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A R T I C L E I N F O A B S T R A C T

Editor: A. Volovich We propose a new splitting behavior of tree-level string/particle amplitudes for massless scalars, gluons and 
gravitons. We identify certain subspaces in the space of Mandelstam variables, where the universal Koba-Nielsen 
factor splits into two parts (each with an off-shell leg). Both open- and closed-string amplitudes with Parke-Taylor 
factors naturally factorize into two stringy currents, which implies the splitting of bi-adjoint 𝜙3 amplitudes and 
via a simple deformation to unified stringy amplitudes, the splitting of amplitudes in the non-linear sigma model 
and Yang-Mills-scalar theory; the same splitting holds for scalar amplitudes without color such as the special 
Galileon. Remarkably, if we impose similar constraints on Lorentz products involving polarizations, gluon and 
graviton amplitudes in bosonic string and superstring theories also split into two (stringy) currents. A special case 
of the splitting implies soft theorems, and more generally it extends recently proposed smooth splittings and new 
factorizations near zeros to all these theories.
1. Introduction

Perhaps the most familiar property of scattering amplitudes of par-

ticles and strings is that on any physical pole, the residue of tree-level 
amplitudes factorizes into the product of two lower-point ones where 
an on-shell particle/excitation of strings is exchanged. Recently, two 
new types of “factorizing” behavior of scattering amplitudes were ob-

served without going on any physical poles; certain scalar amplitudes 
simply splits/factorizes into three parts, when Mandelstam variables are 
constrained (but no residue is taken). The first is called “smooth split-

ting” [1] where scalar amplitudes in various theories split into three cur-

rents (each with an off-shell leg), and the second one [2] states that color-

ordered stringy amplitudes of Tr 𝜙3, the non-linear sigma model (NLSM) 
and Yang-Mills-scalar theory (YMS) all factorize into three pieces includ-

ing a four-point function, which in turn explains their hidden zeros (also 
observed for dual resonant amplitudes in the early days of string the-

ory [3]). As far as we know, the former has been proposed for scalar 
amplitudes only (but not for particles with spin or strings), and the lat-

ter applies to amplitudes with color ordering.1
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E-mail addresses: qucao@zju.edu.cn (Q. Cao), dongjin@itp.ac.cn (J. Dong), songhe@itp.ac.cn (S. He), shicanxin@itp.ac.cn (C. Shi).
1 Shortly after the appearance of the first preprint version of this letter, [4] and [5] appear and discuss zeros and factorization of non-ordered scalar amplitudes. 

The fact that these two vastly different approaches demonstrate sim-

ilar factorization behavior suggests the presence of a profound under-

lying principle governing this splitting phenomenon. It also raises a 
question about the generality of such splitting behaviors: do other the-

ories, whether with or without color ordering/spin, manifest analogous 
splitting behavior after imposing specific constraints on the Mandelstam 
variables?

In this letter, we propose a new “splitting” behavior for tree-level 
scattering amplitudes of massless scalars, gluons and gravitons (includ-

ing their string completions, with or without colors), which we call 
“2-split”: by restricting Mandelstam variables to a subspace, the am-

plitude factorizes into the product of two currents. We will see that the 
key for such a universal behavior lies at the splitting of the Koba-Nielsen 
factor into two, and provided the splitting of any string correlator un-

der similar conditions on other data such as color or polarizations, the 
corresponding string amplitude (and particle amplitudes as low-energy 
limit) must split as expected.

Interestingly, we will see that our 2-split provide a common origin 
for the 3-split of [1] and the factorization near zeros of [2], and also 
generalize them to a wider context. In particular, the 2-splitting directly 
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The latter also discuss spinning amplitudes.
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Fig. 1. 2-split of a disk: red and blue dots denote particles in 𝐴 and 𝐵 respectively (with 𝐴 ∪𝐵 = [𝑛]∕{𝑖, 𝑗, 𝑛}); by imposing 𝑠𝑎∈𝐴,𝑏∈𝐵 = 0 the 𝑛-particle system “splits” 
into {𝑖, 𝑗} ∪𝐴 (and an off-shell 𝜅), and {𝑖, 𝑗} ∪𝐵 (and an off-shell 𝜅′). For open string or ordered particle amplitudes, the labels in two subsets preserve the ordering 
𝜅, 𝜅′ inserted at the position of 𝑛; Similar splitting applies to closed string and unordered amplitudes where the ordering on the disk is irrelevant.
applies to both bosonic and supersymmetric string amplitudes of gluons 
and gravitons, if we restrict Lorentz products involving their polariza-

tions similar to Mandelstam variables. We will present in [6] that for all 
these particle amplitudes (and in particular the special Galileon (sGal) 
for which we do not have a natural stringy completion [7]), their 2-split 
can also be shown directly from scattering equations [8–10] (see [11]), 
which are saddle-point equations of Koba-Nielsen factor thus inherit the 
splittings. Last but not least, a special 2-split implies Weinberg’s soft the-

orems for gluons and gravitons [12], just as those “skinny” zeros of [2]

implies Adler zeros for Goldstone scalars [13]. We present examples of 
the splittings and factorizations near zeros in the appendix.

