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ABSTRACT: Recent works by Chandrasekaran, Penington, and Witten have shown in various
special contexts that the quantum-corrected Ryu-Takayanagi (RT) entropy (or its covariant
Hubeny-Rangamani-Takayanagi (HRT) generalization) can be understood as computing an
entropy on an algebra of bulk observables. These arguments do not rely on the existence
of a local holographic dual field theory. We show that analogous-but-stronger results hold
in any UV-completion of asymptotically anti-de Sitter quantum gravity with a Euclidean
path integral satisfying a simple and (largely) familiar set of axioms. We consider a quantum
context in which a standard Lorentz-signature classical bulk limit would have Cauchy slices
with asymptotic boundaries By, LI Bg where both By, and Bpr are compact manifolds without
boundary. Our main result is then that (the UV-completion of) the quantum gravity path
integral defines type I von Neumann algebras ALBL, AgR of observables acting respectively
at By, Bpr such that AEL, AgR are commutants. The path integral also defines entropies
on AEL,AgR. Positivity of the Hilbert space inner product then turns out to require the
entropy of any projection operator to be quantized in the form In N for some N € Z*
(unless it is infinite). As a result, our entropies can be written in terms of standard density
matrices and standard Hilbert space traces. Furthermore, in appropriate semiclassical limits
our entropies are computed by the RT-formula with quantum corrections. Our work thus
provides a Hilbert space interpretation of the Ryu-Takayanagi entropy. Since our axioms
do not severely constrain UV bulk structures, it is plausible that they hold equally well for
successful formulations of string field theory, spin-foam models, or any other approach to
constructing a UV-complete theory of gravity.
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1 Introduction

The last few years have seen significant progress in our understanding of gravitational entropy.
Some important steps forward were the discovery of non-trivial quantum-extremal surfaces in
the context of black hole evaporation [1, 2], as well as the understanding of their relation to
gravitational replica calculations [3, 4]. These results in turn relied on the general connections
between gravitational replicas and (quantum) extremal surfaces derived in [5-7]. As is by



now well-known, these observations led to gravitational computations consistent with the
so-called Page curve [8, 9], which is expected from the ideas that black holes are unitary
quantum systems with a finite number of internal states and that the number of such states
is well-approximated by the exponential of the appropriate Bekenstein-Hawking entropy Spy.

The analysis of Hawking radiation is particularly clean in settings where the emitted
Hawking radiation is transferred from an asymptotically locally anti-de Sitter (AlAdS)
gravitational system to a non-gravitational quantum mechanical system; i.e., to a system
which can depend on a metric only as a fixed non-dynamical background. Such systems
have often been called ‘baths’ in the recent literature. In this context, and in appropriate
semiclassical limits following [5-7], the above results imply that the usual von Neumann
entropy of the bath can be studied using quantum extremal surfaces describing what [10]
termed ‘islands’, and that it is given by a formula which is a special case of the quantum-
corrected Ryu-Takayanagi/Hubeny-Rangamani-Takayanagi (RT/HRT) formula [11-13], with
quantum corrections understood in the sense of [14].

While such arguments were motivated by considerations related to the AdS/CFT cor-
respondence [15] (or equivalently from gauge/gravity duality or gravitational holography),
the final versions of the arguments rely only on properties of the gravitational path integral.
In particular, at least for bath entropies described by the Island Formula, one may safely
interpret the result in terms of standard von Neumann entropies without assuming the
gravitational bulk system to admit a holographic local field theory dual. The only subtlety
here is that (see e.g. [16-19]) the semiclassical bulk gravitational theory appears to allow
baby-universe superselection sectors (often called a-sectors) of the form described in [20, 21],
and that the Island Formula in fact characterizes the von Neumann entropy S, of the bath
state p,, in a typical a-sector [17, 18] by describing an average over such bulk a-sectors. This
explains the observation of [22] that the computation fails to take the form expected for
the von Neumann entropy of the bath computed in the total bath state piota; (which in the
above notation takes the form piotal = Bapa)-

The fact that purely bulk arguments suffice to safely interpret quantum extremal surface
computations for a bath in terms of standard bath entropies suggests that this lesson may
also hold more generally. In particular, in order to avoid divergences, let us consider a
boundary region By, (in the sense of Ryu and Takayanagi [11, 12]) that is both compact
and without boundary (0B = ()); see figure 1. Here the notation By, denotes the fact that,
in the main text below, we will refer to By, as the ‘left’ part of the boundary while the
complementary boundary region Bgr will be called the ‘right’ part of the boundary (which
we will also require to be compact and satisfy dBr = 0)). In this context we might expect
that purely-bulk arguments can be used to construct a Hilbert space H associated with
By, or perhaps a set of such Hilbert spaces H/ (labelled by some index p), such that the
associated RT/HRT formula can be understood in terms of!

Sen(plt) = —Tr, gl In (L1)

where pf is the density matrix describing the bulk quantum state on HY and Tr, is the
standard Hilbert space trace on H%. This is the challenge to be addressed below.

!The RT /JHRT entropy will also include a Shannon term built from the probabilities p,, for the system to
be in Hilbert space Hf .
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Figure 1. We consider boundaries By, Br that are complete in the sense that 9By, = ) = 9Br. We
also require By, Br to be compact.

In certain limiting cases, related results were recently established by Chandrasekaran,
Penington, and Witten [23] (building on [24] and [25, 26]), and especially by Penington
and Witten [27]; see also [28-30]. However, the fact that their von Neumann algebras were
type II rather than type I meant that their entropies were not given directly by standard
Hilbert space traces. A related comment is that the results of [23, 27] were valid only in
a bulk semiclassical limit in which Hilbert space densities of states diverge and thus that
their entropies correspondingly agree with the quantum-corrected Ryu-Takayanagi formula
only up to an additive constant.

In contrast, we wish to consider a context in which Hilbert space densities of states
are finite so that the above entropies will not require renormalization. This should allow
all constants to be determined. However, it would also require appropriate couplings to
be finite. In this finite-coupling regime, a primary question will be to understand how the
choice of boundary region By, can define the desired Hilbert spaces ”H‘L‘ In particular, we
will be far from the semiclassical regime in which entanglement wedges are well-defined; see
e.g. the discussion in the final paragraph of [31].

Of course, the bulk path integral at finite coupling is poorly understood. Rather than
attempt to find and study a UV-completion for any specific model, we instead proceed by
simply supposing that we are given a UV-complete finite-coupling bulk asymptotically-locally-
AdS (AlAdS) theory with an object that can be called a ‘Euclidean path integral,” and that
this path integral satisfies a simple set of axioms:?

1. Finiteness: the path integral gives a well-defined map ¢ from boundary conditions
defined by smooth manifolds to the complex numbers C.

2. Reality: this ( is a real function of (possibly complex) boundary conditions; see again
footnote 2.

3. Reflection-Positivity: ( is reflection-positive.

2The Euclidean setting is convenient, but need not be fundamental. We are hopeful that Euclidean path
integrals can generally be derived from Lorentzian path integrals using arguments along the lines of those
described in [32]; see e.g. [33] and [34] for recent comments on such ideas. Our axioms in fact allow the
possibility of considering complex metrics.



4. Continuity: ( satisfies a rather weak continuity condition described in section 2.2 below.

5. Factorization: for closed boundary manifolds M7, Ms and their disjoint union M; U Mo
we have ((M; U M) = ((M1)((Ma).

The first three axioms are commonly assumed for asymptotically-AdS gravitational theories,?
and were in particular used in [17]. In addition, the continuity axiom will be seen in section 2.2
to be extremely weak. In practice, it seems uncontroversial. The main subtlety is thus that
we assume factorization of the path integral over disconnected closed boundaries, which
means that any effects due to spacetime wormholes must either lead to the above-mentioned
superselection sectors (in which factorization holds sector-by-sector, so that our analysis can
still be applied in that sense), or that such effects must be cancelled by other contributions
(as in e.g. [35-38]). As described in [17], it is plausible that the former option holds in general
theories of quantum gravity with positive definite inner products. The technical subtleties
in this argument will be reviewed in section 2.2.

Adopting this axiomatic framework allows us to answer the challenge associated with
equation (1.1) by constructing von Neumann algebras AEL, AgR of observables associated
with the boundary region By, and the complementary boundary Br and by then showing these
algebras to contain only type I factors. (We will refer to this property by saying that the entire
algebra is of type I.) The elements of these algebras may be called ‘boundary observables’
in the sense of [39], though we again emphasize that they are defined without assuming the
existence of a local dual field theory. Indeed, as noted above it is plausible that the required
axioms to hold for successful UV-completions of general asymptotically-AdS gravitational
systems, whether the completion be called string field theory, spin-foam loop quantum gravity,
or by some other name. An important role in our analysis will turn out to be played by the
trace inequality recently discussed in [40], which we show to be a consequence of our axioms.

Our construction also leads to associated von Neumann entropies on AfL , .AgR which
can be studied using a standard gravitational replica trick. As usual, when the bulk has an
appropriate semiclassical limit that can be described in terms of a local metric theory of gravity,
in typical baby-universe superselection sectors? this entropy is given by an RT/HRT-like
formula with corrections from both quantum [41] and higher-derivative effects (see e.g. [42—
44)). Furthermore, since ABL,.AgR are of type I, they decompose into direct sums/integrals
of type I von Neumann factors. As a result, the Hilbert space on which these algebras act
must also decompose into a sum/integral of terms H* (say, labelled by an index p), each
of which is a tensor product H} ® H'; such that .AfL acts only on Hj, and AgR acts only
on Hi. We also show that Agf‘ and ALBL are commutants of each other. It will then follow
that (in typical supserselection sectors) the RT/HRT prescription computes appropriate
semiclassical limits of an entropy defined by the Syn(p}) of (1.1), a Shannon term built
from the probabilities p, to be in the Hilbert space H*, and a set of positive constants n,
(which parameterize the general ambiguity in defining an entropy functional on a type I von
Neumann algebra). Finally, a quantization argument will show that the index p must be
discrete, and that the appropriately-defined n, are positive integers. As a result, by adding

3The reality condition implies a symmetry of the path integral under reversal of time on the boundary. It
seems likely that this assumption can be dropped without significantly affecting the results, though we leave
such a study for future work.

“See e.g. [17, 18] for discussion of this qualification.



certain finite-dimensional ‘hidden sectors,” one can construct a modified bulk Hilbert space
in which the usual Hilbert space computations of subsystem entropy agree with the result
given by RT/HRT. In this sense we find a Hilbert space interpretation of RT /HRT-entropy.
We begin in section 2 with an overview of our axioms for (a UV-completion of) a Euclidean
gravitational path integral and the construction of the relevant sectors of the gravitational
Hilbert space. The von Neumann algebras AfL, AgR are defined in section 3 for the case
where By, is chosen for simplicity to be diffeomorphic to Br. The type I structure and the
associated decomposition of appropriate sectors of the bulk Hilbert space are then derived
in section 4. Some examples are briefly discussed in section 5. We conclude in section 6 by
summarizing results, describing potential generalizations, and discussing open issues.

2 The path integral and the Hilbert space

The goal of this section is to write down a set of axioms for an object that we will call the
Euclidean path integral for a UV-completion of an AlAdS theory of gravity, and to then use
those axioms to construct the sectors of the Hilbert space that we will study in sections 3
and 4 below. We emphasize that we will require only that such axioms hold, and that any
object satisfying the axioms may be called a Euclidean path integral, regardless of whether it
is in fact computed as an integral over anything resembling Euclidean geometries. We also
emphasize that there may well be many other properties that a good bulk theory should
satisfy and which are not captured by our axioms. In other words, we suggest our axioms to
be necessary, though probably not at all sufficient, for a theory to be satisfactory. What we
find to be of most interest is just how much can be derived from the simple Axioms 1-5 below.

Section 2.1 describes some brief motivations that stem from considering path integrals
that might be defined by sums over Euclidean geometries. This discussion is informal, but it
inspires us to formulate certain axioms that we record in section 2.2, and which then become
the starting point for careful analysis in the remainder of this work. The relevant Hilbert
space sectors are then constructed in section 2.3. Much of the analysis below follows [17].

2.1 Motivations from sums over geometries

While in the end we will not actually require that our path integral be formulated as a
sum over Euclidean geometries, we would like our axioms to apply to any such cases that
might exist. We dedicate this section to brief comments on such hypothetical objects, which
we take as motivations for axioms to be stated below. We emphasize that this phase of
our discussion is informal and, due to the dearth of examples, it is necessarily imprecise.
Formal discussion will commence in section 2.2 with the formulation of our axioms, from
which the rest of our analysis will follow.

Let us thus briefly consider a path integral that actually integrates over a set of fields,
among which is the (Euclidean-signature) metric. The bulk fields may also include scalars,
fermions, gauge fields, etc. We will take the above-mentioned sum over metrics to include a
sum over all possible topologies. The bulk fields will be collectively denoted ¢, for which the
corresponding Euclidean action will be S[¢]. To every smooth closed® AlIAdS boundary M

SRecall that in mathematics a manifold is said to be closed when it is compact and has no boundary (i.e.,
OM = (). We will use the term in this sense everywhere below, though we will sometimes add the redundant
qualifier compact in order to remind the reader of this property.



at which appropriate (potentially complex) boundary conditions are specified, a Euclidean
path integral would then assign the complex number

C(M) = Depe 5191, (2.1)
¢~ M
Here we use the symbol M to denote not just the boundary manifold, but also the relevant
boundary conditions for the bulk fields ¢. The notation ¢ ~ M in (2.1) indicates that we
integrate only over bulk fields ¢ satisfying such conditions.

In order to avoid overuse of terms involving the word ‘boundary,” we henceforth refer
to the boundary conditions on bulk fields as sources, and we refer to M as a (boundary)
source manifold to remind the reader of our inclusive terminology. This terminology will seem
natural to practitioners of AdS/CFT, though long experience in that context has established
that, even without invoking such a duality, the boundary conditions for bulk fields play
precisely the same role as sources for familiar non-gravitational quantum field theories. In
the AlAdS, context with d even, the appropriate notion of sources/boundary conditions will
typically be given by equivalence classes under Weyl transformations.

It is reasonable to expect ((M) to be finite for smooth M, and for {(M) to enjoy some
degree of continuity under appropriately-small deformations of the boundary conditions
described by M. For the present purposes we allow the sources (i.e., the boundary metric
and other boundary fields) described by M to be complex, though one can also restrict the
discussion to real boundary conditions (or to complex linear combinations thereof). For
complex sources, due to the expected reality property [S(¢)]* = S(¢*), expression (2.1)
suggests that [((M)]* = ((M*) where * denotes complex conjugation and, in particular, M*
is the same manifold as M but with complex-conjugated sources.

Let us imagine that we cut the path integral (2.1) into two parts along a slice Xy
through the bulk spacetime. By this we mean that we slice each configuration ¢ that enters
into the path integral into two parts, and that in all cases we call the cut >,k even though
the geometry of Y1k, and in fact the topology of Yy, will depend on ¢. We will, however,
require the intersection 0Xpuk of Xpu with the AIAdS boundary M to be independent of ¢.
In the usual way, it is natural to take each of the two resulting pieces of the path integral
to compute the wavefunction (or the complex conjugate of a wavefunction) of a state in a
Hilbert space Hps,,, defined by the choice of 0Xy,,x. The original (uncut) path integral
then computes the inner product in Hpy, . of the two states thus defined; see figure 2. In
particular, when the states are identical, the original uncut path integral computes the norm
squared of the state and thus should be required to give a non-negative result.

Furthermore, it is natural to generalize the above discussion by replacing M with a finite
formal linear combination of source manifolds

n
M= M, (2.2)
I=1
for some n € Z* with 47 € C, in which case we simply use linearity to define

M) =3 4rC M), (2.3)

I=1



¢(M) =

Ny

Figure 2. A slice Yk (red) of the path integral intersects the (here, spherical) AIAdS boundary
M at a codimension-2 surface X,k (red circle) which splits M into two hemispheres N7 and NJ.
Each half of the path integral defines a quantum state |t¢;) by computing the wavefunction of 1; on
Ybulk- These wavefunctions can be thought of as the result of Euclidean evolution from the boundary
conditions N;, and the full path integral defined by M can then be regarded as computing the inner

product (¥z1)1).

In this case we also define
n
M* = Zﬂy}kM}k (2.4)
I=1

In particular, such formal sums M can sometimes again be ‘sliced’ (or, perhaps better,
factorized) into two pieces (factors) and, when the two pieces are isomorphic up to the
appropriate complex conjugation, we again expect ((M) to compute a non-negative norm
squared. Below, we will use the notation X% to denote the set of smooth d-dimensional closed
(i.e., compact and without boundary) source manifolds M appropriate to some given theory.
We then use the underlined notation X% to denote formal finite linear combinations of such
manifolds with coefficients in C as in (2.2) (with M; € X?%). Members of both X% and X¢
will be denoted M to avoid cumbersome notation. This should not cause confusion since, as
above, we will extend any function ¢ : X% — C to the domain X9 by linearity; i.e., via (2.3).

2.2 Some axioms for the UV-completion of a bulk path integral

The above brief discussion motivates the following axioms for the UV-completion of any
(d+1)-dimensional A1AdS Euclidean quantum gravity path integral {(M). We also expect our
axioms to apply to UV-completions of bulk gravitational theories of spacetimes asymptotic
to Mgy1 X X where Mg.q is AlIAdSg.1 and X is a fixed compact manifold of arbitrary
dimension, as well as to other asymptotic structures such as those described in [45]. However,
for simplicity of discussion we will refer only to the AIAdS context below. We also emphasize
again that we make no attempt to state a complete set of such axioms. Thus, while we expect
our axioms to be satisfied in well-behaved contexts, they are almost certainly insufficient
to fully characterize the desired UV-completions.
Our first four axioms are as follows:

Axiom 1 (Finiteness). For some space of d-dimensional closed (and thus compact) source
manifolds X%, we are given a function ¢ : X* — C; i.e., (M) is well-defined and finite for
every M € X%, Although we do not specify the detailed nature of the allowed sources, the
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Figure 3. A reflection-symmetric linear combination M € X' ¢ of smooth source manifolds. The
representation on the left side of the equality makes reflection-symmetry manifest. On the right side of
the equality, the same M is shown as an explicit sum of terms, each proportional to a source manifold
My that can be cut into N} and NN, and with coefficients of form «7v;. Here and in all figures below,
we make no attempt to distinguish a given source from its complex conjugate. Thus N; appears as
simply a reflected version of N;. The ‘diagonal’ manifolds My ; are individually reflection-symmetric.
Axiom 3 requires that such reflection-symmetric M have (M) > 0.

sources should be given by fields (or equivalence classes thereof) on an underlying manifold.
Furthermore, X% should include any smooth closed manifold with smooth source fields of the
allowed types.

Axiom 2 (Reality%). For every M € X%, we have both M* € X% and [C(M)]* = ¢(M*),
where M* is defined by (2.4).

Axiom 3 (Reflection Positivity). Suppose for some n € Z+ that M € X¢ can be written in
the form M =377 ;1 v7vsMr,; where y1 € C, 7 denotes the complex conjugate of vr, and
where each My j can be sliced into two parts N, Ny; see figure 3. By such a slicing, we
mean that there is a smooth codimension-1 hypersurface ¥ j in My j that partitions My j
into Nj and Ny, so that Ni and Nj are source manifolds with boundaries. Specifically, the
above notation requires that the same source-manifold-with-boundary Ny is obtained from
slicing Mt j for each J, and the same source-manifold-with-boundary N is obtained by slicing

SAs stated in footnote 3, this condition implies a symmetry of the path integral under reversal of time on
the boundary. It thus seems likely that this assumption can be dropped without significantly affecting the
results, though we leave such a study for future work.



Figure 4. The source manifold M., contains a cylinder C,, of length €y. Changing the length of this
cylinder to € defines a new source manifold M.. Here and in all figures below, the symbols x denote
potential features of smooth sources whose details are not shown but which serve to distinguish certain
boundary points. For example, such features might be local peaks in the Kretchman scalar of the
boundary metric, extrema of a smooth scalar source, or points where a fermionic source becomes large.
The main role of these features in our figures is to provide a simple and clean visualization of effects
that arise when boundary-sources break symmetries of the simple cases that we choose to depict.

M;y j for each I. In particular, slicing the diagonal closed manifold My along X1 1 yields
N} and Ny. The notation N indicates that each diagonal source manifold My admits
a diffeomorphism ¢ 1 that both acts as a reflection about X1 and complex-conjugates all

sources.” When these conditions hold, ((M) is a non-negative real number.

Axiom 4 (Continuity). Suppose that a source manifold M € X% contains a region diffeomor-
phic to an (orthogonal) cylinder source-manifold-with-boundary C¢, of some length €9 > 0; see
figure 4. The term “(orthogonal) cylinder source-manifold-with-boundary” indicates that Ce,
is topologically of the form B x [0, €p], and that C¢, admits a Killing field £ which generates a
local symmetry of Ce, and the sources that it represents, with & orthogonal to 0C¢,. By a local
symmetry, we mean that at each point in the interior of C¢, the flow along & is well-defined
for at least some finite values of the Killing parameter, though of course the boundaries
0C¢, prohibit C¢, from enjoying a translational symmetry along these flows. The statement
that C¢, has length ¢y means that the two copies of B in 0C¢, are related by flow through
a Killing parameter €y, though the actual value of €y is not meaningful since we have not
fized a preferred normalization for the Killing field £&. For simplicity we will drop the qualifier
‘orthogonal’ when discussing cylinders C, below.

