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We analyze the quasiparton distributions of the lightest η0 meson in massive two-dimensional quantum
electrodynamics (QED2) by exact diagonalization. The Hamiltonian and boost operators are mapped onto
spin qubits in a spatial lattice with open boundary conditions. The lowest excited state in the exact
diagonalization is shown to interpolate continuously between an anomalous η0 state at strong coupling, and
a nonanomalous heavy meson at weak coupling, with a cusp at the critical point. The boosted η0 state
follows relativistic kinematics but with large deviations in the luminal limit. The spatial quasiparton
distribution function and amplitude for the η0 state are computed numerically for increasing rapidity both at
strong and weak coupling, and compared to the exact light front results. The numerical results from the
boosted form of the spatial parton distributions, compare fairly with the inverse Fourier transformation of
the luminal parton distributions, derived in the lowest Fock space approximation. Our analysis points out
some of the limitations facing the current lattice program for the parton distributions.
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I. INTRODUCTION

Light cone distributions play a central role in the evalu-
ation of hard inclusive and exclusive processes in quantum
chromodynamics (QCD). Whenever factorization holds, a
hard process is amenable to a perturbative contribution times
pertinent parton distributions or fragmentation functions, e.g.
Drell-Yan and jet processes. Accurate light cone distribution
functions are essential for the analyses of many of the semi-
inclusive processes being carried at the current JLAB facility,
and planned at the future EIC [1,2].
The parton distribution functions are valued on the light

front and inherently nonperturbative, which make them
inaccessible to standard Euclidean lattice formulations,
except through few lowest moments. This major short-
coming has been circumvented by Ji’s proposal [3], through
the use of quasiparton distributions. The leading twist light
front partonic correlators are traded for equal-time corre-
lators in increasingly boosted hadronic states, which are
then matched perturbatively on the light cone [4–9].

The quasiparton distribution matrix elements calculated
in a fixed size Euclidean lattice QCD have been shown to
match those obtained through LSZ reduction in continuum
Minkowski QCD to all orders in perturbation theory [10].
Some variants of this formulation have also been proposed
as pseudo distributions [11] and lattice cross sections [12].
Recently, an increasing number of QCD lattice collabora-
tions have implemented some of these ideas and succeeded
in numerically extracting the light cone parton distribu-
tions, modulo the shortcomings inherent to a finite lattice.
To understand some of these shortcomings, quasiparton

distribution functions have been analyzed in two-
dimensional QCD in leading and next-to-leading contri-
butions in the large Nc limit [13]. The results confirm the
soundness of the approach, away from the critical regions
in parton-x x ¼ 0, 1, where the method breaks down.
In this work, we would like to revisit the analysis of the
quasiparton distributions in two-dimensional massive QED
utilizing a spin formulation of the lattice Schwinger model
and solving it by exact diagonalization as an exploratory
study for a future quantum computation. The purpose
is to understand the feasibility and numerical issues that
follow from this digitization. We note that a similar
approach has been recently carried for the parton distribu-
tions for a schematic Nambu-Jona-Lasinio (NJL) model in
two-dimensions [14,15]. In the context of quantum com-
putations, partonic observables were previously considered
in [16–18]. Finally, simulating quantum field theories in
the light-front formulation on quantum computers was
explored in [19,20].
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In this work massive QED2 is formulated on a spatial
lattice with continuous time, using Kogut-Suskind fer-
mions [21,22]. The fermion fields are eliminated with
the help of a Jordan-Wigner transformation [23]. While
these procedures are by now standard, their application to
understand the partonic content of physical states in a
gauge theory with massive QED2 as a protype, is new.
More specifically, our paper contains a number of new
results: (1) We show anew the central role played by the
boost operator in the analysis of the light front wave
functions in real time; (2) We show anew how the low-lying
physical spectrum of a gauge theory transforms under
increasing boosts, with a quantitative description of the
numerical limitations in the luminal limit in QED2; (3) We
provide a new Hamiltonian formulation to the concept of
quasi-PDFs in real-time, in a gauge theory with QED2
as an example; (4) We use the qubit form of the QED2
Hamiltonian and boost operators to extract anew the spatial
quasidistributions in QED2 in real time, and study their
dependence on the boost transformation with a comparison
to the expected exact results. These are essential new
theoretical steps and checks, to enforce in any attempt on
the road towards quantum computation of partonic distri-
butions in hadronic physics.
Quantum computing and quantum simulation offer

unique capabilities that vastly surpass what classical
computation alone can achieve, particularly in addressing
specific challenges in nuclear physics [24]. A key challenge
in quantum simulation/computation of gauge theories, is a
scalability of the system size. The ground state of general
one-dimensional spin chains can be solved using the
matrix product state (MPS) approximation [25–27], which
underlines the density matrix renormalization group
(DMRG) [28,29] algorithm. A number of challenging
properties of the ground state of the Schwinger model
have been studied with quantum computers [30,31] and
simulators [32] for a large number of qubits (up to hundreds
qubits). However, the nontrivial dynamics of the excited
states has received less attention, although some basic
properties of the first excited state were studied [33,34]. To
open a new directional study in massive QED2, as a testing
ground for four-dimensional QCD, we will focus on the
boosted properties of the first excited state and its partonic
content. Our results will provide interesting and important
benchmarks towards a quantum computation in QCD.
Moreover our setup can be extended to a large system
size by using more advancedMPSmethods, to approximate
the excited states [34,35].
The outline of the paper is as follows: in Sec. II, we

