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We present some lattice QCD results on first (y}) and second (r’,) cumulants of and correlations (;(’ﬂ)
among net baryon-number (B), strangeness (S) and electric charge (Q) along the pseudocritical line
[T ) (up)] in the temperature (7)-baryon chemical potential (1) phase diagram of (2 + 1)-flavor QCD. We
point out that violations of sum rules among second order cumulants, which hold in the isospin symmetric
limit of vanishing electric charge chemical potential, are small along the T ,,.(u) for the entire range of up
covered in the RHIC beam energy scan. For the strangeness neutral matter produced in heavy-ion collisions
this leads to a close relation between y#5 and y°. We compare lattice QCD results for y25/,3 along the
Tpc(ug) line with preliminary experimental measurements of 255 /x5 for collision energies
7.7 GeV < \/syy < 62.4 GeV. While we find good agreements for /syy > 39 GeV, differences are
sizeable at smaller values of ,/syy. Moreover, we compare lattice QCD results for the ratio of the
strangeness (ug) to baryon () chemical potentials, which define a strangeness neutral system with fixed
electric charge to baryon number density, with experimental results obtained by the STAR collaboration for
us/pp using strange baryon yields on the freeze-out line. Finally, we determine the baryon chemical
potential at the freeze-out (,u-{;) by comparing y% /4% along the T ,.(up) with the experimentally measured

net-proton cumulants y% /x%. We find that {/4’1;, T pc(yé)} are consistent with the freeze-out parameters of

the statistical-model fits to experimentally measured hadron yields for /syy > 11.5 GeV.

DOI: 10.1103/PhysRevD.110.054519

I. INTRODUCTION

Higher order cumulants of fluctuations of conserved
charges and correlations among different conserved charges
of quantum chromodynamics (QCD) are sensitive observ-
ables for the occurrence of phase transitions in strongly
interacting matter and reflect the change of relevant degrees
of freedom responsible for fluctuations and correlations in
hot and dense strong-interaction matter. In particular,
correlations between conserved, net baryon number and
net strangeness number have been suggested as sensitive
probes [1] for the change of degrees of freedom carrying
strangeness at low temperature (hadrons) and high temper-
ature (quarks), respectively. The temperature and density
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dependence of conserved charge fluctuations and their
higher order cumulants is studied in lattice QCD calcula-
tions using Taylor series expansions as well as in numerical
simulations with imaginary chemical potentials [2-5].

Experimentally the cumulants of conserved charge
densities are not directly accessible. E.g. net proton [6]
or kaon number [7-9] fluctuations and correlations among
them are used as proxies for baryon or strangeness number
fluctuations. Incorporating strange baryon contributions
also allows to construct proxies for strangeness and baryon
number as well as strangeness and electric charge
correlations [9-11].

The experimentally observed charge fluctuations and
correlations are expected to be generated at the so-called
chemical freeze-out temperature 7';. Also this temperature
and the baryon as well as strangeness chemical potentials
(/4'{3, ,u‘g) that control the thermal conditions at the time of
freeze-out are not directly accessible in heavy ion colli-
sions. Eventually they could be deduced through a com-
parison of experimental data with QCD thermodynamics,
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if the medium is in equilibrium at the time of freeze-out. In
practice the experimental determination of freeze-out param-
eters involves a model dependent step. Experimentally
determined particle yields are compared to hadronization
models [12-14]. The thus determined freeze-out temper-
ature at various values of the beam energy, T /(/Syy), is
found to be in good agreement with the pseudocritical
temperature, T ,.(fig), that is determined in lattice QCD
calculations [15,16]. Generally this is taken as support for the
assumption that hadron resonance gas (HRG) models pro-
vide a good approximation to the thermodynamics of strong-
interaction matter at the time of freeze-out.

Aside from studies of higher order cumulants of proxies
for net baryon-number fluctuations, the calculation of
correlations between low order cumulants of conserved
charge densities, e.g. correlation of net strangeness and net
baryon-number, is being performed in the beam energy
scan at RHIC. We previously presented comparisons of
higher order cumulants of net baryon-number fluctuations
with results obtained by the STAR collaboration [17,18] for
the related proton number cumulants. We also compared
results of the STAR collaboration on strange hadron yields
at several values of the beam energy [9] with lattice QCD
results [19,20] on correlations between net baryon-number
and strangeness. This provided evidence for the influence
of additional strange hadrons, not listed by the Particle Data
Group as established strange hadron resonances [21].