Let us now write the above M as M, and define a related family of manifolds M. by
replacing the Cg, contained in M, with the analogous cylinder C.. The resulting ((Me) is

then required to be a continuous function of € at all € > 0.

The reader will note that our continuity condition is extremely weak, and that one
generally expects rather stronger continuity conditions to hold. However, Axiom 4 has the
benefit of being simple to state for general boundary dimension d, and it will turn out to
be sufficient for our purposes below.

"In particular, if our theory requires the source manifolds to be oriented and if ¢ is sensitive to the choice
of orientation (so that the orientation is a non-trivial source), then we must declare the orientation to be an
imaginary source, which would change sign under the complex-conjugation inherent in the operation *. This
change of sign can be seen by noting that N; and N; must have consistent orientations when we glue them
along 7 r back into My .



Axioms 1, 2, and 3 are requirements explicitly stated in [17]. Continuity was not discussed
in [17], but the mild hypothesis stated in Axiom 4 is a natural addition. However, in addition
to Axioms 1-3, in its discussion of general theories ref. [17] also implicitly used additional
assumptions to deal with spacetime wormholes. In particular, as explained in [17], Axioms 1-3
imply the set of real source manifolds M € X% to be associated with a collection of symmetric
operators defined on a common dense domain in a natural quantum gravity Hilbert space.
These axioms also further imply that any two such operators commute on this domain. It
was then suggested in [17] that each of these symmetric operators should have a self-adjoint
extension to the full Hilbert space, and that the physically correct such extensions were again
mutually commuting. This outcome will seem natural to many physicists, though the above
results are not in fact sufficient to prove that it actually occurs. See in particular [46] for an
example where symmetric operators that commute on a common invariant dense domain are
essentially self-adjoint (so that they have a unique self-adjoint extension to the full Hilbert
space) but where their self-adjoint extensions nevertheless fail to commute. Furthermore,
while this issue may seem to some like an abstruse technical concern, it may have some
connection to the ambiguity in constructing ensembles dual to Jackiw-Teitelboim (JT) gravity
discussed in e.g. [47-55]. It would be very interesting to understand the potential instabilities
discussed in such works in terms of the algebraic language used here.

Despite the above caveats, if the suggestion of [17] does hold, then the self-adjoint
extensions can be simultaneously diagonalized on the full quantum gravity Hilbert space.
The resulting simultaneous eigenspaces of these operators are then called “baby universe
superselection sectors,” and they have the property that any M € X¢ defines an operator
proportional to the identity on each such sector. As a result, one may show (see again [17]
as well as the explicit discussion of [19] for JT gravity) that considering any given sector
on its own may be thought of as working with a modified path integral that exhibits the
factorization property

C(My U M) = ¢((My)((Ma) (2.5)

for closed source manifolds My, Ms € X¢. Here the symbol LI denotes the disjoint union of
source-manifolds-without-boundary. Such superselection sectors are often called a-sectors,
and they play the role of the a-states described in [20, 21]. Once this structure is established,
it is then sufficient to deal with each baby universe superselection sector individually.

It is tempting to expect bulk path integrals of UV-complete theories to be equivalent to
collections of such superselection sectors. Here we include the case suggested in [56] where
there is only one such superselection sector in the collection, so that each M € X? defines an
operator proportional to the identity on the entire Hilbert space. However, we emphasize that
in the presence of multiple such superselection sectors, it would be natural to simply work
with each such sector separately. Doing so would allow us to frame arguments in terms of
path integrals satisfying (2.5). As a result, rather than introduce further complicated axioms
which would require the path integral to be a sum over superselection sectors as described
above, we will simply assume that we start with a path integral satisfying the factorization
property (2.5). In particular, we include the following axiom:

Axiom 5 (Factorization). For source manifolds My, My € X<, the function ¢ satisfies (2.5).
Note that this is equivalent to requiring (2.5) to hold for My, My € X¢.

,10,



We will investigate consequences of our axioms below.

2.3 Sectors of the quantum gravity Hilbert space

As noted at the beginning of this section, one expects to be able to obtain states of any
quantum gravity theory by ‘cutting open’ the associated path integral. The associated formal
construction from our axioms will be described shortly. This construction is standard, and in
particular closely parallels the quantum field theory (QFT) case described in e.g. [57]. As
remarked in the introduction, our approach will be to remain agnostic about the inner workings
of the path integral, and simply to view it as a function ¢ : X% — C satisfying Axioms 1-5.

We refer the reader to the literature for further discussion of what it means to cut open
a quantum gravity path integral; see e.g. [17]. However, at an abstract level it is clear that
doing so requires that we cut any closed AIAdS boundary M into two pieces Ny, No with
ON1 = ONs. We should then associate quantum gravity states with these two pieces such
that the inner product of the two states is ((M).

However, there are several subtleties in this process that merit discussion. The first such
subtlety arises when there are open sets in N1, No that contain N7 = 0Ny and which admit
non-trivial symmetries. In that case, there is more than one way to glue the pieces Ny, No
back together to obtain a smooth manifold. Furthermore, each such gluing g generally leads
to a different closed manifold My, only one of which can be the original M from which the
pieces N1, No were cut. As a result, it is not sufficient to think of Ny, Ny as diffeomorphism
equivalence classes of source manifolds with boundaries. Instead, we see that we should
think of the points on 0N; = dN» as being labelled, so that M is reconstructed by gluing
N1 to Ny along their boundaries in the manner dictated by matching identical labels. As
a result, we will henceforth use the notation N to denote a manifold with boundary 0N,
together with a labelling of points on ON.

Before proceeding, it may be useful to illustrate the labelling of points on N with some
simple examples. The simplest case occurs for d = 1, where ON has dimension d — 1 =0
and so consists only of discrete points. Each such point must be assigned a distinct label.
For example, for a given source-manifold-with-boundary Nj, this number might be 2 and
N7 might simply be a line segment (say, of some fixed length ) with the two points in N7
labelled 0 and 1. If Nys is a diffeomorphic source-manifold-with-boundary but with boundary
points labelled 1, 2, then it is considered to be a different source-manifold-with-boundary and
we write Ny # Nyr. Similarly, suppose that N7, Nry are again line segments of length 3
with boundary points 0, 1, and that we in fact introduce a coordinate 8 on both line segments
that measures 3! times the proper distance from the boundary point 0. Let us also suppose
that Nyr; comes equipped with some scalar source ¢(#) which increases monotonically for
6 € [0,1], and that Ny has a corresponding scalar source ¢(1 — 6). Then while N7 and
Ny are related by a source-preserving diffeomorphism 8 — 1 — 6, this diffeomorphism fails
to preserve the labelling of points in ONjrr, ONry. We will thus again write Nyjr # Nyy.

Note that we can also upgrade the above examples to d = 2 by replacing any boundary-
point (say, that is labelled by some i above) with a circle, and by labeling points on this circle
(,0) where 6 € [0, 27) is a standard angular coordinate while i now effectively labels the circle
as a whole. We can also use a similar notation to define a disjoint union operation U that will
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be of frequent use below. For any boundary 0N for which its points have labels {1}, we define
the disjoint union ON LION to have labels (i, I) where i = 1 on the first copy of ON and i = 2
on the second copy, and where the labels I are again assigned just as in ON. In particular, if
ON = S', then we may label S' U St with (i,0) for i = 1,2 and 6 € [0,27) as above.

Returning to our main discussion, let us now suppose that we are given two manifolds
N1, Ny with labelled boundaries N1, 0N, such that the boundary labels define a diffeomor-
phism ¢ : N7 — ON,. (Recall that diffeomorphisms are required to be surjective.) We can
then use this ¢ to glue Ny to Na to define a closed manifold M without boundary. However,
there is no guarantee that the resulting boundary fields on M will be smooth, or indeed even
that they will be continuous. As a result, ((M) may not be well-defined.

We will deal with this issue by using the following simple expedient: rather than
attempting to construct the entire quantum gravity Hilbert space, we will instead construct
only sectors that are associated with certain types of data on the codimension-2 boundaries
ON. In particular, we will consider only source-manifolds-with-boundary N that are rimmed

in the following sense:

Definition 1. A source manifold N with boundary ON will be said to be rimmed when there
is a neighborhood N¢ of ON such that N¢ is diffeomorphic to some cylinder source manifold C.
of the form defined in Aziom J and which satisfies the reality condition (C*)' = C. with the
operation * defined as in Aziom 3 and the transpose operation defined by simply swapping the
labels attached to the two boundaries of the cylinder. Such cylinders will be called ‘self-adjoint.’
The region N, is then called a rim of N.

We note that, in order for rimmed manifolds to exist, ‘self-adjoint’ cylinders (satisfying
(C¥)! = C.) must also exist.®

We also make the following definitions:

Definition 2. We will say that two rimmed source-manifolds N1, No with boundaries N,
ONy agree on their boundaries when they admit rims Nic, No. that are related by a diffeomor-
phism that preserves sources and which also preserves the labels on ON1,0Nsy. By the local
translation symmetry, the data on all of N1, Noe is determined by data at ON1,0Ns, so we will
write ON1 = ONs to denote the above agreement on the rims Nie, No.. We will similarly use
the symbol ON to denote the manifold at the boundary of the source-manifold-with-boundary
N together with enough information about the sources on N to reconstruct sufficiently small

rims Ne.

The utility of restricting to rimmed source-manifolds is that, when two rimmed source-
manifolds Ny, No agree at their boundary (in the sense that 9N; = ONy), it is then clear that a
reflection of V7 can be glued to No to define a new smooth source-manifold-without-boundary.
However, since Ny already incorporates the required reflection of /Ny, and since Definition 1
required the rims to be self-adjoint, it is natural to simply discuss gluing N{ to Na. For

8For certain choices of N, it can happen that there are no rimmed manifolds N with the desired boundary.
This can occur, for example, if the path integral is defined only for closed manifolds M with non-negative
Ricci scalar (perhaps to avoid instabilities like those described in [58]) and if the Ricci scalar of 9N is negative.
In this case, the Hilbert space sector Hsyn described below is trivial.
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Figure 5. Gluing Ny to Na and gluing N3 to N; defines source-manifolds-without-boundary M-,
and Mpy; N, that are related by a diffeomorphism that complex-conjugates sources. As depicted here,
the relevant diffeomorphism acts as a reflection across the shaded plane. Thus (My:n,)* = My, g,
where “=" means that the two are related by a source-preserving diffeomorphism.

ON1 = ON2, we denote the result of this gluing by My ,. For future use, we note that our
gluing operation acts symmetrically on N, No up to the action of * so that we have

(MNl*Ng) = Mn;N, = Mn, N, (2.6)

where “=" means that the two source manifolds are related by a source-preserving diffeomor-
phism; see figure 5. Due to this symmetry, from Axiom 2 we also have

C(Mn:N,) = C(Mngn, )" (2.7)

In particular, for a given such choice of ON (in the sense of Definition 2) we can define
a sector Hon of the quantum gravity Hilbert space. To do so, define YadN as the space of
compact rimmed source manifolds N having the given boundary ON. From YadN, we can then
construct the space Y4y of finite formal linear combinations N = >7_; v/ N; with v; € C
and N; € Y. The next step is to associate a (not necessarily distinct) state |N) with each
N € Y4y. Two such states |N1), |No) are defined to have (pre-)inner product

(N1|N2) := ((Mn; N, ), (2.8)

where Myxn, € X' 4 is defined by using the distributive law M Ni(aNatB8N3) = My N, +
BMn, N, and similarly for M, n: 4 snz)N,- The (pre-)inner product is Hermitian due to (2.7),
and is positive semi-definite by Axiom 3. We may then say that (2.8) defines a pre-Hilbert
space Hyy. Taking the quotient by the space Npy of null vectors and completing? the result
then yields a Hilbert space Hgy that we call the ON-sector of the full quantum gravity
Hilbert space. Below, we will use the notation |N) to denote both elements of the pre-Hilbert
space Hgn and the associated equivalence class in Hgy, though the distinction should always
be clear from the context. Indeed, since Xg ~ allows only finite linear combinations, it may
often be the case that ANy is empty and the quotient is trivial.

The above expedient will allow us to proceed quickly to constructing and studying
algebras of operators on Hgy without characterizing in detail the degree of differentiability
of sources on M that is required for ((M) to be finite, and also without analyzing the
manner in which divergences arise when such conditions fail. If our goal is to construct

9We complete Hpn /Nan in the standard way using equivalence classes of Cauchy sequences {|N,)}, where
two such sequences are equivalent if the norm of their difference approaches 0.
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states associated with static Lorentz-signature boundary conditions, then one may expect
that our restriction to rimmed surfaces gives the full such Hilbert space. One argument
for this comes from AdS/CFT, in which case the rims correspond to insertions of e~ for

some €. Since e

is invertible, even at fixed finite € the rimmed surfaces will generate a
complete set of states. However, even without relying on AdS/CFT, since we allow the rim
N, to be arbitrarily small, if our path integral is sufficiently continuous in € then rimmed
surfaces may still provide full information about the sector of the theory associated with
a given ON of the type described above.'®

Nonetheless, two shortcomings to our approach should be discussed. The first is that
we obtain no information about inner products (Ni|N3) when ON; # ONs. Such inner
products do not necessarily vanish, especially in low dimensions. Indeed, for d = 1 both
AdS/CFT and the associated semiclassical bulk computations suggest that the inner product
can be non-zero even when the sources on My, are discontinuous (so long as My, is
a well-defined topological manifold).

The second shortcoming is that, while we expect the above restrictions to allow us to
construct all states associated with static Lorentz-signature boundaries, at least in high
dimensions we expect to miss sectors of the quantum gravity Hilbert space associated with
non-static boundaries. Based on both the AdS/CFT context and the divergences that manifest
themselves in the associated semiclassical bulk computations, we expect this issue to be
related to what one finds when studying quantum fields on curved spacetime, where in high
dimensions the space of states on a given Cauchy slice ¥ (say, specified by the correlation
functions of fields and their derivatives on %) can depend not only on the metric induced on
Y but also on various normal derivatives of background fields (sources) evaluated at . It
would be interesting to return to both of these issues in the future, though a full investigation
of the second issue seems likely to require a Lorentz-signature analysis.

3 Operator algebras from the path integral

We have thus far described how our path integral ¢ can be used to construct sectors Hgy of
the quantum gravity Hilbert space. But it can also be used to construct operators, and this
construction will be useful in understanding the further structure of Hynx and the relation to
RT entropy. To define such operators, let us again consider the space of compact rimmed
surfaces YadN for some choice of codimension-2 boundary dN. We will now further suppose
that ON is the disjoint union of two pieces, ON = Biy U Bout, with both Bj,, Bouy being
compact and closed (in the sense that OBj, = 0Boyt = (). Then for any appropriate additional
boundary (which for later purposes we call Bg), one sees that any a € YadN defines an operator
from Hp, B, to Hp,, B by gluing surfaces along Bj,. We may thus construct operators
that preserve a sector of the form Hp, |5, by considering the case Bj, = Byt = Br. Here
we refer to By, as the ‘left’ part of By LI Br while By is the ‘right’ part.

For any B, we may then endow the surfaces Y 5 with a multiplication operation which
promotes the space of formal linear combinations Y% 5 to an algebra AB. In fact, we will

"Note, however, that Axiom 4 requires only continuity when the length € > 0 of some cylinder is slightly
deformed and, in particular, it does not necessarily require continuity when the limiting source-manifold no
longer contains a cylinder of non-zero length.
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Figure 6. For two elements a,b € Yg,_, p as shown in the top row, we define the left and right products
a-r band a-pb by the gluing procedures shown in the bottom row.

also introduce an analogous ‘right algebra’ Ag in section 3.1 below. Choosing B = By, or
B = Bpg then allows us to define four algebras AfL,AfR,AgL,AgR. However, as we will
see, only the two algebras AfL, Agﬂ‘ have natural actions on Hp,5,. For these algebras,
we obtain representations on Hp, B,. Our path integral also defines useful notions of trace
on each of these algebras.

We will then show in section 3.3 that the associated representations of the algebras
AEL , AgR can be extended from the pre-Hilbert space Hp, B, to its Hilbert space completion
HpB,uBg- In particular, because our axioms turn out to enforce a trace inequality of the form
recently discussed in [40], all operators in these representations must be bounded. As a result,
we may use the associated representations to construct von Neumann algebras.

We then specialize to the case By, = Br = B, in which case we denote the resulting
von Neumann algebras by Af and Ag. Some key properties of these algebras are then
studied in section 3.5. In particular, we show there that the above trace operations can
be extended to both AP and AE.

3.1 Swurface algebras

Consider for the moment a given compact closed boundary B (with 9B = )), which might
represent either By, or Br above. For each such B we will define two algebras, Af and Ag. If
we thus allow a choice of B = By, or B = Bpg, we could in fact define four such algebras, though
only the two choices AfL and Ag’?‘ will play an important role in our construction below.

Let us now consider general such B. To understand the difference between Af and AE,
recall that points on B U B are labelled, which in particular means that the two copies of
B are distinguished. We will refer to the first copy as the ‘left boundary’ and the second
copy as the ‘right boundary’

On the set Ygu p we may define the left product (-) as the operation that takes as input
an ordered pair of rimmed surfaces a and b, and which constructs the surface a -7, b that
results from gluing the left boundary of b to the right boundary of a (see figure 6).

For simplicity, we will adopt the notation

ab =y b. (31)
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We similarly define the right product (-g) as the operation that, given an ordered pair of
surfaces a and b, glues the right boundary of b to the left boundary of a. Note that we have

a-rb=0b-ra=ba. (3.2)

We can also extend this product to linear combinations a,b € Y% 5 by defining it to
satisfy the distributive law. The set X%u p equipped with the left product then forms an
algebra Af which we call the left B-surface algebra, or simply the left surface algebra where
confusion will not arise. Similarly, the right product on X‘éu g leads to the right B-surface
algebra Ag. Since every element of X‘fgu p has a finite rim at each boundary, gluing two
surfaces a, b together always results in a surface larger than either a or b, so that neither
of these algebras can contain an identity element.

However, the algebras AP and A% do admit a natural involution * satisfying

(a~Lb)*:b*-La*:a*-Rb*, (33)

so that * defines an anti-linear isomorphism between the left and right algebras. To define
the operation *, recall that Axiom 3 introduced a complex conjugation operation * (which
is different from the * that we are about to define) on N € Ygu g- In particular, N* was
defined so that Mpy«n has a reflection symmetry that complex conjugates all sources. This
means that N* is the same manifold as N (with the same labels on 9N), and that x acts
on scalar sources by standard complex-conjugation (though the operation on vector, tensor,
and spinor sources is more complicated due to the reflection). In addition, Y2 5 admits
a natural transpose operation ! that simply swaps the labels ‘left’ and ‘right’ attached to
the boundaries of any N € Ygu g while preserving all sources and leaving the labels on 0N
otherwise unchanged. The transpose and complex conjugation operations commute, and
for any a in either algebra we may then define

a* = (a*)". (3.4)
Due to the inclusion of the transpose operation, we then immediately find (3.3).

3.2 A trace and a trace inequality for surface algebras

An important consequence of the labelling of points on B is that, by writing ON = B U B,
we also mean that the labels on the two copies of B agree up to the distinction between the
left and right boundaries. To be precise, we mean that these labels define a diffeomorphism
¢rr from the left boundary to the right boundary that preserves enough information about
sources near each boundary to reconstruct sufficiently small rims at each B. This ¢rr can
then be used to identify the left boundary of any a € Ygu p Wwith its right boundary, and
thus to define a closed source manifold.'! M(a) € X9 (i.e., without boundary) from any
a € Y8 5. We can also extend this operation to linear combinations a € Y45 by linearity,
so that we then find M(a) € X%

" Though there are similarities, this is a different gluing operation than the one used to construct M Ni N2
so we use a correspondingly similar-but-different notation M (a); see e.g. (3.7).

,16,



Figure 7. For a,b € Y2 5, we can construct a* and compute tr(a*b) as shown in the lower panel.
Note that tr(a*b) = tr(ba*), and that this relation is equivalent to (3.6) with a replaced by a*.

This observation allows the path integral to define a useful trace operation tr on both
AP and AB for any B. This trace associates to any a € Y%, 5 the finite number

tr(a) :== ¢ (M(a)). (3.5)
Note that since M (ab) = M (ba), we clearly have
trab = trba, (3.6)

and similarly for the right product; see figure 7. While the trace operation is defined directly
for any a € Y% 5 (without using properties of either the left or right algebras), the result (3.6)
makes it reasonable to refer to this operation as a trace on both Af and A}Bz.

Before proceeding to the next step of our analysis, it will be useful to note that, as
also shown in figure 7, for a,b € Y% 5 we have

My = M(a*b), (3.7)
and thus using (2.8) we find
(alb) = ¢ (M (a*b)) = tr(a™b). (3.8)

This relation will be used to translate certain Hilbert space statements into operator statements
and vice versa. In particular, for a = b € Y% 5 we have

tr(a*a) = ¢ (M(a*a)) = (ala) > 0, (3.9)

where we remind the reader that the inequality on the right follows from Axiom 3 (reflec-
tion positivity).

The inequality (3.9) turns out to have interesting and important consequences when we
apply it to Hilbert space sectors defined by boundaries with multiple connected components.
We will come back to this idea several times during our work, but we start with a simple
case that involves choosing two sums-of-surfaces a,b € Y% 5. Note that such sums can
be used to define an element a LIb € X((iBLI B)U(BUB)- Here the parentheses in the subscript
on X?Bu B)L(BUB) &€ intended to indicate that points of da are labelled to match the first
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pair of boundaries (B U B), while points of 0b are labelled to match the second pair of
boundaries (B L B). We might also write such an a U b using the more explicit notation
ar,r, Ubr,r, € X%Ll’BRl Bp,,Br,» Which indicates that the left and right boundaries of a
are associated with the first two copies of B (in the specified order) while the boundaries
of b are associated with the second two copies of B. In writing K%le Br,,Br,.Br, We have
replaced the usual disjoint union symbols L by commas for notational simplicity. At this
point we also generalize the setting to allow a € XdBLlu Bp, > b e X%LQU Br, for arbitrary
Bpr,, Br,, though we retain the constraint By, = Br,.

Note in particular that there are distinct states |ar,r,,br,r,) and |ar,g,,br,R,) in
the pre-Hilbert space H Bry,Bry,BLyBry where the notation is analogous to that used for
ZdBL17 Br,,BryBr, above; see the lower panel of figure 8. These states are related by the
action of the ‘swap’ operator &g, 1, that exchanges the labels Li, Ly on the relevant two
copies of B. Since the (pre-)inner product on H Br,,Br,,Br,Br, 15 defined by identifying
corresponding boundaries in the bra- and ket-surfaces, as shown in figure 8 the norms of
these states are computed by path integrals defined by the disconnected source manifold
M(a*a) U M (b*b). We thus find

(aL1Rys bLoRs ALy Ry, Lo Ry) = (@Lo Ry s DLy o 0L Ry DLy o) = (a]a) (B]D) = tr(a”a)tr(b7D).
(3.10)
In contrast, the (pre-)inner product between |ar, r,,br,r,) and |ar,r,,br, r,) is computed by
a path integral having the connected source manifold M (a*bb*a) = M (aa*bb*). Thus we have

(a1 Ry » OLoRo QLo Ry DL Ry) = (bFa|b¥a) = tr(a*bb*a) = tr(aa*bb*)
= <aL2R17bL1R2|aL1R17bL232>' (3.11)
Here the first equality shows that (3.11) is real and non-negative (since the second form shown
is a norm squared), which then implies the final equality (since the final form is manifestly

the complex conjugate of the left-hand side).
On the other hand, the Cauchy-Schwarz inequality requires

: (3.12)

’<GL1R17 bLsz |a’L2R1 ) bL1R2> < ‘ ’aL1R1 ) bL2R2> ’|aL2R17 bL1R2>

where |[¢)| = /(¢[¢) is the norm. Combining (3.10) and (3.11) with (3.12) immedi-
ately yields

tr(a*bb*a) = tr(aa*bb*) < tr(a*a)tr(b*b), (3.13)

which is the trace inequality recently discussed in [40]. Here we see that it holds for our
surface algebras as a consequence of Axioms 1-5. The inequality (3.12) will play a key role in
our discussion below. We will also return to higher analogues of this inequality in section 4.3.

3.3 Representation of the surface algebras on Hp, B,

So far we have defined the surface algebras as abstract vector spaces equipped with multiplica-

tion; now we define how they act on states. In particular, the operations on surfaces described

ABLUBR
Ap

above can now be used to define a representation of the surface algebra AEL that acts
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<aL1R17 bL2Rz |aL1R17 bL2R2> = <a|a’> <b‘b> =tr (a*a) tr (b*b) = <aL2R1-, bLle |aL2R17 bL1R2>
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(ar,Rys VIoRo\OLy Ry, O R,) = (bFalb*a) = tr (a*bb*a) = tr (aa*bb*)

Figure 8. Upper panel: path integrals that compute the norm squared (ar,r,,0r,R,10L, Ry sVLoRy)
(left) and {(ar,Rr,,br,Ro|0L,R, 0L Ry) (right). As shown, the two norms agree. Lower panel: the
path integral that computes {(ar,r,,br,R,|0L,R, ;0L R, ). Tracing the diagram verifies that this inner
product is equal to both tr(a*bb*a) = tr(aa*bb*) and (b*a|b*a). Since the latter is manifestly real (and
non-negative), this diagram also computes (ar, gy, 0o Rs |1y Ry s OL Ry )™ = (Lo Ry s LR 1Oy Ry Lo Ry ) -

on the Hilbert space Hp, B,- In the notation of sections 3.1-3.2 we now specialize to the case
B = By. Though the notation AELL'B R is somewhat awkward, it emphasizes the important
point that this representation depends both on the choice of By, and on the choice of Bg, even
though AgL was defined by By, alone. This point will be discussed further in section 3.4.

The first steps of our construction are to consider a € Y4 LB, and to define an associated
operator aj, that acts on the pre-Hilbert space Hp, 5, as

ar |b) = |ab), VI[b) € Hp,uBg; (3.14)

see figure 9. Here we have used the condensed notation ab := a -1, b defined in section 3.1
above. When a is a simple surface a € YgLuBLv the associated ar, acts on |b) € Hp, 5, by
just gluing the surface a to the left boundary of b. Note that this action is a representation
of the left surface algebra AEL (on Hp, B, at the moment), because

(ab) |e) = labe) = ar(by, |c)), (3.15)

where (/a\b) 1, is the operator associated to (ab).

The next step in showing that our representation acts on the Hilbert space Hp, B,
is to establish that aj preserves any null space N, BuBg Of pre-Hilbert space states with
vanishing norm, so that ay, yields a well-defined operator on Hp, 5, JNB, L Br- We will also
need to extend the definition of ar, to the full Hilbert space Hp, B, in a manner consistent
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Figure 9. For surfaces a, b, the left panel shows the action of a7, (in the representation of the left
algebra AP¥) on |b) € Hp,p,, while the right panel shows the associated action of dx (in the
representation of the right algebra AgR). The figure in fact depicts the special case By, = Br in which
a given element a € Yg, B, = YB,uBp, defines members of both algebras, but this is not generic.

with (3.15). Both of these steps are straightforward due to the trace inequality. To see this,
recall that for a € XdBLl_,BL, be ZdBLLIBR we have ar|b) = |ab), and thus

laz|b) |2 = (ablab) = tr(b*a*ab) = tr(a*abb*) < tr(a*a)tr(bb*) = tr(a*a)(b|b). (3.16)

In the second step of (3.16) we have used (3.8) with a and b both replaced by ab. The
third step used cyclicity of the trace (3.6), and the fourth and fifth steps then follow directly
from (3.13) and another use of (3.8). The result is that a, is bounded by v/tra*a on Hp, 5,

In particular, if |b) € N, B, then (b|b) = 0. The result (3.16) then clearly requires
ar|b) to have zero norm as well. Thus ay, preserves Np, 15, and induces an operator on the
quotient Hg, B, /NB,uBg- Applying (3.16) on this quotient tells us that the operator az, is
bounded by V/tr a*a on the dense subspace HBLuBR/NBLuBR of Hp,uBg- It thus admits a
unique continuous extension to the entire space Hp, By, Which is again bounded by \/m;
see e.g. [46]. We will continue to use the symbol a, for this extension; thus we write the
bound on its operator norm as

llar|| < Vtra*a. (3.17)

Continuity implies that such extensions also satisfy (3.15), which makes clear that we have
constructed a representation of AEL on Hp, By as desired. We call this representation

AELUBR or, in what we hope is an obvious shorthand, we say that we have constructed a

representation A; = flfLuBR’.
Since the operators in Ay, are bounded, it is easy to discuss their adjoints (which must
exist and are also bounded). Any such operator is defined by some a € XC}BLU B, and for

b,c € X%LUBR we must have

(b|&TL|c) = ({clar|b))* = [tr (c*ab)]* = tr (b*a*c) = <b|ZL;L‘C>. (3.18)
Here the 3rd step follows from (3.8) and the relation ((c|d))* = (d|c) with d = ab. Since (3.18)
holds on a dense set of states, and since both a*;, and &TL are bounded, we must in fact

have a*;, = aE on all of Hp, Bg-
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It is worth noting that the representation Ay of AlgL is not necessarily faithful. This is
precisely characterized by a null space 91y, consisting of all a € AEL whose associated ay, is the
zero operator. Thus, when we construct Ay, from ABr , we have effectively taken a quotient
AEL /M1, in the sense that Ay, is isomorphic to (and a faithful representation of) AEL /NL.

The right surface algebra AgR admits a similar representation Ap := AgLUBR on
Hp,uBy defined by gluing surfaces to the right boundary of Hp, p,. For a € XdBRI_lBR

and b € XdBLI_lBR we have
ar|b)y =la-rb) =|b-ra)=|ba), VI|b)€ Hp,uBg- (3.19)
As required for a representation of Ag, this action satisfies
(b-r)gla)=(b-rc)ra)=[br(cra)) = ba(era), (3.20)

where (b/R\c) r is the operator associated to (b-rc) € AgR. The extension to the full Hilbert
space Hp, B, then proceeds precisely as above. The discussion of adjoints is analogous
to the left case and we again find atp = ak.

Perhaps the most interesting point to mention concerning flR is that its operators
commute with operators in the left-representation Az. In particular, for a € AgR, be AEL,

and c in the pre-Hilbert space Hp, B, we clearly have
agbr|c) = |bea) = brag|c). (3.21)

Furthermore, the operators ap, BL are bounded (and thus continuous) on Hpg, 15, and the
above states |c) are dense in Hp, .. We may thus take limits to conclude that (3.21) in
fact holds for all |¢) € Hp,uBy-

3.4 Diagonal sectors are special

We now restrict to the “diagonal” special case By = Bpg, in which context we introduce the
shorthand notation Hrr = Hp, B, and similarly for X‘i r, the pre-Hilbert space Hrgr, and
so forth. It will also be useful to note that our trace operation tr on AEL defines a trace
on the representation A;. We of course wish to declare that

trar :=tra. (3.22)

The important property of the definition (3.22) (which we show below) is that it is well-defined
on A 1, in the sense that it satisfies tra = tr b whenever ay = IA)L on Hyr. This is equivalent
to saying that tra = 0 when a;, = 0 on H . Note that this property is non-trivial because
the representation Ay is not necessarily faithful; i.e., when ar = 0, the element a could
be non-zero, but nonetheless we claim that tra = 0. Note also that this property relies
on the action on a particular Hilbert space, so the condition that an analogous trace be
well-defined on the representation of the left-algebra on some other Hp, B, is generally quite
distinct. In particular, we make no claim that the trace is well-defined on representations
defined by Hp,uB, With By, # Bpg.

For a diagonal Hilbert space Hr with By, = Bpg, the desired property can be established
using the continuity axiom 4. In particular, for any a € XdLR, let Cg € XdLR be the
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cylinder of length 8 defined by B, = Bpr as in Axiom 4, and consider aCyg € Y4, Since
Cyp = CpCp, and since we have restricted to By, = Bpr for which cylinders are self-adjoint
(C5 = Cp), we have

tr (aCas) = tr (C5aCls) = (CslaL|Cs). (3.23)

Clearly the right-hand side vanishes for all 8 if a; = 0. However, Axiom 4 requires the
B — 0 limit of (3.23) to give tr(a):

t = lim(Cglar|Cs), 3.24
r(a) = lim(Cya|C) (324

where the notation 8 | 0 emphasizes that Cjg is defined only for 3 > 0 so that the limit is
necessarily taken from above. Thus, as desired, we find tr(a) = 0 when a7 = 0. The trace
is of course also defined on Ap where its properties are analogous.

We can also easily establish the converse of the above property for manifestly positive!?

operators ay, of the form ay = ﬁfzfyL with 47, € Ap; ie., if tr(a) = 0 then ay, = 0. This follows

immediately from the operator norm bound (3.17): if 0 = tr(a) = tr(ﬁz’m) = tr(wL) =
tr(7*y), then the operator norm of 4, is bounded by +/tr(v*y) = 0 so that 4, = 0 and
thus ar, = 0. In a slight abuse of terminology, we will refer to this property by saying that
our trace is faithful on the representation Aj. The usual definition of the term faithful
would require this property to hold for all positive operators (and not just those whose
positivity is manifest). This stronger notion of faithfulness will also turn out to hold, though
we defer its discussion to section 4.1.

The argument above used the fact that Hp, , for B, = Bg contains cylinder states
|C3) of the form that enter into the continuity axiom. We have no analogous construction
for By, # Bg, so our trace may not be well-defined on other representations. At the level of
the full von Neumann algebra defined below, it seems natural for the associated left algebras
defined by By, # Bpr to be projections of the left algebra defined by the diagonal case By, = Bp
(and similarly for the right algebras). However, we reserve this analysis for future work [59].

3.5 The von Neumann algebras Af and Ag

We are now ready to define a von Neumann algebra Af using the representation Ap = flf UB
on a diagonal sector of the Hilbert space with By, = Br = B (and to similarly construct a
related von Neumann algebra AZ from the right representation Ap = flgUB ). Although it is
straightforward to define analogous von Neumann algebras using non-diagonal representations
flfLuBR with B, # Bpg, we leave the investigation of such algebras for future work; see again
the comment at the end of the previous subsection.

We define the von Neumann algebra Af to be the closure of A; within B(Hrgr) in the
weak operator topology or, in what is known to be equivalent in the present context, the
strong operator topology.!® Here B(Hr) denotes the algebra of bounded operators on our
Hilbert space. Note that the identity operator 1 lies in the closure due to Corollary 4 of

2Throughout the paper, we call an operator positive if it is positive semi-definite.

3 The weak operator topology means that for a net of operators Ty, T, — T if and only if (z |Tw|y) — (z|T|y)
for every |z), |y) € H. In contrast, the strong operator topology means that T, — T if and only if Tw|y) — T'|y)
for every |y) € H. The two associated notions of closure agree for convex sets of bounded operators; see e.g.
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appendix A. Due to the von Neumann bicommutant theorem (see e.g. section 0.4 of [64]),
we can also equivalently define Af as the double commutant of A; within B(Hrgr). This
in particular means that each operator in the resulting von Neumann algebra Af is again
bounded. Of course, corresponding statements hold for the right algebras as usual.

For every operator a in a von Neumann algebra, the adjoint a! also lies in the von
Neumann algebra. So the adjoint operation continues to act as an involution on Af. Note
that we previously used the symbols a,b,c,... to denote elements of XdB,_l 5, but that we
henceforth also use them to denote generic operators in Af IR We will continue to use

dL,EL,éL,... to denote operators in flL.

We also introduced a trace operation tr on the operators in Ay in (3.22). In particular, we
showed tr to be well-defined and finite on A 1. We now wish to extend this trace to the Af . In
the theory of von Neumann algebras one generally allows traces of some operators to diverge.
Nevertheless, even in this sense, a trace is usually well-defined only on positive elements of
the von Neumann algebra, where it takes values in the closed interval [0, 4+o00]; i.e., allowing
+00. The restriction to positive elements is closely related to the familiar fact that, when an
infinite-dimensional square matrix Aé- is not positive, the infinite sum of the form Y, A? can
be oscillatory and need not converge in any sense. In contrast, for positive infinite-dimensional
matrices Aé, the fact that each diagonal element A! is non-negative means that if >, A fails
to converge to a finite number, then we may say that it ‘converges’ to +oo. (Of course, the
quantity 3, A¢ is manifestly well-defined for any finite-dimensional square matrix A;)

We will thus attempt to extend our notion of tr only to positive elements a € Af , which in
this context means that a is a positive operator on ‘Hyr. However, we note for future reference
that this condition is equivalent to requiring that a be of the form ~!~ for some v € AP (where
we can in fact take v to be the positive square root of a, as this operator must also lie in Af ).

To define a useful extension of our trace, we need to find a function mapping the
positive elements a € Af to [0, +oc] that agrees with our previous definition of tr on Ap
and which satisfies other properties to be discussed below. It will thus be productive to
consider alternative representations of the operation tr on A;. We begin by returning to the
relation (3.24), which was argued above to hold for all @ € Y4 . This will turn out to be a
step toward the definition of our trace on Af , though we will now pause briefly to further
rewrite the identity (3.24) in order to make certain properties manifest.

It will be convenient to introduce the normalized cylinders Cs € Y¢ 5 defined by

Cp := Cp/l|Cs], (3.25)

where ||Cg|| denotes the operator norm of 6\’5 ; on Hpr. This norm should be more properly
written ||Cg, ||, but for simplicity we will use just [[C/|. One may expect that the continuity

theorem 5.1.2 of [60]. These notions of closure are each equivalent to including limits of all nets of operators.
However, it appears that these closures are not equivalent to merely including limits of all sequences. In
particular, exercise 1 from section I1.2 of [61-63] states that the weak and strong operator topologies are not
metrizable for operators on infinite-dimensional Hilbert spaces. This suggests that these topologies are also
non-sequential (meaning that sequences do not suffice to characterize them) and, indeed the structure of the
exercise suggests that this non-sequential nature would be made explicit from a complete solution. Although
this point is not critical for our work here, we would be very happy to receive references that address the issue
more explicitly.
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axiom (Axiom 4) requires ||Cs]| — 1 as § — 0 and in fact that [|Cg| = (IC1?. Both
expectations are correct, but the proofs are somewhat technical. We > thus relegate them to
appendix A. As a further remark, note that éﬁ is normalized so that éﬂ ;, has operator norm
1, but that the state |Cg) is typically still not normalized with respect to the Hilbert space
inner product. In fact, the norm of |C’5> generally diverges as 5 — 0; see (3.56).

For a € Y4, we may use (3.25) and (3.24) to write

o m (Cplag|Ce)
lim{Cs|aL|Cs) = lim 1G5l = tr(ar). (3.26)

Here the second step uses the fact that both ||Cj||* and (Cslar|Cs) have finite limits, and
that ||Cs*> — 1.

The formulation in terms of CN'/g is useful because the operator norm of CN'/g ; is 1 (by
construction). We show below that for positive Gy, this requires (Clar,|Cs) to be a decreasing
function of 3, which means that for positive a;, we can also write (3.26) as a supremum over 3:

tr(az) = sup(Calaz|Cp). (3.27)
B8>0

As we will see, this is an improvement over (3.24) because two supremum operations always
commute (while showing that more general limits commute can be notoriously subtle).
To see that (Cglar|Cs) is a decreasing function of 3, note that for 4/ > 0 we have

Cap = CpCl, (3.28)

where we have used the relation (||Csl|) (|Cs||) = ||Cs4p | which follows from Corollary 5
of appendix A. Thus we may write

|ég+5/> = |C~'56~'5/> = CN'B/R|C~YB>. (3.29)

Let us also recall from (3.21) that the right representation C’g/ g of CN’fy commutes with any
ar, and thus in particular with the positive aj, of interest here. Furthermore, since both ay,

— 1

and Cﬂ’R = C'ﬁ//zRC'B//QR are positive, both operators are self-adjoint. We may then use
the fact that commuting self-adjoint operators can be diagonalized to introduce a complete
set of common eigenstates |\, k) where A > 0 is the eigenvalue of Cg , and k > 0 is the

eigenvalue of ay. Since the operator norm of C’gr r is 1, the parameter A takes values only
in the interval [0,1]. We will also define a measure du(\, ) that gives a resolution of the
identity 1 = [du(\, k)|A, &) (A, K|

The argument is now straightforward as we may use self-adjointness of 5; p to write
(Cos/11|Cs1.50) = (ColCo g Co | C)
= [ du(0 1) ClCr g Co A RY O RIC)
= [ duOn )X Col )
< [ du Rl(Colh R = (Cslan|Co). (3.30)

where we pass from the 3rd to the 4th line by using A\? < 1.
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This shows that (Cs|ar|Cj) increases monotonically as 3 decreases, and thus that (3.27)
holds for positive elements aj, of A;. We may then extend tr to any positive element in the
left von Neumann algebra Af via the analogous expression

tr(a) := sup(Cpla|Cs), for positive a € AP, (3.31)
B>0

and similarly for AZ. In particular, for all positive operators a, the quantity (Csla|Cj) is
non-negative, so that the supremum on the right-hand side must lie in [0, +o0] as desired.
It is worth noting that our argument above actually showed that (Cla|Cj) is a decreasing
function of 3 for all positive a € AP, and therefore if we wish, we may replace the supremum
in (3.31) by a limit and write

tr(a) (Csla|Cs), for positive a € AP, (3.32)

= lim
B0
with the understanding that the limit could be +oo.

Now, in the theory of von Neumann algebras, what we have shown thus far is sufficient
to qualify the operation tr as what is called a weight on Af. For tr to qualify as what is
usually called a trace requires an additional property, which is that it gives identical results
for both afa and aa' for any a € Af. This is the form of the familiar cyclic property that
is relevant in the context of general von Neumann algebras.

