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1 Introduction

Black holes (BH) are objects which have always been of extreme interests for physicists since
their “discovery” as solutions of Einstein’s equations at the beginning of the past century. For
many years they have been at the center of an intense theoretical research which could have
been considered a mathematical amusement until their indirect detection [1, 2]. Nowadays
they have become real physical objects [3] and there are reasonable hopes that their properties
could be measured experimentally via the detection of gravitational waves [4-8].

The main feature of BH’s is specified in their name: they are black. They absorb the
impinging radiation. Nothing can escape the horizon which cloakes a classical space-time
singularity. This is essentially the content of the weak cosmic censorship conjecture [9-12].
But even if the geometry outside the horizon shows no pathologies the same cannot be
said for the part inside the horizon. The solution to the latter problems might require
quantum mechanics which, in turn, raises more problems like the information paradox see
for example [13] and references therein. These problems lead to a more radical viewpoint
questioning the existence of an horizon. Or, in other words, is it possible to distinguish BH’s
from exotic objects more massive than neutron stars but without an horizon? These objects
have been collectively dubbed Exotic Compact Objects (ECO). This category comprises
gravastars, wormholes, firewalls and fuzzballs just to name a few, see [14-16] for recent
reviews. ECO’s can be distinguished from BH’s by their photon sphere shapes [17-19],
multipolar structure [20-25], quasi normal modes (QNM) and their characteristic echo based
gravitational waves (GW) emission [26]. See [27] for a review.



The internal structure of a celestial object (a BH or an ECO) can be obtained studying
their reaction under a gravitational perturbation. The mathematical tool to do so is the tidal
Love/dissipation number (TLN) which were introduced in [28], see also [29-31]. They were
shown to vanish for Schwarzschild and Kerr BH’s [30-32] but they are non trivial in higher
dimensions, non asymptotically flat spaces, in alternative theories of gravity [33-38] and for
BH-like compact objects [39, 40]. The TLN response of a gravity object codified the mixing
between the solutions of the wave equation for a choice of boundary conditions, and it is
imprinted in the Post Newtonian (PN) expansion of the gravitational wave signal radiated by
a lighter mass inspiraling around it [41]. It shows up at order 5PN beyond the quadrupole
approximation, making hard its experimental measure. Aim of this work is to show that, in the
case of fuzzballs, the TLN response exhibit resonant peaks in the line of frequencies amplifying
the signal in a significant way. The study of TLN resonances will be the central focus of
this paper. To carry on this task we will exploit the gravity/Seiberg-Witten correspondence
(GSW) recently developed in [42-47] that relates gravity to N = 2 supersymmetric SU(2)
gauge theories and/or two-dimensional conformal field theories (CFT), see also [48-55]. This
correspondence exploits the results of Seiberg-Witten (SW) [56], localization [57-59] and
AGT duality [60], to provide a combinatorial description of the wave functions describing
the gravity systems at linear order. In this framework, the Post-Newtonian expansion of
the gravitational wave emitted by a particle orbiting around a BH is described by a an
instanton sum in a quiver gauge theory, or alternatively as a linear combination of conformal
blocks of a two-dimensional CFT [41]. The tidal response is given by a ratio of Gamma
functions depending on a single holomorphic function: the quantum SW period a(u,q) with
Coulomb branch parameter v and coupling ¢ parametrizing the orbital number and the
wave frequency in gravity [47].

In this paper, we apply these ideas to the study of the tidal response for D1D5 [61],
Topological Star [62, 63] and D1D5p superstrata geometries of type (1,0,s) [64, 65]. Pertur-
bations around these geometries are described by a differential equation of the Heun type
and can be mapped to a SU(2) gauge theory with matter transforming in the fundamental
representation [44, 45, 52, 54]. The crucial difference with respect to the case of BH’s is
the presence of poles in the connection matrix associated to the real frequencies where the
argument of a Gamma function, in the tidal function, becomes a negative integer. We
compare the spectrum of resonant frequencies with that of QNM'’s, i.e. solutions of the
wave equation satisfying regular boundary conditions at the origin and outgoing ones at
infinity. QNM’s exist for discrete of choices of frequencies the complex plane. In the case
of BH’s, where the effective potential has only a maximum (at the photonsphere), they
have typically a significantly large imaginary part leading to fast damping modes. Fuzzballs
instead allow also for QNM frequencies with small imaginary part describing metastable bound
states leaving near the minimum of the effective potential. We find that tidal interactions
always blow up at these slowly damping QNM frequencies, providing a gravitational wave
picture of the fuzzball interior.

This is the organization of the paper: in section 2 we review the GSW correspondence
and illustrate the ideas in a toy model of the wave dynamics. In section 3, 4 and 5 we discuss
the cases of: D1D5 fuzzball, the (1,0,s) Strata and Top Star geometries respectively. In each
case we study the spectrum of tidal resonances and compare them against that of QNM’s.



