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In this letter we explore the foundations of entropic cosmology and highlight some important flaws which 
have emerged and adopted in the recent literature. We argue that, when applying entropy and temperature 
on the cosmological horizon by assuming the holographic principle for all thermodynamic approaches to 
cosmology and gravity, one must derive the consistent thermodynamic quantities following Clausius relation. 
One key assumption which is generally overlooked, is that in this process one must assume a mass-to-horizon 
relation, which is generally taken as a linear one. We show that, regardless of the type of entropy chosen on 
the cosmological horizon, when a thermodynamically consistent corresponding temperature is considered, all 
modified entropic force models are equivalent to and indistinguishable from the original entropic force models 
based on standard Bekenstein entropy and Hawking temperature. As such, they are also plagued by the same 
problems and inability to describe in a satisfactory qualitative and quantitative way the cosmological dynamics 
as it emerges from the probes we have. We also show that the standard accepted parameterization for Hawking 
temperature (including a 𝛾 rescaling) is actually not correctly applied, namely, it is not related to entropy in 
a thermodynamically consistent way. Finally, we clearly state that the explicit form of the entropic force on 
cosmological horizons is mostly dictated by the assumption on the mass-to-horizon relation. As such, we discuss 
what should be done in order to fix all such issues, and what conceptually could be implied by its correct 
implementation in order to advance in the field.
1. Introduction

Current observational data reveal that the Universe’s expansion is 
accelerating [1–7], and numerous investigations have been conducted 
to better comprehend this observational fact. The most conventional 
way for explaining the accelerated expansion of the Universe involves 
the addition and inclusion of a new element, the so-called dark en-

ergy fluid [8], to the cosmic inventory. This fluid has peculiar features 
in comparison to other standard energy-matter contributions, and its 
effects on the Einstein field equations are precisely set to cause such 
accelerated expansion.

Despite their many accomplishments, dark energy models are unable 
to adequately explain all of the observational evidence that we have 
gathered so far and are also impacted by several additional theoretical 
flaws [9]. As a result, numerous different theoretical ideas have been 
proposed in order to address and comprehend its nature [10–12].

In this work, we will pay special attention to the seminal papers of 
Easson et al. [13,14], who offered entropic cosmology as a fresh expla-
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nation for the accelerated expansion. The entropic cosmology approach 
requires the inclusion of additional entropic force terms to the Einstein 
field equations, assumed to come from the boundary terms in the Ein-

stein Hilbert action [13–16].

The physical rationale for the entropic force stems from the holo-

graphic principle, which states that the degrees of freedom in the bulk 
of the Universe can be stored at/onto the Universe’s boundary [17,18]. 
Hence, by associating an entropy and a temperature on/to the horizon, 
one can define an entropic force acting on the boundary of the Uni-

verse, which might be responsible for the Universe dynamics on large 
cosmological scales and eventually provide a solution for its accelerated 
expansion [19–29].

Bekenstein [30] and Hawking [31] demonstrated in the 1970s that 
the principles of black hole thermodynamics are similar to the laws of 
ordinary thermodynamics. Since then, a wide variety of gravitational 
and cosmological applications have been explored by utilizing the rela-

tionship between the area of the event horizon and the surface gravity 
of the black hole with the entropy and temperature in conventional 
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thermodynamics. Jacobson [32] obtained the Einstein field equations 
from the entropy and horizon area proportionality by assuming the 
flow of heat across the horizon, and the Friedmann and acceleration 
equations were derived by Padmanabhan [33,34] using the holographic 
equipartition law, which states that the difference between the degrees 
of freedom at the surface and in the bulk of an area of space is what 
causes the expansion of cosmic space. Furthermore, Verlinde [35] pro-

posed a new concept: gravity is defined as an entropic force that arises 
in a system as a result of the statistical tendency to increase its entropy. 
All of these novel perspectives offer fresh insights into the quantum 
gravity conundrum and may even examine the thermodynamic origins 
of space-time. All of these approaches rely on the Bekenstein entropy 
and Hawking temperature, which satisfy the Clausius relation under 
the presumption that mass scales with the horizon linearly.

In entropic cosmology, the form of the driving entropic force terms 
is determined by the definition of the entropy. In the original entropic 
force models, the Bekenstein entropy [30] together with the Hawking 
temperature [31] has been used to get the entropic force terms. How-

ever, such models fail to account for both the Universe’s acceleration 
and deceleration and it has been shown in [36,37] that they neither ac-

count for cosmic fluctuations nor are compatible with the formation of 
structures.

In recent years, nonextensive thermodynamic applications have 
been used in gravitation and cosmology [38–65]. The use of nonexten-

sive entropies for self-gravitating systems is obvious given the crucial 
role that long-range interactions play in nonextensive thermodynamics. 
There are several different “concepts” of nonextensive entropies that 
have been proposed in this regard, including Tsallis [66,67], Rényi [68], 
Sharma-Mittal [69–71], Kaniadakis [72], Tsallis-Cirto [73,74], Tsallis-

Zamora [75,76], and Barrow [77] entropies.

Tsallis entropy generalizes Gibbs/Shannon entropy for scenarios in 
which additive and extensive property of entropy do not work. From the 
standpoint of quantum information, Rényi entropy measures the entan-

glement of quantum systems and has thus been applied to black holes 
and cosmological horizons. Similarly Tsallis-Cirto entropy is motivated 
to make the black hole entropy extensive. Meanwhile, Barrow entropy 
is mathematically equivalent to Tsallis-Cirto entropy but is entirely 
motivated by the fractal structure of the horizon due to quantum fluctu-

ations. In [19,20], the authors adapted a particular case of Tsallis-Cirto 
entropy and a higher dimensional entropy, known as quartic entropy, 
to the cosmological horizons within the context of entropic cosmology 
and addressed the problem of a decelerating and accelerating Universe, 
as well as the issue of structure formation. In addition, Sharma-Mittal 
entropy generalizes the Tsallis and Rényi entropies, whereas Kaniadakis 
entropy is inspired by special relativity considerations.

In the context of black holes and cosmology, defining different 
nonextensive entropies on black hole and cosmological horizons and 
their associated consistent thermodynamic quantities is crucial from a 
thermodynamic perspective [48,43]. Let’s use the Bekenstein entropy 
and Hawking temperature as an example. If we apply Clausius’s re-

lation to this scenario, it provides a consistent thermodynamic mass 
for a Schwarzschild black hole that demonstrates the equality of mass 
and energy. Clausius’s relation, on the other hand, gives an inconsistent 
mass-energy relationship when using Hawking temperature with Rényi 
entropy or Tsallis-Cirto entropy [43]. Nonetheless, Clausius’s relation 
provides consistent mass-energy relations for both scenarios using the 
consistent temperatures corresponding to Rényi and Tsallis-Cirto en-

tropies [48]. The Bekenstein entropy has a challenge in that we only 
employ the entropy-area relation, which is supported by the Hawking’s 
area theorem [78,79], and we need a statistical mechanics description 
of black hole entropy to understand the black hole microstates [80]. 
Quantum field theory, however, validates the Hawking evaporation pro-

cess for determining the Hawking temperature, which further supports 
the idea of black hole entropy as the area of the black hole’s horizon.