briefly review the general features of the strong and weak
coupling regime of massive QED2. In Sec. III, we recall the
light front equation for the lowest meson state in the lowest
Fock state approximation, and its solutions. In Sec. IV,
we introduce the boost operator, and map massive QED2
including the boost operator onto a spin system using

standard techniques. A detailed analysis of the deviation
from the luminal limit for the boosted state is given. We
also show how the boost operator can be traded for a “time”
evolved spatial correlator directly on the light front in the
luminal case. In Sec. V, we detail the numerical results for
the parton distribution functions and amplitudes obtained
from the exact diagonalization, using the boosted as well
as the “time” evolved forms, both for strong and weak
coupling. The results are compared to the exact continuum
result. Our conclusions are in Sec. VI.

II. MASSIVE QED2

The two-dimensional quantum electrodynamics
(QED2), also known as the Schwinger model [36], exhibits
a variety of nonperturbative phenomena familiar from
four-dimensional gauge theories. The extensive interest
in QED2 stems from the fact that it bears much in common
with two-dimensional QCD since the Coulomb law is
confining in two dimensions. As a result, the QED2 spec-
trum involves only chargeless excitations. Remarkably, the
vacuum state is characterized by a nontrivial chiral con-
densate and topologically active tunneling configurations.
QED2 with massive fermions is described by [36,37]

S ¼
Z

d2x

�
1

4
F2
μν þ

θF̃
2π

þ ψ̄ði =D −mÞψ
�
; ð1Þ

with =D ¼ =∂ − ig=A. The bare fermion mass is m and the
coupling g has mass dimension. At weak coupling with
m=g > 1=π, the spectrum is composed of heavy mesons,
with doubly degenerate C-even and C-odd vacuua at θ ¼ π.
At strong coupling with m=g < 1=π, the spectrum is
composed of light mesons and baryons, with a C-even
vacuum whatever θ. More specifically:
Strong coupling m

g ≪ 1
π: The squared rest mass is

m2
η ¼ m2

S þm2
π ¼

g2

π
−
mhψ̄ψi0

f2
; ð2Þ

with f ¼ 1=
ffiffiffiffiffiffi
4π

p
the η0 decay constant [38]. The vacuum

chiral condensate is finite in the chiral limit with hψ̄ψi0 ¼
− eγE

2π ms [39,40], where γE ¼ 0.577 is Euler constant.
Hence,

mη

ms
¼

�
1þ 2eγE

m
ms

�1
2

≈ 1þ eγE
m
ms

; ð3Þ

in the strong coupling regime.
Weak coupling m

g ≫ 1
π: The η-mass is expected to

asymptote mη → 2m. Note that at weak coupling (3) we
have eγE ≈ 1.78 which is close to 2, hence allowing a
smooth and continuous transition in the eta mass from weak
to strong coupling.
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III. LIGHT FRONT WAVE FUNCTIONS

Modulo the U(1) anomaly, the light front Hamiltonian
associated with QED2 is very similar to QCD2. Massless
QED2 is exactly solvable with a single bosonic excitation
of mass ms in the spectrum. On the contrary, massive
QED2 is not exactly solvable, and is characterized by
multiboson states.
In the 2-particle Fock approximation, massless QED2

admits a ground state and a tower of spurious states that
disappear in the continuum when higher Fock states
contributions are included [41]. Massive QED2 in the
2-particle Fock space approximation admits a ground state
and a tower of multimeson states that are not spurious. The
ground state is largely a 2-particle Fock contribution while
the first excited state already contains a large 4-particle
Fock space contribution (meson-meson bound state) [42].
With this in mind, the light front wave functions φnðζÞ in

the 2-particle Fock-space approximation follow from a
similar Bethe-Salpeter derivation. More specifically, the
light front wave functions solve [41]

M2
nφnðζÞ ¼

1

2
m2

s

Z
1

−1
dζ0φnðζ0Þ þ

4m2

1 − ζ2
φnðζÞ

− 2m2
sPP

Z
1

−1
dζ0

φnðζ0Þ − φnðζÞ
ðζ0 − ζÞ2 ; ð4Þ

with ζP the symmetric momentum fraction of the partons.
Here PP is short for the principal part. Equation (4) is the
’t Hooft equation [43], modulo the U(1) anomaly contri-
bution (first term on the right-hand side). The longitudinal
kinetic contribution (second term on the right-hand side) is
singular at ζ ¼ �1, forcing the light front wave function to
vanish at the edges φnð�1Þ ¼ 0. Note that the 2-particle
Fock-contribution is the leading contribution in the limit of
a large number of colors in QCD2.
In the massless limit with m → 0, the spectrum is that of

a single massive boson,

φηðζÞ ¼ φ0ðζÞ →
1ffiffiffi
2

p θð1 − ζ2Þ; M2
0 → m2

s : ð5Þ

For small m, the lowest solution vanishes at the end points
as powers of m,

φηðxÞ ¼
Cη

f
ð1 − ζ2Þβ ð6Þ

with β fixed by [43]

m2

m2
s
¼ 1 − πβcotanðπβÞ: ð7Þ

In the massive limit with m ≫ ms, the solution is peaked
around x ¼ 1

2
, with M ≈ 2m.