2 TLN vs QNMs

Black holes and ECQO’s are often described by integrable geometries where the angular and
radial motions of the gravitational perturbations can be separated and described in terms
of a ordinary differential equations of Schrédinger type

V(2) + Q(2)¥(z) = 0 (2.1)

with z a radial or angular variable. For example, asymptotically AdS; Kerr-Newman BH’s
are described by Heun equations of type (2.1) with four regular singularities located at the BH
horizons. Asymptotically flat BH’s in four and five dimensions and a large family of D-brane
bound states and fuzzballs are instead described by confluent Heun equations obtained by
colliding two or more singularities at a point (typically zero or infinity).

The general solution can be always written as

U(z) = Z Ca(W)Wqu(2) (2.2)

a==

with W, (2) given in terms of Heun functions and ¢, determined by the boundary conditions
at the origin (the horizon for BH’s). We will always set the boundary at z = 1, the radial
infinity at z = 0, and choose the solutions ¥, (z) such that

2EGtoE) (1) (2.3)
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with D the dimension and ¢ the orbital quantum number of the wave. The limit w/z,z — 0
describes the region (near zone) where distances are large with respect to the size of the
object but still much smaller than the gravitational wavelength. In this limit, centrifugal
forces dominate over the rest of the interactions. The growing and decreasing components,
U_ and ¥, respectively, can be viewed accordingly as the “source “ and “response” terms of
the perturbation and the tidal response function £(w) can be defined as

Llw) = &) (2.4)

The real and imaginary parts of £(w) compute the dynamical Love and dissipation numbers
of the geometry. The coefficients ¢+ will be computed using the Heun connection formulae
derived in [46, 47], linking the behaviour of the Heun functions near the origin z = 1 to
the radial infinity 2z = 0.

QNM’s on the other hand, are defined as outgoing modes in the opposite asymptotic region
where z < w. They are in general complex, and exist for discrete choices of the frequencies.

2.1 Tidal response resonances vs QNMs

We will show that for compact objects £(w) has an infinite number of poles where the
tidal response of the geometry blows up. This sequence of resonances will be related to the
existence of metastable states (QNM’s) confined in the interior of the photon sphere. They
are characterised by QNM frequencies with small imaginary parts describing bound states



living near the minimum of the effective potential. QNM frequencies will be computed by
direct integration of the differential equation. They correspond to zeros of the Wronskian,
Yonum(w), computed between the solution Wi, (z) satisfying regular boundary conditions at
the origin and Wy (2) satisfying outgoing boundary conditions at infinity

Sanm(w) = Win(2:) Wous (20) — Uiy (22) Wout () = 0 (2.5)

with 2z, an arbitrary point. We remind that the Wronskian is constant, so the result does
not depend on the choice of z,. Since both the origin and infinity are always singular points,
boundary conditions have to be imposed slightly off these points. The two solutions are
approximated around these points by a series expansion that are used to fix the boundary
conditions and are then extrapolated numerically to the interior point z, using Mathematica.

Alternatively, QNM frequencies can be estimated relying on a WKB approximation of the
solution. In this framework the frequencies w,, are determined by the quantization condition

/:Wdrzw(n+§), n=0,1,2,... (2.6)

with 71 2 two zeros of Q(r,wy) around its maximum. We notice that, in general, the zeros 7 2
depend on wy,, so equation (2.6) is highly non-trivial, but it can still be solved numerically.

2.2 GSW correspondence

The Heun equation arises also in the study of gauge theories on curved spacetimes. For
example, the dynamics of the N' = 2 supersymmetric SU(2) gauge theory with four hyper-
multiplets living in a Nekrasov-Shatashvili [66] 2-background with parameters e; = 1, e =0
is codified in the quantum differential equation

|PL(=20. + ) = P(=20.)2"" + qPp(~20. — 3)="2| W(2) =0 (2.7)
with ¢ the gauge coupling and
Pr(xz) = (x — mqy)(x — ma), Pr(z) = (x — m3)(x — my)

P(x):g;Q_u—i—q(x2+u+%—(x+§)2mi+2mimj) (2.8)

1<j

Here u parametrises the Coulomb branch and m; the masses. This gauge theory can be
described by pairs of D4 branes stretched between two NS5 branes or between a NS5 and
infinity on the left and on the right. The zeros of Pr, r(z), P(x) give the positions of the
D4-branes in the three regions and parametrise the four masses and the Coulomb branch.
We will label the hypermultiplet content by Ny = (2,2) and its decoupling limits (where
some masses are sent to infinity) by Ny = (N, Nr). Equation (2.7) can be always brought
to the form (2.1) by taking

