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ARTICLE INFO ABSTRACT

Editor: Stephan Stieberger In this work, we investigate wormhole solutions through the utilization of gravitational
decoupling, employing the Minimal Geometric Deformation (MGD) procedure within the
framework of Trace-Free Gravity. We base our investigation on static and spherically symmetric
Morris-Thorne traversable wormholes, considering both constant and variable equation of state
parameters. We derive the field equations and extract the shape function for each scenario.
Moreover, we explore the gravitational decoupling technique and examine various forms of
energy density for both a smeared and particle-like gravitational source, encompassing the realm
of noncommutative geometry and a statically charged fluid. We also examinethe wormhole
geometry through the utilization of embedding diagrams. Through our analysis, we uncover a
violation of the Null Energy Condition (NEC). To conclude, we employ the Gauss-Bonnet theorem
to determine the weak deflection angle for the wormhole configurations.

1. Introduction

A Trace-Free version of the Einstein (TFE) equations provides the resolution of the cosmological constant problem of which the ob-
served cosmological constant is much smaller than the expected value. The formulation was proposed by Weinberg in his review [1].
Indeed, the trace-free gravity is essentially equivalent to adopting unimodular gravity [2-16] and its generalized versions [17,18].
The approach does not only determine a unique value for the effective cosmological constant, but it also does solve the discrepancy
between theory and observation in the standard approach. This article is aimed to investigate traversable wormhole solutions in TFE
gravity, incorporating the consideration of variable equations of state and taking advantage of gravitational decoupling by means of
minimal geometric deformation (MGD) approach.

As widely acknowledged, solving Einstein field equations poses a non-trivial challenge, particularly when dealing with cases
invoking spherical symmetry. A recent advancement addressing this complexity is the introduction of a novel methodology known
as the gravitational decoupling through the minimal geometric deformation (MGD) scheme [19,21]. The Brane-World scenario

* Corresponding author.
E-mail addresses: piyachat.pa@mail.wu.ac.th (P. Panyasiripan), naragorn.k@psu.ac.th (N. Kaewkhao), phongpichit.ch@mail.wu.ac.th (P. Channuie),
ali.ovgun@emu.edu.tr (A. ngiin).

https://doi.org/10.1016/j.nuclphysb.2024.116563
Received 29 February 2024; Received in revised form 11 April 2024; Accepted 7 May 2024

Available online 13 May 2024
0550-3213/© 2024 The Author(s). Published by Elsevier B.V. Funded by SCOAP®. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
mailto:piyachat.pa@mail.wu.ac.th
mailto:naragorn.k@psu.ac.th
mailto:phongpichit.ch@mail.wu.ac.th
mailto:ali.ovgun@emu.edu.tr
https://doi.org/10.1016/j.nuclphysb.2024.116563
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2024.116563&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2024.116563
http://creativecommons.org/licenses/by/4.0/

P. Panyasiripan, N. Kaewkhao, P. Channuie et al. Nuclear Physics, Section B 1004 (2024) 116563

[22-26] was originally investigated using such an approach. Subsequently, it evolved into a gravitational source decoupling scheme,
facilitating the extension of isotropic spherical solutions of the Einstein field equations to encompass anisotropic domains [19]. Over
time, this approach has been broadly adopted across various branches, see for wormholes [20], playing a pivotal role in expanding
or constructing novel solutions for the Einstein equations and their extensions, see e.g., [21,27-30].

Gibbons and Werner introduced a novel geometric approach for computing the weak deflection angle, employing the Gauss-
Bonnet theorem (GBT) on optical geometries applicable to asymptotically flat spacetimes [31]. This technique involves solving
the GBT integral over an infinite domain defined by the light ray boundaries. Subsequently, Werner extended this methodology
to stationary spacetimes by incorporating the Finsler-Randers optical geometry, utilizing Nazim’s osculating Riemannian manifolds
[32].

Building upon Werner’s work, Ishihara et al. further extended the method to finite distances, specifically considering scenarios
with significant impact parameters, as opposed to relying on asymptotic receiver and source conditions [33,34]. T. Ono et al. later
applied this finite-distance approach to axisymmetric spacetimes [35]. Crisnejo and Gallo [36] utilized the GBT to derive gravitational
light deflections within a plasma medium. More recently, Li et al. investigated the impact of finite distances on the weak deflection
angle, introducing massive particles and the Jacobi metric within the framework of GBT [37,38]. For further developments in this
field, one can refer to more recent works on wormholes [39-42] and black holes [43-55].

The main purpose of the present article is to derive traversable wormhole solutions in a different theory of minimum extension
of General Relativity, achievable by considering the trace-less portion of General Relativity field equations. It is named “Trace-Free
Gravity” or Unimodular gravity, in general. In this work, to study wormhole solutions, we incorporate multiple source contributions
including a gravitational source and an EM fluid. Since we face scenarios beyond trivial cases, we have used a useful and alternative
method in the search and analysis of solutions, the so-called Minimal Geometric Deformation-decoupling. The structure of the present
work is outlined as follows: In Sec. 2, we take a recap of the basic concept of Unimodular Gravity and employ the MGD procedure.
We then examine static and spherically symmetric Morris-Thorne traversable wormholes in Sec. 3. In this section, we consider both
constants and variables in the equation of state parameter. We also compute the shape function for each case. In Sec. 4, we consider
the gravitational decoupling technique and consider the forms of the energy density for a gravitational source in the context of
noncommutative geometry and a statically charged fluid. Here we obtain the decoupled solutions of the wormholes. Moreover, we
test the energy conditions. Subsequently, the embedding diagrams of the wormholes are illustrated in Sec. 5. In Sec. 7, we use the
Gauss-Bonnet theorem to compute the weak deflection angle for wormhole solutions. We conclude our findings in the last section.