The paper is organized as follows. In Sec. 2 we will provide a brief 
2

summary of the main way to proceed in order to construct a proper en-
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tropic cosmology model. We will highlight how some parameters which 
are commonly defined in literature are actually misused leading to flaws 
in the same foundation of entropic cosmologies. In Sec. 3 we introduce 
several thermodynamic approaches in the nonextensive setup which 
have been recently used to investigate the evolution of the Universe. 
We will discuss how these approaches are fundamentally wrong and 
how one should properly face them. Finally, in Sec. 4 we will expose 
our final summary and conclusions.

2. Entropic cosmology review: the Bekenstein-Hawking standard

In this work, we take into account a flat, homogeneous and isotropic 
universe. The Bekenstein entropy and Hawking temperature on the 
horizon 𝐿, indicated respectively as 𝑆𝐵𝐻 and 𝑇𝐵𝐻 , assuming the holo-

graphic principle, read as

𝑆𝐵𝐻 =
𝑘𝐵𝑐

3𝐴

4ℏ𝐺
, (1)

𝑇𝐵𝐻 = ℏ𝑐

2𝜋𝑘𝐵𝐿
, (2)

where: 𝐺, 𝑐, ℏ and 𝑘𝐵 are the Newton’s gravitational constant, the 
speed of light, the reduced Planck’s constant, and the Boltzmann’s con-

stant, respectively; the surface gravity is 𝜅 = 1∕𝐿 on the cosmological 
horizon; 𝐴 is the surface area

𝐴 = 4𝜋𝐿2 (3)

whose radius is the cosmological horizon 𝐿, which is generally assumed 
to be the Hubble horizon,

𝐿 = 𝑐

𝐻
, (4)

with the Hubble parameter defined as 𝐻 = 𝑎̇∕𝑎, where 𝑎 = 𝑎(𝑡) is the 
scale factor at time 𝑡 and a dot denotes derivative with respect to time 
𝑡.

It is worth noting that the Hubble horizon 𝐿 equals the apparent 
horizon 𝑟𝐴 = 1∕

√
𝐻2 + 𝑘∕𝑎2 for a flat universe (𝑘 = 0), but in gen-

eral for an accelerated expanding universe we can also have an event 
horizon 𝑟𝐸 = 𝑎(𝑡) ∫ ∞

𝑡

𝑑𝑡

𝑎(𝑡) [81,82]. Only in a flat de Sitter universe the 
Hubble, apparent, and cosmological event horizons coincide and all 
have the same constant value of 1∕𝐻 . In general, in an expanding 
universe (with positive dark energy density), the Hubble horizon only 
asymptotically coincides with the event horizon. The issue with 𝑟𝐸 is 
that it does not always exist in FLRW universes, whereas the apparent 
and Hubble horizons do. Furthermore, for dynamical spacetime, it has 
been demonstrated that the apparent horizon is the causal horizon, with 
an associated gravitational entropy and surface gravity for the apparent 
horizon [83,84]. Given that the universe is spatially flat, isotropic, and 
homogeneous, it makes sense to regard the apparent horizon — in this 
case, the Hubble horizon — as the universe’s boundary or horizon. It is 
demonstrated that in a four-dimensional de Sitter space [85], the hori-

zon area 𝐴 = 4𝜋∕𝐻2 is related to the entropy, and that an observer 
at the origin detects a thermal radiation from the de Sitter horizon at 
𝑅 = 1∕𝐻 with the temperature 𝑇 =𝐻∕2𝜋.

Furthermore, for the dynamic apparent horizon, it is clear that in or-

der to calculate surface gravity, one must know not only the apparent 
horizon radius and the Hubble parameter, but also the time-dependence 
of the horizon radius. As a result, when applying the first law to the ap-

parent horizon to calculate surface gravity and thus temperature, and 
considering an infinitesimal amount of energy crossing the apparent 
horizon, the apparent horizon radius 𝑟𝐴 should be regarded as hav-

ing a fixed value [86–88]. Thus, the relation 𝑇 ≈ |𝜅|∕(2𝜋) = 1∕(2𝜋𝑟𝐴)
between the temperature and surface gravity at the apparent horizon 
is recovered, and we have 𝜅 ≈ −1∕𝑟𝐴. In this way, we can justify the 
temperature assumption in Eq. (2). In other words, the first law of ther-

modynamics may only hold approximately for the dynamical apparent 

horizon.
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Although, it seems there is no final consensus on the issue. Indeed, 
in [87] it is argued that a thermodynamic description of the horizon is 
approximately valid, so it doesn’t really matter whether one uses the 
apparent horizon or the event horizon. But in [88], it is shown that the 
temperature defined at the apparent horizon is the consequence of the 
ordinary formulas of thermodynamics and, therefore, not the outcome 
of an approximation. While in [89] it is stated that the cosmological 
event horizon (in a universe filled with a dark energy fluid) might be 
unphysical from the point of view of the laws of thermodynamics.

It is also widely accepted that the black hole entropy area formula 
is only valid in Einstein’s General Relativity, that is, when the action 
of gravity theory contains only a linear term of scalar curvature and 
Hawking temperature in terms of surface gravity is independent of any 
theory. Bekenstein entropy has been modified for many gravity modifi-

cations and applied to many cosmological applications [86].

The intriguing query that arises when we apply definitions of en-

tropies to black hole and cosmological horizons from various perspec-

tives in thermodynamics and statistical mechanics is: what principles 
should be followed in order to define these entropies and the corre-

sponding thermodynamic quantities on the horizons, given that we are 
unaware of any background geometrical theory related to these defini-

tions of entropies? Therefore, while applying to cosmological and black 
hole horizons, entropy and temperature are connected in at least two 
important ways. First of all, in order to prevent thermodynamic incon-

sistencies, the two quantities must adhere to the Clausius relation,

𝑑𝐸 = 𝑐2 𝑑𝑀 = 𝑇 𝑑𝑆 (5)

where we have used the mass-energy relation 𝐸 =𝑀𝑐2.