1— mg+my __mj+mo+1 m3+my—1

W) =z""">"(1-27"72 "(z-¢q) 7 ¥(2) (2.9)



leading to

po () g o (a2 g (e
Q22(2) o1 + = + CEE
2mymg +m3 +m3 — 1 (1—-q)U (2.10)
2(z—=1)z (z—1)z(z—q) '
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U=} =} (mf+mi) - a) (211)

The gauge theory can be alternatively described by a mirrored version of (2.7) given by
[qPL(—Zag + 1) — P(—20:)z7" + Pr(—20; — %)2*2] W(z) =0 (2.12)
after the identifications

z=qz, Q22(2) = ¢* Q(q2) W(2) = W(q2) (2.13)

The use of this second picture will become clear later. Using any of the two equivalent
descriptions, the dynamics of the gauge theory is codified into a single holomorphic function
a(u,q), known as the Seiberg Witten quantum period. To compute it, it is convenient to
Fourier transform (2.7), or (2.12), and bring it into the form of a difference equation [67, 68].
The integrability condition of this difference equation can be written in the infinite fraction
form [69]

gM(a+1) qM (a)
ETLN(Q) = + P - P(CL) =0 (2.14)
Pla+1) - dash Pla—1) - dast
with A
M(z) =[](z —mi—3) (2.15)
=1

(2.14) can be easily solved for a(u, q) order by order in g. The starting point of the recursion
is the free theory ¢ = 0, where a ~ Vvu. In this limit, the wave equations reduce to

q—
U(z) Eo Z Cazé'i'aa(l_z)%(l—ml—ﬂm) oF (%%—aa—mh %+aa—m2; 1+2aa; z) (2.16)
K a==
U(z) ~ Gypat T (172)%(1_7”3_7”4) o Fy <%*m3+a, $—mg—a; 1+my—ms; z) +(3 < 4)
q

where c4,¢34 are some constants. They are determined by requiring regularity at the
origin z = 1.

Expanding the hypergeometric functions around z = 1, assuming that the masses are
real' and mq + mo > 0, m3 + my > 0, one finds that regularity at the origin requires

T R S R (T b (2.17)

z—1 z—1

'We will later see that this is always the case for the fuzzball geometries considered here.



This fixes the ratios between the two asymptotic coefficients around z = 0 to be
F(—Qa)F<%+m1+a>F(%+m2+a)
C— F(2a)I‘(%—|—m1—a)F<%+m2—a>
o D+mg—m)l (S+ma+a)l(5+ms—a)

£:C4:F(1m3+m4)F<§+m3+a)F(§+m3a) (2.18)

L=t

Turning on ¢, the differential equation becomes a Heun equation and the ¢’s coefficients become
the components of the connection matrix relating two basis of Heun functions. The crucial
observation in [47] is that the ratio between the c¢’s coefficients in the Heun case is given again
by (2.18) with a o v/u replaced by the quantum SW period a(u, ¢). The whole non-triviality

of the Heun connection matrix is codified into a single holomorphic function a(u,q).

The confluence limits of the Heun equation can be studied similarly by decoupling some
masses in the gauge theory description. Notice that this operation breaks the Left-Right
symmetry, so which description you use makes a difference. We find it convenient to use
L(w) or L(w) to describe the tidal response for theories with N > Ng or N < Ng. For
example, the Ny = (2,1) is obtained in the limit ¢ — 0, m4 — oo, keeping finite their
product gmy — —q. In this limit (2.7) keeps its form with the replacement Pr(z) — (x —ms3).
The differential equation becomes a confluent Heun equation. A further decoupling of the
mg mass produces a Ny = (2,0) theory, described by a reduced confluent Heun equation.
Similarly one can decouple the m; 2 masses, using the formulae with the tilde leading to
Ny = (1,2) and Ny = (0,2) gauge theories.

We will be mainly interested in the poles of the tidal functions. They appear for
frequencies such that the argument of some of the gamma functions in (2.18) becomes a
negative integer. In the case of BH’s this never happens, since the masses are always purely
imaginary and a is real. We find instead that the tidal response of fuzzball geometries exhibits
typically an infinite sequence of resonances corresponding to solutions of

%+m1,2+a:—n, n=0,1,2,...
f+mita=—n, n=0,1,2,... (2.19)

We find that typically only one of the two equations admits real solutions. To find the
frequencies, we will plug a obtained from (2.19) into (2.14) and look numerically for the
zeros of Yppn(w) along the w-line.

