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Multiparametric families of nonsupersymmetric EAdS, flows as well as asymptotically EAdS, solitons
and wormholes are constructed within the four-dimensional SO(8) gauged supergravity that describes the
compactification of M-theory on S7. More concretely, the solutions are found within the so-called STU
model that describes the U(1)* invariant sector of the theory. The on-shell action and gravitational free
energy are computed for the regular solutions, the latter being zero for the wormholes irrespective of
supersymmetry. There are special loci in parameter space yielding solutions with enhanced (super)
symmetry. Examples include a supersymmetric EAdS, flow with SO(4) x SO(4) symmetry dual to a
specific real mass deformation of ABJM on S* as well as a nonsupersymmetric wormhole with SU(3) x

U(1)? symmetry. Uplift formulas for these and other examples to Euclidean solutions of 11-dimensional
supergravity are presented and their complex nature discussed.
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I. INTRODUCTION

General relativity in Euclidean signature has played a
central role in understanding thermodynamical aspects of
gravitational systems, the most prominent example being
the black hole thermodynamics [1]. In the more modern
context of the gauge/gravity correspondence [2], Euclidean
solutions of supergravity theories have been utilized to
explore thermodynamical aspects of strongly coupled field
theories in the planar limit. An example is the holographic
evaluation of (the finite part of) the free energy of a three-
dimensional conformal field theory (CFT) placed on $°,
which has been proposed as a measure of the number of its
degrees of freedom. In analogy with the ¢ theorem [3], this
free energy is conjectured to obey a monotonicity property
under the renormalisation group (RG) flow, namely, it
obeys an F theorem [4,5].

This paper is framed within the specific context of the
AdS,/CFT; correspondence. On the gravity side, our
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playground is the four-dimensional (Euclideanized) N =
2 STU model of [6], which describes the U(1)* invariant
sector of the maximal SO(8) gauged supergravity [7]. The
latter describes the consistent truncation of 11-dimensional
(11D) supergravity on S” to its zero mass sector [8]. On the
field theory side, the CFTj3 of relevance is the ABJM theory
describing the world volume dynamics of a stack of N
planar M2-branes in flat space [9]. Placing the theory on $°
and turning on N = 2 real mass parameters, which modify
the assignment of U(1), R charges and break conformality,
turns out to induce RG flows. Within the STU model, such
RG flows were holographically constructed in [10] as a
three-parameter family of N = 2 Euclidean solutions that
preserve the isometries of the S in the bulk and have an S*
boundary. Building upon these results, we will construct
various new classes of Euclidean solutions within the STU
model: nonbackreacted EAdS, flows with nontrivial scalar
fields in the bulk, as well as backreacted solutions describ-
ing singular solitons and regular wormholes.

Examples of Euclidean four-dimensional solutions with
a nonbackreacted EAdS,; geometry and nontrivial matter
fields have previously been constructed in [11] and uplifted
to M-theory in [12]. These examples involve nontrivial
vector fields in the bulk and describe a nontrivial end point
of the RG flow induced by topologically twisted (scalar)
deformations, which preserve the scale invariance but not
the conformal invariance of the CFTj3 in the UV. Here, we
will present two different three-parameter families—one
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singular and one regular—of nonbackreacted EAdS, flows
with running scalars (instead of vectors), which are
generically nonsupersymmetric. For a specific choice of
parameters, both the singular and the regular flows become
supersymmetric, and we present their uplift to 11D super-
gravity. The supersymmetric and regular EAdS, flow lies
within the class constructed in [10]. We will review its
holographic realization as a specific real mass deformation
of ABJM on $°.

In addition to the nonbackreacted flows, we also present
multiparametric families of soliton and wormhole solutions
of the (Euclideanized) STU model with running scalars in
the bulk. While the solitons are always singular, fully
regular wormholes are shown to exist upon judicious
choice of the free parameters. The construction of regular
Euclidean wormholes in string/M-theoretic scenarios has
proven a challenging task. Some constructions for flat-
space wormholes have been put forward in the context of
(super)gravity coupled to proper scalars and pseudoscalars
(also known as axions) [13-16], as well as for AdS
wormholes in the presence of a cosmological constant or
a scalar potential [17-21]. In all these constructions, the
analytic continuation from Lorentzian to Euclidean signa-
ture becomes subtle as far as the axions are concerned.
Fortunately, a full-fledged construction of the Euclidean
STU model was done in [10] and shown to require, among
other modifications, a doubling of the scalar degrees of
freedom: The three complex scalars z; of the STU model
and their would-be conjugates Z; should be treated as
independent fields. This additional freedom in the
Euclidean theory is precisely what allows us to construct
regular wormholes for which Z; # z;. When uplifted to 11-
dimensional supergravity, both the 11D metric and the four-
form flux become complex valued with nontrivial real and
imaginary parts. Although this is in principle allowed in a
classical theory of supergravity, it remains to be seen what
the ultimate fate of these Euclidean wormholes will be in a
path integral formulation of quantum gravity.

II. EUCLIDEAN SUPERGRAVITY

The STU model of [6] describes the U(1)*-invariant
sector of the SO(8)-gauged maximal supergravity [7]. Its
Euclidean version, which is the relevant one for this work,
has been discussed in full detail in [10]. In the absence of
vector fields, this supergravity describes an Einstein-scalar
model involving a set of complex scalars z' and Z' with
i = 1,2, 3. The bulk Euclidean (bosonic) action is given by

1 R <~ 0,20°%
=— [ d*xe|-= ! G
2:<2/ xe{ 2+Z (1-2z%)? ] ()

i=1
with 2x*> = 827G, and G, being the four-dimensional
Newton constant. The bulk action (1) includes a nontrivial
scalar potential

N bulk

Ve =(3-Yits)  ©

where ¢ is the four-dimensional gauge coupling that is
related to the (inverse) radius of the seven-sphere.
Importantly, as emphasized in [10], the scalars z; and Z;
are complex and independent in the Euclidean theory and
must separately parametrize the Poincaré unit disk, namely,
i. The spacetime metric should also be
allowed to be complex in the Euclidean theory, although
we are only considering real metrics in this work.

The bulk action, as specified by (1) and (2), possesses
three global symmetries C; acting as constant scalings of
the form z; — 4,z; and Z; — A7'%; with 4; € C. However,
different four-dimensional solutions related by these sym-
metries give rise to physically inequivalent backgrounds
when uplifted to 11 dimensions (see the uplift formulas
collected in Appendix and also [22,23] for a discussion of
this issue in the Lorentzian realm). A proper understanding
of global symmetries in the bulk would also require the
inclusion of the vector fields in the STU model as they
couple to the scalars through kinetic and topological terms.
The C; symmetries would act linearly on the vector fields
changing their boundary values and, therefore, also chang-
ing the dual field theory on the boundary. However, we are
not considering vector fields in this work and set them
to zero.

We will construct nonconformal flow solutions in the
Euclidean STU model that involve nonconstant scalars.
Moreover, we will demand that the spacetime geometry has
an S® boundary and that the flows preserve the SO(4) ~
SU(2), x SU(2), isometry group of S in the bulk. The
Euclidean metric (in the Fefferman-Graham gauge) is then
of the form

ds? = di? + g2eMAWdx2,, (3)

where p €R is the radial (holographic) coordinate, and
d2§3 is the line element of a three-sphere S°. As a result, the
geometry is specified by the metric function A(u), which
we take to be real valued. Moreover, in order to preserve the
S? isometries, the scalars can only depend on the radial
coordinate, namely, z; = z;(¢) and Z; = Z;(u). With this
ansatz, the second-order equations of motion that follow
from the bulk action (1) are given by

3 /~/
A +gze—2A +Z 0,
Zi(z)?
;2
zi(Z)?

z;Z;

z”+3A’z’+21 +2¢°z; =0,

z”+3A”+21 +2¢°%; = 0, (4)
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and are obviously invariant under the C; scaling sym-
metries of the bulk action.

The Euclidean STU model admits an A/ = 1 rewriting in
terms of a Kéhler potential

K== log1 - 2], (5)
i=1

and holomorphic superpotentials

W(Z,') = g(l + Z122Z3), W(Z,) = g(l + 212223). (6)
In this language, the bulk action (1) is constructed from i,
W, and W using standard A" = 1 formulas adapted to
Euclidean signature (see Refs. [10,24]), and a set of first-
order BPS equations can be derived by requiring the
vanishing of the supersymmetry variations of the fermions
in the model. The BPS equations can be written as first-
order flow equations for the scalars (z;,Z;) and the metric
function A, with the A =1 gravitino mass m; /2

¢*(WW): playing the role of a scalar superpotential.
Using &C, W, and W in (5) and (6), the set of BPS equations
reads

24 1 14333
-1 +e_2(A/)2 .Y (1+ Z1§223)( +~lezz3),
g i (1—2Z)
A (14 %,%,%)7 A s 5 s
LUt hh) (il —e—A’> (zi +—Z‘fzz3),
g I—ZiZi g Zi
A

1 7 A
e ( +1122~Z3)Zl _ ($ 1 —e—A’> (Zi +212223)’ (7)
g 1-zZ 9 Zi

where the upper (lower) choices of sign correspond to using
Killing spinors that are proportional to the left-invariant
(right-invariant) Killing spinors on the S [10]. Note that
both sign choices are related by the exchange z; <> Z;. The
BPS equations (7) are generically not invariant under the C;
global scaling symmetries of the bulk action unless two out
of the three scalars z; (equivalently for Z;) are set to zero.
While the general flow solutions we will present in this note
are nonsupersymmetric, and therefore satisfy (4) without
satisfying (7), we will identify a particular case for which
the BPS equations (7) are additionally satisfied. This
supersymmetric case precisely turns off two out of the
three complex scalars, i.e., 2, = 73 = Z, = Z3 = 0, so that
the remaining C, scaling symmetry is also a symmetry of
the BPS equations in the bulk.

All the flow solutions we will construct asymptote to the
maximally (super) symmetric EAdS, vacuum of the SO(8)
supergravity. This vacuum solution uplifts to the EAdS, x
§7 Freund—Rubin background of (Euclidean) 11-dimen-
sional supergravity with a round metric on the 7 [25] and
is dual to the superconformal ABJM theory [9] placed on
S3. This vacuum sits at the origin of field space, namely,

z; = Z; = 0, and all our solutions will reach it at |u| — oo
with a falloff for the scalars of the form

7 = a;e 9 4 be~20 4

Zi = Zlie—9|ﬂ| + Z)ie—29|ﬂ| + ... (8)

According to the AdS/CFT correspondence, the falloff
coefficients (a;, b;) and (&;, b;) in the expansions (8) are
related to sources and VEVs in the field theory dual to the
supergravity solution. However, the precise identification
turns out to be very subtle as the combination z; — Z; should
be quantized using regular boundary conditions, whereas
alternate boundary conditions should be used for z; 4+ 7;. A
careful analysis of the boundary limit of the bulk super-
symmetry performed in [10] yielded the following dic-
tionary. Sources in the dual field theory are identified with
the combinations

Cll' - Elt- and <bl - &1?2&3> + (l;l - —a1a2a3> s (9)
a

i i

S

whereas VEVs are given by
a;+a; and (b,- —‘715’}‘73) - (z},. —M). (10)
i a;

This identification of conjugate variables (sources and
VEV5s) is achieved by selecting a holographic renormali-
zation scheme compatible with supersymmetry. As stated
in [10], the counterterms of holographic renormalization
have a universal structure and must be valid for all solutions
of the classical field equations of a given bulk theory. We
will then follow the holographic renormalization prescrip-
tion in [10] to compute the on-shell action and gravitational
free energy of the supergravity solutions constructed in
this work.