2. Unimodular gravity & its geometrical deformation

A detailed formulation of trace-free Einstein gravity and its relationship with unimodular gravity is given in Refs. [7,8]. Recall
that in the standard formulation the gravitational field is governed by the Einstein field equations:

1
Ry, = 38 R+ 48, = 8T\ . €))

As a result, in unimodular gravity, the presence of an additional constraint on the metric determinant reduces 10 independent field
equations to 9 independent field equations. Taking the trace of the field equations (1), we obtain

4A=R+8xT™. (2

Multiplying each side of Eq. (2) by ‘—ltg,w and adding the result to Eq. (1) yields the trace-free field equations:

G,, =8xzT,,, (3)
where we have defined
1
G,=R, — ZgWR, 4
and
_ 1 »
T, = (T,g';” — 180T >) . )

Any extension to the above theory will eventually produce new terms in the effective four-dimensional Einstein equations. These
“corrections” are usually handled as part of an effective energy-momentum tensor. In the following, the MGD takes the simplest
modification:

G,, =8xT,, + 5(new terms),,, . (6)
The new terms in Eq. (6) may be viewed as part of an effective energy-momentum tensor, whose explicit form may contain new
fields, like scalar, vector, and tensor fields, all of them coming from the new gravitational sector not described by Einstein’s theory.
Therefore, we have the following modification to the stress-momentum tensor:

- 1
T,, =T,, + a(new terms),, = (T}E"f’) - ZgMVT('")> +8€,,- )
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It is clear that the case 6 =0 yields to the original Unimodular Gravity. We consider the contribution of two gravitational sources
T‘f'(m), which is known as the seed source and &//. Here the intensity of influence of the source €,, over T,ET) parametrized by a
dimensionaless constant 6. However, very little was known about Trace-free gravity or Unimodular Theory of Gravity for wormhole
physics. The work in this regard appears to be attributed to Ref. [56], wherein these theories were first employed in the context
of wormbholes, specifically addressing scenarios characterized by constant equation of state parameters (EoS). Since the minimal
geometric deformation played a useful and alternative method in the search and analysis of solutions. More specifically, the g,
and g,; components of the metric tensor was deformeded so that a scenario is well-described by extended gravitational decoupling.
Through the technique of gravitational decoupling, researchers have unveiled a series of novel solutions to the Einstein field equa-
tions, depicting deformed versions of non trace-free gravities, e.g., black holes [30,57-59] and compact objects [60-63]. Therefore,
the present work is the first study to utilize minimal geometric deformation to investigate wormholes in trace-free gravity.

3. Traversable wormhole solutions

We consider a static and spherically symmetric Morris-Thorne traversable wormhole in the Schwarzschild coordinates (z,r,0, ¢)
given by [4]

1

(-2)
r

where ®(r) and b(r) are the redshift and shape functions, respectively. They are functions of the radial coordinate r only. In the
wormbhole geometry, the redshift function @ should be finite in order to avoid the formation of an event horizon. The radial coordinate
r ranges from a minimum value r(, corresponding to the throat of the wormhole, where b(r)) = r( at r = r,. A crucial aspect of
wormbholes is the flaring-out condition, expressed as b(r) — b’ (r)r > 0 in the vicinity of the throat, where a prime denotes a derivative
with respect to the radial coordinate r. Additionally, it is required that b(r)/r — 0 as r - oo. It is worth noting that the supplementary
condition b(r)/r < 1 is also enforced. We define a perfect fluid source with energy-momentum tensor as

ds? = —2¥0 g7 4 dr? +r* (d6* +sin” 0d¢?) | @)

Tab = (:5 + ﬁt)Uan + ﬁtgab + (ﬁr - ﬁr)XaXb ’ (9)
where p is the energy density measured by a comoving observer with the fluid, and U, and X, are its timelike four-velocity and
a spacelike unit vector orthogonal to U, and angular directions, respectively. We define an appropriate frame of the fluid velocity
vectors [64]

b
Ut=e®85, X%=4/1- ﬂa;’, (10)
r
so that U,U% = -1 and X,X“ = 1. Here we are working in geometrized units setting the gravitational constant G and the speed of
light ¢ to unity. The trace-free components of the energy-momentum tensor Eq. (9) in this case read

. 1 N I
Ta,,z(Zez‘b(p,+2p,+3p),Z(3pr—2pf+p)(1—b,

irz(—ﬁ,+2ﬁ,+ﬁ),ir2 sin2(6)(—13,+213,+ﬁ)>. a1
For (t,t) component, we find
G, = %(1)’(2 —r®") + 2rQD' + rd®'? + r®") — b3D' + 2r®'? + 2r®™)), a2
while for (r,r) component,
G, = m(bm +5r®" — 2722 = 220") + 1(—b' 2 + r®') + 2r(=20" + rd'? + r@"))), 13

and for (6, 6) component,
1 / 252 281 2 !/ 12 "
999=4—(b(2+rcl> =2r° @' = 2r° @) + r (="' @ + 21D + D)), 14
-
where Gy = sin? 0Q¢¢. Then using the information of metric (4) and (5) in the TFE for the general form, we come up with
8z [(p, +2p,+3p)] = lz(b’(z —r®) 4+ 2rQD +r®'? + r@")
I
—bBD +2r®'? + 2r0")), 15)
87 [(35, — 2, + P)| = _—31(1;(4 +5r® = 2P7®'2 = 220" + H(=b' 2 + r®')
r