2.3 Toy wave dynamics

In this section we illustrate the ideas of tidal resonances and their connection with QNM’s in
a toy model of the wave dynamics introduced in [54]. We consider the quantum mechanics of
a particle moving in a piecewise constant potential V' (z) with different values in the intervals
(0,L], [L,L + A] and [L + A, o], see figure 1. The quantum probability ¥(z) of finding the
particle at position z is determined by the Schrodinger equation (2.1) with

Qz,w) = w? — V(x) (2.20)
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Figure 1. Effective potential V() for the BH (left) and fuzzball (right) cases.

and w? the particle energy. The general solution of (2.1) can be written as

Acoskix + Asinkyx O0<z<L
U(x) = Be P* 4 Cel? L<z<L+A (2.21)
Deths® 4 De—iksw z>L+ A

with

klz\/w2—V1, 52\/‘/2—002, k‘3:w (2.22)

We consider the two extreme cases where the boundary of the space at x = 0 represents
either a BH (ingoing wave only) or a fuzzball (perfectly reflecting mirror). They correspond
to the choice of boundary conditions

Uzz () ~, sin k1x

Upp(z) ~ e ke (2.23)

x—0

We can view the B (decreasing) and C (growing) components in the intermediate region
in (2.21) as describing the amplitude of the “response” of the geometry to a “source” pertur-
bation. The TLN is defined as the ratio of the response and source coefficients

L(w)=——= (2.24)

Matching functions and derivatives at * = L one finds

tank; L — k
_B an vy 1,28

Lron(@) = e Tk
+ ik
Lon(w) = MGQBL (2.25)

The important difference we observe already at this level, is that the BH TLN has no poles
since 5 = ik; has no real solutions; while Lpy,,(w) exhibits an infinite number of poles located
at the solutions of the trascendental equation:

k1

tan k1 L = 3 (2.26)



QNM’s instead are defined as solutions involving only outgoing waves at infinity, i.e. D = 0.
Matching functions and derivatives at © = L, L + A one finds that QNM frequencies are
determined by the eigenvalue equations

ikg tanh BA —
b tanh SA — ikg
i3  ikztanh A — 8

k1 N [ tanh BA — ikg

We notice that the equations defining the poles of Ly, (w) in (2.25) are very different in
general from those in (2.27) defining QNM’s. Still in the limit SA — oo, the two conditions
coincide. Indeed in this limit the right hand side of the first equation in (2.27) reduces to

Fuzz : ﬁ tan kL =
k1

BH :

(2.27)

—1, leading again to (2.26). The resonances of the tidal function are therefore associated to
the QNM'’s describing the metastable states confined inside the cavity.

3 D1-D5 circular fuzzball

The D1D5 circular fuzzball is a smooth solution of minimal six-dimensional supergravity
specified by a circular profile of radius a. The six-dimensional metric is given by

ds? = H™' [=2(du + B)(dv + ) + Hdsa] (3.1)
with
dsy = (p* + a* cos? 0) <p2di2a2 + d02> + (p* + a?) sin? 0 d¢? + p? cos? O dip?
5= aL?(sin? Odp— cos® Odv)) Y= aL?(sin? Odp+ cos? Odv))
V2% ’ V2%

L2 u+v u—v
H=e+t—, Y =p>+ad%cos’0, t=—, =

3.2
- (32)
We have introduced the auxiliary parameter € = 0, 1 that interpolates between asymptotically

AdS3 x S and flat geometries respectively. We consider a massive scalar perturbation
satisfying
(O—p?)®=0 (3.3)

The scalar wave equation is separable using the ansatz

® = R(p)S(x)e!witpyytmyitmos) (3.4)

For concreteness we set the Kaluza-Klein momentum p, = 0 but the analysis can be easily
extended to arbitrary values of p,. The angular and radial equations read

m2 m2
8X |:X(1 — XQ)S/(X)] -+ XS(X) (-1 _¢;<2 — Xiﬁ—gQQ(l — Xz)(WQE—M2)+A> =0 (35)

—L2 2 a m2
(amg—L7w)” _ w+p2e(ew2—,u2)—(L2+a2e)u2 (3.6)

O |p(p*+a*) R (p)|+pR(p) [
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Figure 2. D1D5 Effective potential: £ =my =2, my =p =0, L = 1.

with y = cosf and A the separation constant. The two equations can be written in the
normal form (2.1) with

24 —2m2 —m2+3  —24+2mZ+m2—-3 1—4m?
2 2 2 Y ¢ W ¢ P

pr— _— 3-7
Qy(x) =a e(,u w e) + ) + = 1) + e (3.7)