Secondly, what is also fundamentally crucial in and for all the further 
steps is the mass-horizon (𝑀 − 𝐿) relation, which is unknown a priori. 
The common procedure is to assume, by analogy with black holes, that 
the mass scales linearly with the cosmological horizon as

𝑀 = 𝑐2

𝐺
𝐿. (6)

This relation is crucial for defining temperature and entropy on the 
cosmological horizon which are at the same time satisfying the Clau-

sius relation. It can be easily verified that the pair {𝑆𝐵𝐻, 𝑇𝐵𝐻} from 
Eqs. (1) - (2) is consistent with Eq. (5) when adopting the relation 
Eq. (6). When we say consistent, we mean that the area law for the 
Bekenstein-Hawking entropy can always be obtained if we identify the 
thermodynamical energy 𝐸 with the black hole mass 𝑀 and the sys-

tem temperature with the Hawking temperature, 𝑇 = 𝑇𝐵𝐻 . Thus, using 
the Clausius relation, Eq. (5), with the (𝑀 −𝐿) relation, Eq. (6), yields 
𝑆𝐵𝐻 . This also implies that the mass-energy relation associated with 
the horizon should be given by the Clausius relation with mass-horizon 
relation when temperature and entropy are defined on the horizon us-

ing the holographic principle. The Bekenstein-Hawking case makes this 
clear, but the Clausius relation results in an inconsistent mass-energy re-

lation for the horizons when Hawking temperature is introduced along 
with nonextensive entropies on the horizons [43,48]. This means that, 
aside from Bekenstein entropy, the Hawking temperature is inconsistent 
with nonextensive entropies [48].

Naturally, the question now emerges: can we, on the basis of the 
holographic principle, use nonextensive entropies on the horizons other 
than Bekenstein entropy? There are two ways we can respond to this 
query.

First, we must rely on the thermodynamic definition of nonextensive 
entropies and, using the Clausius and mass horizon relations, obtain the 
associated temperatures (which will differ from the Hawking tempera-

ture) [49]. We can avoid inconsistencies this way. However, providing 
physical justifications for these temperatures is difficult because they 
cannot be justified by quantum field theory.

Second, because the Hawking temperature is the only justified tem-

perature on the horizon in terms of surface gravity, one must be careful 
3

to define the consistent thermodynamic quantities while using Hawking 
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temperature on the horizon within the nonextensive setup in order to 
obtain the correct mass-energy relation that is consistent with the holo-

graphic principle. In order to tackle this issue, recently, we have defined 
a generalized horizon entropy, which yields consistent thermodynamic 
quantities with Hawking temperature within nonextensive setup, based 
on a generalized mass to horizon relation that we recently provided in 
[90].

The mass-horizon relation Eq. (6) is, in fact, a crucial premise to ap-

ply consistent thermodynamic quantities on the cosmological horizons 
from a thermodynamic perspective. Geometrically speaking, Eq. (6)-

with a factor 1∕2 - is the definition of Misner-Sharp mass/energy for a 
spherically symmetric case [91], defined for marginal-trapped horizon 
and the apparent horizon is an example of a trapped null surface [92]. 
This validates the mass-horizon relation assumption needed to use the 
thermodynamic quantities in line with the holographic principle.

Nevertheless, our aim in this paper is not to provide geometrical 
descriptions of these quantities, but rather more thermodynamic ones. 
Interestingly, in [91], the geometrical definition of first law or Clausius 
relation at the apparent horizon has been investigated for different the-

ories of gravity from a mass-like function (see for example Eq. (11) of 
[91]), which reduces to be Misner-Sharp mass/energy for a spherically 
symmetric spacetime at the apparent horizon. But, here, we considered 
the Clausius relation in more conventional thermodynamic sense, and 
Eq. (6) as an assumption to be applied in/with the Clausius relation.

With these premises, one then proceeds to define, on the cosmolog-

ical horizon, the entropic force 𝐹𝐵𝐻 as

𝐹𝐵𝐻 = −𝑇𝐵𝐻
𝑑𝑆𝐵𝐻

𝑑𝐿
, (7)

where the direction of increasing entropy is indicated by the minus sign. 
Combining Eqs. (1) - (2) - (3) - (4) with Eq. (7), we find that the entropic 
force on the Hubble horizon is

𝐹𝐵𝐻 = − 𝑐
4

𝐺
. (8)

Within entropic cosmology approaches, this force is believed to be re-

sponsible for the Universe’s accelerating expansion. It is worth noting 
that the entropic force 𝐹𝐵𝐻 can be related with the maximum force, 
𝐹𝑚𝑎𝑥 = 𝑐4∕4𝐺 in general relativity by multiplying 𝐹𝐵𝐻 with a factor of 
1/4 [93–99]. Likewise, the entropic pressure 𝑝𝑒 on the Hubble horizon 
caused by the entropic force 𝐹𝐵𝐻 can be expressed as

𝑝𝑒 =
𝐹𝐵𝐻

𝐴
= − 𝑐2

4𝜋𝐺
𝐻2. (9)

Now the first important point to highlight is that in literature the 
Hawking temperature on cosmological horizons (more specifically, on 
Hubble horizon) is more generally used, together with Bekenstein en-

tropy 𝑆𝐵𝐻 from Eq. (1), written as

𝑇
𝛾

𝐵𝐻
= 𝛾

ℏ𝑐

2𝜋𝑘𝐵𝐿
, (10)

where 𝛾 is a non-negative dimensionless free parameter that theoretical 
considerations assume to be of the order of one [13,14] and whose 
nature and need is usually not clearly stated.

In the original proposals, [100,101], later echoed by [19,20,22], the 
𝛾 is used to quantify our ignorance about the exact location of the cos-

mological horizon. Indeed, this is generally assumed to be the Hubble 
horizon, as in Eq. (4), but this is actually just an assumption. Thus, 𝛾
should express how close is the true (unknown) horizon to the Hubble 
one. But there are at least three important points which should be dis-

cussed about these definitions.

The first one relates to the nature of the Hubble horizon as a true 
horizon. If by horizon we mean a border which cannot be crossed and 
can be approached only for 𝑡 → ∞, then, the Hubble horizon is not a 
true horizon, as well described in [82].

This consideration directly leads to the second point to be clarified: 

if a true horizon, like the event or particle horizon, should be consid-
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ered, than the constant parameter 𝛾 is unable to describe the variety of 
possible horizons when applied (and defined) with respect to the Hub-

ble horizon. Namely, we cannot move from the Hubble horizon to the 
event or particle horizon just by a constant factor 𝛾 , being each and ev-

ery horizon defined in a different way with respect to each other (see 
again [82] for a quick compendium).