In general, (4) admits a tower of excited states for finite
m=ms since the PP part in (4) is strictly confining. They are
given semiclassically by

φnðxÞ ¼
ffiffiffi
2

p
sin

�
ðnþ 1Þð1þ ζÞ π

2

�
: ð8Þ

Because of screening, which is not suppressed in massive
QED2, the excited mesons states decay whenever
Mn > 2M0. The lowest state parton distribution function
is of the form,

qηðζÞ ¼ sgnðζÞjφηðjζjÞj2: ð9Þ

with sgnðζÞ the signum function. Since η0 is flavor neutral,
the fermion and antifermion distribution functions are
identical.
The integral equation (4) is a relative of the ’t Hooft

equation and can be solved by variational or other numeri-
cal methods. Here, we use a direct discretization into
an matrix eigenvalue equation as for the ’t Hooft equa-
tion [44]. For that we define the rescaled masses,

μ2 ¼ M2=m2
s α ¼ m2=m2

s ;

so that (4) reads

μ2φðζÞ ¼ 1

2

Z
1

−1
dζ0 φðζ0Þ þ 4α

1 − ζ2
φðζÞ

− 2PP
Z

1

−1
dζ0

φðζ0Þ − φðζÞ
ðζ − ζ0Þ2 ; ð10Þ

subject to the end point conditions φð�1Þ ¼ 0. The
solutions follow numerically by expanding in a complete
basis, the details of which are summarized in Appendix A.
A more standard but straightforward x-representation is
summarized in Appendix B.
In Fig. 1 we show typical solutions in the strong and

weak coupling regimes. We will refer to these solutions as

FIG. 1. Solution to (B1) for β ¼ 0.1
ffiffiffi
3

p
=π (blue), β ¼ ffiffiffi

3
p

=π
(red), β ¼ 10

ffiffiffi
3

p
=π (black) using 13 Jacobi polynomials.
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“exact solution” even though the solutions are approxi-
mated, in the sense that we cut the expansion in the Jacobi
basis at a finite number of Jacobi polynomials. However,
higher Jacobi polynomials are rapidly suppressed.

IV. BOOSTED QUASIPARTONIC FUNCTIONS

To quantify the partonic distributions in the lowest
meson η0 in massive QED2, we will make use of the
appropriate Ji’s quasidistributions [3], in a boosted state.
This construction allows for testing the numerical limita-
tions when addressing the ultra-relativistic and large spatial
volume limits. We will present two equivalent forms of the
quasidistribution functions, one using explicitly the boost
operator and the other trading it for the “time” evolved
operator.

A. Boost operator in QED2

For θ ¼ 0 and in the temporal gauge A0 ¼ 0, the
Hamiltonian and boost operators associated to (1) read

H ¼
Z

dx

�
1

2
E2 þ ψ†ðiαDx þmγ0Þψ

�
;

K ¼
Z

dxx

�
1

2
E2 þ ψ†ðiαDx þmγ0Þψ

�
: ð11Þ

Note that both operators develop CP odd contributions
under the substitution m → meiγ

5θ for a finite vacuum
angle. The operators (11) satisfy the Poincare algebra,

½K;H� ¼ iP; ð12Þ

½K;P� ¼ iH; ð13Þ

with the momentum operator P.
Physically boosted states are defined as

jηðχÞi ¼ eiχKjηð0Þi; ð14Þ

with χ the rapidity in the x-direction,

χ ¼ 1

2
ln
�
1þ v
1 − v

�
: ð15Þ

If η0 is the lowest massive meson in the spectrum at strong
coupling, with rest mass (normal ordering assumed),

∶H∶jηð0Þi ¼ mηjηð0Þi; ð16Þ

then the boosted state is relativistic,

∶H∶jηðχÞi ¼ mη cosh χjηðχÞi;
∶P∶jηðχÞi ¼ mη sinh χjηðχÞi; ð17Þ

with four-momentum pμ ¼ γmηð1; vÞ, and γ ¼ cosh χ ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
. Note that on the light cone

P� ¼ 1ffiffiffi
2

p γmηð1� vÞ ¼ 1ffiffiffi
2

p mηe�χ :

B. Boosted quasidistributions

With this in mind, we define the distribution amplitude
for the boosted η0 meson as

φηðx; vÞ ¼
1

2if

Z þ∞

−∞

dz
2π

e−izζp
1h0jψ̄ð0;−zÞ½−z;þz�S

× γþγ5ψð0;þzÞeiχKjηð0Þi; ð18Þ

with p1 ¼ γmηv and ζ ¼ 2x − 1 with x the parton fraction.
The link variable ½−z;þz�S is along the spatial direction,
and f ¼ 1=

ffiffiffiffiffiffi
4π

p
the two-dimensional eta decay constant.