2 2
1—m¢ 1—m¢

+
Ax -1 4lx+1)?
i—m?p 1—|—A—mi+L2(u2—2ew2) (L2w—am¢)2—a2
p2 p2 +G2 (p2 +G2)2

+

Qp(p) = e(ew® — i) +

In figure 2 we display the effective potential V(p) governing the radial motion, for some
values of the parameters. Out of simplicity we restrict ourselves to the case mg = 0,
where Q,(p) ~ w? — V(p). We observe that for a small enough the potential for, both the
asymptotically flat and the near horizon geometry, has always a minimum so it allows for
the existence of metastable bound states. This is not the case for asymptotically flat D1D5
fuzzball with a large. To build the GSW dictionary, it is convenient to move the singularities

to the points 0, 1 and co and write @) in the form

e R S D R
-1 3.8
@20(2) 23 * (z—1)z * (z —1)%2 * (z—1)22 (38)
For the angular equation one finds the GSW dictionary
1 U(z)
Zy = —%, S(x) = —=— (3.9)
X X2 ) (1 — Z)
ca? me +tm 1+A

2
a ¥(z) 1 2/ 2 2 2 /2 2
, R(p)= , u=-[1+A+L —2ew”)+a"e(p” —ew
02 +a? (p) a2 4[ (1 ) (u )]
2 2 2
€ea” , o 9 my+mg  Lw my—mg Lw
— _ - _ = 3.10
9= (1" —ew?), my 2 2a ma 5 + % (3.10)



The characteristic polynomials are

Pr(z) = (x — mqy)(xz — ma), Pr(z) =1
Px)=2*-u+q, M(z)=(z—mi—3)(x—mg— 1) (3.11)

In the following we consider in turn the cases of asymptotically AdS3 x S® ¢ = 0 and
asymptotically flat e = 1 geometries. The crucial difference between the two cases is that the
wave equation for € = 0 is of hypergeometric type while that for e = 1 is given by a reduced
confluent Heun equation with an irregular singularity at z = 0.

3.1 Near horizon geometry

We start by considering the simple case e = 0. For this choice, the gauge theory representing
the fuzzball perturbations is free ¢ = 0 and both angular and radial equations take a
hypergeometric form with regular singularities at 0,1, c0. Their solutions can therefore be
written in terms of hypergeometric functions. In particular, the angular function S(x) can
be written in terms of 5d spherical harmonics with separation constant

A=1(+2) (3.12)
and
a=vu=3/(0+1)2+p2L? (3.13)

The tidal response function £(w) is given by (2.18) with resonant frequencies located at the
solutions of (2.19). Using the GSW dictionary (3.10), one finds that the solutions with w
real exist only for those special values of m; leading to

a

wgoles_L2(2n+2a+1+m¢+m¢), n:O,l,Q,... (314)

Beside the sequence of poles, the tidal response has an infinite number of zeros located at

wTZzerOS:%(Qn*QClﬁLl‘meij(f))a n=0,12,... (3.15)

Finally we observe that in the massless limit g — 0, the sequences of zeros and poles
accidentally fall on top of each other leading to a finite result for £. Indeed setting p = 0 from
the very beginning and expanding for small z one finds the logarithmic divergent tidal response

R(z) ~ 2 '3 [(1 o)+ 22210 2 Lreg (14 .. .)] (3.16)

with

Lreg = ReSa:ﬂﬁ(a) = —Hf:o [m% B (Z + %)2} [m% - (Z + %)2}

2 (204 2)!1(2¢ + 1)! (3.17)

a polynomial function in w with no resonances. This can be observed in the left plot of
figure 3 where no resonances show up for ¢ = 0.

,10,
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Figure 3. D1D5 fuzzball £ = my =2, my =0,a=0.1, L=1,p=0.
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Table 1. TLN resonance vs QNM frequencies for D1D5 fuzzballs with L = e =1, £ = my = 2,

mg =pn=0,a=0.1.

n wg(}fgs w\%lilil\é wr?ul\rInM A wgg_ll}a\;,extra
0 | 2.15643 | 2.1563 | 2.15643 || 120.004 | O

1 ] 2.34803 | 2.34771 | 2.34803 || 120.005 | 0.200365
2 | 2.53883 | 2.53835 | 2.53883 || 120.005 | 0.401467
3| 272882 | 2.7282 | 2.72882 || 120.006 | 0.603316
41291796 | 2.91721 | 2.91796 || 120.007 | 0.805929
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Table 2. TLN resonance vs QNM frequencies for D1D5 fuzzballs with L =€ =1, £ = m, = 10,
mg =p=0,a=0.1.