2. Splitting the scattering potential

Throughout this paper, we work in sufficiently large spacetime di-

mension (e.g. with 𝐷 > 𝑛), such that the Gram determinant constraints 
can be ignored. We define 2-split kinematics as follows: pick 3 par-

ticles, 𝑖, 𝑗, 𝑘, and divide the remaining legs into two sets 𝐴, 𝐵, i.e.

𝐴 ∪𝐵 = {1, ⋯ , 𝑛}∕{𝑖, 𝑗, 𝑘}, then we demand

𝑠𝑎,𝑏 = 0, ∀𝑎 ∈𝐴,𝑏 ∈𝐵 , (1)

where 𝑠𝑎,𝑏 ∶= (𝑝𝑎 + 𝑝𝑏)2 = 2𝑝𝑎 ⋅ 𝑝𝑏 (for massless momenta). Without loss 
of generality, we will choose 𝑘 = 𝑛, and for 𝑖 < 𝑗 − 1, 𝐴 = (𝑖, 𝑗) ∶=
{𝑖+1, ⋯ , 𝑗−1}, 𝐵 = (𝑗, 𝑛) ∪ (𝑛, 𝑖) ∶= {𝑗+1, ⋯ , 𝑛−1, 1, ⋯ , 𝑖−1}; any gen-

eral 2-split kinematics can be obtained by relabeling.

In order to see how string amplitudes (and their field-theory limits) 
split under (1), we study the scattering potential, or logarithm of the Koba-

Nielsen factor [14]:

𝑛 =
∑
𝑎<𝑏

𝑠𝑎,𝑏 log𝑧𝑎,𝑏 =
∑

𝑎<𝑏≠𝑘,(𝑎,𝑏)≠(𝑖,𝑗)
𝑠𝑎,𝑏 log |𝑎𝑏| (2)

where 𝑧𝑎,𝑏 ∶= 𝑧𝑏 − 𝑧𝑎; in the second equality we have solved 𝑠𝑎,𝑘 for 
𝑎 ≠ 𝑘 as well as 𝑠𝑖,𝑗 in terms of the remaining 𝑛(𝑛−3)∕2 independent 
𝑠𝑎,𝑏, and we have defined the SL(2) invariant: |𝑎𝑏| ∶= 𝑧𝑎,𝑏𝑧𝑖,𝑘𝑧𝑗,𝑘

𝑧𝑎,𝑘𝑧𝑏,𝑘𝑧𝑖,𝑗
. It is 

convenient to fix the SL(2) redundancy with 𝑧𝑘 →∞ and 𝑧𝑖 = 0, 𝑧𝑗 = 1, 
then |𝑎𝑏| = 𝑧𝑎,𝑏. It is straightforward to see that with (1) the potential 
splits into “left” and “right” parts:

𝑛 → (𝐴 + 𝑖,𝐴 + 𝑗,𝐴)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐿(𝑖,𝐴,𝑗;𝜅)
+ (𝐵 + 𝑖,𝐵 + 𝑗,𝐵)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑅(𝑗,𝐵,𝑖;𝜅′)

, (3)

where 𝐴 =
∑

𝑎<𝑏,𝑎,𝑏∈𝐴 𝑠𝑎,𝑏 log |𝑎𝑏|, 𝑖,𝐴 =
∑

𝑎∈𝐴 𝑠𝑖,𝑎 log |𝑖𝑎|, 𝑗,𝐴 =∑
𝑎∈𝐴 𝑠𝑎,𝑗 log |𝑎𝑗| (in the gauge fixing above, |𝑖𝑎| = 𝑧𝑎 − 𝑧𝑖 = 𝑧𝑎, |𝑎𝑗| =

𝑧𝑗 − 𝑧𝑎 = 1 − 𝑧𝑎) and similarly for the right part; in the second equality 
we have interpreted them as the scattering potential for two currents: 
the first one with on-shell legs 𝑎 ∈ 𝐴, 𝑖, 𝑗, and the second one with 
𝑏 ∈ 𝐵, 𝑖, 𝑗, and each of them contains an off-shell leg with momentum 
𝑝𝜅 = − 

