Phys. Lett. B 853 (2024) 138672

Contents lists available at ScienceDirect

PHYSICS LETTERS B

Physics Letters B

journal homepage: www.elsevier.com/locate/physletb

Letter

L))

Check for
updates

Stress tensors of 3d Carroll CFTs

Sudipta Dutta >

# Indian Institute of Technology Kanpur, Kanpur 208016, India
Y Institute for Theoretical Physics, TU Wien, Wiedner Hauptstrasse 8-10/136, A-1040 Vienna, Austria
¢ Erwin Schroedinger International Institute for Mathematics and Physics, 1090 Vienna, Austria

ARTICLE INFO ABSTRACT

Editor: N. Lambert We discuss kinematical features of conformal Carroll field theories in three dimensions (3d). Conformal extension
of Carroll algebra is infinite dimensional even in 3d unlike its relativistic counterpart, and hence 3d Carroll CFTs
share similarities with 2d CFT. We provide a construction for the conserved charges for Carrollian CFTs and an
expression for stress tensor OPEs consistent with the algebra of charges. We discuss a free field model where these
symmetries are realised and explicitly compute the OPEs verifying our construction. In addition we comment
on the possibility of extending the conformal symmetries to diffeomorphisms of spatial slice for these Carrollian

theories.

Contents
1. INtrodUCHiOn . . . . .t vt et e e e e e e e e e 2
2. Carroll and conformal Carroll . . . . . . . . L e e e 2
2.1.  Carroll group and Carrollian manifolds. . . . . . . . . . e e e e 2
2.2, Field theory ON o . . . . o o ittt e e e e e e e e e e e 3
3. Carrollian StreSS tENSOIS . « . . o . v vt vttt e e e e e e e e e e e e e e e e e e e e e e e 3
3.1, BMS CRharges . . . .o ot i e e e e e e 4
3.2.  Charge algebra and stress tensor OPE . . . . . . . . .ottt e e e e e 4
4. Freemassless Carroll scalar theory . . . . . . . . . e 5
A1, SHIESS TEIISOT . . . v v vttt ettt e e e e e e e e 6
4.2, Correlators and OPES . . . . . . o ottt e e e e e e e 6
4.3, T-© OPE . . . .o 7
4.4, T-TOPE . ..o 7
5. Enhancement to Diff(S2)? . . . .t vttt ittt e e e e e e e e e e e 8
6. DISCUSSIONS . . . o o i e e e e 8
6.1.  Summary of reSUlLS . . . . . L L e e e e e e 8
6.2.  Connections to flat holography . . . . . . . . L e e 9
Declaration of competing INtEreSt . . . . . . . . ot i i e e e e e 9
Data availability . . . . . . . o e e e e e e e e e e e e 9
ACKnOwWIedZEmENLS . . . . o o o e e e e e e e e e e e e e e e 9
RefOreNCES . . . . o e 9

* Correspondence to: Indian Institute of Technology Kanpur, Kanpur 208016, India.
E-mail address: dsudipta@iitk.ac.in.

https://doi.org/10.1016/j.physletb.2024.138672

Received 6 February 2024; Received in revised form 18 April 2024; Accepted 22 April 2024

Available online 26 April 2024

0370-2693/© 2024 The Author(s). Published by Elsevier B.V. Funded by SCOAP®.  This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://orcid.org/0000-0002-3242-9915
mailto:dsudipta@iitk.ac.in
https://doi.org/10.1016/j.physletb.2024.138672
https://doi.org/10.1016/j.physletb.2024.138672
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2024.138672&domain=pdf
http://creativecommons.org/licenses/by/4.0/

S. Dutta
1. Introduction

Theoretical physicists’ best friend in unravelling deep questions
about Nature is perhaps the rich group of symmetries physical sys-
tems possess. Based on Lorentz symmetries, relativistic quantum field
theories successfully describe three of the four fundamental forces.
However, the growing number of recent studies shows that several
non-Lorentzian symmetries appear in physical systems more often than
previously anticipated. One particular symmetry group of interest is
the Carroll group. This group was introduced in the sixties by Levy-
Leblond and Sengupta [1,2] as the ultra-relativistic contraction of the
Poincare group. The ¢ — 0 limit indicates a scenario where the light
cones close up, forcing the causal particles to confine within a single
line. This bizarre wonderland might seem irrelevant at first glance, but
many physical systems show this behaviour, ranging from cosmology
and gravity to condensed matter systems.

In gravitational physics, the Carroll group is most relevant in the
studies of null hypersurfaces. In the intrinsic geometry of these null
hypersurfaces, Carroll structures replace the Riemannian ones. Degrees
of freedom that live on these null hypersurfaces are naturally Carrollian.

The most important example of a null hypersurface is perhaps the
null boundary of asymptotically flat spacetimes. Quantum field theories
on these null hypersurfaces have been proposed as the holographic du-
als of the gravity theories in flat spacetimes. This approach towards flat
space holography [3-5] goes by the name of Carrollian holography in
recent literature. Carrollian holography has indeed met much success in
the context of 3-dimensional bulk and two-dimensional boundary the-
ories. This success story principally relies on an isomorphism between
the conformal extension of the Carroll group and the BMS group in one
higher spacetime dimension. The connection between Carrollian confor-
mal symmetries (€€ar) and BMS symmetries for arbitrary dimensions
was clarified in [6], following closely related observations in [3]. This
isomorphism provides a systematic way to establish a holographic cor-
respondence for flat spacetime in a spirit similar to the usual AdS/CFT
correspondence. From the boundary perspective, the zero cosmological
limit in the bulk can be seen to be realised as the Carrollian limit. The
reader is directed to [7-18] for a non-exhaustive set of papers in this
direction.

A parallel approach, Celestial holography has emerged from inves-
tigation of the infrared sector of flat spacetimes produced many novel
results in four dimensions [19-23]. It proposes a 2d CFT dual to gravity
theories in 4d asymptotically flat spacetimes [24,25]. The correlation
functions of primary operators of this CFT encode the bulk scattering
amplitudes and their infrared properties. Results of celestial hologra-
phy are excellently summarised in these reviews [26-28].