3.2 Asymptotically flat geometry

For € = 1 the singularity at z = 0 is irregular and the solutions ¥, are given in terms of the
reduced confluent Heun functions rather than hypergeometric ones. The tidal response is
described by £(w) in (2.18), with a(q) determined by the continuous fraction equation (2.14).
We refer the reader to [52] for recent investigation of the Love number of circular D1D5
fuzzballs. To determine the resonant frequencies we first plug

a=-n—3—m, n=1,2,... (3.18)
into (2.14) truncated to a given instanton number ¢*. We also set aX = 1 —I—g in the continuous
fraction equation associated to the angular equation. We then use the dictionaries (3.9)
and (3.10) to express the angular and radial equations as a system of two algebraic equations
and solve it numerically for A and w. For example, truncating to zero instanton order, one
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finds a = y/u+ ... that after using the GSW dictionary (3.10) leads to A ~ ¢(£+2)+ ... and

wnx%(2n+€+mw+m¢+2)+... (3.19)
We notice that at this order the result coincides with that of the near horizon geometry given
by (3.14). This is not surprising, since for a small the minimum of the effective potential is
located deep inside the near horizon geometry which provides a good description of the physics
of metastable states. Higher instanton corrections can be incorporated by keeping more and
more terms in the continuous fraction equations. We find two solutions for the m;-dependent
pole equation for each n and no one for the equation involving ms. The results converge very
fast, reaching four-five digits accuracy already at three or four instanton order for a = 0.1.
The results for the frequencies w for some specific choices of parameters are displayed in
table 1-2. The results are compared against those based on the WKB method and direct
numerical integration of the differential equation.? The match between QNM frequencies and
poles of the tidal response is impressive. The agreement can be also appreciated in the right
plot of figure 3 where we display the characteristic functions |Sqnu|? and |[Ern|? defined
by (2.5) and (2.14) respectively. QNM frequencies and resonant peaks of the tidal response
correspond to the zeros of these two functions and they perfectly match.

In the opposite limit, let us say a = 1 (in units of L), the effective potential has no
minima, so metastable states are not present. For such choices, the resonances of the tidal
interactions still exist but they are no longer related to QNM’s. It would be interesting to
understand what kind of information about the internal structure of the fuzzball can be
extracted from the spectrum of resonances in this case.

4 Superstrata (1,0,s)

Superstrata [64, 65] generalize the D1D5 circular geometries by introducing a third charge
and allowing a more general string profile. The class we consider here, labelled by (1,0,s),
is characterized by two real positive numbers a, b and an integer s. We focus on the near
horizon region, where the geometry is integrable [70], and therefore radial and angular motion
can be separated. The geometry is asymptoticaly AdSs x S? and it is described by the metric

2
VP

witht:“—j%’,y: 7 and

ds* = (dv+ B) [du +w + ];S(dvﬂLﬁ)] + VPdsy (4.1)

CLQRy 9 5 b2 pQS
B = \/§E (Sln ed@ — COS gdw) 9 Fs — _? 1 — m
a’R
w = \/EX?IJ (sin” Odyp + cos® dip — Fy sin? Odyp)
Lt a2b?p?s sin? 0 L2
P=%s|1- 2 2p 2 2\st1 | R, = (4.2)
by (2a2 + b2)(p? + a?)st /a2+§

2QNM frequencies are characterised also by a very small negative imaginary part that will be omitted here.
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The solution is specified by three independent parameters chosen between R,, L, a and b
satisfying the relation (4.2). Starting from the ansatz

B = R(p)S(x)ell -t meeim) (4.3)

the massive wave equation separates into [70]

O [x (1= %) S'00)] +x <A— miQ —m;2”> S(x) =0

L=x* X
2 2 2 2
9 9\ 1 B 9 oy, (2a°my — 2a*Ryw — b* Ry w)
9p [p (a +p )R (p)} +p |- (A+p°Ry)+ 107+ ) (4.4)
B a*m?, N b’ Rywp® (4a’my, — 26> Ryw + b? Ryw) R(p) = 0
2 4a2(p? + a?)*+1 P)=
The angular equation is solved by spherical harmonics in five dimensions with
A=1((l+2) (4.5)

The radial equation leads to a Fuchsian differential equation with two regular singularities
and one irregular one of degree 1 + [s/2]. We consider here the cases of s=0,1,2 leading
to hypergeometric or Heun equations.

The tidal response of superstrata geometries are holographically related to two-point
functions in the dual two-dimensional CFT living on the boundary of AdSs at the intersection
of D1D5 branes. Resonances of the tidal response therefore correspond to poles of the two
point function and have been recently studied in [71].