+2r(=20" + r®'? + @), (16)
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_ o 1
87 [(—p, +2p, + p)] = —3(b(2 +r® — 27702 — 229"
r

+2(=' D+ 2r( @' + @))). @7)

We can directly derive the Einstein field equations for @' = 0 to obtain

bl

o) =P, +2p,+35= 5T, (18)
2b—rb’ _ o ef
4z =3p,—2p,+p=p"", (19)
b _ _ _ —of
43 —p,+2p,+p= pftf' . (20)
Therefore, the effective matter sector of the present consideration is given by
20 _ S 0] — g, cff.
= =87 [(p, + 25, +3p) + 6e)| =8xp'", (21)
4b—2rb’ _ -
_r—3r =8r [(317, —-2p,+p)— 56” = 87rpfff‘ , (22)
2b D P 2] = g, petf.
3 =87 [(—p, +2p, + p) — 6e5] =8ap{™"-. (23)

To split the complex set of Egs. (21)—(23), we implement the gravitational decoupling by means of the MGD. In this case, the
minimally deformed shape function b(r) is given by

b(r) = b(r)+6f(r), 24

with b(r) being the original shape function given in the preceding section and f(r) the decoupler function. Basically, values of &
could be small. Putting Eq. (24) into the set (21)-(23), we obtain the following system of equations

2 ~ _ _
= =8 (P, +20,+30)] . (25)
_ !
SR —8n (G5, -2, +7) - 26)
2b _ -
oy :87r[(—p,+2p,+p)] . 27)

The second set of equations is given by

2f"(r)
e 87[58 , (28)
4f () =2rf'(r)
— o =8y, (29)
2f(r)
—r—3 = 87'[8% . (30)

To obtain specific forms of f(r), we will consider two types of density profiles generated in noncommutative geometry and a statically
charged fluid.

3.1. Constants w &

Basically, it is first common to assume the barotropic equations of state given as p, = wp with @ being a constant as well as
p; = Ppp, with constant f. As mentioned in Ref. [56], the values of w can be constrained to —1.5 < @ < 1. This allows us to describe
various types of cosmological fluids, for example stiff matter [65], radiation [66], Dustlike [67], dark energy [68], phantom fluid
[691, and holographic dark energy [70]. Moreover, we also need f§ # 1 to guarantee anisotropy and f # 0 to avoid singularities. From
Eq. (18)-Eq. (20), we find

b o _
e +8ﬂ7—ﬂr+l)—(1+w)ﬂz (31)
-y b
o= 1)b'(r) + (w + 3)b(r) — 5. (32)

167(cw + 1)r3
We can simply solve for the analytical solution of the above system to obtain

2wf+w+3

b(r) = ry ( r )2a)ﬂfm+] ) (33)

ro
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2
matching with that found in Ref. [56]. We recover the Ellis-Bronnikov (EB) shape function, b(r) = rTO, when @ = —p~!. We can show
that the shape function (33) satisfies the usual properties displayed in Fig. 1. We can also simply check the expression of the flare-out

condition given by
2po+w+3

r\ 2po-o+
e ) B

Aw+1)

b(r)? Q2= Dryw+r,
which yields the constraints on @ and f:

a)>0/\ﬁ<w—_1

In this case, we can easily compute the energy density to obtain

2(w+])

1 < r >w(2ﬂ—l)+1
8r(w+ r2 \ ry ’

which, on the throat becomes

1
8z(w+ )r2

P =—

plro)=—

Using p(r), we can compute p, and p, to obtain

2(w+1)

~ P < r )w(Zﬂ—l)-H
b= 8r(w+ Dr2 \ ry ’

2(w+1)

_ op < r )w(Zﬂ—l)-H
P @+ 2 \ g '

r=ry 2P — Drgw + 1o

(34

(35)

(36)

37)

(38)

(39
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We see from Fig. 2 for constants w & f, the NEC and SEC are violated at the wormhole throat r = r,. In other words, we discover that

at the wormbhole throat r = r;, we have for the energy condition oot pfff‘ <0, along with the condition p°ff + p‘;'ff‘ + pr“\' <0, by
arbitrary small values.

3.2. Variable w & constant 8

In the preceding subsection, we have worked on the constant EoS and discussed some important properties of the shape function
b(r) illustrated in Fig. 1. However, variable EoS can also be considered. In case of @ = w(r), we come up with

