
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of the infinite-dimensional higher-spin algebras of partially massless Vasiliev theories [54–58].
The existence of these algebras allows for the existence of the corresponding non-linear
shift-symmetric theories, but we do not have a practical method to construct the theories
explicitly, so we cannot say for certain whether they exist.

The rest of this paper is structured as follows: in section 2, we describe the fermionic
shift-symmetric representations for (A)dS space in general dimensions, including mixed-
symmetry fields. In section 3, we describe the fermionic ambient space formalism for AdS4,
making use of the bispinor formalism from ref. [59]. We then use this formalism to write
the free shift symmetry transformations for AdS4 in section 4. In section 5, we discuss
Lie superalgebras deforming the symmetry algebras of the free theories, and we use the
ambient space formalism to write symmetry transformations for the Akulov-Volkov theory
in section 6. We conclude in section 7.

2 Shift symmetries of free fermions

In this section, we discuss the generalities and classification of shift-symmetric free fermions
on (A)dS in arbitrary spacetime dimension D. In order to keep the dimension general, we
will stick to Dirac fermions, bearing in mind that these can be subject to further reducibility
conditions (Majorana, Weyl, etc.) depending on the value of D mod 8. In the later sections,
in order to explicitly write the symmetry transformations and discuss the algebras, we will
specialize to AdS4 using the bispinor formalism from ref. [59].

Consider D-dimensional anti-de Sitter space AdSD of radius L, where D ≥ 3. The Ricci
scalar is R = −D(D−1)L−2, the spacetime indices µ take values 0, . . . D−1, and the metric is
gµν . The gamma matrices γµ are the curved space D-dimensional gamma matrices satisfying

{γµ, γν} = 2gµν . (2.1)

They are related to the flat gamma matrices γa satisfying {γa, γb} = 2ηab by contracting
with the AdSD vielbein e a

µ , γµ = e a
µ γa.

The fermions will be described by tensor-spinors Ψµ1µ2··· which carry some spacetime
indices in addition to a single Dirac fermion index, where the fermion index will generally be
suppressed in this section. The covariant derivative Dµ operating on a tensor-spinor includes
the connection for the spinor, i.e., Dµ = ∇µ + 1

8ωab
µ [γa, γb], where ωab

µ is the Lorentz spin
connection and ∇µ is the standard tensor covariant derivative containing the Christoffel
symbols acting on the tensor indices. The covariant derivative Dµ commutes with γµ and
with gµν . We also define

/D := γµDµ (2.2)

and the following (A)dS modified derivative, which appears often:

D̃µ = Dµ ± 1
2L

γµ. (2.3)

(The sign ambiguity will correspond to a choice of sign for partially massless and shift-
symmetric fermion mass terms.)
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For a general tensor-spinor Ψµ1···µr of rank r, we have the following useful identities:

[Dµ,Dν ] Ψµ1···µr = − 1
2L2 γµνΨµ1···µr −

2
L2

r∑
i=1

gµi[µΨ|µ1···µi−1|ν]µi+1···µr
, (2.4)

/D2Ψµ1···µr =
(
D2 + 1

L2

[
r + D(D − 1)

4

])
Ψµ1···µr −

1
L2

r∑
i=1

γµiγ
µΨµ1···µi−1µµi+1···µr , (2.5)

where we antisymmetrize with weight one, e.g., T[µν] = 1
2(Tµν − Tνµ), and γµν ≡ γ[µγν].

2.1 Spin-s massive fermions

A massive spin-s fermion is described by a rank-(s − 1
2) tensor-spinor field Ψµ1···µs−1/2 . The

µ’s are fully symmetric spacetime tensor indices and the single spinor index is suppressed.
On shell, this field is transverse, gamma traceless, and satisfies the Dirac equation with a
mass parameter that we call m̃,(

/D + m̃
)
Ψµ1···µs−1/2 = 0, Dµ1Ψµ1···µs−1/2 = 0, γµ1Ψµ1···µs−1/2 = 0 . (2.6)

Multiplying the gamma tracelessness condition by another gamma matrix and using (2.1)
shows that Ψµ1···µs−1/2 is also completely traceless in all its tensor indices,

gµ1µ2Ψµ1···µs−1/2 = 0. (2.7)

Applying /D − m̃ to the Dirac equation and using (2.5) along with gamma tracelessness, we
see that the tensor-spinor also satisfies the Klein-Gordon equation,(

D2 + 1
L2

[
s − 1

2 + D(D − 1)
4

]
− m̃2

)
Ψµ1···µs−1/2 = 0 . (2.8)

The AdS/CFT formula relating m̃ and the scaling dimension ∆ of the dual CFT operator is

m̃2L2 =
(
∆− d

2

)2
, ∆± = d

2 ± m̃L , (2.9)

where d = D−1 is the boundary dimension. Note that this relation is independent of the spin.

2.2 Spin-s partially massless fermions

Fermions acquire partially massless (PM) fermionic gauge symmetries for certain special
masses when s ≥ 3

2 [60–62]. These PM values occur for the mass values

m̃2
s,t =

(D − 3 + 2t)2

4L2 , (2.10)

where
t = 1

2 ,
3
2 , · · · , s − 1 (2.11)

is called the depth and labels the spin of the PM gauge parameter. A depth-t spin-s PM
field has an on-shell gauge symmetry

δΨµ1···µs− 1
2
= D̃(µ

t+ 1
2

. . . D̃µ
s− 1

2
ξµ1...µ

t− 1
2

)T , (2.12)
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where ξµ1...µ
t− 1

2
is a symmetric tensor-spinor spin-t PM gauge parameter and D̃µ is the

modified covariant derivative defined in (2.3). The gauge parameter itself satisfies on-shell
conditions analogous to (2.6),(

/D + m̃ξ

)
ξµ1...µ

t− 1
2
= 0, Dµ1ξµ1...µ

t− 1
2
= 0, γµ1ξµ1...µ

t− 1
2
= 0 , (2.13)

with
m̃2

ξ = (D − 3 + 2s)2

4L2 . (2.14)

The PM mass values (2.10) and the mass (2.14) of the Dirac equation in (2.13) are
determined by the PM gauge symmetry (2.12) up to an overall sign ambiguity: this sign
corresponds to the choice of sign made in the definition of D̃µ in (2.3) used in (2.12), with
the upper sign corresponding to taking the positive roots of (2.10) and (2.14).

The conformal dimensions corresponding to the PM mass values are

∆+ = d + t − 1, ∆− = 1− t . (2.15)

The fields with the largest gauge symmetry, and hence the smallest number of propagating
degrees of freedom, are those with t = s−1, which are the fields typically called “massless” [63–
65]. The mass parameter m̃ in the Dirac equation is related to the traditionally defined
mass m by

m̃2 = (D + 2s − 5)2

4L2 + m2. (2.16)

The mass m is defined so that a spin-s field with s ≥ 3/2 and with m = 0 corresponds to
the mass value with the largest gauge symmetry (for s = 1/2, we do not have this natural
definition of masslessness, but we can still use (2.16) as a definition in this case). The
AdS/CFT formula in terms of m2 is

m2L2 = (∆+ s − 2)(∆− s − d + 2) , ∆± = d

2 ±
√

(d + 2(s − 2))2

4 + m2L2 , (2.17)

and the PM mass values are

m2
s,t =

(t − s + 1)(D + s + t − 4)
L2 . (2.18)

Note that the PM values for m2 are negative except for the massless case, i.e., m2
s,t < 0

for t < s − 1.
There is a unitarity bound for CFT primaries which for symmetric tensor-spinor fermions

of the type we are considering is

∆ ≥ d + s − 2. (2.19)

The massless fields saturate this bound and all the other PM points lie below this bound.
Thus on AdS space, the massless point is unitary and all the other PM points are non-unitary.
On dS space, where L2 → −1/H2 with H the Hubble scale, the question of unitarity is
more complicated and involves subtleties in the fermionic representation theory of the dS
group [32, 66]. It turns out that in D = 4, the massless and PM points are all unitary (despite
the fact that the Lagrangian is seemingly non-Hermitian due to the imaginary mass), but for
D ≥ 5 none of the massless or PM points are unitary (see, e.g., the recent study [67]).
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2.3 Spin-s shift-symmetric fermions

A spin-s fermion field acquires an enhanced shift symmetry of level k at the mass value

m̃2
s,k = (2k + 2s + D − 1)2

4L2 , m2
s,k = (k + 2)(k + D − 3 + 2s)

L2 . (2.20)

The level k = 0, 1, 2, . . . of the shift symmetry corresponds to the power of spacetime
coordinates appearing in the shift symmetry. The form of these shift symmetries is most
naturally written in ambient space: the fermion shifts by a fermionic ambient space tensor-
spinor whose tensor indices are in the finite-dimensional representation of the (A)dS isometry
group corresponding to a traceless two-row Young tableau [s − 1

2 + k, s − 1
2 ]s.1 The indices of

the top row are contracted with ambient space coordinates XA and the rest are projected
down to the (A)dS space. The details of this projection and the irreducibility conditions that
can be imposed on the spinor are dimension dependent, so we will not attempt to do this
explicitly for general dimension. We consider the case of AdS4 in section 4. These objects can
be thought of as (A)dS spinor spherical harmonics, or conformal Killing tensor-spinors [68].

