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The discovery of XYZ exotic states in the hadronic sector with two heavy quarks represents a significant
challenge in particle theory. Understanding and predicting their nature remains an open problem. In this
work, we demonstrate how the Born-Oppenheimer (BO) effective field theory (BOEFT), derived from
quantum chromodynamics (QCD) on the basis of scale separation and symmetries, can address XYZ
exotics of any composition. We derive the Schrödinger coupled equations that describe hybrids,
tetraquarks, pentaquarks, doubly heavy baryons, and quarkonia at leading order, incorporating non-
adiabatic terms, and present the predicted multiplets. We define the static potentials in terms of the QCD
static energies for all relevant cases. We provide the precise form of the nonperturbative low-energy gauge-
invariant correlators required for the BOEFT: static energies, generalized Wilson loops, gluelumps, and
adjoint mesons. These are to be calculated on the lattice, and we calculate here their short-distance
behavior. Furthermore, we outline how spin-dependent corrections and mixing terms can be incorporated
using matching computations. Lastly, we discuss how static energies with the same BO quantum numbers
mix at large distances leading to the phenomenon of avoided level crossing. This effect is crucial to
understand the emergence of exotics with molecular characteristics, such as the χc1ð3872Þ. With BOEFT
both the tetraquark and the molecular picture appear as part of the same description.
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I. INTRODUCTION

The XYZs are exotic states found in the last twenty years
in the sector of the hadron spectrum with two heavy quarks
at or above the strong decay threshold to heavy-light meson
pairs. They are manifestly exotic due to electric charge and
isospin quantum numbers, or they display indirectly other
exotic characteristics in the masses, decay widths and
production patterns. They may involve tetraquark, penta-
quark, and hybrid compositions that go beyond what has
been observed in the standard quark model of mesons
(quark-antiquark pairs) and baryons (combinations of three
quarks) [1–3].
In the last two decades, since the discovery of the

χc1ð3872Þ [also known as Xð3872Þ] by Belle [4], dozens

of new XYZ states have been observed and confirmed by
different experimental groups: B-factories (BABAR, Belle,
Belle2 and CLEO), τ-charm facilities (CLEO-c, BES,
BESIII), and also proton-(anti)proton colliders (CDF,
D0, LHCb, ATLAS, CMS) [see Refs. [5–10] for reviews].
The charged states observed within the charm and bottom
sector such as Zc, Zb, and Tccð3875Þþ are obvious candi-
dates for tetraquarks [11–21], while isospin 1=2 baryons
such as Pcc̄ð4380Þþ, Pcc̄ð4312Þþ, and Pcc̄ð4440Þþ, discov-
ered by LHCb in the charm sector, are candidates for
pentaquarks containing a charm-anticharm pair and three
light quarks [22,23].
The existence of these exotic hadrons presents a unique

opportunity to study the strong force in nature in ways that
were previously unexplored. The implications of such
studies extend beyond fundamental particle theory and
have the potential to impact various other fields dealing
with strongly correlated systems.
However, due to the nonperturbative regime of QCD, it is

difficult to make first-principle predictions of spectra, widths
and cross sections of such multiquark states. Various models
have been proposed [5–8,24–34]. A priori, the simplest
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system consisting of only two quarks and two antiquarks
(tetraquarks) is already a very complicated object, and it is
unclear whether any kind of clustering occurs in it. To
simplify the problem, models focus on certain substructures,
investigating their implications. This includes hadronic
molecules [35,36], composed of color-singlet mesons bound
together by residual nuclear forces, tetraquarks, bound states
between a diquark and an antidiquark [37–39], and hadro-
quarkonium, a cloud of light quarks and gluons bound to a
heavy QQ̄ core singlet state via van der Waals forces [40].
Additionally, threshold effects such as threshold cusps [41]
and rescattering processes [42] have been suggested as
possible explanations for the observed enhancements in
the XYZ particles. While models played a pioneering role,
they are based on a somewhat ad hoc choice of dominant
configurations and interaction Hamiltonian. Although
inspired by QCD, they are not derived from QCD nor can
they be systematically improved. An exception is the
molecular description of states very close to the strong
decay threshold like the Xð3872Þ where, due to the
small binding energy or large scattering length, universal
characteristics emerge and an effective field theory (EFT)
description can be introduced to systematically calculate
corrections [5,43–48], thanks to universal properties. Also
for lattice QCD an ab initio calculation of the XYZ spectra
remains challenging [49,50], as it requires studying the
coupled channel scattering of hadrons on the lattice [51,52].
Pioneering calculations are found in [53–64].
In this paper, we show how a QCD derived effective

field theory called Born-Oppenheimer EFT (BOEFT) can
address all these states in a unified framework, without
making any assumption on their configurations. TheBOEFT
does need lattice input on some static energies and some
generalized Wilson loops, but, thanks to factorization, there
are only few universal (i.e. non-flavor-dependent) nonper-
turbative correlators, which hugely simplifies the problem.
The BOEFT is derived fromQCDon the basis of symmetries
and scale separation, and all the relevant potentials and
correlators are obtained in the (nonperturbative) matching
procedure. At the large scale of the heavy quark mass,
perturbative calculations and resummation are possible,
while at the low energy scale, nonperturbative calculations
of the matching coefficients are necessary. Independently of
this, the BOEFT is supplying the full structure of the
Schrödinger coupled equations, the corrections in 1=mQ,
wheremQ is the heavyquarkmass, and themixing terms.The
structure of the coupled equations is largely determined by
symmetry, while the dynamics are set by the perturbative or
nonperturbative matching coefficients.
The idea to use a Born-Oppenheimer picture [65,66] to

describe states with two heavy quarks has been put forward
some time ago, especially in relation to hybrids [67–74]. It
also has beenunderlying the construction of strongly coupled
potential nonrelativistic QCD (pNRQCD) [75–77]. It has
been cast for the first time in the form of a proper effective

field theory for the description of hybrids in [78], and it has
been used to calculate the hybrid multiplets [71,78,79].
Hybrid spin separations [79–82] and some decays of hybrids
to quarkonium [79,83,84] have been calculated. General
applications of the BOEFT have been put forward in [85,86],
the doubly heavy baryon case has been studied in [87–89]
and the effect of the interaction with the open-flavor thresh-
old has been addressed in [90–94].
Lattice calculations of some Born-Oppenheimer (BO)

static energies have been addressed for hybrids in a
comprehensive way [68,69,95–101], while for tetraquarks
they are still sparse [102–106]. As we will discuss, the
BOEFT identifies the best operators to be used to calculate
the BO static energies.
In this paper, based on the treatment in [78], our primary

objective is to expand the BOEFT framework to analyze
tetraquark and pentaquark states consisting of either a
heavy quark-antiquark pair or two heavy quarks and light
degrees of freedom (LDF) with arbitrary quantum numbers,
including isospin. A fundamental aspect of understanding
the spectrum of tetraquarks and pentaquarks is the appli-
cation of the adiabatic expansion principle, which distin-
guishes the dynamics of heavy quarks from that of the LDF.
Within this context, the tetraquark and pentaquark are
bound states of heavy quarks in the spectrum of BO-
potentials (referred to as static energies or adiabatic
surfaces at leading-order in the 1=mQ expansion) associ-
ated to the LDF. We present here for the first time the
explicit form of the Schrödinger coupled equations in a
unified form for hybrids, tetraquarks, pentaquarks, quar-
konia and doubly heavy baryons. We construct the corre-
sponding multiplets, explain general selection rules, give
the explicit operators for the lattice calculation of all the
potentials, and calculate their perturbative expression and
the short distance multipole expansion. Besides gluelump
masses for hybrids, we show that such multipole expan-
sions feature adjoint mesons for tetraquarks.
This paper is organized as follows. In Sec. II, we describe

the physical picture underlying quarkonium and the XYZ
exotic states, and the regime in which the soft scale is
perturbative. In Sec. III, we introduce the NRQCD static
energies and most general Born-Oppenheimer effective
field theory description (BOEFT), and in Sec. IV, we obtain
the coupled Schrödinger equations and the general expres-
sion of the mixing matrices for each type of exotic state. We
derive the corresponding multiplets. In Sec. V, we list the
interpolating operators suitable to obtain the exotic static
energies and discuss their short and long distance behavior.
We discuss the properties of these operators with respect to
what is currently used in lattice calculations. In Sec. VI, we
discuss the mixing at large distances, the overlap of the
tetraquark interpolating operators with static heavy-light
states and the possible emergence of molecular states. In
Sec. VII, we comment on the size of the heavy-quark spin
dependent effects and their phenomenological impact and
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we summarize how decays and transitions are calculated in
the BOEFT. We also comment on multichannel BO
equations.
Section VIII contains some phenomenological identifica-

tions of the exotics, while Sec. IX gives conclusions and an
outlook. Seven appendixes complement this work, present-
ing the details of some calculations, in particular about
gauge-invariance checks, explicit forms of the projection
operators, mixingmatrices and details about the construction
of pentaquarks. Appendixes G and I present the overlap of
our interpolating operators with heavy-light and with quar-
konium plus pion states and the explicit coupled Schrödinger
equations to be used in phenomenological applications.

II. SCALES, PHYSICAL PICTURE
AND SHORT DISTANCE REGIME

Quarkonium (QQ̄), hybrids (QQ̄g), tetraquarks (QQ̄qq̄,
QQq̄q̄), pentaquarks (QQ̄qqq, QQqqq̄) and doubly heavy
baryons (QQ̄q), all involve a heavy quark Q and a heavy
antiquark Q̄ or two heavy quarks bound together with some
gluonic g or light (anti)quark q (q̄) degrees of freedom,1

which from now on will be abbreviated with LDF (light
degrees of freedom). The presence of a large scale, which is
the massmQ of the heavy quark, allows some simplification
in the problem. The large scale, on one hand, is perturbative
(mQ ≫ ΛQCD, ΛQCD being the typical hadronic scale); on
the other, it ensures that the heavy quark is moving
nonrelativistically.
However, as a matter of fact, even the treatment of

quarkonium is challenging, due to the presence of several
energy scales. Quarkonium is a nonrelativistic bound
system with a small relative velocity v between the quark
and the antiquark. In the rest frame of the meson, v2 ∼ 0.1
for bb̄, v2 ∼ 0.3 for cc̄ systems. Besides the heavy-quark
mass (hard scale), a hierarchy of dynamically generated
energy scales is induced: the typical relative momentum
p ∼mQv, corresponding to the inverse Bohr radius
r ∼ 1=ðmQvÞ (soft scale), and the typical binding energy
E ∼mQv2 (ultrasoft scale). This is similar to what happens
for positronium in QED, but for QCD there is also the
complication of the nonperturbative low energy behavior.
Apart from the hard scale of the mass of the quark, the
treatment of the other scales depends on their relation to
ΛQCD, as getting closer to it implies that nonperturbative
methods have to be used. The problem posed by the
existence of the different entangled energy scales character-
izing the nonrelativistic bound state in QCD has been
addressed by substituting QCD with simpler but equivalent
nonrelativistic effective field theories (NREFTs) [76]. A
hierarchy of NREFTs may be constructed by systematically
integrating out modes associated with high-energy scales.

Such integration is made in a well defined matching
procedure that enforces the equivalence between QCD and
the NREFT at any given order of accuracy. The NREFT
Lagrangian is factorized in matching coefficients, encoding
the high energydegrees of freedom, and low energyoperators
that remain dynamical. It displays a power counting in the
small ratios of high energy over low energy scales, allowing
to assign a definite size to the contribution of each operator to
physical observables. At leading order in the NREFT, some
underlying symmetries are exposed, allowing model inde-
pendent predictions. By integrating out modes associated
with the scale of the heavy quark mass, nonrelativistic QCD
(NRQCD) [107–109] is obtained. It displays still entangled
soft and ultrasoft degrees of freedom. The matching to
NRQCD can be done in perturbation theory, i.e. within an
expansion in αs. The NRQCD matching coefficients encode
the nonanalytic dependence on the scale mQ.
In order to obtain the Schrödinger equation as a zeroth

order problem and the potentials from QCD, it is necessary
to integrate out modes associated to the relative momentum
p. In the case in which p ∼ 1=r ≫ ΛQCD, this integration
can be done within perturbation theory arriving at a lower
energy EFT called weakly coupled potential nonrelativistic
QCD (pNRQCD) [76,110,111]. The potentials are match-
ing coefficients calculated with a standard matching in
perturbation theory, comparing and expanding in αs dia-
grams in NRQCD and in pNRQCD. The potentials acquire
a proper, field theoretical definition: they are matching
coefficients encoding the soft scale contributions, undergo
renormalization, develop scale dependence and satisfy
renormalization group equations, which allow a resumma-
tion of potentially large logarithms.
Weakly coupled pNRQCD has facilitated the calculation

of the physical properties, like spectra and decays, of
several quarkonium systems with small radius and in
particular the calculation of the quarkonium static potential
and the static energy at next-to-next-to-next-to leading
logarithmic (NNNLL) order [112,113], which enabled
precise extractions of αs from the QCD static energy [114].
What is important here is that weakly coupled pNRQCD
can be used also to describe the properties of any XYZ
system at a distance scale smaller than Λ−1

QCD and this will
be exploited in this paper, especially in Sec. V B.
However, for soft scales comparable to ΛQCD a full

nonperturbative approach should be used to arrive from
NRQCD to the lower energy EFT featuring the Schrödinger
equation as the zeroth order problem and to obtain the
interaction potentials.

III. THE BORN-OPPENHEIMER EFFECTIVE
FIELD THEORY DESCRIPTION

A. The BO picture

When the typical quarkonium radius is larger, p ∼ 1=r ≥
ΛQCD ≫ E, the soft scale of the binding and the matching

1An exception is a system like the Xð6900Þ composed by four
heavy quarks. We will comment about this in the conclusions.
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have to be treated nonperturbatively. The same should be
done for exotic systems for which the LDF are part of the
binding at the soft scale. Still, a low energy EFT description
can be constructed, based on the presence of two heavy
quarks with a large mass scale mQ ≫ ΛQCD, an underlying
symmetry and a residual scale separation ΛQCD ≫ E
between the energy and momentum of the LDF and the
energy of the heavy quarks. On one hand, this is similar to
the case of heavy-light mesons and baryons where the
heavy quark effective field theory (HQET) can be con-
structed based on the factorization of the heavy ∼mQ and
the light ∼ΛQCD degrees of freedom. On the other hand, the
situation is more intricate here due to the fact that there is
another scale hierarchy, ΛQCD ≫ E.
The scale separation ΛQCD ≫ E between the energy

and momentum of the LDF and the energy of the heavy
quarks is suggestive of the Born-Oppenheimer description
of diatomic molecules, whose electrons (fast degrees of
freedom) adjust adiabatically to the motion of the heavier
nuclei (slow degrees of freedom) [65,66]. The Born-
Oppenheimer description exploits the fact that the
masses of the nuclei are much larger than the electron
masses and, consequently, the time scales for the dynam-
ics of the two types of particles are very different. It entails
no restriction on the strength of the coupling between the
slow and the fast degrees of freedom. Concretely, the BO
approximation gives a method to obtain the molecular
energy levels by solving the Schrödinger equation for
the nuclei with a potential given by the electronic
static energies at fixed nucleus positions, where the
static energies are labeled by the molecular quantum
numbers corresponding to the symmetries of the diatomic
molecules.
In the QED case, different BO-potentials (static energies)

are separated by a gap of order mα2 while the energy levels
in these BO-potentials are separated by a much smaller gap
of order mα2ðm=MÞ1=2 [85], where m is the electron mass,
M is the nucleus mass in atomic or molecular systems and α
is the fine structure constant; see Fig. 1. In the same way,
nonperturbative static energies can be defined in NRQCD
and calculated on the lattice. The BOEFT then allows
one to obtain the actual form of coupled Schrödinger
equations. Solving such equations gives the quarkonium
and the XYZ energy levels and multiplets; see Fig. 2. In
Figs. 1 and 2, the dashed lines refer to the energy levels
obtained by solving the Schrödinger equation with the
potential corresponding to the given static energy. In the
QCD case, the typical separation of such energy levels is of
order E ∼mQv2.

B. The (NR)QCD static energies

Since mQ ≫ ΛQCD, an appropriate starting point is
NRQCD. The matching to the lower EFT can be performed
order by order in the 1=mQ expansion. NRQCD is obtained

from QCD by integrating out the hard modes associated to
the heavy quark mass. This amounts to expanding in
inverse powers of the mass and including the nonanalytic
dependence on the quark mass in the NRQCD matching
coefficients. All degrees of freedom at the hard scale,
including light quarks and gluons, are systematically
accounted for in the matching coefficients. The NRQCD
Hamiltonian in the heavy-quark–heavy-antiquark sector of
the Fock space reads

H ¼ Hð0Þ þ 1

mQ
Hð1;0Þ þ 1

mQ̄
Hð0;1Þ þ…; ð3:1Þ

FIG. 1. Born-Oppenheimer picture in QED: Sketch of energy
levels (dashed lines) in the electronic static energies (BO-potentials)
for molecular systems. The energy levels solution of the
Schrödinger equation are at the energy scale mα2ðm=MÞ1=2.

FIG. 2. Born-Oppenheimer picture in QCD: Sketch of energy
levels (dashed lines) in the LDF static energies (BO-potentials).
The energy levels solution of the Schrödinger equation are at the
energy scale mQv2.
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Hð0Þ ¼
Z

d3x
1

2
ðEa · Ea þ Ba · BaÞ

−
Xnf
j¼1

Z
d3x q̄jðiD · γ −mjÞqj; ð3:2Þ

Hð1;0Þ ¼ −
1

2

Z
d3xψ†ðD2 þ gcFσ · BÞψ ; ð3:3Þ

Hð0;1Þ ¼ 1

2

Z
d3x χ†ðD2 þ gcFσ · BÞχ; ð3:4Þ

wheremQ andmQ̄ are the heavy quark and heavy antiquark
pole masses respectively and we have shown only terms up
to first order in the heavy quark mass expansion. Terms of
first order in the mass contain the kinetic energy. The
NRQCD Hamiltonian in the heavy-quark–heavy-quark
sector of the Fock space is given by Eqs. (3.2) and (3.3)
without the heavy antiquark terms (3.4). For simplification,
we refer from now on to the equal heavy quark mass case
only. Equations and results may be extended straightfor-
wardly to the case of two different heavy quark masses, i.e.
states containing a bottom and a charm quark. The field ψ is
the Pauli spinor that annihilates the heavy quark, the field χ
is the Pauli spinor that creates the heavy antiquark; they
satisfy canonical equal time anticommutation relations.
The fields qj are nf Dirac spinor fields that annihilate a
light quark of flavor j and mass mj, iD0 ¼ i∂0 − gA0,
iD ¼ i∇þ gA, and the chromoelectric and chromomag-
netic fields are defined as the components Ei ¼ Gi0 and
Bi ¼ −ϵijkGjk=2 (ϵ123 ¼ 1) of the field-strength tensorGμν.
The matching coefficient cF is known at 3 loops, and it is
equal to one at tree level. The physical states are con-
strained by the Gauss law:

ðD · EÞajphysi ¼ g

�
ψ†Taψ þ χ†Taχ þ

Xnf
j¼1

q̄jγ0Taqj

�

× jphysi: ð3:5Þ

We restrict ourselves to the one-quark–one-antiquark
(one-quark) sector of the NRQCD Fock space, where
quarkonium and XYZ states live. In this sector, we denote
an energy eigenstate of the NRQCD Hamiltonian by
jn; x1; x2i, where n represents a generic set of conserved
quantum numbers, and x1 and x2 are the positions of
the quark and antiquark, respectively. We normalize the
states as hn;x1;x2jm;x01;x

0
2i¼ δnmδ

ð3Þðx1−x01Þδð3Þðx2−x02Þ.
The heavy quark and antiquark positions are conserved
quantum numbers in the static limit mQ;mQ̄ → ∞, where
we have also

H ¼ Hð0Þ; ð3:6Þ

which still contains the kinetic terms associated with gluons
and light quarks. The eigenvalue equation is

Hð0Þjn; x1; x2ið0Þ ¼ Eð0Þ
n ðx1; x2Þjn; x1; x2ið0Þ: ð3:7Þ

In the static limit, theQQ̄ orQQ sector of the Fock space is
spanned by

jn;x1;x2ið0Þ ¼ ψ†ðx1Þχðx2Þjn;x1;x2ið0Þ; ∀x1;x2; ð3:8Þ

jn;x1;x2ið0Þ ¼ψ†ðx1Þψ†ðx2Þjn;x1;x2ið0Þ; ∀x1;x2; ð3:9Þ

where jn; x1; x2ið0Þ is a gauge-invariant eigenstate of Hð0Þ
(defined up to a phase and satisfying the Gauss law) with

eigenenergy Eð0Þ
n ðx1; x2Þ that transforms like 3x1 ⊗ 3�x2 or

3x1 ⊗ 3x2 under color SUð3Þ. The state jn; x1; x2ið0Þ enc-
odes the purely LDF content of the state, and it is
annihilated by the heavy quark fields for any x; its
normalization is ð0Þhn; x1; x2jm; x1; x2ið0Þ ¼ δnm. Since
the static Hamiltonian Hð0Þ does not contain any heavy
fermion field, the state jn; x1; x2ið0Þ is also an eigenstate

of Hð0Þ with energy Eð0Þ
n ðx1; x2Þ. Translational invariance

requires that Eð0Þ
n ðx1; x2Þ ¼ Eð0Þ

n ðrÞ with r ¼ x1 − x2. In the
following, we often use the center of mass R ¼
ðx1 þ x2Þ=2 and the relative coordinate r ¼ x1 − x2 in
place of the individual coordinates of the two heavy quarks,
and we mostly work in the center of mass frame R ¼ 0
unless explicitly specified otherwise.
Since the static states jn; x1; x2ið0Þ form a complete basis,

any state jXni can be written as an expansion:

jXni ¼ cnjn; x1; x2ið0Þ þ…; ð3:10Þ
where jn; x1; x2ið0Þ is the state with the lowest energy
eigenvalue that overlaps with jXni and the dots denote
excited states also overlapping with jXni. Using the time
evolution of the states,

ð0Þhn; x1; x2; T=2jn; x1; x2;−T=2ið0Þ ¼ N exp ½−iEð0Þ
n ðrÞT�;
ð3:11Þ

where the normalization constant N does not depend on
time, it follows that

Eð0Þ
n ðrÞ ¼ lim

T→∞

i
T
loghXn; T=2jXn;−T=2i: ð3:12Þ

So jXni is not required to be an eigenstate of the static
Hamiltonian, it just needs to have non-vanishing overlap

with the eigenstate of energy Eð0Þ
n , i.e. cn ≠ 0, and this

should be the eigenstate with lowest energy overlapping
with jXni. This is the technique used to extract the static

energies Eð0Þ
n ðrÞ in lattice QCD and it reduces to the

calculation of generalized static Wilson loops. In Sec. V,
we present a convenient choice for the interpolating gauge

HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY … PHYS. REV. D 110, 094040 (2024)

094040-5



invariant operators to be used on the lattice to obtain the
static energies for hybrids, tetraquarks, pentaquarks, and
doubly heavy baryons. The ground state, n ¼ 0, is the Fock
state made of a heavy quark-antiquark pair without LDF,2

other values of n identify heavy quark-antiquark or heavy
quark-quark pairs in the presence of such excitations.
The set of conserved numbers n is related to the

symmetries of the QQ̄-LDF system (see Fig. 3) and of
the QQ-LDF system (see Fig. 4). The heavy quarks are
static and supply a color source, while the different
configurations of the LDF identify different static energies,
on the one hand similarly to what happens in HQET, and on
the other hand similarly to what happens in a diatomic
molecule. The states are characterized by the flavor
composition of the LDF, given in terms of isospin quantum
numbers I, mI and baryon number b, and the projections of
the total angular momentum K of the LDF along the r̂-axis
joining the two heavy quarks.3 These are labeled by the
representations of the cylindrical symmetry group D∞h
with BO quantum numbers Λσ

η . The projection of the
angular momentum K · r̂ has eigenvalues λ, and Λ≡ jλj.
We denote integer values of Λ by capital Greek letters: Σ,
Π, Δ;… for Λ ¼ 0; 1; 2;…. The index η is the CP
eigenvalue in the case of QQ̄, and just parity, P, in the
case ofQQ and is denoted by g ¼ þ1 and u ¼ −1. Finally,
the index σ ¼ �1 is the eigenvalue of the reflection
operator with respect to a plane passing through the r̂
axis. The index σ is explicitly written only for Σ states,

which are not degenerate with respect to the reflection
symmetry. The ground state with given BO quantum
numbers is labeled Λσ

η ; excited states with the same
quantum numbers are labeled Λσ0

η ;Λσ00
η ;….

Assuming that the angular momentum operator K2 has
eigenvalues kðkþ 1Þ, which restricts the projection to
Λ ≤ k, and introducing the shorthand notation

κ≡ fkP½C�; fg; ð3:13Þ
where P½C� is defined to be PC in case of QQ̄ and just P
in case ofQQ, and f denotes the flavor indices of the LDF,4

we can indicate the static energies EΛσ
η as Eð0Þ

κ;jλjðx1; x2Þ≡
Eð0Þ
κ;jλjðrÞ. Based on the quantum number κ, we have the

static energy Eð0Þ
κ;jλjðrÞ for any state with at least two heavy

quarks: quarkonium ðQQ̄Þ, hybrids ðQQ̄gÞ, doubly heavy
baryons ðQQqÞ, tetraquarks ðQQ̄qq̄;QQq̄q̄Þ, and penta-
quarks ðQQ̄qqq;QQqqq̄Þ. It should be kept in mind,
however, that k is a good quantum number at short
distances, where the symmetry of the system is
Oð3Þ ⊗ C, but not at large distances, where the symmetry
of the system is D∞h. This labeling applies to any possible
XYZ state. Note that the sign of λ ¼ �Λ does not affect the
static energies, since they are degenerate in it, but for
several expressions appearing in the following sections it
makes sense to keep it as a label of the states.
In the static limit, theBOquantumnumbersareexactlycon-

served. The static energies are nonperturbative quantities at

FIG. 4. Symmetries of a system made by two heavy quarks and
nonperturbative constituents at the scale ΛQCD.

FIG. 3. Symmetries of a systemmade by a heavy quark, a heavy
antiquark and nonperturbative constituents at the scale ΛQCD.

2Notice that such a state does not exist forQQ, sinceQQ is not
a color singlet.

3In the context of light quarks, we also refer to the angular
momentum K as the spin.

4For notational ease, we will explicitly mention whenever we
suppress the flavor index f.
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the scaleΛQCD andmust be calculated on the lattice or inQCD
vacuum models [88,115–120]. In the I ¼ 0 sector, for the
quenched case [pure SUð3Þ gauge theory] and with only
gluonic excitations in the LDF, several calculations of the
tower of energy levels exist [68,69,95–101] starting from the
one reported in Fig. 5. In the short distance limit, the static

energies Eð0Þ
κ;jλjðrÞwith the same κ become degenerate and the

cylindrical symmetry groupD∞h is expanded to the spherical
symmetry group Oð3Þ ⊗ C. This fact is understood and
predicted in weakly coupled pNRQCD [111], which can be
applied to short distances; see Sec.V for a detailed discussion.

C. Born-Oppenheimer EFT

The static Hamiltonian does not contain the kinetic
energy. In order to obtain from NRQCD the BOEFT, i.e. an
effective field theory that has the Schrödinger equation as
zeroth order equation of motion, we need to go beyond the
static limit and consider the correction in 1=mQ to the
NRQCD Hamiltonian. For our purposes, it is sufficient to
consider the relative kinetic energy and to work in the
center of mass frame.5

To match BOEFT to NRQCD, we take advantage of
the nonperturbative quantum matching developed in
Refs. [75,77,78,86,87,121,122], which is performed

perturbing order by order in 1=mQ around the static limit.
The 1=mQ expansion provides a convenient way to
organize the matching calculation. The relative size of
the different contributions in the BOEFT Lagrangian is,
however, not always trivially dictated by the 1=mQ expan-
sion, but by the power counting of the EFT. The BOEFT
has only ultrasoft dynamical degrees of freedom at the scale
E, and therefore, all the physical degrees of freedom with
energies larger than E should be integrated out.
An ideal situation in the BO picture is when the difference

in energy among states associatedwithBOpotentials labeled
with different quantum numbers n is much larger than the
difference in energy among states obtained from solving the
Schrödinger equation of a given BO potential. The gap
between different static energies is a consequence of the
nonperturbative dynamics, therefore it can be evaluated only
after having obtained the static energies from a lattice
calculation. The ideal situation is, however, realized only
by quarkonium states. Higher excitations in the quarkonium
spectrum show various degeneration patterns. At short
distance, the BO energies sharing the same κ become
degenerate and, hence, eigenstates of these energies mix
and satisfy coupled Schrödinger equations.At large distance,
static energies with the same BO quantum numbers may
become close at some distance r; if they also develop non
zero transition amplitudes then the states mix. Diagonalizing
the transition matrix leads to the avoided level crossing
phenomenon illustrated in Appendix A. This phenomenon
has been observed on the lattice in the calculation of the static
energy of quarkonium and I ¼ 0 tetraquarks [123–125].6
A similar effect has been seen in the hybrid static
energies [69,126]. Hence, also in the long distance regime,
coupled Schrödinger equations are responsible for the low
energy dynamics of the states, as we discuss in Sec. VI.
To see the how degeneracies affect the effective field

theories, we consider the NRQCD Hamiltonian H at some
order of the 1=mQ expansion (for the purposes of this paper,
first order is sufficient). Then H is not diagonal in the basis
jnið0Þ of Hð0Þ. We consider instead a basis of states,

jn; x1; x2i; ð3:14Þ
normalized as

hm;x1;x2jn;y1;y2i ¼ δmnδ
ð3Þðx1− y1Þδð3Þðx2− y2Þ; ð3:15Þ

such that the Hamiltonian H is diagonal with respect to
these states

hm; x1; x2jHjn; y1; y2i
¼ δmnEnðx1; x2; p1; p2Þδð3Þðx1 − y1Þδð3Þðx2 − y2Þ; ð3:16Þ
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FIG. 5. Tower of hybrid static energies in the I ¼ 0 sector with
only gluonic excitations as LDF (quenched approximation) from
[69]. Static energies with the same value of κ are degenerate at
short distance r between the static quark and antiquark.

5We do not consider the spin-dependent term in the NRQCD
Hamiltonian Hð1;0Þ or Hð0;1Þ, nor do we consider r-dependent
potentials generated at order 1=mQ on the BOEFT side; see
Sec. VII for a discussion of these effects.

6The operators used on the lattice up to now are heavy-light
states and not tetraquarks; we will comment on this in Secs. V, VI
and in Appendix G.
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where Enðx1; x2; p1; p2Þ is an analytic function in p1, p2.
Conditions (3.16) and (3.15) give

Hjn; y1; y2i ¼
Z

d3x1d3x2jn; x1; x2iEnðx1; x2; p1; p2Þ

× δð3Þðx1 − y1Þδð3Þðx2 − y2Þ: ð3:17Þ
The positions x1 and x2 are no longer good quantum
numbers since the position operator does not commute with
H beyond the static limit. This is reflected in the dependence
of En on the momenta p1 and p2, which are represented by
derivatives, making En a differential operator. The diago-
nalization ofH in Eq. (3.16) is meant in this operator sense.
A set of states jni and an operator En that satisfy Eqs. (3.15)
and (3.17) can be obtained from the static solutions jnið0Þ
and Eð0Þ

n to any desired order of accuracy by working out
formulas analogous to the ones used in standard quantum
mechanical perturbation theory. We can write jni and En as
an expansion in 1=mQ (again we assume for simplicity that
quark and antiquark have the same mass mQ):

jni ¼ jnið0Þ þ 1

mQ
jnið1Þ þ…; ð3:18Þ

En ¼ Eð0Þ
n þ 1

mQ
Eð1Þ
n þ…: ð3:19Þ

States and matrix elements in NRQCD are matched onto
states and matrix elements in the BOEFT, which is the
effective field theory that follows from NRQCD by
integrating out modes of order ΛQCD and describes exci-
tations associated to a given (set of) static energies. The
matching is nonperturbative (no expansion in αs involved).
The state jn; x1; x2i in NRQCD is matched to the state
Ψ†

nðx1; x2Þjvaci in the BOEFT,

jn; x1; x2i → Ψ†
nðx1; x2Þjvaci; ð3:20Þ

where Ψnðx1; x2Þ is a color singlet composed field that
annihilates all excitations associated with the static energy
En and jvaci is the vacuum state of the effective field theory.
The field satisfies the canonical equal time commutation
relation: ½Ψnðx01;x02Þ;Ψ†

mðx1;x2Þ�¼δnmδðx01−x1Þδðx02−x2Þ.
The static energy En of NRQCD is matched to the BOEFT
Hamiltonian, hn,

Enðx1; x2; p1; p2Þ ¼ hnðx1; x2; p1; p2Þ: ð3:21Þ

In the absence of mixing with excitations from different
n, the BOEFT Lagrangian describing ultrasoft excitations
of hn is then

LðnÞ
EFT ¼

Z
d3x1

Z
d3 x2Ψ†

nðx1;x2; tÞ½i∂t − hnðx1;x2;p1;p2Þ�

×Ψnðx1;x2; tÞ: ð3:22Þ

The equation of motion is in this case an uncoupled
Schrödinger equation.
In the case in which the static energy En becomes close

or degenerate with some other static energy, we have, for
instance, that

jm; x1; x2ið1Þ ¼ −
X
n≠m

Z
d3x01d

3x02jn; x01; x02ið0Þ

×
ð0Þhn; x01; x02jHð1Þjm; x1; x2ið0Þ
Eð0Þ
n ðx01; x02Þ − Eð0Þ

m ðx1; x2Þ
ð3:23Þ

becomes large and possibly divergent. This signals the break
down of nondegenerate perturbation theory and the neces-
sity to resolve to degenerate perturbation theory, in which
case hn is replaced by a nondiagonal matrix computed on all
degenerate states. The solution of the ensuing coupled
Schrödinger equations provides eigenstates, eigenvalues
and eventually diagonalizes the Hamiltonian. The full
eigenstates at leading order, jNið0Þ, are no longer a single
unperturbed state but a superposition of the (approximately)
degenerate states and the coefficients of this superposition
are eigenfunctions of the BOEFT Hamiltonian in the
degenerate sector:

jNið0Þ ¼
X

n∈ fNg

Z
d3x01

Z
d3x02jn; x01; x02ið0ÞϕðNÞ

n ðx01; x02Þ;

ð3:24Þ
where the sum runs over fNg, which identifies the set of
states belonging to the degenerate multiplet associated with
the energy labeled N. These states are labeled by new
quantum numbersN, which no longer contain labels related
to degenerate states, whereas those unrelated to the degen-
eracy are still good quantum numbers and are included in
N without change; see Sec. IV for details. Diagonalizing
the first order Hamiltonian then corresponds to finding the

sets of eigenfunctions ϕðNÞ
n satisfying

X
n∈ fNg

�
δmnE

ð0Þ
n þ 1

mQ
Eð1Þ
mn

�
ϕðNÞ
n ¼ Eð1Þ

N ϕðNÞ
m ; ð3:25Þ

where the matrix elements are given through [Hð1Þ ≡
Hð1;0Þ þHð0;1Þ in the equal mass case]

ð0Þhm; x1; x2jHð1Þjn; y1; y2ið0Þ

¼ Eð1Þ
mnðx1; x2; p1; p2Þδ3ðx1 − y1Þδð3Þðx2 − y2Þ: ð3:26Þ

The eigenvalue Eð1Þ
N finally gives the mass of the XYZ state

as m ¼ 2mQ þ Eð1Þ
N þOðm−2

Q Þ.

1. BOEFT for quarkonium: strongly coupled pNRQCD

The most well-known QCD static energy is the one with
n ¼ 0 corresponding to quarkonium: it identifies the ground
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state static energy between a heavy quark and a heavy
antiquark in a color singlet configuration, which is well
approximated by a Cornell-like potential. This static energy
can be extracted from the large time behavior of a static
Wilson loop [127] and it has been measured with more and
more accuracy over the last 50 years. It represents an evident
proof of confinement in the heavy quark sector since it
shows a linear rising behavior with the distance r. We show
in Fig. 6 its most recent and state-of-the-art calculation
performed with a QCD action with 2þ 1þ 1 dynamical
light flavors [128]. This static energy has been identified
with theQQ̄ potentialVðrÞ; a proper theoretical justification
in the framework of nonrelativistic effective field theories of
QCD is provided by strongly coupled pNRQCD [75,77].7

Strongly coupled pNRQCD is the BOEFT restricted to
quarkonium. In this case, there is a gap of order ΛQCD
between the static energy with n ¼ 0 (the Σþ

g BO-state) and
the static energies with n ≠ 0, see e.g. Fig. 5 and, for more
details on the lowest lying states, Fig. 7. Because of the
assumed energy gap of order ΛQCD between the ground
state and the higher excitations of the heavy quark-
antiquark pair, these are integrated out when matching
NRQCD to strongly coupled pNRQCD. Moreover, since
the Σþ

g static energy is not mixing with any other static
energy at short distance, the NRQCD ground state
j0; x1; x2i simply matches the pNRQCD state made of
one color singlet heavy quark-antiquark pair, created by the
field S†ðx1; x2Þ acting on the pNRQCD vacuum jvaci,

j0; x1; x2i → S†ðx1; x2Þjvaci: ð3:27Þ

The Hamiltonian for strongly coupled pNRQCD is

E0ðx1; x2; p1; p2Þ ¼ hsðx1; x2; p1; p2Þ

¼ Eð0Þ
0 ðx1; x2Þ þ

p21
2mQ

þ p22
2mQ

; ð3:28Þ

which leads to the strongly coupled pNRQCD Lagrangian
for the singlet composite field S

FIG. 6. Results for the lattice QCD calculation of the quarko-
nium static energy performed with a QCD action with 2þ 1þ 1
dynamical light flavors [128]. The lattice data is obtained from
twelve ensembles of varying lattice spacing (denoted by β) and
three choices of light quark masses. The overall normalization
has been fixed by setting E0ðr0Þ ¼ 0, where r0 ≈ 0.5 fm is the
so-called Sommer scale.

FIG. 7. The lowest hybrid static energies Πu and Σ−
u and the

quarkonium static energy Σþ
g , shown as a function of the quark-

antiquark separation r in fm from short to large distances [98].
The gap between quarkonium and hybrid static energies is of
order ΛQCD.

7In the short distance, the static energy Eð0Þ
0 ðrÞ and the static

potential VðrÞ differ by ultrasoft contributions, the energy being a
physical quantity and the potential being cutoff at the ultrasoft
scale, which is compensated in the static energy by the ultrasoft
degrees of freedom that remain dynamical in the short distance
regime [129].
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LpNRQCD ¼
Z

d3R
Z

d3rTr

�
S†ðr;R; tÞ

�
i∂t þ

∇2

mQ
− Vð0ÞðrÞ

�
Sðr;R; tÞ

�
; ð3:29Þ

where we have dropped the center of mass kinetic energy as
we are working in the center of mass frame of the

quarkonium, r ¼ x1 − x2, R ¼ ðx1 þ x2Þ=2, and Vð0ÞðrÞ ¼
Eð0Þ
0 ðrÞ is the quarkonium singlet static potential,8 which

can be measured by lattice QCD and is well approximated
by a Cornell type potential. The color singlet field S is
proportional to the identity in color space; it satisfies
the canonical equal time commutation relation,
½Sðr0;R0Þ; S†ðr;RÞ� ¼ δð3Þðr0 − rÞδð3ÞðR0 − RÞ. The trace is
over color and spin. The contributions from the LDF of
energy and momentum of order ΛQCD are encoded in the
potential between the two heavy quarks, which is a
matching coefficient of pNRQCD. Higher order relativistic
corrections to theQQ̄ singlet potential have been calculated
using the same framework in [75,77] and are given in terms
of generalized static Wilson loops with chromoelectric and
chromomagnetic insertions [76]. They have been calculated
on the lattice mainly in the quenched approximation and in
QCD vacuum models. The quarkonium spectrum is the
spectrum of the Hamiltonian hs.
Strongly coupled pNRQCD provides a field theoretical

justification of why potential models have been successful
in describing quarkonium, and it relates the potentials
directly to QCD. As all the dependence on the heavy flavor
has been factorized, this enables predictions in different
heavy flavor sectors based on the same universal potentials.
The imaginary part of the potential contains information on
the inclusive decays and has been calculated in the same
framework [121].
Light quarks are taken into account in three ways.

(1) Light quarks at the hard scale mQ are integrated out
in NRQCD, and they contribute to the matching coeffi-
cients of NRQCD and appear as such in the relativistic
corrections to the potential. The renormalization scale
dependence of the NRQCD matching coefficients cancels
against the soft part of the pNRQCD potential. (2) Light
quarks at the soft scale enter the lattice calculation of the
potential with the unquenched QCD action; see Fig. 6.
(3) Ultrasoft light fermions become pions. They enter as
ultrasoft degrees of freedom and could be explicitly added
to the Lagrangian in Eq. (3.29) [see e.g. [130] ], but we do
not consider them here. For quarkonium, there are no light
quark and gluon excitations contributing to the quantum
numbers of the static energy, i.e. what we have called LDF.
The calculation of the quarkonium potential from the

static Wilson loop in full QCD does not show conclusive
evidence of string breaking [95]. In the BOEFT, string

breaking comes from the fact that the quarkonium static
energy and the first tetraquark (I ¼ 0) static energy,9 which
have the same BO quantum numbers, become close at a
distance of about 1.2 fm called the string breaking length.
Because the transition amplitudes are different from zero at
the string breaking length, this leads to a non diagonal
matrix of static energies, whose eigenvalues show the
avoided level crossing behavior (see Appendix A). The
avoided level crossing phenomenon is realized in QCD; see
Fig. 12.10 Moreover, avoided level crossing modifies the
Schrödinger equation for quarkonium from one channel [as
one would obtain from Eq. (3.29)] to the coupled equations
given in Eq. (6.6).

2. BOEFT for hybrids, tetraquarks, pentaquarks
and doubly heavy baryons

Here we obtain the general BOEFT Lagrangian for the
case of hybrids, tetraquarks. pentaquarks and heavy bary-
ons. When the difference among energies labeled with
different κ is much larger than the difference in energy
among states labeled within the same κ. The LDF respon-
sible for the bound state are characterized by the energy
scale ΛQCD, while the energy separations of the exotic
states are of order E ≪ ΛQCD. Since, at least parametrically,
there is no mixing between states separated by a gap of
order ΛQCD, we can restrict to a BOEFT of static energies
with the same κ. We call this the single-channel approxi-
mation. Differently from the quarkonium case, the BOEFT
for states with the same κ leads to coupled Schrödinger
equations and the coupling is induced by the kinetic energy
term contained inH1 [see Eq. (3.25)], and it is related to the
degeneration appearing in some of the BO static energies
with the same κ and different λ at short distance. Hence, we
work considering BO nonadiabatic couplings, i.e. non-
diagonal terms in the kinetic energy. At the end of this
section, as well as in Sec. VII, we comment about when a
multichannel BO description, involving static energies with
different κ becomes important.
The matching condition for the states reads

jκ; λ; x1; x2i → Ψ†
κλðx1; x2Þjvaci; ð3:30Þ

where jvaci is the BOEFT vacuum. As the static energies
above the quarkonium ground state are approximately
degenerate in the short-distance limit with respect to the

8For quarkonium kPC ¼ 0þþ.

9The I ¼ 0 tetraquark static energy evolves at large distance in
a heavy-light static meson-antimeson pair; see Sec. VI.

10Figure 12 contains three static energies because there also the
strange quark is considered.
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quantum number λ, we need to calculate the matrix
elements of Hð1Þ between those states, in particular the
relative kinetic energy, which is dominant in the center of
mass frame. To this aim we need to express

Ψκλ ¼
X
α

Pα†
κλΨα

κ ; Ψα
κ ¼

X
λ

Pα
κλΨκλ; ð3:31Þ

where the projection vectors Pα
κλ project the eigenstates of

K · r̂with eigenvalue λ generated byΨ†
κλ onto the eigenstates

of Kz with eigenvalue α generated by Ψα†
κ . We list these

projectors for all the cases inAppendix F. In theΨα
κ basis, the

LDF operators do not depend on the r̂ axis. Therefore, the∇2
r

part ofHð1Þ is diagonal in this basis, whereas in theΨκλ basis
one needs to take into account the fact that thederivatives also
act on the projection vectors.
Keeping at order 1=mQ only the relative kinetic energy,

the BOEFT Lagrangian describing the heavy exotic states
(hybrids, tetraquarks, pentaquarks and doubly heavy bary-
ons) with quantum number κ can be written as

LBOEFT ¼
Z

d3R
Z

d3r
X
λλ0

Tr

�
Ψ†

κλðr;R; tÞ
�
i∂tδλλ0 − Vκ;λλ0 ðrÞ þ

X
α

Pα†
κλ ðθ;φÞ

∇2
r

mQ
Pα
κλ0 ðθ;φÞ

�
Ψκλ0 ðr;R; tÞ

�
; ð3:32Þ

where the trace is over color, spin and isospin indices. Here
the potential Vκλλ0 in Eq. (3.32) is

Vκ;λλ0 ðrÞ ¼ Vð0Þ
κ;jλjðrÞδλλ0 þOð1=mQÞ; ð3:33Þ

where Vð0Þ
κ;jλjðrÞ is equal to the static energy Eð0Þ

κ;jλjðrÞ and can
be calculated on the lattice or in QCD vacuum models. See
Sec. V for a concrete definition in terms of Wilson loops
with appropriate interpolating operators. As we discuss in
Sec. VII, the potential Vκ;λλ0 in Eq. (3.32) can be organized
as an expansion in 1=mQ and subleading corrections can be
calculated. The 1=mQ term in NRQCD generates a spin-
dependent and a spin-independent correction in 1=mQ in
the potential. The fact that, for the exotics, the spin potential
already starts at order 1=mQ, differently from quarkonium,
is due to the interaction of the spin of the heavy quark with
the spin K ≠ 0 of the LDF, which is not suppressed by a
mass term [79–81]. This feature has a prominent impact on
the spectrum.

As we will see in Sec. V B, the potential Vð0Þ
κ;jλj can be

calculated at short distances in weakly coupled pNRQCD.
The kinetic energy is not commuting with the projec-
tion vectors Pα

κλ, which generates coupled Schrödinger
equations and the Λ doubling effect seen in molecular
physics, breaking the degeneration between opposite parity
multiplets [78]. This effect is considerably enhanced in
QCDwith respect to QED [85] and has an important impact
on the structure of the multiplets.
The light quark degrees of freedom are taken into

account in four ways. (1) Light quarks in the LDF: they
are part of the binding at the scale ΛQCD for states like the
tetraquarks, the pentaquarks, and the doubly heavy bary-
ons. (2) Light quarks at the hard scale mQ: they are
integrated out in NRQCD, encoded in its matching coef-
ficients, and appear as such in the relativistic corrections of
the potential. The renormalization scale dependence of the
NRQCD matching coefficients cancels against the soft part

of the potential. (3) Sea light quarks at the soft scale: they
enter the lattice calculation of the potential with the
unquenched QCD action. Differently from the quarkonium
case (see Fig. 6), few full lattice QCD calculations are
available for QQ and QQ̄ static potentials with nontrivial
LDF. (4) Ultrasoft light fermions: they are the ones that will
become pions. They enter as ultrasoft degrees of freedom;
they could be explicitly added to the Lagrangian in (3.32),
but we do not consider them here. Ultrasoft degrees of
freedom associated with heavy-light thresholds may be also
added to the Lagrangian depending on the processes that
one would like to study.
Note that the coupled BOEFT Lagrangian given in

Eq. (3.32) contains only the short distance mixing: in
Sec. IV we work out explicitly the form of the coupled
Schrödinger equations following from such Lagrangian for
each type of exotics using a short distance description. The
avoided level crossing or large r mixing is introduced
in Sec. VI.

D. Mixing

Let us summarize the types of mixing that can occur
among the static energies and in the BOEFT equation of
motions. We have three types of mixing.

(i) Mixing induced by the 1=mQ kinetic term. It orig-
inates from the kinetic term in Eq. (3.32), whose
nondiagonal part is called nonadiabatic coupling. It
is a leading order effect induced by BO static
energies with the same κ that become degenerate
at short distance. In Eq. (3.32) we show the general
form of the mixing in the adiabatic picture, which is
the picture where the static potential is diagonal.
After a unitary transformation, we can make the
kinetic energy diagonal and generate nondiagonal
terms in the potential; this alternative but equivalent
picture is called diabatic picture. In Sec. IV, we
calculate the precise form of the mixing matrix
appearing in the Schrödinger equation for each type
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of exotics using a short-range calculation, which is a
good approximation in this case. In particular, we
obtain exotic multiplets that should be eventually
identified with XYZ states.

(ii) Mixing at long distance. It occurs when two (or
more) BO static energies with the same quantum
numbers, one the excitation of the other, become
close one to the other, in some range of r at large
distance. In such a case, we have to consider mixing
with states with different κ quantum numbers. It is
convenient to start with the diabatic picture, i.e.
static energies with off-diagonal transition ampli-
tudes and with diagonal entries that intersect one the
other at some large distance r. One recovers the
adiabatic picture upon diagonalization of the static
energy matrix. The static energy eigenvalues show
the typical avoided level crossing behavior discussed
in Appendix A: at large distance, the ground state
energy bends down following the pattern of the
smaller diagonal entry in the diabatic picture, while
the excited state energy grows following the pattern
of the larger diagonal entry in the diabatic picture.
This happens e.g. between quarkonium or hybrid
and isospin zero tetraquark static energies; see Fig. 8.
It is a nonperturbative phenomenon arising only at
large distances, which may be responsible for exotic
states of a prominent molecular nature like the
χc1ð3872Þ. We discuss this effect in detail in Sec. VI
using the diabatic description to make contact with
existing lattice calculations.

(iii) Mixing between ultrasoft states that exist in the same
energy range. It arises in the case in which some
static energies in different κ representations do not
have a large gap between them, which is the
situation we have considered so far, or in the case
in which one considers very excited states from the
lower static energy that may overlap with the states
that live in the upper static energy [79]. It is therefore
involving more than one BO channel. For spin-
flipping processes, it is mediated by operators sup-
pressed by at least one power in the inverse of the
mass. If mediated by a chromoelectric field, it is not
suppressed by inverse powers of the mass. It is not
important when considering only the lowest reso-
nances in each static energy. We discuss this mixing
and list the relevant operators inducing it in Sec. VII.

IV. COUPLED EQUATIONS AND MULTIPLETS

A. Coupled Schrödinger equations, adiabatic
and diabatic representation

In this section, we obtain the BOEFT coupled
Schrödinger equations that describe in a unified way
hybrids, tetraquarks, pentaquarks and doubly heavy bary-
ons, i.e. any states with LDF in the presence of two heavy

quarks (antiquark). This derivation is new. The results on
the coupled Schrödinger equations are new for tetraquarks
and pentaquarks, while they reproduce the results
of [78,79] for hybrids and the results of [87] for doubly
heavy baryons.
For the derivation, it is convenient to express a general

eigenstate of the NRQCDHamiltonianHð0Þ plus the kinetic
term in Hð1Þ as a linear combination of the static states
convoluted with a wave function, following Ref. [78] and
Eq. (3.24):

jNi ¼
X
λ

Z
d3rjrijκ; λiϕðNÞ

κλ ðrÞ; ð4:1Þ

where the wavefunction ϕðNÞ
κλ is given by

ϕðNÞ
κλ ðrÞ ¼ hκ; λ; r=2;−r=2jNi: ð4:2Þ

FIG. 8. Avoided levels crossing between the quarkonium
potential with BO quantum numberΣþ

g and the first two tetraquark
potentials with BO quantum numbers Σþ0

g , Σþ00
g in the isospin-

singlet I ¼ 0 case. All the tetraquarks evolve in the static heavy-
light meson-antimeson threshold at large distance; see Sec. VI.
The adiabatic static energies ð1Σþ

g ; 2Σþ
g ; 3Σþ

g ; 1Πg; 2ΠgÞ are
shown. At short distances (r → 0), the adiabatic energy 1Σþ

g

has attractive behavior corresponding to quarkonium Σþ
g BO

potential. At short distances (r → 0), the adiabatic energies
ð2Σþ

g ; 1ΠgÞ and ð3Σþ
g ; 2ΠgÞ have repulsive behavior correspond-

ing to tetraquark BO potentials ðΣþ0
g ;ΠgÞ and ðΣþ00

g ;Π0
gÞ respec-

tively and form degenerate multiplets corresponding to 1−− and
2þþ adjoint mesons respectively. At distances of about 1.2 fm,
where there is the avoided level crossing, the 1Σþ

g adiabatic static
energy bends down and goes asymptotically to the S-wave plus S-
wave static heavy-lightmeson-antimeson threshold,while the 2Σþ

g

static energy assumes the confining behavior of quarkonium up to
the next avoided level crossing. Note that the avoided crossing is
not affecting the BO potentials Πg and the Π0

g and therefore
Πg ¼ 1Πg and Π0

g ¼ 2Πg. The expressions of the adiabatic
energies ð1Σþ

g ; 2Σþ
g ; 1ΠgÞ are given by Eqs. (6.1)–(6.3). The

details of the mixing due to avoided crossing are discussed in
Sec. VI and Appendix A.
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Here N is a shorthand notation for all quantum numbers of
the system described by the full Hamiltonian and it contains
a fixed κ. The state jri denotes the creation operator of a
static heavy quark pair at the center of mass with relative
distance r between the heavy quarks acting on the vacuum,
while jκ; λi gives the corresponding configuration of the
LDF. In the short-distance limit r → 0, the static states are
approximate eigenstates of K2 as well, whose eigenvalues
are labeled by k. The different Λ ¼ jλj static energies are
degenerate for the same k at order r0 in the multipole
expansion. The differences in the static energies appear
only at higher orders in r, where also the symmetry under
K2 is broken.
The equation of motion of the BOEFT Lagrangian in

Eq. (3.32) results in the following Schrödinger equation for
the wavefunction ϕðNÞ

κλ ðrÞ:

X
λ

�
−Pα†

κλ0 ðθ;φÞ
∇2
r

mQ
Pα
κλðθ;φÞþVκ;λ0λ

�
ϕðNÞ
κλ ðrÞ¼ENϕ

ðNÞ
κλ0 ðrÞ;

ð4:3Þ

where EN is the energy of the bound state. The kinetic term
in the Schrödinger equation can be split into a radial and an
angular (orbital) term. The angular term, proportional to
1=r2 is the most important term in the short-distance limit
r ≪ Λ−1

QCD. Equation (4.3) couples the LDF to the heavy
quark dynamics through the angular part of the heavy quark
kinetic operator, whose derivatives act on both the wave
function and projectors Pα

κλðθ;φÞ.
The potential Vκ;λ0λ in Eq. (4.3) is a potential matrix (in

the λ and λ0 index) with static energies in the diagonal
entries [see Eq. (3.33)]. Since the exotic eigenstates are
superpositions of different static states as in Eq. (4.1),
which are degenerate in the short-distance limit, this leads
to the appearance of off-diagonal matrix elements of the
heavy quark kinetic energy operator, more specifically in
the angular part11 between different LDF static states, as in
Eq. (4.10), which are referred to as the nonadiabatic
coupling terms (NACTs) [85]. Ideally, the NACTs could
be computed on the lattice, but currently, they remain
unknown. Nonetheless, assuming the states to be eigen-
states of K2, which holds exactly in the short distance limit,
allows one to estimate the NACT matrix elements (see
Appendix B) responsible for mixing various contributions
of static energies in exotic states. As outlined below, the
shape of these mixing matrices is determined by other
quantum numbers (parity in particular), which leads to
small differences between energy eigenvalues EN , which
would otherwise be degenerate. This is recognized as the
Λ-doubling effect in molecular physics.

Separating the radial and the angular parts in spherical
coordinates (no summation over λ implied here),

ϕðNÞ
κλ ðrÞ ¼ vðNÞ

λ ðθ;φÞψ ðNÞ
κλ ðrÞ; ð4:4Þ

the radial Schrödinger equation, whose orbital term takes
on a matrix form mixing static states,12 can be written
as [78]

X
λ

�
−

1

mQr2
∂rr2∂r þ

1

mQr2
Mλ0λ þ Vκ;λ0λ

�
ψ ðNÞ
κλ ðrÞ

¼ ENψ
ðNÞ
κλ0 ðrÞ; ð4:5Þ

where Mλ0λ are the mixing matrices and ψ ðNÞ
κλ0 ðrÞ are the

radial wavefunctions. We derive the mixing matrix Mλ0λ in
Appendix B. The above set of coupled equations [Eqs. (4.3)
and (4.5)] are the Schrödinger equations in the adiabatic
Born-Oppenheimer framework [65,66], wherein the kinetic
part has off-diagonal terms (corresponding to NACTs) and
the potential matrix is diagonal.
The adiabatic Schrödinger equation (4.5) can be recast

into another coupled Schrödinger equation through a
unitary transformation. In this transformation, the kinetic
matrix [specifically the mixing matrix Mλ0λ in Eq. (4.5)]
becomes diagonal, while the potential matrix Vκ;λλ0 acquires
off-diagonal terms to accommodate the mixing between
different states. This is the diabatic Born-Oppenheimer
framework, with the resulting potential matrix termed as
the diabatic potential matrix. The diabatic Schrödinger
equation is given by

X
λ

�
−

1

mQr2
δλ0λ∂rr2∂r þ

1

mQr2
Mλ0λ þ Vκ;λ0λ

�
ψ 0ðNÞ

κλ ðrÞ

¼ ENψ
0ðNÞ
κλ0 ðrÞ; ð4:6Þ

where the matrix Mλ0λ is diagonal with the eigenvalues of
the mixing matrix Mλ0λ in the diagonal entries, while Vκ;λ0λ

has off-diagonal terms. The wavefunctions ψ 0ðNÞ
κλ and ψ ðNÞ

κλ

[λ is the index for the column matrix ψ ðNÞ
κ and λ ¼ �Λ,

where Λ∈ ð0; 1;…; kÞ] are related by

ψ 0ðNÞ
κ ¼ Uψ ðNÞ

κ ; ð4:7Þ

where U is a unitary matrix [131]. The relation in Eq. (4.7)
implies

M ¼ UMU−1; Vκ ¼ UVκU−1: ð4:8Þ

11The radial piece of the derivative acting on the projection
operators Pi

κλðθ;φÞ vanishes: ∂rPi
κλ ¼ 0.

12Ultimately due to the static states having cylindrical sym-
metry, while the kinetic energy term of the heavy quark pairs in
the Schrödinger equation has spherical symmetry.
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The diabatic Born-Oppenheimer framework has been
used to study the hybrid spectrum and mixing with
quarkonium [79,132], quarkonium mixing with the
meson-antimeson pair threshold [91,133,134], and exotic
hadron mixing with the meson-antimeson pair threshold in
the dynamical diquark model [135,136].

B. Mixing matrix and discrete symmetries

Let us look only at the angular part of the exotic
wavefunction jNi, which we denote by jl; m; k; λi:

jl; m; k; λi ¼
Z

dΩjθ;φijk; λivλlmðθ;φÞ; ð4:9Þ

where vλlmðθ;φÞ is in general not given by the usual
spherical harmonics, a consequence of the static states
jk; λi depending implicitly on the quark-antiquark axis
r̂ [78]. Instead, with this angular wavefunction one obtains
an eigenstate of the combined angular momentum L ¼
K þ LQ, where LQ is the angular momentum for the heavy
quark pair. The quantum numbers are defined as follows:
kðkþ 1Þ is the eigenvalue ofK2, λ is the eigenvalue ofK · r̂,
and lðlþ 1Þ and m are the eigenvalues of L2 and Lz
respectively. See Appendix B for more details.
The mixing matrix in the Schrödinger equation results

from the matrix elements of L2
Q between the combined

angular momentum eigenstates:

Mλ0λ ≈ hl; m; k; λ0jL2
Qjl; m; k; λi

¼ ðlðlþ 1Þ − 2λ2 þ kðkþ 1ÞÞδλ0λ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − λðλþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − λðλþ 1Þ

p
δλ0λþ1

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − λðλ − 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − λðλ − 1Þ

p
δλ0λ−1; ð4:10Þ

which is valid under the assumption that k is a good
quantum number. This assumption is smoothly broken at
large distances. This min ð2kþ 1; 2lþ 1Þ dimensional
mixing matrix can be put into block-diagonal form, where
each of the two blocks corresponds to either positive or
negative parity states.
The transformation of the angular momentum eigen-

states under parity follows from that of their different
components: the static quark state jθ;φi, the light quark
state jk; λi, and the orbital wave function vλlmðθ;φÞ. The
parity operator acts on the kets

jl; m; k; λi⟶P
Z

dΩ σQj − θ þ π;φ − sgn−ðφÞπi

× σTð−1Þkjk; λivλlmðθ;φÞ; ð4:11Þ

where σQ ¼ �1 is the sign of the intrinsic parity of two
heavy quarks (heavy quark-quark pair or heavy quark-
antiquark pair), the sign function13 in the shift of the φ
coordinate has been introduced in order to ensure that the
new coordinate still lies within the range ð−π; π�, and σT is
associated with the intrinsic parity of the light state given by
σTð−1Þk. For light states with integer quantum numbers k,
we have σT ¼ þ1 for a tensor representation and σT ¼ −1
for a pseudotensor representation [137]. For light states
with half-integer quantum numbers such as a light quark,
the intrinsic parity is positive in the ground state with a
minus for each orbital excitation. This implies that σT ¼
ð−1Þ−1=2 if the corresponding ðk − 1=2Þ representation is a
tensor and σT ¼ ð−1Þþ1=2 if the corresponding ðk − 1=2Þ

representation is a pseudotensor. Note that here we rely
again on the short-distance limit, where the light states are
eigenstates of parity and charge conjugation separately. At
higher orders in the multipole expansion, contributions
from states with opposite parity will appear, as long as the
product with charge conjugation remains the same.
The transformation of the orbital wave function comes

into play when we shift the integration variables in
R
dΩ in

order to express the transformed state again as an integral
over jθ;φi. We shift the coordinates in the following way:

θ → −θ þ π; φ → φ − sgn−ðφÞπ: ð4:12Þ

Under this change of coordinates, the orbital wave func-
tions are given by

vλlmð−θþπ;φ−sgn−ðφÞπÞ¼ð−1Þsgn−ðφÞlv−λlmðθ;φÞ: ð4:13Þ

The sgn−ðφÞ factor matters only if l is a half-integer. Also,
the light states jk; λi are affected by the coordinate changes
in Eq. (4.12), and with Eqs. (B9) and (B19), it is
straightforward to see that they transform in the same
way as the orbital wave functions but complex conjugated.
Ultimately, we obtain a rather straightforward transforma-
tion for the eigenstates of angular momentum under space
inversion:

jl; m; k; λi⟶P
Z

dΩ σQjθ;φiσTð−1Þkjk;−λi

× ð−1Þsgn−ðφÞðl−kÞv−λlmðθ;φÞ
¼ σQσTð−1Þljl; m; k;−λi
≡ σPjl; m; k;−λi: ð4:14Þ

13The � in the superscript of the sgn function in Eq. (4.11)
gives the value at zero: sgn�ð0Þ ¼ �1.

BERWEIN, BRAMBILLA, MOHAPATRA, and VAIRO PHYS. REV. D 110, 094040 (2024)

094040-14



Since (l − k) is always an integer, the sgn−ðφÞ can be
neglected in the first line.
The eigenstates of combined angular momentum trans-

form under parity with the usual sign ð−1Þl multiplied by
σT to distinguish between tensor and pseudotensor and σQ
to account for the intrinsic parity of the heavy quarks. But
since the sign of λ is reversed, these are not yet eigenstates
of parity.
Since the static energies appearing in the radial

Schrödinger equations depend solely on the absolute value
of λ, i.e., Λ≡ jλj and not its sign, we may combine both

states with the same Λ > 0 to parity eigenstates (Λ ¼ 0
already is an eigenstate):

jl;m;k;Λ;ϵi≡ 1ffiffiffi
2

p ðjl;m;k;Λiþ ϵσPjl;m;k;−ΛiÞ; ð4:15Þ

where the ϵ ¼ �1 sign is now the eigenvalue of parity. The
action of L2

Q on these parity eigenstates for Λ > 1 with
k; l ≥ Λ is given by

L2
Qjl; m; k;Λ; ϵi ¼ ðlðlþ 1Þ − 2Λ2 þ kðkþ 1ÞÞjl; m; k;Λ; ϵi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − ΛðΛ − 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − ΛðΛ − 1Þ

p
jl; m; k;Λ − 1; ϵi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − ΛðΛþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − ΛðΛþ 1Þ

p
jl; m; k;Λþ 1; ϵi: ð4:16Þ

For Λ ¼ k or Λ ¼ l, a Λþ 1 state does not exist, but since
its coefficient vanishes in Eq. (4.16), there is no need to
exclude explicitly that state from the equation.
For Λ ¼ 0, there are no two different states with λ ¼ �Λ

to be used in Eq. (4.15); instead, the original state for λ ¼ 0

is already a parity eigenstate with eigenvalue σP and
does not need to be redefined. The operator L2

Q does
not change parity, so when it acts on a Λ ¼ 1 state, it can
only produce a Λ ¼ 0 contribution if ϵ ¼ σP, or vice versa.
We write

L2
Qjl; m; k; 1; ϵi ¼ ðlðlþ 1Þ − 2þ kðkþ 1ÞÞjl; m; k; 1; ϵi − δϵ;σP

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
jl; m; k; 0i

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − 2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 2

p
jl; m; k; 2; ϵi; k; l ≥ 1; ð4:17Þ

L2
Qjl; m; k; 0i ¼ ðlðlþ 1Þ þ kðkþ 1ÞÞjl; m; k; 0i −

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
jl; m; k; 1; σPi; k; l ≥ 0: ð4:18Þ

In the caseΛ ¼ 1=2, theΛ − 1 contribution is not a separate state; instead, if we insertΛ − 1 ¼ −1=2 on the right-hand-side
of Eq. (4.15), we obtain again the Λ ¼ 1=2 state, but with a sign ϵσP. So we have

L2
Qjl; m; k; 1=2; ϵi ¼

�
lðlþ 1Þ − 1

2
þ kðkþ 1Þ − ϵσP

�
lþ 1

2

��
kþ 1

2

��
jl; m; k; 1=2; ϵi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ − 3

4

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 3

4

r
jl; m; k; 3=2; ϵi; k; l ≥ 1=2: ð4:19Þ

On this basis, the mixing matrices are evidently block-diagonal, with one block for each parity eigenvalue. Labeling them as
MΛ0Λ

lkϵ , the indices take values 0; 1 ≤ Λ0;Λ ≤ minðl; kÞ in the integer case (where the lower boundary is 0 for ϵ ¼ σP and 1
for ϵ ¼ −σP), or 1=2 ≤ Λ0;Λ ≤ minðl; kÞ in the half-integer case.
Here, we explicitly list the first few mixing matrices. For integers with l ≥ k we have

Ml1σP ¼
�

lðlþ 1Þ þ 2 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

lðlþ 1Þ

�
; ð4:20Þ

Ml2σP ¼

0
BB@

lðlþ 1Þ þ 6 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ 1Þp

0

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ 1Þp

lðlþ 1Þ þ 4 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl − 1Þðlþ 2Þp

0 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðl − 1Þðlþ 2Þp ðl − 1Þðlþ 2Þ

1
CCA: ð4:21Þ
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The row and column indices for these matrices correspond to Λ0 þ 1 and Λþ 1, respectively. For the opposite parity
ϵ ¼ −σP, the first row and column have to be deleted, and Λ0;Λ correspond to the row and column indices directly. In the
half-integer case, also for l ≥ k, we have

Ml1=2ϵ ¼
�
l −

ϵσP
2

��
l −

ϵσP
2

þ 1

�
; ð4:22Þ

Ml3=2ϵ ¼

0
BB@ ðl − ϵσPÞðl − ϵσP þ 1Þ þ 9

4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðl − 1

2
Þðlþ 3

2
Þ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðl − 1

2
Þðlþ 3

2
Þ

q
ðl − 1

2
Þðlþ 3

2
Þ

1
CCA: ð4:23Þ

Here, the row and column indices correspond to Λ0 þ 1=2
and Λþ 1=2. If l < k, then the mixing matrices can be
obtained from the identity Mlkϵ ¼ Mklϵ0 [where ϵ0 ¼
ð−1Þl−kϵ, since σP also depends on l], which is identical
to deleting all rows and columns with Λ0;Λ > l. We note
that a similar result for the mixing matrices has been
obtained for the doubly heavy baryons in Ref. [87]. In
Appendix I, we write down explicitly the radial coupled
Schrödinger equations for the lowest hybrid, tetraquark,
pentaquark, and doubly heavy baryons states.
For electrical neutral states in the QQ̄ sector, the parity

eigenstates are also eigenstates under charge conjugation
because charge conjugation C interchanges the positions
of the quark and antiquark and thus reverses the direction of
r̂. Its effect on the coordinates is the same as for space
inversion, including the change of the sign of λ. The
combination CP accordingly leaves the coordinates invari-
ant, and the light state has the eigenvalue η ¼ �1, while the
static quark-antiquark pair state transforms with ð−1ÞSQþ1

from the heavy spin configuration SQ ¼ 0, 1 and the
intrinsic parity σQ ¼ −1. We can, therefore, obtain the
transformation of the angular momentum eigenstates under
charge conjugation simply by performing a space inversion
first and then a CP transformation:

jl; m; k; λi⟶C σPð−1ÞSQþ1ηjl; m; k;−λi
¼ σTð−1ÞSQþlηjl; m; k;−λi: ð4:24Þ

Accordingly, the parity eigenstates transform under charge
conjugation as

jl; m; k;Λ; ϵi⟶C ð−1ÞSQþ1ηϵjl; m; k;Λ; ϵi: ð4:25Þ

This relation stays true beyond the short-distance
approximation.
Finally, let us also discuss briefly the last of the quantum

numbers for the static states at finite distances, which is the
reflection symmetry with respect to an arbitrary plane
passing through the r̂ axis, which we call M. We have
introduced this symmetry in Sec. III B. The reflection M is
supposed to act only on the light degrees of freedom.

However, a transformation of the light coordinates is
equivalent to an inverse transformation of the rotated
coordinate system; see Appendix B. So performing a
reflection on the light degrees of freedom is the same
as performing a parity transformation and shifting the
coordinates ðθ;φÞ in the same way as for the parity
transformation. Using Eq. (B19),

jk; 0i⟶M
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2kþ 1

r Xk
mk¼−k

v0�kmk
ð−θ þ π;φ − sgn−ðφÞπÞ

× σTð−1Þkjk;mki
¼ σT jk; 0i; ð4:26Þ

where jk;mki are eigenstates of K2 and Kz. Hence, the sign
σ under reflectionsM is the same as the sign σT introduced
to distinguish between tensor and pseudotensor.14 Hence,
þ stands for tensor states and − for pseudotensor states.
With these relations, we have established how the

quantum numbers Λσ
η correspond to those of the degenerate

kPC multiplet in the short-distance limit: the largest value of
Λ appearing in the same degenerate multiplet is equal to k;
the value of σ determines whether it is a tensor or a
pseudotensor, so P ¼ σð−1Þk; and η determines the eigen-
value of charge conjugation relative to the parity eigen-
value, so C ¼ ηP ¼ ησð−1Þk. Based on this, in Sec. V we
give in all exotic cases tables of the short distance
degeneration of the static energies, the corresponding
kPC numbers and the related LDF operators.

C. Flavored states and multiplets

When we consider the inclusion of light quarks, addi-
tional quantum numbers appear. If we restrict ourselves to
up and down quarks, then these new flavor quantum
numbers can be parametrized by isospin and baryon
number: jI; mI;bi. We list here the flavor quantum num-
bers associated with up and down quarks and antiquarks:

14We refer the reader to Appendix D for further details.
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jui ¼ j1=2;þ1=2;þ1=3i; jūi ¼ j1=2;−1=2;−1=3i;
jdi ¼ j1=2;−1=2;þ1=3i; jd̄i ¼ j1=2;þ1=2;−1=3i:

ð4:27Þ

The introduction of light quarks allows for the appear-
ance of electrically charged states. In terms of the flavor
quantum numbers, the electric charge Ze of the light
degrees of freedom is given by

Z ¼ mI þ
b
2
: ð4:28Þ

However, in the previous section we have constructed the
exotic states as eigenstates of charge conjugation C.
Electrically charged states can obviously not be eigenstates
of charge conjugation, since C reverses the signs of mI and
b. Still, the classification of the eigenstates can be based on
quantum numbers associated with either charge conjuga-
tion or the electric charge operator (as both commute with
the Hamiltonian).
The relation between both charge conjugation and

electrically charged eigenstates is straightforward. For each
electrically charged state, there exists another state with an
opposite charge but otherwise identical properties (a result
of the Hamiltonian commuting with charge conjugation).
Charge conjugation eigenstates can then be expressed as
symmetric or antisymmetric linear combinations of these
two electrically charged states. Similarly, electric charge
eigenstates can be formed as symmetric or antisymmetric
combinations of states with opposite sign under charge
conjugation but otherwise identical properties.
In a basis where isospin and baryon number are good

quantum numbers, we can define the sign under which C
transforms a state into its opposite-charge state:

CjI; mI; bi ¼ σCjI;−mI;−bi: ð4:29Þ

With this extended definition in mind, we can continue to
use Eq. (4.25), even though the charged states are not
eigenstates of C. For electrically neutral states (which
includes b ¼ 0) this sign σC is a good quantum number,
and by extension it also contains nontrivial information for
charged states within the same isospin multiplet. However,
if a multiplet does not contain an uncharged state, then σC is
arbitrary, as we may freely change the phases of opposite-
charge states.
In the following, we discuss the nontrivial cases of light

flavor quantum numbers, including baryonic (QQq), tet-
raquark (QQ̄qq̄ or QQq̄q̄) and pentaquark (QQ̄qqq or
QQqqq̄) configurations. We refer the reader to Ref. [76] for
discussions on quarkonium and Refs. [78,79] for discus-
sions on quarkonium hybrids. In general, an even number
of light quarks will have integer isospin, while an odd
number corresponds to a half-integer isospin.

1. Integer isospin case

The pairing of an up and a down (anti)quark can give rise
to both an isospin singlet and an isospin triplet. The triplet
is even under interchange of flavors, the singlet is odd. The
qq̄ combination has 0 baryon number, while q̄q̄ has −2=3
(compensated in the tetraquark QQq̄q̄ by the 2=3 of the
heavy QQ pair). Considering color, a qq̄ combination can
form a singlet or an octet, while in the q̄q̄ case they can
form a triplet or an antisextet. These color configurations
can be combined with the respective color configurations of
the QQ̄ or QQ to form a color-neutral meson state.

QQ̄qq̄ tetraquarks.We discuss the qq̄ case first. Quark and
antiquark are distinguishable, so any possible combination
of spin, isospin, and color quantum numbers may appear.
The combination of the color quantum numbers of the
quark and antiquark results in both color singlet and color
octet configurations:

hqi; q̄jj1i ¼
1ffiffiffi
3

p δij; hqi; q̄jj8ia ¼
ffiffiffi
2

p
Ta
ij; ð4:30Þ

where Taða ¼ 1;…; 8Þ are the generators of SUð3Þ in the
fundamental representation and the color states are given by

j1i ¼ 1ffiffiffi
3

p δjijqi; q̄ji and j8ia ¼
ffiffiffi
2

p
Ta
jijqi; q̄ji: ð4:31Þ

The other quantum numbers are not affected by the color
state. Parity is also not affected by spin or isospin. Without
orbital excitations, it holds that σT ¼ ð−1Þk−1, where k is
the total angular momentum of the LDF and σT has been
defined in Eq. (4.11). It follows that the parity of the qq̄ pair
is given by σTð−1Þk ¼ −1, i.e. the product of the intrinsic
parities of the quark and antiquark. Higher orbital con-
figurations, which may be excited by adding covariant
derivatives to the generating operators, will add more minus
signs to σT in the usual fashion. One may also think of
combinations with gauge fields with which any set of light
quantum numbers may be excited.
Focusing on the ground state, both the isospin singlet and

the triplet contain a neutral state, which means that σC is a
good quantum number. Charge conjugation acts on a single
light (anti)quark by reversing the signs of mI and b, but
does not produce additional signs (like the intrinsic parity)
from the particle transformations themselves. However,
charge conjugation also exchanges the positions of particle
and antiparticle operators, so returning them to their
original positions gives a minus sign from the commutation
of the Grassmann fields and a plus or minus sign depending
on the symmetry of the spin configuration. So the
composite states transform as

jI;mI;bijk;mki⟶C ð−1ÞkjI;−mI;−bijk;mki: ð4:32Þ
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For the static quarks QQ̄ the same arguments apply, except
for the absence of isospin, so the total sign under charge
conjugation of aQQ̄qq̄ state is given by σC ¼ ð−1ÞlQþSQþk,
where lQ is the eigenvalue of the orbital angular momentum
of the heavy quark-antiquark pair LQ, SQ is the total spin of
the heavy quark-antiquark pair, and k is the total angular
momentum of LDF.
For light quarks in a qq̄ configuration without orbital

excitation, we have kPC ¼ 0−þ and 1−− which correspond
to the BO-potentials (static energies) Σ−

u and fΣþ0
g ;Πgg,

respectively. We assume that 0−þ and 1−− are the lowest qq̄
states, as in the quarkonium case. For kPC ¼ 0−þ corre-
sponding to the Σ−

u BO-potential, σ ¼ σT ¼ −1. Since
λ ¼ 0, we already have the parity eigenstate [see
Eq. (4.14)] which implies all the states have parity ϵ given
by ϵ ¼ σP ¼ ð−1Þl. The charge conjugation is given by
ð−1ÞlþSQ ¼ ð−1ÞlQþSQ , as k ¼ 0. For kPC ¼ 1−−, corre-
sponding to the fΣþ0

g ;Πgg BO-potentials, σ ¼ σT ¼ 1 and
λ ¼ 0;�1. This implies that for λ ¼ 0, the parity ϵ is given
by ϵ ¼ σP ¼ ð−1Þlþ1 while for λ ¼ �1 using Eq. (4.15),
we can construct parity even and odd eigenstates (with
respect to λ ¼ 0) given by ϵ ¼ σP ¼ ð−1Þlþ1 and ϵ ¼
−σP ¼ ð−1Þl respectively. The corresponding charge con-
jugations are ð−1ÞlþSQ (for ϵ ¼ σP) and ð−1ÞlþSQþ1 (for
ϵ ¼ −σP), both of which agree with σC ¼ ð−1ÞlQþSQþk. As
a result, states with parity ϵ ¼ σp ¼ ð−1Þlþ1 involve
mixing of Σþ0

g and Πg static energies in the Schrödinger
equation [see Eqs. (4.20) and (I3)], while states with
ϵ ¼ −σp ¼ ð−1Þl involve only Πg static energy in the
Schrödinger equation [see Eq. (I4)].
The results for the JPC multiplets for tetraquark states in

the Σ−
u or fΣþ0

g ;Πgg BO-potentials are shown in Table I.
The lowest tetraquark spin-symmetry multiplet in the fΣ−

ug
BO-potential has quantum numbers f0þþ; 1þ−g corre-
sponding to the l ¼ 0 ground state. The lowest tetraquark
spin-symmetry multiplet in the fΣþ0

g ;ΠggBO-potentials has
quantum numbers f1þ−; ð0; 1; 2Þþþg corresponding to the
first l ¼ 1mixed state.We have assumed that the ordering of

the states reflects the one of the hybrids. In analogy with the
multiplet fΣ−

u ;Πug being lower than Πu, we assume the
multiplet fΣþ0

g ;Πgg lower thanΠg. Furthermore, because in
Fig. 5 and in Refs. [68,69,96,97], the Σþ0

g potential is lower
thanΠg, we place Σþ0

g in between fΣþ0
g ;Πgg andΠg. For the

rest, we order the states according to the quantum number l.
The quantum numbers are independent of the isospin
configuration, while the BO-potentials Σ−

u ;Σþ0
g ;Πg them-

selves depend on the isospin I.
We would like to point out that conceptually, there is no

difference between a QQ̄qq̄ tetraquark with isospin I ¼ 0
and a hybrid with the same quantum numbers. Once light
quarks are introduced, there can be transitions between the
gluonic configuration and the light quark configuration, so
a proper eigenstate of the static Hamiltonian will have
overlap with both of them. Transitions may however be
suppressed, which would still allow an identification of
states as primarily hybrid or tetraquark.

QQq̄q̄ tetraquarks. Let us turn now to the case of QQq̄q̄
tetraquarks. The two heavy quarks and two light antiquarks
are indistinguishable, and therefore, the color, spin, and
isospin quantum numbers are constrained by the Pauli
exclusion principle. The combination of the color quantum
numbers of the two quarks (antiquarks) results in both color
antitriplet (triplet) and color sextet (antisextet) configura-
tions:

hqi; qjj3̄il ