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region. Moreover, we uncover the transition temperature that separates the oscillating and
monotonic increasing behavior of Krylov complexity.
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1 Introduction

In recent years, complexity [1-3] has become a crucial notion to understand the chaotic
properties of a quantum system or spacetime [4, 5]. It provides a new insight and an
analytical approach to probe the chaotic behaviors of a physical system. The complexity
is originated as a means to quantify the difficulty of a quantum system which can transit
from one state to another. With the deepening of the research, complexity has received
wide applications in the fields such as quantum chaos, quantum information, quantum field
theory, and holographic theory, etc. [6].

Recent studies on complexity has led to the emergence of Krylov complexity as an
important concept in quantum physics. Initially, it was developed to explore the growth
of operator in the Heisenberg picture and to distinguish between chaotic and integrable
systems [3]. Usually, this operator is defined in a local Hilbert space called Krylov space, which
is the span of nested commutators (see the following section 2). The Lanczos coefficients can be
constructed according to the basis in the Krylov space. Consequently, Krylov complexity can
be computed from the Schrédinger-type equation of the Lanczos coefficients. The authors [3]
found that the time evolution of the Krylov complexity satisfy an exponential growth as time
goes by, which indicates a signature of chaos in quantum many-body systems, such as the spin



chains and Sachdev-Ye-Kitaev (SYK) model [7-9]. At finite temperature, the authors further
found that there is an upper bound for this exponential growth rate of the Krylov complexity.

In nowadays, Krylov complexity has received increasingly widespread applications in many
other quantum systems [10-15]. Specifically, the study of Krylov complexity has unveiled
some astonishing phenomena. In chaotic systems, its growth initially exhibits an exponential
trend, gradually transits to linear, and eventually reaches a plateau, indicating a saturation,
as the system size is finite [3, 16]. However, even in integrable quantum systems, such as free
scalar field theory [17] or conformal field theory [18], the Lanczos coefficients display linear
growth, while the Krylov complexity exhibits an exponential growth. The paper [19] is the
first to present non-trivial evidence that integrable systems, under specific conditions, can
exhibit the linear behavior of the Lanczos coefficients. This implies that there are still some
subtle aspects of Krylov complexity that we have not yet fully understood. So far, the study
of Krylov complexity has permeated multiple fields such as free and interacting field theory,
random matrix theory, and open quantum systems etc [17, 18, 20-41]. Moreover, the concept
of Krylov complexity has been successfully applied to various specific problems, including the
SYK model [16, 42], generalized coherent states [43, 44], Ising and Heisenberg models [45-47],
topological phases of matter [48]. Interested readers can refer to the recent seminal review [49].

In this paper, we extend the study of Krylov complexity in five dimensional free field
theory from [17] to general temperatures. In [17] the authors only studied the case in the
low temperature limit which satisfies fm > 1,! which can simplify the Wightman power
spectrum in this limit. However, in our paper we find a new method to compute the Wightman
power spectrum with general Sm, i.e., with general temperatures. As a result, the Lanczos
coefficients can be subsequently computed and the Krylov complexity and Krylov entropy can
also be obtained accordingly. We found that the Lanczos coefficients b,, exhibit the ‘staggering’
behavior, which separates the odd and even n into two families. For large n one can linearly
fit the Lanczos coefficients as b,, ~ an + . The linear coefficient « is approximately identical
to /8. The differences Ay between 7 of odd n and even n is linearly proportional to the
mass of the field as fm > 1. These behaviors are consistent with previous studies in [17].
However, in the high temperature limit fm < 1, we observe that the linear behavior of
the difference Ay to the mass will break down, which may come from the effect of the high
temperature. We also found that in the high temperature limit, the Krylov complexity and
Krylov entropy behaves like those in conformal field theories [18]. The exponential growth
rate of the Krylov complexity in the high temperature limit is roughly 27 //3, however, in
the low temperature limit the rate is smaller than 27/3. Therefore, totally for the general
temperatures, the exponential growth rate of the Krylov complexity has an upper bound
27/ which is consistent with previous reports. For the Krylov entropy, we found that in the
late time it is linearly proportional to time. This is consistent with the claims that Krylov
entropy is proportional to logarithmic of the Krylov complexity. Interestingly, we found
that the Krylov complexity in high-temperature limit does not oscillate, which has sharp
comparison to those in low-temperature limit. We postulate that the different behaviors
of Krylov complexity in high and low temperature limit are due to the different behavior

18 is the inverse of the temperature while m is the mass of the field. Their definitions are defined in the
following context.



of b, as well as the auto-correlation function ¢g(t). Moreover, we numerically uncover the
transition temperature at around gm = 10 which separates the oscillations and monotonic
increasing of the Krylov complexity.

This paper is arranged as follows: in section 2 we will give a brief review of Krylov
space and Krylov complexity. In section 2.3, we will briefly review some of the results
from [17] and provide a physical explanation for the oscillation of the Krylov complexity in
the low-temperature region; in section 3, we will first introduce a new method to compute the
Wightman power spectrum in general temperatures, and then compare the Krylov complexity
and Krylov entropy for general temperatures in the free scalar field theory; then we draw our
conclusions in section 4. In the appendix A, we will discuss the Krylov complexity and Krylov
entropy in the spontaneous symmetry breaking phase. Appendix B will provide some details
about the spontaneous symmetry breaking in the real scalar field theory. These two appendices
can be regarded as an application of Krylov complexity in high-temperature from section 3.3.

2 Overview on Krylov space and Krylov complexity

In this section, we will give a brief review on the basics of Krylov space and Krylov complexity.
Interested readers can refer to refs. [3, 17, 49] for more details.
2.1 Lanczos algorithm

In quantum mechanics, time evolution of an operator O is determined by the Heisenberg
equation

QO(t) = i[H, O(1)] (2.1)
where H is the Hamiltonian of the system. The solution of the above equation is
O(t) = et O(0)e 1, (2.2)

where O(0) is the value of the operator at time ¢ = 0. From the well-known Baker-Campbell-
Hausdorff formula [50]

=1
A —-A n
e Be :;H[A( ), B], (2.3)
where [A™ B] = [A,---,[A,[A, B]], the eq. (2.2) can be rewritten as
—_———

= ()" — (it)" A

O(t):z( )| [H( >,O];Z( ? On, (2.4)
= nl = nl

where we have defined O,, = [H™, 0] and set © = O(0). This equation describes how
a “simple” operator may become increasingly “complex” as time evolves. Then one can
introduce a super-operator called Liouvillian

L:.=[H,], (2.5)



which is a linear map in the space of operators such that
LO =[H,0O. (2.6)
Obviously we have
LMo =0, (2.7)

and the eq. (2.2) can be reformulated as

LrO = MO, (2.8)

Compared to the Schrédinger’s picture of ordinary wave function, the above equation can
be explained as the operator’s “wave function” expanded in some local basis of “states” O,,
belonging to a local Hilbert space Hp, known as Krylov space. Formally, eq. (2.8) resembles
the wave function in the Schrédinger picture, with £ playing a role as the Hamiltonian. In the
following, we will use the symbol |A) to represent a state in the Krylov space, i.e. |A) € Ho.

Since we are interested in the effects of finite temperature, we can define the inner product

in Krylov space as the Wightman inner product

1
[ BH/2 gt —BH/2 _ —BH/2 gt ,—BH/2
(A|B) = <e A'e B>ﬁ = tr(e A'e B), (2.9)

B

where /3 is the inverse of the temperature ' = f~! and Zg = tr(e‘ﬂH) is the thermal
partition function. With the definition of the Wightman inner product, the Liouvillian £ is
Hermitian, i.e, (A|LB) = (LA|B). Note that eq. (2.8) can be considered as the expansion
of |O(t)) in the basis {£™|O)}, which are not necessarily orthonormal. However, we can
use the Gram-Schmidt orthogonalization procedure [51, 52] to obtain a set of orthonormal
basis {|O,)} called the Krylov basis [3]. Suppose the initially given operator O itself is a

normalized state in the Krylov space. We can define
|Op) :=|0). (2.10)

Afterwards, we can continuously construct vectors that are orthonormal to the existing basis
vectors to obtain the Krylov basis. 2 Thus, |O;) can be constructed as follows?

b1|01) = L100) — [Oo) (O] L |0g) = L[Oy), (2.11)
where by := (LOg|LOg)Y%. For n > 1, |0,) can be constructed as
bn |O) == |An) = L|O0n-1) — bp—1|0p—2), (2.12)

where b, = (A,|4,)"2. The sequence {b,} is called the Lanczos coefficients. The above
procedure is also known as Lanczos algorithm.

?Besides, we assume @ is a Hermitian operator O = @, so that it is an observable.
3From the inner product eq. (2.9) and eq. (2.6), it is readily to get that (Oo| £ ]O¢) = 0.



2.2 Krylov complexity

The information about the growth of the operator O(t) is contained in the sequence eq. (2.12).
We can expand |O(t)) in terms of Krylov basis {|O,)} as

O@1) = D 100) (Ou] O(1)) = Y i"0n(t) |On) (2.13)
n=0 n=0
where @, (t) are the probability amplitudes and satisfy

e}
> len()l* = 1. (2.14)
n=0

Combined with eq. (2.1), we can obtain a discrete “Schrodinger” equation

8t()0n(t) = bnson—l(t) - bn-i-l‘pn-i-l(t)' (2'15)

According to eq. (2.13), one can find that ¢, (0) = d,0 and from the recursion eq. (2.15) we
can define ¢_1(t) = 0. The Krylov complexity of an operator O is defined as

o)

K(t) == (O()[n|O(t)) = > nlea(t)]*. (2.16)

n=0
For convenience, the definition of Krylov complexity we are going to use will differ slightly
from eq. (2.16). In order to be consistent with the Krylov complexity in [18], we redefine it as

K(t) =1+ > nlea(t). (2.17)
n=0

It is worth noting that eq. (2.15) links the growth of the operator with the hopping problem
on a one-dimensional chain, where the Lanczos coeflicients b, can be considered as the
hopping amplitudes [3]. Therefore, the definition of the Krylov complexity indicates that
K (t) represents the average position of the wave function on the chain. Hence, the growth of
the operator implies an increase in the number of n that contributes to K(t).

In the study of Krylov complexity, there exists a very important quantity, i.e., the
autocorrelation function or thermal Wightman 2-point function,

C(t) == wo(t) = (O(t) | 0(0))
— <ei(t—i6/2)HOT(O)e—i(t—iﬁ/Q)HO(0)>

= (ot - zﬂ/2)0(0)>5 =11 (¢).

5 (2.18)

It is not difficult to find that as long as the derivatives of the autocorrelation function at
all orders are known, the Krylov complexity can also be determined. To this end, we can
expand the autocorrelation function around ¢ = 0,

v =y (0 S o)
n=0 ' (2.19)

n

o (i)?
—nz_:oﬂznma



in which we have used the facts that (O|£P|O) = 0 with p an odd number. Therefore,
only terms with even powers of £ are left. In the above eq. (2.19), {pon} is called the
moments with the expression

1 d2n W

pan 1= (01 £71|0) = - Lo (1)

(2.20)

t=0

These moments can also be obtained from the Wightman power spectrum " (w), which is
related to the Wightman 2-point function via a Fourier transformation

oo .
Y (w) :/ dte™ IV (t). (2.21)
—00
From egs. (2.20) and (2.21), the moments are related to f"(w) via

1 [o¢]
Han = o /_ dww® fV (w). (2.22)

In particular, there is a nonlinear recursive relationship between moments and Lanczos
coefficients, 2" --- b2 = det (“iﬂ)ogm <n» Where p;; is a Hankel matrix built from the
moments [53]. Alternatively, this expression can be reformulated in the following recursive
relations,

by = /M, (2.23)
where,
i—1 j—2
Mg

MY = - a - l=j..m, (2.24)
7—1 7j—2

with MQ(?) = p9, b1 = by = 1,M2(;1) = 0.

2.3 Krylov complexity in scalar field theory with low temperatures gm > 1

In this subsection, we will give a brief review on the Krylov complexity in low-temperature
scalar field theory based on [17]. Consider a real massive scalar field ¢ in five-dimensional
spacetime, we can write its Lagrangian in the following form

Ly = L0006 — m*?), (2.25)

where 11 = 0,1,2,3,4 and 2° = —i7 with 7 the Euclidean time. Then the Wightman power
spectrum f"(w) can be obtained at the finite temperature 3~ = T as,

(@) = N(m, B)(w? — m2)O(|w| — m)/sinh (5’2“") , (2.26)

where the symbol © represents the Heaviside step function and N (m, ) is the normalization
factor satisfying

% /O:O dwf"(w) =1. (2.27)
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Figure 1. Lanczos coefficients b,, for Sm = 50. The blue dots are for odd n while the brown dots are
for even n.

In order to get the Krylov complexity, we need to calculate the Lanczos coefficients b,
by solving the discrete Schrodinger equation (2.15). In general, this problem is not easy
to do. However, it is relatively simple at low temperatures [17]. It is worth noting that in
finite temperature field theories, low temperature means Sm > 1, i.e., temperature is much
less than the mass of the field, rather than simply 5 > 1 [54]. Therefore, even if 3 is not
very large, it may still be considered as low temperature if m is sufficiently large. In the low
temperature limit fm > 1, we can rewrite the Wightman power spectrum eq. (2.26) as

V(W) ~ N(m, B)e PI2(w2 —m2)O(lw| —m),  Bm > 1, (2.28)

in which we have absorbed the extra term 2 into the normalization factor N(m, ), i.e.,
N(m, ) = 2N(m, 8). Using eq. (2.27), N(m, 3) can be determined analytically,

3_Bm/2
N(m,B) = m Bm > 1. (2.29)

Therefore, the moments pg, in eq. (2.22) can be directly computed as

lign = gie;i (;>2n [4f (3 1 2n, ﬁ;”) — B2m?T (1 + 2n, 5;”)] : (2.30)

where T'(n, z) is the incomplete Gamma function.

Following the non-linear recursive relation in eqs. (2.23)-(2.24), the Lanczos coefficients
{bn} can be obtained from the eq. (2.30). For example, we show the behavior of the Lanczos
coefficients in figure 1 with fm = 50. We see that b, exhibits staggering behavior, meaning
that it is divided into two groups: one is with odd n (blue dots) while the other is with even n
(brown dots). Each group is a monotonically increasing function with respect to n. In [17] the
authors also observed that the separation Ab,, := b2 — p€¥en| is of the order of the mass m.

The Krylov complexity can be computed from the auto-correlation function ¢(t) in
eq. (2.18) and the Lanczos coefficients by means of eq. (2.15). Performing the Fourier
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Figure 2. Time evolution of Krylov complexity (left panel) and Krylov entropy (right panel) of
the free scalar field theories for fm = 50 in five dimensional spacetime. The vertical axis is in a
logarithmic scale for K (t) in the left panel.

transformation of f"(w) one can yield the auto-correlation function as
1 [ ;
wo(t) = —/ dwe™ ™t W (W)
21 ) 0o

1 (e.)
= 7r/0 dw cos(wt) fY (w)

_ B3((B3(2+Bm) —24Bt2 —16mt*) cos(mt) —4t( B2 (3+ Bm) +4(Bm—1)t?) sin(mt))
N (2+Bm)(52+41%)3

(2.31)
in which we have used the fact that ¢g(t) is a real function and f"(w) is an even function of
w. Afterwards, we can use the fourth Runge-Kutta method to numerically solve eq. (2.15)
and consequently obtain the Krylov complexity K (t) and the Krylov entropy Sk (), which
is defined by [55]

Sk(t) = = Y len(®)]* log @ (D). (2.32)
n=0

We show the time evolution of K (t) and Sk (t) in figure 2 as an example with Sm = 50.
In the left panel of figure 2, it is found that the Krylov complexity oscillates when time is
short. As was explained in [17], these oscillations are due to the trigonometric functions
in the auto-correlation function (2.31). The oscillatory behavior of ¢o(t) will subsequently
pass on to ¢, (t) according to the discrete Schrodinger equation (2.15). In the early time
the period of the oscillations is roughly 7/m, which is consistent with the plots in the left
panel of figure 2 where the period is roughly 0.06. In the late time, the amplitudes of the
oscillations becomes smaller, which is due to the cancellation of ¢, (t) coming from various
n. However, in the early time only small number of n will contribute to ¢, (t). Thus, the
oscillation in the early time is more significant than in the late time. Intuitively, it might
seem difficult to comprehend this oscillatory behavior, as a ‘simple’ operator will evolve
towards a more ‘complex’ one [3]. However, in fact, the operator becoming more ‘complex’
is directly related to K (t) which receives contributions from more number of n. Therefore,
K(t) as the position of the wave function on the one-dimensional chain, is not necessarily
monotonically increasing. In the following subsection 3.3 we will explain in detail whether



the position of the wave function increases monotonically or not is related to the behavior
of the hopping amplitude b,, as well as the wave function ().

The above calculations only applies to the low temperature case of fm > 1 since eq. (2.28)
merely works for fm > 1. Therefore, we cannot use it for more general temperatures. In
the next section, we will provide detailed studies of Krylov complexity and Krylov entropy
for more general situations of gm.

3 Krylov complexity and Krylov entropy with general temperatures

In this section, we will relax the constraint on gm to study the Krylov complexity and Krylov
entropy in a more general situation. The key idea is that we can rewrite the Wightman power
spectrum £ (w) (2.26) in a series of summation with general fm, which subsequently makes
the computation of Krylov complexity and Krylov entropy feasible.

3.1 Truncations of the Wightman power spectrum

For general values of fm, the Wightman power spectrum (2.26) can be rewritten as an
infinite series. For convenience, we consider only the part for w > m and the other part
for —w > m can be obtained from the fact that eq. (2.26) is an even function with respect
to w. Therefore, for w > m we have

£ (@) = (3. m)(w? = m?)sin (52)
_ Bw
= 2N (3, m)(w? — m%w

(3.1)

o
ZN(B,m)(wQ — m2)e_57w Z e Pk
k=0

-9 Z N(ﬁ, m)(w2 _ m2)e—,8w(k+1/2),
k=0

in which we have used the series expansion - = 372 z". Let 8, = 3(2k + 1) and absorb
the factor 2 into N(f,m) we obtain

o0

(W) = N(B,m) Y- (w* —m?)e /2, (3-2)

k=0
where N (8, m) can be calculated from the normalization conditions (2.27) and its exact form is

38
WBSeTm

T 2B8m®(ePm,2,3/2) + 2ePm(4Bm + (e ™, 3,1/2))’
in which ®(z,s,a) = 3.2, 2*/(k + a)* is the Lerch transcendent function [56]. Therefore,
the series of the Wightman power spectrum in eq. (3.2) can in principle work for general

N(f,m)

(3.3)

pm’s. It has much broader applications than that in eq. (2.28) from [17], which can only
apply in the low temperature limit.
In order to compute the moments po, (2.22) we first define

I(n) = /Oo e 5 dw (3.4)

m



which can be integrated by parts as,

2 _Bm 2
I(n) = —e "% m" + =“I(n—1). (3.5)
Bk Bk
In particular, for n = 0 we can get it directly from the integration eq. (3.4),
0 frw 2 Bm
I1(0) = / e dw=—e "3 . (3.6)
m Bk

These equations imply that

I(n) = (;)n+1 f (n b1, ﬁ’;’”) . (3.7)

Therefore, from the definition of moments eq. (2.22), we have

. [N(ﬁm 3w - m2>e—ﬁw/2]
oo 2T o
_ N(i””‘) i [12(n + 1)) = m?1(2n))] (3.8)
k=0

—(2n+3)
< 92n+1 B n

k=0

4T (2n + 3, 5’;’”) — BEm’T <2n +1, B’;mﬂ .