4.1 (1,0,0) stratum

The (1,0,0) geometry describes a D1D5 two charge state with a string profile partially
wrapping an internal circle. Its size and orientation is specified by the parameters a and b.
The case b = 0 corresponds to the D1D5 circular profile studied in the last section. The
important difference with respect to the circular case is that for b # 0, the wave dynamics
is separable only for € = 0, so we restrict ourselves to this choice. The (1,0,0) near horizon
geometry is described again by a free Ny = (2,0) gauge theory
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The analysis of the tidal response follows mutatis mutandis that of the circular D1D5
case given in subsection 3.1 and all formulae in that section still hold but now gauge and
gravity variables are related to each other by the dictionary

(12 \If(z ) 2 R2

- — _ 1 2 M
b2w2R§

2, ,2 P2
m 1 b*w’R m 1
mi ——21”2\/(m<pry)2+2aQy, mo ——zw+2\/(mg,wRy)2+ 57

z =

Resonances are found by solving

T+mi+Vu=-n, n=0,1,2 (4.7)
in w, leading to
2(12 2 ~ 2 b2m2
TLN _ b m
with
[=\J(t+1)>+2R2 — 1 (4.9)

Like in the near horizon D1D5 case, no resonances show up when p = 0 due to an accidental
cancellation between the numerator and denominator of the response function.

4.2 (1,0,1) microstates

Microstate geometries of type (1,0,1) are described by an interacting SU(2) gauge theory with
Ny = (0,2) fundamentals. The wave equation can be put into the normal form (2.1) with

Gog— 4 4 UFa—a(midmi) | g— (gm)? 5 - () (4.10)
z (1-2)z 22 (z —1)2
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n e | owwks | @l n | Wik | wwis | @i
0| 0.14776 | 0.14747 | 0.14776 0] 4.308 | 4.29375 | 4.308
1] 0.207013 | 0.206229 | 0.207013 1| 5.79275 | 5.76227 | 5.79275
21 0.266735 | 0.265636 | 0.266735 2| 7.26969 | 7.2296 | 7.26969
3| 0.326705 | 0.325385 | 0.326705 3 | 8.74252 | 8.6961 | 8.74252
4 1 0.386816 | 0.385332 | 0.386816 41 10.2129 | 10.162 | 10.2129

Table 3. (1,0,1) TLN resonances for £ = my = 2, mgy = pp = 0, R, = b = 1: Left) a = 0.1 and
Right) a = 1.

and
a? U(z)
Z:7p2+a2, R(Z):m7
_ (Mo _WRy o o o ? _ VwR, 2, 12 2
u—( 5 I (2a +b)) , q= T6a (w(Qa —|—b>Ry—4a mgo) . (4.11)

mgzé(mw—g—l), m4:%(m¢+g+1)

with £ given by (4.9). The characteristic polynomials are

Pr(x)
P(z) =22 —u+gq,

1, Pr(x) = (z — m3)(z —my)
M (x) :(m—mg—%)(x—m4—%) (4.12)
The tidal response is described by Z(q) given in (2.18). As in the case of the near horizon
D1D5 circular geometry a small mass is introduced in order to split the sequences of poles
and zeros of £. We use 1 as a regulator, assuming it is always small but not zero. The wave
dynamics is described again by a reduced confluent Heun equation, but now the irregular
singularity is located at z = co. On the other hand the point z = 0 describing the space-time
infinity, corresponds now to a regular singularity.

Assuming my, = m3 + m4 > 0 and noticing that m3 < my4, one finds the resonances at
the frequencies satisfying the quantization conditions

F+myi—a=-n, n=1,2,... (4.13)
At zero instanton this leads to
207 (20 +my +my + 0+2) + (4.14)
Wy N ———————57 n m m ce .
"7 R, (2a% + 1?) v

Higher instanton contributions can be incorporated as well. The convergence rate of the
instanton series is shown in figure 5. A 0.1% of accuracy is reached already with four
instantons for @ = 0.1 or six for a = 1. In tables 77 we display the results for the resonant
frequencies and their associate QNM’s for some choices of the gravity parameters. Again a
perfect agreement is found between resonances of the tidal response and QNM frequencies.

,15,



» a=0.1
200 J I a=0.5
a=1 N - o et

o —— d
L

. . . . il
0 1 2 3 4 5 o 5 o s » 2 %

Figure 6. (1,0,2) superstratum: convergence for fixed ¢ = my = 2, my =0, b = R, = 1. Left)
Effective potential. Right) Convergence of the instanton series.

100.000 - 100.000
0.0011 0.001

— [Zanm|? — |Zanm|?

00 [Zrnf? 10 [Zrn |2

L L L L Loy L L L L L L Loy
0.0 0.1 0.2 0.3 0.4 05 3 4 5 6 7 8 9 10

Figure 7. (1,0,2)-Tidal response: { =my =2, R, =b=1,L) a=0.1,R) a = 1.