Finally, let us discuss the third point which is even more impor-

tant in the context of entropic cosmologies and cosmological horizons, 
is independent of the definition of the latters one, and is generally 
overlooked: if with the parameter 𝛾 we are basically “rescaling” the 
cosmological horizon where the Hawking temperature is defined, as 
𝐿 →𝐿∕𝛾 , this should also influence the expression of the Bekenstein en-

tropy, Eq. (1), which must be calculated on the same surface area, and of 
the mass, if it scales with the horizon length as in Eq. (6).

Indeed, one can easily check that using 𝑇 𝛾

𝐵𝐻
= 𝛾 𝑇𝐵𝐻 , as from 

Eq. (10), with 𝑆𝐵𝐻 leads to a mass

𝑀 = 𝛾
𝑐2

𝐺
𝐿, (11)

which is clearly not consistent with the hypothesis that 𝑀 ∝ 𝐿∕𝛾 . In-

stead, using the correct pair of thermodynamical quantities, 𝑇 𝛾

𝐵𝐻
, and 

𝑆
𝛾

𝐵𝐻
defined as

𝑆
𝛾

𝐵𝐻
=
𝑆𝐵𝐻

𝛾2
, (12)

we finally have the consistent mass:

𝑀 = 1
𝛾

𝑐2

𝐺
𝐿. (13)

If we calculate the entropic force as in Eq. (8), we get

𝐹
𝛾

𝐵𝐻
= −𝑇 𝛾

𝐵𝐻

𝑑𝑆
𝛾

𝐵𝐻

𝑑𝐿
= − 𝑐

4

𝐺
, (14)

namely, 𝐹 𝛾

𝐵𝐻
= 𝐹𝐵𝐻 . But the entropic pressure is going to change, be-

cause

𝑝𝛾
𝑒
=
𝐹
𝛾

𝐵𝐻

𝐴
= −𝛾2 𝑐2

4𝜋𝐺
𝐻2. (15)

Furthermore, one might ask if the standard choice made in literature 
of working with the pair {𝑆𝐵𝐻, 𝑇

𝛾

𝐵𝐻
} is definitely wrong, as we have just 

shown. The answer is that, theoretically, they could still be consistent, 
if and only if we modify Clausius equation. Indeed, Eq. (6) is just an 
assumption and, we may add, not the most general one. In fact, we might 
easily generalize it to

𝑀𝛾 = 𝛾
𝑐2

𝐺
𝐿, (16)

with 𝛾 controlling the scaling between the mass and the cosmologi-

cal horizon. With 𝛾 = 1∕2 one would recover the standard black hole 
formulation (in geometrical sense, Misner-Sharp mass for spherically 
symmetric case), while its value would be unknown at cosmological 
scales and to be fixed by theoretical considerations and by compari-

son with observational data. Moreover, with Eq. (16), it can be easily 
checked that 𝑆𝐵𝐻 and 𝑇 𝛾

𝐵𝐻
make a consistent thermodynamical set of 

physical quantities, which for clarity we will indicate as

𝑆
𝑀𝛾

𝐵𝐻
= 𝑆𝐵𝐻 (17)

𝑇
𝑀𝛾

𝐵𝐻
= 𝛾 𝑇𝐵𝐻 , (18)

but now with a quite clear difference in the physical meaning of the 
dimensionless constant 𝛾 , which does not reflect anymore uncertainty in 
the horizon, but uncertainty in the 𝑀 −𝐿 relation. This interpretation 
is also justified by the argument that the thermodynamics of apparent 
horizons are approximately defined [87]. In this case, the entropic force 
becomes

𝑀 𝑑𝑆 𝑐4
4

𝐹
𝛾

𝐵𝐻
= −𝑇 𝛾

𝐵𝐻

𝐵𝐻

𝑑𝐿
= −𝛾

𝐺
, (19)
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and the corresponding entropic pressure 𝑝𝑀𝛾

𝑒 on the Hubble horizon is

𝑝
𝑀𝛾

𝑒 =
𝐹
𝑀𝛾

𝐵𝐻

𝐴
= −𝛾 𝑐2

4𝜋𝐺
𝐻2 . (20)

Just for the sake of clarity, here and in the next sections, where more en-

tropy definitions (𝑆𝑖) will be introduced, we name and refer to each of 
the previous scenarios as: standard, when using {𝑆𝑖, 𝑇𝑖}; horizon-scaled, 
when using {𝑆𝛾

𝑖
, 𝑇 𝛾

𝑖
}; and mass-scaled when using {𝑆𝑀𝛾

𝑖
, 𝑇𝑀𝛾

𝑖
}.

3. Entropic cosmology updated: nonextensive entropies

With the development of nonextensive thermodynamics and its ap-

plications to cosmology and gravitation, a large number of investiga-

tions have been done using different forms of nonextensive entropies 
on black hole and cosmological horizons. Particularly, on cosmologi-

cal horizons, Hawking temperature has been used with these different 
nonextensive entropy forms, which is, from a thermodynamic point of 
view, inconsistent with nonextensive entropies other than Bekenstein 
entropy. For instance, in the setting of entropic cosmology, the authors 
in [20] combined 𝑇𝐵𝐻 with a particular case of Tsallis-Cirto entropy to 
obtain entropic force 𝐹𝑇𝐶 ∝ 𝐿, which shows that entropic force is di-

rectly proportional to the horizon 𝐿 = 𝑐∕𝐻 . Hence, they have different 
entropic force models with these inconsistent assumptions. Similarly, in 
[102], the modified Friedmann equation was obtained using the first 
law of thermodynamics by defining the Hawking temperature 𝑇𝐵𝐻 on 
the apparent horizon and connecting it to the Tsallis-Cirto entropy 𝑆𝑇𝐶 . 
In this way, they investigated the emergence of spacetime by using 
the holographic equipartition law, introduced by Padmanabhan, with 
Tsallis-Cirto entropy and Hawking temperature. The same approach is 
used in [57] by using Rényi entropy with Hawking temperature to get 
a cosmological constant-like term in the Friedmann equations.

There are many considerations like these in the literature and the 
main aim and goal of this section is to clearly state a point which might 
sound obvious but it is systematically disregarded and which we antici-

pate here: one should always use only the proper and consistently defined 
(i.e. by Clausius relation) pairs of thermodynamic quantities in any consid-

eration. Moreover, we anticipate here that when this is done, all of the 
nonextensive entropic cosmologies we consider here may be simply reduced 
to original entropic cosmological models associated with standard Hawking 
temperature and Bekenstein entropy, irrespective of the entropy definition.