Unfortunately, this formula is too complex to be computed analytically. Therefore, we resort
to numerical computations. To this end, we can truncate the summation of 9, in eq. (3.8) at
a suitable k£ to obtain approximate results. In order to ensure sufficient computational speed
and accuracy, the truncation position of k should not be too large or too small. We find
that a suitable choice is to make the normalization factor of the truncated Wightman power
spectrum close to the exact form in eq. (3.3). In the remainder of this paper, we always take

kmax
R NBm) Y (W - mP)e 2, (3.9)
k=0

in which K.y is a large cut-off of k. We can see that the exact f"(w) in eq. (3.2) satisfies
Emax = 00, while the approximated f"(w) in eq. (2.28) in the low temperature limit satisfies
Emax = 0. In our case we choose kpax = 200 in eq. (3.9), because in most cases it is sufficient
to obtain accurate numerical results. In figure 3 we compare the exact Wightman power
spectrum " to the approximated functions with 8 = 1 and m = 0.01, i.e. fm < 1 in the
limit of high temperature. In the left panel of figure 3, we see that " (w) for kpax = 0 (blue
dash-dotted line) is only consistent with the exact form (black line with kyax = 00) in the
regime of large frequency; however, they will deviate from each other as w < 12, which means
the formula in eq. (2.28) is not accurate in the low frequency regime with high temperatures.
On the contrary, still in the left panel of figure 3, we can see that there is no distinguishable
differences for the Wightman power spectrum f"(w) between kpyax = oo (black line) and
Emax = 200 (red dashed line) in the whole regime of the frequency, which verifies that our
choice of kmax = 200 is sufficient for the accuracy.

,10,
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Figure 3. Relation between the Wightman power spectrum f"(w) against the frequency w with
B =1 and m = 0.01. (Left) The black line (kmax = 00) corresponds to eq. (3.2), while the blue
dash-dotted line (kmax = 0) corresponds to eq. (2.28). The two lines deviate from each other as w < 12.
The red dashed line (kpax = 200) corresponds to eq. (3.9). It matches with the black line in the
whole regime of the frequency, reflecting that taking k. = 200 is accurate enough for the numerical
calculations; (Right) The logarithmic plot of f" (w) against w in the limit of large frequency. The
three lines (black, red dashed and blue dash-dotted) for different ka5 collapse together and the green
dashed line is the best fit of them. They share the same scaling law as " (w) ~ 1611.14 x ¢~ 0-4919w,

In the right panel of figure 3 we show the logarithmic relations between f"(w) and w in
the large frequency limit. We can find that in the large frequency limit, the Wightman power
spectrum with various kmax’s will overlap together and decay exponentially with the frequency,

Y (w) ~ emw/wo, W — 0. (3.10)

The fitted line (green dashed line) in the right panel of figure 3 shows that this decay rate
is 1/wo =~ 0.4919 as w — oo. Therefore, we get wy ~ 2.0329, which is consistent with
discussions in [17] that the leading exponential decay of the power spectrum is wy = 2/
where we have set § = 1.

3.2 Lanczos coefficients with truncations

Before studying the Krylov complexity, let’s first look at the behaviors of the Lanczos
coefficients b, with the truncations kp,x = 200.

In figure 4, we present the behaviors of b, for fm = 10 (dots) and Sm = 50 (squares).
These coefficients also exhibit clear behavior of “staggering”, which are grouped in two
families with odd (in blue) and even n (in brown). As n is relatively large, b, becomes
linearly proportional to n. Intuitively, we can find that the separation Ab, between b, for
the odd n and even n with fm = 50 are greater than those with Sm = 10. This phenomenon
is consistent with the discussions in the preceding section that Ab, is of the order of the
mass m [17]. In order to analyze them quantitatively, we fit b, linearly for odd n and even
n separately similar to [17]:

bp ~ Qodd™ + Yodd, odd n, (311)

bp, ~ Qeven™ + Yeven, even n, (3'12>

where Qodd, Qevens Yodd and Yeven are constants which are independent of n. Specifically, we
perform the linear fitting for b, in the range of n € [100, 450].
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Figure 4. Lanczos coefficients b,, for Sm = 10 (dots) and Sm = 50 (squares) with kpayx = 200. They
are grouped in two families with odd n (blue) and even n (brown).
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Figure 5. (Left) Mass-dependence of the slope aoqq and qeyen in egs. (3.11)—(3.12); (Right) Mass-
dependence of the difference voqq — Yeven in €gs. (3.11)—(3.12). The inset plot exhibits the difference
in high-temperatures regime.

In the left panel of figure 5, we show the relation between fa (o means ayqq (blue)
and aeyen (brown)) against Sm. It is not difficult to observe that the two coefficients a,qq
and aeven Will overlap exactly, meaning that the slope in the fitting relations eq. (3.11) and
eq. (3.12) are exactly identical. Moreover, we see that as fm — 0 the value of a,gqq and
Qleven are approaching /5. However, as Sm increases, apqq and even slightly decrease from
7/B. This may come from the selected range of n when fitting b, as argued in [17]. It is
expected that larger range of n will improve the value of a, and it will finally approach 7/
more closely [17]. Therefore, in our case we can speculate that apqq = Qeven =~ 7/5. This
analysis is also consistent with the universal operator growth hypothesis in [3] that the Lanczos
coefficients by, in a generic chaotic system will grow as fast as b, ~ an +~ with a = 7w /2 as
n — oo. In the fitting of the Wightman power spectrum eq. (3.10) we already get wy ~ 2/,
therefore, we can get a ~ 7/ which is consistent with the left panel of figure 5.

In the right panel of figure 5, we show the relation between the difference 8(vodad — Yeven)
with respect to Sm. For larger m, we can see that 5(Yodd — Yeven) is linearly proportional to
fm with the ratio S(7odd — Yeven)/(Sm) = 1, which is consistent with the separations of b,, in
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Figure 6. (Left) Time evolution of Krylov complexity for fm < 1 in the logarithmic scale. They

overlap with each other and scale as e530%¢/% (as the black reference line indicates) at late time;

(Right) The corresponding time evolution of Krylov entropy and the black line is the reference line
with scalings ASk(t)/(At/3) = 6.310.

figure 4 that Ab, is of the order of the mass m. However, we find that this proportionality will
break down for small Sm € [0,0.1], as shown in the inset plot in the right panel of figure 5. In
the inset plot, the ratio in the range of small Sm is roughly 8(7odd — Yeven)/(8m) = 0.2 which
is much smaller than the ratio 1 in the large Sm regime. In the region of small fm < 1, the
system is in the high temperature limit, therefore, we speculate that the linear proportionality
between Yodd — Yeven and m may not apply due to the high temperatures. As far as we
know, this phenomenon is not explored previously.