2
/ Ly = [ Gt o +3) (40)
b(r) rQpo(r) —w(r)+ 1)
Therefore, we obtain
2 3
b(r) = ro exp ( Qpar) + o) +3) dr) , 41)
rpo(r) —w(r)+ 1)
with r( being a constant. Let us take a more general EoS:
o(r)= L . (42)
ur
We find that
w(r) - L, w(r) > oo, and w() — 0. (43)
r=ro WUr, 1—=0 ror y—oo
We solve Eq. (41) to obtain
26+1 ) 41
2p-1 1-— — 2p-1
b(r)=r, L 1=28-pr . (44)
ro 1 =28 —ury
We can also simply check the expression of the flare-out condition given by
—rb 2ury +2
LG 0. “5)
b(r) "= —prg —2Pro+rg
For more convenience, we take instead y = £L to have
ro
b(r)—rb’ 241 +2
N -rb' | _ # 0. (46)
b(ry*  lr=ro  =2Bro—pyro+rg
With a flare-out condition, we find the constraints on f and y;:
P<IA-1<pu <1=-28Ary>0. 47)
If we take f = —1.1, we find that —1 < y; < 3.2. However, in the following, we consider y = —rﬁ and write
0
(r) 0 (48)
o(r)=——,
pr
where
w(r) - — 1 , and () - 0. (49)
r=rg ﬂ r—oo
In this case, f is the only free parameter. Substituting Eq. (48) into Eq. (41), we find
2p+1 5 48-1
26-1 — + 26-1
b(r) = ry <L> (W) ) (50)
o ro = Bro

We can quantify the features of a shape function b(r). Assuming that || < O(1), we can expand b(r) to the first order of § to obtain
2

r
b= 42 (—r§10g<i> +rr0—r§>ﬁ+(9(ﬂ2). (51)
roor ro
We see that when |f| < O(1) a shape function satisfies the usual properties as it should be. Notice that we can obtain the EB shape
2

function, b(r) = VT", when f# = 0. The behaviors of b(r) can be seen in Fig. 3. In this case, we can easily compute the energy density to
obtain

2 2
B B PN =at <ﬂr —2Br+ r0> =35+
R U A 2
p(r) Rt <r0> ro—pr , (52)

6
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which, on the throat becomes

_ B
(rg)=——""—"—". (53)
(e
Using p(r), we can compute p, and p, to obtain
2 2
_ 1 r\ 261 [ Pr—=2pro+rg\ -2
==\ _— ) (54)
4n(f—r2 \ rg ro — Bro
2 2
_ p r\ 2T (fr—=2prg+ry\1-2%
p=—\— S — . (55)
4rn(f— Dr2 \rg ro — Pro

In this case, we also discover that the NEC & SEC are violated, i.e., p°ff + pfff <0, poff 4+ pfff + prff <0, by arbitrary small values, see
Fig. 4.

4. Decoupled solutions

We consider the gravitational decoupling technique and consider two forms of the energy density for a smeared and particle-like
gravitational source in the context of noncommutative geometry and a statically charged fluid. It is noteworthy that the Minimally
Geometrical Deformed (MGD) approach transforms the previously indefinite system (25)-(27) into a set of equations governing an
imperfect fluid {5(r), p,(r), p,(r); b(r)} alongside a more simpler set of four unknown functions {&’ (1), €,.(r), s¢¢(r); f(r)}. The reso-
lution of the first set is facilitated by the rather standard established seed space-time methodology. However, various methodologies
can be possibly implemented to addressing the second system. We have to determine the decoupler function f(r) associated to the
£-sector.

In this work, we choose for a particular expression for the temporal component of the £-sector. Specifically, we assume that & (r)
represents the noncommutative Gaussian energy density of a static, spherically symmetric, smeared, and particle-like gravitational
source [72,73] and the noncommutative Lorentzian energy density [76,78,79] to generate two minimally deformed wormhole space-
times. It is important to note that the noncommutativity of spacetime is an inherent characteristic of the manifold, arising from
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string theory. In this framework, the coordinates of spacetime transform into noncommutative operators on D-branes [80]. These
characteristics can be mathematically expressed as a commutator, represented by a skew-symmetric matrix that delineates the
discretization of spacetime, with dimensions of length. Consequently, the parameters { M, 6} and { M, ¢} symbolize, respectively,
the mass of a particle-like static spherically symmetric gravitational source and the noncommutative parameter associated with
Gaussian and Lorentzian distributions.

4.1. Non-commutative geometry density profiles

In the context of noncommutative geometry, an interesting development of string/M-theory involves the requirement for quan-
tizing spacetime. The non-commutativity of spacetime is encoded in the commutator [x¥,x"] =i6,,, where 6, is an antisymmetric
matrix which determines the fundamental discretization of spacetime. It has also been shown that noncommutativity flavors the
smeared objects instead of the point-like structures in flat spacetime [71]. Mathematically, the smearing permits substitution of the
Dirac-delta function by a Gaussian distribution of minimal length \/5

Specifically, the formulation of the energy density for a gravitational source that is static, spherically symmetric, and resembles
both a smeared and particle-like structure has been examined [72,73] given by

M P2
Pg(r)—mexp(—@>, (56)

where the mass M is diffused throughout a region of linear size \/5 due to the intrinsic uncertainty encoded in the coordinate
commutator. Like black holes, see e.g., Refs. [72,74], the wormhole metric is expected to be modified when a noncommutative
spacetime is taken into account, see [75-77]. Moreover, we also get inspired by the work of Mehdipour when searching for a
new fluid model. A Lorentzian distribution of particle-like gravitational source permits possible energy density profile as given in
Ref. [76,78,79] as follows:

MV
(7 + ¢

with ¢ being the noncommutativity parameter. We next consider Egs. (28)-(30) and employ the density profiles given above to
quantify the decoupled solutions, f(r). We assume that eg = pp,, and solve for f(r) to obtain.