We previously also calculated low order cumulants of
net baryon-number fluctuations at nonzero values of the
baryon chemical potential, using high statistics datasets
generated in (2 4 1)-flavor QCD calculations at finite
temperature [22,23]. In these calculations we focused on
an analysis of second order cumulants at vanishing values
of the chemical potentials as well as an analysis of the
convergence of the Taylor series and the comparison with
Padé resummed results obtained from such series expan-
sions. We concluded that expansions of second order
cumulants, in particular the second order cumulant for
net baryon-number fluctuations, are well controlled for
baryon chemical potentials upz/T < 1.5.

We extend this analysis here by calculating correlations
between conserved charge densities as function of the
baryon chemical potential on the pseudocritical line in
(2 + 1)-flavor QCD using Taylor series for second order
cumulants up to NNLO order, i.e., up to O(u3). We will use
these results to compare with recent preliminary results of
the STAR collaboration obtained for correlations between
net baryon number and strangeness densities [24].

The data sets used for our calculation and further details
relevant for our data analysis, have been described pre-
viously in Sec. II of [17] and the number of configurations,
used for our current work, are given in Table I of [17]. In
particular, as discussed in [17], using fits of lattice QCD
results obtained at different values of the lattice spacing to
rational polynomials, we obtain continuum extrapolated

estimates for the jiz-dependence of various second order
cumulants on the pseudocritical line, T . (f15), as well as
extrapolations performed directly for ratios of second order
cumulants.

This paper is organized as follows. In Sec. II we
introduce basic formulasd used for the calculation of
Taylor expansions of second order cumulants. In Sec. I1I
we present results for various second order cumulants
obtained in lattice QCD calculations as functions of 7" and
jig. In Sec. IV we present results for these cumulants
evaluated on the pseudocritical line 7', (up) and compare
them with recent results of the STAR collaboration
obtained during the beam energy runs BES-II at RHIC.
We give our conclusions in Sec. V. In an Appendix we give
some explicit expressions for the expansion of second order
cumulants up to O(u}).

II. CUMULANTS OF CONSERVED
CHARGE DENSITIES

Cumulants of conserved charge fluctuations at vanishing
chemical potentials for the conserved charges of (2 + 1)-
flavor QCD, i.e. net baryon-number (B), electric charge (Q)
and strangeness (S), are obtained from the QCD partition
function, Z(T,V, ), as derivatives with respect to the
associated chemical potentials i = (up. pg. pis),

1 ol Z(T.V.f)
3 AT A ’
VI® opigojrgopis |,

BOS
){ijg (T.V) =

(1)

with fiy = ux/T. These cumulants can be used to set up
Taylor series for cumulants at nonzero values of the
chemical potentials. Starting with the Taylor series for
the pressure,

P 1 © gy
P . ik i ni ok
=y 2. V.i) = > i sitofs: (2)

T
k=0t

we easily obtain series for second order cumulants by
taking appropriate derivatives with respect to the chemical
potentials. In these Taylor series we replace the chemical
potentials i and jig by series in terms of iz only,

Hs/up = Zs2i+1(T)ﬁ%i+l9 (3)
i=0

Uo/hp = Z @i (T)fig ™ (4)
=0

where the coefficients s;, g; are fixed through constraints on
the net baryon-number density,1 npg, and the ratio of electric

'We use here and in the following dimensionless number
densities. Le. densities ny, X = B, Q, S, are given in units of 7°.
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charge and strangeness densities, ny/ng. We demand
strangeness neutrality, ng = 0, and a fixed ratio of net
electric charge and baryon number densities, ny/ng = 0.4,
which is consistent with experimental conditions realized in
heavy ion collisions of lead-lead or gold-gold nuclei. The
resultant coefficients s;, ¢; are given in [25] fori =1, 3, 5.
With this we obtain for the next-to-leading order (NLO)
expansion of second order cumulants

"2
_ i
AT ) =28 + 50 0AS + 25088 + sty + 20001
s s .
+2q1508° + dis) + Oih). (5)
"2
s — s , UB BOS BOS N BOS
ZlQl (Tvﬂ):)(% +2_I?D(21Q1 +251){11Qz +S%)(1Q3 +2‘11)(12Q1
+ 26]151)(2st + q%)@QIS] + O(f). (6)
"2

Hp
2!