To show this, it will be useful to find yet another characterization of our trace on Af .
We begin by again recalling that 025/ ;, has operator norm 1, so that 1 — 025/ 1, 18 positive

and thus afa — GT@/LQ is also positive. As a result, for any |b) € Hpr we have
(blatalb) — (blaTCopr ,alb) > 0. (3.33)
Taking |b) = |Cj) then gives
(ClatalCs) = (Csla'Cap alC) (3:34)
for all 8,4’ > 0. In particular, taking supremums yields

tr(a'a) := sup (Cgla’alCg) > sup <C~'/3|CLTC~'25/L6L\C~'/3). (3.35)
B>0 B,8>0

We can in fact show that the inequality in (3.35) is always saturated by using our
continuity axiom and the fact that .Af can be characterized as the closure of Ay in the
strong operator topology. This will then give the desired reformulation of our trace that
will allow us to prove tr(afa) = tr (aal).

To establish this result, we first note that the characterization of AP as a strong closure
means that for any a € AE , for fixed 3, and for any € > 0 there is an operator ay € Ap
such that a|Cj) — a1|Cs) has magnitude less than e. Using ||Cap|| = 1, a short computation
then yields

(Csla’CopralC) — (Cglaf Cograr|Cs)| < 2ellall \/(CslCa) + €2 (3.36)
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Note that this bound also holds if the operators 626’ ; are replaced by 1. Moreover, since
Axiom 4 requires <C~'5|dTLCQg/ LG 1£|Cs) to be continuous in 3, the same continuity holds for

<éﬂ|&}@/L&L’C~'ﬂ> (as [|Cop || = (HClH)wl is continuous). Thus for small enough " we have
[(Cpla].Cosr ,011Cp) — (Claar|Cp)l < e (3.37)

Combining (3.36) (as written, and also with the operator 52;/ ; replaced by 1) with (3.37)
for small enough S’ then yields

(CslatCapr, alCs) — (CplaTalCy)| < |(CslatCapr alCp) — (Cslal Copr ar|C)l
+(Cslal Cogr a1 |Ca) — (Cplatar|Cp)l
+ [(Cslatar|Cs) — (CglatalCp)l

< dellal \/(Cs|Cs) + 26> + ¢, (3.38)

which clearly vanishes as ¢ — 0. This shows that sup6/>0<C~’5\aTC~'2/3/ La|C’5> cannot be smaller
than (Cslata|Cs), and thus that the inequality in (3.35) is saturated. As a result, we have
established that for all a € AP (or correspondingly AZ) our trace may be written in the form

tr(a'a) = sup <C~'5|aT5'2;/La\C~'B). (3.39)
B8,8'>0

To establish cyclicity, we will now show that for any 3,5’ > 0, we have
(Csla’Cogr, alCs) = (CarlaCas,al |Gy, Va € AP (3.40)
To show this, we first derive the intermediate result
(CslbrCop ,alCp) = (CarlaCop, br|Cs), Vae AP by e Ay, (3.41)

Our first step is to use the fact that a is the strong operator topology limit of some net
of operators {a,} in Ay, where v takes values in some directed index set J (see again
footnote 13). This means that the net of states {@,[¢))} converges in the Hilbert space norm
to aly) for all |¢), and in particular for the two choices [¢) := |Cj), [¢') := C’ggLBL\égx)
(defined by the desired 3, 8/, and 5L) For any € > 0, we may then consider the balls B, B!
of radius € in Hpp that are respectively centered on the states aly), alt)’). Convergence of
the nets {a,|¥)} and {a,1|¢')} to aly) and a|y)’) means that we can always find a value
of v such that we have both a,|¢)) € B and a,1[¢)") € B.. By choosing a sequence (€,) in
Rt with €, — 0, we can thus construct a subsequence (@, ) of the net {a,} for which we
have both a,|¥) — a|) and a,1|¢) — aly'), or more explicitly

anr|Cs) — alCs), and  @npCap, br|Car) — aCog, br|Car). (3.42)

This is a small extension of the standard argument that every metrizable topology is sequential.
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The first limit in (3.42) then allows us to write

(ColbrCasralCs) = (CplbrCopp ( lim @1 |C)) (3.43)
= nlggo<éﬁ|BLC~'2ﬂ’La/\nL|éﬁ>' (3.44)

In passing to the second line we have used the fact that bounded operators and normalizable
states define continuous functions on the Hilbert space to take the limit outside the inner
product. Similarly, the second limit in (3.42) yields

(Car|aCyp, br|Car) = (Car| (nlggo aAnLéwLBﬂéﬂ,)) (3.45)
= T}gnéo<65/|a;LégﬁL8L|éﬁl>. (3.46)

Furthermore, (3.44) and (3.46) are equal since

<C~'B|IA)LC~'25/LC/L;L|C~'5> = tr (égbégﬁ/anég> =1tr (églanéggbégl) = <C~'/3/’C/L;LC'25L6L|C'5/>,

(3.47)

where the middle step uses cyclicity of the trace (3.6) on Ap. Thus we have shown the
desired intermediate result (3.41).

We are now ready to derive (3.40) from (3.41). In fact, we can derive the stronger result

<C~'B‘bc~'25/La‘C~',3> = <C~'5/‘CLC~'25Lb|C~'5/>, Va,b € AB, (3.48)

from which (3.40) follows immediately by setting b = a'. To obtain (3.48), we use an argument

similar to the one above to find a sequence (b, ) in Ay that satisfies both of the conditions

gr\leéﬁ’> — b’éﬁ/>, and g’r\lLC’2B’La’C',3> — béQg/La‘ég>. (349)

Then (3.48) follows by writing

(ColbCaralCa) = (Cal Jim (BarCoryalC)) (3.50)
= 1im (Cylbnr Cop 1alC) (3.51)
= lim (ClaCas;bur Co) (352
= (CylaCosy, Jim (5arlCo)) (3.5
= (CorlaCas,bICi), (3.54)

where the middle step follows by applying (3.41) to each l/);L.
Having established (3.40), we take the supremum over 5 and ' on both sides of this
relation and use (3.39) to obtain the desired cyclic identity

tra'a = traa’, Vae AP (3.55)

We emphasize that our trace will generally give +oo for some positive elements of Af .
In particular, according to (3.32) the trace of the identity operator 1 is

tr1 = im(C3|C5s) = lim ||Cs]| =2 tr(Cap) = lim tr(Csp), 3.56
r ﬁ%& 51Cp) Blng 5]| 7" tr(Cap) lim r(Cap) (3.56)
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where in the last step we used limg [|Cs]| = 1 from Lemma 4 of appendix A. The right-
hand side is the trace of a cylinder of vanishing length, which certainly diverges in familiar
semiclassical theories of gravity.

4 Type I von Neumann factors, Hilbert space structure, and entropy

As indicated above, the trace operation tr will turn out to be the key to unlocking the
structure of any von Neumann algebra .Af defined as above by a diagonal Hilbert space
sector Hrr = HpuB, as well as to unlocking the structure of Hypr = Hpup itself. Our work
in section 3 established that tr satisfies the following two properties on A,]—f:

1. Linearity: tr(a + b) = tr(a) + tr(b), and tr(A\a) = Mtr(a) for any positive a,b € AP and
A>0.

2. Cyclicity: tr(aa') = tr(afa). This in particular implies that the trace is invariant under
the action of unitaries in the sense that for b, U € Af with Ut = U1, defining ¢ = bU'
gives tr(UbTbUT) = tr(cle) = tr(eet) = tr(bU1UDT) = tr(bbl) = tr(b'b).

We can also establish three further properties:
3. Faithfulness: for positive a € AZ, we have tr(a) = 0 if and only if a = 0.

4. Semifiniteness: for any non-zero positive operator a € Af , there exists a non-zero
positive operator b € AP with b < a and tr(b) < co. The notation b < a means that
a — b is positive.

5. Normality: for a bounded increasing net of positive operators p, in Af with supremum
p = sup,, Pa, We have tr p = sup,, tr po. (See appendix B for details.)

The faithfulness property was shown to hold on Ap in section 3.3, but here we wish to show
that it holds on the full von Neumann algebra Af . We will give a similar proof in section 4.1
after showing that the trace inequality also extends to .A]LB .

The proofs of properties 4 and 5 are short, but they are somewhat technical. To avoid
distraction from the main results we thus relegate them to appendix B. Of course, each
property above has an analogue for AE.

As noted in section 3, properties 1 and 2 are the minimal requirements for the function
tr to be called a trace on a von Neumann algebra. The faithfulness property then gives a
sense in which our trace is non-degenerate. Semifiniteness guarantees that not all non-zero
operators have infinite trace, and the normality condition describes a sense in which the
trace is continuous.

These latter properties are important since there is no faithful normal semifinite trace on
a type III von Neumann factor. Establishing 3, 4, and 5 above thus tells us that our von
Neumann algebra contains only type I and type II factors. Furthermore, for such factors
there is a unique faithful, normal, semifinite trace up to an overall factor (about which more
will be said below); see e.g. [61-63].

As noted above, our argument for faithfulness will rely on extending the trace inequal-
ity (3.13) to the full von Neumann algebra. It turns out that this can be accomplished by an
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extension of the argument of section 3.2. This will be done in section 4.1 below. Section 4.2
will then use this result to show that type II factors are excluded (implying that Af contains
only type I factors) and to analyze the implications for the structure of Hp 5. The entropy
defined by tr is then discussed in section 4.4.

4.1 The trace inequality on AP

We wish to extend the argument of section 3.2 to establish the trace inequality on Af. It
will first be useful to establish the following regularized version of the trace inequality, whose
derivation will have much in common with the argument of section 3.2.

Lemma 1. For any 3,8 > 0 and any a,b € Af, we have
(Cpla™bCop , b1alC) < (ClatalCp)(Car[bTHICar). (4.1)

Proof. Let us choose nets {a,}, {bx} C AP so that the nets {d,,1}, {bs.r} of representatives
on Hpyp converge in the strong operator topology to the desired operators a,b € Af . For
later use we note that for any 3,3 > 0 this implies that the nets of states {a,,1|Cs)} and
{Bn,L\éﬁ/ﬂ converge respectively to a|C) and b|Cs), where here the limits are taken using
the standard Hilbert space topology. As in the proof of (3.55), we can then find sequences
(6n.1|C5)) and (b, 1|Cy)) that also satisty

anp|Cs) — alCg), and by, 1|Ca) — b|Cp). (4.2)

In the notation of section 3.2, consider again the ‘4-boundary’ Hilbert space H Br,,BRy,BLyBr,

and the associated pre-Hilbert space H Br,,Bry, BLy,Bry- Note that these spaces both contain
the states ’(éﬁ)Ll,R17 (C',B’)LQ,R2> and ‘(C’g)L%RI, (05/)L17R2>. Acting with the sequences

A~

(Gp,r) and (b, 1), we define the states

|\Ijl(n’m)> = &H,ngm,Lz

(Oﬂ)Ll,Rly (éﬁ’)Lz,R2> ) (43)
(éﬁ)Lle’ (éﬁ’)L1,R2> ) (4'4)

where the operators act at the boundaries indicated by the subscripts Ly, Lo; these states again

~

|\Il2(n7m)> = &n,Lgbm,Ll

lie in both the Hilbert space HBLlaBRl ,Br,,Br, and the pre-Hilbert space HBleBRlvBLzaBRQ'

Note that, as in section 3.2, the two states considered here are related by the action of the

‘swap’ operator Sy, 1, that exchanges the labels L1, Lo on the relevant two copies of B; see

figure 10.

We will now use (4.2) to show that the associated diagonal sequences {|U1(n,n))},
{[¥2(n,n))} are both Cauchy sequences in Hp, By ,By,,Bg,. SO that their limits define states
in HpB,, ,Bg,,Br,Br, that we may call

1) o= lim [y (n,n)), W) = lim |Fa(n,n)). (4.5)
To see that these sequences are Cauchy, we first compute the (pre-)inner products

(1 (n, m)|[¥q(n',m)) = tr(Cgalan Cp)tr(Carbl,bm Car)
= (Csla, 1w 11Cs)(Co IB], Lo £1Cir)- (4.6)
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afn,Ll Bm7L2
i(n,m)) = L ’QRl L VQRQ
K// 1\\\/ / /
N : |Cs) / |Cs) )

[Wo(n,m)) := Ry

Figure 10. The states |¥1(n,m)), |¥2(n,m)) defined by (4.3).

Due to the convergence of (4.2), for any € > 0 there are integers ng, mgy such that for all
n,n’ > ng and m, m’ > mgy we have

(Cslal, pan,L|Cs) — (CalatalCa)| < e,
[(Car[BY, 1 b 21Cr) — (Cr 6] Cr)| < . (4.7)

There is thus some nq such that for all n,m,n’,m’ > ny; we have
(W1 (0, m)| @1 (0, ) = (ClalalCa)(CalbTh|C)| < e. (4.8)
The usual computation then shows that we also have
/ / 2
W1 (n,m)) — [ (0, m)|

= (U1(n,m)|¥1(n,m)) — 2Re(¥q(n,m)|¥1(n',m")) + (U1 (n',m)| ¥y (n’',m’)) < 4e.(4.9)

In particular, the sequence {|U1(n,n))} is Cauchy. The argument for {|¥2(n,n))} is identical.
It is also clear from the work above that we have the norms

(1]W1) = (V2| 2) = (Csla’alC)(Cr[bTbICr). (4.10)
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Note that it was not really necessary to take the limits along the diagonal. The above
argument also establishes the relations

|¥1) = lim lim |¥y(n,m)) = lim lim |¥;(n,m)),

n—oo mMm—oo m—00 N—00
[W5) = lim lim [Wa(n,m)) = lim_lim [Wy(n,m)), (4.11)

so that we may take these limits in any order that we like.

Having represented the states |¥1), |¥s) in terms of the above limits, we may use continuity
of the inner product to write (¥U1|Ws) as a limit of inner products (¥y(n,m)|Wy(n’',m’)).
Moreover, we can use the above freedom to choose the order of limits to first take n,n’ — oo
while saving the limit m,m’ — oo for later. Thus we write

(U1]|Ws) := lim lim (¥ (n,m)|Va(n’,m'))
m,m/—o00 n,n’—oco

= lim lim tr(CgalbyCopblanCp)

m,m’—o0 n,n’—oo

= 1 1 9 A-l. b / {\/ AT a / 9
a m,rlrngoo n,TlLl’IEoo<CB’a”7me ’LC’2'8 mevLan 7L‘Cﬂ>

= lim (Cylatbp 1 Cop B, alC), (4.12)

m,m’—o00

where the second line can be read off from figure 10. In addition, the final step used (4.2)
and the fact that the operators Bm/, L, 025/ 1, and IA)In ;, are bounded. We may then use (3.48)
(with a, b replaced first by IA)jn LG aTlA)m/7L and then by bfa, a'b) to write
(U1T2) = lim (Cy bl 1aCos;alby r|C)
m,m’—o00

= <C~'5/\bTaC~’2/3LaTb\C’5/) = <ég‘aTbC~'25/LbTa‘ég>. (4.13)

Note that (4.13) is manifestly real and non-negative, as it is the norm squared of

5; blalCy >
The desired Lemma now follows by applying the Cauchy-Schwarz inequality to |¥1), |¥s)
and using (4.10) and (4.13). O

Having derived (4.1) for any 3,8’ > 0, we now take supremums of both sides over
both 3 and 4. By (3.39), taking supg g~ on the left-hand side gives tr(a'bbia). On the
right-hand side we simply have

sup_((CslatalCs)(Cia b8l Cly) ) = (Sup(@ﬁ!aTaléﬁ>> <Sup<éﬂ'\bTb!@3'>>
8,8>0 60 §>0

= tr(a'a) tr(b'D), (4.14)

with the convention that if one supremum (or trace) is 0 while the other supremum (or
trace) is +oo, their product is defined as 0.
Thus for all a,b € AP we obtain

tr(a'bbia) < tr(afa) tr(b'D). (4.15)
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This is our trace inequality on the von Neumann algebra .Af . If we were allowed to
cyclically permute afbbia inside the left trace to aabbf, then this would be of the form
tr(AB) < tr(A)tr(B) for two positive operators A = aal, B = bbl. Such a cyclic permutation
is not in fact allowed because the trace tr on AP is defined only on positive elements of AZ.
While the operator a'bbla is positive, the operator AB is known to be positive if and only if A
and B commute. Nevertheless, the trace inequality (4.15) will suffice for our purposes below.

Before continuing, however, we pause to note three useful corollaries of the above
argument. The first is

Corollary 1. For a € AP with tr(a'a) finite, the limit %E)l a|Cg) converges in Hp,p. Let us

call the limit |a). Then we also have
tr(a'a) = (ala). (4.16)

Proof. Note that for 5’ > 8 we have

(Cslata|Cy) = <C’5 aTaC'yT_BR ‘ C~'ﬁ/2+6> = <C~'g/2+g a'a C'ﬁ/;rg>7 (4.17)
since Cy_; commutes with any operator in the left algebra Af . The right-hand side
2 R

approaches a finite limit tr(aTa) as 3,3 — 0, and thus we may use steps much like those
above to find that any sequence 3, — 0 defines a Cauchy sequence a|C~'5n> in Hpup, and
that the limit is the same for all such sequences. Calling the limit |a) and using (3.32) then
immediately gives (4.16). O

We also have

Corollary 2. The trace tr defined by (3.31) is faithful on the von Neumann algebras Af
and AB.

Proof. Together with Lemma 4 from appendix A, the continuity axiom (Axiom 4) implies
that for any rimmed surface a € Y, the states ar,|Cs) = |aCjs) converge in the Hilbert space
norm to |a) as 3 — 0. Since any b € AP is bounded, we also find btar|Cs) — bf|a). Thus

(a|bb|a) (Cglab bbtar|Cs) = tr(al bblar) < tr(alar) tr(b'p), (4.18)

= lim

B0
where in the last step we have used the trace inequality (4.15). It follows that if tr(bb)
vanishes for any b, then (4.18) requires bf|a) to vanish for all a € Y¢ 5. But b is bounded,
and the states |a) define a dense subspace of the Hilbert space, so we must have bbt = 0. This
establishes faithfulness on Af, and the argument on Af is identical. O

Finally, we have

Corollary 3. Given a Hilbert space sector Hp:, the n-fold tensor product H%fl =R Hp =
Hp @@ Hpr (with n factors on the right-hand side) is naturally identified with a subspace
of the Hilbert space Hu;zle/ := Hp..up associated with n copies of B'.
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Proof. We first prove this for n = 2. We wish to show that any |a) ® |b) € Hp @ Hp' is
naturally mapped to a state in Hps . Since |a), |b) € Hp/, we can find sequences |am,), |bm)
in Hp' that converge to |a), |b), respectively. Using steps much like the ones used above in
showing |¥;(m,m)) to be Cauchy, we find that |a,, L by,) is a Cauchy sequence in Hpp.
Moreover, its limit in Hp/ g is independent of the choices for the sequences |ayn,), |by) so
long as they converge to |a), |b). Thus we may call this limit |a LI b), and so we have defined a
natural map from Hp @ Hp to Hp/,p by mapping |a) ®1b) to |aUb). Moreover, this map is
linear and preserves the inner product. Therefore, it provides a natural isomorphism between
Hp @ Hp and a subspace of Hp/,p. This argument clearly generalizes to all n € ZT, thus
establishing this corollary. O

This corollary allows us to embed ”H%TL into Hipn  prasa subspace. Thus, for any operator
acting on any one of the n tensor factors of Hp:, we can now also allow it to act on this
subspace of Hyp  pr- For the case of n =2 and B’ = B U B, we can use this fact to write
|¥;) from (4.5) in the form:

(éﬁ)LLRl’ (CB’)L27R2> ) (4'19)

|W1) = ar,br,

where we have used (4.2) and (4.3). In the limit 3, 5" — 1, |¥;) converges to |ar, Rr,,bL,,R,)
(called |a LUb) in the previous paragraph) and the inner product (4.13) becomes

<aL1,R17 bL27R2‘8L17L2|aL1,R17 bLz,R2> = <b|aaT‘b> = <a’bbT|a>' (4'20)

Note, however, that Corollary 3 states only that 7—[%7 = ®;Hp gives a subspace of
Hu?zl B, allowing that Hu?: | B/ may well be strictly larger than ®!*;H p:. This is in particular
true for the topological model of [17] without end-of-the-world branes, as well as for models
with end-of-the-world branes studied in [17] when considered in baby universe superselection
sectors where the partition function is larger than the number of flavors of such branes. As
noted in [17], this discussion is directly analogous to the considerations of [65] (see also [66]),
so the issue may be called the ‘Harlow factorization question’. When such extra states exist,
and if one wishes to insist that there be a dual formulation as a standard non-gravitating
quantum field theory (for which locality would strictly require Hur B = QI Hp), one
might wish to call this phenomenon the ‘Harlow factorization problem’.

4.2 AP and AZ contain only type I factors

We can now say much more about the structure of the von Neumann algebras Af and Aﬁ
defined by a diagonal Hilbert space Hp,p. This is the part of the paper where we have
developed enough control over our algebras, and in particular over our trace tr, to reach into
the mathematics literature and make use of powerful results (even if they are nevertheless
elementary by the standards of theorems about von Neumann algebras).