P¢(") = (57

2 2
r _ ro _ r - ro -0 _ 0
M erf<2\/§> erf<—2\/§> —\/;\/ge 40 + \/?\/56 40) forpg =¢g,

fn= G i (58)
2M | /v _ r/Ve -1 _r -1 r —.0
= ﬁ—ﬂ—%+tan <%>—tan (ﬁ) forp¢—60.
¢

We can simply check that a condition of f(r =r() =0 is satisfied. Substituting f(r) to Eq. (33), the original (traversable) worm-
hole solutions can be geometrically deformed. In this case, the original wormhole solution will be deformed by the above results.

Therefore, we obtain for p, = eg

by _ ro. ( r/\Vo >§Ziﬁt:ﬁi?
NS
2 2
+6£ (erf<L>—erf<r—0>— " @+ o e_ﬁ), (59
Ve 2v/6 o) xe Vzveo
andforp¢=58
b ro ( /e )iijiﬁiiii‘?
’0/\/5

N

28 M M_Mﬂan—l(L)_tan—l(’_O) , (60)
T /o §+1 241 Vo Ve

¢
We can show that the shape function (59) and (60) satisfy the usual properties, see Fig. 5, namely the throat condition and so on.
More specifically, using b'(ry) < 1, we have for Eq. (59):

2 2
1 o o
5<£—r2(2\/;me4 +2v/me ) (61)
Vo' 0
and for Eq. (60):
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Fig. 5. We show the behaviors of A \/Er and 7i versus 7 in Eq. (59) for 1.1, w=0.8,ry =1, 6 =0.001 and Vi 1 (Left Panel) and v Ve ﬁr
b(r)=rb' (r) s - — — - Mo i
and v versus 7 in Eq. (60) for 1.1, w=0.8, ry=1, §=0.001 and 7 1 (Right Panel).
3
e+ 8y/m
e WE
M 2(mry - +2)
Ve
where m = 226+@+3 1y contrast to Ref. [56], we employed the gravitational decoupling technique and expanded the investigation

2wf—w+1"
to examine both constant and variable equation of state parameters within Trace-Free gravity. Notably, our study marks the first

examination of traversable wormhole solutions in Trace-Free gravity utilizing the gravitational decoupling method. Moreover, it
was noticed that the authors of Ref. [29] took advantage of gravitational decoupling by means of minimal geometric deformation
approach, and discovered new asymptotically wormhole solutions. In the analysis, they interpreted the temporal component of the
e-sector as a density profile inspired in non—-commutative geometry, Gaussian density profile. In the framework of General Relativity,
the solutions f(r) in the e-sector have been also reported. We have observed that our solutions within the e-sector align with those
reported in Ref. [29].

4.2. Electromagnetic field

The procedure used to obtain wormhole solutions can be extended to include also the electromagnetic field as an additional
source. Here we include the contribution of an electric field generated by a point charge, Q. The Einstein-Maxwell equations for a
statically charged fluid can be given in terms of density p(r), radial pressure p,, and tangential pressure p,. We follow the algebraic
structure of stress-energy tensors for electromagnetic fields given in [81,82] by T(? = Tl1 implying that p = —p,. A pure spherically
symmetric electromagnetic field without the contribution of any additional sources is determined by

2
EM _ Q : —
T = = diag (1, -1, 1, 1), (63)

which is conserved and traceless. We assume that eg = Té) and solve for f(r) to obtain.

2
1 1
fo=2(L-1), (69
2 \rg r
which a condition of f(r=r,) =0 is assumed. In this case, the original wormhole solution will be deformed by the above result.
Therefore, we obtain

2wp+w+3

b(r)=ro(r )zwﬂ_wﬂ +6Q—2<i—l>. (65)

o 2 \rg r

We can show that the shape function (59) and (60) satisfy the usual properties, see Fig. 6, namely the throat condition and so on.
We can also simply check the expression of the flare-out condition given by

ro

2pwtw+3
2rr, <5QZ((2ﬁ = Do+ (= 2r) = drrd(o+ 1) (£ ) >
b(r) —rb'(r) _

b(r) ' (00)

ro

Wortwt3 \ 2
(@f—Da+1) <5Q2r — 6Q2rg +2r12 ( - ) Horwit >

which yields the constraints at r = ry:
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[

Fig. 6. We show the behaviors of b(r),b'(r), b(r)/r and b(r) — rb' (r) versus r in Eq. (69) for f =—1.1, r, =1 and Q =1 (Left Panel) and Q =2 (Right Panel).

8Q*(—2pw+w—1) —4ri(w+1)
2328 - D+ 1)

—4r§a) - 4r3
2p6w — 6w +6’

>0 — Q<
with the following conditions:

6>0/\m>0/\<r0>0/\ﬂ<w—_1).
2w

Moreover, in case of w = w(r) and constant f, we have

W pr—2protrg\ T Q2

- r—2pro+r -

b(r):r(,(i) <¢> +5Q_<l_l>.
ro ro — Pro 2 \rg r

We find for the flare-out condition to be satisfied:

/r
6>0Arg>0A[Q|<2 5

Notice that values of Q depend on a parameter § and do not depend on f in this case.

|t

5. Embedding diagram

(67)

(68)

(69)

(70)

In this section, we analyze the embedding diagrams to represent the wormhole solutions by considering an equatorial slice

0 =z /2 at some fix moment in time ¢ = constant. The metric then becomes

1

(-2

ds* = dr* +r?dg?.