Here γþ ¼ γ0 þ γ1, γ5 ¼ γ0γ1, with γ0 ¼ σ3 and γ1 ¼ iσ2.
Note that in two-dimensions ψ̄γþψ ¼ ψ̄γþγ5ψ . Similarly,
the partonic distribution function is defined as

qηðx; vÞ ¼
1

2

Z þ∞

−∞

dz
2π

e−izζp
1hηð0Þje−iχKψ̄ð0;−zÞ½−z;þz�S

× γþγ5ψð0;þzÞeiχKjηð0Þi: ð19Þ

Here (18) and (19) are partonic functions defined at
equal time for a fixed boost, which reduce to the light front
partonic functions in the large rapidity limit χ ≫ 1. They
are Ji’s quasipartonic functions and therefore have support
on [0, 1] only in the large rapidity limit. Note that both (18)
and (19) normalize to 1 in this limit.

C. “Time” evolved quasidistributions

The boost operator in the quasidistribution, can be traded
for a Hamiltonian evolution. In the luminal case, it reduces
to a direct evaluation of the parton distribution functions on
the light front with Minkowski signature. This is possible
since QED2 is UV finite. To show this, we use the boost
identities,

e−iχKψð0;þzÞeiχK ¼ S½v�ψð−γvz;þγzÞ;
e−iχKψ̄ð0;−zÞeiχK ¼ ψ̄ðþγvz;−γzÞS½v�−1; ð20Þ

with S½v� ¼ e
1
2
χγ5 . Inserting (20) into (18) yields

φηðx; vÞ ¼
1

2if

Z þ∞

−∞

dz
2π

e−izζmηvh0jψ̄ðþvz;−zÞ½−z;þz�L
× Γvψð−vz;þzÞjηð0Þi; ð21Þ

after a shift γz → z with Γv ¼ −ðγ− þ vγþÞ and the gauge
link ½−z;þz�L is now along the light cone. Note that the
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standard spin source Γv → γþ in (21) is obtained by using
γþγ5 → γ0 in (18). We have traded the boosted η0 state for a
fermionic bi-local correlator with light cone support for
v → 1. In this limit, Ji’s quasidistribution is the light-front
distribution for the η0 meson, expressed in the η0 rest frame,
for both choices of Γv quoted. No matching is required
since massive QED2 is finite in the UV modulo normal
ordering. Also note that the boost transformation turns the
spatial gauge link lightlike at the end points.
Using the “time” identities,

ψð−vz;þzÞ ¼ e−ivzHψð0;þzÞeþivzH;

ψ̄ðþvz;−zÞ ¼ eþivzHψð0;−zÞe−ivzH; ð22Þ

we can recast (21) as

φηðx; vÞ ¼
1

2if

Z þ∞

−∞

dz
2π

e−izðζ−1Þmηvh0jψ̄ð0;−zÞ½−z;þz�L
× Γve−i2vzHψð0;þzÞjηð0Þi: ð23Þ

The boost operator in (21) has been traded for the real “time
evolution operator,” albeit with the effective “time” of
tz ¼ 2vz. A rerun of the same arguments for the parton
distribution function (19), yields

qηðx; vÞ ¼
1

2

Z þ∞

−∞

dz
2π

e−izζmηvhηð0Þjψ̄ð0;−zÞ½−z;þz�L
× Γve−i2vzHψð0;þzÞjηð0Þi; ð24Þ

with the normalization,

Z
1

0

dxpηðx; vÞ ¼ 1:

This “time” evolved form for v ¼ 1 was noted in [14,15].
The advantage of (23) and (24) over (21), is their manifest
finiteness as v → 1. Below, we will use the digitalization of
both (21) and (23) and (24) for a cross check on their
accuracy on a finite grid of qubits.

V. LATTICIZED KOGUT-SUSSKIND
HAMILTONIAN

Wewill map our Hamiltonian onto a lattice spin system of
length L ¼ Na to make it suitable for exact diagonalization.
Using staggered fermions, the map for the two-dimensional
massive Schwinger model and gauge fixing using Gauss law
is standard [45]. Here, we only detail the mapping of the
boost operator for completeness. Throughout the work, we
obtained the excited states by exact-diagonalization of the
Hamiltonian (31). One can implement such excited states
on a quantum computer by using a variational quantum
deflation (VQD) algorithm [46].