&

III. EUCLIDEAN SOLUTIONS

The simplest solution to the system of second order
equations in (4) is given by a pure EAdS, vacuum of the
form

EAdS,: e** =sinh?(gu) and z; =% =0. (11)
This solution is maximally supersymmetric within the full
N = 8 supergravity of [7], so it satisfies the BPS equations
in (7). As mentioned before, it uplifts to the EAdS, x S’
vacuum solution of (Euclidean) 11-dimensional supergrav-
ity with a round metric on the S7 [25] and is dual to the
superconformal ABJM theory [9] on S°.

A. Solutions with a nonbackreacted geometry

Let us start by presenting a class of solutions with a
nonbackreacted EAdS, geometry and nontrivial profiles for
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the scalar fields. This is possible in a spacetime with
Euclidean signature because z; and Z; are independent
fields, and only the products of z; and Z; (and also of their
derivatives) couple to the metric A function in the Einstein
equation [first equation in (4)]. Therefore, nonbackreacted
solutions exist provided z;,Z; =0V i.

The simplest case involves just one nonzero scalar, z; or
Z;, and the rest vanishing. For concreteness, let us consider
z; or Z; being nonzero and 7, = z3 = Z, = Z3 = 0. Within
this setup, there is a singular solution given by

i

H=—7—  (12)

e*A = sinh?(gu),
sinh? (1 gﬂ)

Z] :Os

and a regular solution given by

Cq

A =sinh?(gu), z1=——.
cosh? (%gy)

Z] =0. (13)

These solutions satisfy the second order equations in (4) as
well as the BPS equations (7) for the upper choice of sign
therein. Therefore, they are supersymmetric solutions.
Moreover, if we demand a nonbackreacted EAdS, geom-
etry, these two solutions are the only BPS solutions of the
system with the two fields z; and Z; and the upper sign
choice in (7).

Some comments about the solutions (12) and (13) are in
order. Firstly, the exchange z; <> Z; in (12) and (13) is a
symmetry of the second order equations of motion (4) but
not of the BPS equations (7): The exchange z; < Z;
amounts to a different sign choice in the BPS equations (7)
so that the preserved supersymmetries are constructed
using either left-invariant or right-invariant Killing spinors
on the S3. Secondly, solutions involving just one pair of
fields (z;,Z;) like, for example, the pair (z;,Z;) in the
solutions above, have an enhancement of symmetry from
the U(1)* generic symmetry of the STU model to an
SU(2)* ~SO(4) x SO(4) € SO(8) symmetry. This SO(4)x
SO(4) symmetry becomes manifest when the solutions are
uplifted to backgrounds of 11D supergravity using the
formulas in Appendix A 1. The internal geometry is of the
form §7 =7 x §} x §3 with the two three-spheres 7,
being responsible for the residual SO(4) x SO(4) sym-
metry of the solutions. Thirdly, from (A3)—(A6) and (A7)—
(A11), it becomes clear that ¢; € R renders the 11D metric
real and the four-form flux purely imaginary. Also, the unit-
disk normalization condition along the flows requires
21(0)] = |ey| < 1.

Since the bulk Lagrangian in (1) and (2) does not mix the
different scalars, the above solutions can be generalized to
the STU model. However, once generalized to the STU
model, they become solutions of the second order equa-
tions (4) but no longer of the BPS equations (7). Therefore,
they turn into nonsupersymmetric solutions. The singular

solution in (12) is straightforwardly generalized to the STU
model as

Ci

e =sinh?(gu), z;=0, Z; = . (14)

sinh? (% g,u)

whereas the regular solution in (13) has a generalization of
the form

C;

e =sinh?(gu), 7 =—7—,
cosh? (% g,u)

Z,»ZO. (15)

We will further study the regular solution (15) and compute
its gravitational on-shell action and free energy as a
function of the parameters ¢; € R. Note that the unit-disk
normalization condition along the scalars flow implies
|z;(0)] = |¢;| < 1V i. The uplift of the regular solution
(15) to 11-dimensional supergravity requires one to gen-
eralize the Appendix A 1 to the full STU model as done in
[26]. This goes beyond the scope of this paper.

B. Solutions with a backreacted geometry

Inspired by the Janus solutions of [23], let us minimally
modify the EAdS, geometry in (11) and present two new
classes of analytic and multiparametric Euclidean solutions
of the STU model. These two classes of solutions are
generically nonsupersymmetric, although, as we will see, a
supersymmetric limit can still be considered.

1. Soliton solutions

In the first class of solutions, the spacetime metric (3) is
specified by a function

2
€2A — Slnhkz(gﬂ) , (16)
with k2 > 0 so that the metric is real and Euclidean.
Whenever k* # 1, the spacetime metric possesses a singu-
larity at 4 = 0, as can be seen from the scalar curvature
R = 6¢*(k* — cosh(2gu))/sinh?(gu). This restricts the
range of the solution to u € R™, so we will refer to these
solutions as solitons.

The metric function in (16) requires both z; and Z; scalars
to flow simultaneously. The profiles for these fields are of
the form

/=1 _ S (7

G k; + cosh(gu)’ G k; — cosh(gu)’

with arbitrary parameters 4; and k; subject to the condition
3

Y K=k 42 (18)

i=1
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This class of solutions has a metric singularity at u =0
together with a divergence of the scalars whenever k7 > 1.
However, such a scalar divergence can be eliminated by
taking k? < 1 with the constraint >_ k? > 2 so that k> > 0
in (18). The unit-disk normalization condition then fixes
|A;]72 = ;jr—: for the scalar flows to reach the boundary of
the unit disk at 4 =0, i.e., |z;(0)] = |Z;(0)] = 1. These
singular solutions are very much like the Lorentzian flows
to Hades in [23].