(71)

Having embed the metric (71) into three-dimensional Euclidean space, we can visualize this slice. Here we parameterize spacetime

using the cylindrical coordinates as
ds*=dz* +dr* +r*d¢?,
which can be rewritten as
2 dz\*\, 2 2,2
ds?=(1+(22))dr* +2ag?.
dr

Having compared Eq. (71) with Eq. (73), we come up with:

%:i (r—:)(r) _1>'

(72)

(73)

(74)

To test the results, we consider b(r) given by Eq. (60) and Eq. (69). Invoking numerical techniques allows us to illustrate the wormhole
shape given in Fig. 7. In Fig. 7, we consider various shape functions b(r) given in Eq. (50), (60), and (69). We use = —1.1 for all
plots, and take 6§ =0.01, @ =0.8 and M/\/a =1 for Eq. (60) and 6 =0.01 and Q =1 for Eq. (69).

10
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15

05
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Fig. 7. We display the embedding diagrams of various shape functions given in Eq. (50), (60), and (69).

6. Energy conditions

We can further explore and check the energy conditions. In this section, we only consider the two types of energy conditions
to examine the wormhole solutions. The first one is null energy condition (NEC) given as T, k*k" > 0, which determines the non-
negative value of energy-momentum tensor with k, being null vectors. The NEC yields p + p, > 0. Please note that the null energy
condition (NEC) can be understood as the requirement for the energy of particles moving along a null geodesic, such as photons

and massless particles, to remain non-negative. Additionally, the strong energy condition (SEC) defined as (TW - %Tgw) XHXV>0
with X u being a timelike vector field, yields p +2p, > 0 and p + p, + 2p, > 0. However, the traversable wormholes in some particular

models, e.g., Casimir wormholes [83,84], need the (exotic) matter which violates the energy conditions.

6.1. Constants w &

We first consider constants w and g and take b(r) given in Eq. (59), and then compute the energy density. We find

2(w+1)
w2p=D+ 2
Hp(Y)=_87z(w7-li-l)Yz (%) +5ﬁexp(—%). (75)
Using p(Y'), we can compute py and py to obtain
v \ sens
w 20p-
O == T Y2 <70>
2
- 58”3/%1/3 (4v= (erf(%) - erf(%)) (V4 YT eyt ). (76)
2(w+1)
— L
8r(w+1)Y2 \ Y
Y2 Yoz
—sL (erf(Z)_erf<E>_e_TY+e_TY°), 77)
470Y3 2 2 \/; \/7_1:

where Y =r/ \/5 P=M/ \/5 The stress-energy tensor (SET) can be computed using Eq. (11). We next consider constants w and f
and take b(r) given in Eq. (60), and then compute the energy density to obtain

2(w+1)
1 7\ @@p-D+1 0 1
Z)y=——— (£ 62 ——— ).
b= (5) ”2<(1+22)2> 78)

Using p(Z), we can compute p, and p, to obtain

2(w+1)

® 7\ @@p-D+1
)= | —
S 1V (Z())

11



Nuclear Physics, Section B 1004 (2024) 116563

P. Panyasiripan, N. Kaewkhao, P. Channuie et al.
T T T
005 . 005 J
000 0.00
----- 60" +p,°" 6=0.1 cemem pfagp,oF 6201
. 6pf+26p,°F 6=0.1 o 00" +2¢p,°",6=0.1
-0.05 '.':' e 0%+ 0p, °F+26p,°% 65=0.1 - -0.05 2E e o0+ p, 420, 6=0.1
;-’ T 60" +6p,°F 6=0 e op°+9p, ¥, 6=0
' ‘ 0p° +26p,°% 6=0 H : o0 +20p:% 5=0
iy - 8p0p, 260, 6=0 ' - mm ¢p% e #4200 6=0
~010 -0.10 J
0 2 3 4 5 1 2 3 4 5
r/\/g I\ @
Fig. 8. We show the behaviors of 0p°f + prff, 0 + 29pfff, 0o + Opfff + Zprﬁ versus r/\/g using f=—1.1, ry =1, @ = 0.8 for the Gaussian distribution Eq. (56)
(Left panel), and ¢p°f + dpeft, o +2¢pef, ot + ppf + 2¢pef versus r/+/¢ using f=~1.1, ry =1, 0= 0.8 for the Lorentzian distribution Eq. (57) (Right panel).
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Fig. 9. We show the behaviors of pf + pfff, 4 prff and p°ff +pfff + prff versus r using f=—-1.1,ry=1w=08and Q=1.
Z+372° o - _
-4 zst - > S +tan”(Z) —tan”'(Z) |, (79)
Fis (1 + ZZ) 1+ 2Z;
2(w+1)
(80)

___ op
S D =T D2

Z '\ w@p-D+l
Z,

0 Z Zy _1 —1

) - —tan” (Z)+tan” (Z, N

2mZ3\1+ 22 1+22 ) (Zo)

where Z =r/ \/5 o=M/ \/5 We find from Fig. 6 that for small values of § the NEC and SEC cannot be satisfied. However, since
b(r) is dependent on &, the usual properties of b(r) cannot be satisfied, e.g., b(r)/r » 0 for r — oo if § is not so small, § > O(1). We

(81)

next consider constants w and # and take b(r) given in Eq. (65), and then compute the energy density. We find

2w+l R
1 F\ @@p-D+I 16}
-1 (r PR
pLr) 8x(w+ 1r? <r0 > * 8xrt
(82)
(83)

Using f(r), we can compute p, = 011 and p, = 05 to obtain
2(w+1)
Zi(E-).