∑
𝑎∈𝐴 𝑝𝑎−𝑝𝑖−𝑝𝑗 , and 𝑝𝜅′ = − 

∑
𝑏∈𝐵 𝑝𝑏−𝑝𝑖−𝑝𝑗 , respectively2 (see 

2 The left/right currents contain |𝐴| +3 and |𝐵| +3 external legs respectively, 
and in total we have 𝑛 + 3 legs; the dimensions of these moduli spaces add up: 
2

𝑛−3 = |𝐴| + |𝐵| = 𝑛𝐿−3 + 𝑛𝑅−3.
Fig. 1). Note that for the left/right currents, we have fixed 𝑧𝑖 = 0, 𝑧𝑗 = 1
and both 𝑧𝜅 , 𝑧′𝜅 →∞, which breaks the symmetry between 𝑖, 𝑗 and 𝑘; in 
other words, we have chosen 𝑖, 𝑗 to be on-shell in both currents, which 
means the remaining 𝜅∕𝜅′ (replacing leg 𝑘) must be off-shell, and we 
could equally make other choices.

For 𝑛-point open-string amplitude, we define the measure including 
Koba-Nielsen factor as 𝑑𝜇ℝ

𝑛 ∶= (𝛼′)𝑛−3
∏

𝑎≠𝑖,𝑗,𝑘 𝑑𝑧𝑎 exp(𝛼′𝑛), where the 
SL(2) redundancy is fixed e.g. 𝑧𝑖 = 0, 𝑧𝑗 = 1 and 𝑧𝑘 →∞. We conclude 
that the measure factorizes:

𝑑𝜇ℝ
𝑛 → 𝑑𝜇ℝ

𝐿
(𝑖,𝐴, 𝑗;𝜅)𝑑𝜇ℝ

𝑅
(𝑗,𝐵, 𝑖;𝜅′) , (4)

and similarly the closed-string measure 𝑑𝜇ℂ
𝑛 = 𝑑𝜇ℝ

𝑛 (𝑧)𝑑𝜇
ℝ
𝑛 (𝑧̄) also fac-

torizes into 𝐿 and 𝑅 parts.

Before proceeding, we show that for the scattering potential, both 
the 3-split of [1] and factorizations near zeros of [2] follow from this 
basic 2-split. For the former, let us call 𝐵 as 𝐵′ instead (assume |𝐵| > 1); 
we further split it as 𝐵′ = 𝐵 ∪ 𝐶 and demand 𝑠𝑏,𝑐 = 0 for 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶 , 
then the scattering potential splits into three:

𝑛 → (𝑖,𝐴, 𝑗;𝜅𝐴) + (𝑗,𝐵,𝑘;𝜅𝐵) + (𝑘,𝐶, 𝑖;𝜅𝐶 ) (5)

with off-shell momenta of 𝜅𝐴, 𝜅𝐵, 𝜅𝐶 given by momentum conservation. 
We remark that it is such 3-split that deserves the name “smooth split-

ting” since all 𝑛 on-shell legs appear in the currents (with 𝑖, 𝑗, 𝑘 each 
shared by two of them and the symmetry between 𝑖, 𝑗, 𝑘 restored); note 
that our special (“skinny”) case where we have e.g. |𝐴| = 1 corresponds 
to the special case of [1] where one of the three currents becomes the 
trivial 3-point one.

For the latter, note that in the special case when 𝐴 has only one 
particle, e.g. 𝑚, (1) corresponds to the factorization near “skinny” zero 
of [2]: the amplitude factorizes into the (𝑛−1)-point current (with on-

shell legs [𝑛]∕𝑘,𝑚 and the off-shell leg 𝜅), times a 4-point function (with 
on-shell legs 𝑖, 𝑗 and two more off-shell legs), as well as a trivial 3-point 
current. In general to see zeros and factorizations we further set 𝑠𝑎,𝑘 = 0
for all 𝑎 ∈𝐴 except for 𝑎 =𝑚, and the left-potential further splits

𝐿(𝑖,𝐴, 𝑗;𝜅)→ 𝐿(𝑖,𝐴∕{𝑚}, 𝑗;𝜌) + (𝑖, 𝜌′, 𝑗, 𝜅), (6)

into a current without leg 𝑚 and a four-point potential with two off-

shell legs (alternatively we have a further splitting of 𝑅(𝑗, 𝐵, 𝑖; 𝜅′) if 
we choose 𝑠𝑏,𝑘 = 0 for all 𝑏 ∈ 𝐵 except for 𝑏 = 𝑚 for some 𝑚 ∈ 𝐵). In 
deriving this we have used 𝑠𝑎,𝜅 = 0 for 𝑎 ∈ 𝐴 and 𝑎 ≠ 𝑚, and note 𝑝𝜌 =
− 
∑

𝑎≠𝑚 𝑝𝑎 − 𝑝𝑖 − 𝑝𝑗 , 𝑝𝜌′ =
∑

𝑎∈𝐴 𝑝𝑎.