2988 +2qis0 % + B+ 0. (7)

(T ) =15+ 50 s + st + 25108

a2
_ i
2T ) = x5+ 2*? 8+ sTBs + 25055 + 2q1050

+ 2‘]151)(§1Q1S + Q%Zgzg] + O(jip). (8)

Explicit expressions for the order O(i}) (NNLO) expan-
sion coefficients, which we will use in the following, are
given in Appendix.

The leading order ug/up is related with the %5 /55 in the
following way,

ps __aB(T.0) 4H(T.0)
us  x5(T.0)  x3(T.0)

a1 +0z).  (9)

In the case of degenerate up and down quark masses,
which generally is used in lattice QCD calculations, the

cumulants x%5, ¥%°, and 45 are directly related to each
other,
S = - -
AT AT APOS(T. )
DR A0SR 2 ()
(T H) x0T ) 1T, )

For ug # 0, one finds,

~2
B, i
APOS(T i) = a1 5 (a1 (ot —xo> = Xis1.

BOS BOS BOS
—51(2)(01% _42(02Q2 +2112%)

BOS BOS BOS _BOS
_)(10Q3 +4)(12Q1 _2)(20Q2 _)(30Q1)
+O(fi}). (11)

At vanishing electric charge chemical potential y, i.e.,
in the isospin symmetric case with ny/ng = 0.5, one thus
obtains the sum rule,

APOS(T ji) =0, for ji = (up.0.pg). (12

We will compare results for the second order cumulants
with HRG model calculations based on the list of hadrons
published in the tables of the Particle Data group [21]
(PDG-HRG) as well as the QMHRG2020 list compiled by
the HotQCD Collaboration [23,26]. In order to probe the
validity of Eq. (12) and the isospin symmetry violations
induced by a nonvanishing electric charge chemical poten-
tial in HRG model calculations, we introduced an isospin
symmetric version of these hadron lists. For this purpose
we set masses for charged strange hadrons equal to the
masses of their neutral partners. This concerns 7 strange
hadrons, for which mass differences are listed in the PDG
tables: K, K*, K3,%,%(1385),E,E(1530). In all these
cases isospin violations, arising from the mass differences
between charged and neutral strange hadrons, are below
1%. We note that setting the masses equal leads only to
small changes in the Boltzmann weights entering HRG
model calculations. In the vicinity of the pseudocritical
temperature 7T, = 156.5(1.5) MeV [15] this amounts to
about 0.6%. In general this small difference is negligible.
However, when comparing QCD and HRG model results
for AB9S as given in Eq. (11), this small change leads to
differences which are of the same magnitude as the
modifications induced by a nonvanishing electric charge
chemical potential itself.

III. SECOND ORDER CUMULANTS
AS A FUNCTION OF TEMPERATURE
AND BARYON CHEMICAL POTENTIAL

In [23] we presented continuum extrapolated results for
all second order cumulants at vanishing values of the
chemical potentials. For nonvanishing values of the chemi-
cal potentials Taylor series for the diagonal second order
net baryon-number cumulant, y5(7, fig), have been pre-
sented in [17]. Some preliminary results on strangeness
correlations and fluctuations at nonzero iz have also been
shown in [20,27].

Here we focus on the behavior of off-diagonal, second
order cumulants. We concentrate on a discussion of
correlations between net strangeness number (ng) and
net baryon-number (np) densities as well as ng and net
electric charge (ny) density. We shall consider thermal
conditions that are of relevance for comparisons with
experimental conditions realized in heavy ion collisions,
i.e. we consider a thermal medium with vanishing net
strangeness, ng = 0, and ny/ng = 0.4.

In Fig. 1 we show the ratios —y23 (T, fig) /5 (T, jig) (top)
and ¥ (T, fig) /xS (T, ip) (bottom), obtained from O(3)
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Top: correlation between net baryon-number and strangeness number densities normalized to the second order cumulant of

strangeness fluctuations versus T for several values of jiz. Shown are results obtained on lattices with temporal extent N, = 8 (filled

symbols) and 12 (open symbols) from O(fi%) (left) and O(i}

) (right) Taylor series for y%5

and ;(g , respectively. The lattice QCD results

are compared to HRG model calculations using the QMHRG2020 list (colored lines). For jiz = 0 also a result based on the PDG-HRG
list is shown (black line). The gray band shows the continuum extrapolated results (cont. extr.) for the second order cumulant ratio at
vanishing chemical potential [23]. The yellow band shows the location of the pseudocritical line T, (f15). Bottom: same as figures on the
top, but for correlation between net electric charge and strangeness densities normalized to the second order cumulant of strangeness

fluctuations.

(left) and O(fi3,) (right) Taylor series, respectively. As can
be seen these expansions agree well for small fiz. The
second and fourth order expansions start to differ at
temperatures below the pseudocritical line for the chiral
transition (yellow bands) at jig ~ 1.5.

The lattice QCD results are compared to HRG model
calculations that utilize the PDG-HRG and QMHRG2020
lists. As noted already in the analysis of second order
cumulants at vanishing chemical potential [23] HRG
model calculations based on the QMHRG2020 list
describe the lattice QCD results well at low temperatures
up to T, (fig). HRG model calculations based on the
PDG-HRG list [21], however, are insufficient already for
T 2 130 MeV. While QMHRG2020 and lattice QCD
calculations agree well at T,.,=T,.(0), differences
become larger with increasing fiz also on the pseudocrit-
ical line.

The pseudocritical line has been determined in lattice
QCD calculations as a Taylor series up to O(i3) [15,16,28],

Tpc(ﬂB) = Tpc,O[1 - KZ/}% + K4ﬁ%]' (13)

We use results from [15], i.e., T o = (156.5 £ 1.5) MeV
and k, = 0.012(4). Within errors this is in agreement with
results obtained in [16,28]. The O(44) correction in Eq. (13)
has been found to vanish within current statistical
errors [15,16]. We leave out the contribution of the O(i%)
in the following as it as been found to vanish within current
statistical errors [15,16]. Le. Ref. [15] found x; = 0.000(4)
and Ref. [16] reported x;, = 0.00032(67). The pseudocrit-
ical temperature T ,.(fig) is shown in Fig. 1 as a yellow
band.

As can be seen in Fig. 1 the magnitude of the ratio
255(T, pig) /x5 (T, ip) increases with increasing fiz. On the
pseudocritical line this amounts to only a moderate change
of about (15-20)% between jizp = 0 and 1.5.

In the Sprev10us section we pointed out that the sum
rule, 2y2% — 85 = 3, holds in QCD at any value of the
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FIG. 2. Deviations from the sum rule, Eq. (14), valid in isospin
symmetric matter for the relation between strangeness and
baryon-number correlation on the one hand, and strangeness
and electric charge correlations on the other hand. Shown are
lattice QCD results using 4th order Taylor series results for the
second order cumulants. Also shown are HRG model calculations
using the QMHRG2020 list with additional isospin symmetriza-
tion for 7 strange hadrons as discussed in Sec. IL

temperature for isospin symmetric matter, i.e., for py = 0.

The difference of the cumulant ratios y%5 /3 and 2%’ /3
thus equals unity for all i, = 0,

0S(p = BS(m =

X1 (Tsﬂ) X11 (T,u) -
- — ~-=1 forji=(up,0,ps5). (14)

(T ) (T i) B

For fig #0, e.g. for ny/np = 0.4, we find that devia-
tions from unity increase with increasing jiz. Deviations
are largest in the vicinity of T,.(fiz). However, they
stay below” 0.5% even for fig ~?2. This is evident from
the fourth order Taylor series results shown in Fig. 2.
At jp =72 the pseudocritical temperature is about
T,c(fipg =2) ~150 MeV. The corresponding baryon
chemical potential thus is pz ~ 300 MeV, which corre-
sponds to conditions reached in heavy ion collisions at
beam energies below 11.5 GeV. We thus expect Eq. (14) to
hold for correlations of net baryon number or electric
charge with net strangeness number at the LHC and also at
RHIC for almost the entire range of beam energies covered
in the beam energy scan.