It turns out that much of the study of a von Neumann algebra A can be reduced to
the study of projections P € A. Here as usual a projection is defined as an operator that
satisfies P = PT and P?2 = P. It will thus be useful to better understand the implications
of our results for such P.
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Let us in particular apply our von Neumann algebra trace inequality (4.15) to the case
a=b=Pc¢ Af. Since a'bbfa = P* = P, we quickly obtain

trP < (trP)2. (4.21)
Since tr is faithful, unless P is the trivial projection P = 0 we must have
trP > 1. (4.22)

Thus the trace of any non-zero projection in Af is bounded below by 1.

Now, any von Neumann algebra 4 can be decomposed as the direct sum/integral of
so-called von Neumann factors A, which are just von Neumann algebras with trivial centers.
Furthermore, any faithful normal semifinite trace on 4 induces a faithful normal semifinite
trace on every factor A,. Since it is known that any von Neumann factor is of type I, II, or
III, and since there is no such trace on any type III factor, all factors of our .Af must be
of type I or type II; see e.g. [61-63]. (As usual, we should in principle allow for exceptions
on sets of measure zero. However, Lemma 2 below will show that Af is a discrete direct
sum of factors so that no interesting such exceptions can arise.)

However, (4.22) quickly leads to a much stronger result. The crucial point is that for
any faithful normal semifinite trace on a non-trivial type II von Neumann factor, there is
decreasing family of non-zero projections Py with A € R such that tr(Py) — 0 as A — 0;
see e.g. proposition 8.5.5 of [67]. But for small enough A such Py clearly violate (4.22). We
thus see that AJL9 must contain only type I factors. Such von Neumann algebras are said
to be of type I. This is the first key result of this paper.

Another important result from the literature is the so-called commutation theorem for
semifinite traces; see e.g. theorem 2.22 of [61-63]. This theorem states that a von Neumann
algebra A with a semifinite trace tr is the commutant of its opposite algebra AP (A with
reversed multiplication rule) when acting on the Hilbert space H = {a c A:tr(afa) < oo}.

Here the two algebras act by left and right multiplication by |a) = |ba) and bg|a) = |ab), and
the above notation means that a dense subspace of H is defined by operators with finite
tr(afa), and that in this subspace we have (a|a) = tr(a'a) as in (4.16). This is precisely the
structure of any diagonal Hilbert space Hpp, on which the algebras Af and Ag act as
opposites. It thus follows that Af and Ag are commutants on Hpp. Alternately, without
using (4.16) in Corollary 1, one can check that our algebras satisfy the conditions for the
commutation theorems in [68] which again imply that A? and AP are commutants. In either
case, saying that Af and Ag are commutants on ‘Hpp means that Ag consists precisely of
those bounded operators on H g5 that commute with all operators in AZ, and also that Af
consists precisely of those bounded operators on Hp p that commute with all operators in Ag.

The above observations now tell us much about the structure of a diagonal Hilbert space
sector Hpyp. In analyzing this structure, it is useful to consider the center Zf of .Af , which
is defined to the subalgebra of operators in .Af that commute with all operators in .Af ; l.e.,
zZB:={alae AP, ab=ba V¥be AP}. In particular, any z € ZP commutes with its adjoint
zt. This means that central operators are normal and can be diagonalized on Hp . In
fact, since all elements of Z5 commute with each other, we can simultaneously diagonalize
all operators in Zf on the Hilbert space Hpp.
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Interestingly, we can use the bound (4.22) to show that any central operator z € Z5 has
a purely discrete spectrum. For clarity, we state this as the following lemma:

Lemma 2. The spectrum of any z € Zﬁ is purely discrete in the sense that Hpup is the
closure of the linear span of all normalizable eigenstates of z.

Proof. Without loss of generality, let us take z to be self-adjoint. To establish the desired
result, let us first write Hp,p = ’ng B @Hﬁﬁ) 5 Where ’Hgl_, p with superscript D for “discrete
spectrum”) is the closure of the linear span of all normalizable eigenstates of z. Note that
the projection P,, onto normalizable states with eigenvalue 2 also defines a central element
of our von Neumann algebra Af . Summing over all such zy then shows that the projection
Pp onto ng p again lies in Zf, so that the complementary projection Pf)- =1 — Pp onto
HED 5 must lie in ZB as well.

Now assume that Pl% is not the zero operator. The semifinite property of our trace then
implies that there is some non-zero positive operator a € .A]g with finite trace such that
Pﬁ — a is positive, and thus in particular for which a annihilates all states in ’Hgl_, B

Consider now the projection P,~. onto the part of the spectrum of a with eigenvalues
greater than e for some € > 0 and note that P,~. € Af. Since a has finite trace and a — € Py~
is positive, the normality property of our trace then requires that tr(P,s.) is again finite.
Furthermore, since a is not the zero operator, the spectral theorem (say, in the form of
theorem 5.2.2 of [60]) implies that P,~. must be non-vanishing for some ¢ > 0.

It will also be useful to construct the operator zP,~.. Since z commutes with P,~., the
operator z P, is self-adjoint and so can be diagonalized in the sense of the spectral theorem
(see again theorem 5.2.2 of [60]). Furthermore, zP,~, can have no normalizable eigenvector
|1y with non-zero eigenvalue zg since then P,s¢|¢)) would be a (necessarily non-vanishing)
normalizable eigenvector of z in ’Hﬁg 5. Let us now define Apax := [|2FPy>c|| to be the operator
norm of zP,~.. Note that Apn.x cannot be zero since then zP,~. would vanish and any
|y € Hpup not annihilated by P,~. would define a normalizable eigenvector P,~.|¢) of z
in Hﬁg p with eigenvalue 0. Moreover, at least one of A\pax Or —Amax is a spectral value of
2P~ (see e.g. proposition 3.2.15 of [60]). Without loss of generality, we assume that Apax is
a spectral value of zP,~ (if not, simply replace zFP,~. by —zP,~, below). Then since 2P,
has no normalizable eigenvector of eigenvalue Apmax, the above spectral theorem implies that
for any A\g < Amax and any positive integer n € ZT there are real numbers A1, Ao, ..., A,
with Ag < A1 < Ao < +-+ < Ay < Amax for which the projections P[/\Fh)\i] onto the spectral
intervals [A;_1, \;] of 2P,~, are non-vanishing for i = 1,...n. If we choose A9 > 0, we have
Pixodnax] < Pase (as any state annihilated by P, must be annihilated by 2Py, and thus
also by Pixg \nax)- Since tr(FPysc) is finite, normality of our trace again requires tr(FP, xa)
to be finite, which yields the bound

n

> (P ag) S (P e )- (4.23)
i=1
But since all of these traces are positive (and, in particular, non-zero since the projections are
non-trivial), for n > tr(P[/\m )\max]) some Py, »,) must have trace less than 1. This contradicts
the bound (4.22), so that Pj must in fact vanish. Thus z has purely discrete spectrum in
the sense that Hpp is the closure of the linear span of all normalizable eigenstates of z. [
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The analogous statement will again hold when we simultaneously diagonalize all central
operators in Zf . Let us denote the simultaneous eigenspaces by Hg 5 for 41 in some index set
7. In particular, for each p1 € 7 there is a set of complex numbers z,, such that the states [¢) in
H, 5 are precisely the set of states for which z|1) = z,[¥) for any 2 € ZB. The Hilbert space
Hpup then decomposes as a direct sum (not a more general integral) over such eigenspaces:

Hpus = P Hiyp (4.24)
neT

There is of course a corresponding resolution of the identity on Hp B in terms of orthogonal
projections P, onto H g

lpus = P (4.25)
neL

where P,P, = P,6,, and P| = P,.

The fact that A% is weakly closed means that the projections P, lie in AP, and thus in
fact also lie in the center Z5. As a result, the decomposition (4.24) also has an analogue
at the level of the von Neumann algebra Af. To see this, simply note that for each p € Z
we can define a subalgebra Af’ L of operators of the form P,a for a € .Af . We may thus
use the resolution of the identity (4.25) to write

A7 =P AZ,. (4.26)

HEL

It is also clear that each Aﬁ u annihilates any H'; 5 with u # v, and that the subalgebras
Aﬁu are von Neumann algebras in their own right (acting on H' ).

Furthermore, consider any operator z, in the center of Aﬁ - Then since P, projects
the full von Neumann algebra onto Af} w the operator P,z, will commute with all a in the
full von Neumann algebra Af and thus lies in the original center. But we have already
diagonalized all operators in the center of .Af . So, on the subspace H%, g, the operator
P, z, must act as a multiple of the identity 1,. But on M/ 5 the operator P, is already
proportional to 1,, (with non-zero coefficient), so this must be true of our z, as well. It
follows that each Ag . 18 a von Neumann algebra with trivial center.

A von Neumann algebra with trivial center is known as a von Neumann factor. Such
factors can be classified as being of type I, II, or III, and our arguments above showed
that each Af,u must be of type 1.

There is, of course, also a corresponding decomposition of Ag. In fact, since Af and Ag
are commutants of each other, their central subalgebras must define the same set of operators
on Hpyp; i-e., any operator on Hpp that lies in the center of .Af must also lie in the center
of Ag. The decomposition of AE into Ag, ., thus uses precisely the same index set Z, and
it is associated with the identical decomposition of the Hilbert space (4.24). Furthermore,
the subalgebras Af’ w Ag ., are both type I von Neumann factors that are commutants of
each other on the corresponding Hilbert space Hlg 5.

Now, it is also known that any type I von Neumann factor is isomorphic to the algebra
B(H) of all bounded operators on some Hilbert space H. Since this is true of both Ag“
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and Ag, .o the fact that these two algebras are commutants on H%, 5 can be used to show
that this Hilbert space admits a factorization

H%uB = H%UB,L ® H%UB,Rv (4.27)

such that the action of every a € "45# on (4.27) is of the form ay, ® 1,, g, where 1, g is the
identity on H%, | p.g- Furthermore, any bounded operator on (4.27) of the form af ® 1, g is a
member of Af’ .- The operators a € A}% , on (4.27) are analogously the set of operators of the
form 1,7, ® agr. Since we can extend (3.3) to show that T defines an anti-linear isomorphism
between Aﬁ , and Ag o it follows that the Hilbert space factor Hlg, | B.L 18 similarly isomorphic
to Hlg,| B.R" Nevertheless, we maintain the labels L, R for clarity below.

This is precisely the structure advertised in the introduction. In particular, by restricting
it to Hpup, any density matrix on the quantum gravity Hilbert space clearly defines a density
matrix ppyp on the sector Hpp. For convenience, let us suppose that pp_p is normalized in
the sense that it gives an expectation value of 1 for the identity on Hpp. This is equivalent
to saying that the standard Hilbert space trace of ppp (defined by summing diagonal matrix
elements of ppp over an orthonormal basis of the Hilbert space Hpp) yields 1. This ppup
then defines density matrices p# for which

pup” == PuppuBPy, (4.28)

where the p, are probabilities given by the expectation values of the operators P, in the
state ppup and the p* are normalized density matrices on ”H’éu B

The key point is that each such p* now induces normalized density matrices pf, p, on
the Hilbert space factors H' | B.L’ Hlg, B.R" If one thinks of density matrices as positive linear
functionals on the algebra of observables then pf, ply are the restrictions of p# to the left
and right von Neumann algebras Af’ s Ag} .- But one may equivalently think of pf as the
trace of p* over H%uB’R, and ply is similarly the trace of p/ over H%uB,L-

This structure will allow us to discuss entropies in what one might call “standard physics
terms” in section 4.4 below. However, it will simplify our discussion of entropies if we first
make a brief digression (section 4.3) in order to more carefully analyze the normalization
of the trace tr.

4.3 The normalization of tr

We saw in section 4.2 that the von Neumann algebra Af defined by a diagonal Hilbert
space sector Hpup can be written in terms of type I von Neumann factors .Af’ u Since
the operators in .AE ., are just operators in AB of the form P,a, the trace tr on AP is also
defined on positive operators in ‘Agu'

However, as noted above, our Aﬁu can be thought of as the algebra of all bounded
operators on the Hilbert space factor Hf, B.L Faithful, normal, semifinite traces on such
algebras are known to be unique up to an overall normalization constant. In particular, there
must be real numbers C,, > 0 such that for all positive a € Af}u we have

Cutr(a) = Try(a) == ZL<i|ali)L, (4.29)

i
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where |i), is a (discrete) orthonormal basis'? for 1’ | .1» and where the right-hand side defines
the operation Tr, on our von Neumann algebra. Similarly, for all positive a € Ag , We have

Cutr(a) = Try(a) = ZR<i|a|i>R, (4.30)
(2
where |i)g is a (discrete) orthonormal basis for Hlp 5 5. In particular, since the left and
right algebras and Hilbert spaces are isomorphic, and since the trace on positive operators
is invariant under this isomorphism (i.e., the trace on the right algebra acts in just the
same way as the trace on the left algebra), the constants C, in (4.29) are identical to the
constants C, in (4.30).

The trace inequality (4.15) can be seen to constrain the values of the constants C,. In
particular, let P be a one-dimensional projection onto a state in H’ | g, Then Tr,(P) =1,
so tr(P) = 1/C,. But we saw in section 4.2 that any non-zero projection must have tr(P) > 1.
Thus we see that the constants C, satisfy

C.<1, V. (4.31)

However, there are also further constraints on the constants C,. To see this, recall that
section 4.1 derived the trace inequality implying (4.31) by considering a standard consequence
(the Cauchy-Schwarz inequality) of positivity of the inner product on the Hilbert space
sector Hpupupup associated with 4 copies of the boundary B. It is thus natural to ask if
further information about the €, can be obtained by considering Hilbert spaces associated
with even more copies of B.

This turns out to be the case. To proceed, note that by Corollaries 1 and 3 from
section 4.1, for any allowed B and any operators aq,...,a, € .Af with finite tr(a}ai) there is
a state that we may call |a1,...,a,) in the Hilbert space HU?L p associated with n copies of
the boundary B U B. Furthermore, the Cauchy-Schwarz inequality used to derive the trace
inequality (4.15) follows in the standard way from positivity of the norm squared of the state
lar, RisbLy Ry) — |0Lo. Ry 0Ly Ry) IN Hipn p with n = 2. One would thus like to investigate
the positivity of analogous totally anti-symmetric combinations of states for general n.

For simplicity, we do so here only for the simple case when all operators aq,...,a, agree
and where they are equal to a finite-dimensional projection P. In particular, we will establish
the following lemma which strengthens the bound (4.22):

Lemma 3. For any non-zero finite-dimensional projection P € AP, the trace tr(P) is a
positive integer.

Proof. To begin, recall that our trace is normal and semifinite. These properties imply
that for any non-zero positive operator (and thus any non-zero projection P) there is some
non-zero positive operator ) with P — () positive such that @ has finite non-zero trace. In
particular, for any one-dimensional projection P on a Hilbert space, any () with P — Q)
positive must annihilate states orthogonal to the image of P. As a result, Q = P for some

Such a basis exists for any Hilbert space; see e.g. [46]. Thus, even at this point, we have had no need to
assume that any of our Hilbert spaces are separable, though in any physical context it would be natural to
assume that this is the case, especially in each subsector H’ 5.
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real number o with 1 > o > 0. As a result, tr(P) = o~ !tr(Q) must be finite, showing that
any one-dimensional projection does indeed have a finite trace. The same is then necessarily
true for any finite-dimensional projection P by linearity.

It is then useful to define the notation

|P®") = |PLiRys - -5 PLoR,)- (4.32)

For any permutation 7 on n labels we may also define the (left) n-boundary swap operator
SL which acts on Huzﬁl p by permuting the labels of the n left boundaries as dictated by .
We then wish to consider the norm of the state

P = 0 (-1)SH PO, (4.33)
s
where the sum is over all n-object permutations and (—1)" is +1 (—1) for even (odd)
permutations .
To compute this norm, it will be useful to write (4.33) in the form

[P = (1)1 S

i=1

n—1
RuPé\z( Rg,.)..,Ln,Rn> (4.34)

where ;1 is a Kronecker 0 symbol and, in analogy with section 4.1, we have defined the
operators Sy, 1, that swap the labels on the 1st and ith left boundaries (so that, in particular,
S1,,1, is the identity). The norm-squared of (4.34) is

n
An| DARY di,1+0;51 A(n—1) A(n—1)
(PAMPAT) = 3 (=1)%er <PL17RNPL2 RoroosLon, R Ris Py Ry L Ry
i,7=1

= n<P‘P> <P/\(n—1)|P/\(n—1)> _ TL(TL _ 1)<P/\(n_1)|P/\(”_1)>

S1y,L:SL4 L,

= n((P|P) — (n— 1))(PA"= DAy, (4.35)

where we pass from the first to the second line by using that, when ¢, j, and 1 are all distinct,
we may write

A(n—1)
Ri> Py R, ,Ln,Rn>

A(n—1)
Ry PLz,Rz, 7Ln7Rn>

SleLiSLlaLj

SLi,L;SLy ,L;

A(n—1)
<PL17R1 ’ PLQ,RQ,...,Ln,Rn
. A(n—1)

- <PL17R1 ) PL27R27"'7L717R77«

A(n—1)
- <PL1,R1 ? PLQ,RQ,...,Ln,Rn

_ A(n—1) 1)
_<PL2,R2,...,LTL,RH‘PL ‘PLz Ra,...,Ln, Rn>

A 1
Py LRy = —(PAOD pARD), (4.36)

A(n—1)
StaLi | Pry.ris Prypy o Lo Ry

_ A(n—1)
= — (Pl R Lo

Here in going to the 3rd line, we used that ’PLQ R%) Lo, Rn> is odd under Sz, 1, when i # j.
The 4th line then follows from a derivation similar to how we derived (4.20); see again
figure 10. In particular, the swap operator Sz, 1, on the 3rd line effectively pulls the Pp, g,
in the bra and ket into the middle of the 4th line, where they now act at L;. In going to the
5th line, we used that PLAQ(EI) L. Rn> is invariant under any PL = Py, since P? = P.
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Now (4.35) must be non-negative. But (P"~1|PN»=1) is also non-negative. Therefore,
for any n € Z+ with n > 1, unless [P~ 1Y) = 0, we must have

n —1 < (P|P) = tr(P?) = tr(P). (4.37)

But finiteness of tr(P) means that (4.37) must fail for some n.

The above argument then requires the state | P*("~1)) to vanish for such n. On the other
hand, (4.35) also calculates the norm of |P"\™) recursively in terms of the norms of the states
|PA™) with m < n. We thus see that this norm can vanish only if tr(P) = tr(P?) = (P|P)
is a non-negative integer, so that the trace of any non-zero finite-dimensional projection P
must be some positive integer n. O

We may now apply Lemma 3 to a one-dimensional projection P onto a state in some
H'y 5 - Writing tr(P) = n, we then have

1 =Tr,(P) = Cutr(P) = nCy, (4.38)
which requires each constant C, to be of the form
C,l=n,ez". (4.39)

The quantization condition (4.39) allows us to give a particularly nice physical and
mathematical description of our trace tr. For n € ZT, let us introduce the n-dimensional
Hilbert spaces H,,. We may then define the extended Hilbert space factors

f’%%uB,L = Hpup1 ® Hn,,
Hpupr = Hpup.r © Hu,, (4.40)

and the modified summed Hilbert space

Haus =@ (Hhops @ Hiusr) - (4.41)
neLT

Let us also define the trace :l’vru on the algebra B (7?[%,_' B L) of bounded operators on ’ﬁ‘éu B.L
by the standard Hilbert space sum

Try(a) :== > r(ilali)L (4.42)

i
in terms of an orthonormal basis [¢), of ﬁ%uB,L for any a € B (ﬁ%uB,L)' Then any a € Af’#
defines an operator

a:=(a®1,,) (4.43)

on ﬁ%uB,L = H%uB,L ® Hp, and satisfies the relation

tr(a) = Tru(a) = Y 1(ilali) . (4.44)

)
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Furthermore, the operators @ again define a faithful representation of AE, L on ﬁ%u B.L- We
have thus found a representation of our trace tr in terms of a standard Hilbert space sum
over diagonal matrix elements.'® Physically, one might say that our trace tr gives the Hilbert
space trace in a context where there are ‘hidden sectors’ H,, on which operators in Afyﬂ
act as the identity.