Interestingly, when two out of the three k7 in (17) are set
to unity, one is left with a singular but supersymmetric
solution with SO(4) x SO(4) c SO(8) residual symmetry.
For example, setting k3 = k3 = 1 reduces (18) to k3 = k?
and yields

k+1
k+ cosh(gu)’

‘ k—1
5 _-ip_ T 1
S - cosh(gu)’ (19)

1 = eiﬂ
with arbitrary f€R and 0 < k* < 1. The solution (19)
satisfies the BPS equations (7). Unfortunately, when
uplifted to a background of 11D supergravity using the
formulas in Appendix A 1, the singularity at 4 = O persists
as it happened for the dual of the Coulomb branch flows
investigated in [23]. More concretely, the 11D Ricci scalar
goes as R o« p~*/3 around y = 0. It would be interesting to
further investigate the nature of this supersymmetric
singularity and its potential implications.

2. Wormhole solutions

The second class of solutions has a regular spacetime
metric (3) specified by the metric function

A — cosh’ (gu)

e (20)

with k% > 0 so that the metric is real and Euclidean, and
u € R. The radius of the S3 in the spacetime geometry (3)
reaches a minimum size (gk)™' at u = 0, and so we will
refer to this second class of solutions as wormholes.

The metric function in (20) requires both z; and Z; to flow
with profiles

Aiv ki +1
L=

~ k; — sinh(gu)”’

ANk 41
= VI (o

Y= ¥ + sinh(gp)’

with arbitrary parameters A; and k; subject to

3
d k=i -2 (22)
i=1

Importantly, when 0 < k* <2, the condition (22) has
solutions of the form k; = ik; with k; €R. The scalars
are nonsingular and necessarily complex in this case and
read

i/ 1 —Kk? . 71/1—k?

3=, = (23)

ik; — sinh(gu) ik; + sinh(gu)
As aresult, whenever the real vector k = (ki, ks, k3) (with
k; # 0 V i) specifies a point on a two-sphere of radius
(2 — k*) > 0, the corresponding solution is fully regular.
However, the unit-disk parametrization of the scalars still
requires |z;], |Z;| < 1 all along the scalar flow. Provided this
normalization condition holds, the solution describes an
Euclidean wormhole within the STU model in the SO(8)
gauged supergravity. Lastly, the supersymmetric limit of
setting two out of the three k? to unity in (23) is no longer
compatible with the condition (22), which reduces in this
case to —k} = k2.

Example: A simple class of regular Euclidean worm-
holes follows from the identification k? = (2 — k?)/3V i.
In this case, one has

2(1+k2)
(1 =2k%) + 3cosh(2gu)
(24)

A2 i) P = P [z ()P =

Since 0 < k? < 2, the right-hand side of (24) is regular and
has a maximum at g = 0. Then the unit-disk normalization
condition requires

3
(O = uiv(z_kz - 1) <1,
5O = w-Z(

3
2_k2—1) <. (25)

Setting for simplicity A; = ¢ V i, with arbitrary € R, the
scalars take the final form

. V14K
=z = - . (26)
ivV2 — k* — /3 sinh(gu)
are regular, and satisfy Z; = —z; € C. Moreover, they are

compatible with the unit-disk parametrization condition
whenever 0 < k? < % Note also that both the dilatonic z; +
Z; and axionic z; — Z; combinations run nontrivially in this
example.

Finally, it is also worth mentioning that solutions with
71 = 2o = z3 (same for Z;), like the one in (26), feature an
enhancement of symmetry from the generic U(1)* symmetry
of the STU model to an SU(3) x U(1)? ¢ SO(8) symmetry.
However, supersymmetry is not preserved in the bulk as the
BPS equations (7) are not satisfied. These solutions are
straightforwardly uplifted to Euclidean solutions of 11-
dimensional supergravity using the uplift formulas in
Appendix A 2: The result is a complex metric and a complex
(not purely imaginary) four-form flux in 11D.

The complex nature of Euclidean solutions should not be
surprising. Metrics with real and imaginary parts are
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already encountered in the Wick rotation of spinning black
holes. Also, the Wick rotation of the electrically charged
four-dimensional Reissner-Nordstrom-AdS black hole has
a purely imaginary gauge field that yields a complex metric
when uplifted to 11 dimensions. Lastly, black rings do not
even have everywhere regular real Euclidean sections [27].

IV. ON-SHELL ACTION AND GRAVITATIONAL
FREE ENERGY

The evaluation of the gravitational on-shell action gives
rise to divergences due to the infinite volume in the integral of
the bulk action (1). Such divergences are cured by applying
the by now standard procedure of holographic renormaliza-
tion [28]. However, the holographic renormalization pro-
cedure comes along with an ambiguity: Local finite
counterterms can be added to the renormalized action.
This reflects the scheme dependence of the renormalization
procedure in quantum field theory (see Ref. [29] for the
identification of the supersymmetric scheme in a five-dimen-
sional gravitational context). As concluded in [10] after the
study of the projection of the bulk supersymmetry into the
boundary, the identification of sources and VEVs in (9)—(10)
requires one to include specific cubic counterterms in the
holographic renormalization procedure. The inclusion of
such cubic counterterms was shown to be crucial to have a
matching between the gravitational free energy of the
supergravity flows constructed in [10] and the free energy
of the dual ABJM theory on S° deformed with supersym-
metric real mass terms computed using localization methods.

The multiparametric families of Euclidean solutions we
have constructed in the previous section belong to the same
bulk theory as the solutions constructed in [10]. Moreover,
the solutions here possess a supersymmetric limit whenever
two of the scalars z; (same for Z;) can be smoothly set to
vanish upon tuning of the free parameters. This makes us
follow the same renormalization prescription of [10] and
include the same (finite) cubic counterterms when renorm-
alizing the on-shell action. The result is an on-shell action of
the form

2’<2Son—shell = 2Kzsbulk + SGH + Sa + SZ’ (27)

with Sy, given in (1), that contains a set of boundary terms
SGH = —/ d3X\/ZK,
oM
o,
S,=— | dxVhR(h),
29 Jom )
S, = 2/ dxV/h[eEWW]2
oM

= g/ d3x\/5<2 + Y 2zt [Ja+ [z + ) :
oM i i i

(28)

The above boundary terms include the standard counterterms
that follow from the near-boundary analysis of a generic
supergravity solution [see e.g., [28]), the specific cubic
counterterm discussed in [10] [i.e., last line of (28)], and
additional terms—denoted by the ellipsis—which vanish at
the boundary when taking the limit [¢| — co. The quantity K
entering Sy 18 the trace of the extrinsic curvature defined as
K =V Ny =3Lyhy, = £34, Here,N, = +8;isthe
vector normal to the boundary oM, and h,,;, = g,, — NN} is
the induced metric [30]. The quantity R (%) entering S,, is the
Ricci scalar of this metric. Finally, the functions /C, W, and 4
are the Kihler potential and superpotentials given in (5) and
(6). We note in passing that the cubic counterterms z; 7,73 and
Z1Z»Z3 in the last line of (28) break the C; scaling symmetries
of the bulk action (1).