The shift-symmetric scaling dimensions corresponding to the masses (2.20) are

∆+ = d + s + k, ∆− = −s − k. (2.21)

Similarly to the bosonic case, the negative root ∆− = −s − k of the shift-symmetric fermion
gives the representation whose non-null states span the finite-dimensional, non-unitary tensor-
spinor representation [s − 1

2 + k, s − 1
2 ]s of the AdSD isometry group. On AdS space, the

shift-symmetric points all lie above the unitarity bound and hence are unitary. On dS space,
their absence from the list of unitary representations [32] indicates that they are non-unitary.

The connection between the fermionic PM fields and the fermionic shift-symmetric fields
is analogous to that of the bosons: the shift-symmetric fields appear as the longitudinal
modes of massive fields that decouple in the partially massless limits. Consider taking the
depth-t PM limit of a fermionic spin-s massive field. In this limit, the massive fermion breaks
up into a depth-t PM fermion and a spin-t fermion with a level k = s − t − 1 shift symmetry,

(m2, s) −−−−−−→
m2→m2

s,t

(m2
s,t, s)⊕ (m2

t,s−t−1, t). (2.22)

This corresponds to the following branching rule:

D(∆, s) −−−−−−→
∆→d−1+t

D(d − 1 + t, s)⊕ D(s + d − 1, t) . (2.23)

From this viewpoint, the shift symmetries originate as the reducibility parameters of the
PM gauge theory, i.e., those gauge parameters for which the PM transformation (2.12)
vanishes. We illustrate the scaling dimensions of the PM and shift-invariant fermions and
bosons in figure 1.

1Young tableaux are denoted by [s1, s2, · · · , sp], where si is the number of boxes in the i-th row. In this
section, we include a subscript s, [s1, s2, · · · , sp]s, to indicate that we are talking about the symmetries of a
tensor-spinor, where the tensor indices are in the given tableau.
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t = 0
t = 1

2

t = 1

k
=

0
k

=
1

k
=

2
mass

les
s

0 1 2 3 4 5 6 7

d − 1

d

d + 1

d + 2

d + 3

d + 4

d + 5

s

∆

Figure 1. Scaling dimensions of PM fields and shift-symmetric fields on AdSd+1. Filled circles are
bosons and unfilled circles are fermions. The blue circles below the dotted diagonal line are PM fields
and the black circles above it are shift-symmetric fields. The shift-symmetric field obtained in the
decoupling limit as one approaches a PM field is obtained by reflecting the PM field about the dotted
diagonal line ∆ = s + d − 1.

There is a shift-invariant field strength tensor that is patterned after the partially massless
gauge symmetry (2.12) of the parent PM field. For spin-s and level k, we have

Fµ1···µs− 1
2 +k+1

= D̃(µ
s− 1

2 +1
. . . D̃µ

s− 1
2 +k+1

Ψµ1...µ
s− 1

2
)T . (2.24)

This is the basic local operator capturing all the on-shell non-trivial shift-invariant information
of the theory.

2.4 Mixed-symmetry massive fermions

In higher dimensions, fermions can be in representations other than symmetric tensors. The
most general mixed-symmetry fermion [69–72] is described by a tensor-spinor field in the
representation [s1, s2, . . . , sp]s, i.e., the tensor indices live in the Young tableau with p rows
where the i-th row has length si. (Note that s in the previous sections referred to the spin of
the fermion rather than the length of its tensor-spinor tableaux, so this was the case of a single
row tableau with length s1 = s − 1/2.) The field is also divergenceless and gamma-traceless
in every tensor index and satisfies the Dirac equation,(

/D + m̃
)
Ψµ1...µs1 ,... = 0 . (2.25)

This implies that it also satisfies the Klein-Gordon equation,(
D2 + 1

L2

[
D(D − 1)

4 +
∑

i

si

]
− m̃2

)
Ψµ1...µs1 ,... = 0 , (2.26)

and is fully traceless in its tensor indices.
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The AdS/CFT formula relating m̃ and the scaling dimension of the dual CFT operator is,

m̃2L2 =
(
∆− d

2

)2
, ∆± = d

2 ± m̃L , (2.27)

which is independent of the tableau of the tensor-spinor.

2.5 Mixed-symmetry partially massless fermions

The pattern of possible PM points for mixed-symmetry fermions mirrors that of their bosonic
counterparts [66, 73–79]. The partially massless points occur when squares in the field’s
tableau from a row that is longer than the row directly below it are ‘activated’. If it is
the q-th row that is activated, the number of squares that may be activated ranges over
1, 2, . . . , sq − sq+1. We assign an integer depth label t̃ ∈ {1, · · · , sq − sq+1}, which indicates
that t̃ of the squares in the q-th row are being activated. By removing these activated squares,
we get the tableau corresponding to the tensor indices of the tensor-spinor gauge parameter,
and each activated square becomes a D̃µ in the gauge transformation law. These PM points
occur at half-integer values of the dual conformal dimension, given by

∆+ = d − q + sq +
1
2 − t̃ , (2.28)

which correspond to the mass values

m̃2L2 =
(

D

2 − q + sq − t̃

)2
. (2.29)

They have a value of ∆+ that is larger by 1/2 than that of their bosonic counterparts.
There is a CFT unitarity bound ∆ ≥ d + s1 − h1 − 1

2 for a mixed-symmetry fermionic
state [74, 80, 81], where h1 is the number of rows with length s1. This bound is saturated by
the PM state where one square in the top block is activated, and all the other PM points
lie below this bound. Thus, on AdS space only this PM point is unitary and the rest are
non-unitary. On dS space, the condition for unitarity is more complicated and stems from
the representation theory of the dS group: for D odd, none of the fermionic PM points are
unitary. For D even, the only unitary fermionic PM fields are those with a (D − 2)/2 row
tableau in which squares in the bottom row are activated [32].

If the tableaux has more than one row, q > 1, the gauge transformation is reducible,
and there are q − 1 levels of gauge-for-gauge parameters. As in the bosonic case discussed
in ref. [26], the shift-symmetric fields will come as the longitudinal modes of massive fields
as they approach partially massless limits with no reducibilities, i.e., those where the first
row is activated.

Perhaps the most familiar example of fermions beyond the symmetric tensor-spinors are
the fermionic p-forms [82–87], described by a tableau with one column of length p. These
have a single PM point where the bottom square is activated, which occurs at the value

∆+ = d − p + 1
2 , (2.30)

corresponding to the mass value

m̃2L2 =
(

D

2 − p

)2
. (2.31)
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Since this is the only PM point for a fermionic p-form, we often call this the massless p-form
and define the physical mass m via

m̃2 = 1
L2

(
D

2 − p

)2
+ m2 , (2.32)

so that m = 0 corresponds to the massless point.

2.6 Mixed-symmetry shift-symmetric fermions

We find the shift-symmetric fermions by following the bosonic discussion of ref. [26]: consider
a PM fermion with tableaux [s1 + k + 1, s2, . . . , sp]s where k + 1 boxes in the first row are
activated (t̃ = k+1). These are the only PM fermions with irreducible gauge symmetries where
the gauge parameter is a fermion of type [s1, s2, . . . , sp]s. These PM points occur at the values

∆+ = d + s1 −
1
2 . (2.33)

The gauge symmetry at this PM point has k + 1 derivatives and so the dual operator has
a conservation-type shortening condition at level k + 1, yielding a null state fermion with
tableaux [s1, s2, . . . , sp]s and conformal dimension

∆+ = d + k + s1 +
1
2 . (2.34)

As this PM value is approached, the representation D(∆, [s1 + k + 1, s2, . . . , sp]s) splits via
the branching rule

D(∆, [s1 + k + 1, s2, . . . , sp]s) −−−−−−−−→
∆→d+s1− 1

2

D

(
d + s1 −

1
2 , [s1 + k + 1, s2, . . . , sp]s

)
⊕ D

(
d + k + s1 +

1
2 , [s1, s2, . . . , sp]s

)
. (2.35)

The “longitudinal” representation D(d + k + s1 + 1
2 , [s1, s2, . . . , sp]s) that splits off is the

level-k shift-symmetric fermion. Using (2.27) we find the masses for the shift-symmetric
fermions of type [s1, . . . , sp]s,

m̃2
[s1,...,sp]s,kL2 =

(
D

2 + s1 + k

)2
. (2.36)

On AdS space, these shift-symmetric points all lie above the unitarity bound and hence are
unitary. On dS space, they are non-unitary.