How a 3d Carrollian field theory can take care of the scattering am-
plitude was not understood until recently. The readers are directed to
[29] for new developments in this direction. A complimentary approach
was considered in [30]. Further studies on 3d Carrollian CFTs might
provide a bridge between these two different approaches towards flat
holography.

Apart from the holography of flat spacetimes, Carrollian structures
also arise in the context of tensionless strings. The string sweeps out a
null worldsheet as the tension is dialled to zero. After choosing a suit-
able gauge, BMS; appear as a group of residual symmetries, replacing
two copies of Virasoro algebra. Some recent advances in classical and
quantum tensionless strings, based on these Conformal Carroll or BMS
symmetries, can be found in [31-35].

Another important example of a null hypersurface is the event hori-
zon of a black hole. Different versions of BMS symmetries also emerge
as near-horizon symmetries [36,37]. These symmetries and the asso-
ciated charges have been proposed to account for the entropy of the
black holes [38,39]. For an explicit realisation of Carroll structures on
the black hole horizon, the readers are directed to [40,41]. A novel ap-
proach towards describing black hole entropy using null strings was
taken in [42].
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In cosmological scenarios, Carroll symmetries have been found to
govern the slow-roll inflationary paradigm [43]. Carrollian expansion
of gravity has been addressed in [44]. Very recently, Carroll symme-
tries have also appeared in condensed matter systems, which can be
found in [45,46]. Carrollian fluids have been considered in [47] with
applications to flat holography in mind.

Considering the vital role that the Carroll group play in theoretical
physics, it is necessary to advance further studies in Carrollian field
theories. A selected set of works towards the formal development from
intrinsic and limiting perspectives are in [48-54].

In this paper, we consider some generic kinematical features of 3
dimensional conformal Carrollian field theories. Section 2 reviews the
essential aspects of the Carroll group and Carrollian manifolds. Sec-
tion 3 discusses the generic structure of stress tensors for conformal
Carrollian field theories and relation with the BMS charges. We then de-
rive the transformation rules of the stress tensor components under the
conformal Carroll group. This essentially provides the same information
as the stress tensor OPE. The following section discusses an explicit ex-
ample of a free scalar for this construction. In section 5, we discuss the
possible extension of symmetries for field theory with this structure of
stress tensor.

2. Carroll and conformal Carroll
2.1. Carroll group and Carrollian manifolds

Carroll group can be obtained by taking ¢ — 0 contraction from
Poincare group. This contraction is diametrically opposite to the Galilei
case that yields the well known group of Galilean transformation. Like
the Galilei group, this opposite contraction also makes perfect group
theoretic sense and give rise to the Carroll group. Taking the speed of
light to zero would imply a context where the light cones would close
up to a single line reflecting the ultralocal behaviour of the theory. The
Carroll group is spanned by usual translation and spatial rotation gen-
erators along with the Carroll boosts. The Carroll algebra in (d + 1)
dimensions is given by
2.1

['lab’Pc]:éach_(sbcPa’ [']ab’cc]:(saccb_ébcc

a

[P, Cpl=6,H, [C,,Chl=0, [Jy,Jcq]=s0(d).

Here P, and J,, are the translations and spatial rotation generators re-
spectively and C, denotes the Carroll boosts. The Hamiltonian H enters
the algebra as a central element only.

The kinematical structures associated with this algebra are called
Carroll manifolds [55]. They can be obtained by the so called ‘gaug-
ing’ procedure of the Carroll algebra [56]. The tangent space structure
of these Carrollian manifolds is degenerate and local Lorentz symmetry
of Riemannian manifolds is replaced here by local Carroll group. These
structures are endowed with a twice symmetric degenerate tensor h,,
and a nowhere vanishing vector field 7# orthogonal to it. Together they
form the notion of metric for Carrollian geometries (i.e. invariant ob-
jects under tangent space transformations). In a specified coordinate
system the Carrollian metric will take the following form

ds* =h,,dx'dx" =g, (t,x")dx'dx t=1'(t,x")9, (2.2)

where g;; is the non-degenerate d-dimensional metric on spatial sub-
manifold and the coordinates (¢, x') are timelike and spacelike coordi-
nates respectively. It is also possible to define the projective inverses
7,(t, x') and eg (¢, x") of these metric variables by the following relations
T”T” =1, egez = 62’, rueg =0, le” =0, ru'r" + ezez = 5; 2.3)
Here (4,v=0,1,...,d) denotes spacetime indices and (a,b =1, ...,d) tan-
gent space indices. The degenerate tensor field can be expressed as
hy,, =€} e?3,,. Under an infinitesimal local Carroll boost and spatial

Hv
rotation, parametrised by A* and 4}, the vielbeins transform like
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st =0, 56‘2 =—tHl, + Ade

fen, Ot =el, bel=igel 2.4
These transformation rules can be obtained by assuming the adjoint
representation of the local Carroll group in the gauging procedure. Us-
ing the above, it is straightforward to verify that 7#(z,x’) and h av(ts x%)
remain invariant under the local transformations while their inverses
transform in a non-trivial way.

2.2. Field theory on .9

We are interested in defining quantum field theories that live on the
null boundary (.#) of asymptotically flat space times. For the moment,
let us consider 4d asymptotically flat spacetimes. Its future null bound-
ary is .#*, which is topologically R, x S* with R,, as the null direction.
We will consider a QFT on this null surface. The degenerate induced
metric in this case is given by the line element

ds* =0.du* + q;;dx'dx/ (2.5)

Here u is retarded time coordinate and x’ are coordinates on 2-sphere.
The metric on the sphere is denoted by g;;. To link up with the Car-
rollian geometry described in the above section we need to make the
following identifications

™ =(1,0,0) h,, =diag(0.q;;) or g;=gq; (2.6)

The isometry equations on this background are

Loth=0, Lg,, =0, t'g, =0 @.7)

The solutions close to form the Carroll group.