We now make a final further comment by again using Corollary 3. In particular, let us
consider the tensor product Hp ® Hp of two Hilbert spaces that are each associated with a
single copy of B. Corollary 3 then guarantees that Hp ® Hp is a subspace of the Hilbert
space Hpyp associated with two copies of B. Furthermore, it is clear that any a € Af must
act on this space as some ay, ® 13,, and analogously for elements of Ag. As a result, this
Hp ® Hp must be one of the terms Hi 5 = Hip 5, @ Hp p g in the decomposition (4.24).
Let us denote this term by u = ®. Then in particular we have

H%UB,L = HB, and H%UB,R = HB (445)

Assuming that Hp is not empty, this observation will also tell us that the trace nor-
malization factor Cy = 1/ng associated with this subspace must be 1. To see this, consider
any a € Y% (associated with just one copy of B) that is not in the null space Ng. This
a of course defines a non-zero state |a) € Hp. For convenience, let us normalize a so that
(ala) = 1. From this a we can of course construct a Lla* € Y4 @Y% € Y% 5, which then
defines an operator lﬁa,L = (m*)L € AEUB. We use the notation Pa,L because a short
computation (see figure 11) yields

A A

Bl =Py, and P2 =P, (4.46)

a a,

showing that it is a projection. We also find
Por(le)@|d) = ((ale)) (la) @ |d)), V]e) ®|d) € Hp ® Hp. (4.47)

Furthermore, it is clear that for any b € Y% 5 (with two B-boundaries), the state P, 1|b) =
la) @ bt|a*) lies in HS 5 = Hp @ Hp; see again figure 11. Self-adjointness then requires
that ]5@7 1 annihilate the orthogonal complement of ’H%u - In particular, we see that any
such operator is of the form

A

Par = (la){a] ® 1y,) Pe, (4.48)

where Pg is the projection onto the product sector H%uB =Hp ®Hp in (4.24). As a result,
the trace operation Trg defined by H%u BL = Hp is well-defined on ]5@7 1, and we find

Tre(Par) = (ala) = tr(P,.1), (4.49)

where the last step is again apparent from figure 11. We must thus also have Cg = 1 = ng
as claimed above.

'5We have done this here separately for each u, but we are free to combine the operations Tr,, by summing
over p. This will be discussed further in section 4.4.
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For |b) =

Figure 11. Consider any a € Y} (associated with the ‘one-boundary’ state |a)) that is normalized
so that (ala) = 1. The operator ]5,17 L is a projection since it is manifestly self-adjoint (top line) and
squares to itself (second line). Furthermore, for any |b) € Hpp (not necessarily in Hp ® Hp), we
have P, 1|b) = |a) ® bt|a*) (bottom line). Thus P, |b) clearly lies in Hp @ Hp.

4.4 Hidden sectors and entropy from algebras

As noted above, the extended Hilbert space H BuB is mathematically useful. We now turn
to the question of whether this space may be physically useful as well.

To do so, let us suppose for the moment that the B LI B sector of the physical Hilbert
space of our quantum gravity theory were actually of the form (4.41), and in particular
that it contained factors Hp,, in some ﬁ%u g such that all of the operators defined by our
path integral act trivially on these H,,. Note that we suppose this to be true not only for
operators in our algebras AP and AE, but also for any operator on Hpp defined by any
surface in Y3 5 5,5 (i-e., defined by any surface that has four B-boundaries), and in fact

even for operators defined by surfaces in Y for general B that map Hpup to other

sectors of the Hilbert space. So long as thgsueB;’fe the only observables to which we have
access, we will never know that such ‘hidden sectors’ actually exist. Furthermore, none of
our observables would be able to change the parts of the state associated with such hidden
sectors no matter how hard we might try.

Indeed, let us suppose that for each p € Z (i.e., for each term H'g p in the decomposi-
tion (4.24)) there is a preferred (normalized) maximally entangled state |x,) € Hn, @ Hn,

We can use such states to map any state |¢)) € Hp,p isometrically to the state

|9 = @ (Ixu) ® Puly)) € Hpup. (4.50)

RET

This is the relation that arises when our original H g p defines a code subspace of H BLB for a
quantum error correcting code'® with two-sided recovery associated with the algebras .Af and

16More precisely, it is a sum of such codes, since even our ‘physical Hilbert space’ ’)unB does not necessarily
factorize, but is only required to be a direct sum of such factors.
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Ag [31]. In particular, if we call the above isometric embedding x : Hpup — Hp B, then x
can be used to translate operators on H 5 into operators that act on the image of x in H BUB-

The insertion of the maximally entangled state |x,) will clearly lead to differences in
quantitative measures of left-right entanglement as defined by the Hilbert spaces Hp g and
H BuB- The two descriptions of the Hilbert space thus also clearly lead to different notions of
entropy. This is in particular familiar from the discussion of [31]. Our setting here is slightly
more general than that of [31] (see again footnote 16), so we will postpone writing detailed
formulas until we define further notation and terminology.

In the theory of von Neumann algebras one can introduce a notion of entropy whenever
one has a faithful normal semifinite trace tr on (positive elements of) a von Neumann algebra
A. For positive a € A with tr(a) = 1, one may attempt to define

Syn(a) :==tr(—alna). (4.51)

Since a is a positive bounded (and thus self-adjoint) operator on some Hilbert space, the
operator alna can be defined using the spectral representation of a, and since it is bounded,
it must also lie in A. In a truly general von Neumann algebra the operator —alna need
not be positive, which means that (4.51) is not obviously well-defined for all such positive a.
But (4.15) and (4.16) imply that the operator norm ||a|| of a is bounded by y/tr(ata) = \/tr(a?)
which is in turn bounded by +/(tra)? = 1, so in our context —alna is positive and (4.51)
is well-defined so long as we allow it to take the value +oc.

On the other hand, in physics we typically wish to discuss entropies defined by states,
which in the present context we take to mean (normalized) pure states |¢) in some Hilbert
space H. The connection to the above entropy for positive elements of a von Neumann
algebra A acting on H is of course through the concept of a density matrix which, in the
general context, is more properly called a density operator. The point is that any physics
encoded in |1)) that can be extracted using observables in A is described by the expectation
values (¢|aly) for a € A. In particular, since A is closed under the product operation, this
includes all possible correlation functions (which are described by the case a = ajas ... ay).
In fact, since any a can be written in terms of its self-adjoint and anti-self-adjoint parts, and
since self-adjoint operators can be written in a standard spectral representation in terms of
projections onto their spectral intervals, it suffices to know (i|a|t) for all projections a € A.
We will be slightly more general than this below, but it will still be useful to henceforth
restrict discussion of such expectation values to positive operators a € A.

Suppose now that we are given a (faithful normal semifinite) trace tr on 4. For the
purposes of computing such expectation values, we can replace [1)) with a density operator
py € A if we can find a positive p, such that for all positive a € A we have

(Wlaly) = tr (p,ap,/?), (4.52)
/

where the positive square root pllz} % of the positive operator p, can as usual be defined using
a spectral decomposition. In familiar physics contexts the cyclic property of the trace would
be used to write the right-hand side as tr(pya), but our trace does not allow this since it
is defined only on positive operators and pya need not be positive. When such a p,, exists,
we can use (4.51) to define an entropy on A for the state |¢)) € H.

Let us now apply this discussion to states 1) in one of our diagonal Hilbert space sectors

Hpup. Then we in fact have three potentially useful notions of traces on e.g. .Af . The first
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is the trace tr defined by (3.31). The second is defined by the collection of Hilbert space
traces Tr,. Here we make use of the fact that the decomposition of (4.26) of AP in terms
of factors allows us to analogously decompose any a € Af as a = ©uez ay. We may thus
define a trace on Af by simply summing the traces Tr, over u, writing

Tr(a) := Z Try(ay). (4.53)
neT

We could also have chosen to insert some additional positive coefficient f(u) that changes
the weights assigned to each p in (4.53), but we have explicitly chosen not to do so in
defining Tr. However, our third trace Tr is equivalent to such a reweighting of (4.53) and
is defined by the expression

Tr(a) := Z Tr,(a,) = Z ny, Try(au), (4.54)
HEL neT
where the n, are the positive integers defined in section 4.3. As noted in that section, for any
a, we in fact have tr(a,) = Try(a,), which by the linearity of tr means that our first trace tr
is identical on Af to our third trace Tr. Nevertheless, it will be useful to continue to use
both symbols tr and Tr below to allow us to emphasize different conceptual points of view.
Now, given a normalized state 1)) € Hpup, we can use (4.24) to write |¢) =30 7 [¢u)
with [¢,) € H' 5. Then for any a € AP we have

(Wlaly) = > (dulaliy). (4.55)

neT

Let us now ask whether we can construct a density operator py such that the expectation
values (4.55) are reproduced using the Tr operation through

/2 1/2

(Wlalw) = Tr(p,*apy”). (4.56)
Working in any given p-sector, the factorization of the Hilbert space Hlg 5 into Hlg | g,z and
Hhy, p.r> and the fact that Af} . is precisely the algebra of bounded operators on H' | B.L>
mean that we can do this via the usual computation that considers the operator |1,)(1,|
on Hl i and then traces over Hly \p p; i.e., we can define pg as an operator on H's 5 ; by
giving a formula for its matrix elements between states |o)z, and [B)r in H} 5 ;- To do so,
it will be useful to introduce an orthonormal basis |i)p for H'; 5 g, and to use the notation

la, i) LR = o)L ® [1)R (4.57)

for the tensor product of any |a)r, € Hl, ., and the basis state |i)r. We will also introduce
Pp = (Yulbu). Working in those p sectors where p,, # 0, we take the matrix elements of
pi between the above states to be

vlalpf|B)r = (pu) ™! ZLR(aailiﬁuN%lﬁ, i)LR- (4.58)

Normalizability of |+,) implies this sum to converge, and pfz is positive since its expectation
value in any state is given by setting & = f in (4.58), in which case the right-hand side is a
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sum of non-negative terms. We also clearly have Tru(pﬁZ) =1, s0 pi is bounded. Defining

po =@ (purl) (4.59)

HEL

then yields (4.56) in the usual way as desired.

The above construction of py € .A]L3 using the Hilbert space trace Tr may seem natural.
But one can of course repeat precisely the same construction using the state |¢)) = x|t))
in the enlarged Hilbert space H pup that includes the hidden sectors H,,,. In this case we
use the trace Tr to write the final result in the form

(Wlaly) = Te(7,*apy)). (4.60)
where py = @®pez (p# ﬁg) for ﬁi defined by

L{@lpylB) L = (p) ™" ZLR<C~V7%|@ZM><1/;M|B’;>LR, (4.61)

where |&) 1, |3), are states in ?TL%UBL, the states |i) g form an orthonormal basis for ﬁ%uB,R7
and |LZ~JH> is a state in ﬁ%uB defined by the decomposition |)) = DT |1/~Ju> In analogy with
our previous notation, we have defined |&,1)rr := |&)1 ® |1)g. Furthermore, we emphasize
that the probabilities

bp = <T/~’u‘¢u> = <¢MWJM> (4~62)

are identical to those used in (4.58) due to the fact that our map x : Hpup — Hpup is
an isometry.

Comparing (4.56) and (4.60), and recalling that the traces Tr and Tr do not agree, we
find that despite — and one might even say, because of — agreement between the left-hand
sides of (4.56) and (4.60), the density operators py, and py, will generally represent distinct
elements of AP. As a result, using py and Tr to define the entropy of [¢) via (4.51) generally
leads to different results than using p,, and Tr. We emphasize here that while the definition
of jy used the state 1) as an intermediate step, this [¢)) was constructed from |¢) using the
isometric embedding x, so py is still uniquely determined by the original state |¢).

Of course, since Tr and tr are identical functions on AP we may choose to write (4.60)
in the form

(Wlaly) = tr(p) *apy?). (4.63)

We may correspondingly use (4.51) with the path integral trace tr to define a notion of von
Neumann entropy SZy associated with the left algebra AP for general (normalized) states
|) € Hpup. We may also perform the standard computation to relate the total entropy
to the average of entropies in each u-sector:

Sin(¥) = tr(=pyInpy) = > putr(=plInpl) = > pulnp,. (4.64)
neT neL
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Figure 12. When a and 3 are both simple two-boundary surfaces, th/e&th integral shown computes

both tr(¢*ay) and (y|alt)). For such a,, this shows that py, = (¢*), satisfies (4.63) since the
. 1/2 -1/2

former also agrees with tr(p, “ap, ")

Here the superscript  emphasizes that while the state [1)) is pure, we are considering a
notion of entropy associated only with the left algebra AZ.

The important points of our discussion above are that there is a py that for a € .Af
correctly computes expectation values in the original state [¢)), and that (4.64) can be
represented as a standard entropy defined by ‘tracing out the right tensor factor’ of each
pu-sector of the Hilbert space H BuB- Again, the Hilbert space H BUB is not a tensor product
of Hilbert spaces, though it could be written as a direct sum of such spaces so that the full
density matrix py is defined by a direct sum over the ﬁi. As a result, there is a natural
‘entropy of mixing’ contribution given by the last term on the right-hand side of (4.64).

Having defined the entropy Sy for general states [1), we would now like to discuss this
entropy in a theory that admits a bulk semiclassical limit described by a familiar theory
of gravity (say, Einstein-Hilbert or Jackiw-Teitelboim plus perturbative corrections). In
general, such a limit will give a good description only of appropriately semiclassical states |¢).
With this as motivation, let us thus consider a normalized |¢)) defined by the path integral
with boundary conditions given by some single smooth source-manifold-with-boundary
in the sense that it is an element of Y 5 multiplied by a normalization constant to ensure
(Y|) = 1. We can of course easily extend the analysis to the case of finite linear combinations
described by Y4, 5 so long as the number of terms and the coefficients remain fixed in the
desired semi-classical limit, but we expect general states |1)) to be more difficult to study
using semiclassical techniques.

When |¢) is defined by such a boundary-source-manifold v, we can use (4.63) to show
that g is the operator in AP defined by the boundary-source-manifold 1*. In A}, we might

—

call this operator (11*),, though we will refer to it below as simply Yt since we wish to
regard it as a member of Af . This identification will not be a surprise to most readers,
as when a € Y& 5 the argument in figure 12 establishes (4.63). However, for completeness
we define py 1= Yt and present the following more general argument that holds for any
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Figure 13. The manifolds M ([¢1)*]") that define path integrals computing tr(py;) are constructed
by cyclically gluing together n alternating copies of 1) and ¢*. The case shown here has n = 3.

positive a € AP (which we write in the form a = bb'):
tr (ﬁ}/ “obt )/ 2) —tr (bTﬁwb)
= tr (mel//}\*Lb)
=tr (Q/ﬁ\*LbleZL)
(Clv* b L | Cp)
= lim (4pCs|bb [pC
lim (v Cs 00T [$:C'p)

= (|bbT ). (4.65)

= lim
B840

In this argument, the 1st and 3rd steps use cyclicity of the trace (3.55) on the von Neumann
algebra, the 4th step uses (3.32), and the final step uses the facts that the states [¢Cg) =

Cp rl¥) converge to |¢) (according to Lemma 4 and Corollary 4 of appendix A) and that
the operator bb' is bounded. Comparing the beginning and end of (4.65) shows that Py
satisfies (4.63) as desired, and thus that it is the correct density operator for the state [).

The important consequence of this observation is that for all n € ZT we may also write

tr(py) = C(M([$g*]") (4.66)

where (¢¢*)" is just the product (say, using the left product -,) of n copies of ¥)*. In this
form we see that the traces on the left-hand side of (4.66) are computed by applying what
may be called the ‘gravitational replica trick’ to ©¥y*; see figure 13.

As a result, if such path integrals admit an appropriate semiclassical limit described by
saddles of either Einstein-Hilbert or Jackiw-Teitelboim gravity with perturbative corrections,
then we may argue as in [5] that in this limit the von Neumann entropy (4.64) is given by
the Ryu-Takayanagi entropy A[y]/4G, where 7 is the minimal surface homologous to the left
B in the bulk saddle that dominates the path integral defined by M (y¢*). This limiting
result then receives perturbative corrections from quantum effects in the bulk as described
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in [7, 14, 41], and from higher derivatives terms in the classical action as described in [42-44].
This representation of the Ryu-Takayanagi entropy as the semiclassical limit of an entropy
defined by standard Hilbert space operations on Hp_ g is the second key result of this work.

5 Examples

Let us now discuss examples of theories that satisfy the axioms of section 2.2 and which
illustrate the above results. A large class of examples is provided by boundary CFTs via
the AdS/CFT correspondence; in this context, the CFT partition function provides a (M)
that satisfies all our axioms. However, ((M) defined in this way is generally not written
directly in the language of bulk gravitational variables. Thus below we will discuss examples
in which ((M) is defined directly in the bulk. We will focus on models that are known to
exist, which means in practice that they must be extremely simple. We will thus consider only
two-dimensional bulk systems,!” defined either by the topological model of [17] (see section 5.1
below) or by an appropriate completion of Jackiw-Teitelboim (JT) gravity (see section 5.2),
perhaps coupled to end-of-the-world (EOW) branes or matter defined by some quantum field
theory (or by some proxy for such a QFT; see section 5.3). This discussion will be brief, but
it illustrates how the decomposition (4.24) and the associated hidden-sector dimensions n,,
can be non-trivial, as well as what the implications might be for understanding semiclassical
entropy computations. For such models it will be useful to note that any codimension-2
boundary B is a zero-dimensional manifold, which means that it is a discrete collection of
points. We will focus on the case where this collection is finite so that the number of points
is some m € ZT which we will call ‘the number of boundaries’.

An important point, however, is that taking a strict semiclassical limit of such models
generally leads to algebras that are not of type I, or at least that contain continuous spectra
for central operators. This indicates that there is some sense in which one can take a class of
models that satisfy our axioms for finite values of their couplings and, by taking an appropriate
limit, one can nevertheless arrive at models which violate our axioms. The nature of such
limits and the manner in which they violate our axioms will be discussed in section 5.4.

5.1 2d topological gravity

Let us begin with the topological gravity model of [17], first without EOW-branes. Here the
allowed closed source manifolds are disjoint unions of circles, and the topological nature of
the model means that the path integral depends on the number of circles but is completely
independent of their lengths. The associated source-manifolds-with-boundary are thus unions
of line segments. In particular, they always have an even number of boundary points so
that the m-boundary sectors with m odd are all empty. This is in particular true for the
one-boundary Hilbert space (m = 1). Thus, if we use B to denote a single point, then Hp = ()
and, as a consequence, the product sector H%u g = Hp ® Hp is empty as well.

It is important to recall that the framework described above applies separately to each
baby universe superselection sector of such models. Recall that for any such - sector, there

Tt is worth noting that the toy models studied in [38] can be viewed as three-dimensional bulk examples
where ((M) is defined by a Chern-Simons theory (suitably gauged) and satisfies our axioms.
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is exactly one state in the two-boundary sector Hpp. This is the state defined by taking
the path integral boundary conditions to be given by a line segment. This state plays a
role similar to the cylinders Cg discussed above for higher dimensions, so we will denote the
line-segment state of this topological model as simply |C). Since the model is topological,
changing the length of the line segment does not affect the state. And since there are no
matter fields in the model, all line segments of a given length are diffeomorphic to each other.
However the norm (C|C) depends on the choice of a-sector, and in fact turns out to fully
characterize any a-sector in this simple model [17].

Since the bulk theory has a one-dimensional two-boundary Hilbert space Hpup, all
operators on this space are proportional to the identity operator. This is in particular true of
both the left and right von Neumann algebras Af and A}B%. The Hilbert space Hpug = C
then factorizes in a trivial way according to C = C ® C, where AP and Ag are indeed both
isomorphic to the (rather trivial) algebra of all bounded operators on C.

Despite the uniqueness of |C) in Hp,p = C, the entropy of |C) defined by (4.64) is
non-zero. In the language of section 4.3, we may note that C? = C' = CT (since all of these
are line segments and the length of the segment is irrelevant) so that C' is a projection. By
the argument of that section we must then have tr(C') = n for some n € Z*, but n is not
generally equal to unity.'® It is thus the rescaled cylinder ¢ = C'/n that has unit trace, though
we see that ¢ = C?/n? = ¢/n is not a projection. In particular, since Inc = InC — Inn
and C'lnC = 0 (as is always the case for a projection), the normalized state n~'/2|C) has
left density matrix p = C/n = ¢ for which the entropy is S,ny = tr(—clnc¢) = Inn. This
entropy can be reproduced by embedding our one-dimensional Hilbert space in H, ® H,
by mapping n~/2|C) to n~1/2|C) @ |x) for some normalized maximally entangled state
|x). In other words, this model provides an explicit example where the hidden sectors of
section 4.4 are required to give a strict Hilbert space interpretation of what might here be
called the Ryu-Takayanagi entropy.

One way to make the model more interesting is to add some number k of flavors of
end-of-the-world branes. This case was also discussed in [17]. End-of-the-world branes lead to
a non-trivial one-boundary sector H g, where the dimension of Hp is min(k, n) with n = tr(C)
(this tr(C) was called d in [17]). Now consider the two-boundary sector Hp,p. For k > n
all two-boundary states lie in the tensor product sector: Hp g = Hp ® Hp. But for k <n
there is precisely one new state in Hp g that does not lie in the tensor product sector. It is
given by the part of |C') that is orthogonal to all two-boundary states defined by having two
end-of-the-world branes. The decomposition (4.24) thus takes the two-term form

Hpup = (Hp @ Hp) ® Hius, (5.1)

with ”Hﬁu g = C. Of course, we can again make the trivial tensor product decomposition
HE,p = C = C® C for this sector of the Hilbert space. The story of entropy in this sector is
then similar to what occurs in the topological model without EOW branes discussed above,
though the hidden sectors are now of dimension n — k.

8The requirement tr(C) € Z* was not noticed in [17] and provides further constraints on the allowed
couplings beyond those listed in that work. These constraints will be discussed further in forthcoming work.
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5.2 Pure asymptotically-AdS JT gravity

Another example to consider is the UV-completion of pure JT gravity. Again the allowed
closed source manifolds are disjoint unions of circles, though now the path integral does
depend on their lengths. There are no one-boundary states in this model, and because JT
gravity has no local degrees of freedom there is a basis of 2-boundary states of the form
|E, E), so that the left and right energies F necessarily agree in all states.

Furthermore, all operators in our algebras are again defined by line segments, though
now we find a distinct operator for every possible length of the boundary. For a segment of
length  we may call this operator e #. As a result, the left von Neumann algebra AP is
now the abelian algebra defined by bounded functions of the Hamiltonian H. This means
that the factors in (4.24) are labeled by the allowed energies E, and the algebra contains
a separate factor for each value of E. We can thus use the eigenvalues F to label sectors
H'y 5 in our general decomposition (4.24). We may thus replace all labels p with 4 = F
below. Each of the associated factors is again just the trivial algebra C, which is also known
as the type I factor. Each ng p is the correspondingly-trivial one-dimensional Hilbert
space of states proportional to |F, E). At finite values of the couplings, we have shown that
our axioms require the set of u labels to be discrete, which means that in any given baby
universe a-sector the spectrum of H must be discrete as well.

However, this model has a semiclassical limit in which we can compute Ryu-Takayanagi-
like entropies. Such entropies can be studied in microcanonical thermofield-double-like
states defined by some window of energy eigenvalues [E7, Fs|. Such computations are not
semiclassical in the regime where the window contains only one eigenvalue E, but they can
be semiclassical when this window is relatively large. As a result, semiclassical methods
are not sufficient to compute the integers ng associated with a given value of E. But if we
assume these integers to be small (or, at least, not exponentially large), we find that the
dominant contribution to a large RT entropy must come from the final entropy-of-mixing
term in (4.64). A large RT entropy then indicates that the probabilities p, are exponentially
small, and thus that there is an exponential density of energy states even if hidden sectors
are not included in the Hilbert space.

One might also ask what the construction of ensembles dual to JT gravity tells us about
potential bulk hidden sectors of the form described in section 4.4. Recall that the present
work has focused on a single member of such an ensemble rather than the ensemble as a
whole, and that the detailed properties of the model can differ from one member of the
ensemble to another. We have in fact already seen this dependence on the member of the
ensemble in discussing the topological model of [17] in which the dimension n of the hidden
sectors was given by tr C, so that such sectors are trivial (and thus unnecessary) in members
of the ensemble with trC = 1.

To discuss the issue for JT, we should in fact understand that the construction of the
dual ensemble may require extra information that is not obviously present in the original bulk
theory; see again the discussions in [47-55]. It is thus better to simply assume that we are
given a dual matrix ensemble and to then attempt to interpret this ensemble in bulk terms.

In fact, for reasons explained above, in the present context we should assume that we
are simply given a single dual matriz. Now, as described previously, from the bulk point of
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view there is only one observable that can be studied in JT gravity. This observable is the
energy, which is the bulk dual of the given matrix. But the quantities that can actually be
studied in the bulk are the eigenvalues of the matrix so, as was already noted, each such
eigenvalue thus uniquely determines a (one-dimensional) Hilbert space sector HE 5 (where
each B is a single point), or equivalently a unique normalized bulk state |E, E).

On the other hand, a basis for the Hilbert space of the dual matrix theory is given by the
full set of eigenvectors of the matrix. For a generic diagonalizable matrix, the eigenvalues can
be used to label its eigenvectors so that there is no harm in calling the matrix eigenvectors
|E, E) as well (since here the second FE in |E, E) is a redundant label that is not even in
principle allowed to differ from the first). However, when the matrix has degenerate eigenvalues
such a labelling cannot be complete. Instead, we must introduce an additional degeneracy
index (say, Ig) for any degenerate eigenvalue, in which case the dual matrix eigenvectors
might be denoted |E, E, Ig). Note that on the JT gravity side of the duality there is simply
no way to resolve the distinction between states labelled by distinct values of the index Ig.

In order to agree with the bulk Gibbons-Hawking entropy computation, such degeneracy
indices Ig can range only over some finite number of values ng for each F. The addition of
the index Ig is thus precisely equivalent to saying that the space of matrix eigenvectors with
eigenvalue E is given by the tensor product HE 5 := HE 5 @ Hpy of a hidden sector H,,,
with the bulk sector HE 5 constructed by the path integral. It is reasonable to expect that
non-trivial hidden sectors often arise through such accidental degeneracies. However, as is
true in the current case, when this occurs such degeneracies should arise only in a measure
zero subset of the dual ensemble and may thus be safely neglected.

5.3 JT gravity with “matter”

Finally, it will be useful to discuss JT gravity coupled to quantum matter fields, or at least
a simple toy model thereof. Since simple path integrals for JT coupled to quantum fields
do not define finite partition functions [16], we will proceed here by simply writing down by
fiat algebras that we deem plausible for UV-completions of such models.

In particular, let us consider a putative UV-complete model in which there are again
no one-boundary states, but where the two boundary states are now spanned by |E, E’) for
some discrete set of values for (E, E'); note that discreteness is guaranteed by the finiteness
of tr(Cp) = :fvr(Cg). In particular, E is allowed to differ from E’. Let us also assume that
the left von Neumann algebra Af includes all bounded functions of the left Hamiltonian,
and that it contains operators that can change any |Ey, E’) to any |E2, E'). We will refer to
such operators as matter operators. In this case, we can introduce Hilbert spaces Hy, Hgr
which respectively have bases {|E)}, {|E’)}. These are not the one-boundary Hilbert space
Hp, as Hp has already been declared to be empty. Nevertheless, we see explicitly that
Hpup = Hi ® Hr. We also see that AP can change any state |a) ® |3) into any other tensor
product state |o/) ® |8) with some other |o/) and the same |3). As a result, AP acts on the
entire Hilbert space as the algebra of bounded operators B(#H) on Hrp..

Despite the explicit factorization of H p g, this Hilbert space is not what we called the
product sector Hp ® Hp, since the product sector is trivial in this model. As a result, the
trace tr(P) of a one-dimensional projection P can in principle be any positive integer n € Z T,
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though here it must in fact be the same positive integer n for all such projections P. This
integer would need to be computed in any given model, and n > 1 would suggest that the
model be augmented by the addition of hidden sectors.

For any such n this model yields a single type I factor. As a result, entropy in (4.64)
comes entirely from the first term and does not involve any entropy of mixing. The pure JT
case, where (up to contributions from hidden sectors) the entropy was entirely given by the
entropy-of-mixing term in (4.64), might thus seem sharply different. But this distinction is
not really so large in the sense that (assuming the energy eigenvalues to be non-degenerate
and the number of such eigenvalues involved to be large in comparison with the above integer
n) in the theory with ‘matter’ we can replace tr by Tr and then compute this trace in the
energy basis to find an entropy-of-mixing-like formula Sy (v) ~ — > 5 pe Inpg, where pg
is the probability of finding the system to have left-energy E. We thus see that while the
two terms in (4.64) are distinct in a given model, small changes in the model can move a
given physical contribution from one term to another. This should not really be a surprise as
the spectrum of u-sectors is generally defined by the spectra of operators in the center Z of
(say) the left algebra, and one might think that — much as in our discussion of degenerate
eigenvalues for pure JT gravity — the existence of any non-trivial central operators at all
requires a fine tuning to set commutators to zero.

5.4 Axiom violations in semiclassical limits

As noted in the introduction to the current section, semiclassical gravity generally leads
to algebras that are not of type I, or at least that contain continuous spectra for central
operators. Let us suppose that such models arise from limits of UV-complete models at finite
couplings, and let us also suppose that such finite-coupling UV-complete models are to satisfy
our axioms. Then there must be a sense in which one can take a class of models that satisfy
our axioms for finite values of their couplings and, by taking an appropriate limit, one can
nevertheless arrive at models which violate our axioms. It is useful to describe how such
violations arise in the context of definite simple models.

Let us therefore consider again either pure JT gravity or our imagined UV-complete
theory of JT gravity coupled to quantum fields. JT gravity contains a parameter Sy that
controls the semiclassical Gibbons-Hawking entropy of the ground state, and which weights
contributions to the path integral by e“°X where y is the Euler characteristic of the spacetime.
Taking the limit Sg — oo thus suppresses contributions from higher topologies. In this limit,
in the case with quantum fields, Penington and Witten argued that the left von Neumann
algebra on ‘Hp g is of type I [27]. For pure JT gravity the von Neumann algebra is an abelian
algebra whose factors are necessarily of type I, though in the semiclassical limit the spectrum

19 (see again [27]). Either of these results would

of the central operators becomes continuous
be forbidden by our analysis, so in both cases the limit must violate at least one of our axioms.

There are in fact at least 4 different ways that one might attempt to discuss the large Sy
limit of a JT-gravity theory. We now discuss each of them in turn, though the discussion

of each will be quite short.

19A model of pure 3d gravity (with restricted bulk topology) having a similar semiclassical algebraic structure
was recently studied in [69].
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The first approach is simply to keep Sy finite, but to take it to be larger than other
quantities of interest. In this case, the results of [27] would tell us only that the algebra
when coupled to matter is approximately of type II, or that the spectra for pure JT are
approximately continuous in the sense that any spacing between energy levels is much smaller
than other parameters of interest. This, of course, does not require any actual violation of
our axioms. Instead, it suggests only that there is some ‘near violation’ whose form will
become clear by discussing the other approaches below.

The second approach is to note that discussions of semiclassical physics tend to focus on
disk amplitudes, and to recall from the above discussion that the disk amplitude is weighted

Sox(disk) — ¢S50 To keep the disk amplitude finite as Sy — oo, one might thus rescale the

by e
gravitational path integral ¢ by defining ¢, = e~0¢. This rescaling will preserve most of
our axioms, though it will necessarily violate the factorization axiom. In particular, since

¢ satisfies factorization we have
G(My U My) = e=%0¢(My U M) = e ¢(M1)¢(Ma) = "G (M) (Ma).  (5.2)

Furthermore, this violation becomes arbitrarily strong in the limit Sy — oo. It is thus no
surprise that the Sy — oo limit does not have the properties described in this work.

A further concern in the second approach just described is that only the single-disk
amplitudes are finite in the limit Sy — co. In particular, as one can see from (5.2), amplitudes
that involve larger numbers of disks will still diverge. The third approach is designed to
remedy this problem and to also maintain factorization. To do so, we rescale the path integral
by e~™50 where m is the number of circles that define the boundary conditions; i.e., we define
C3(M) = e~™5( (M) where m is the number of connected components of the closed (and
compact) boundary source-manifold M and then consider the limit of (3 a8 Sy — +oo.

While this third approach is more satisfactory with regard to both finiteness and fac-
torization, it can run afoul of reflection positivity. In particular, let us recall that the
proof of the trace inequality (4.15) involved positive-definiteness of the inner product on
the four-boundary Hilbert space. Let us then further recall that the relevant computation
turned out to involve both path integrals with what in the current context would be m =1
boundary circle, as well as path integrals with m = 2 boundary circles. The computation is
thus sensitive to the fact that, in defining 3, we have changed the relative weights between
these two terms by a factor of e0.

In fact, for any computation that involves only disks, defining C3(M) = e~™50¢ (M) is
equivalent to simply using the original path integral { with Sy = 0. On the other hand,
performing this rescaling and taking Sy — oo suppresses the contributions of all non-disk
topologies, even though these would have made extremely important contributions to the
original path integral ¢ if we had in fact set Sy = 0. In this way we see that reflection-
positivity can easily fail for the rescaled path integral (3 even if it holds for the original
path integral ¢ at all finite values of Sy. And, indeed, the argument leading to (4.15) shows
that the failure of the trace inequality for the rescaled path integral is directly equivalent
to such reflection-positivity violations.

This then brings us to the fourth and final (and perhaps the most sensible) approach to
discussing the large Sy limit of JT gravity. In the Hilbert space sector with 2k boundaries, if
we really wish to keep all amplitudes finite without sacrificing reflection-positivity, then we
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should simply rescale the path integral by e %%0; i.e., we might define 54,21@ = eS¢, We
emphasize here that the rescaling depends on the choice of codimension-2 boundary that
defines the Hilbert space sector, and not directly on the number of spacetime boundaries
that define the path integral. We also emphasize that, as we saw explicitly in figure 8,
computations in a given Hilbert space sector can involve path integrals with varying numbers
of codimension-1 boundaries. As a result, as indicated by the notation 54,%, after performing
this rescaling we no longer have a single path integral that defines the entire theory. Instead,
we have effectively separated the sectors of the Hilbert space associated with different numbers
of boundaries and declared each to be its own separate theory. We see that taking Sy — oo will
mean that the inner product in the 2k-boundary sector is determined entirely by amplitudes
with k disks. In particular, while the one-disk amplitudes will make finite contributions to
the inner product in the two-boundary sector, their contributions to the inner product in
any higher-boundary sector of the Hilbert space has been set to zero. While this is a natural
semiclassical treatment of the system, it clearly violates our first (and from some perspectives
most trivial) axiom which simply states that all computations are controlled by the same
path integral. It should thus again be no surprise that type II behavior and/or continuous
spectra for central operators can arise in the limit So — oo.

We expect similar comments to apply to the G — 0 limit of higher dimensional UV-
complete theories, though in that case there is no clear analogue of the 2nd approach.

6 Discussion

For the convenience of the reader, the results of the somewhat lengthy preceding sections will
now be briefly summarized in section 6.1 below. We will then provide some further remarks
concerning these results in section 6.2. Finally, we will conclude with a short discussion of
open issues and future directions in section 6.3.

6.1 Summary

The work above considered the possibility that quantum theories of gravity admit UV-
completions associated with objects that can be called ‘Euclidean path integrals’. We took
such objects to satisfy 5 simple axioms that we call finiteness, reality, reflection positivity,
continuity, and factorization. The first of these axioms states that the path integral defines a
map ¢ to C from the space of smooth closed d-dimensional boundary-source-manifolds for
some d. Here the bulk theory is thought of as being of some dimension D > d. The reality,
reflection positivity, and factorization axioms were of the standard form. In particular, the
factorization axiom required ¢(M; U Ms) = ((M1)((M2) for closed source-manifolds My, M.
Although general gravitational path integrals may naively violate this assumption, when the
path integral defines a positive-definite inner product general arguments suggest?’ that the
theory will decompose into so-called baby universe superselection sectors in which factorization
is satisfied [17], in which case our arguments apply sector-by-sector. The remaining axiom of
continuity was extremely weak and required only continuity in € in contexts where it was
possible to insert a ‘cylinder’ C, of the form B x [0, €] into the boundary source manifold
while maintaining smoothness of the path integral boundary conditions. The details of the
axioms were described in section 2.2.

20The technical caveats were reviewed in section 2.2.
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Section 2 used these axioms to construct Hilbert space sectors H p associated with closed
boundary manifolds B of dimension d — 1. In particular, the reflection positivity axiom
implies that the inner product is positive-definite on all such Hp for any B (whether or not
B is connected). When B is of the form B = B; U By, where Bj, By are also closed and
compact, section 3 then defined a surface algebra of operators Afl acting at B; and a second
algebra of operators Agz acting at By. The path integral also defined a trace operation on
these algebras. Importantly, our axioms imply both algebras to be represented by bounded
operators when acting on Hp,B,. This was shown to be a consequence of positivity of
the inner product on the higher-boundary Hilbert spaces Hp, 1 B,uB,uB, and H B, ByLiB;LIBss
which in particular implied the trace inequality (3.13) recently discussed in [40].

Since these representations involved only bounded operators, they could be completed to
von Neumann algebras Afl’BQ, Agl’BQ. Although the original algebra Af ! was independent
of B, its von Neumann algebra completion AEI’BQ does generally depend on the By that
defines the Hp, 1B, used to construct the completion. We analyzed only the diagonal case
B; = By = B, leaving the more general case for future work. In the diagonal case one can
denote the algebras more simply as Af , Ag. The above trace then admits an extension to a
trace tr on the full von Neumann algebras AP and AB as shown at the end of section 3.

Critically, section 4 showed that this extended trace also satisfies a trace inequality of the
form (4.15). Together with the results in appendix B, this implies the extended trace to be
faithful, normal, and semifinite. Using the trace inequality again then immediately implied
our (diagonal) von Neumann algebras to be of type I, meaning that they are direct sums
of type I factors Af’ﬂ (or Ag u)‘ The diagonal Hilbert space sectors Hp,p also decompose
as direct sums

Hpup = @ /HléuB (6.1)
HET

over Hilbert spaces H’y 5, each of which is necessarily a tensor product Hlg BL® Hly, B.R
on which Ag 4 (Ag ,,) acts non-trivially only on the left (right) factor. Deriving (6.1) also
made additional use of the trace inequality in showing the index set Z to be discrete; i.e., in
showing that (6.1) contains only a direct sum and not a more general direct integral. The
decomposition (6.1) provides at least one sharp sense in which we can show that quantum
gravity Hilbert spaces (at least those associated with a given value of i) factorize into products
of Hilbert spaces associated with natural subsystems; see e.g. [22, 70-72] for discussion of
related issues.

Using positivity of the inner product on the Hilbert space sectors associated with 2n
copies of B, section 4.3 generalized the argument that led to the trace inequality (4.15) to
show that the path-integral-trace (tr) of any non-zero finite-dimensional projection must
be a positive integer. As a result, for some n, € Z* it agrees on Aﬁu with the standard
Hilbert space trace defined by summing diagonal matrix elements over an orthonormal basis
in the extended Hilbert space ﬁ%u BL = Hh, B.L ® Mn,, where H,, is a ‘hidden sector’
Hilbert space of dimension n,,.

As a result of the type I structure, the trace tr can be used to define a notion of
‘left entropy’ (or entropy with respect to the left algebra AP) on pure states |¢) € Hpp.
Furthermore, due to the relation between tr and the Hilbert space traces on both ﬁ’éu B.L
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and the corresponding right extended factor ﬁ%u B, this entropy can be interpreted in terms
of an entropy of mixing term together with the familiar entropies S!' ]’\],; = F[v‘rﬂ(—ﬁz In 7))
defined by considering the projections [¢,) of |¢) to Z—l%u p» isometrically embedding a
normalized version of |t,) in the extended Hilbert space Hg 5 = H'g,, B.L® Hly, B.p» tracing
out the right factor in the usual way to define the density matrix ﬁz, and then summing
expectation values of —p, In g}, over an orthonormal basis of H} 5 ;. The final result for
the left entropy of [¢) then takes the form

SEv@) =" puSIN =D puInpy, (6.2)
neT pneT
where p,, = (Y, |¢,) is the norm of |,) in Hly 5.

We then observed at the end of section 4 that, if our theory admits an appropriate
limit described by semiclassical bulk Einstein-Hilbert or Jackiw-Teitelboim gravity, the
corresponding limit of (6.2) is given by the Ryu-Takayanagi entropy of the left B as defined
by the corresponding bulk saddle. Quantum and higher derivative corrections are of course
also incorporated in the usual way.

This then provides what one might call a Hilbert space interpretation of the Ryu-
Takayanagi formula. We emphasize that it uses the extended Hilbert space

Hous = D [(H%uB,L ® H”u) ® (H%uB,R ®Hnu)} : (6.3)
neL

The factors H,,, are naturally called ‘hidden sectors’ since — aside from their connection to
the trace tr and the associated entropy — they are invisible to the algebras of observables
defined by the original path integral.

We emphasize that nowhere in this work did we require the existence of a local dual field
theory. Of course, the axioms of section 2.2 will be true when such a dual theory exists, but
the existence of a dual formulation would also entail much more structure. In particular,
none of our axioms require any form of locality for a hypothetical dual formulation (beyond
the rather weak constraints implied by the factorization axiom). Indeed, with the possible
exception of the factorization requirement, our axioms are generally accepted as properties
that should be satisfied by any bulk Euclidean gravitational path integral. And while the
factorization axiom is less obvious from the bulk point of view, as reviewed in section 2.2 this
axiom in fact follows from the others modulo certain mathematical subtleties. While such
subtleties remain to be further investigated in any given model, it is nevertheless plausible
that our axioms hold for any Euclidean UV-completion of a theory of quantum gravity,
whether it be called string field theory, spin-foam loop quantum gravity, or by some other
name. What we find interesting about the above construction is just how much structure
can be obtained with the simple and limited Axioms 1-5.

The final section (section 5) above discussed both topological and JT gravity examples in
order to illustrate general features of our construction. In particular, they provided contexts
in which the decomposition (6.1) is non-trivial in the sense that we required more than one
value of pu. These examples also featured cases with non-trivial hidden sectors, and the JT
example illustrated the idea that such sectors can arise due to accidental degeneracies in
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the bulk description. We also discussed the fact that defining a semiclassical limit of JT
gravity by taking a strict limit Sy — oo leads to violations of our axioms, so that it is no
surprise that [27] finds the semiclassical theory to have a type II algebra and/or continuous
spectra for central operators.

6.2 Remarks

Before concluding, we wish to make a few further remarks. The first of these concerns
constraints on the decomposition (6.1) that can be deduced by requiring that the theory
admit a familiar semiclassical limit. In particular, at least when the boundary B is a sphere
or a torus, and when the system is coupled to an external bath that can absorb radiation,
standard semiclassical physics tells us that large black holes can evaporate at least until they
are microscopically small (when quantum gravity effects then fail to be under strict control).
This is the case even if the original black hole is a two-sided Kruskal extension of e.g. a large
AdS-Schwarzschild black hole with its famous Einstein-Rosen bridge connecting two distinct
asymptotic regions. By the usual arguments, this should be proportional to the semiclassical
limit of the state that we have called |Cs) (or, equivalently, proportional to |Cj)) for inverse
temperatures (3 less than the critical value fygp set by the Hawking-Page transition [73].

We now couple one side of our system — say the left side B — to a non-gravitational
bath. Thus, time evolution will mix the gravity and bath degrees of freedom and, in this
sense, will then change the state of the bulk. However, so long as this coupling is describable
by a real-time version of our path integral, the time evolution operator should be a unitary
operator built from elements of Af and operators acting on the bath. Then for any subspace
H'y. 5, since the projection P, onto this subspace is in the center and commutes exactly
with all elements of .Af , it will also commute with the time evolution operator even in
the context of coupling to a bath. Furthermore, since the time evolution is unitary, it will
preserve the probability p, = (¢|P,|¢) associated with any subspace H'5 5, where |) is
the normalized state on the entire gravity-with-bath system. The decay of a large black
hole to a small entropy object then tells us something about the parameters that describe
whatever p-sectors were present in the original state.

To understand such constraints, we should first consider what values of p will have non-
zero probabilities p,. Since the probabilities are preserved in time, this can be determined
from the initial state N~'|Cjs) where N = 1/(Cj5|Cs). The question thus reduces to asking
when P,|Cj) is a state of non-zero norm. But faithfulness of the trace (Corollary 2) means
that tr(P,) # 0, and since PE = P, the limit limg|o(C|P,|C3) is tr(P,) according to (3.32).
Thus P,|Cg) must be non-zero for small enough 3. It follows that our black hole evaporation
scenario will contain at least some information about all possible subspaces H’ 5.

For simplicity, let us focus on the case where B is a sphere. In that context, semiclassical
physics suggests that the evaporation continues until the area of the black hole is of order
the Planck scale, so that (using the connection to the Ryu-Takayanagi formula described
at the end of section 4.4) the entropy S% on the left B satisfies Sk ~ A/4G = O(1) at
this point in the evaporation. This tells us that (4.64) can take values as small as O(1)
in states with probabilities p, determined by the initial gravitational state N *1](3’/3> with
small . Since both of the terms in (4.64) are positive, this must also be true of each term
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separately. As a result, values of p for which p, is exponentially small in 1/G can contribute
at most a total probability of order G to the state. Similarly, since for each u we must
have tr(—pj, Inp},) > Inn,, our n, can be exponentially large in 1/G only in a part of the
state that contributes at most a total probability of order G. In this sense one might say
that ‘typical’ values of  must be associated with values of n, that are not exponentially
large. In such sectors the exact value of n, would then contribute to only a small part of
the Ryu-Takayanagi entropy in standard situations where the entropy is O(1/G). It would
thus be interesting to better understand whether similar constraints arise for other choices
of the boundary B, or whether in some cases one finds instead that black hole areas are
bounded below by a constant greater than zero.?!

Our second remark involves comparisons between our axioms and those of various forms
of quantum field theories. In particular, it has sometimes been said that our axioms resemble
Atiyah’s postulates [81] for topological quantum field theory (TQFT); see also [82]. Of
course, there are also similarities to Segal’s axioms [83] for conformal field theories and to
the Osterwalder-Schrader axioms [84] of general Euclidean field theories. We view these
similarities as natural for any formulation associated with Euclidean path integrals. It may
seem that our axioms have more in common with TQFT than the other contexts above
simply because, first, there are fewer TQFT axioms due to the theories having less structure
and, second, the fact that both here and in TQFT we explicitly allow path integrals defined
by arbitrary manifolds N with the same boundary 0N to define states in the same Hilbert
space. This is, of course, also the case in non-topological quantum field theories, though
it is less commonly emphasized in that context since one can also use local sources to
generate general states.

However, it is perhaps more interesting to highlight differences between our axioms and
those of TQFT. A critical such point is that TQFT requires the Hilbert space to factorize
over disjoint unions (Harlow factorization). This TQFT axiom encodes an element of locality
that, as we have seen, distinctly fails to hold in our context. We show, however, that (at
least in the diagonal context) a weakened version of this property is still a consequence of
our axioms in the sense that the Hilbert space Hp g decomposes into a direct sum of terms
H'y p for which the algebra of bounded operators B(H', ) is the tensor product of the
algebras Aﬁu and Ag,u associated with the two boundaries.

Another important distinction is that standard TQFT requires the associated Hilbert
spaces to have finite dimension. In contrast, we allow infinite dimensional Hilbert spaces but
we are still able to show that our operators are bounded and that our construction yields
type I von Neumann algebras.?? It would appear that one could also use the basic argument

2lFor example, one might be concerned about the fact that the black holes with hyperbolic boundaries
studied in [74-76] have areas that are bounded away from zero. However, it was shown in [77] that such
hyperbolic black holes are unstable against scalar field condensation for low enough temperature, and when the
mass of the scalar field is between the d-dimensional and 2-dimensional Breitenlohner-Freedman (BF) bound.
The more dominant hairy black hole solution has vanishing horizon area at zero temperature. Similar results
has been found for nearly extremal Reissner-Nordstrom black holes [78] and for nearly extremal rotating black
holes [77]. The resulting bounds on p, and n, are thus similar to the case of spherical B discussed above, and
the results of [79, 80] suggest that general cases will again behave similarly.

22Generalization of TQFT with infinite dimensional Hilbert spaces have also appeared in [85-90], which
attempt to use inspiration from TQFT to define the full gravitational path integral.
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of section 4 to generalize the TQFT axioms to allow infinite-dimensional Hilbert spaces, and
that one should again find bounded operators and type I algebras. However, we have not
explored this in detail. We also refer the reader to [91] for comments on how topological
quantum gravity models provide a different generalization of TQFTs.

The third remark concerns the quantization condition derived in section 4.3 for the
trace tr(P) of any non-zero finite-dimensional projection P. In general, we might say that
the unit-trace operators p := P/tr(P) define various notions of microcanonical ensemble
(not necessarily specified by an energy), so that our quantization condition tr(P) =n € Z*
requires the quantity tr(—pln p) to take the value In(n). Note that the quantities tr(—pln p)
defined by our path integral are then microcanonical and non-perturbative analogues of the
semiclassical (canonical ensemble) partition functions studied by Gibbons and Hawking in
their classic Euclidean path integral study of black hole entropy [92]. It is thus natural to
refer to the above result as ‘quantization of the Gibbons-Hawking density of states.

This quantization allowed us to construct a Hilbert space H pup (via the inclusion of
finite-dimensional hidden sectors) on which the entropy tr(—pln p) = In(n) directly measured
the rank n of the projection P on appropriate left-factors of the Hilbert space Hpup. Since the
inclusion of hidden sectors can only add states to the theory, we find that exp (tr(—plnp)) =n
also bounds the rank of P in the context without hidden sectors; i.e., on the left-factors
of the Hilbert space Hpp. A similar result was previously derived in section 4.1 of [17]
using methods that also involved examining higher-boundary Hilbert spaces. Here we have
extended this result by deriving the above quantization condition and thus showing that the
appropriate addition of hidden sectors will saturate the bound of [17].

As described in section 4.3, our quantization is a direct result of positivity of the inner
product on the gravitational Hilbert space. This should not be a surprise, as classic textbook
classifications of e.g. unitary representations of the angular momentum algebra in fact take
a similar form. In that context one often begins with what will turn out to be a highest
weight state. One then acts repeatedly with lowering operators. Assuming all of the states
generated by this process to be non-zero would then lead to the construction of a state
with negative norm, so at some point this process must terminate. The condition that this
occurs then enforces quantization conditions on the spectra of the relevant operators, and in
particular on eigenvalues associated with the original state. This is very much in parallel
with our argument, which could be phrased in terms of first supposing some value for tr(P)
and then, starting with the state |P), constructing more complicated states on Hilbert spaces
associated with more and more boundaries. Eventually, at some point determined by tr(P),
one finds that such states must have negative norm unless they are trivial. The required
triviality then imposes tr(P) = n € Z*.

One of the interesting lessons from this work is thus that, in quantum gravity, important
such constraints are imposed by considering contexts with large numbers of boundaries. In
particular, in a semiclassical limit the operators P that describe interesting microcanonical
ensembles would be expected to have entropies of order 1/G, and thus values of tr(P) that are
exponentially large in 1/G. Our work suggests that such values of tr(P), even if not integers,
would nonetheless appear to be consistent unless one performs computations that involve a
similarly exponentially large number of boundaries. This would clearly be a monumental
task. On the mathematical side, this in particular supports suggestions recently enunciated
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by Witten [93] that while some notion of analytic continuation of integer n results to non-
integer cases should violate positivity, such violations of positivity would be invisible in
any notion of an asymptotic expansion of such results at large n. See also [40] for another
recently-discussed sense in which constraints from positivity become invisible in the limit
of a large density of states.

6.3 Future directions

It is traditional to close with a discussion of open issues and future directions and, indeed,
it seems that there is still much to explore. One such direction would be to understand
the analogues of the arguments given above for Lorentzian path integrals, perhaps allowing
special codimension-2 singularities as described in [32]. Since our Axioms 1-5 all appear to
admit ready extensions to complex sources (which, from the Euclidean perspective, would
include real Lorentzian boundary conditions), the main issue is likely to be how to properly
state the sense in which the boundary conditions are required to be “of Lorentz signature”
and in particular how to handle any singularities that arise.

Another limitation of the analysis above was that it studied only diagonal Hilbert space
sectors Hp,p for which B is a compact closed manifold (without boundary). It would
clearly be of interest to understand the non-diagonal case in more detail. We will return
to this issue in future work [59].

A more interesting generalization might be to drop the requirement that B be compact
and closed, and to instead investigate the case where some B and its complement B meet
at some OB = 9B. If there is a dual CFT, then the usual field theory arguments lead us to
expect that any von Neumann algebra associated with B should be of type III. However,
it is important to understand how to derive this result from the bulk gravitational path
integral. Furthermore, despite the fact that the algebra is expected to be of type III, we
would like to show that states on the algebra have a reasonable notion of renormalized von
Neumann entropy. We have only just scratched the surface with respect to this issue here,
and there is much more to understand.

Another interesting path to explore would be to investigate whether small enlargements
of the set of axioms might lead to significant enlargements in the class of results that can be
derived. It would be particularly interesting to understand if there are simple axioms (say,
regarding spacetime wormholes) that would allow us to take a general non-factorizing path
integral and to write it as a direct sum/integral over ‘baby universe superselection sectors’
as described in section 2.2. It would similarly be interesting to find simple axioms which
imply Harlow factorization, meaning that the direct sum (6.1) over p would reduce to a single
term. This term would then necessarily be of the form HZ ® HE (except in cases where
these one-boundary Hilbert spaces are trivial). Developing additional examples would also
be useful in this regard, so that the effect of new axioms can be more readily understood.
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A Properties of the unnormalized cylinder operator Cj
We now provide the proof of the following lemma:

Lemma 4. The operator norm ||Cg| of the (unnormalized) cylinder operator satisfies
|1Csl| =1 as f — 0.

Proof. To show that this is the case, recall that since C5 € Y& 5 it defines a bounded
PN _ _
operator. Furthermore, since C% = (Cg)t = Cg, we have (CBL) = C’EL = Cp,, so that Cg,

is sﬂf—adjoint and can be diagonalized. In addition, since 6\'5 L= @;2@ 1» the eigenvalues
of U, are non-negative.

Now consider the family of operators C/’B;  forn e Z* and some fixed 3 > 0. The norm
|Cg/nll is the supremum of the set of eigenvalues of C/B;L ;- But the operators @1 ; have a
common set of eigenstates |[A\) with eigenvalues A7 for some bounded set of non-negative
real numbers A. In particular, we have

1Cs/mll = Sup A = (Sgp A= 1)t (A1)
Thus
i [[Cpll = 1. (A.2)

This establishes that we can find sequences of Cg with 8 — 0 for which ||Cg|| — 1.
However, it remains to show that this convergence is sufficiently uniform that ||Cg|| converges
for an arbitrary sequence of Cg with 8 — 0.

Suppose first that ||Cs|| < 1 for all 3 > 0. Then since Cg, 45, = Cp,C3, for pi, 2 > 0,
we have

1Csi4 1l < 1C, 1 [Tl < 1, - (A.3)
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In particular, in this case, for all § > 0 we find that ||Cp|| is monotonically increasing as
decreases. Thus (A.2) for any fixed § implies limg_,q [|Cs]| = 1.

The remaining case occurs when ||Cpg,|| > 1 for some Sy > 0. We will now show both that
this requires ||Cp|| > 1 for all small enough 3, and that for small enough /3 the norms ||C3||
are bounded above by a quantity that tends to 1. This will then establish limg_,o ||Cs|| =1
for this final case.

The condition ||Cg,|| > 1 means that there is some state |¢) for which <1/}\C/'2;0L\1/1> >
(1[1p). Now, recall that states of the form |a) for a € Y% 5 are dense in Hpp, so that any
state 1) can be approximated by such |a). Since C/'QEO ;, is bounded, the expectation value of
C/QEO ; is a continuous function of |¢). Thus there must also be some a € Y%, 5 for which
(a|Capy @) = Mala) # 0 with A > 1.

Let us now consider some small # > 0 and write 8y = {%OJ 8+ A. Here we use the
notation |fBy/3] to denote the greatest integer less than or equal to 5y/5. Thus 0 < A < .
As a result, the continuity axiom (Axiom 4) requires

(a|Con |a) — (ala) (A.4)

as  — 0 via any sequence for which A # 0 (so that the left-hand side is well-defined). Since
for A # 0 we have

Mala) = (alCag, la) = (a|Ca; Conp Capla) < [|Csl1*"(a|Can la), (A.5)

where n = |8y/8], and since eq. (A.4) tells us that for any € > 0 we can find a 3; such that
for all 8 < 1 we have (a|Cya,|a) < (1 + €)(ala), we find

Mala) < [|Cs]*" (1 + €)(ala) (A.6)

for values of 5 at which A # 0. But when A = 0 the result (A.6) follows immediately
from (A.1). Thus (A.6) in fact holds for all 5 < 3.
Let us now choose 1+ € < A. Then from (A.6) we see that there must be a 51 such that

A 1/2n
ICsll > (25) " > 1 forall < 1.
On the other hand, we can also show that ||C3l|| is bounded above by a quantity that

tends to 1 as 8 — 0. To do so recall that (3.13) and (3.17) imply
1G]l < y/tr (C3) < tr Cp, (A7)

and that tr Cz is a continuous function of 3 for 3 > 0. As a result, on any fixed interval
[B2,202] we find tr Cg < C for some constant C > 0. Thus (A.7) requires ||Cs|| < C on this
interval as well.

Furthermore, as discussed above, for any 8 we have ||Cg/, || = |C5]|*/™. Since any 8 > 0
with 8 < B2 can be written as 3'/n for some 3’ € [B2,202], this gives us an upper bound C'/"
on such [|Cgl|, where n = [282/6|. Combining this with the above observation yields

1< ||Cg) < CV/m, (A.8)

for all 8 < min(By, B2). And since C1/" — 1as 8 — 0, we must have ||Cs|| — 1 as claimed. [
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The above argument also leads to the corollaries below.

Corollary 4. As § — 0, the operators @L converge in the strong operator topology to the
identity 1 on any Hpup.-
Proof. We wish to show CA’5L|a> — |a) for all |a) € Hpup. Due to Lemma 4, this is equivalent
to C’BL]@ — |a).

To see this, recall that any state |a) is the n — oo limit of states |a,) for a, € Y% 5.

We may thus define |e,) = |a) — |a,) and |ég ) = C'BL|an> — |ay) to write

tim G o) = lim (G Jan) + G en) )

=)+l (183.0)+ g )
—la)fen) Ly (1630} + Gy en) ) =la)+ li (G~ Dlen)) . (A9)

Here the last step used the fact that the norm of |€3,,) vanishes for each n in the limit 8 — 0,
due to Lemma 4 and the continuity axiom. Since the operator norm of (é\'/g ;, — 1) is bounded
by 2 for all 3, the norm of the remaining error term limg_,o ((5’5 L 1)|en>> can be bounded
by an arbitrarily small constant at large enough n. We are then free to take the limit n — oo
to establish Corollary 4. O
Corollary 5. The norms ||Cgl| satisfy ||Cs|| = (|Cp=1]])".

Proof. Note that for m,n € Zt we may generalize (A.1) to write

[Crmprmll = sup A = (sup A= || Oyl (A.10)

where X are the elements of the spectrum of Cg. Let us now set ' = 1. For any rational
B, (A.10) immediately gives the desired result. For any irrational 3, take m = |nf3]|. Then
T<B< mTH, SO

1Cs1 < (ICumsall) (ICs=mmll) (A11)
while
(ICems1ym—sll) UIC51) = 1 Comsaysall (A12)
But as n — oo, both 8 — m/n and (m+ 1)/n —  vanish. Thus by Lemma 4 we have
|Cs—mnll = 1 and ||C(rpq1y/n—pll — 1. Taking limits in (A.11) and (A.12) thus yields
T [[Coonsyall < IG5 < Tim [ Copl (A.13)

Using (A.10) we may rewrite this in the form

m—+1 m
n

Tim ([C) ™ < [1Csll < lim (G ) (A.14)

But since ™* and mT‘H both approach 3, both the upper and lower bounds are (HClH)B . This
establishes the desired result. ]
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B The trace is normal and semifinite

This appendix establishes that the traces (3.31) on the von Neumann algebras A%, Ag are
both normal and semifinite. We call these properties Lemmas 5 and 6 below. Recall that
normality and semifiniteness were defined in properties 4 and 5 at the beginning of section 4.

Lemma 5. The trace tr defined by (3.31) is normal on both AP and AB.
We will give the proof for AZ. The argument for AZ is directly analogous.

Proof. Consider a bounded increasing net of positive operators a, € AP for v in some directed
index set J. Here ‘increasing’ means that a, < a,, whenever v < /. For each a, we have the
definition
tra, := sup(Csla,|Cs). (B.1)
B>0

Furthermore, for an increasing net of positive operators, the expectation value in any state
|1) is also an increasing net. In particular, a, < a,/ implies (¥|a,|y) < (P|a,|¢) for all [ih).
Thus

(1 (sup ) ) 2 sup(blan 1) = linn(oslou ). (B.2)
In fact, proposition 4.64 of [94] shows that the above is actually an equality:
(Wl(supa,)|16) = sup(isla, i) = lim(bla, ). (B.3)

Combining these results gives
tr (sup ay) = sup ((C’g!(sup ay) ]C‘g)) = sup sup (Cjla,|Cs)
v B8>0 v >0 v

= sup (Cgla,|Cs) = sup sup (Csla,|Cs) = sup (tra,) . (B.4)
5>0,v v B>0 v

The key point in (B.4) is that taking the supremum over v always commutes with taking the
supremum over [ since taking both supremums (in either order) is equivalent to taking the
supremum over all pairs (v, ). The result (B.4) is the desired normality property. O

Lemma 6. The trace tr defined by (3.31) is semifinite on both AP and AZ.
We will give the proof for AZ. The argument for Ag is directly analogous.

Proof. We need only show that every non-zero positive a € Af satisfies b < a for some
non-zero positive b € .Af with finite trace, where the notation b < a means that a — b
is positive. -

Let us begin by recalling that the normalized cylinder operator C’gg ;, was defined to have

operator norm 1 (though it is not generally the identity). Thus 1 — 6’25 ;, 1s positive. It then

follows that (1 — C’gg 1) is also positive for any bounded operator +, since the expectation
value in any state [¢) will satisfy

(' (1 = Cog, )yl > 0. (B.5)
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The positivity of v (1 — C~'25 )7 is then equivalent to the statement

v'Copv < 4. (B.6)

Next recall that, since a is positive, it is in fact of the form ~f~ for v € AP. The above

result then implies that our trace is semifinite if we can show that b := ’}/Tégg ;7 has finite
trace and that b is non-zero for some 3 > 0. We have

tr(yCap,7) = sup (Car|y'Cop,v|Car)
= EU%@ﬂlVéw'ﬂT\Oﬂ) < (Cal'|Cs). (B.7)
>

In writing (B.7), we have used (3.40) to pass from the first line to the second. The final step
follows from (B.5). The right-hand side is clearly finite for any 5 > 0, so this establishes that
our b has finite trace. Furthermore, since a = 'y is non-zero, and since Corollary 4 (together
with Lemma 4) showed the operators élg to converge in the strong operator topology to the

identity as 8 — 0, for small enough 3 the operator b = 77(:\'25 1y must be non-zero as well.
This establishes that tr is semifinite as claimed. O
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