The form of the shift symmetry is given by a fermionic ambient space tensor-spinor of
type [s1 + k, s1, s2, . . . , sp]s, where the indices of the top row are contracted with ambient
space coordinates XA and the rest are projected down. This can be thought of as the most
general kind of spinorial Killing-Yano-like object on AdSD.

Each shift-symmetric field has a corresponding (k+1)-derivative fermionic ‘field strength’
with the tableau [s1 + k + 1, s2, · · · , sp]s of the parent PM field,

Fµ1···µs1+k+1,··· = Y[s1+k+1,s2,··· ,sp]T
[
D̃µs1+1 · · · D̃µs1+k+1Φµ1···µs1 ,···

]
, (2.37)

where Y is a Young projector. This field strength is invariant under the shift symmetries and
is the basic local operator capturing all of the on-shell non-trivial shift-invariant information
of the theory.
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3 Ambient space and bispinors

In this section, we will specialize to the case of AdS4. We discuss the notation and kinematics
necessary to describe fermionic fields on AdS4 using ambient/embedding space. We make
use of the ambient space approach of ref. [88] and the bispinor formalism of ref. [59], which
exploits the isomorphism between the isometry algebra so(2, 3) of AdS4 and the symplectic
algebra sp(4,R). This formalism is analogous to the spinor-helicity formalism often used for
flat space, and it will allow us to treat all spins, even and odd, in a uniform manner.

3.1 Spinor conventions

There are many index types to keep track of when dealing with fermions in ambient space,
so we first list these and specify our conventions.

• The indices µ, ν, . . . are intrinsic spacetime indices for AdS4 with coordinates xµ. Space-
time indices are raised and lowered with the metric gµν .

• The indices i, j, . . . are for the 3D Minkowski space R1,2. These indices are raised and
lowered with the 3D Minkowski metric ηij .

• The indices a, b, . . . are local Lorentz tangent space indices for AdS4. The 4D tangent
space vector indices are raised and lowered with the local Minkowski metric ηab. The
vierbein is ea

µ.

• The indices α, β, . . . , α̇, β̇, . . . are SL(2,C) spinor indices for the tangent space. These
indices are raised and lowered using the 2D invariant anti-symmetric tensors ϵαβ, ϵα̇β̇

and their raised versions ϵαβ , ϵα̇β̇ . Our conventions for raising and lowering indices are
given by

sα = ϵαβsβ , sα = sβϵβα. (3.1)

With this convention, ϵαβ is equal to ϵαβ with raised indices and the Kronecker delta
is δα

β = ϵαγϵβγ = −δβ
α, and similarly for dotted indices. The 4D sigma matrices are

σaαα̇ and σ̄a
α̇α. From the vierbein ea

µ and its inverse eµ
a , we define σαα̇

µ := ea
µσaαα̇ and

σ̄µ
α̇α := eµ

a σ̄a
α̇α.

• The indices A, B, . . . are for the Cartesian coordinates XA of the ambient space R3,2

which has the flat metric ηAB , used to raise and lower indices on ambient space tensors.

• The indices I, J, . . . are Sp(4,R) spinor indices for the ambient space. The invariant
anti-symmetric tensor is JIJ . The inverse transpose of the antisymmetric tensor is
denoted by JIJ . We raise and lower indices using JIJ and JIJ as

SI = JIJSJ , SI = SJJJI . (3.2)

With this convention, JIJ is equal to JIJ with raised indices, i.e., JIJ = JKLJKIJLJ ,
and the Kronecker delta is δI

J = JIKJJK = −δJ
I . The relative position of contracted

indices is important, e.g., we have SI
I... = −SI

I
....
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Type Indices Range Invariant tensors
AdS4 spacetime µ, ν, . . . 0, . . . , 3 gµν

SO(1, 2) i, j, . . . 0, . . . , 2 ηij

SO(1, 3) a, b, . . . 0, . . . , 3 ηab

SL(2,C) α, β, . . . , α̇, β̇, . . . 1, 2 ϵαβ , ϵα̇,β̇

SO(2, 3) A, B, . . . 0, . . . , 4 ηAB

Sp(4,R) I, J, . . . 1, . . . , 4 JIJ

Table 1. Summary of different indices and invariant tensors.

The different indices and invariant tensors are summarized in table 1.
The five SO(2, 3) gamma matrices are denoted by (ΓA)I

J . They satisfy the Clifford
algebra anticommutation relations,

{ΓA,ΓB} = 2ηAB. (3.3)

They can be chosen to be real and unitary. Taking ηAB = diag(−1, 1, 1, 1,−1), a convenient
such basis is the one used by ref. [59] with

JIJ =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 (3.4)

and

(Γ0)I
J =

(
−iσ2 0
0 iσ2

)
, (Γ1)I

J =
(

σ1 0
0 σ1

)
, (Γ2)I

J =
(

σ3 0
0 σ3

)
, (3.5)

(Γ3)I
J =

(
0 iσ2

−iσ2 0

)
, (Γ4)I

J =
(

0 −iσ2

−iσ2 0

)
, (3.6)

where
σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0
0 −1

)
. (3.7)

The corresponding 4D sigma matrices σαα̇
a are

σαα̇
0 =

(
−1 0
0 −1

)
, σαα̇

1 =
(
−1 0
0 1

)
, σαα̇

2 =
(
0 1
1 0

)
, σαα̇

3 =
(

0 i

−i 0

)
, (3.8)

the 4D gamma matrices γa are

γa =
(

0 iσa
αα̇

i(σ̄a)α̇α 0

)
, (3.9)

where (σ̄a)α̇α = (σaT )αα̇, and the 3D gamma matrices γi
(3) are

γ0
(3) = −iσ2, γ1

(3) = σ1, γ2
(3) = σ3. (3.10)
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For a vector PA we define P I
J := PA(ΓA)I

J , where PIJ is antisymmetric and J-traceless.
The inverse relation is P A = 1

4P I
J(ΓA)J

I . For spinors SI , T I and P I
1 J , . . . , P I

n J , we use
the angle bracket notation

⟨SP1 . . . PnT ⟩ := SI1P I1
I2 . . . P I2n−1

I2nT I2n . (3.11)

For the bispinors T α
I , T̄ α̇

I , we also use angle brackets to denote contractions of the SL(2,C)
indices,

⟨T IT J⟩ := T I
αT αJ , ⟨T̄ I T̄ J⟩ := T̄ I

αT̄ αJ , ⟨TT ⟩ := TαIT αI , ⟨T̄ T̄ ⟩ := T̄α̇I T̄ α̇I . (3.12)

3.2 Representations

The group SL(2,C) is the double cover of SO0(1, 3), the connected component of the identity
of SO(1, 3), while Sp(4,R) is the double cover of SO0(2, 3). It will be useful to review the
Lie algebra so(2, 3) ∼= sp(4,R) and the transformations from tensor representations of the
indefinite orthogonal groups to representations of their covers.

3.2.1 so(2, 3) ∼= sp(4,R)

The 10-dimensional Lie algebra sp(4,R) consists of all real 4× 4 matrices M I
J preserving

the symplectic form JIJ ,

MK
IJKJ + MK

JJIK = 0. (3.13)

We can write a basis of such matrices as (MAB)I
J = 1

2(ΓAB)I
J , where ΓAB := 1

2 [ΓA,ΓB].
These satisfy the commutation relations of so(2, 3),

[MAB, MCD] = −ηACMBD + ηBCMAD − ηBDMAC + ηADMBC . (3.14)

For later use, we define the conformal algebra generators D := M45, Pi := Mi4 − Mi5,
Ki := Mi4 + Mi5, and mij := Mij , with i, j = 1, 2, 3, so the non-vanishing commutators
in (3.14) can be written as

[mij , mkl] = −ηikmjl + ηjkmil − ηjlmik + ηilmjk, (3.15a)
[mij , Pk] = −ηikPj + ηjkPi, (3.15b)
[mij , Kk] = −ηikKj + ηjkKi, (3.15c)
[Ki, Pj ] = 2ηijD − 2mij , (3.15d)
[D, Pi] = Pi, (3.15e)
[D, Ki] = −Ki. (3.15f)

3.2.2 SL(2,C) representations

Let us briefly review the relation between representations of SO(1, 3) and SL(2,C). We have
the completeness relations involving the 4D sigma matrices (3.8),

σαα̇
a σ̄a

β̇β
= −2δα

βδα̇
β̇ , (σa)αα̇σββ̇

a = −2ϵαβϵα̇β̇ , σ̄a
α̇ασ̄aβ̇β = −2ϵαβϵα̇β̇ , (3.16)

(σa)αα̇σb
αα̇ = −2ηab, (σa)αα̇σ̄b

α̇α = −2ηab, (σ̄a)α̇ασ̄b
α̇α = −2ηab. (3.17)
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We can map a vector va of SO(1, 3) to the SL(2,C) representation vαα̇ using

vαα̇ = σαα̇
a va, va = −1

2σa
αα̇vαα̇. (3.18)

This implies that vava = −1
2vαα̇vαα̇. More generally, we can map a symmetric traceless

rank-s tensor va1...as of SO(1, 3) to the SL(2,C) representation vα1...αs,α̇1...α̇s that is totally
symmetric in the undotted and dotted indices,

vα1...αs,α̇1...α̇s = σα1α̇s
a1 . . . σα1α̇s

as
va1...as , va1...as = (−1)s

2s
σa1

α1α̇1 . . . σas
αsα̇s

vα1...αs,α̇1...α̇s . (3.19)

We also have the more general finite-dimensional representations of SL(2,C),

vα1...αm,α̇1...α̇n , (3.20)

where the undotted and dotted indices are each completely symmetric.