Therefore, we see that high temperature limit will bring out different phenomena from
the studies in [17] with low temperatures. Next, we will first study the Krylov complexity and
Krylov entropy in high-temperature limit, i.e., Sm < 1 and then discuss the general cases with
general Sm. After that, we apply the results to the finite-temperature Higgs scalar field theory.

3.3 High-temperature limit with gm < 1

For convenience, in the numerics we always keep § = 1 and study the variations of the
Krylov complexity and Krylov entropy with respect to Sm by adjusting the values of m.
The high temperature limit implies Sm < 1 [54], therefore, the approximation of Wightman
power spectrum in eq. (2.28) from [17] is in invalid in this case. We need to use eq. (3.9)
to numerically study the Wightman power spectrum and then to study other quantities
such as Krylov complexity and Krylov entropy.

As examples, we will take the cases of fm = 0,0.001, 0.01 and 0.1. We have plotted the
time evolution of Krylov complexity K (t) (in logarithmic scale) and Krylov entropy Sk ()
in the figure 6. In both panels, the red lines for fm = 0 are taken from the conformal field
theory in [18]. From the figure, we can see that these curves (i.e., fm = 0.001, 0.01, 0.1 and
0) will overlap together and cannot be distinguished from each other. This is consistent in
numerics itself since in this case fm are very small and close to zero. figure 6 indicates that
at high temperatures fm < 1, the behaviors of the Krylov complexity and Krylov entropy
for a free scalar field theory are quite similar to those of the conformal field theory.

From the discussions in [3], Krylov complexity will grow exponentially at late time as

K(t) o Mt (3.13)
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in which A\ = mwg = 27/5. In the left panel of figure 6, the black line is the reference
line for the Krylov complexity at late time. Therefore, we see that in the high temperature
limit, the exponential growth rate for Krylov complexity is roughly Ag ~ 6.368 which is a
little bit greater than 27/f. This is because we are fitting the line in a finite time region.
For larger time, the slope of the exponential growth will tend to 27/ which is consistent
with the discussions in [17, 18].

In the right panel of figure 6 the black line is the reference line and can scale as
ASk(t)/(At/B) = 6.310, indicating the linear growth of the Krylov entropy in late time.
The linear slope is also close to Ag, which is consistent with the results in [17, 57] that
Sk(t) ~ log K(t) at late time.

3.4 Origins of the absence of oscillations in the high-temperature limit

In the high-temperature limit, the behavior of the Krylov complexity and Krylov entropy is
significantly different from that observed at low temperatures. Specifically, the oscillations
that are present at low temperatures are absent at high temperatures. From the discrete
Schrodinger equation, we can speculate that the behavior of ¢, (t) will depend on the hopping
amplitudes b,, and the value of the wave function ¢g(t). The hopping amplitudes b,, describes
how the wave function can ‘jump’ from one position to the next position. Therefore, if b, is
staggering between even and odd positions, we can intuitively speculate that this staggering
behavior will certainly affect the monotonic increase of ¢, (t), and further affects the behavior
the Krylov complexity. Moreover, the recursive relation of ¢, () in the discrete Schrodinger
equation indicates that the behavior of ¢, (t) will also depend on ¢y(t). Therefore, the
behavior of pg(t) will also affect the behavior of ¢, (t) as well as the Krylov complexity. In
the following we will compare the behaviors of b, and ¢g(t) in the high-temperature and
in the low-temperature regions, and we will see that the numerical results are consistent
with our speculations.

o Dependence on ¢g(t): in the figure 7, we have plotted the profiles of the ¢o(t) for
various values of Bm, i.e., Bm = 0.01, Bm = 10 and Bm = 50. We can observe that in
the low-temperature (fm = 50) regime, ¢o(t) (green line) has significant oscillations.
However, on the contrary, in the high-temperature (fm = 0.01) regime, ¢o(t) (blue
line) does not oscillate! Therefore, from the behavior of ¢((t), we can conclude that
the lower the temperature is, the more oscillations of ¢g(t) will become. Therefore, in
the high-temperature regime, the absence of oscillations of Krylov complexity can be
attributed to the lack of oscillations in ¢g(t).

e Dependence on b,: it is known that if b, is linearly related to n, then the Krylov
complexity grows exponentially [3]. However, in our case b,, separates into two groups
of linear dependence on n, i.e., there is staggering behavior of b,,. Therefore, we can
speculate that the staggering behavior of b, may cause the Krylov complexity to oscillate
as well. Let v1 = B(7Yodd + Yeven)s 72 = B(Yodd — Yeven), then we can reformulate b, in
egs. (3.11)—(3.12) as,

Bb, = fan + L 4 (—1)"1 22 ez 3.14
2 2
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Figure 7. Behaviors of ¢g(t) for various temperatures Sm. In the low-temperature regime (green
line), @o(t) has significant oscillation; however, in the high-temperature regime (blue line), there are
no oscillations of ¢ (t).

When n is sufficiently large, the linear term becomes significant. Then, the third term
on the right side of eq. (3.14) can be neglected. Therefore, at this point, the Krylov
complexity should grow exponentially. To clarify why there is no oscillation at high
temperatures and why the oscillation disappears over time at low temperatures, we can
make the function ¢, (t) continuous such that

oz, t) == @n(t), T =en, (3.15)

where € is a small lattice cutoff. Assuming that when n > @, the third term of 8b,, in
eq. (3.14) can be neglected, and let & = en. Then, the Krylov complexity can also be
rewritten in a continuous form

K(t) =1+ nlea(t)
n=0
1 oo
=1+ —2/ dz z|p(z,t)|?
€ Jo

1 [® 1 [
=1+ :2/ dz z|p(z, t)]* + 6—2/ dz z|p(z, 1) (3.16)
0 &

The Krylov complexity represents the position of the wave function ¢(z,t) on the
Krylov chain. When ¢ is small, its position is relatively close to the origin (z,t) = (0,0),
and the Krylov complexity is dominated by the second term in (3.16), which can disrupt
the exponential growth and potentially lead to oscillations. When ¢ is sufficiently large,
the position of the wave function is far from the origin, and the Krylov complexity is
dominated by the third term in equation (3.16), thus exhibiting exponential growth
behavior. This is why oscillations gradually fade away over time in low-temperature
conditions. For a detailed discussion on this topic, please refer to reference [55].

In the high-temperature limit, the Krylov complexity exhibits exponential growth from
the very beginning. From our speculations, then the third term of b, should be
negligible when n is very small. Therefore, in the high-temperature limit and when n
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Figure 8. Relation between v and the value of Sm. We can see that in the high-temperature
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Figure 9. The Krylov complexity for fm = 9,10, 11. As gm = 10 (black line), there exists a plateau
at round K (t) ~ 2.4 (red dashed line), which implies that Sm = 10 is the transition temperature that
the Krylov complexity will change its behavior from monotonic increase to oscillations.

is very small, it should satisfy /2 < Ban + v1/2. This corresponds exactly to the
high-temperature region as shown in the right panel of figure 5 and in the figure 8
below. In the high-temperature region, ; is approximately around 6.3 (as fm is small
in the figure 8), and 5 is less than 0.6 (see the inset plot in the right panel of figure 5),
i.e., 72/2 < Ban + v1/2 for n is small. Therefore, in high-temperature regime, Krylov
complexity does not have oscillations. However, in the low-temperature regime (as Sm
is big enough) and when n is small, 75 cannot be neglected. As we can see from the
right panel of figure 5 and the figure 8, when fm = 100, £v; is roughly 35 and Sve
is roughly 100 which cannot be neglected. This means the staggering behavior of b,
cannot be neglected in low-temperature regime. Therefore, the Krylov complexity will
exhibit oscillations in the low-temperature as n is small.

It will be interesting to see whether theres exists a transition temperature that Krylov
complexity will change its behavior from the oscillations to monotonic increase. After careful
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seeking, we numerically found that at around fm = 10 there indeed exists such kind of
transition temperature. We plot the profile of K (t) as fm = 9,10, 11 in the figure 9. We
observe that at this transition temperature there exists a plateau at K (t) ~ 2.4 (red dashed
line). The existence of plateau indicates that K(t) at Sm = 10 is a critical line, since
as fm < 10 the Krylov complexity will increase monotonically and while gm > 10 the
Krylov complexity will have oscillation behaviors. Therefore, fm = 10 is such kind of
transition temperature.

3.5 Comparison with general temperatures

For the case of fm ~ 1, the eq. (2.28) for the low temperature limit in [17] is also not
applicable. Only the approximation in eq. (3.9) is feasible in this case.

In figure 10, we show the time evolution of the Krylov complexity K (¢) (in left column)
and Krylov entropy Sk (t) (in right column) for different values of fm. In these plots, the
black curves are for kmax = 200 corresponding to eq. (3.9) while the red (dashed) curves are
for kmax = 0 corresponding to eq. (2.28). From the panels in the first row, i.e. fm =1, we
can see that the red lines will deviate from the black lines at late time. This reflects that the
approximations in eq. (2.28) is not accurate as the approximations in eq. (3.9) at late time,
which confirms our assertion that the approximation in eq. (2.28) is only applicable in low
temperature limit, i.e., Sm > 1. The green lines in the first row are the reference lines for
K(t) and Sk (t), respectively. In the panel (a) of figure 10 we can see that the exponential
growth rate of the Krylov complexity is roughly Ax & 6.216 which is close to 27/8. This
exponential scaling is consistent with our discussions in the preceding subsection. In the panel
(b) of figure 10, the linear scaling of the Krylov entropy is roughly ASk(t)/(At/5) ~ 6.189,
which is consistent with the claims that Sk () ~ log K(t) at late time as we discussed in
the preceding subsection. The small differences between the two scalings, i.e., 6.216 and
6.189 are due to the fittings of the two quantities at a finite time. It is expected that much
longer time fitting will reduce this difference.

In the second row of figure 10 we compare the Krylov complexity and Krylov entropy
with distinct kpax (i-€., kmax = 200 and kpax = 0) in high temperature limit (fm = 0.1 < 1).
Again, the deviations between the red lines (kpax = 0) and black lines (kyax = 200) tell us
that in the high temperature limit, the approximation in eq. (2.28) is not valid. The late
time scalings in K (¢) and Sk (t) (blue reference lines) are also close to 27w/ and consistent
with the preceding discussions.

However, for fm > 1, both the approximations in eqs. (2.28) and (3.9) are valid, see
for instance the last row in figure 10, where we have set fm = 50 for the computation of
Krylov complexity and Krylov entropy. In the time region we have considered, both of
kmax = 200 and kpa.x = 0 collapse together and cannot be distinguished from each other.
This is different from the cases with Sm = 1 and fm = 0.1 in the first two rows of figure 10.
Interestingly, the late time scalings for both Krylov quantities are much smaller than 27/8,
i.e., A\x < 27/f in the low temperature limit Sm > 1. Compared to high temperature limit,
we may conjecture that the exponential growth rate of the Krylov complexity has a bound
Ak < 2m/B, which is consistent with the discussions in [17].
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(e) Krylov complexity for fm = 50.
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Figure 10. Time evolutions of Krylov complexity K(¢) and Krylov entropy Sk (t) for various values
of fm. The panels (a), (c) and (e) for Krylov complexity are plotted in logarithmic scales. For all of
the plots, the black lines are for kpya.x = 200 corresponding to eq. (3.9), while the red (dashed) lines
are for kmax = 0 corresponding to eq. (2.28). The green lines are the reference lines for the scalings at
late time.
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Another interesting thing is that in the low temperature limit Sm > 1, there are
oscillations in K (¢) in the short time region. The period is roughly 7/m. However, in the
opposite limit, i.e., fm < 1, there are no such oscillations in K (¢). These phenomena are
consistent with the observations in [17, 18].

4 Conclusions

In this paper, we have performed a detailed study of the Krylov complexity and Krylov
entropy for a free massive scalar field in five-dimensional spacetime under various temperature
conditions. Previously, studies on the Krylov complexity of free scalar fields only considers
the low-temperature limit, i.e., Sm > 1, since in that case the Wightman power spectrum
can be easily approximated as in eq. (2.28). In the general temperatures, i.e., general values
of fm, we found a new expression for " (w) in the form of an infinite series in eq. (3.2). We
further obtained a good approximation of f"(w) by truncating the infinite summations to
a finite summation, which allowed us to study the Krylov complexity and Krylov entropy
in the regimes where Sm does not necessarily subject to gm > 1.

Then we examined the performance of the Lanczos coefficients b,,, which exhibited the
‘staggering’ behavior by grouping b,, into odd and even n families. As usual, b,, can be linearly
fitted separately for odd and even n for large n. The linear coefficients « satisfies the relation
a =~ w/f which is consistent with the previous findings in the universal operator growth
hypothesis. We further observed that the difference v,qq — Yeven is linearly proportional
to the mass m for larger m, however, this proportionality breaks down for small m. This
phenomenon was not explored in the existing literatures and we argued that the breakdown
of the linear proportionality may come from the high temperature limit.

Next, we investigated the cases for general temperatures with the general values of Sm.
In the late time, we found that the Krylov complexity exhibited an exponential growth
K(t) ~ e <t where the exponent satisfies the bound Ax < 27/3. The Krylov entropy is
linearly proportional to t in the late time and satisfying the relation S(t) ~ log K(t). In
the high temperature limit Sm < 1, the Krylov complexity exhibits behaviors remarkably
similar to those of the conformal field theory where 8m = 0. Moreover, it was observed that
in the high-temperature limit the Krylov complexity would monotonically increase, while in
the low-temperature limit it would oscillate. We speculated that this difference was due to
the staggering of b, as well as the function ¢g(t). Our speculation was consistent with the
numerical results. Subsequently, we numerically found that there existed a plateau in the
Krylov complexity, which indicated that the temperature at this point was the transition
temperature. Lower or higher temperatures would destroy this plateau, leading to oscillations
or monotonic increasing of the Krylov complexity. Therefore, the temperature at which this
plateau appears can be considered a ‘critical temperature’.

We also checked that the finite truncations kpax = 200 in our paper is accurate enough
to get the correct results by comparing it to the previous studies with ky.x = 0. Therefore,
the schemes in our paper to study the Krylov complexity and Krylov entropy with general
temperatures is reliable.

In conclusion, our study provides a comprehensive analysis of the Krylov complexity and
Krylov entropy in a five-dimensional scalar field theory under varying temperature conditions.

,19,



These findings enhance our understanding of operator growth and complexity in quantum
field theories, particularly in relation to thermal effects. Future work may extend these results
to other types of field theories and different spacetime dimensions, by exploring the rich
structures of Krylov complexity in diverse physical settings.
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A Krylov complexity and Krylov entropy in symmetry breaking phase

In this appendix, we will study the Krylov complexity and Krylov entropy in the symmetry
breaking phase by adopting a model of a five-dimensional real Higgs scalar field theory. The
steps will be similar to those in the main context except that the mass m will be changed
to M(p) which will be shown later.

Assume ¢ is a Higgs scalar field which can be described by the following Lagrangian,

Litggs = 50,006 — 5m*6” ~ A (A1)

in which m? < 0 and A > 0 in order to render the potential
U(9) = 5m?” + Ag* (A.2)
behaves like a double well potential. According to the appendix B, we can write ¢(X) as (B.7)
(X)) = ¢ +o(X), (A.3)

where ¢ is the classical value corresponding to the minimal point of the potential while o(X)
is a new dynamical field. X is the Euclidean coordinates of the spacetime. In the thermal
field theory, the propagator of the o field is (B.19)*

1
Dy(K) = ) A4
(K) w2 + k2 4+ M?(p) (8.4)
where
M?(p) = m? + 1222 (A.5)

After quantum corrections in d = 5 Higgs field theory, ¢ here will take the value as (B.43)

1 [=m?r? = 3NT3((3)
e = = k[ D) (A6)

In computing the Krylov complexity the key point is to get the Wightman power
spectrum % (w) in eq. (2.26). However, f"(w) is calculated from the propagators in the
field theory [17]. Compared to the free field theory in [17], we find that the difference of the

4For more details, see appendix B.
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propagators between Higgs field theory and free field theory is the mass. Therefore, when
calculating the Krylov complexity and Krylov entropy in the symmetry breaking phase, the
only thing we need to do is to substitute m in free field theory in the main context with
the M (¢) in eq. (A.5). From this respect, we will not show the figures of Krylov complexity
and Krylov entropy further in the symmetry breaking phase. They are expected to behave
similarly to those in the main context by just regarding m as M (p).

B Recapitulation of Higgs scalar field theory

In this appendix, we will compute the propagators and mass shift in the symmetry breaking
phase of a real Higgs scalar field theory. In the formula of the Lagrangian eq. (A.1), we adopt
the metric signature as (4, —, —,---). One can check that the Lagrangian is invariant under
Zy symmetry. The Higgs potential eq. (A.2) has two global minima located at

¢p=4v=1+ _4722. (B.1)
If we choose the vacuum expectation value (¢) = v, we can write ¢(X),” as
d(X) =v+o(X). (B.2)
The Lagrangian (A.1) can be rewritten as
Litiggs = %(%08“0 — %(m2 + 12002)0? — 4dve® — Aot — U(w), (B.3)
where the tree-level potential reads
Ulv) = %m2212 + a0t (B.4)

Therefore, eq. (B.3) describes a scalar field o with mass vm? + 12 v? and it is not symmetric
under the transformation ¢ <+ —g. The previous Zy symmetry is spontaneously broken.
On the other hand, we can perform Fourier transformation for ¢(X)

:\/EZe—iK'X@(, Z ZZ ~K-X =w,7+k-x, (B.5)
K

n=—oo k

where w, = 27n/B (n € Z) are called Matsubara frequency and K* = (—iw,, k), X* =
(—iT,x). We can write down the partition function following the conventions in [54] that

2= [T o IT [ dReox [ dlmoxexp(Sle): (B.6)
o K#0
in which S[¢] = de X Liiggs- By extracting out the zero mode of ¢(X), we get
\/>Z¢ —iK-X \/Eqbo_i_ Z O e—zKX _ (p+O(X) (B?)
4 K;Ao

where p = v = \/ggbo is independent of X and o(X) = > x4 e KX e = YK £0 e KXo

Sp(X) := ¢(r,x) and we have used the imaginary-time formalism. In this formalism ¢ is replaced by —irT

and x represents the spatial coordinates.
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Then we can define the effective potential as

Veri(p) = —éln (H / dReJK/_ dIm ok exp(S[e + a])) = —éln (/DJ@S[SO"FU]) 7

K#07~
(B.8)
where [Do =[x, [Z5 dReok [Z3 dIm ok and S[p + o] = S[¢]. Then we have
o0 V
Z= \/VT/ dp exp (—T eff(go)> . (B.9)

Without loss of generality, we assume that the minimum of effective potential is located
at ¢ = ¢ > 0. In the thermodynamic limit V' — oo, the partition function can be written
nearby ¢ as

Vv _ 2wT?
Z =exp (—TVeﬁ(g0)> =

orr(P) (B10)

Next, we need to compute ¢. To this end, we need to calculate the effective potential (B.8)
first. Note that S[¢ + o] is actually the spacetime integral of the Lagrangian (B.3) with
v = . For convenience, we rewrite the Lagrangian as,

Lo, ] = %8u08“0 — %M2(g0)02 — 4\pa® — Aot = U(p), (B.11)

where
M?(p) = m* + 12\¢?, (B.12)
U(p) = %mQQOQ + Al (B.13)

Treating o as a dynamical field, the Lagrangian can be divided into a free part Ly and
an interacting part L as,

Llo, o] = Lo+ Lr — U(p), (B.14)

where 1 1
Lo=50,00"0 — SM*(p)o?, L =—ddpo® — o™, (B.15)

Since ¢ is independent of X and o, the effective potential (B.8) can be decomposed into
(notice that T = B~1)

Ve (QD) — U(QO) _ gln (/DO_eSO[U}‘f‘SI[U]) R (B16>
in which Solo] = [ drd®xLy and Si[o] = [ drd®xL;.