We finally also note that the sum of %/ and ;(IQIS gives the
correlation between light and strange quark densities for
any value of the chemical potentials /i,

HS(T ) = = (BT i) + 48 (T R).  (15)

Note that isospin violations in QCD at nonzero temperature
are indeed expected to be negligible [29]. Nonetheless large
violations of isospin symmetry have been reported recently to
occur in kaon production in high-energy nucleus-nucleus colli-
sions [30,31].

X457 X3 (Tpolks) Hg)

0.2

0.15

0.1
QCD:NNLO
NLO

QMHRG2020 =

0.05 PDG-HRG =——

0 0.5 1 1.5 2

FIG. 3. Correlation between light and strange quark-number
densities on the pseudocritical line. Shown are continuum
estimates for second and fourth order Taylor expansion results
for —yl5/ )(§ on the pseudocritical line that have been obtained
from fits to data obtained in simulations on lattices with temporal
extent N, =8 and 12. These results are compared with HRG
model results based on the PDG-HRG and QMHRG2020 hadron
lists, respectively.

Making use of the very well satisfied sum rule between the
second order strange cumulants [cf. Eq. (14)] we thus find
that x5 also provides a good approximation for the
correlation between light and strange quark densities,

)(ﬁ(T’ﬁB> _ Z?]S(Tv ﬁB) IIQIS(TH‘A‘B)
S — "\ ST 5 S(T 7 (16)
Zz(TvﬂB) )(2(T’,“B) J(z(TMB)
1 BS(T f
~ o (1 +3”7';( ’f‘3)>. (17)
2 )(2(T,/43>

We show QCD results for the correlation between light and
strange quark densities on the pseudocritical line in Fig. 3.
We note that the magnitude of the light and strange quark
correlations decrease with increasing fiz in HRG model
calculations as well as in the QCD calculation. This arises
from the increasing importance of multiple strange baryon
contributions on the pseudocritical line.

IV. SECOND ORDER CUMULANTS
ON THE PSEUDOCRITICAL LINE

A. Pseudocritical line and experimentally
determined freeze-out conditions

On the pseudocritical line, 7,.(fip), the ratio of
strangeness and baryon chemical potentials obtained by
demanding ng = 0 varies little with increasing fiz. Taylor
expansion results for ug/up are shown in Fig. 4 and are
compared with experimental results obtained by the STAR
Collaboration by either fitting particle yields for a large set
of strange and nonstrange hadrons to a HRG motivated
hadronization model [13] or by fitting only yields of
strange baryons [9,13]. Also shown in this figure are
values for ug/up obtained in HRG model calculations

054519-5
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FIG. 4. The ratio ug/up on the pseudocritical line in (2 4 1)-
flavor QCD versus jip obtained for strangeness neutral matter
with ngy/ng = 0.4. The bands show continuum estimates for
second and fourth order Taylor expansion results of ug/up on the
pseudocritical line that have been obtained from fits to data
obtained in simulations on lattices with temporal extent N, = 8
and 12. Also shown are results obtained by the STAR Collabo-
ration [9,13,32] and HRG model calculations using the PDG-
HRG and QMHRG2020 particle lists, respectively.

based on the PDG-HRG and QMHRG?2020 lists for hadron
resonances. It is apparent that the former does not describe
the QCD results well, whereas the QMHRG2020 provides
a good description of ug/up on the pseudocritical line at
least for fip < 1. Beyond this small deviations from the
QCD results also show up. HRG model results based on
PDG-HRG and QMHRG2020 differ by about 20%. This is
similar to the differences found for the ratio y%5 /5. The
good agreement between QCD and HRG model calcula-
tions based on QMHRG2020 at T . (fi) in calculations of
285 /x5, along with the agreement between determinations
of the experimentally determined pg/pup with QCD results,
thus suggests that the experimental results for pug/up are
indeed sensitive to strange particle content at the time of
freeze-out.

We start our discussion of cumulant ratios at finite
temperature and nonzero values of the chemical potentials
by revisiting the analysis of the ratio of mean, y?(T, fi),
and variance, y5(T, i), of net baryon-number density
distributions

RB _/Y?(T9ﬁ3)
12 — B ~
/YZ(T’MB)
BS os
. X X R
=u3(1 s +q1—1;) o). (18)
X2 X2

where we again choose ng =0, and ny/ng = 0.4.