Very nicely, this is nothing but the factorizations near zeros of [2]: 
at least for scalars the four-point “amplitude” vanishes when we finally 
set 𝑠𝑚,𝑘 = 0, and the relationship between the Mandelstam matrix and 
the kinematic mesh is illustrated in Fig. 2: the zeros of color-ordered 
amplitudes of Tr𝜙3, NLSM or YMS theory correspond to 𝑠𝑎,𝑏 = 0 for 
𝑖 < 𝑎 < 𝑗 and 𝑗 < 𝑏 ≤ 𝑛 (including 𝑏 = 𝑛) and 1 ≤ 𝑏 < 𝑖, which is precisely 
given by a “rectangle” in the mesh picture of associahedron [15,16], 
and by excluding 𝑠𝑚,𝑛 = 0 for some 𝑖 <𝑚 < 𝑗 we recover the factorization 
near zero in the mesh. The currents can be written as the same functions 
as amplitudes, where the planar variables are exactly shifted as in [2]

due to the off-shell leg such as 𝑝2𝜌 ≠ 0. See the appendix for a brief review 

of factorizations near zeros.
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Fig. 2. The Mandelstam matrix (left) and the kinematic mesh (right) for 2-split kinematics: 𝑠𝑎,𝑏 = 0 are denoted by blank entries, and the additional 𝑠𝑎,𝑛 = 0 (except 
for 𝑎 =𝑚) are denoted by light pink entries, with 𝑎 ∈𝐴 = (𝑖, 𝑗) ∶= {𝑖+1, ⋯ , 𝑗−1}, 𝑏 ∈𝐵 = (𝑗, 𝑛) ⋃(𝑛, 𝑖) = {𝑗+1, ⋯ , 𝑛−1, 1, ⋯ , 𝑖−1}. We define 𝑋𝑖,𝑗 = (𝑝𝑖 +⋯ + 𝑝𝑗−1)2. 
Under the factorization, 𝑋𝑖,𝑗 variables will be shifted as indicated by the arrow in the mesh (right), cf. [2].
3. Splitting scalar amplitudes

Stringy 𝜙3, NLSM and YMS Let us begin with the splitting of scalar 
amplitudes, and first show how open- and closed-string integrals that 
reduce to bi-adjoint 𝜙3 amplitudes in 𝛼′ → 0 limit (known in the liter-

ature [17–22] as 𝑍 and 𝐽 integrals respectively) split under (1). Both 
integrals depend on two orderings 𝛼, 𝛽:

𝑍𝛼|𝛽 ∶= ∫
𝐷(𝛼)

𝑑𝜇ℝ
𝑛 PT(𝛽) , 𝐽𝛼,𝛽 ∶= ∫ 𝑑𝜇ℂ

𝑛 PT(𝛼)PT(𝛽) , (7)

where for canonical ordering 𝐼 = (1, 2, ⋯ , 𝑛), the integration domain for 
𝑍 integral reads 𝐷(𝐼) ∶= {𝑧1 < 𝑧2 <⋯ < 𝑧𝑛−1} (with 𝑧𝑛 →∞ and e.g.

𝑧𝑖 = 0, 𝑧𝑗 = 1 fixed), and the gauge-fixed Parke-Taylor factor is defined 
as

PT(𝐼) ∶=
Δ𝑖,𝑗,𝑛

𝑧1,2𝑧2,3⋯𝑧𝑛,1
, (8)

with the Jacobian from gauge fixing Δ𝑖,𝑗,𝑘 ∶= 𝑧𝑖,𝑗𝑧𝑗,𝑘𝑧𝑘,𝑖 (note that all 
dependence on 𝑧𝑛 → ∞ cancel), and similarly for any orderings 𝛼, 𝛽. 
The splitting only happens for orderings that are compatible with the 2-

split kinematics; without loss of generality we fix 𝛼 = (12 ⋯ 𝑛), which is 
compatible with our chosen kinematics above and in general compatible 
orderings correspond to permutations of that act on sets 𝐴 = (𝑖, 𝑗), 𝐵 ∪
{𝑛} = (𝑗, 𝑖), i.e. 𝛽 = (𝑖, 𝛽(𝑖,𝑗), 𝑗, 𝛽(𝑗,𝑖)). After gauge fixing, it is easy to see 
that any such Parke-Taylor factor splits nicely by including Jacobian 
factor Δ𝑖,𝑗,𝜅 and Δ𝑖,𝑗,𝜅′ on the RHS:

PT(𝐼) = PT(𝑖, (𝑖, 𝑗), 𝑗, 𝜅) × PT(𝑗, (𝑗, 𝑛), 𝜅′, (𝑛, 𝑖), 𝑖) , (9)

which, together with the splitting of 𝐷(𝛼), imply that the 𝑍 integral 
splits into two (stringy) currents:

𝑍𝛼|𝛽 →𝑍𝛼|𝛽 (𝑖,𝐴, 𝑗;𝜅) ×𝑍𝛼|𝛽 (𝑗,𝐵, 𝑖;𝜅′) (10)

where 𝛼, 𝛽 acts on corresponding legs in 𝐴, 𝐵 and we emphasize that 
𝜅, 𝜅′ are off-shell legs. Exactly the same holds for closed-string 𝐽 inte-

grals.

In [2], a simple deformation of the diagonal 𝑍-integral (𝛽 = 𝛼 = 𝐼) 
was introduced to give a unified tree-level stringy amplitude in Tr𝜙3, 
NLSM and YMS with even 𝑛 (see [23,24] for loops). The deformed 
stringy Tr𝜙3 amplitude is defined as

𝑍𝛿
𝑛 ∶= ∫

𝐷(𝐼)

𝑑𝜇ℝ
𝑛 PT𝛿(𝐼) , (11)

PT𝛿(𝐼) ∶= Δ𝑖,𝑗,𝑛𝑧
−1−𝛿
1,2 𝑧−1+𝛿2,3 ⋯𝑧−1+𝛿

𝑛,1 ,

where 𝛿 ∈ ℝ is the deform parameter. Very nicely, we find that such 
3

deformed stringy amplitude splits almost exactly as before:
𝑍𝛿
𝑛 →𝑍

(−)𝑖𝛿
𝐿

(𝑖,𝐴, 𝑗;𝜅)𝑍(−)𝑗 𝛿
𝑅

(𝑗,𝐵, 𝑖;𝜅′) , (12)

where on the left/right current the deformation parameter is ±𝛿 depend-

ing on 𝑖∕𝑗 being even or odd. Note that |𝐴| + |𝐵| = 𝑛−3 is odd, thus one 
current has even multiplicity and the other has odd. In the 𝛼′ → 0 limit, 
𝑍𝛿
𝑛 with any generic (non-integer) 𝛿 gives NLSM amplitude, while for 

𝛿 = 1 it gives YMS amplitude with pairs of scalars (12)(34) ⋯ (𝑛−1𝑛)
(𝛿 = −1 gives the amplitude with pairs (23)(45) ⋯ (𝑛1)). Therefore, the 
NLSM/YMS amplitude splits into an NLSM/YMS current (with even mul-

tiplicity) and a “mixed” current with 3 𝜙’s [25]. For example, for |𝐴|
being odd, we have (see Fig. 3)

NLSM
𝑛 →  NLSM(𝑖,𝐴, 𝑗;𝜅) mixed(𝑗𝜙,𝐵, 𝑖𝜙;𝜅′𝜙) , (13)

and for YMS one needs to be careful about where 𝑖, 𝑗 etc. appear in the 
scalar pairs [26].

Moreover, we recover the factorizations near zeros for the unified 
stringy amplitude of [2] if we further pick an arbitrary particle 𝑚 ∈ 𝐴, 
and set e.g. 𝑠𝑎,𝑛 = 0 for 𝑎 ∈ 𝐴∕{𝑚}. The amplitude factorizes into two 
currents with |𝐴|+2 and |𝐵|+3 legs (|𝐵| = 𝑛−3−|𝐴|), times a four-point 
function; crucially there are two possibilities with |𝐴| either even or 
odd. For the former (e.g. with 𝑖 even and 𝑗 odd), we have two stringy 
NLSM/YMS currents times a Beta function 𝐵(𝑠, 𝑡) ∶= Γ(𝑠)Γ(𝑡)∕Γ(𝑠 + 𝑡)
(with 𝛼′ suppressed):