A. Digitized boost operator

More specifically, the gauge field contribution to the
boost operator is

KG ¼ 1

2
g2a

XN−1

n¼0

nL2
n; ð25Þ

where Ln are link operators [45]. Each staggered Dirac
fermion at site n is assigned a bispinor with upper compo-
nent on even sites, and lower component on odd sites,

ψð0; z ¼ naÞ ¼ 1ffiffiffi
a

p
�
ψeðnÞ
ψoðnÞ

�
¼ 1ffiffiffi

a
p

�
φn∶even

φnþ1∶odd

�
; ð26Þ

with 0 ≤ n ≤ N − 1. The massive staggered fermion con-
tribution to the boost operator is

KF ¼ 1

2

XN−1

n¼0

in
�
φ†
nφnþ1 − φ†

nþ1φn

�þma
XN−1

n¼0

ð−1Þnnφ†
nφn:

ð27Þ

Fermion bilocals with the gauge link set to 1 (in two-
dimensions the gauge field can be eliminated by fixing the
gauge and resolving Gauss law), are digitized as

ψ̄ð0;−zÞðγ0 þ γ1Þγ5ψð0;þzÞ

¼ 1

a

�
ψ†
eð−nÞ þ ψ†

oð−nÞ
��
ψeðþnÞ þ ψoðþnÞ�: ð28Þ

The chiral fermions map onto ψeðnÞ ¼ φn (even sites)
and ψoðnÞ ¼ φn (odd sites) with [21–23,45]

φn ¼
Y
m<n

½þiZm�
1

2
ðXn − iYnÞ;

φ†
n ¼

Y
m<n

½−iZm�
1

2
ðXn þ iYnÞ: ð29Þ

The full boost operator maps onto

K →
1

2
g2a

XN−1

n¼0

nL2
n þ

1

4

XN−1

n¼0

nðXnXnþ1 þ YnYnþ1Þ

þma
2

XN−1

n¼0

ð−1Þnnð1þ ZnÞ; ð30Þ

and the Hamiltonian maps onto [47–52]

H →
1

4a

XN−1

n¼1

�
XnXnþ1 þ YnYnþ1

�

þm
2

XN
n¼1

ð−1ÞnZn þ
ag2

2

XN−1

n¼1

L2
n; ð31Þ
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where Ln is the local electric field operator,

Ln ¼
Xn
j¼1

Zj þ ð−1Þj
2

: ð32Þ

B. Digitized boosted η0-state

The discrete lattice version of the boost operator can be
tested on the η0 state at rest to quantify the numerical
deviations from the relativistic result in the continuum. For
that, we start by setting the scale g ¼ 1, and recording all
other scales in units of g. For now, we fix the number of
qubits N ¼ 20 with a spatial lattice spacing a ¼ 1. For
better numerical accuracy in the Schwinger model, we
follow [53] and evaluate the expressions as a function of the
improved mass,

mlat ¼ m −
1

8
g2a → m −

1

8
: ð33Þ

The mass gap in a finite spatial box of length L ¼ Na → N,
receives finite size corrections E0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

s þ π2=L2
p

with
L ¼ N · a, with m2

s ¼ g2=π → 1=π.
In Fig. 2 we show the behavior of the physical mass gap

at rest, as a function of the improved current massm=g. The
red-dashed line (left) is a fit to

E
E0

¼ 0.99þ 1.76
m
E0

; ð34Þ

and the green-dashed line in the inset (left), is a fit to

E
E0

¼ 0.33þ 1.99m
E0

: ð35Þ

In the inset, a clear crossing from strong to weak coupling
at about m=g ∼ 1=3 is observed, which is consistent with
expectationsm=g ≈ 1=π (critical point). The lightest η0 state

in the spectrum is gapped by ms=E0 ∼ 1 for zero current
mass in the strong coupling regime, and asymptotes the
nonrelativistic limit of 2m=E0 ∼ 2m=ms in the weak
coupling regime.
Here we emphasize that the spectrum of ∶H∶ following

by exact diagonalization exhibits numerous spurious states,
which are eliminated by imposing Gauss’s law, i.e. zero
electric charge. More specifically, the charge operator is
given by

Q ¼
XN
n¼1

Zn

2
; ð36Þ

and the physical eigenstates are selected by the condition
hEnjQjEni ¼ 0. Only when this condition is enforced, we
see the physical crossover reported in Fig. 2.
In Fig. 3, we show the relativistic dispersion relation of

boosted state obtained by exact diagonalization (dotted-
blue) and the continuum relativistic result p1ðvÞ (dotted-
green), versus the velocity v for N ¼ 24. The symmetric
relative error is shown in the inset in dotted-blue, where the
red line indicates that it exceeds 10% (at around v≳ 0.83)
and the dashed-red line that it exceeds 20% (at around
v≳ 0.91). Moreover, increasing the mass means that the
symmetric error increases faster with v. The orthonormality
of the ground state with the boosted η0 state is only enforced
for low velocities as illustrated in Fig. 4 (blue circles).

VI. PARTONIC FUNCTIONS FROM EXACT
DIAGONALIZATION

In this section, we will perform a numerical analysis of
the quasi-parton distributions in QED2 obtained by exact
diagonalization as a testing ground for a future quantum
simulations. In particular, we will carry out the analysis
for both the boosted form and the “time” evolved form,

FIG. 2. Normalized mass gap as a function of the improved
massmlat with g ¼ a ¼ 1 andN ¼ 20. The red-dashed line is a fit
to (34) and the green-dashed line in the inset is a fit to (35).