If we now wish to consider conformal structures, we need to gen-
eralise to conformal isometries instead of isometries. The conformal
isometry equations on the null surface are given by

Ax

Leg, = Mt,x)g,,, Leth=- (2.8)

The so called dynamical exponent N encapsulates different conformal
extensions of the Carroll group, accounting for different relative scaling
between space and time. For N =2, the space and time dilates homoge-
neously. This is the case which will be of importance to us throughout
the later part of this work. In 3 dimensions, the set of vector fields that
solves the above equation for N =2 is

E= [a(x") + gD, FieN| o, + fied)o, (2.9)

where D; is the connection compatible with ¢;;. a(x’) is an arbitrary
function of x, but f7(x’) need to satisfy the following conformal Killing
equation on S?

[’fqiszkfk‘I[j- (2.10)

Choosing the stereographic coordinates (z, Z) on 2 sphere, such that
ds? = 2dzdz ’

(1+zz)?
the above equation for the components of f is solved by holomorphic
and anti-holomorphic functions, i.e.

fF=f%2) and f*=f%2).

Owing to these arbitrary functions the algebra of these vector fields
(2.9) is clearly infinite dimensional contrary to its relativistic coun-
terpart and interestingly is also isomorphic to the BMS, algebra. In

a suitably chosen basis the generators of these transformations would
look like

n

L,=z"",+(n+ l)z"%udu, L

=S
M, =220,

1
— zht+l 2 n
=z""0; + 2(n+l)z uo,, 2.11)

These generators satisfy the following algebra
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[Ln’Lm] :(n_m)Lner’ [in,im] =(n—m)in+m (2.12)
n+1 = n+1

[Ln’ Mr,s] =( D) - r)Mr+n,s’ [Ln’Mr,s] =( 2 - S)Mr,n+s

[Mr,vat,u] =0

The relation between the two infinite dimensional symmetry alge-
bras in arbitrary dimension is given by

(S(Sar]d\]:2 =bms,, . (2.13)

The killing vectors in (2.11) are the asymptotic killing vectors of flat
spacetimes when projected on to the null boundary. This extension of
asymptotic symmetry group was first proposed in [57-59].

3. Carrollian stress tensors

The nicest thing about 2d CFT is the infinite extension of the sym-
metry algebra. The implications of the infinite number of conserved
quantitites can be elegantly captured by the holomorphic and anti-
holomorphic stress tensor components and their OPEs with the field
content of the theory. Although in 3 dimensions this infinite extension
of the relativistic conformal algebra is lost, in the Carrollian regime it’s
still infinite dimensional. In this section using the stress tensor compo-
nents we aim to explore how the conformal structures are manifest in
3d Carrollian theories. Consider a field theory coupled to a Carrollian
background whose dynamics is governed by an action given by

5=/dtd2x£(q>,.(z,x")). 3.1

The stress tensor components can be evaluated by the variation of the
action with respect to the vielbeins as

68 = / dtd*x e[t 57, + el 51T, (3.2)

The underlying symmetries of the theory would dictate the form of
the stress tensor components. In order to be a conformal Carroll in-
variant field theory, the covariant action should posses Weyl symmetry
along with the invariance under the local Carroll group.

Local Carroll invariance Under infinitesimal local Carroll group the
lower vielbeins transform as

6, =e%A,, 6et=Aled (3.3)
using these variations in the above equation we have
68 = / dtd’x e[(A,e4T Tj) + (A5ebel T =0 (3.4)

On flat Carroll backgrounds this implies
Ti=0 and T/ =T/ (3.5)

These are analogous conditions to symmetric stress tensor in relativistic
field theories and was previously addressed in [60]. Although the rota-
tion invariance fixes the spatial part of the stress tensor to be symmetric
in (i, j). We shall assume this part to be proportional to the identity ma-
trix, i.e.

T;‘ = k(t,x' )5;’.. (3.6)

This assumption would be valid for a class of Carrollian theories called
‘electric’ or the ‘timelike’ theories where the Lagrangian does not con-
tain any term involving the space derivatives of the field.

Weyl invariance Under infinitesimal Weyl rescalings the vielbeins
would transform as

otl = a1, x)2P,  sef = it x)e’ 3.7)

In principle these rescalings might not be homogeneous between
timelike and spacelike veilbeins but we shall stick to this case keeping



S. Dutta

in mind the isomorphism between conformal Carroll and BMS holds for
N =2, i.e. when the dilatation generator scales space and time in the
same way. The variation of action under such rescalings would be

68 = / dtd*x et x") [7) + ehed | T = / dtd*x e(t, x)T* (3.8)

Thus invariance requires the trace to vanish, i.e. T} = 0. Together with
the assumptions made previously this tracelessness condition would im-

ply

k(t, %'y = — 27 Ti = —Lpug 3.9
(tax)——zu: i= 7500 (3.9
3.1. BMS charges

Here we shall use the standard technique of contracting stress ten-
sors with the killing vectors (2.9) to evaluate the currents associated
with the BMS symmetries
T =Tge (3.10)

Conservation of these currents follows from this specific structure of the
stress tensor components and the conformal killing equations

VoI =V (T =T (Vo) + &V, T} =0 (3.11)

In the above expression we have used the stress tensor conserva-
tion equations and the conformal killing equations. The corresponding
charges can be obtained by integrating J“ over the space slice

ng/\/aaﬂzﬂ:/\/adzz[T;’suTiug"]

= / Vad* X (T a(x) + 2D, /') + T 1)

(3.12)

:/\/Edzxi[T:.a(xi)+(7"[“—gDiT‘:‘)fi(xj)]

To get to the last line of the above equation we have dropped a total
derivative term. Now consider the stress tensor conservation equations:

0T +V,T! =0 = 0,T" =0. (3.13)
In getting to the above, we have used (3.5). We also have:

u 1 i 1
0T = 5DT)=0,T} = S DTy = =D;T/ = = DT =0, (3.14)

where we use stress tensor conservation and tracelessness. Thus the
conservation equations show that both 7 and (T} - gDin) are in-
dependent of u. The corresponding charges are hence conserved. From
now on, for ease of notation we define