3.1. Tsallis-Cirto entropic cosmology

While Gibbs thermodynamics is based on the extensive and addi-

tive properties of the entropy 𝑆 of a composite thermodynamic sys-

tem, Bekenstein entropy is instead nonextensive due to its area scaling 
and nonadditive. This means that it departs from the fundamental tenet 
of classical Gibbs thermodynamics if we consider black holes as 3 + 1
dimensional objects. Therefore, black hole entropy and temperature 
definitions must be changed in order to fulfill the basic thermodynamic 
principles.

In order to tackle this problem, Tsallis and Cirto [73] start with the 
standard thermodynamic Legendre transformation, by which the Gibbs 
free energy 𝐺 for a general 𝑑 dimensional system reads as

𝐺 =𝑈 − 𝑇𝑆 + 𝑝𝑉 − 𝜇𝑁. (21)

In the above equation, 𝑈 , 𝑆 , 𝑉 , and 𝑁 stand for internal energy, en-

tropy, volume, and particle number, respectively, while 𝑇 , 𝑝, and 𝜇
denote temperature, pressure, and chemical potential. The extensive 
variables 𝑆 , 𝑉 , and 𝑁 scale with 𝑉 = 𝐿𝑑 , where 𝐿 is the system’s lin-

ear dimension. The intensive variables 𝑇 , 𝑝, and 𝜇 scale with 𝐿𝜃 . And 
finally the variables representing the energies, 𝐺 and 𝑈 scale with 𝐿𝜖 . 
It follows from Eq. (21) that
𝜖 = 𝜃 + 𝑑. (22)
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For a Schwarzschild black hole, 𝐸 ∝𝑀 ∝ 𝐿. In this situation, 𝜖 = 1, 
therefore we get from Eq. (22) that 𝜃 = 1 − 𝑑.

This shows that if we consider a black hole to be a two-dimensional 
object, the quantities 𝑆𝐵𝐻 and 𝑇𝐵𝐻 satisfy the Legendre structure, 
Eq. (21). In fact, the Bekenstein entropy will scale as 𝐿2, and the tem-

perature of the Schwarzschild black hole as 𝐿−1, which is also the case 
for the Hawking temperature 𝑇𝐵𝐻 .

But if we think of black holes as 3-dimensional objects, based on the 
aforementioned Legendre structure, the definitions of both entropy and 
temperature must change. To overcome this issue, Tsallis and Cirto pre-

sented a new type of black hole entropy, which is described as follows:

𝑆𝑇𝐶 = 𝑘𝐵

(
𝑆𝐵𝐻

𝑘𝐵

)𝛿

, (23)

with a new parameter 𝛿 = 𝑑∕(𝑑 −1) > 0, and the corresponding compo-

sition rule given by

𝑆𝑇𝐶,12 =
[
(𝑆𝑇𝐶,1)1∕𝛿 + (𝑆𝑇𝐶,2)1∕𝛿

]𝛿
. (24)

By looking at the composition rule, Eq. (24), it is clear that 𝑆𝐵𝐻 is ad-

ditive whereas 𝑆𝑇𝐶 is nonadditive. Moreover, only for 𝛿 = 3∕2 (𝑑 = 3), 
𝑆𝑇𝐶 is proportional to the volume and, therefore, it is an extensive 
variable. Furthermore, in this case 𝑇𝑇𝐶 must scale with 𝐿−2. Employ-

ing Clausius’ relation, Eq. (5), and using Eq. (23) one can write the 
consistent Tsallis-Cirto temperature 𝑇𝑇𝐶 as [48]

𝑇𝑇𝐶 =
𝑇𝐵𝐻

𝛿

(
𝑆𝐵𝐻

𝑘𝐵

)1−𝛿
, (25)

which scales as 𝐿−2 for 𝛿 = 3∕2, i.e., 𝑇𝑇𝐶 ∝ 𝑀−2, for the case of a 
Schwarzschild 3D black hole. Using the previously defined nomencla-

ture, Eqs. (23) - (25) correspond to the standard scenario. One can easily 
check also that the entropic force in this case results to be

𝐹𝑇𝐶 = −𝑇𝑇𝐶
𝑑𝑆𝑇𝐶

𝑑𝐿
= − 𝑐

4

𝐺
, (26)

and the entropic pressure

𝑝𝑒 =
𝐹𝑇𝐶

𝐴
= − 𝑐2

4𝜋𝐺
𝐻2. (27)

These results also show that the thermodynamically consistent Tsallis-

Cirto entropic force models are identical to the entropic force models 
associated with Bekenstein entropy and Hawking temperature.

In the horizon-scaled scenario, performing the same checks and cal-

culations, we get

𝑆
𝛾

𝑇𝐶
= 𝑘𝐵

(
𝑆
𝛾

𝐵𝐻

𝑘𝐵

)𝛿

, (28)

𝑇
𝛾

𝑇𝐶
=
𝑇
𝛾

𝐵𝐻

𝛿

(
𝑆
𝛾

𝐵𝐻

𝑘𝐵

)1−𝛿

, (29)

with the entropic force being

𝐹
𝛾

𝑇𝐶
= −𝑇 𝛾

𝑇𝐶

𝑑𝑆
𝛾

𝑇𝐶

𝑑𝐿
= − 𝑐

4

𝐺
, (30)

and the entropic pressure

𝑝𝛾
𝑒
=
𝐹
𝛾

𝑇𝐶

𝐴
= −𝛾2 𝑐2

4𝜋𝐺
𝐻2. (31)

Finally, in the mass-scaled scenario, we have that the consistent thermo-

dynamical pair to be used is

𝑆
𝑀𝛾

𝑇𝐶
= 𝑆𝑇𝐶 , (32)

𝑇
𝑀𝛾

𝑇𝐶
= 𝛾 𝑇𝑇𝐶 , (33)
5

with the entropic force finally being
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𝐹
𝑀𝛾

𝑇𝐶
= −𝑇𝑀𝛾

𝑇𝐶

𝑑𝑆
𝑀𝛾

𝑇𝐶

𝑑𝐿
= −𝛾 𝑐

4

𝐺
, (34)

and the entropic pressure

𝑝
𝑀𝛾

𝑒 =
𝐹
𝑀𝛾

𝑇𝐶

𝐴
= −𝛾 𝑐2

4𝜋𝐺
𝐻2. (35)

Thus, finally, the entropic force and pressure are totally equivalent to 
same scenarios in the case of Bekenstein entropy and Hawking temper-

ature.