FIG. 3. Relativistic dispersion of the η0 state in dotted-blue
(exact diagonalization) and in dotted-green (exact). We fixed
N ¼ 24 and the improved mass as mlat ¼ −0.125g2a
(a ¼ 1 ¼ g). The symmetric relative error is shown in the inset
in dotted-blue. The red line indicates an error in excess of 10%
(at around v ≳ 0.83), while the dashed-red line implies an error in
excess of 20% (at around v ≳ 0.91).
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to check both methods for consistency. For accuracy, the
numerical results will be checked against the exact partonic
distributions in the 2-parton Fock space approximation,
derived earlier.

A. Boosted form

Using the symmetric forms (18) and (19), the mapped
partonic distributions are

φηðζ; vÞ →
a

4πif

X
z

e−izζPðvÞh0jðψ†
eð−zÞ þ ψ†

oð−zÞÞ

× ðψeðþzÞ þ ψoðþzÞÞeiχðvÞKjηð0Þi

¼ 1

2πif

X
n¼even

e−inζaPðvÞh0jðφ†
−n þ φ†

−nþ1Þ

× ðφþn þ φþnþ1ÞeiχðvÞKjηð0Þi

≡ 1

2π

X
n¼even

e−inζaPðvÞφðnaÞ; ð37Þ

and

qηðζ; vÞ→
a
4π

X
z

e−izζPðvÞhηð0Þje−iχðvÞKðψ†
eð−zÞþψ†

oð−zÞÞ

× ðψeðþzÞþψoðþzÞÞeiχðvÞKjηð0Þi

¼ 1

2π

X
n¼even

e−inζaPðvÞhηð0Þje−iχðvÞKðφ†
−nþφ†

−nþ1Þ

× ðφþnþφþnþ1ÞeiχðvÞKjηð0Þi

≡ 1

2π

X
n¼even

e−inζaPðvÞDðnaÞ; ð38Þ

with ζ ¼ 2x − 1. The rest state jηð0Þi is defined as an
eigenstate of ∶H∶ of lowest mass modulo an arbitrary
phase. This phase drops out in case of the distribution
function, but does not in the distribution amplitude, so we
set it to 1 in the latter to enforce real positivity.

Note that the spatial gauge links in (39) and (38) are
reabsorbed into the site fermions, through the time-
independent residual gauge transformation used in map-
ping the Hamiltonian to its spin form (31). In 1þ 1
dimensions with open boundary conditions, both the
electric flux and the vector potential can be eliminated,
by explicitly solving Gauss’ law and making use of the
residual time-independent gauge transformation (modulo
the flux at the left end point which we have set to 0).
In Fig. 6 (left-panel) we show the numerical results for

the real and imaginary part of the spatial quasidistribution
function DðzÞ obtained from exact diagonalization, which
enters the quasi-parton distribution function in (38). We use
the lattice configuration illustrated in Fig. 5. The velocity is
fixed to v ¼ 0.925 with the current mass m=ms ¼ 0.1 (red
disks) and with mlat from (33) (blue triangles), both in the
weak coupling regime. The numerical results hover around
zero. The inverse Fourier transformation of the exact result
following from (B1) is shown for m=ms ¼ 0.1 (black-solid
line) and for mlat from (33) (black-dashed line). The solid
curve is normalized to the peak value of the real part. We
fixed N ¼ 24 with a ¼ g ¼ 1.
In Fig. 6 (right-panel), we show also the real and

imaginary part of the spatial distribution of DðzÞ for
m=ms ¼ 0.806 (black-dashed line) in the weak coupling
regime for N ¼ 24 with a ¼ g ¼ 1. We again fixed the
black lines to the peak of the real part at z ¼ 0.
Finally, we note that the limited number of qubits does

not allow for an approximate fit of the parton distribution
function in QED2, to the inverse Fourier transform of the
2-parameter ansatz xαð1 − xÞβ. This procedure is com-
monly used in the reconstruction of the parton distribu-
tions from the spatial distributions, in current lattice
simulations [8].

B. “Time” evolved form

Using the symmetric forms (23) and (24) with Γv → γþ,
the mapped partonic distributions are

FIG. 4. Symmetric relative error of the boost (red dots)
and hηð0Þj0ðvÞi (blue dots) for N ¼ 24 and mlat ¼ 0.1=

ffiffiffi
π

p
−

0.125g2aða ¼ g ¼ 1Þ.