𝑍𝛿
𝑛 →𝑍𝛿(𝑖,𝐴∕{𝑚}, 𝑗;𝜌)𝐵(𝑠𝑖,𝜅 , 𝑠𝑗,𝜅 )𝑍−𝛿(𝑗,𝐵, 𝑖;𝜅′) , (14)

where 𝑠𝑖,𝜅 ∶= (𝑝𝑖 + 𝑝𝜅 )2 = (
∑

𝑎∈𝐴 𝑝𝑎 + 𝑝𝑗 )2. For the latter (e.g. with 𝑖, 𝑗
even), we have two stringy mixed currents with 3 𝜙’s, times a shifted 
Beta function:

𝑍𝛿
𝑛 →𝑍𝛿(𝑖,𝐴∕{𝑚}, 𝑗;𝜌)𝐵(𝑠𝑖,𝜅 − 𝛿, 𝑠𝑗,𝜅 + 𝛿)𝑍𝛿(𝑗,𝐵, 𝑖;𝜅′) . (15)

By (1) we have 𝑠𝑖,𝜅 + 𝑠𝑗,𝜅 = −𝑠𝑚,𝑛, thus by setting 𝑠𝑚,𝑛 = 0 (or pos-

itive integer), 1∕Γ(𝑠𝑖,𝜅 + 𝑠𝑗,𝜅 ) vanishes which reproduces zero of the 
amplitude [2]. Furthermore, the 𝛼′ → 0 limit gives “pure × pure” ×
𝜙3

4 , and “mixed × mixed” × NLSM∕YMS
4 , respectively [2]; recall that 

𝜙3

4 = 1∕𝑠 + 1∕𝑡, NLSM
4 = 𝑠 + 𝑡 and YMS

4 = (𝑠 + 𝑡)∕𝑠.

Scalars without color Remarkably, we obtain the same splitting for 
scalars without color, such as those in sGal, Dirac-Born-Infeld (DBI) and 
Einstein-Maxwell-scalar (EMS) with even 𝑛. We do not know any simple 
stringy model similar to 𝑍𝛿 for these amplitudes, but the splitting of all 
field-theory amplitudes (including 𝜙3, NLSM and YMS, as well as Yang-

Mills and gravity amplitudes to be discussed below) can be derived using 
formulas based on scattering equations [7,8,10]. As we will discuss in 
detail in [6], the splitting of the universal measure including scattering 
equations follow from that of the scattering potential, and very nicely 

“integrands” for these amplitudes (such as PT or det′𝐴𝑛) split as well! 
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Fig. 3. The splitting of an amplitude with 𝑛 legs (denoted by wavy lines) into a “mixed” currents with 3 𝜙’s (denoted by straight lines) and a “pure” current off-shell 
legs denoted by double lines); on the second line we show a further “splitting” of a scalar current (such as in NLSM/sGal), which leads to a factorization near the 
zero contained in the four-point function.
For example, the splitting of det′𝐴𝑛 guarantees that not only NLSM but 
also sGal amplitudes split: e.g. with |𝐴| odd, we obtain for field-theory 
amplitude (see Fig. 3):

sGal
𝑛 →  sGal(𝑖,𝐴, 𝑗;𝜅) ×  mixed(𝑗𝜙,𝐵, 𝑖𝜙;𝜅′𝜙) . (16)

Similarly, the amplitudes in DBI and EMS with appropriate scalar pairs 
split just as those in YMS. These results in turn imply new zeros and 
factorizations for these amplitudes without color. The upshot is:

• The amplitude vanishes for 𝑠𝑎,𝑏 = 0 with 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵′ ∶= 𝐵 ∪
{𝑘}.

• The amplitude factorizes when we turn on 𝑠𝑘,𝑚 ≠ 0, for any 𝑚 ∈𝐴:

𝑛 →4 ×  (𝑖,𝐴∕{𝑚}, 𝑗;𝜌) (𝑗,𝐵, 𝑖;𝜌′) . (17)

Let us specify to sGal to be concrete: if both |𝐴|, |𝐵| are even, these 
are sGal currents times 𝜙3

4 ; if both |𝐴|, |𝐵| are odd, these are mixed 
currents with 3 𝜙’s, times sGal

4 = −𝑠𝑡(𝑠 + 𝑡) (𝑠 ∶= 𝑠𝑖,𝜅 , 𝑡 ∶= 𝑠𝑗,𝜅 ). Similar 
results hold for DBI and EMS amplitudes.

4. Splitting string amplitudes of gluons and gravitons

In this section, we show the splitting of gluon and graviton am-

plitudes in bosonic string and superstring theories. Factorizations near 
zeros for Yang-Mills amplitudes have been considered from “scaffold-

ing” YMS amplitudes in [2,23], but here we adopt a different approach 
and find that open- and closed-string amplitudes for gluons and gravi-

tons split if we impose conditions similar to (1) for polarizations. More 
details about the derivation for the splitting of string correlators as well 
as Cachazo-He-Yuan (CHY) formulas will be given in [6].

Similar to scalar cases, we expect a current with gluons/gravitons 
only (albeit with one off-shell leg 𝜅′, which carries the polarization of 
leg 𝑛), and a mixed current with 𝑖, 𝑗, 𝜅 being scalars. This can be achieved 
if we impose the following conditions on top of (1)

𝜖𝑎 ⋅ 𝜖𝑏′ = 0 , 𝑝𝑎 ⋅ 𝜖𝑏′ = 0 , 𝜖𝑎 ⋅ 𝑝𝑏 = 0 , (18)

for 𝑎 ∈𝐴, 𝑏 ∈𝐵 and 𝑏′ ∈𝐵 ∪ {𝑖, 𝑗, 𝑛}. Under these conditions, we claim 
that gluon amplitudes in bosonic string and superstring theory [27] split 
as:

open
𝑛 →  mixed(𝑖𝜙,𝐴, 𝑗𝜙;𝜅𝜙) ×  (𝑗,𝐵, 𝑖;𝜅′)𝜇𝜖𝜇𝑛 , (19)

where the “pure” gluon current has an off-shell leg 𝜅′ , and it is con-

tracted with polarization 𝜖𝑛 (see the first line of Fig. 3 with wavy lines 
denote gluons). Note that there is special case with 𝐵 = ∅ where (1) im-
4

poses no conditions, but (18) turns off Lorentz product between 𝜖𝑖,𝑗,𝑘
and 𝜖𝑎∕𝑝𝑎 for the remaining 𝑛−3 legs; in this case  mixed is a current 
with 𝑛−3 gluons (in 𝐴) and 3 𝜙′𝑠, while  (𝑖, 𝑗; 𝜅′) is given by the fa-

miliar 3-gluon current.

The proof for (19) is essentially the same as before: with (18) the 
(gauge-fixed) string correlator 𝑛({𝜖, 𝑝, 𝑧}) factorizes into a correlator 
with gluons in 𝐴 (times a “Parke-Taylor” factor for 𝑖, 𝑗, 𝜅), and one with 
gluons in 𝐵 ∪ {𝑖, 𝑗, 𝜅′} (with polarization of 𝜅′ replaced by 𝜖𝑛). We give 
a derivation of this for bosonic string correlator in the appendix; more 
details and a similar derivation for superstring correlator will be given 
in [6].

For gravity amplitudes in closed-string theory, the correlator is given 
by 𝑛(𝜖, 𝑝, 𝑧)𝑛(𝜖, 𝑝, 𝑧̄) (with polarization tensor 𝜀𝜇𝜈 = 𝜖𝜇𝜖𝜈 ), and one can 
impose conditions (18) separately on 𝜖 and 𝜖 which lead to different 
splittings; one choice leads to the same splitting as in (19) and another 
one yields two mixed currents with 3 gluons in Einstein-Yang-Mills the-

ory (legs in 𝐴, 𝐵 are gravitons):

closed
𝑛 →  (𝑖𝑔 ,𝐴, 𝑗𝑔 ;𝜅𝑔)𝜇𝜖𝜇𝑛 ×  (𝑗𝑔,𝐵, 𝑖𝑔 ;𝜅′𝑔)𝜈𝜖𝜈𝑛 . (20)

One can derive factorization near zeros for gluon amplitudes by fur-

ther imposing 𝑠𝑎,𝑛 = 0 for 𝑎 ∈𝐴, 𝑎 ≠𝑚 (or 𝑠𝑏,𝑛 = 0 for 𝑏 ∈𝐴, 𝑏 ≠𝑚) and 
similarly for Lorentz products with polarizations. There are two possi-

bilities: either we have a pure current, a mixed current with 3 𝜙’s times 
a 4-point function with 1 gluon, or two mixed currents times a 4-gluon 
function. We obtain zeros of the amplitude from those of the four-point 
function, which differ from zeros obtained by “scaffolding” YMS ampli-

tudes [2,23]; the latter correspond to setting 𝑝𝑎 ⋅ 𝑝𝑏 = 𝑝𝑎 ⋅ 𝜖𝑏 = 𝜖𝑎 ⋅ 𝑝𝑏 =
𝜖𝑎 ⋅ 𝜖𝑏 = 0 for 𝑎 ∈𝐴, 𝑏 ∈𝐵 ∪ {𝑘}.

5. Soft theorems

We comment on the relation of splitting with the soft theorems for 
gluons/gravitons [12] and (enhanced) Adler zeros for scalars [13,28]. 
We are interested in the special “skinny” case with |𝐴| = 1. The gluon 
amplitude splits into (𝑛−1)-point current and a four-point mixed one, 
which can be computed exactly  mixed(𝑖𝜙, 𝑎, 𝑗𝜙; 𝜅𝜙) = 𝜖𝑎 ⋅ 𝑝𝑖𝐵(𝑠𝑖,𝑎, 𝑠𝑗,𝑎 +
1) − 𝜖𝑎 ⋅ 𝑝𝑗𝐵(𝑠𝑖,𝑎 + 1, 𝑠𝑗,𝑎).

Note that we have only imposed 𝑠𝑎,𝑏∈𝐵 = 0 which does not imply 
the softness of 𝑝𝑎; now the soft limit is reached by further imposing 
𝑠𝑎,𝑖, 𝑠𝑎,𝑗 → 0 (thus 𝑠𝑎,𝑛 = 0), in which case the current becomes an am-

plitude (𝜅′ becomes on-shell). In other words, instead of sending all 𝑠𝑎,𝑏′
for 𝑏′ ∈ [𝑛]∕{𝑎} to zero simultaneously, we are taking a two-step pro-

cedure, and we need to sum over all possible assignments of 𝑖, 𝑗, 𝑘 ≠ 𝑎; 
since 𝑖, 𝑗 are fixed to be adjacent to 𝑎 in the color ordering which are the 
only contributions at leading order, we only need to sum over 𝑘 where 
each term gives identical result, thus up to possible overall constants we 

obtain
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𝑘≠𝑖,𝑗,𝑎

 mixed × 𝑛−1 →

(
𝜖𝑎 ⋅ 𝑝𝑖
𝑝𝑎 ⋅ 𝑝𝑖

−
𝜖𝑎 ⋅ 𝑝𝑗
𝑝𝑎 ⋅ 𝑝𝑗

)
×YM

𝑛−1, (21)

where the mixed current simplifies to nothing but the soft gluon fac-

tor! Although we have imposed restrictions on the polarizations (18)

not needed for soft limit, they do not appear at leading order. A simi-

lar argument applies to the soft graviton, where we need to sum over 
triplets 𝑖, 𝑗, 𝑘 ≠ 𝑎 since any mixed current with one graviton and three 
𝜙’s contributes to the leading soft factor:

∑
𝑘,𝑖,𝑗≠𝑎

 mixed × 𝑛−1 →

(∑
𝑏≠𝑎

𝜖𝑎 ⋅ 𝑝𝑏𝜖𝑎 ⋅ 𝑝𝑏
𝑝𝑎 ⋅ 𝑝𝑏

)
GR

𝑛−1 (22)

As already pointed out in [2], the special “skinny” zeros in NLSM im-

plies the Adler zero, which also generalizes to enhanced Adler zeros of 
DBI and sGal since in the soft limit 𝑝𝑎 = 𝜏𝑝̂𝑎 with 𝜏 → 0, their four-point 
functions behave like 4 ∼ 𝜏𝑠 for 𝑠 = 1, 2, 3, respectively. What multi-

plies 4 is a 𝑛−1-point mixed current with 3 𝜙’s, thus we expect that 
one can derive from our splitting “the coefficient of Adler zero” [25], 
which involves sum of such mixed currents at least for the NLSM case.

6. Outlook

In this letter we have demonstrated that, in certain kinematic sub-

spaces string amplitudes and particle amplitudes that admit a CHY 
representation split into a product of two lower-point currents. This 
explains and extends the recently proposed smooth splitting and fac-

torizations near zeros, and in a sense also generalizes soft theorems. We 
would like to understand better the relation between “skinny” splitting 
and soft theorems, and to study multi-soft limits using more general 
splittings, similar to what have been considered very recently in [29]

for NLSM.

Again inspired by [29], it would be highly desirable to general-

ize such splitting to loop integrands at least in some theories, perhaps 
via their fascinating connections with “surfaceology” [30–32]. Clearly 
the splittings “commute” with double copy [33,34] in the sense that 
they apply to both open and closed-string amplitudes, and it would be 
nice to understand how to see this explicitly from either KLT or BCJ 
construction. It would be interesting to extend the splittings to (super-

symmetric) amplitudes with fermions in specific dimensions, and e.g. to 
explore them using spinor-helicity variables. Finally, we would like to 
understand the nature of all these splitting behavior of scattering ampli-

tudes [1,2,6], especially to see if there is any physical principle behind 
all of them.
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