ro

P2p—DH1 5
8t

w

I r
P =t T (

ro

2(w+1)
wpf 7\ @@p—D+1 Q2 r
pi(r)=— >\ — -0 4(1——).
8x(w+ 1)r> \ ry 8xr ro
The behaviors of 0p°ff + prff, 0 420 pfff, 0pft+0 pfff + ZOpfff versus r/ \/5 for the Gaussian distribution Eq. (56), and ¢ + ¢pfff,
Ppff + 2¢pfff, dpff + ¢pfff + 2¢pfff versus r/ \/E for the Lorentzian distribution Eq. (57) has been illustrated in Fig. 8. In Fig. 9, we

notice that the NEC is also violated for the charged fluid deformation.
12
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6.2. Variable w & constant f§
In this case, we can easily compute the energy density to obtain
=+l P (
———ex
> 2z F

-

2p-1 Y -28Y,+
oy (LY (2 e

4n(fp— Y2 \ Y, Y, - BY,

Using p(Y'), we can compute py and py to obtain
2 2 4
0p.(V) = 1 Y \ 271 (BY =20Yy+ Y, \ 1-25
P = -\, Y, - BY,
(4v/ (et % —erf (L)) + (r2+4) ye T —ave
2 2 0
241
pY =2pYy+ Y, > 125

_s—P

823/2Y3
Yy - BY,
¥2 YO2

e 4Y e +YO0

Vi

p (3
4z(p - DY? \ Yo

i

).

¥

ep,(Y) =

P
“o P (et
470Y3 2
241
PZ -2pZy+ Zy\ 1-28 +s
Zy—pZ,

Z
Z

, s s+

VN2 =

Using p(Z), we can compute p, and p, to obtain
2

zZ >2ﬁ——1 <ﬂZ—2ﬂZO+ZO

Zy—-pZ,

i <_

2
>—172ﬁ+1

dz(f—1)Z2 \ Z,

¢p(2)=
0 Z +373
-5 —
w22\ (1+22)7 1+Z;
dn(Z)= i <£>2ﬁ2_1<ﬂZ—2ﬂZO+ZO>I2—2ﬁ+]
P -2\ 7, Zy,- b2,
—8— z Zo —tan‘l(Z)+tan_1(ZO)> )
T
-
()= — p <L>2ﬂ—1 <ﬂr—2ﬂr0+ro
PO T\ ro = Bro

0 5+ tan_l(Z) - tan_l(ZO)

2
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o

Fig. 10. We show the behaviors of 8p°f + prff, 0 + 29pfff, 0 + prﬁ + 219‘11,Eff versus r/\/a using f=-0.01, r, =1, P =1 for the Gaussian distribution Eq. (56)

1
r/\/g
(Left panel), and ¢p°f + dpeft, e + 2¢pef, et + ppef + 2¢pef versus r/+/¢ using f=-0.01, ry =1, Q =1 for the Lorentzian distribution Eq. (57) (Right panel).
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13

QZ

8xrt

(84)

(85)

(86)

Y
L) —erf _
)a<2>
We next consider w(r) and constant f and take b(r) given in Eq. (69), and then compute the energy density to obtain
1
(1+22)

0 _
1+22 1+27;
We consider w(r) and constant # and take b(r) given in Eq. (69), and then compute the energy density. We find

(87)

(88)

(89)

(90)
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Fig. 11. We show the behaviors of pff + pfff, pefl 4 21),Eff and p°f + pf“ + prﬁ versus r using f=—-0.01,ry=16=0.0l and Q= 1.

Using f(r), we can compute p, = 011 and p, = 6; to obtain

2 2
LU (r\TT (B2t T Qo
pr(r)_47r(ﬂ—1)r2<r0> < — > 58m4(r0 3), (91)
2 2
B P \ BT (pr=2pro+ro\TH Q2 r
S S U ) - 1-L). 2
peo 4ﬂ(ﬂ—1)r2<’o> < ro=pro > e (177) 2

The behaviors of 0, + 6 pfff, 0pff +20 pfff, 0p°ff + epfff + 201),Eff versus r/ \/5 for the Gaussian distribution Eq. (56) and ¢p°ff + qbpfff,

dp+ 2¢pfff, ot + d)pfff + 2qbp§’ff versus r/ \/5 for the Lorentzian distribution Eq. (57) can be seen in Fig. 10. In Fig. 11, we notice
that the NEC is also violated for the charged fluid deformation.

7. Weak gravitational lensing

Gravitational lensing offers a powerful tool for probing the spacetime geometry of wormholes by observing their gravitational
effects on light trajectories. This technique has been employed by numerous researchers to study various exotic wormhole configura-
tions, as evidenced by studies such as those listed here, Refs. [39,41,85-89]. By analyzing the gravitational lensing effects, we have
been able to glean insights into the properties and behavior of these exotic wormholes, shedding light on their stability, geometry,
and implications within the framework of general relativity. If gravitational lensing observations reveal unexplained mass distribu-
tions or light bending patterns that can’t be explained by standard matter, it could hint at the presence of exotic matter, potentially
connected to wormholes.