Starting from the on-shell action (27), the computation of
the gravitational free energy, J,,_snen, equires a precise
identification of sources and VEVs from the scalar expan-
sions (8) around the boundary. The reason why is that a
Legendre transformation of S, g1 might be needed for
J on—shen to depend on the particular combinations of leading
and subleading coefficients in (8) specifying the sources in
the dual field theory. With the identification of sources
given in (9), the gravitational free energy takes the form

1
Jon-shell = Son-shell T F AS, (29)
K

with

1 ~ 5S0n—shell 5Sc)n—shell
AS =—= dx*(a; + @ :
2ZA (e +“’)< sa, | oa

(30)

Itis precisely at this point where the finite cubic counterterms
entering S, in (28) play a crucial role as they guarantee
that &, Son-sheil + 0, Son-shett & (b; —ayazaz/ a;) + (b; =, a, x
as/a;), and, therefore, the gravitational free energy J,_ghen
is a function of the sources in (9).

A. Nonbackreacted EAdS, solutions

Let us recall the nonbackreacted regular solution in (15),
namely,

C;

e =sinh?(gu), zi=——,
cosh? (% g,u)

z=0. (31

When reaching the boundary at y = oo, the scalar fields
feature the asymptotic expansions

7; = —4c; Z(—l)"ne_"g” and Z; =0. (32)

n=1
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A direct comparison between (8)—(10) and (32) shows that

_611(12613 - _16 Cl:I:CIC'zC';
a; 2 C; ’

(33)

and thus, the sources in (9) and VEVs in (10) are
generically activated if ¢; # 0. The evaluation of the on-
shell action (27) on the solution (31) gives

Eﬁfﬁ;“( 4 ) (34)

S on-shell | non-back —

where

SEAC]S4 2r 2 (3 5 )

on-shell — K_2g2 ’

is the on-shell action of the EAdS, solution in (11). The
first contribution to the rhs of (34) comes from the bulk
term in (27), whereas the second c;-dependent contribution
originates from the nonzero cubic counterterms in S, of
(28). Without the cubic counterterms in the holographic
renormalization procedure, the on-shell action of the
solution (31) would be the same as that of EAdS,. Also,
from (34), it follows that the on-shell action of the non-
backreacted solution (31) is the same as that of EAdS,
whenever (at least) one of the scalars z; vanishes.

The gravitational free energy of the solution (31) is given
by (29) and (30) with

oS, on-shell \/.% ( l;

da;  16g%>

OS on-shell V93 a,d,0;
= — b, — =, 36
oa; 16¢°> \ a; (36)

where g; is the determinant of the round metric on the
three-sphere S* of unit radius. Substituting the a;, @;, b;,

and b; coefficients that follow from direct comparison
between the general expansions in (8)—(10) and the ones in
(32), the resulting gravitational free energy is given by

EAdS4
Jon—shell |n0n—back - on shell ( ZC > (37)
where
2
Ci = Cl2 +§C1C2C3, (38)

and

272
EAdS
Jon—shgll = K.ZgZ (39)

is the universal gravitational free energy of the EAdS,
vacuum in (11). As a consequence of F-extremisation, the
gravitational free energy in (37) is maximized at the
conformal case, i.e. ¢; =0V i, so that

EAdS,
J 0n—shell|n0n—back < Jon—shell’ (40)

provided the unit-disk condition |¢;| < 1 holds.

Let us comment on the gravitational free energy we have
obtained. For generic values of the parameters c;, the
solution (31) is nonsupersymmetric and, in principle, one
could consider a renormalization scheme different from the
supersymmetric one. For example, if applying the minimal
subtraction scheme that follows from the near-boundary
analysis—so no finite cubic counterterms are included—the

gravitational free energy changes to J-25% (1 — 37, ¢2) with
no mixing between the z;’s. Positivity of this free energy
further restricts the range of the parameters c; to lie inside the
unitradius c; ball defined by the condition Y, ¢? < 1.In this
paper, and in order to make contact with [10] in the super-
symmetric case, we have applied the supersymmetric
scheme, and, therefore, the gravitational free energy in
(37) depends on the finite cubic counterterms in S, of
(28): The cubic term in the rhs of (38) stems from such
finite counterterms. Positivity of (37) then requires the
parameters ¢; to lie inside a deformed c ball with four

lumps defined by the cubic condition Y_; ¢? + 2¢; ¢ c5 < 1.

1. Supersymmetric limit and holography

Setting two c¢; to zero in the solution (31), ie
¢, = ¢3 = 0, reduces it to the supersymmetric and SO(4) x

SO(4) ~ SU(2)* invariant solution in (13), namely,
M =sinh?(gu), [ =—— . 7,=0. (41)
cosh? (%g,u)

The general gravitational free energy in (37) reduces in this
case to

EAdS,
Jon-shelt|s0(4)x50(4) = Jonshen (1 = €1)- (42)

The solution in (41) lies precisely at the intersection
between the general class of nonsupersymmetric solutions
in (31) and the class of N = 2 flows put forward in [10]
describing the holography of F maximization [31]. The
uplift of (41) to 11D supergravity was performed in [32]
and agrees with the general uplift formulas for the SO(4) x
SO(4) invariant sector collected in Appendix A 1.
Following [10], let us look at the field theory dual of the
solution (41). This is the ABJM superconformal field
theory (SCFT) of [9] placed on (a unit radius) S and
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deformed with a specific supersymmetric real mass param-
eter 0;. In general, there are three such real mass parameters
5; (i = 1,2, 3) compatible with N = 2 supersymmetry that
modify the assignment of U(1), R charges. The real mass
parameters §; break conformality and also the U(1)g X
SU(2) x SU(2) x U(1), € SO(8); symmetry manifest in
the N =2 superfield formulation of the (undeformed)
ABJM SCFT down to its Cartan subgroup U(1)gzx
U(1) x U(1) x U(1), € SO(8).