The ratio R%,(T, ji) has been analyzed by us previously
and was shown in [17] in a jig-range relevant for the
analysis of higher order cumulants. In Fig. 5 we show
R%,(T, jig) in a larger range of jip values. The continuum

T T
11.5 GeV 9.2 GeV 7.7 GeV

121 14.5 GeV
RY(Toe (M) . HB)
17.3 GeV
1+ 19.6 GeV i
27 GeV
0.8 n ,
06F 5/ e QCD:NLOJ[3,2] == ,
54.4.Gev NNLO[5,4]
04| 62.4 GeV STAR:R?2 R 1 4
QMHRG2020 —
02F o s PDG-HRG —
/T
0 | | | | |
0 0.5 1 1.5 2 25

FIG. 5. The ratio R%,(T(ug),p5) on the pseudocritical line in
(2 + 1)-flavor QCD versus iz obtained for strangeness neutral
matter with n,/np = 0.4. The bands show continuum estimates
for next-to-leading (NLO [3, 2]) and next-to-next-to-leading
(NNLO [5, 4]) order Taylor expansion results on the pseudoc-
ritical line that have been obtained from fits to data obtained in
simulations on lattices with temporal extent N, = 8 and 12 (see
also discussion in the text). Also shown are results obtained by
the STAR Collaboration for the corresponding proton cumulant
ratio, sz for various beam energies /sy [33]. Results from [13]
have been used to convert /syy to thermal parameters (7, /2{;)
Furthermore, we show recent results for sz obtained by the
STAR Collaboration [34]. For data taken at two new beam
energies, \/syy = 9.2 and 17.3 GeV we used the parametrization
of interpolating curves for freeze-out parameters given in [12].
Solid curves show results from HRG model calculations using the
PDG-HRG and QMHRG2020 particle lists, respectively.

estimates based on up to O(i3) Taylor series for the net
baryon-number density, y%, and a O(ji};) Taylor series for
the net baryon number fluctuations, ;(ZB (NNLO [5, 4]
shown in this figure are statistically well controlled for
jig < 1.5. For large values of the chemical potential,
jp <2, we only show the result (NLO [3, 2]) based on
O(p3) and O(ji3) Taylor series for y¥ and y2, respectively.
These continuum estimates are obtained from fits to data
taken on lattices with temporal extent N, = 8 and 12. As
can be seen, the ratio R, starts to deviate from HRG model
calculations at about jig ~ 1. The Taylor series, however, is
still well controlled at least up to jip ~ 1.5. We compare
RE,(T, ig), calculated in (2 + 1)-flavor QCD, with the
corresponding ratio of net proton-number and its variance,
RV, (\/Snn), [33] as follows. In order to convert the
experimental control parameter, ,/syy, to a chemical
potential value on the freeze-out line we use the set of
freeze-out temperatures (7;) and baryon chemical poten-
tials (;4]1;) determined from the analysis of particle yields
using fits based on the thermodynamics of a hadron gas in
the grand canonical ensemble [13,33].

As can be seen in the figure, the experimental results for
sz(Tf,//,;) are close to the line of values for R%, (T, up)
on the pseudocritical line. We thus determined a set of
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TABLE L. The left hand column lists the various RHIC beam energies, /syy, used by the STAR collaboration
[33,34] for their measurements of net proton-number cumulants and B — S correlations. The three columns in the
middle give the chemical potentials and the temperature values on the pseudocritical line that correspond to
R®, = RY,. The last three columns show corresponding freeze-out parameters obtained by fitting particle yields to a
hadronization model based on the grand canonical ensemble [13]. Results for /syy = 14.5 and 54.4 GeV are taken
from [33]. For \/syy =9.2 and 17.3 GeV we used the parametrization of interpolating curves for freeze-out
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parameters given in [12].