In [20,26], the authors model their generalized entropic force sce-

nario defining 𝑆𝑇𝐶 on the Hubble horizon for the particular value of 
𝛿 = 3∕2, which resulted in solving the issues of accelerating and decel-

erating universe and the problem of structure formation highlighted in 
[36,37]. But in those studies they relate it to the Hawking temperature 
𝑇
𝛾

𝐵𝐻
: here we argue that Hawking temperature is not a good choice when 

employing Tsallis-Cirto entropy since it does not satisfy the Legendre struc-

ture, Eq. (21) [48,43]. In fact, 𝑆𝑇𝐶 with 𝛿 = 3∕2 scales as 𝐿3 and 𝑇𝐵𝐻
scales as 𝐿−1, while the proper corresponding temperature should scale 
as 𝐿−2, which exactly happens with 𝑇𝑇𝐶 , Eq. (25).

3.2. Tsallis-Zamora entropic cosmology

Recently, Zamora and Tsallis [76,75] defined a new type of entropy 
and temperature for cosmological horizons, which is consistent from a 
thermodynamic point of view. The main motivation for their models 
are similar to the discussion in the previous section for the Tsallis-Cirto 
black hole entropy. The Tsallis-Zamora entropy 𝑆𝑇𝑍 and the corre-

sponding temperature 𝑇𝑇𝑍 are given as

𝑆𝑇𝑍 = 𝜋𝑘𝐵

(
𝐿

𝑙𝑝

)𝑑

, (36)

𝑇𝑇𝑍 =
𝑇𝑝

𝜋 𝑑

(
𝐿

𝑙𝑝

)1−𝑑
, (37)

where 𝑇𝑝 and 𝑙𝑝 are the Planck temperature and the Planck length. It 
is considered that the generalized entropy scales with the characteristic 
horizon with some arbitrary positive real power 𝑑. For 𝑑 = 2, 𝑆𝑇𝑍 and 
𝑇𝑇𝑍 reduce to the standard Bekenstein entropy 𝑆𝐵𝐻 and the Hawk-

ing temperature 𝑇𝐵𝐻 . In addition to this, equations (36) and (37) are 
based on generalized scaling with an arbitrary power, which allows us 
to conclude on various models at once, compare them, and conserve the 
scaling exponent as a parameter to be fitted with observational data, 
thus providing information about the form of the actual cosmological 
entropy and temperature.

The entropic force 𝐹𝑇𝑍 and entropic pressure 𝑝𝑒 for this case be-

come

𝐹𝑇𝑍 = − 𝑐
4

𝐺
, (38)

𝑝𝑒 = − 𝑐2

4𝜋𝐺
𝐻2 . (39)

Thus also this entropic force model is formally equivalent to the Beken-

stein entropic force models.

It is then straightforward to extend the Tsallis-Zamora model to the 
horizon-scaled and mass-scaled scenarios and to verify that, once again, 
they are equivalent to the Bekenstein-Hawking case at cosmological 
scales. In the former one, we have:

𝑆
𝛾

𝑇𝑍
=
𝑆𝑇𝑍

𝛾𝑑
, (40)

𝑇
𝛾

𝑇𝑍
=
𝑇𝑇𝑍

𝛾1−𝑑
, (41)

leading to entropic force and pressure

𝑐4

𝐹
𝛾

𝑇𝑍
= −

𝐺
, (42)
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𝑝𝛾
𝑒
= −𝛾2 𝑐2

4𝜋𝐺
𝐻2 . (43)

In the latter one, instead, we have:

𝑆
𝑀𝛾

𝑇𝑍
= 𝑆𝑇𝑍, (44)

𝑇
𝑀𝛾

𝑇𝑍
= 𝛾 𝑇𝑇𝑍 , (45)

with the corresponding entropic forse and pressure

𝐹
𝑀𝛾

𝑇𝑍
= −𝛾 𝑐

4

𝐺
, (46)

𝑝
𝑀𝛾

𝑒 = −𝛾 𝑐2

4𝜋𝐺
𝐻2 . (47)

Since in its original formulation [75,76], namely Eqs. (36) - (37), this 
model is equivalent to the original entropic force models, it also means 
that it is plagued by the same problems. Thus, in order to tackle this, 
an additional term depending on a smaller power Δ, with 0 <Δ < 𝑑, is 
added to the thermodynamically consistent generalized entropy 𝑆𝑇𝑍 in 
Eq. (36), which is given by [75]

𝑆𝑇𝑍,𝑚𝑜𝑑 = 𝜋𝑘𝐵

(
𝐿

𝑙𝑝

)𝑑

+
𝑘𝐵

Δ

[(
𝐿

𝑙𝑝

)Δ
− 1

]
. (48)

But then, we assert here that the considerations made by [75] are not 
strictly valid. Indeed, they assume that 𝑆𝑇𝑍,𝑚𝑜𝑑 scales as 𝐿𝑑 and there-

fore [75] suggest that 𝑇𝑇𝑍 is used to define the entropic force 𝐹𝑇𝑍,𝑚𝑜𝑑 , 
which reads as

𝐹𝑇𝑍,𝑚𝑜𝑑 = −𝑑 𝑐
4

𝐺
(1 + 𝛼𝐻𝑑−Δ), (49)

where 𝛼 = (𝑙𝑝∕𝑐)𝑑−Δ∕𝑑. But this is not correct and it might be consid-

ered just as an approximation valid in the case Δ ≪ 1 (which should 
be, anyway, verified by testing with data, or at least quantitatively esti-

mated by robust theoretical considerations). Moreover considering that 
𝑇𝑇𝑍 scales as 𝐿1−𝑑 , it is clear that 𝑆𝑇𝑍,𝑚𝑜𝑑 and 𝑇𝑇𝑍 do not satisfy the 
Legendre structure.

Actually, the correct corresponding temperature to be used should 
be

𝑇𝑇𝑍,𝑚𝑜𝑑 = 𝑇𝑝

(
𝐿

𝑙𝑝

)1−𝑑
[(

𝐿

𝑙𝑝

)Δ−𝑑
+ 𝜋 𝑑

]−1

, (50)

from which the calculations of the entropic force and pressure finally 
give

𝐹𝑇𝑍,𝑚𝑜𝑑 = − 𝑐
4

𝐺
, (51)

𝑝𝑒,𝑇𝑍,𝑚𝑜𝑑 = − 𝑐2

4𝜋𝐺
𝐻2 . (52)

Once again, we end up with an entropic force model which is formally 
equivalent to the Bekenstein entropic force models.