T,(z2) =T T(z2)=T'~2DT"

2

To get the standard expressions, we decompose the charges by choosing
the parameters in this specific way

(3.15)

Ln=Q§[a=0,fz=z"+1,f2=0]=/d2z\/ETz.z”+l (3.16)

Z‘n — Qg[a — O,fz — O,fz — zn+1] — /dZZ\/ETz.zrwl
and M, = /dzz\/ETulzris
Here L, and L, are superrotation charges that generate the confor-
mal transformations on S and M, , the supertranslation charges that
generate the angle dependent translation along u direction.
3.2. Charge algebra and stress tensor OPE
The algebra of these BMS charges would dictate the transformation

rules of these stress tensor components under the BMS group. The non
vanishing commutation relations of BMS, algebra are given by
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Table 1
Weights of Carroll stress ten-
sor components.

weights T, T, T
h 3/2 2 1
h 3/2 1 2

(L, L,=(mn-mL,,,. [L,L,]=0-mL,,, (3.17)
+1 = +1

[Ln’Mr,s]:(n ) _r)Mr+n,S’ [anMr,x]:(n D) _S)Mr,n+x

[Mr,s’Mt,u] =0

Now using the expressions in (3.17) it can be shown that T,,(z, 2), T,(z, Z)
and T;(z, z) would transform like Virasoro primary fields. For simplic-
ity from now on we shall continue with a flat metric of the spatial slice,
i.e. ds®> = dzdz, which would allow us to use d; to D,. Now the left
moving Witt algebra would indicate

(L, / d*zT,(z,2).2" " = (n—m) / d*zT,(z, 7).z (3.18)

ie, [L,.T,(z,2)] = 2" 0,T,(z,2) + 2T,(z, 2)0,(z"*")  (3.19)

Similarly using the fact L, and L,, commutes, it is possible to derive

[L,. T.(Z,2)] = 2"*10,T, (2, 2) + T,(z, 2)d5(Z"*) (3.20)

=0;(T,(z,2)z")
= [Ln,I:m]=/dzzaz(Tz(z,Z).Z"“z”’“)=0

This transformation rule is different from usual 2d CFT in the sense that
the stress tensor components generating the Virasoro subalgebra in this
case is not holomorphic anymore. It also has anti-holomorphic weight
h =1 along with 7 = 2. Using similar arguments it can be shown that
T-(z, z) is also not anti-holomorphic, but transform like a primary with
h=1and h=2.

Using the commutators between L,, L, and M, ; we can similarly
derive the transformation rules of T,(z, Z). They are

[L,,T,(z,2)]=2z""0,T,(z,2) + %Tu(z, 2)0,(z"), (3.21a)

[L,,T,(z,2)]=2""0,T,(z,2) + %Tu(z, 2)0:(z". (3.21b)

Thus from the above analysis we can conclude that the building block of
3d Carrollian stress tensors with conformal symmetry are 3 independent
functions of spatial coordinates. The scaling dimension A = (h + h) can
be seen to be equal to 3 as expected for stress tensor components in
3 dimensions. But the underlying algebra dictates the precise way the
holomorphic and anti-holomorphic weights split for these objects. This
is given in Table 1.

Under supertranslations parametrised by a(z, z) the components of
the Carroll stress tensor would transform in the following way

Ou(zn) Tz =%a(z, 2)0,T,(z,z2) + %Tu(z, z)0,a(z, z) (3.22a)
5oz(z,Z)Ti Z%(Z(Z, z)azTu(Z, 2) + %Tu(zv Z)aza’(z, Z) (3.22b)
Oa(z,5Ty =0 (3.220)

Operator product expansions In a quantum theory, the transformations
of the components of the stress tensor can be equivalently captured in
terms of the operator product expansion (OPE) of these components.
In a relativistic 2d CFT, the singular part of the TT OPE is completely
fixed by the underlying Virasoro algebra along with some the inputs of
an ordering prescription. Owing to the infinite dimensional symmetry
algebra the singular part of the stress tensor OPE for three dimensional
Carrollian CFTs can also be fixed using the symmetry arguments. Taking
hints from the analysis above we propose these stress tensor operator
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product expansions and then show its equivalence with the algebra.
These are

T,(z, 2T, (0, ®) ~ 20,5%(z — 0)T,(w, @) + 6>(z — )3, T, (w, @) (3.23a)

T,(z, 2)T, (0, ®) ~ %a 8%z — )T, (0,®) + 6%(z — 0)d,,T,(®,®) (3.23b)

@ wtu

T,(z, 2)T: (0, ®) ~ [0,,6*(z — @) T: (0, ®) + 056°(z — 0)T,(2, Z)]

+6%(z — 0)[0, Ts(w. @) + 0,T, (2, )] (3.23¢)

T,(z. 2T, (w,®) ~ 0 (3.23d)

Here ~ denotes only singular terms in the OPEs. The expressions
for T;T; and T,T, would be similar to the first two expressions of the
above equations. These expressions can be shown to be consistent with
the charge algebra given in (3.17) using (3.16). Some of the details of
the algebra are given below. The [L, L] commutator can be obtained
as:

[L,,L,]= / Z"lg%z / " d?w : T,(z, )T, (w0, @) : (3.24)

= / d’z / ()d*w[20,5(z — ©)T,(w, @)
+6%(z — 0)0,,T,(w, @)]
=— / d?zz""1 9 T (z,2) — z(m + 1) / d*zT,(z,2)z"*"*!

=(m-m)L

n+m

The algebra of the super-rotations with the super-translations can be
similarly obtained:

(L, M, ]= / Z"d?z / 0" @ d*oT,(z, DT, (0, ®) (3.25)
- / Z"d?z / w’a')“'dzw[%dméz(z—w)Tu(w,a'))
+8%(z — 0)0, T, (@, ®)]
:—%r / d?zT(z,2)2"*"z¢ —% / d%20,T,(z, %)™+ z¢
=M,

and finally, the two copies of the Witt algebra commute with them-
selves:

(L,.L,]= / ZMlg?z / " d? 0T, (z, 2)Ts(w, @) (3.26)

= / Zn+1d2z/ cb'"“dzw[dw(Tz(w, @)52(z —w)
+ 0:(T(z, 2)5%(z — )]
=0

In the above, one noteworthy point is non-vanishing 7,(z, 2)T;(z,2)
OPE. This is possible because these stress tensor components carry both
non zero holomorphic and anti-holomorphic weights unlike 2d CFT.
The presence of the delta functions in the expressions of the OPE can
also be traced back to the ultralocal behaviour of the theory. This type
of stress tensor OPEs would be expected to appear for the electric the-
ories where the ultralocal behaviour is manifest in the expression of
correlation functions. Later on we compute these OPEs by studying an
explicit example of BMS invariant scalar field theory.

We would like to point out that the proposed OPEs (3.23) capture
only the centre-less part of the algebra and we refrain from commenting
on the central charge for now. We hope to return to this point in the
near future.
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Primary fields Using this construction the BMS primary fields can be
defined in terms of the OPEs of the fields with these stress tensor com-
ponents. A Carrollian conformal primary field ®(u, z, Z) can be labelled
by the eigenvalues of L, and L, operator, i.e.,

[Lo, ®(0)] = h®(0) [Ly, ®(0)] = hd(0) (3.27)

and the primary conditions [5] are

[L,,®0)]=0, [L,®0)]=0 Vn>0, [M,

r,s?

®0)]=0 Vr,s>0.
(3.28)

These conditions of primary fields are different from that of a 2d CFT
in the sense that half of the supertranslation generators also annihilate
®(0) along with the Virasoro positive modes. This induces the following
transformation rules for the primary fields at an arbitrary point at the
Carrollian manifold

8, D, z,2)=2""10, @, 2,2) + (h + %()M)CI)(u, z,2)0,(z"),  (3.292)

Sy, @, 2,2)=2'2°0,0(u. 2. 2). (3.29b)

A similar result holds for L, as well. The transformation rules under

the global generators (i.e. n =0,+1 and r,s=0,1) are equivalent to the
transformation of momentum space operators of massless particles un-
der the bulk Poincare group. This can be seen by performing a modified
Mellin transformation with respect to the energy variable. The reader
is directed to [61,62] for discussions on modified Mellin representation
of the Poincare group.
These transformation rules can be encoded in terms of the operator
product expansion of the stress tensor components and the operators
of concern. Using (3.16) it can be shown that the above relations are
equivalent with

1 T,(2,2)P(u,w,®) :~ (h+ %0u)<1)(u, a),d))()wﬁz(z — )
+6%(z — )0, P(u, 0, @),

L Ty (2, DD, 0, @) :~ 0, D(u, 0, D)52(z — w). (3.30)

Having dealt with general consequences, we will in the next section
go over to specifics of an example which will provide a robust check of
the generic analysis we have laid out in the paper so far.

4. Free massless Carroll scalar theory

In the following, we will consider the dynamical perspectives of the
Conformal Carroll or equivalently BMS symmetry generators in the con-
text of the free massless Carroll scalar field theory in 2+1 dimensions:

1 2 2
S=§/dud z4/q®;. 4.1

I+
Here, \/E = ﬁ This theory is also known as the electric or time-
+2zZz

like Carroll scalar. This example of free scalar model was also previously
discussed in [60,63-65]. There is also a magnetic version of the Carroll
scalar, which we will not be interested in for the purposes of this work.

Let us consider the super-rotation generating vector fields (switching
off the super-translation):

E=flo, + gDif’du 4.2)

Keeping in mind that in stereographic coordinates, f* and fZ are holo-
morphic and anti-holomorphic, respectively. Infinitesimal conformal
diffeomorphism generated by the vector field & on field ®(u, z, Z) of
equal holomorphic and anti-holomorphic conformal weights (since this
is a spin-less field) (A, h) is given by:

8.0y (u,z,2) = f'0,®+ hD,f' ® + %D,fiau<1>. 4.3)
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(4.3) is a Hamiltonian vector field on the space of solutions (& = 0),
equipped with the symplectic structure, if h = %:

9(61,52)=/\/5d22 (6,20,6,®— (1 -2) (4.4)
Ky4
The corresponding Hamiltonian function is given by
Q(8¢,6) =6HI[<]
H[¢) = / Vad’z oo+ %uD,- Fid? + %Di 2y 4.5)
Ky

These are conserved charges as well: d, H[£] = 0. Choosing f* = f, f* =
0, the conserved charge reduces to:

olf1= / Vad*z ( oD+ 1 (ub? +0b) ——0(/7 f)) 4.6)
K Ve

The charge algebra is given by the Poisson bracket:

(HI£,). HI&)) = QG;,.6;,) = HIL, & “.7)

In terms of the holomorphic transformations, we get the centerless Vi-
rasoro algebra:

{O1/11. 0121} = Ol f10f> — f20/1] 4.8
In other words, we define the Virasoro generators:

L,=0lf=2""] “4.9)
to get the standard expression. Using identical methods, we can gener-
ate the other copy of the Virasoro in the BMS, as well. Charge corre-
sponding to super-translation a(z, z)d, is:
Ola] = / Vad*za(z, 2)d*

52

(4.10)

Choosing « = z"z°, we get the corresponding M, ; charges, and the BMS
algebra is reproduced dynamically at the level of Poisson brackets as
expected.

4.1. Stress tensor

We will now compute the stress tensor and show its relation with the
BMS charges computed above. The stress tensor components computed
from (4.1) following Noether’s prescription are

1 2 i 1 2

T =507, T/=0,00,®, T/=-350,®) (4.11)

The above stress tensor is not traceless. It is possible to improve

these components to achieve the prescribed from mentioned in the pre-
vious section. The improved set of stress tensor components are

T" = %apap - icpaua,m T = —ié}l(au@)z (4.12)

This improved stress tensor matches the conditions prescribed in
the previous section and thus can be used to compute the BMS charges.
This improvement can be accounted for the variation of the conformal
coupling term in the covariant action [60].

We can use these improved stress tensor components to evaluate
the BMS charges following the prescription mentioned in the previous
section as

0:= [ Vadx /i (1, + ¢
:/\/Ed2xi\/a[<%(au®)2(a(xi)+gDifi(xi)>

3 1 i i
+ ((Zaucba,.cp — 720 (x ))]

1
T = E(aum)z

(4.13)
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We can decompose these expressions by setting f/(x’) = 0 and
a(x") = 0 respectively.

Ola] = / \ad*x q%a(xi)(aud))z (4.14)

and

Q[f]=/\/Edzx<%Difi(xi)(du<I>)2+(%0MCD0[<I>—id)aua[d))f"(x")
(4.15)

= / \/§d2x<£(0u<1>)2.D,- fie) - %D,.(cpap) JieD)
+ 0M<I)D,<I)f’(x’)>

- / \/adzx<i(u(du®)2+d>aud>)Di f"+(auc1>D,.q>)f"(x"))

To arrive at the third line, we have ignored a boundary term. These
charges agree with the ones obtained directly using Noether’s proce-
dure.

4.2. Correlators and OPEs

The Euler-Lagrange equations of motion corresponding to the free
Carroll scalar action (4.3) is just

b=0 (4.16)

This equation only allows up to linear term in « in the mode expan-
sions. Generic solution would be

D(u,z,z) = A(z,2)u+ B(z,2) 4.17)

Here A(z,Zz) and B(z,Z) are arbitrary functions 2-sphere. In terms of
these 2d fields A(z, Z), B(z, Z) the stress tensor components can be re-
expressed as

1= 20,022 = 142,27 (4.18)
TV = %apw, 2.2)0,0(u, 2, %) — id)(u, 2,2)0,0,0(u, 2, 2)
=490 0 + (%A(z, 2)0.B(z,2) — iB(z, 20, A(z.7))
(4.19)
TV = %apw, 2,2)0,0(u, 2, %) — i<l>(u, 2.2)0,D,®(u, z,2)
= gA(z, 2)0.A(z.2) + (%A(z, 2)0,B(z.2) — iB(z, 2)0:A(z,2))
(4.20)

We can identify from the above expressions the ‘2d’ building blocks
of the stress tensors discussed in the previous section. These are

T, = %Az(z,z), T = %A(z, 2)0;B(z,z) — A—ltB(z,Z)d,-A(z, z), i=z2

N

(4.21)
Correlation functions The correlation function of this free scalar the-
ory can be evaluated by computing the Green’s functions. The Green’s
function equation would be

0GP u—u 2 -2 =8w—u 2 -2 (4.22)
Solving this equation we find
(D(u, 2, 2)DW, 2, 7)) = —%(u —u)8% (2 = 2’1 (4.23)

This two-point function is the standard Carroll primary correlator as-
sociated with the delta function branch. It is straightforward to check
it agrees with the correlator derived from solving the Ward identities
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[29], when Ag = % The delta function appears in the two point func-
tion due to the absence of spatial derivatives in the action, and hence in
the Green’s function equation. This implies transition amplitudes van-
ish between two spatially separated points. As discussed in the previous
sections, this ultralocal behaviour is quite natural in Carrollian theories.
It was also argued in [29] that, the scattering amplitudes are encoded
in this branch of Carroll correlators.

Using (4.17) and (4.23) we can write

(A(z,2)B(,2)) = l52(z —7Z.z-7),
2 (4.24)
(B(z,2)A(,2)) = —562(1 -7Z,z2-7)

Below we shall use these correlation functions to compute various op-
erator product expansions by Wick contractions.

4.3. T-® OPE

We begin with the T — ® OPE. The Wick contractions give us:

1 T,(z,2) 1 @, 2, 2')
% A(z,2)0,B(z,2) :: ®(u, 72,7
% B(z,2)0,A(z,2) :: ®(u, 2,7y
i[a B(z,2)6%(z — 2') —uA(z,2)0,6*(z — 2)]

- i[—uazA(z, 2)6%(z — ') + B(z,2)0,6%(z — 2)]

So, ultimately we get

T,(z,2)®u,z',z")

~<i+u0u><1>(u 220,82z —2) + 62z — 210464z —2)  (4.25)

To arrive at the final expression (4.25), we have expanded A(z, z) and
B(z,z) around (z, Z) and also have used the following properties of the
delta function:

(z=20,6%(z=2)==8(z=2") 0,6%(z—2)=—0,6%(z—2). (4.26)

The : T;(z,Z)®(u,z’,2z’): OPE would be same as : T,(z,2)®u,z,z’):
with D; replacing D, in the RHS of the final expression (4.25). Simi-
larly, we can also compute

(T(z,2) s @, 2, 2') :

~ % T AXz,2) 1 O, 2 =1 A(z,2) : 6% (z—Z)

Finally, we get

T,(z.2)®u,z ,2) ~ 8, : D,z 2') : 6%(z—2) (4.27)

These OPEs agrees with (3.30) derived in the previous section from
symmetry arguments with h, 7 = %

4.4. T-T OPE

Using these correlators we now compute the operator product ex-
pansion of the stress tensor components as well. Here we shall only be
interested in the half contracted terms as these terms give rise to the
non-central part of the algebra.

1 T,(z,2) :: T (2, Z):

1 T,(z,2) .2 T,(2,2) :

~ %A(Z,Z)OZB(Z,Z)— lB(z,g)azA(z,Z) . % DA, 2

—% DAz, 2)A(Z, 2 0,6%(z -2 )+ 1 0,A(z, DA, 2)6%(z - 2))
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1 T,(z,2) 1 T(Z,2):

= %Tu(z', 20,8%(z—2)+ 0, T (2, 2)6%(z - 2') (4.28)

1 T,(z,2) i T2, 2):

ITy(z,2) 1 Ty(2,2) i~ (%A(z, 2)0,B(z,2) — %B(Z,Z)OZA((Z,Z)) :

: (%A(z’,z’)az, B(Z.Z) - %B(z’,z’)azlA(z’,Z’)) :

(4.29)
we compute these contractions sequentially below
o1

.3 _ .. 3 ’ st .

: ZA(Z, 2)0,B(z,z) :: ZA(Z z)oyB(z',Z'): (4.30)
196 [0,6%(z— 2')(2,2)0, B(z,Z) — 0,6%(z — 2')A(z,2)0,, B(Z, 7)]
16[0 84z —2) A(Z,2)0, B(Z',Z) : +6X(z—2) : A(Z',2)d, B(Z',Z) :

—0,6%(z—72'): A(Z, 20, B(Z',Z) :

-8(z—2):0,A(, 20, B, Z) ]

- II

: %A(z,i)dZB(z,i) ¥ —iB(z' 20, A(Z . 2) : (4.31)

=— 13—6 [6%(z — 2)0,B(z,2)0, A(Z, ')
—0,0,6%(z—2") : Az,2)B(Z,Z) 1]
=— % [6%(z=2') : 0, A(Z, 20, B(Z'Z) :
+0%6%(z—2) 1 A(Z,Z)B(Z.Z)) :
+28%(z—2) : B(z,Z)0, A(Z,Z) + = 02 A(Z,ZHB(Z',Z) ]
o III

1

4
3 _ —

=— [6%(z—2) : 0,A(z,2)0, B(Z, 2")

— = B(2,2)0,A(z,2) %A(z',z_’)az,B(z’,z_’) : (4.32)

+0,0,6%(z — 2)B(z, D) A(Z', 2)]

= —% [6%(z—2'): 0,A(Z, 20, B(Z'. 2)
—0%6%(z—2): B(Z.2)A(Z. 7)) :
—28%z—-12'): A(Z, 20, B(Z',2)
- %62(2 —2) 1 A(Z,2)0% B(Z, 2)]

- IV

i : B(2,2)0,A(z,2) : iB(z’, 2oy A7, ') : (4.33)
:i6 10,62z —2') 1 0.A(z,2)B(Z, 7))

—-0,6%(z—2) : B(z,2)0, A2, 2)]
=1‘_6 [0,6%(z—2) : 0, Az, 2)B(Z, 2')

+8%(z— 202, A(Z', 2)B(Z . 2))]
—0,6%(z—12'): B(Z,2)0, A, 2) :

—8%(z—12'): 0, A, 20, B(Z', 7)) 1]
Adding all these contributions together, we get

I+ 1T +111+1V (4.34)

= (%A(z' ")aer(z' z - —B(z z’)dz/A(z z ))61162(1 -7
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1 _ _ 3 - _
+ ( 5011 A(Z, z')dzr B(Z,Z))+ (4_1 A(Z, z’)()z, B(Z',Z)
1
4

- = B(Z,2)0%, A(z, 2)))8*(z - 2)

So ultimately we have:

T,(z, DT, (2, 2') ~ 2T,(2', 210, 6%(z — 2') + 0T, (2, 2)8*(z— 2')
(4.35)

The other Operator product expansions of the stress tensor components
can also be shown to hold using the correlation function in a similar
fashion. So we have reproduced in a completely different way using
Wick contractions in the Carroll scalar the general OPEs which we pre-
vious wrote down from symmetry arguments. This provides a robust
cross-check of our previous construction.

We remind the reader here that we have not deal with the fully
contracted parts of the OPE. These lead to formally divergent terms
which when regulated may give us central terms in the corresponding
algebra. The regulation scheme is not clear to us at present and this is
work in progress and we hope to report on it in the near future.

5. Enhancement to Diff(S2)?

In our analysis of the stress tensors of a 3d Carroll CFT, as we
showed, under the assumption that the spatial part of the tensor was
diagonal, as is expected for electric Carroll theories, there are three
components of the stress tensor given by (3.15). The charges that we
obtained in (3.16) were conserved. But a priori, it seems that the ex-
pansion (3.16) is somewhat ad hoc and restrictive.

We can define instead define more general charges from the stress
tensor components as

Ly,= / Vad*zT(z,. 2" 2", L, = / \ad*zT;(z,2)zP 29+
(5.1)
The algebra of these conserved charges can be checked using (3.23) and

(5.1). This is

[Lm,w Lu,b] = (m - a)Lm+a,n+b’ [I_‘p,zp ic,d] = (17 - C)Lp+c,q+d (5'2)

m+ 1
[Lm,mMr,s] = (T - r) Mm+r,n+s’

- qg+1
[LPJI’ Mr,s] = <T - S) M[I+r,q+s
[Lm,n’ I’p,q] = an+p,n+q - pz‘m+p,n+q and [Mr,s’ Mi,j] =0.

The above set of commutators define diffeomorphism extended or gen-
eralised BMS, algebra [66,67]. The conformal subalgebra, obtained by
setting the appropriate indices to zero, can be identified with the BMS,
algebra given by (3.17).

Let’s try to understand this a bit better. In our previous analysis,
we considered only the conformal transformations of celestial sphere
at null infinity. It is in principle possible to generalise the symmetries
to the whole set of diffeomorphisms of S? along with the usual super-
translations. The conformal transformations of the celestial sphere are
parametrised by the holomorphic and anti-holomorphic functions f*(z)
and f*(Z) respectively. So we can relax these holomorphicity condi-
tions and evaluate the charges that generate the diffeomorphisms of S2.
These charges given by (5.1) would still be conserved in these Carrol-
lian theories if one assumes the structures of the stress tensor prescribed
above. This is evident from (3.12) as it remains independent of u even
if the holomorphicity of the killing vectors are relaxed. The algebra of
these charges then closes to the algebra of Diff(S?) (5.2).