FIG. 5. Configuration of the staggered fermions for N=2 odd
(upper plot for N ¼ 6) and N=2 even (lower plot for N ¼ 4). To
compute the correlation functions such as (38), we symmetrically
pair the first underbracket with the last, the second with the
second to last etc.
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φηðx; vÞ →
a

4πif

X
z

e−izðζ−1Þmηvh0jðψ†
eð−zÞ þ ψ†

oð−zÞÞe−i2vzHðψeðþzÞ þ ψoðþzÞÞjηð0Þi

¼ 1

2πif

X
n¼even

e−inðζ−1Þamηvh0jðφ†
−n þ φ†

−nþ1Þe−i2vnHðφþn þ φþnþ1Þjηð0Þi

≡ 1

2π

X
n¼even

e−inζamηvφ̃ðnaÞ; ð39Þ

and

qηðx; vÞ →
a
4π

X
z

e−izζmηvhηð0Þjðψ†
eð−zÞ þ ψ†

oð−zÞÞe−i2vzHðψeðþzÞ þ ψoðþzÞÞjηð0Þi

¼ 1

2π

X
n¼even

e−inζamηvhηð0Þjðφ†
−n þ φ†

−nþ1Þe−i2vnHðφþn þ φþnþ1Þjηð0Þi

≡ 1

2π

X
n¼even

e−inζamηvD̃ðnaÞ: ð40Þ

In Fig. 7 (left) we show the numerical results for the
spatial parton distributions by exact diagonalization
using the “time” evolved form (39). We fixed v ¼ 1 and
m=ms ¼ 0.1 using the improved lattice mass (33), and

N ¼ 24. The real part of the spatial distribution function
ReðD̃ðzÞÞ and amplitude Reðφ̃ðzÞÞ (red marks) are com-
pared to the exact inverse Fourier transforms before scaling
(dashed lines), and after scaling by 1

2
in z (brown-solid line).

FIG. 6. Left panel: Real and Imaginary part of the spatial quasi-distribution function DðzÞ for v ¼ 0.925 and m=ms ¼ 0.1 (red disks)
and the improved mass mlat (blue triangles), both in strong coupling. The exact result following from (B1) by an inverse Fourier
transform is shown for m=ms ¼ 0.1 (black-solid line) and the improved mass mlat (33) (black-dashed line). We normalized the black
curves to the peak of the real part, and fixed N ¼ 24, with a ¼ g ¼ 1. Right panel: Same as the left panel but in the weak coupling
regime for the improved mass m=ms ¼ 0.806.
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In Fig. 7 (right) the imaginary part of the spatial distribution
function ImðD̃ðzÞÞ and amplitude Imðφ̃ðzÞÞ (blue marks)
are compared to the inverse Fourier transforms before
scaling (dashed lines), and after scaling by 1

2
in z (brown-

solid line).
The numerical results for the “time” evolved distribu-

tions, compare poorly to the exact results, in contrast to the
boosted results presented earlier. The reason maybe traced
to the use of the Hamiltonian in the “time” evolved form
which is seen to scale extensively withN, a major source of
oscillations and therefore uncertainty in the spatial distri-
butions. This is not the case for the boost operator.

VII. CONCLUSIONS

We have solved massive two-dimensional QED on a
discrete lattice of qubits by exact diagonalization, to
analyze the quasiparton distributions of the lowest meson
state, both at strong and weak coupling. The digitization is
performed using the standard Jordan-Wigner map of the
Kogut-Susskind fermions, in a spatial lattice with open
boundary conditions. Our largest lattice consisted of
N ¼ 24 qubits following the mapping onto the spin system.

The boosted meson state is an eigenstate of both the
Hamiltonian and momentum operators in the continuum
with the proper relativistic kinematics independent of the
rapidity. This is not the case for the numerically obtained
first excited state of our system where increasingly large
deviations from relativistic kinematics are manifest in the
luminal limit.
The numerical results for the spatial quasidistribution

functions and amplitudes obtained from exact diagonaliza-
tion are relatively sparse for the largest number of qubits.
This is the case for both the boosted and “time” evolved
quasi-distributions. The latter are exactly the light cone
distributions in the luminal case. When compared to the
exact inverse Fourier transformed spatial quasidistribution
functions and amplitudes, the results show overall consis-
tency but are far from being accurate. This is expected due
to the fairly large lattice spacing.
The numerical results for the “time” evolved spatial

parton distribution function and amplitude are much less
accurate than those obtained using the boosted form.
This maybe traced to the large argument of the exponential
in the “time” evolved form, where the Hamiltonian is seen
to scale with the number of qubits, a major source of

FIG. 7. Real (red) and imaginary (blue) part of D̃ðzÞ and φðzÞ for v ¼ 1 and m=ms ¼ 0.1 using the improved mass, and the time-
evolved form. The black dashed line is the inverse Fourier transform (normalized to the peak of the real part) of the solution to (B1). The
brown line is the same function rescaled by 1=2 in z. In the right panel, we used the arbitrary phase between h0j and jηi to impose that the
imaginary part vanishes for z ¼ 0. We fixed N ¼ 24, a ¼ 1 and the results are in units of g ¼ 1.
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oscillations and therefore uncertainty. This is not the case of
the boost operator, which is less noisy since the lattice
coordinate is in the weighted sum.
This exploratory analysis shows that the deviation from

relativistic kinematics of the boosted hadronic states are
visible already at moderately small rapidities and affect
their orthonormality (due to finite size effects). More
importantly, the oscillatory character of the spatial quasi-
distribution functions, make them very hard to capture on
a finite lattice. To improve on this, would require much
finer lattices with many more qubits than we have used.
Therefore, the results are encouraging and finer lattices,
perhaps achieved through the use of tensor networks [54] or
a computation on a quantum computer, could yield good
agreement with the exact results. Our approach readily
extends to the analysis of quasigeneralized parton distri-
butions in massive QED2.We plan to address some of these
issues in upcoming work.
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APPENDIX A: LF WAVE FUNCTIONS IN QED2