In the N =2 formulation of [9], ABJM theory is a
SCFT with gauge group U(N) x U(N) and Chern-Simons
(CS) levels (k, —k)—in our case, k = 1, and the internal
space in the gravity side is the round S”. The theory consists
of two vectors multiplets (A, 0,4, D) and (A,&, 1, D) for
the U(N) x U(N) gauge group together with four chiral
matter multiplets (Z¢,y“, F*) and (W, n,,G,), with
a = 1, 2, transforming in the (N, N) and (N, N) represen-
tations of the gauge group. There is also a quartic super-
potential for the matter multiplets which has R charge 2 and
is invariant under the SU(2) x SU(2) x U(1),, flavor sym-
metry. It is given by

W o Tr(e, ;64 Z¢W . Z0W,). (43)

Particularizing the Lagrangian in [10] to describe, holo-
graphically, the solution in (41), one finds

L = Lgcpr + 6,0 — 6,04 + 6,0, (44)

where Lgcpr is the ABIM SCFT Lagrangian, and §; is a
specific supersymmetric real mass parameter that turns on
bosonic and fermionic operators. In particular, it turns on
the bosonic O} and fermionic O} operators

O = u[zZjz¢ — Whw ],
Ok = tr[y™y, — nin?] + 2i(6 - ) Oy, (45)

dual to the proper scalar z; 4+ Z; and the pseudoscalar
z1 — Z; in the SO(8) supergravity, together with an addi-
tional Konishi-like bosonic operator

Oy = t[Zh2¢ + Whew ], (46)

which does not have an associated scalar in the SO(8)
supergravity [33]. Remarkably, among the operators with a
dual spinless field in the SO(8) supergravity, those in (45)
are the only two singlets under the SU(2) x SU(2) x U(1),
flavor symmetry of the ABJM SCFT in the N =2
formulation: Under this symmetry, the chiral multiplets
(Z2%, x4, F*) and (W,,n,,G,) transform in the (2,1), and
(1,2)_, representations, respectively [34].

The parameter §; in (44) determines the assignment of
U(1)g R charges for the scalar component of the chiral
superfields to be

1

RIZ)=RZ] =3 +6,  RW]=RW.)=3-6.

2
(47)

On the other hand, the free energy of the ABJM theory on
§? deformed with N = 2 supersymmetric real mass terms
can be obtained as a function of a set of trial R charges
using localization methods [31,35]. To leading order in N
and for CS level k = 1, the result is [4]

F = fo\/16R[21]R[22]R[W1}R[W2], (48)

with F, = /2zN/?/3 and where the Rs are the trial
charges of the four chiral matter fields in the theory. The
superpotential of the undeformed ABJM SCFT theory (43)
is quartic on the matter fields and has R charge 2. This
implies that R[Z'] 4+ R[Z?] + R[W,] + R[W,] = 2, a rule
that is obeyed by the R charges in (47). A direct substitution
of the R charges (47) into (48) yields

Fsomxsow) = Foll = (28,)%), (49)

which matches the gravitational free energy in (42) for the
supersymmetric SO(4) x SO(4) invariant solution (41)
provided

Fo= Jgig:éu’ (50)
and the identification ¢; = 26,. The extremization of the
free energy in (49) fixes 0; = 0 and assigns canonical R
charges of % to the four chiral fields in (47). The free energy
in (49) then reduces to F, which, using the holographic
mapping between x* and N in the ABJM SCFT at CS level
k = 1, matches the gravitational free energy of the EAdS,
vacuum in (39).

B. Backreacted wormhole solutions

Letus now investigate the backreacted solution in (20) and
(23). As we demonstrated with the example of Sec. III B 2,
the various parameters in the solution can be chosen such
that the solution is regular in the domain y € (—o0, ),
and the scalars stay within the unit disk all along the flow.
Having one of these regular and classically well-defined
solutions in mind, we will proceed an compute its on-shell
action.

The boundary of spacetime now consists of two pieces
located at u = +oo. The asymptotic expansions of the
scalars in (23) around ¢ = oo yield

7 =224/1 = k%(ie—gw —2ike 2l 4 .. I,
7= 2471/ 1 = K2 (F e~ —2ik;e 29l ...),  (51)
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where the upper (lower) sign corresponds to the piece of the
boundary at y = 400 (4 = —o0). Using the asymptotic
expansions in (51) to evaluate the boundary terms, the on-
shell action (27) for the wormholes takes the form

Son—shell|WH = Scubic|dMJr + Scubic|()M_ =0. (52)

The finite contributions coming from the cubic counter-
terms in S, of (28) at the two pieces oM, (respectively, at
1 = +oo) of the boundary read

272 1 )
Scuviclonr, =F ﬁ A A H \/ 1-kj. (53)

with A =] ; 4;. Except for the finite contributions in (53),
all the other contributions to the on-shell action (27) cancel
separately on each piece of the boundary of the wormhole.

Using the boundary expansions for the scalar fields in
(51), one finds that

OSon-shell _ V93 (I; _ ala2a3>

sa; 1623\ g

5SOH~—shcll _ \29_32 (b, - 5116:12513 ’ (54)
oa; 1697k k- a;

and an explicit computation of (30) for the wormholes in
(20) and (23) yields AS]yy,, = —AS|yy,_. As a result, the
total gravitational free energy vanishes again due to an
exact cancellation between the two pieces of the wormhole
boundary. Namely,

Jon—shelllWH = Jon—shcf:ll‘()M+ + Jon—shelllaM_ =0. (55)

Importantly, this result is independent of the holographic
renormalization scheme, as any other choice of cubic
counterterms would have also resulted in a null contribution
to the gravitational free energy—and also to the on-shell
action—due to the antisymmetry of the scalar boundary
conditions (51) at 4 = +oo0.