Finally, we can verify that also in the horizon-scaled and mass-scaled

scenarios the equivalence with the original entropic models is saved. 
Indeed, in the former case we have

𝑆
𝛾

𝑇𝑍,𝑚𝑜𝑑
= 𝜋𝑘𝐵

(
𝐿

𝛾 𝑙𝑝

)𝑑

+
𝑘𝐵

Δ

[(
𝐿

𝛾 𝑙𝑝

)Δ
− 1

]
, (53)

𝑇
𝛾

𝑇𝑍,𝑚𝑜𝑑
= 𝑇𝑝

(
𝐿

𝛾 𝑙𝑝

)1−𝑑
[(

𝐿

𝛾 𝑙𝑝

)Δ−𝑑
+ 𝜋 𝑑

]−1

, (54)

with entropic force and pressure being

𝐹
𝛾

𝑇𝑍,𝑚𝑜𝑑
= − 𝑐

4

𝐺
, (55)

𝑝
𝛾

𝑒,𝑇𝑍,𝑚𝑜𝑑
= −𝛾2 𝑐2

4𝜋𝐺
𝐻2 . (56)
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While in the former one we have
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𝑆
𝑀𝛾

𝑇𝑍,𝑚𝑜𝑑
= 𝑆𝑇𝑍,𝑚𝑜𝑑 , (57)

𝑇
𝑀𝛾

𝑇𝑍,𝑚𝑜𝑑
= 𝛾𝑇𝑇𝑍,𝑚𝑜𝑑 , (58)

with entropic force and pressure

𝐹
𝑀𝛾

𝑇𝑍,𝑚𝑜𝑑
= −𝛾 𝑐

4

𝐺
, (59)

𝑝
𝑀𝛾

𝑒,𝑇𝑍,𝑚𝑜𝑑
= −𝛾 𝑐2

4𝜋𝐺
𝐻2 . (60)

Again, we have the entropic force and the pressure similar to the stan-

dard case of Bekenstein and Hawking.

3.3. Rényi entropic cosmology

Rényi defined a generalization of Shannon entropy that depends on 
a parameter 𝑞 in 1960 [68]. The definition of the Rényi entropy of order 
𝑞 for a probability distribution 𝑝 on a finite set is given by

𝑆𝑅 = 𝑘𝐵
ln
∑

𝑖 𝑝
𝑞(𝑖)

1 − 𝑞
, (61)

such that, in the limit 𝑞→ 1, Eq. (61) reduces to Shannon’s entropy

𝑆𝐺 = −𝑘𝐵
∑
𝑖

𝑝(𝑖) ln𝑝(𝑖). (62)

In this way, Tsallis entropy 𝑆𝑞 is a generalization of Shannon’s entropy 
𝑆𝐺 , which can be written as

𝑆𝑞 = −𝑘𝐵
∑
𝑖

[𝑝(𝑖)]𝑞 ln𝑞 𝑝(𝑖), . (63)

The parameter 𝑞 specifies the degree of nonextensivity, and we consider 
it positive to assure the concavity of 𝑆𝑞 , where 𝑝(𝑖) is the probability 
distribution specified on a collection of microstates Ω. The definition of 
the q-logarithmic function ln𝑞 𝑝 is given by

ln𝑞 𝑝 =
𝑝1−𝑞 − 1
1 − 𝑞

, (64)

such that, again, in the limit 𝑞 → 1, Eq. (63) reduces to Shannon’s en-

tropy. It should be noted that Shannon’s entropy, Eq. (62), satisfies the 
additive composition rule, whereas Tsallis entropy, Eq. (63), satisfies a 
nonadditive composition rule. However, using the “formal logarithm” 
technique, as described in [103], one can formulate Rényi entropy 𝑆𝑅
in terms of 𝑆𝑞 such that the Eq. (61) becomes

𝑆𝑅 =
𝑘𝐵

1 − 𝑞
ln
(
1 + 1 − 𝑞

𝑘𝐵
𝑆𝑞

)
. (65)

In [48], it is shown that, for every nonextensive entropy, one can define 
an equilibrium temperature by utilizing the equilibrium condition by 
maximizing the nonextensive entropy and that there is always an addi-

tive equilibrium entropy associated with this equilibrium temperature. 
In this regard, the equilibrium temperature in the Tsallis nonextensive 
setup is given by [48]

𝑇𝑅 =
(
1 + 1 − 𝑞

𝑘𝐵
𝑆𝑞

)
1

𝑘𝐵𝛽
, (66)

which is exactly the Rényi temperature corresponding to 𝑆𝑅. This 
means that the 𝑆𝑅 is the equilibrium entropy in the Tsallis nonexten-

sive set up. Note that in Eq. (66), 𝑘𝐵𝛽 = 𝜕𝑆𝑞

𝜕𝑈
, where 𝑈 is the internal 

energy of the Tsallis nonextensive system.

Since Bekenstein entropy 𝑆𝐵𝐻 is considered to be nonextensive, 
therefore, to employ Rényi entropy 𝑆𝑅, Eq. (61), the main assumption 
we consider here is that 𝑆𝐵𝐻 = 𝑆𝑞 in Eq. (65) and, therefore, for the 
case of black hole or cosmological horizons, it reads as

𝑘𝐵
(

𝜆
)

𝑆𝑅 =
𝜆

ln 1 +
𝑘𝐵

𝑆𝐵𝐻 , (67)
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where we introduce 𝜆 = 1 − 𝑞. Using Clausius’s relation, one can write 
the corresponding temperature 𝑇𝑅 as

𝑇𝑅 =
(
1 + 𝜆

𝑘𝐵
𝑆𝐵𝐻

)
𝑇𝐵𝐻 . (68)

The entropic force and pressure, 𝐹𝑅 and 𝑝𝑅, become again

𝐹𝑅 = −𝑇𝑅
𝑑𝑆𝑅

𝑑𝐿
= − 𝑐

4

𝐺
, (69)

𝑝𝑅 = − 𝑐2

4𝜋𝐺
𝐻2 (70)

which means that the Rényi entropic force model with the consistent 
thermodynamic quantities gives exactly the same model than in the 
case of Bekenstein entropy and the Hawking temperature.

As expected, the same results can be found in the horizon-scaled and 
mass-scaled cases. In the first case we have

𝑆
𝛾

𝑅
=
𝑘𝐵

𝜆
ln
(
1 + 𝜆

𝑘𝐵
𝑆
𝛾

𝐵𝐻

)
, (71)

𝑇
𝛾

𝑅
=
(
1 + 𝜆

𝑘𝐵
𝑆
𝛾

𝐵𝐻

)
𝑇
𝛾

𝐵𝐻
, (72)

leading to entropic force and pressure

𝐹
𝛾

𝑅
= −𝑇 𝛾

𝑅

𝑑𝑆
𝛾

𝑅

𝑑𝐿
= − 𝑐

4

𝐺
, (73)

𝑝
𝛾

𝑅
= −𝛾2 𝑐2

4𝜋𝐺
𝐻2. (74)

And in the second one we get

𝑆
𝑀𝛾

𝑅
= 𝑆𝑅, (75)

𝑇
𝑀𝛾

𝑅
=
(
1 + 𝜆

𝑘𝐵
𝑆
𝛾

𝐵𝐻

)
𝑇
𝑀𝛾

𝐵𝐻
, (76)

leading to

𝐹
𝑀𝛾

𝑅
= −𝑇𝑀𝛾

𝑅

𝑑𝑆
𝑀𝛾

𝑅

𝑑𝐿
= −𝛾 𝑐

4

𝐺
, (77)

𝑝
𝑀𝛾

𝑅
= −𝛾 𝑐2

4𝜋𝐺
𝐻2. (78)

This again shows that the Rényi entropic force models are similar to the 
standard Bekenstein-Hawking entropic force models.