In perturbation theory, the effective potential can be expanded in terms of & as (we
have set h = 1)

Verr(p) = VR (0) VR (0) + VR + -, (B.17)
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where the superscript index ¢ in Véff indicates the perturbations in the i-th power in A.
Obviously, Vég) = U(p) and

-1
V(o) = _§ In (/ DaeSOM> = %% > n (DUTgK)> : (B.18)
K
1
Do(K) = 5 2 o (B.19)

The value of ¢ needs to be determined by the minimum point of the effective potential. We
will only consider zeroth order and first order terms of the effective potential, i.e., Ve(?f)(cp)
and Véé)(np). Assuming the spacetime is d-dimensional, then following the steps in thermal
field theory [58], we get

V(O)( )= §m2<p2+/\go4, (B.20)
d—1
1 _ d "k [ Ey —Ey/T
Veff _/(27-[-)d1 |: 9 +Tln( k/ ) (B21)

where Ey = k% + M?(p). We can recombine these two equations into a T-dependent
part and a T-independent part

1 dk Ey
V(i) = 5m™e” + Ae +/7d TS (B.22)
dd 1k 5
— _ o Ex/T
Vr(p) = T/ o In(1-e ). (B.23)
Using the identity [59]
Ek_/ 5l n(—kg + B —ie), (B.24)
the integration in (B.22) can be rewritten as
d'k Fy ddK
M= [ ——== K2 M? — B.2
J(M) / BT g = / M2 i), (B.25)

where we have set K# = (kK k) and M = M(p). We can rotate the ko-integral onto the
imaginary axis,let kg = tky, without crossing the branching cuts of the logarithm. With
Euclidean d-momentum variable K = (kg,k) we have

M) = 5 /‘(ZTK)El (K% + M), (B.26)

Using the following identities [60]

ddKE dQg d 1 27Td/2
/(27r)d / / K /d 1T T(d/2) (B27)
we have
1 27rd/2
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However, this integral is divergent. Therefore, we need to introduce a truncation A such that

1 27d/2
M)= —-————— d=1 + M?
J(M) 2 I'(d/2)( 27r / dvx n(m )

_ ?dil“(dﬂ)(%)d [A In(A% 4 M?) 7/0 e

1 ) d/2 IA2+d
= —71-7 {Adln<A2 + M2) - ﬁQFl

2d T(d)2)(2r)1 L

RS

(B.29)
where 9F) is the hypergeometric function. In the following, we will compute J(M) with
the dimensions with d = 4 and d = 5.

2+d 4+d Aﬂ

Bl d=14
If d = 4, we can expand J(M) in terms of 1/A
1 5. o M* A? 1 A* [ ) 1} )
— —= 1/A B.
J(M)= {327r2 lM A — > In 723 +647r2 InA 5 +O(1/A%), (B.30)

in which the second term is divergence and independent of ¢, therefore, we can directly
drop it. Let
AQ A2 N2
In— =1In In —,
M?2 w2 2T M2
where p is an arbitrary energy scale. Then we have

2,,,2 4 2 2 2 2 2 2
J(M):[Am mt A% <3A 3m A)_(p49)\ A

with M? = m? 4 12\¢?, (B.31)

ams g, AL WL WYL B M

3272 64n? 2 gn2” " 8n2 4n2 2

4 4 2 2y 2

_mm W _ 3m? /\+3m W
12872 647w2  m2+12p2\

B.32
672" 8x? nm2+12g02)\> (B.32)
A2 2 2
872 Am2 T mZ+12¢2\

The part in the square brackets [...] is divergent and can be directly discarded. In addition,
128”2 is independent of ¢, thus can also be discarded without affecting our results. Therefore,
the part of the effective potential (B.22) that does not depend on the temperature is

3\ m? 9\ R N2, [m?+ 1222

(B.33)

Assume that the coupling constant A < 1, then [5§]

Vole) = so +2¢", (B.34)

where we have discarded all terms that do not depend on ¢, as such terms will not affect our
results. Now consider the part of the effective potential that depends on temperature (B.23)

Vr(p) = T/ d?’ik ln(l - e_Ek/T) ( |
B.35
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where @« = M/T. In the high temperature limit @ < 1,

2
V) (] — o) L@
ln(l e )Nln(l e )+e‘”—12x' (B.36)
Then we get
2 2
T T 2
Vr(e) = 90T + 24(m + 12¢p%)\), (B.37)

in which the terms independent of ¢ can be discarded again. Therefore, combining eqs. (B.34)
and (B.37) the effective potential under weak coupling A < 1 and high temperature o <
1 is [58]

1
Vett(¢) = i(m2 + AT p? + Aot (B.38)

The minimum point of the effective potential is located at
1 [—m2 — \T?2
p=F— | —m—. B.39
p==5 3 (B.39)

Following the previous operations, we can obtain the effective potential with d = 5. The

B2 d=5

specific process will not be repeated here. The part of the effective potential that does
not depend on temperature is

2Av/m2 + 12X\p2 \ m? 6Av/m? + 12Xp?
Vi () = <1+ m5w2 7 )TZso% 1+ m57r2 ) et

(B.40)
N mty/m?2 + 12\p?
12072 ’

The part of the effective potential that depends on temperature is
5 3NT3p2((3
V:(F)(SO) = 72 ( )’ (B.41)

where ( is the Riemann-zeta function. In the limit of high temperature and weak coupling,
the effective potential is

) _ m? 4 _ 4
7 (p) = ¢ + A"+ = ©% + Apt. (B.42)

BNIPR(3) L[, BATH(3)\
e 2 272 5 | T

The minimum point of the effective potential is located at

1 [—m2m2 — 3XT3((3)

5=+ . B.4
@ o 3 (B.43)
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