3.2.3 Sp(4,R) representations

We now discuss the relation between finite-dimensional representations of SO(2, 3) and
Sp(4,R). Raising an index on the gamma matrices, the result is anti-symmetric and
J-traceless, (

ΓA
)IJ

=
(
ΓA
)I

K
JKJ ,

(
ΓA
)IJ

= −
(
ΓA
)JI

,
(
ΓA
)IJ

JIJ = 0 . (3.21)

We have the completeness relations(
ΓA
)IJ (

ΓB
)

IJ
= 4ηAB,

(
ΓA
)IJ

(ΓA)KL = 2
(
JIKJJL − JILJJK

)
− JIJJKL. (3.22)

Using this, we can map an SO(2, 3) vector V A to an anti-symmetric J-traceless Sp(4,R)
tensor V IJ ,

V IJ = VA

(
ΓA
)IJ

, V A = 1
4
(
ΓA
)

IJ
V IJ . (3.23)

We have the convenient identity

V I
JV J

K = V 2δI
K , (3.24)

where V 2 := ηABV AV B = 1
4VIJV IJ .

Raising an index on the generators ΓAB, the result is symmetric,

(ΓAB)IJ = (ΓAB)I
KJKJ , (ΓAB)IJ = (ΓAB)JI . (3.25)

We have the completeness relations(
ΓAB

)IJ (
ΓCD

)
IJ

= 4
(
ηACηBD − ηADηBC

)
,(

ΓAB
)IJ

(ΓAB)KL = 4
(
JIKJJL + JILJJK

)
.

(3.26)

– 14 –



J
H
E
P
0
4
(
2
0
2
4
)
1
0
0

Using this, we can map a rank-2 anti-symmetric SO(2, 3) tensor T AB to a rank-2 symmetric
Sp(4,R) tensor T IJ ,

T IJ = 1
2TAB

(
ΓAB

)IJ
, T AB = 1

4
(
ΓAB

)
IJ

T IJ . (3.27)

In general, an SO(2, 3) irreducible tensor representation is specified by a two-row traceless
Young tableau [m1, m2]. We can include the spinor representations by including a formal
fundamental spinor tableau [1

2 , 1
2 ], so that the irreducible tensor-spinor representation with

tensor indices [m1, m2] and a spinor index is denoted by [m1 + 1
2 , m2 + 1

2 ] (note that this
differs from the notation [·, ·]s used in the previous section). Including these representations
accounts for all irreducible representations. The representations are all real. The SO(2, 3)
representation [m1, m2] with 2mi ∈ Z≥0 is equivalent to the Sp(4,R) representation given
by the two-row J-traceless tableau [m1 + m2, m1 − m2],

m1 + m2
m1 − m2

. (3.28)

Those Sp(4,R) representations given by tableaux with an odd number of boxes are fermionic
representations, while those with an even number of boxes are bosonic representations. For
example, the spin-s SO(2, 3) representation, carried by a symmetric traceless rank-s tensor,
is described by the Sp(4,R) tensor with the symmetries of the J-traceless tableau [s, s].

3.3 Ambient space

Now we discuss the ambient space construction for fermionic fields on AdS4. The original
bosonic ambient space goes back to ref. [89]. For a review, see ref. [90]. To describe fermions
in ambient space, we adapt to AdS4 the even-dimensional dS formalism from ref. [88] using
the bispinor formalism of ref. [59]. See also refs. [91–94].

3.3.1 Ambient space

Consider the ambient space R2,3 with coordinates XA with A = 0, . . . , 4 and metric ηAB =
diag(−1, 1, 1, 1,−1). Define the open submanifold

R2,3
0 = {XA : X2 := ηABXAXB < 0} ⊂ R2,3. (3.29)

We identify AdS4 with the universal cover of the hypersurface in R2,3
0 defined by X2 = −L2.

If xµ are local coordinates on AdS4, then we have an embedding xµ 7→ XA(x), so we have

XA(x)XA(x) = −L2. (3.30)

For example, in Poincaré coordinates xµ = (xi, z) we can take

Xi(x) = Lxi

z
, i = 0, 1, 2, X3(x) = L2 − ηijxixj − z2

2z
, X4(x) = L2 + ηijxixj + z2

2z
,

(3.31)
where ηij = diag(−1, 1, 1), and the induced metric on AdS4 is

ds2 = L2

z2 (ηijdxidxj + dz2). (3.32)

– 15 –



J
H
E
P
0
4
(
2
0
2
4
)
1
0
0

From the ambient space coordinates XA, we can define the anti-symmetric J-traceless
Sp(4,R) tensor XIJ ,

XIJ = XA

(
ΓA
)IJ

, XA = 1
4
(
ΓA
)

IJ
XIJ . (3.33)

It is also useful to define the following projectors in ambient space:

PI
±J(X) := 1

2

(
δI

J ∓ i√
−X2 XI

J

)
. (3.34)

These project onto the spaces of eigenspinors of the coordinate matrix XI
J ,

XI
JPJ

±K = ±i
√
−X2PI

±K , (3.35)

and satisfy the conditions

PI
+J + PI

−J = δI
J , PI

±JPJ
±K = PI

±K , PI
+JPJ

−K = 0, (3.36)

where here the dependence of the projectors on the coordinates XA is left implicit.

3.3.2 Bispinors

Following ref. [59], we introduce the complex bispinors T I
α on AdS4, I = 1, . . . 4 and α = 1, 2,

such that we can write the embedding coordinates XA(x) as

XA(x) = −1
4⟨TαΓAT α⟩ . (3.37)

The conjugate bispinor is T̄ I
α̇ := (T I

α)∗. The bispinor transforms covariantly under both
Sp(4,R) and SL(2,C). Equation (3.37) determines T I

α in terms of XA(x) up to SL(2,C)
transformations. In terms of XIJ , equation (3.37) is

XIJ(x) = T I
αT αJ − iLJIJ , (3.38)

where we have used the second identity in (3.22). Note that T I
α is defined only on the AdS

surface, rather than the full ambient space.
By eqs. (3.30) and (3.37), and the reality of XA(x), the bispinors satisfy the constraints

⟨TαΓAT α⟩ = ⟨T̄α̇ΓAT̄ α̇⟩, ⟨TT ⟩2 = ⟨T̄ T̄ ⟩2 = −16L2. (3.39)

These represent six independent real constraints, since the first equality already implies that
⟨TT ⟩2 is real. Together with SL(2,C) covariance, these six constraints reduce the 16 real
degrees of freedom in T I

α to four real degrees of freedom, corresponding to the four coordinates
xµ. The constraints can equivalently be written as [59]

⟨T αT̄ α̇⟩ = 0, ⟨T αT β⟩ = 2iLϵαβ , ⟨T̄ α̇T̄ β̇⟩ = −2iLϵα̇β̇ . (3.40)

This equivalence is not obvious, but it can be checked by comparing Gröbner bases of each
system of equations using an explicit choice of ΓA and JIJ .
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From (3.38), we see that the bispinors are eigenspinors of the coordinate matrix,

XI
J(x)T J

α = iLT I
α. (3.41)

In terms of the projectors (3.34), this reads

PI
−J(X(x))T J

α = 0. (3.42)

For example, using Poincaré coordinates and the explicit ΓA from section 3.1, we can write

T I
α = 1√

z


L 0
0 L

−x0 + x1 −iz − x2

iz − x2 −x0 − x1

 . (3.43)

The bispinors T I
α give the full set of Killing spinors on AdS4 [59]. If we form the Dirac

spinors ξI =
(

T I
α

T̄ α̇I

)
, then these satisfy the AdS4 Killing spinor equations,

(
Dµ − 1

2L
γµ
)

ξI = 0. (3.44)

In terms of Weyl spinors and Dαα̇ = σµ
αα̇Dµ, these Killing spinor equations are

Dαα̇T I
β = − i

L
ϵαβT̄ I

α̇, Dαα̇T̄ I
β̇
= i

L
ϵα̇β̇T I

α. (3.45)

From these we can deduce that the covariant derivative acting on Killing spinors can be
written as

Dαα̇ = i

L

(
T αI ∂̄α̇

I − T̄ α̇I∂α
I

)
, (3.46)

where we use the notation ∂α
I := ∂/∂T I

α and ∂̄α̇
I := ∂/∂T̄ I

α̇.

3.3.3 Vierbein

We can write the AdS4 metric gµν in terms of the bispinors by projecting the flat ambi-
ent metric,

gµν = ηAB∂µXA(x)∂νXB(x) = −1
2⟨T

α∂µT̄ α̇⟩⟨Tα∂ν T̄α̇⟩, (3.47)

where ∂µ := ∂/∂xµ and we have used the completeness relation (3.22) and the on-shell
conditions (3.40). Following ref. [59], the vierbein can be written as

ea
µ = 1

2(σ
a)αα̇⟨Tα∂µT̄α̇⟩, (3.48)

and the projector onto the AdS surface can be written as

∂µXA = i

4L
ea

µσαα̇
a ⟨TαΓAT̄α̇⟩. (3.49)
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3.3.4 Projecting tensors and spinors

We now discuss the ambient space representations of different types of AdS4 fields. We first
consider scalars and spinors, then discuss general symmetric tensors and tensor-spinors.

Scalars. Given a real ambient space scalar field Φ(X), we project it to an AdS scalar field
ϕ(x) by simply restricting to the AdS surface,

Φ(X) 7→ ϕ(x) = Φ(X(x)). (3.50)

To make this map a bijection we restrict Φ(X) to have definite homogeneity degree under
real rescalings, i.e., for λ ∈ R we require

Φ(λX) = λwΦ(X), (3.51)

for some real constant w called the weight. This then uniquely determines the ambient field
away from the AdS surface in terms of its restriction ϕ(x).

Spinors. Given an ambient Dirac spinor ΦI(X), we can project it to a left-handed AdS4
Weyl spinor ϕα(x) by restricting to the AdS4 surface and contracting with a bispinor,

ΦI(X) 7→ ϕα(x) =
1√
2L

T I
αΦI(X(x)), (3.52)

where we have fixed the overall normalization (up to an arbitrary phase) by matching to the
pullback of a vector (3.66). To make this map a bijection we restrict ΦI(X) to have definite
homogeneity degree and to be an eigenspinor of the coordinate matrix XI

J ,

ΦI(λX) = λwΦI(X), PI
−J(X)ΦJ(X) = 0. (3.53)

This eigenspinor constraint is the AdS version of the equation considered in ref. [88]: it
is necessary to trivialise the kernel of the projection, which would otherwise be spanned
by terms that when restricted to AdS take the form T̄ I

α̇f α̇(x), for some arbitrary spinor
f α̇(x). We can ensure that any ambient spinor index satisfies the eigenspinor constraint
equation in (3.53) by contracting with PI

+J . So given an AdS4 spinor ϕα(x), we find its
ambient representative ΦI(X) by writing

ΦI(X(x)) = i√
2L

T I
αϕα(x) (3.54)

and using homogeneity to define ΦI(X) away from the surface. Using (3.42), we can see that
this ΦI(X) satisfies the eigenspinor constraint equation.

Similarly, there is a bijection between right-handed Weyl spinors ϕ̄α̇(x) and ambient
Dirac spinors ΦI(X) satisfying

ΦI(λX) = λwΦI(X), PI
+J(X)ΦJ(X) = 0, (3.55)

where the projection is

ΦI(X) 7→ ϕ̄α̇(x) =
1√
2L

T̄ I
α̇ΦI(X(x)). (3.56)
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We can ensure that any ambient spinor index satisfies this eigenspinor constraint by contracting
with PI

−J .
To see that (3.52) is correct, we can check that ϕα(x) transforms under the isome-

tries as expected for a Weyl spinor [88]. Under the isometries of AdS4, ΦI(X) transforms
infinitesimally as

δMAB
ΦI = (XA∂B − XB∂A)ΦI + 1

2(ΓAB)I
JΦJ , (3.57)

with the commutation relations [δMAB
, δMCD

]ΦI = ηACδMBD
ΦI + . . . . Using Poincaré coordi-

nates and the 5D gamma matrices from section 3.1, this implies the following transformations
for ϕα(x) under the generators from (3.15):

δDϕα = −xµ∂µϕα, (3.58)

δmij ϕα = (xi∂j − xj∂i)ϕα + 1
2ϵijk(γk

(3))α
βϕβ , (3.59)

δPiϕ
α = −∂iϕ

α (3.60)

δKiϕ
α = −L−1

[
2xix

µ∂µϕα − ηµνxµxν∂iϕ
α + ϵijkxj(γk

(3))α
βϕβ − izηij(γj

(3))
α

βϕβ
]

, (3.61)

where γi
(3) are the real 3D gamma matrices given in (3.10).

Tensors. Given an ambient [s, s]-tensor ΦI1J1,...,IsJs(X),

ΦI1J1,...,IsJs ∼ s
s

, (3.62)

we project it to the AdS4 bosonic spin-s field ϕα1...αs,α̇1...α̇s(x) by

ΦI1J1,...,IsJs(X) 7→ ϕα1...αs,α̇1...α̇s(x) =
(

i

2L

)s

T I1
(α1

. . . T Is

αs)T̄
J1
(α̇1

. . . T̄ Js

α̇s)ΦI1J1,...,IsJs(X(x)).
(3.63)

To make this a bijection we impose a homogeneity condition,

ΦI1J1,...,IsJs(λX) = λwΦI1J1,...,IsJs(X), (3.64)

and a transversality condition,

XI1J1ΦI1J1,...,IsJs(X) = 0. (3.65)

This is equivalent to the usual approach to bosonic ambient tensors, as can be checked
using (3.49). For example, an ambient vector V A(X) pulls back to an AdS vector vµ(x),

V A(X) 7→ vµ(x) = ∂µXA(x)VA(X(x)), (3.66)

and this becomes a bijection by restricting to homogeneous ambient vectors satisfying the
transversality condition XAV A(X) = 0.
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Tensor-spinors. We can describe tensor spinors by combining the previous two cases. Let
s be a half-integer. Take an ambient space tensor ΦI1J1,...,I

s− 1
2

J
s− 1

2
,I with the symmetries

of the J-traceless tableau [s + 1
2 , s − 1

2 ],

ΦI1J1,...,I
s− 1

2
J

s− 1
2

,I ∼ s + 1/2
s − 1/2 . (3.67)

This ambient space tensor projects to a fermionic spin-s AdS4 field ϕαα1...α
s− 1

2
,α̇1...α̇

s− 1
2
(x) by

ΦI1J1,...,I
s− 1

2
J

s− 1
2

,I(X) 7→ ϕαα1...α
s− 1

2
,α̇1...α̇

s− 1
2
(x)

= is− 1
2

(2L)s
T I

(αT I1
α1 . . . T

I
s− 1

2
α

s− 1
2

)T̄
J1
(α̇1

. . . T̄
J

s− 1
2

α̇
s− 1

2
)ΦI1J1,...,I

s− 1
2

J
s− 1

2
,I(X(x)).

(3.68)

This map is a bijection if we restrict to ambient tensor-spinors that are homogeneous,

ΦI1J1,...,I
s− 1

2
J

s− 1
2

,I(λX) = λwΦI1J1,...,I
s− 1

2
J

s− 1
2

,I(X), (3.69)

and satisfy both a transversality condition and an eigenspinor equation,

XI1J1Φ
I1J1,...,I

s− 1
2

J
s− 1

2
,I(X) = 0, PI

−JΨ
I1J1,...,I

s− 1
2

J
s− 1

2
,J(X) = 0. (3.70)

4 Shift symmetries of free fields on AdS4

In this section, we use the bispinor formalism described in section 3 to explicitly write the
shift symmetries of free fermion fields in AdS4.

4.1 Bosons

We start by rewriting the known bosonic shift transformations in the bispinor language. In
the tensor language, a spin-s boson ϕµ1···µs transforms under a level-k shift as [25]

δϕµ1···µs = SA1···As+k,B1···BsXA1 · · ·XAs+k
∂XB1

∂xµ1
· · · ∂XBs

∂xµs
, (4.1)

where the XA are embedding coordinates and the tensor SA1···As+k,B1···Bs is a fully traceless,
constant ambient space tensor with permutation symmetries described by the Young tableau
[s + k, s].

In the spinor language, the bosonic spin-s field has the index structure ϕα1...αs,α̇1...α̇s(x)
and the shift symmetry (4.1) takes the form

δϕα1...αs,α̇1...α̇s(x) = SK1L1,...KkLk,M1N1...MsNs⟨TK1TL1⟩ . . . ⟨TKk
TLk

⟩T α1
M1

T̄ α̇1
N1

. . . T αs
Ms

T̄ α̇s
Ns

,

(4.2)

where SK1L1,...,KkLk,M1N1...MsNs is a constant J-traceless ambient space tensor of type
[k + 2s, k],

SK1L1,...,KkLk,M1N1...MsNs ∼ k + 2s
k

, (4.3)
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which is the Sp(4,R) representation corresponding to the SO(2, 3) tensor representation
[s + k, s]. Using eq. (3.46) and D2 := DµDµ = −1

2Dαα̇Dαα̇, we can verify that the shift of
the field is transverse and satisfies the Klein-Gordon equation,(

D2 − L−2
[
s2 + 2s(k + 1) + k(k + 3)

])
δϕα1...αs,α̇1...α̇s = 0, Dα1α̇1ϕα1...αs,α̇1...α̇s = 0, (4.4)

where the mass term is the correct one for a level-k spin-s shift field in D = 4.
On the corresponding ambient [s, s]-tensor ΦI1J1,...,IsJs , the shift symmetry acts as

δΦI1J1,...,IsJs = SK1L1,...,KkLk,M1N1...MsNsXK1L1 . . . XKkLk
X [I1

M1δJ1]
N1 . . . X [Is

MsδJs]
Ns ,

(4.5)

where we have assumed that the ambient field has weight w = s + k (the transformation
for other weights can be obtained by multiplying by an appropriate power of

√
−X2) and

we have redefined SK1L1,...,KkLk,M1N1...MsNs by an overall factor compared to eq. (4.2). This
transformation preserves the homogeneity and transversality constraints,(

XA∂A − s − k
)

δΦI1J1,...,IsJs = 0, (4.6)

XI1J1δΦI1J1,...,IsJs = 0. (4.7)

4.2 Fermions

It is now straightforward to extend the shift symmetries to fermions by adding another
spinor index. A fermionic spin-s level-k shift field ϕ

αα1...α
s− 1

2
,α̇1...α̇

s− 1
2 has a shift symmetry

that can be written as

δϕ
αα1...α

s− 1
2

,α̇1...α̇
s− 1

2 (x) = S
K1L1,...KkLk,M1N1...M

s− 1
2

N
s− 1

2
I⟨TK1TL1⟩ . . . ⟨TKk

TLk
⟩

× T α1
M1

T̄ α̇1
N1

. . . T
α

s− 1
2

M
s− 1

2
T̄

α̇
s− 1

2
N

s− 1
2
T α

I , (4.8)

where S
K1L1,...,KkLk,M1N1...M

s− 1
2

N
s− 1

2
I is a constant ambient space tensor with the permutation

symmetries described by the J-traceless tableau [k + 2s, k]. Using (3.46), can verify that the
shift of the field is transverse and satisfies the Weyl equation with the correct mass (2.20)
in D = 4,

−iDα
(α̇|δϕ

αα1...α
s− 1

2
,|α̇1...α̇

s− 1
2

) = m̃δϕ̄
α1...α

s− 1
2

,α̇α̇1...α̇
s− 1

2 , m̃=(−1)s− 1
2 L−1

(
s+k+3

2

)
, (4.9)

Dα1α̇1δϕ
αα1...α

s− 1
2

,α̇1...α̇
s− 1

2 =0 . (4.10)

This shows that the shift transformation is a symmetry of the free action. On the corresponding
ambient tensor ΦI1J1,...,I

s− 1
2

J
s− 1

2
,I , the shift transformation is

δΦI1J1,...,I
s− 1

2
J

s− 1
2

,I = PI
+JS

K1L1,...,KkLk,M1N1...M
s− 1

2
N

s− 1
2

J
XK1L1 . . . XKkLk

× X [I1
M1δJ1]

N1 . . . X
[I

s− 1
2 M

s− 1
2
δ

J
s− 1

2
]
N

s− 1
2
, (4.11)
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where we have taken the weight to be w = s − 1
2 + k and we have redefined

S
K1L1,...,KkLk,M1N1...M

s− 1
2

N
s− 1

2
J by an overall factor compared to eq. (4.8). This is consistent

with the projection conditions,

XI1J1δΦI1J1,...,I
s− 1

2
J

s− 1
2

,I = 0, (4.12)

PJ
−IδΨI1J1,...,I

s− 1
2

J
s− 1

2
,I = 0. (4.13)

5 Lie superalgebras

In this section, we search for Lie superalgebras to classify possible theories of AdS4 fermions
with nonlinearly realized symmetries. Given a theory containing shift-symmetric fermions
in AdS4, the generators of isometries and the generators of the shift symmetries will form
a Lie superalgebra containing the sp(4,R) isometry algebra as a bosonic subalgebra. The
commutator between a shift generator and an sp(4,R) generator is fixed by the fact that the
shift generators all transform as some spinor or tensor representation of sp(4,R). This leaves
only the (anti)commutators between the shift generators to be determined.

In the free theory, the (anti)commutators between shift generators vanish, and the
algebra trivially closes for any field content. We can always form trivial interactions by using
powers of the field strengths (2.24), which are invariant under the linearized shifts. These
interactions do not modify the transformation laws or the algebra. Non-trivial interactions
will modify the shift transformation laws by terms containing powers of the fields. These
modified transformation laws can then alter the commutators between shift generators so
that they do not vanish. We can thus search for possible non-trivial interacting theories
by looking for suitable Lie superalgebras.

5.1 Definition

We first recall the definition of a Lie superalgebra (see ref. [95] for an overview). A Lie
superalgebra g = g0 ⊕ g1 is a Z2-graded algebra with a Lie superbracket [·, ·] : (gi, gj) →
gi+j mod 2. Elements of g0 are called even elements and elements of g1 are called odd elements.
Given x ∈ gi, y ∈ gj , z ∈ gk, the Lie superbracket must satisfy the following two conditions:

1. The Lie superbracket of two odd elements is an anticommutator, and the Lie superbracket
of two even elements, or of an even element and an odd element, is a commutator:

[x, y] = −(−1)ij [y, x]. (5.1)

2. The super Jacobi identity:

(−1)ik[x, [y, z]] + (−1)ij [y, [z, x]] + (−1)jk[z, [x, y]] = 0. (5.2)

In particular, these conditions imply that g0 is an ordinary Lie algebra and that g1 forms
a representation of g0 under the adjoint action.

One way to generate a Lie superalgebra is to start with an associative superalgebra
g = g0⊕g1 and then define the Lie bracket in terms of the product of the associative algebra via

[x, y] := xy − (−1)ijyx, (5.3)

– 22 –



J
H
E
P
0
4
(
2
0
2
4
)
1
0
0

where x ∈ gi and y ∈ gj . A particular example of this construction that we employ is to
use the associative superalgebra of endomorphisms of a Z2-graded vector space V = V0 ⊕ V1,
where an endomorphism ϕ : V → V is even if ϕ(Vi) ⊂ Vi and odd if ϕ(Vi) ⊂ Vi+1 mod 2.2

5.2 AdS superalgebras from endomorphisms

Let V = V0 ⊕ V1 be a graded vector space where V0, the vector space of even elements,
furnishes the trivial representation of Sp(4,R) and V1, the vector space of odd elements,
furnishes the fundamental representation,

V = V0 ⊕ V1 = {•} ⊕
{ }

. (5.4)

The set of endomorphisms of V gives the associative superalgebra gl(V ), where the grading
of an endomorphism is inherited from V as defined above. Using the Lie superbracket
defined in (5.3), we obtain a Lie superalgebra with generators transforming in the following
Sp(4,R) representations: {

•, •, ,

}
⊕
{

,
}

, (5.5)

where the two sets correspond to the even and odd generators and we use JIJ to define
an isomorphism between V and V ∗. Restricting to the symmetric endomorphisms gives a
Lie superalgebra with the generators{

•,
}
⊕
{ }

. (5.6)

5.2.1 osp(1|4)

Consider first the Lie superalgebra with generators given by (5.6). We can derive the
(anti)commutator relations from the (anti)commutators of gl(V ),[

MA
B, MC

D
]
= MA

DδB
C ± MC

BδD
A . (5.7)

Denoting the symmetric tensor representation of Sp(4,R) by mIJ and the fundamental by
QI , we can break up MA

B as follows: with A ∈ {I, 5}, we define MAB := ϵBCMA
C with

ϵ55 = 1, ϵI5 = ϵ5I = 0, and ϵIJ = JIJ . Then for MAB = MBA we take mIJ := −2MIJ

and QI := αMI5 for an arbitrary constant α, which is defined for later convenience in
comparing to the field transformations. From (5.7) we then get the following non-vanishing
(anti)commutation relations:

[mIJ , mKL] = − (mILJJK + mIKJJL + mJLJIK + mJKJIL) , (5.8a)
[mIJ , QK ] = − (QIJJK + QJJIK) , (5.8b)
[QI , QJ ] = −α2mIJ . (5.8c)

The singlet M55 commutes with everything and has therefore been dropped. The commu-
tators (5.8a) are those of sp(4,R).

2We are grateful to the anonymous referee of ref. [35] for pointing out the usefulness of this construction in
the present context.
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This Lie superalgebra is familiar as the algebra of N = 1 supersymmetry in AdS4,
or equivalently the N = 1 superconformal algebra in three dimensions, namely osp(1|4).
When the fermionic symmetry QI is nonlinearly realized, this Lie superalgebra underlies the
AdS4 Akulov-Volkov theory [29, 30], describing spontaneously broken supersymmetry, whose
transformations we discuss in section 6. When α = 0, the symmetries are not modified from
the free theory, as in the flat-space theory considered in ref. [44].

In a similar fashion, we can get the algebra of higher-N SUSY in AdS4, osp(N|4), by
starting with N singlets in V0 in (5.4).

5.2.2 su(2, 2|1)

We can similarly find the (anti)commutation relations for the Lie superalgebra keeping all
of the generators in (5.5). We again drop the decoupled trace, i.e., consider sl(V ), and
we denote the generators by

mIJ , QI , s
(2)
IJ , s

(1)
I , s(0), (5.9)

where mIJ = m(IJ) and s
(2)
IJ = s

(2)
[IJ ]. They are related to the components of MAB as follows:

MIJ = −1
2mIJ + 1

2λ−1s
(2)
IJ + 1

4(βσλ)−1JIJs(0) + JIJC, (5.10a)

MI5 = ρ−1
(
QI + σ−1λ−1s

(1)
I

)
, (5.10b)

M5I = −1
8ρ
(
α−1QI − (ασλ)−1s

(1)
I

)
, (5.10c)

M55 = (βσλ)−1s(0) + C, (5.10d)

where C is the generator we discard and ρ is an arbitrary parameter that drops out of the
algebra, reflecting the fact that a simultaneous rescaling of the fermionic generators can
be absorbed into a redefinition of α.

From (5.7) we get the following non-vanishing (anti)commutators:

[mIJ , mKL] = − (JIKmJL + JILmJK + JJLmIK + JJKmIL) , (5.11a)
[mIJ , QK ] = − (JIKQJ + JJKQI) , (5.11b)[
mIJ , s

(2)
KL

]
= −

(
JIKs

(2)
JL − JILs

(2)
JK − JJLs

(2)
IK + JJKs

(2)
IL

)
, (5.11c)[

mIJ , s
(1)
K

]
= −

(
JIKs

(1)
J + JJKs

(1)
I

)
, (5.11d)

[QI , QJ ] = 2αmIJ , (5.11e)[
QI , s

(2)
JK

]
= −σ−1

(
JIJs

(1)
K − JIKs

(1)
J + 1

2JJKs
(1)
I

)
, (5.11f)[

QI , s
(1)
J

]
= 2σαs

(2)
IJ − 3αβ−1JIJs(0), (5.11g)[

QI , s(0)
]
= βs

(1)
I , (5.11h)[

s
(2)
IJ , s

(2)
KL

]
= λ2 (JIKmJL − JILmJK + JJLmIK − JJKmIL) , (5.11i)[

s
(2)
IJ , s

(1)
K

]
= σλ2

(
JJKQ

(1)
I − JIKQ

(1)
J + 1

2JIJQ
(1)
K

)
, (5.11j)
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[
s

(1)
I , s

(1)
J

]
= −2ασ2λ2mIJ , (5.11k)[

s
(1)
I , s(0)

]
= βσ2λ2Q

(1)
I . (5.11l)

This Lie superalgebra is the algebra of N = 1 supersymmetry in AdS5, i.e., the N =
1 superconformal algebra in four dimensions, namely su(2, 2|1). The bosonic generators
mIJ , s

(2)
IJ form an so(4, 2) subalgebra, the algebra of isometries of AdS5, and the remaining

singlet s(0) corresponds to the generator of the u(1) R-symmetry in AdS5. The bosonic
subalgebra is thus so(2, 4)× u(1). The generators mIJ , QI form an osp(1|4) subalgebra. The
bosonic part mIJ is the AdS4 isometry algebra so(2, 3).

We can nonlinearly realize this algebra with the subalgebra osp(1|4) linearly realized,
corresponding to the breaking pattern

su(2, 2|1) → osp(1|4) . (5.12)

This corresponds to the spontaneous symmetry breaking of the minimal five-dimensional
AdS SUSY to the minimal four-dimensional AdS SUSY. This symmetry breaking pattern
underlies the supersymmetric DBI theory on AdS4 [49, 50, 96].3 The generators s

(2)
IJ , s

(1)
I ,

and s(0) correspond to non-linearly realized shift symmetries for a shift-symmetric k = 1
scalar, a k = 1 spin-1/2 fermion, and a k = 0 scalar, respectively. These fields form an
N = 1 linear SUSY multiplet on AdS4. See ref. [99] for the coset construction of a theory
realizing the breaking of su(2, 2|1) to the 4D Poincaré algebra and ref. [100] for OSp(4, 1)
broken to 3d N = 1 Poincaré SUSY.

5.2.3 SUSY multiplets

Generic massive N = 1 SUSY multiplets on AdS4 consist of four states that form a diamond in
the (s,∆)-plane [101]. The states D(∆, s), D(∆+ 1

2 , s+ 1
2), D(∆+ 1

2 , s− 1
2), D(∆+1, s) form

an N = 1 SUSY multiplet, where the first state is a primary which labels the multiplet and
the remaining states are filled out by applying the fermionic operators. The generic massive
non-unitary multiplets also take this form [51–53]. In the region where there are PM fields,
this diamond can overlay precisely onto PM points, so the PM fields form supermultiplets
with each other. These supermultiplets shorten at the top boundary of this region, where
the fields become massless, so that the massless fields form short supermultiplets containing
only two states. See figure 2.

In the region where there are shift-symmetric fields, the diamond can also overlay precisely
onto the shift-symmetric points, so the shift-symmetric fields also form supermultiplets with
each other, as shown in figure 2. At the left boundary of the region of shift-symmetric
fields where s = 0, the supermultiplet diamond degenerates to three states since the spin
cannot be less than zero. The multiplet with SUSY primary D(3, 0) thus contains the

3The bosonic part of this breaking pattern is

so(2, 4) × u(1) → so(3, 2).

This corresponds to the DBI theory describing an AdS4 brane embedded into an AdS5 bulk [16, 17, 97], along
with an additional u(1) shift-symmetric scalar (see [98] for a physical realization of this u(1)).
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4 generic shift multiplet
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Figure 2. N = 1 SUSY multiplets of PM and shift-symmetric fields on AdS4. Filled circles are
bosons and unfilled circles are fermions, blue circles are PM fields, black circles are shift-symmetric
fields, and grey circles are neither PM nor shift symmetric but participate in some of the multiplets
with the PM or shift-symmetric fields. The supermultiplets labelled 4⃝, 5⃝, and 6⃝ are the longitudinal
modes of the supermultiplets labelled 1⃝, 2⃝, and 3⃝, respectively.

states D(3, 0), D(7
2 , 1

2), D(4, 0), which is precisely the field content of the SUSY DBI theory
discussed above.

A generic massive graviton supermultiplet, i.e, a supermultiplet whose highest-spin state
is a massive spin-2 field, has the states D(∆, 3

2), D(∆ + 1
2 , 2), D(∆ + 1

2 , 1), D(∆ + 1, 3
2). In

the limit ∆ → 3
2 this becomes a partially massless graviton multiplet. The longitudinal modes

that decouple are precisely those of the SUSY DBI theory: the ∆ = 4 scalar is the longitudinal
mode of the massive spin-2 that decouples as it becomes partially massless, the ∆ = 3 scalar
is the longitudinal mode of the massive spin-1 field that decouples as it becomes massless,
and the ∆ = 7

2 spin-1/2 fermion is the longitudinal mode of the massive spin-3/2 field that
decouples as it becomes massless (this branching rule is described in eq. 4.4 of ref. [51]).

5.3 Lie superalgebras for extended fermionic shift symmetries

It follows from the discussion in section 3 that the generator of a level-k shift symmetry on a
spin-s field is described by the sp(4,R) representation described by the Young tableau [k+2s, k].
In the above two examples of Lie superalgebras, the fermionic generators transformed in the
fundamental representation of sp(4,R), which therefore correspond to k = 0 shift symmetries
when nonlinearly realized on a spin- 1

2 field. We can find more complicated Lie superalgebras
that can underlie theories of spin- 1

2 fields with k > 0 shift symmetries by generalizing the
above construction to find Lie superalgebras containing an sp(4,R) subalgebra and including
generators of the type [k + 1, k].
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As an example, take the Z2-graded vector space made from the following sp(4,R)
representations:

V = {•} ⊕
{ }

. (5.13)

Taking the symmetric part of the endormorphisms of V and dropping the overall trace, we
get a Lie superalgebra with the generators{

, , ,

}
⊕
{ }

. (5.14)

Interpreted as the symmetry algebra of shift-symmetric fields, this would correspond to a
theory of a k = 1 spin-1

2 fermion interacting with three spin-1 fields with k = 0, k = 1, and
k = 2 shift symmetries. This Lie superalgebra is osp(1|16) and is a candidate algebra for
a k = 1 analogue of the Akulov-Volkov theory.4

The generalization of this construction to spin- 1
2 fermions with higher values of k is to

consider the endomorphisms of the Z2-graded vector space

V (k) = {•} ⊕
{

k + 1
k

}
. (5.15)

Taking the symmetric part and dropping the overall trace gives a Lie superalgebra with
generators {

Sym2
(

k + 1
k

)}
⊕
{

k + 1
k

}
, (5.16)

where Sym2 denotes the symmetric square, e.g., Sym2
( )

= . The representations
of the bosonic generators can be found recursively from

Sym2 ([k + 2, k + 1]) = Sym2 ([k + 1, k])⊕
⌊ k+1

2 ⌋⊕
j=1

[2k + 3, 2(k − 2j) + 3]

⊕
2⊕

l=0

⌊ k+2+⌊l/2⌋
2 ⌋⊕

j=1
[2(k + 1) + l, 2(k − 2j + 2) + l] , (5.17)

where we checked this formula up to k = 79 using the program LiE. When using these
algebras as nonlinear shift symmetries, this means that having a spin- 1

2 fermion with a
level k shift with k > 0 requires bosonic particles with spin up to 2⌊k/2⌋ + 1. These Lie
superalgebras are osp (1|nk), where

nk = 2
3(k + 1)(k + 2)(k + 3) (5.18)

is the dimension of the representation [k+1, k]. These are analogous to the finite-dimensional
higher-spin bosonic algebras considered in ref. [54].

4We checked by writing down the most general (anti)commutators and trying to satisfy the super Jacobi

identities that there is no Lie superalgebra with just the generators
{ }

⊕

{ }
and a non-vanishing

commutator between shifts, so additional fields beyond the k = 1 spin 1/2 fermion are necessary. We can also
check that among the classical simple Lie superalgebras there are none with the correct number of bosonic
and fermionic generators. This implies there is no DBI-like theory for a spin-1/2 fermion on AdS4 without
additional fields.
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5.4 No supersymmetric special galileon

We now comment on whether there exists a Lie superalgebra that could underlie a supersym-
metric version of the special galileon in AdS4. The special galileon in AdS4 is a theory of a
single k = 2 shift-symmetric scalar that has non-trivial interactions realizing the symmetry
breaking pattern sl(5,R) → so(3, 2) [25, 33]. It is known that there is no supersymmetric
special galileon in flat spacetime [47, 48], but this does not necessarily rule out the existence
of such a theory for nonzero curvature since the flat limit could be trivial or singular.

Looking at figure 2, the simplest N = 1 multiplet containing the special galileon would
be the one shifted upwards by one unit of ∆ from the SUSY DBI multiplet, i.e., the multiplet
with a k = 1 scalar and a k = 1 fermion in addition to the k = 2 special galileon. Altogether,
the generators of the shift symmetries of the fields in this multiplet belong to the following
sp(4,R) representations: {

, ,

}
. (5.19)

We would therefore like to find a Lie superalgebra containing these generators and the
generators of the N = 1 algebra osp(1|4). A direct search (i.e., writing all possible structures
for the commutators and demanding that they satisfy the super Jacobi identities) shows
that no Lie superalgebra exists with just these generators and a nonvanishing commutator
between the shifts. We can also check that among the classical simple Lie superalgebras there
are none with the correct number of bosonic and fermionic generators. This shows that there
is no supersymmetric special galileon in AdS4 without additional SUSY multiplets.5

6 Akulov-Volkov transformations

We now discuss an example of nonlinear realizations of the above Lie superalgebras on fields,
the Akulov-Volkov theory. This theory nonlinearly realizes the Lie superalgebra osp(1|4) on
a single k = 0 spin-1/2 field, the goldstino. Although this theory has been constructed long
ago using the coset formalism [30], here we use the ambient space formalism to write the
transformations in a way that is manifestly covariant under Sp(4,R) transformations.

The action of the isometries on a fermion using Sp(4,R) generators is given by

δmIJΨK = 2
(
XL

I∂LJ + XL
J∂LI

)
ΨK + JIKΨJ + JJKΨI . (6.1)

This transformation is consistent with the projection constraints,

PL
±KΨK = 0 =⇒ PL

±KδmIJΨK = 0, (6.2)
5We could attempt to find an appropriate enlarged algebra by adding additional generators, corresponding

to additional Goldstone modes. One approach that does not work is considering the endormorphisms of the
graded vector space

V =

{
•,

}
⊕
{ }

.

Taking the symmetric part, this will have both sl(5,R) and osp(1|4) subalgebras, but the special galileon shifts
are scalars under the isometry subalgebra.
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and satisfies the sp(4,R) commutation relations,

[δmIJ , δmKL ] ΨM = (JJKδmIL + JJLδmIK + JIKδmJL + JILδmJK )ΨM . (6.3)

We can write the field-independent part of the k = 0 shift, i.e., the broken SUSY
generator, on a spin- 1

2 fermion as

δQI
ΨK = PK

± I , PL
∓KΨK = 0, (6.4)

i.e., δQI
ΨK = PK

+ I for a left-handed fermion and δQI
ΨK = PK

− I for a right-handed fermion.
We now need to find the field-dependent parts of the shift transformation, which are

due to interactions deforming the algebra of the free theory. Consider the following ansatz
for the full non-linear action of the shift generator QI :

δQI
ΨK = PK

± I + βΨIΨK + γΨM XL
M ∂LIΨK + γΨM XL

I∂LMΨK + 1
2γΨMΨMPK

∓ I , (6.5)

where β and γ are coefficients to be determined. The structure of (6.5) has been chosen so
that the ansatz projects correctly for any choice of the coefficients,

PL
∓KΨK = 0 =⇒ PL

∓KδQI
ΨK = 0. (6.6)

The ansatz (6.5) transforms as a spinor under the isometries, so we have the commutator

[δmIJ , δQK
]ΨL = JJKδQI

ΨL + JIKδQJ
ΨL. (6.7)

If we set β = γ/2 = α2 and compute the anti-commutator of the broken supersymmetry
transformation, then a long calculation with many nontrivial cancellations gives

[δQI
, δQJ

]ΨK = α2δmIJΨK , (6.8)

so with these choices of coefficients the transformation (6.5) gives a nonlinear realization
of N = 1 supersymmetry in AdS4.

To summarize, we obtain the following covariant form of the nonlinear action of the
N = 1 AdS4 supersymmetry algebra osp(1|4) on a goldstino:

δmIJΨK = −4XL
(I∂J)LΨK − 2δK

(IΨJ), (6.9)

δQI
ΨK = PK

± I + α2
[
ΨIΨK − 4ΨM XL

(M ∂I)LΨK +ΨMΨMPK
∓ I

]
, (6.10)

where PL
∓KΨK = 0.

7 Conclusions

In this paper, we have classified the extended shift symmetries acting on free fermionic fields
on (A)dS space. For a given spin, these shifts occur at specific mass values relative to the
background (A)dS curvature scale and can be labelled by a non-negative integer k, where
k = 0 corresponds to a constant shift, k = 1 is a shift linear in the co-ordinates, k = 2
is a shift quadratic in the coordinates, and so on. This completes the classification of the
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possible shift symmetries acting on free covariant fields, with some exotic exceptions such as
continuous spin particles and anyons in lower dimensions. In addition, for spacetime dimension
D = 4 we have studied algebras that could underly non-trivial interactions of these fermions,
giving a method for constructing an infinite number of Lie superalgebras that can underly
theories that include shift-symmetric fermions. The simplest such algebra is the N = 1 AdS4
SUSY algebra, which when broken to the AdS4 isometries underlies the AdS version of the
Akulov-Volkov model governing the goldstino mode of spontaneous SUSY breaking. Another,
more complicated, algebra gives the supersymmetric DBI model describing the breaking of
the AdS5 SUSY algebra down to the AdS4 SUSY algebra. We have also used the classification
of Lie superalgebras to rule out a possible SUSY version of the special galileon on AdS4.

An interesting future direction would be to investigate the explicit interacting Lagrangians
using the formalism we describe, as for the bosonic examples given in refs. [25, 33, 34]. The
coset construction [102–105], as in refs. [30, 49, 96, 99, 100], gives in principle a theory with
the required symmetries and symmetry breaking pattern. However, as is typical in cases with
spacetime symmetry breaking, the number of broken generators is less than the number of
desired Goldstone fields. Inverse Higgs constraints must be used to reduce the number of
independent fields and it may not always be possible to achieve our desired field content.
Another problem is that in practice the coset construction is unwieldy, and extracting explicit
interactions and transformations rapidly becomes intractable for all but the simplest groups.

Note that the AdS galileon interactions [16–18] do not deform the symmetry algebra of
the free k = 1 scalar theory [25, 33]. The interactions are instead singled out because they
do not generate higher-order equations of motion. This is different from the status of the
flat-space galileons [2], which are Wess-Zumino terms [106], i.e., terms which do not deform
the symmetry but cannot be written in terms of the invariant field strengths. It would also
be interesting to classify such interactions for the fermions in (A)dS space.
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