The numerical solutions to the eigenintegral (B1) were
developed in [42], by expanding in a complete light front
basis, which we summarize here for completeness. More
specifically, we seek

φðζÞ ¼
X
n

cnfnðζÞ; ðA1Þ

as an expansion using orthonormal Jacobi polynomials,

fnðζÞ ¼ Cn

�
1 − ζ2

4

�
β

Pð2β;2βÞ
n ðζÞ; ðA2Þ

with the normalization,

Cn ¼
�
n!
2
ð1þ 2nþ 4βÞ Γð1þ nþ 4βÞ

Γ2ð1þ nþ 2βÞ
�1

2

:

The first Jacobi polynomial is constant P0ðζÞ ¼ 1, which
leads the solution f0ðζÞ of the form (6). This suggests that
only few terms in the expansion are needed. The variational
parameter β is optimally fixed by minimizing the energy.
Here, we will follow [42] and choose β ¼ ffiffiffiffiffiffiffiffi

3=π
p ðm=msÞ

for sufficiently strong coupling.
In the basis set (A2), (B1) takes a matrix form,

ðAmn þ Bmn þ CmnÞcn ¼ μ2cm; ðA3Þ

Amn ¼
1

2

Z
1

−1
dζdζ0fmðζÞfnðζ0Þ;

Bmn ¼ 4α

Z
1

−1
dζ

fmðζÞfnðζÞ
ð1 − ζ2Þ ;

Cmn ¼ −2PP
Z

1

−1
dζdζ0

fmðζÞðfnðζ0Þ − fnðζÞÞ
ðζ − ζ0Þ2 : ðA4Þ

Note that the entries Amn in (A3) is what distinguish the
massive Schwinger equation from the ’t Hooft equation.
It is due to the U(1) anomaly in QED2.

APPENDIX B: X-REPRESENTATION

The solutions in the x-representation with

x ¼ 1þ ζ

2
x̄ ¼ 1 − x ¼ 1 − ζ

2

valued in 0 ≤ x, x̄ ≤ 1, follow from

μ2φðxÞ ¼
Z

1

0

dyφðyÞ þ α

xx̄
φðxÞ − PP

Z
1

0

dy
φðyÞ− φðxÞ
ðx− yÞ2 :

ðB1Þ

In this representation, the basis expansion is

φðxÞ ¼
X
n

c̄nf̄nðxÞ; ðB2Þ

with

f̄nðxÞ ¼ C̄nðxx̄ÞβPð2β;2βÞ
n ðx − x̄Þ: ðB3Þ

Moreover, the normalization is given by

C̄n ¼
�
n!ð1þ 2nþ 4βÞ Γð1þ nþ 4βÞ

Γ2ð1þ nþ 2βÞ
�1

2

:

The matrix form of (B1) is

ðĀmn þ B̄mn þ C̄mnÞc̄n ¼ μ2c̄m; ðB4Þ

with the matrix entries
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Āmn ¼
Z

1

0

dxdy f̄mðxÞf̄nðyÞ; ðB5Þ

B̄mn ¼ α

Z
1

0

dx
f̄mðxÞf̄nðxÞ

xx̄
; ðB6Þ

C̄mn ¼ −PP
Z

1

0

dxdy
f̄mðxÞðf̄nðyÞ − f̄nðxÞÞ

ðx − yÞ2 : ðB7Þ

To perform the integrals analytically, we note the
identity [55],

PP
Z

1

0

dxdy
ðxx̄ÞαðyȳÞβ
ðx − yÞ2

¼ −
2π

22ðαþβÞ
αβΓðαÞΓðβÞ

ðαþ βÞΓ�αþ 1
2

�
Γ
�
β þ 1

2

� : ðB8Þ

We also note that since the distribution amplitudes,

φð−ζÞ ¼ �φðζÞ;

have fixed “parity,” the contributions to (B2) stem from
either even or odd Jacobi Polynomials. For the even
polynomials,

P2β;2β
2n ðx − x̄Þ ¼

Xn
m¼0

Xm
k¼0

�
m

k

�
amð−4xx̄Þk; ðB9Þ

is a polynomial in xx̄, while for the odd polynomials
behave as

P2β;2β
2nþ1ðx − x̄Þ ¼

Xn
m¼0

Xm
k¼0

�
m

k

�
amð2x − 1Þð−4xx̄Þk: ðB10Þ

These observations, combined with (B8) allow us to
evaluate all matrix entries in (B5) in closed analytical
form. Note that in the x-representation, the parton distri-
bution amplitude is

qηðxÞ ¼ jφðxÞj2: ðB11Þ
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