QCD, pseudocritical line: using RY,

HIC, freeze-out line: using yields

RHIC beam energy

VSwn [GeV] up [MeV] us [MeV] T,  [MeV] up [MeV] us [MeV] T, [MeV]
7.7 398.2(16.4)  89.5(6.0) 144.3(4.8)
9.2 - e . 358.3 e 144.4
11.5 297.9(12.4) 73.5(4.8) 148.9(2.9) 287.3(12.5)  64.5(4.7) 149.4(5.2)
14.5 274.8(9.1) 68.2(3.7) 150.1(2.6) 264 . 151.6
17.3 245.3(6.5) 61.3(2.8) 151.6(2.2) 218.6 e 154.7
19.6 222.3(4.7) 55.7(2.2) 152.5(2.0) 187.9(8.6) 43.2(3.8) 153.9(5.2)
27.0 170.5(2.1) 42.9(1.3) 154.2(1.6) 144.4(7.2) 33.5(3.6) 155.0(5.1)
39.0 120.2(1.3) 30.3(1.2) 155.4(1.5) 103.2(7.4) 24.5(3.8) 156.4(5.7)
54.4 89.3(0.9) 22.5(0.6) 155.9(1.5) 83 - 160.0
62.4 81.5(0.8) 20.5(0.5) 156.0(1.5) 69.2(5.6) 16.7(3.3) 160.3(4.9)
200 28.3(0.3) 7.1(0.2) 156.4(1.5) 28.4(5.8) 5.6(3.9) 164.3(5.3)

freeze-out parameters obtained by demanding R, (\/syy) =
RY(T . (). 4ty ). In Table I we compare the thus determined
set of freeze-out parameters, {u},, T e (1)}, with the exper-

imental set of freeze-out parameters, {,u’;, T.,}, obtained by
comparing measured particle yields to hadronization
models [12—14].

As can be seen in Fig. 5, NLO and NNLO QCD results
agree well with each other up to jig ~ 1.5, where the errors
of the NNLO expansion start getting large. In Table I, we
tabulate the freeze-out parameters determined from RY,
using NLO QCD results for R%,(T, i) and they agree well
with the freeze-out parameters {7, ftl,} obtained from
particle yields down to /syy ~17.3 GeV, which also
corresponds to fip ~ 1.5. For smaller /syy or jig ~2.0
the NNLO lattice QCD results have too large errors for a
detailed quantitative comparison. Results from the NLO
expansion are, however, still in good agreement with the
STAR data down to /syy =~ 11.5 GeV. In order to com-
pare QCD results with STAR data at even lower beam
energies statistically well controlled higher order Taylor
series will be necessary.

It also should be noted that the experimentally determined
RY, becomes larger than unity for V/Swn < 17.3 GeV. This is
consistent with lattice QCD results for R¥,, which become
larger than unity for figz 2 1.3 or ug 2 200 MeV. On the
other hand, HRG model calculations based on noninteract-
ing, pointlike hadrons will always lead to RY, (T, fig) < 1.
The experimental data thus seem to reflect interactions in
strong-interaction matter at freeze-out (on the pseudocritical
line) that go beyond those taken care of in HRG models
through the presence of a tower of excited states and
resonances.

We give a comparison of the chemical potentials and
pseudocritical temperatures on the pseudocritical line,
{T,c(p), up}, that are obtained by demanding R, =

RY, and the freeze-out parameters, {7, 4}, obtained from
HRG model fits to measured hadron yields in Table I.

B. Strangeness correlations on the pseudocritical line

In Fig. 6 (left) we show results for the ratio x5 /x5 and
compare with preliminary results for this ratio obtained by
the STAR Collaboration [24]. As can be seen the Taylor
series for the ratio y%5/y5 converges well at least for
fip < 1.5. Similar to the observation made for other
observables results in (2 4 1)-flavor QCD and HRG model
calculations based on the QMHRG2020 particle list also
agree well in this fig-range. The preliminary STAR results,
however, agree well with the QCD result only for /syy =
62.4 and 39 GeV. For smaller ,/syy differences are
significant. We note that this difference does not arise
from a possible ambiguity in relating values of ,/syy to
values for jip derived from experimental data.

As discussed above correlations between electric charge
and strangeness are closely related to y%5. On the pseu-
docritical line and for conditions met in heavy ion colli-
sions (ng =0, ng/ng = 0.4) violations of the sum rule,
Eq. (14), are smaller than 0.5% for jiz < 2, which covers
almost the entire range of the RHIC BES-II energy range in
collider mode. In Fig. 6 (right) we show the ratio ;(?15 /x5 on
the pseudocritical line and also compare with preliminary
STAR results for y%5 /5 [24] that have been converted to
12 /3 using Eq. (14).