4. Discussion and conclusions

“The present paper lays no claim to deep originality. Its main purpose 
is to give a systematic treatment” [104] of many theoretical and method-

ological inconsistencies which seem to plague the recent literature of 
entropic cosmology and other thermodynamic approaches to cosmol-

ogy, and which in our opinion it fundamental to solve because they are 
directly related to the foundations of thermodynamic relations applied 
to black hole and cosmological horizons.

By using “standard” Bekenstein entropy 𝑆𝐵𝐻 and Hawking temper-

ature 𝑇𝐵𝐻 , we began by highlighting the two main steps to be followed 
in order to consistently construct an entropic model.

Remark nr. 1. The first crucial fundamental need is that temper-

ature and entropy must obey the Clausius relation 𝑑𝐸 = 𝑇𝑑𝑆 . If any 
newly defined pair of temperature and entropy does not satisfy Clausius 
relation, the model is thermodinamically inconsistent and flawed since the 
beginning.

Remark nr. 2. Then, one must propose a relation to connect energy, 
mass and the cosmological horizon. In the standard case, one proceeds by 
analogy from the fact that a Schwarzschild black hole with mass 𝑀 has 
an event horizon 𝐿 = 2𝐺𝑀∕𝑐2, i.e. the mass 𝑀 linearly scales with the 
horizon 𝐿, which is pretty evident in the context of black holes, but it 
7

is just an assumption when working with cosmological horizon.
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Joining the Clausius relation and the 𝑀 − 𝐿 black holes relations, 
one then can derive that the standard Bekenstein entropy, 𝑆𝐵𝐻 , and 
Hawking temperature, 𝑇𝐵𝐻 , are a thermodinamically consistent pair 
on which to build up an entropic cosmology (of course, one should then 
to check if they can really mimic and substitute dark energy). This also 
implies that we can derive 𝑇𝐵𝐻 or 𝑆𝐵𝐻 , respectively, when either is 
provided, if we rely on both the Clausius relation and the black holes 
𝑀 −𝐿 relation.

Remark nr. 3. We have provided a physical meaning to the 
Hawking temperature parameter 𝛾 in the context of entropic cosmology, 
which is overlooked and not correctly addressed in entropic cosmology 
works. We have demonstrated that the only way to introduce it consis-

tently in the construction of an entropic model based on 𝑆𝐵𝐻 and 𝑇 𝛾

𝐵𝐻
, 

is to have 𝛾 controlling the scaling between 𝑀 and 𝐿, i.e., 𝑀 = 𝛾𝑐2𝐿∕𝐺, 
and not, as in the original intention, “quantifying our ignorance of the 
cosmological horizon”. In such a way the parameter 𝛾 seems to be also 
more naturally connected to more fundamental issues. Indeed, in this 
case it provides a way to parameterize the slope of the 𝑀 −𝐿 relation, 
which would be otherwise fixed to 𝑐2∕𝐺.

On the other hand, if one would still retain such original meaning 
for 𝛾 , then everything, i.e. Bekenstein entropy, Hawking temperature, 
and the mass-horizon relation, should be properly rescaled.

Remark nr. 4. In recent years, different nonextensive entropy 
proposals have been applied to gravity and cosmological applications. 
In this paper, we have investigated nonextensive entropic cosmology 
within the nonextensive setup, more specifically looking at Tsallis-Cirto 
entropy, Rényi entropy, and Tsallis-Zamora entropy. We have demon-

strated that, with consistent thermodynamic quantities defined on the Hubble 
horizon, satisfying Clausius relation, and employing a linear 𝑀 − 𝐿 rela-

tion, all the investigated nonextensive entropic force models are identical to 
the original entropic force models that are derived from the standard Beken-

stein entropy and the Hawking temperature. And very likely this can be 
extended to any other newly proposed functional entropic form.

Thus, any claim stating that they might provide different solutions 
on the cosmological level is simply wrong. Actually, the main mistake in 
literature has been to couple these new nonextensive entropies with the 
standard Hawking temperature, but this has an intrinsic fundamental 
flaw, being the corresponding entropy-temperature pairs not consistent 
with Clausius relation.

Remark nr. 5 With the holographic principle taken into account, 
the entropy and temperature defined on the Hubble horizon give the 
entropic force on the horizon, which is thought to be the cause of 
the universe’s acceleration in the context of entropic cosmology. In-

triguingly, we have demonstrated in this paper that the entropic force 
acting on the universe’s boundary for the cases of Bekenstein, Tsallis-

Cirto, Tsallis-Zamora, and Rényi entropy gives 𝛾𝑐4∕𝐺 while using the 
corresponding consistent temperature. This demonstrates that no matter 
what definitions of entropies and temperatures are used in the definition of 
entropic force, the entropic force will remain the same if we use the con-

sistent thermodynamic quantities on the horizons, and its form is mostly 
dictated by the adopted mass-to-horizon relation. This is the main reason 
for the Tsallis-Cirto, Tsallis-Zamora, and Rényi entropic force models 
are identical to the Bekenstein entropic force model when using consis-

tent quantities.

Remark nr. 6. Given the previous consideration, there is no way 
to describe cosmological data and the acceleration of our Universe in en-

tropic cosmologies approach if we rely only on proposing new definitions for 
the entropy.

In fact, it has been already demonstrated in the literature that an 
entropic force term ∝ 𝐻2, as it comes out from standard Bekenstein 
entropy, is unable to describe both the cosmological background (thus, 
data like those from Type Ia Supernovae, or from Baryon Acoustic Oscil-

lations) and the growth of cosmological perturbations (thus, the Cosmic 
Microwave Background, or the Redshift Space Distortion data from mat-
ter distribution on large scales).
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A possible way-out could be provided by the proper introduction 
of the parameter 𝛾 . What is mostly crucial for us to address here, is 
that if any further investigation should be conducted in the field of 
entropic cosmology, with the goal of providing a fully reliable natural 
explanation for dark energy, new paths must be explored and new ideas, 
involving questioning at the very fundamental level, must be proposed. 
In this regard, we have investigated all these issues in [90].
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