V. CONCLUSIONS

In this paper, we have constructed new classes of U(1)*-
invariant Euclidean solutions in the four-dimensional STU
model (with vectors turned off) that arises upon compacti-
fication of 11D supergravity on S’. Together with some
potentially pathological examples featuring spacetime sin-
gularities—like the solitons in Sec. IIl B 1—we presented
two classes of fully regular multiparametric Euclidean
solutions.

The first class describes flows with running scalars z;
(i =1, 2, 3) but a nonbackreacted EAdS, spacetime. This
is possible in Euclidean signature, where the scalars z; and
their would-be conjugates Z; are independent fields so that a
nontrivial solution with z;Z; =0V i has a vanishing

energy-momentum tensor. We constructed the three-param-
eter family of nonsupersymmetric solutions in (15) and
computed its on-shell action and gravitational free energy
employing holographic renormalization methods. For the
particular choice of parameters ¢; # 0 and ¢; = ¢, = 0 in
(15), with i # j#k, the solution features an SO(4) x
SO(4) symmetry enhancement, becomes supersymmetric,
and belongs to the class of flows put forward in [10]. In this
supersymmetric limit, the gravitational free energy was
shown to match that of ABJM placed on S* and deformed
with a specific real mass term, which, in the N =2
formulation of the theory, preserves the full SU(2) x
SU(2) x U(1), flavor symmetry group. The embedding
of this supersymmetric solution into 11D supergravity
showed that, when the profile for the running scalar is
taken to be real, i.e., ¢; €R, the uplift to 11D produces a
real metric and a purely imaginary four-form flux. This
agrees with the standard statement that “axions” flip the
sign of their kinetic term in the Euclidean theory.

The second class describes regular wormholes with
scalar profiles satisfying z;Z; # 0 and supporting the worm-
hole geometry. We constructed the multiparametric family
of wormbholes in (20) and (23) and showed that a super-
symmetric limit is not possible for these solutions. We also
computed the on-shell action and gravitational free energy
of the wormholes and found that the latter always vanishes
irrespectively of supersymmetry and the holographic
renormalization scheme. It would be interesting to under-
stand this result from a field-theoretic perspective.
However, the absence of supersymmetry makes a holo-
graphic test of the zero gravitational free energy difficult.

Unlike for the nonbackreacted flow solutions, the scalars
z; and Z; are necessarily complex in the wormholes. In the
particular example with SU(3) x U(1)> symmetry pre-
sented in Sec. III B 2, it happens that Z; = —z € C (not
Z; = z}), but each pair (z;,Z;) still comprises two real
degrees of freedom. In addition, the a priori axionic
combination z; — Z; has a nontrivial profile providing an
axionic charge to the wormhole. Upon uplift of this
example to 11 dimensions, both the 11D metric and the
four-form flux turn out to have nontrivial real and imagi-
nary parts.

It is also interesting to contrast the class of wormholes
presented in this note with the Maldacena—Maoz construc-
tion of Euclidean wormholes [36]. In the latter, the foliation
of EAdS space is additionally compactified in order to
generate the Euclidean wormhole. This compactification
procedure imposes identifications that break supersym-
metry even asymptotically. In our case, and despite being
nonsupersymmetric, the wormholes asymptote supersym-
metric EAdS vacua on both sides of the solution, thus
ensuring a theory with a stable ground state. It would be
interesting to further investigate the stability of the worm-
holes presented here as part of the swampland program and
to assess their allowability in light of the recent discussion
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in [37]. Also, their fate in semiclassical (super)gravity—as
an approximation to quantum gravity—deserves further
investigations.

Finally, the class of wormholes presented in this note was
inspired by (the Euclidean continuation of) the Lorentzian
Janus solutions put forward in [23]. Supersymmetric
Lorentzian Janus solutions with identifications that make
them wormholelike (e.g., with nontrivial first homotopy
group) have been constructed in [38,39] using vector fields
instead of scalars. Their generalization to include nontrivial
running scalars should be possible and could serve as a
starting point to construct analytic families of supersym-
metric Euclidean wormholes in M-theory. We hope to come
back to this and related issues in the future.
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APPENDIX: UPLIFTS TO 11D SUPERGRAVITY

The bosonic sector of 11-dimensional supergravity
consists of a metric field G,y and a three-form potential
3(3) with field strength F @) = df\@). The Euclidean equa-
tions of motion read [12]

~ [N ~
d(*llF(4)) +*F(4) A F(4) =0,

1

R = 15 (F Fhuw =35 F DG ) =0, (A1

where we have denoted (F F)yy = FyporFy"9R and

(FF)=F PQRSI:" PORS In addition, the field strength F @)
satisfies the sourceless Bianchi identity

(A2)

In this appendix, we present the necessary formulas to
uplift the simplest four-dimensional solutions discussed in
the main text to Euclidean solutions of 11-dimensional
supergravity. More concretely, we present the embedding
of the SO(4) x SO(4) and SU(3) x U(1)? invariant sectors
of the maximal SO(8) gauged supergravity into 11D
supergravity.

1. SO(4) x SO(4) invariant sector

When only one pair of scalars (z;,7;) is nonzero—we
will choose (z,Z) = (z;,Z;) without loss of generality—the

corresponding solutions belong to the SO(4) x SO(4)
invariant sector of the maximal SO(8) supergravity. The
uplift of this sector to Lorentzian supergravity in 11
dimensions can be found in [40]. Here, we extend the
uplift formulas therein to Euclidean signature and adapt it
to the unit-disk parametrization of the scalar fields z and 7
we are using in this work.