Embarking on this section, we revisit the Gauss-Bonnet theorem and embark on the calculation of the weak deflection angle for
wormbhole configurations. Our starting point is the expression for null geodesics, ds? = 0, which can be rearranged to yield:

dt* =y, dx'dx/ = %drz +r2dQ?, (93)

Within this context, indices i and j represent the spatial dimensions (1703), and y;; denotes the optical metric. To utilize the Gauss-
Bonnet theorem effectively, we must first calculate the Gaussian curvature associated with Eq. (50). This calculation is presented in
detail here:

R OBy 2Bry ry 6fry  2pr, o)
T2 4 4 r B

Within this framework, y = det(y;;) represents the determinant of the optical metric, and R denotes the Ricci scalar. Let D be a

compact, oriented, nonsingular two-dimensional Riemannian surface characterized by its Euler characteristic y(D) and Gaussian

curvature K. This domain is enclosed by a piecewise-smooth curve with geodesic curvature x. The link between the deflection angle

of light and the Gaussian curvature stems from the Gauss-Bonnet theorem, which is invoked by employing the following expressions:

/ / KdsS + }{ xdt+ ) f;=27(D), (95)
D i=1

aD

Within this context, d.S represents the differential element of area, x denotes the geodesic curvature of the boundary, defined as
k =|V&C| and p; represents the i exterior angle. For a particular region D enclosed by a geodesic C, extending from the source .§
to the observer O and a circular curve Cj intersecting C; orthogonally at .S and O, Equation (95) reduces to:

//]CdS+/K(CR)dt:ﬂ', (96)
D

Cr
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Fig. 12. The deflection angle, ©, as expressed in Eq. (101) is plotted against the impact parameter b using f = —1.1 in Eq. (50).

During this derivation, we employed the conditions x(C;) = 0 and the Euler characteristic (D) = 1. For the specific circular curve
Cr :=r(¢) = R = const, the non-zero segment of the geodesic curvature is calculated as:

K(Cr) = (VeyCr) = Ca0,CR) + T, (CI2. 97)

In this context, Cy represents the directional derivative of the circular curve Cp, and F:/) " signifies the Christoffel symbol corre-
sponding to the optical metric (93). As R tends towards infinity, we arrive at:

I%i_l}go [x(CR)dt] =dg. (98)

By substituting Eq. (98) into Eq. (96), we arrive at:

7+0
//ICdS+ / dpr=n. (99)
D 0
In this context, the surface area on the equatorial plane is formulated as [31]:

dS =+/rdrd¢ (100)
Following this, the weak deflection angle of light can be determined for Eq. (50) as:

®=—//ICdS=—//ICdS
D 0 _b

sin¢g
3ﬂﬂ2r(2) ﬂﬁré n'r(z) 12ﬁ2,~0 4pry
~ = 2b2 - 2b2 E"l‘ b + b . (101)

In this analysis, we utilized the zero-order particle trajectory r = b/sin¢, where 0 < ¢ < r in the weak deflection limit. The
dependence of the deflection angle on the impact parameter, as influenced by the wormhole geometry, is presented graphically in
Fig. 12. Our findings reveal that the deflection angle is contingent upon the parameters § and r, for w(r) = —%. For specific values
of p, it is observed that the deflection angle increases as r, grows. These results warrant comparison with those obtained using an
alternative approach recently proposed in Ref. [90].

8. Concluding remarks
In this work, we investigate wormhole solutions invoking the Minimal Geometric Deformation (MGD) procedure within the
framework of Unimodular Gravity. We employed a static and spherically symmetric Morris-Thorne traversable wormholes and

considered both constants and variables in the equation of state parameter. More specifically, we considered @ = cont. and w =
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w(r) = —r—(;. We computed field equations and derived the shape functions. We showed that the usual properties of the obtained

shape functions has been satisfied. We considered the gravitational decoupling technique and considered various forms of the energy
density for a smeared and particle-like gravitational source in the context of noncommutative geometry and a statically charged fluid.
We obtained the novel wormhole solutions showing the violation of the Null Energy Condition (NEC). Along with Ref. [29], we also
noticed that, by controlling the magnitude of parameter §, the usage of exotic matter can be greatly reduced. A positive exoticity
parameter indicates the existence of exotic matter within the spacetime of the wormhole, with its value serving as a measure or
indication of the extent of exotic matter present within the structure. We used the Gauss-Bonnet theorem to compute the weak
deflection angle of light for the wormhole solutions. We also found that the deflection angle depends upon the parameter f and r
for w(r)=— %

We can further test whether these wormholes be sustained by their own quantum fluctuations. In particular, the energy density
of the graviton-one loop contribution to classical energy in a traversable wormhole background and the finite one loop energy
density have to be considered as a self-consistent source for these wormhole geometries. To this end, we shall follow the existing
publications, see e.g., [75,91,92]. However, the wormhole equation of state is still unknown and hence the present work can be
tested by the wormhole observations, see. e.g., [87,93-96]. The astrophysical consequences from this study can be subjected to
further theoretical scrutiny and observational validation. For example, near a wormhole’s mouths, intense gravitational fields can
cause time dilation, where time flows differently for observers in different regions of spacetime. This means that passing through a
wormhole could potentially result in time travel, allowing travelers to journey to different points in time as well as space. Moreover,
some suggest that wormholes could be connected to black holes, raising the possibility of using wormholes to study the interior
of black holes, which are otherwise inaccessible due to their event horizons. It could also provide insights into the nature of black
holes and the laws of physics governing them. If they exist, wormholes might influence the distribution of matter and energy in
the cosmos and could potentially play a role in phenomena such as galaxy formation and the large-scale structure of the universe.
These intriguing topics merit further investigation in alignment with our present work. However we leave them as part of our further
investigation
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