4.3 (1,0,2) microstates

Perturbations of the (1,0,2) geometry are described by a confluent Heun equation related to
a Ny = (1,2) gauge theory. The wave equation can be written in the form (2.1) with

O :m2q+i—i(m3—m4)2 i—i(m3+m4)2
12 z 22 (z—1)2
+%(m3q+m4q—m§—mi—q)+u+%_f (4.15)
(1-2)z 4 ’
and GSW dictionary
2
L a? R(z) = U(z) - V’Ryw — 2a*(my — Ryw) N (1 —my)k
p?+a?’ 2(1—2)’ 4a? 2
K
q=", mlzé(ﬁ—l—md,—i—l), mgz%(—€+mw—1), ms = (4.16)
where bR
VRyw
i Va2 (4my — 2Ryw) — b Ryw (4.17)
The characteristic polynomials are
Pp(z) = (x — ma), Pr(x) = (x — m3)(z —my)
4
P(x):xQ—u+q(aj+%—mg—m3—m4>, M:H(a:—mi—%) (4.18)
i=2
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n|owp | wiks | @St n| whi | wiks | e

0 | 0.129812 | 0.129697 | 0.129812 0 | 4.14296 | 4.13302 | 4.14296

1] 0.181538 | 0.180922 | 0.181538 1 | 5.60077 | 5.57343 | 5.60077

2 1 0.233759 | 0.232842 | 0.233759 2 | 7.04986 | 7.01223 | 7.04986

3 | 0.286251 | 0.285131 | 0.286251 3 | 8.49333 | 8.44897 | 8.49333

4 | 0.338906 | 0.337637 | 0.338906 4 1 9.93312 | 9.88406 | 9.93312
Table 4. (1,0,2) TLN resonances for £ = my = 2, my = pp = 0, R, = b = 1: Left) a = 0.1.
Right) a = 1.
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Figure 8. Topological star: r, =1, rs = 0.8, p = 0.25, u = 0 Left) £ = 10, Right) ¢ = 30.

The effective potentials for various choices of a is displayed in figure 6. Real resonances

in the tidal response are obtained at the zeros of the equation in the second line of (2.19)

with the choice of a minus sign. At zero instanton, one finds

wn = Ry(22(212~|—62) me + \/(Z—kmw +2n +2)2 - W(b(mw —1)-A)|  (4.19)
with
A? = —2a% (my—mg+2n-+0+2) (my+mey+2n+0+2)
—b% [4n (my+n) +2€ (my+2n+2) + Gmy—m3+8n+0+3] (4.20)

Including higher instanton contributions one finds the results listed in table 4. Again a
perfect agreement is observed between tidal response resonances and QNM’s. The match
is also illustrated in figure 7.

5 Topological stars

Topological star (TS) are horizonless and asymptotically flat solutions of the Einstein-Maxwell
theory in 5 dimensions. The solution is spherically symmetric so the angular equation can be
explicitly solved in terms of spherical harmonics. The radial equation takes the form

w2r3 27.3
DA R ) + p

dr

U+ 1)|R(r) =0 (5.1)

r—"rTs r—"Tp
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TLN QNM QNM
wpoles WWKB Wnum

13.9319 | 13.8491 | 13.9319
14.1875 | 14.1106 | 14.1875
14.4203 | 14.3514 | 14.4203
14.619 | 14.5637 | 14.6179

W | =IO B

Table 5. Topological star r, =1, rs = 0.8, £ =30, p =0, = 0.25.

with p the internal momentum and
A(r)=(r—rs)(r—mrp),  1s<rpH <2rs (5.2)

The geometry is smooth and ends on 7. The massless scalar wave equation on this geometry
can be put into the form (2.1) with
> mgq | 1—(mi—mp)®  1—(mi+mp)®  1—4dut2q(1—mi—my)

q
QZl(z):_Z_ z + 422(1 + 2) + 42(1 + 2)? + 42(1 + z) (5:3)

The resulting equation is of confluent like type and describes the dynamics of a supersymmetric
SU(2) gauge theory with Ny = (2,1) fundamentals and characteristic polynomials

Pr(z) = (x —m1)(x —ma), Pr(z) = (x — ms)
P(m):x2—u+q<x+%—z3:mi>, M(a:):ﬁ(a:—mz—%) (5.4)
i=1 =1
Gauge and gravity variables are related by
p= T , R(r(z)) = v(z)
Tp = Ts z(z+1)
3
mp =mg = — wrs q=—2i(rp —rs)w, m3= —ig(rb + 275)

Vo 2

u= (H—%)Q —i(rp—7s)w—w?r? (3+21\/:—Zi—1> (5.5)
The tidal response is given by £ in (2.18) and the poles are located at frequencies such that
T+mi+a=-—n, n=0,1,2,... (5.6)

The results for some choices of the parameters are shown in table 5 and figure 8. We observe
again that the QNM’s with a small imaginary part always correspond to resonances in the
tidal response of the gravity object. The opposite is not true, since some of the resonances of
the tidal response have no counterpart in the spectrum of QNM’s. It would be interesting
to understand the physical origin of these resonances.
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