The 11D (warped) geometry is of the form M, x S’
with §7 =7 x §7 x 3. The two three-spheres S7 , in the
internal geometry are responsible for the residual SO(4) x
SO(4) symmetry of the solutions. Denoting a € [0,5] the
coordinate along the interval Z, the 11D metric is given by

4 cosZa sinZa
2 a2l g0 T 2 2 2
dsll —A |:dS4+gz (da + fl dSS? + f2 dssg>:|a

(A3)

where the external spacetime metric ds3 is given in (3) and

dst; =

; (a% + 0% + 6%), dsé

Bl —

denote the line elements on the two internal three-spheres.
The warping factor in (A3) takes the form

A2 = fifi, (AS)
in terms of two functions
1 1+%2
1-2zZ
1-2)(1-%
fr= sinzai( IZ)( - ) + cos2a. (A6)
—-27Z

The four-form field strength of 11D supergravity has
both a spacetime and an internal piece, namely,

A

Fuay=Fiy + Fly, (A7)
The spacetime part takes the form
F?Z) = ghvoly + g~ ' sin(2a)h®) A da, (A8)

in terms of a function / and a three-form /) given by

3 =22+ (z+Z)cos(2a)

h= ,
(1—2z%)
2 > 52
O Gk )*4dz+§12—z ) ¥4 dz. (A9)
(1-2z2)

In the above expression, %4 denotes the Hodge dual with
respect to the external spacetime metric (3). The internal
part is given by

106007-10



EUCLIDEAN FLOWS, SOLITONS, AND WORMHOLES IN ADS ...

PHYS. REV. D 109, 106007 (2024)

Fy = dAf,)  with  Afy) = g7 hy vol; + g7hy voly,

(A10)
in terms of the functions
P ,8(:0540{ 7—7Z P ,Ssin4a 7—7Z (A1)
=1 —, =1 PR
! fi 1-2z2 : f, 1—22

and the volume forms on the two three-spheres vol,; ,. Note
that F ‘(r4) is nonzero whenever the axionic combination

Z — Z is nonzero.

Due to the consistency of the truncation, any solution in
the SO(4) x SO(4) invariant sector of the SO(8) gauged
supergravity is also a solution of the Euclidean equations of
motion in (A1) and satisfies the Bianchi identity (A2). Note
also that, under the exchange z — Z, the 11D geometry in
(A3) remains invariant, whereas the four-form flux in (A7)

tr

changes as F’ W~ F (1) and F W~ -F -

2. SU(3) x U(1)? invariant sector

When the three pairs (z;, Z;) of scalar fields in the STU
model are identified, i.e., (z,Z) = (z;,%;) V i, the corre-
sponding solutions belong to the SU(3) x U(1)? invariant
sector of the maximal SO(8) supergravity. The uplift of this
sector to 11-dimensional supergravity has been worked out
in [41] (see also [42] whose conventions we closely follow)
in the case of Lorentzian signature. As before, we extend
the uplift formulas therein to Euclidean signature and adapt
it to the unit-disk parametrization of the scalar fields z and Z
we have adopted.

The 11-dimensional (warped) geometry is of the form
My x 8T with 7 =7 x CP, x S! x S},. The CP, and
St x SI}, factors in the internal geometry are responsible
for the SU(3) x U(1)? residual symmetry of the four-
dimensional solutions. Denoting a € [0,5] the coordinate
along the interval Z, the 11D metric takes the form

. 1 _
dst; = Efldszzl +2g7*[f2da?
+ cos’a(f3dsgp, + sin“afy(dr + 6)?)

+ f5(dy + cos’afq(dr + 0))?). (A12)
with 7,y € 0, 2z]. We have denoted o the one-form on CP,
such that do = 2J with J being the Kéhler form on CP,.
The metric in (A12) is fully specified in terms of six
functions f, ¢ given by

S (1 - ZZ)_IL%H%, fa= f;2 _ H%L_%,
fa=(1- zZ)zL—%H%K—{ fs= H‘.%KL—%,

fe=[LH + (z —%)*cos(2a)]K, (A13)

with

H=1+2zZ— (z+Z)cos(2a),
K =1+ (zZ)? — 2zZ cos(4a),

L=(1+42)(1+3). (A14)

The four-form field strength of 11D supergravity con-
sists of a spacetime and an internal piece

Fuy=F}y +Ff,. (A15)
The spacetime part reads
F?Z) = ghy voly + g~! sin(2a) h(;) A da, (A16)
in terms of a zero-form A, and a three-form h?) given by
- l.3(1 +2Z) + (2 + Z)(1 — 2 cos(2a))
1 2v2(1 - z2) ’
1—2) %, dz+ (1-72)%4d
) = L= z+(~QZ)*4 . (A17)
V2(1 - z2)

Again, %, denotes the Hodge dual with respect to the
external spacetime metric (3). Lastly, the internal part is
given by
s, =2v2g73[sin(a)h A da A dy A (dz + o)

+ cos4ah‘<11) A(dr+o) AT

+ cos?a cos(2a)hl) A dy A J

+ cos?asin(2a)hgda A dy A J + cos*ahy J A J

+ cos’asin(2a)hgda A (dt +6) A J), (A18)
in terms of the one-forms
h(1)_£< z dz )
oo 2\(1+2)? (1+2)?)
1 1 i L
hf‘ ) = hg ) = 7 [(1 —2cos(2a)z + 72)dz
— (1 =2cos(2a)z + 72)dz], (A19)
and the zero-forms
he = 201+ 22) & _f) (14 22 + (z + 2)sina),
LH
(z-2)
hy = — ,
Y
hg = i(ZH;;) (14 22 + (z + 2)sina). (A20)
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Note that the purely internal part of £ Er4) iS nonzero
whenever the axionic combination z — Z is nonzero.

By virtue of the consistency of the truncation, any
solution in the SU(3) x U(1)? invariant sector of the SO

(8) gauged supergravity is also a solution of the Euclidean
equations of motion in (Al) and satisfies the Bianchi
identity (A2).
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