Also shown in this figure is a result for y2°/y$
obtained in [10] from particle yields measured by the
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FIG. 6. Left: correlation between net strangeness and net baryon-number densities normalized to the second order cumulant of
strangeness fluctuations on the pseudocritical line. The bands show continuum estimates for second and fourth order Taylor expansion
results on the pseudocritical line that have been obtained from fits to data obtained in simulations on lattices with temporal extent N, = 8§
and 12. In the case of fourth order expansion we show results only up to up /T = 1.5. Right: same as left hand figure but for correlations
between net strangeness and net electric charge densities. The data shown in the left hand figure use the preliminary results for x5 /3
obtained by the STAR Collaboration [24]. Data points shown in the right hand figure are obtained from the STAR data making use of the
relation given in Eq. (10). Also shown in this figure is the result obtained in [10] from an analysis of ALICE data on strange particle

yields (see also discussions in the text).

ALICE collaboration. This result has been obtained
using data on strange particle yields, obtained by the
ALICE Collaboration at the LHC [8,35]. The second
order cumulants x5, ¥%5 and y2° have been constructed
from measured particle yields taking into account feed
down corrections from ¢-mesons and neutral kaons [10].
The second order cumulants, constructed in this way,
obey the QCD sum rule, Eq. (14), except for contribu-
tions arising from the feed down corrections. As pointed
out in [10] certain decay channels, contributing in
particular to x%5, are not known experimentally.
Moreover, it is difficult to take care of feed-down
corrections arising from decays of experimentally not
well controlled higher kaon resonances and additional
strange hadrons. This suggests that an accurate exper-
imental determination of y%° will remain to be difficult
without achieving better control over contributions
arising from additional resonances and their decay
channels.

V. CONCLUSIONS

We pointed out that the determination of freeze-out
parameters (T, 1, yé) from particle yields in heavy ion
collisions is consistent with QCD parameters describing
thermal conditions realized on the pseudocritical line
for strangeness neutral matter with n, /ng = 0.4, In par-
ticular, we find that at (Tf,,u'};,,u";), corresponding to
VSNN 2= 11.5 GeV, the new results of the STAR collabo-
ration obtained for the ratio of mean net proton number and
the net proton number fluctuations, sz, are in good
agreement with R?, calculated in lattice QCD on the

pseudocritical line. Similarly we find that the ratio of
strangeness and baryon chemical potentials, obtained from
strange baryon yields and QCD calculations, respectively,
are in good agreement. This suggests that the values of
thermal control parameters (7, ug,pus), characterizing
strong-interaction matter created at a given /syy, are well
understood at least for \/m > 11.5 GeV.

Furthermore, we presented QCD results for the nor-
malized baryon-number strangeness correlation x5 /x5
as function of the baryon chemical potential iz on the
pseudocritical line 7', (f15). The results, based on fourth
order Taylor series of second order cumulants, are shown
to be well controlled for fz < 1.5 or equivalently
up <200 MeV. For conditions realized in heavy ion
collisions at the time of freeze-out this corresponds to
beam energies /syy = 17.3 GeV. Although results for
255 /x5 obtained in QCD calculations agree well with
experimental data for |/syy = 62.4 GeV and 39 GeV,
we observe significant differences for smaller beam
energies. We thus conclude that there is some tension
between current experimental results on strangeness and
baryon number correlations and those appearing in
strong-interaction matter on the pseudocritical line as
described by equilibrium QCD thermodynamics. To
verify or falsify that QCD thermodynamics can provide
a good description of second order cumulant ratios of
fluctuations and correlations of conserved charges, as
measured in heavy ion collisions using various proxies,
the origin of these differences clearly needs to be
analyzed further.

All data presented in the figures of this paper can be
found in [36].
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APPENDIX: EXPANSIONS FOR SECOND
ORDER CUMULANTS UP TO O(j3})

In Egs. (5)—(8) we gave the O(ji3) expansions for the
second order cumulants %5, y2%, »$ and y%. Here we give
explicit expressions for expansions of these second order
cumulants up to O(fi%). This also requires expansions of
the strangeness and electric charge chemical potentials up
to O(i3,) as defined in Egs. (3) and (4). The coefficients s;,
q; appearing in these expansions are given in [25].

With this we obtain for the second order cumulants the
expansions,
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