At the moment, it seems that the Carroll CFT stress tensors as we
have defined them naturally enhance the symmetries from the superro-
tations to Diff(S?) giving us another larger set of conserved charges. So
the pertinent question to ask is which of the two infinite dimensional
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symmetry enhancements should we go with. At first glance, the super-
rotation enhancement seems to be the more natural choice since this is
the conformal symmetries of the background and it is not clear what we
mean when we consider the full diffeomorphism algebra on the sphere
when we are considering CFTs on null backgrounds. This expectation is
further borne out by a rather straightforward analysis.

Following our previous analysis of the OPEs of stress tensors and
Carroll primaries, we can now consider the action of the Diff(S?) gen-
erators on the Carroll primary fields. We consider the 7T'(z, Z)®(u, ®, ®)
OPE in (3.30) to concretely write down the transformation rules of the
fields by the action of the diffeomorphism charges:

8, ®uw,®) (5.3)

= / \/adzsz(z, 2P, w, @)z 2"

=+ %au)cp(u,w, @)D, (" H@" + D, ®(u, w, ®)" ' "
5LM D(u, w, @)

= (h+ 50,)0(1.0,0) Dy (@) + Dy 0.0, ) .

The transformation rules of ®(u,w,®) under supertranslations remain
as usual. However, as pointed out in [68], these primary transforma-
tion rules are not consistent with the symmetry algebra in (5.2) as the
following Jacobi identity does not close for primary fields with non-zero
spin.

[[L

L, ). @ o,)] +[[L,,. ®uz2)], L, ]+ [®Wu,z.2),L,,). L]

pq’ r.s?

= gr(h — h)®(u, z, 2)ZF+mzH+n (5.4)

There is no problem with the closure of Jacobi identity if we choose
not to extend the conformal symmetry to diffeomorphisms by setting
q,r=0.

So, at least with the primary transformation rules prescribed as
above, it seems there are problems in extending the super-rotations to
the whole of Diff(S?) in the context of 3d Carrollian CFTs.

In [68], it is further shown that one fix this issue by the addition of
a spin operator .S ; of weight (A, h) = (1, 1) in the algebra which repairs
the Jacobi identity. It is unclear how one would be able to construct
such an operator in a 3d Carrollian theory. But the implications of this
enhancement to Diff(S%) on scattering are rather severe and calls for a
conservation of helicity and is hence unnatural. However this enhance-
ment of symmertries in case of Carrollian scalar theories could still be
useful in other purposes. We don’t immediately have anything further
to add to this.

6. Discussions
6.1. Summary of results

In this paper, we have studied kinematical features of conformal
Carroll invariant field theories in three dimensions. We discussed that
local Carroll and Weyl symmetry forces the stress tensor to take a
certain form. Using this specific form of the stress tensor, we then con-
structed the conserved charges associated with the BMS or conformal
Carroll transformations. The algebra of the charges dictates the trans-
formation properties of these stress tensor components. We found that
three independent stress tensor components transform as primary fields
with holomorphic and anti-holomorphic weights (%, §),(2, 1),(1,2) re-
spectively. The equivalent statement was then made in terms of stress
tensor operator product expansions. Consequently the singular part of
the OPEs are also shown to be consistent with the BMS, algebra. The
set of stress tensor OPEs, consist of contact terms and hence reflect the
ultralocal nature of Carroll CFTs. This is the main result of this pa-
per. Also it is worthwhile to mention that although the left and right
moving Virasoro generators commute, the associated generating stress
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tensor components have a non trivial operator product expansion, con-
trary to 2d CFTs. Furthermore we evaluate what the Carrollian primary
conditions translate to in terms of T-® OPEs. In the next section, we
discuss an example of free scalar model where this construction was
explicitly realised, providing a robust cross-check of the more general
analysis earlier. We evaluated the conserved charges for this theory and
showed their relations with the stress tensors. More importantly we
also computed the stress tensor OPEs directly by the method of Wick
contractions, using the novel ultralocal branch of Carroll correlators.
These OPEs also agree with previous construction. In the last section
we discussed the possibility of extending conformal symmetry to dif-
feomorphisms in the context of Carrollian framework and its potential
difficulties.

6.2. Connections to flat holography

One of the main motivations behind our construction is obviously
applications of these 3d Carroll CFTs to gravitational physics in asymp-
totically flat spacetimes through the holographic principle. We have not
directly connected with this in the main body of our paper here. There
are various points to clarify here and comment on another potential
application of this framework.

Charge conservation The BMS (and Diff(S?)) charges we have defined
in this work are conserved. They don’t have any dependence on u. Now
if we are thinking of spacetimes where there is radiation leaking out of
#* and we envision a field theory capturing this, it is not immediately
obvious if conservation of charges are well equipped for that purpose.
However unitarity is clearly present in the bulk and would hence man-
ifest itself on any holographic dual field theory. Whatever radiation
leaks out of .#* must have had come from incoming particles through
#~. In short, what goes in must come out. It is plausible that even
in asymptotically flat spacetimes with radiation, a dual theory based
on Carrollian CFTs would capture the bulk physics and have conserved
charges. Let us remember that Carroll CFTs do encode bulk scattering
in a non-trivial way as well. Of course, in this case, the explicit way
that in-flux and out-flux behaves, or equivalently the information of the
Bondi news tensor is lost.

Soft factorisations Scattering amplitudes in the bulk is the observables
of primary interest for flat space holography. The infrared sector of scat-
tering matrices in flat spacetime is quite rich and subtle and elegantly
described by the infrared triangle. The infinite number of conserved
BMS charges causes the scattering amplitudes to factorise into lower
point amplitudes. This factorisation of amplitudes is famously known as
the soft factorisation. In order to be a holographic dual of gravity the-
ories in asymptotically flat spacetimes, the boundary field theory must
be able to somehow capture the scattering amplitudes and its infrared
properties. Recently it has been proved that the these Carrollian field
theories can indeed describe the bulk scattering matrix. Having this
framework at hand, it would be of immediate interest to investigate the
infrared sector from field theory side. The conserved BMS currents con-
structed in this work and associated Ward identities can be expected to
be relevant in capturing bulk infrared physics. It would also be of in-
terest to relate this framework to the conformally soft sector of celestial
CFTs.
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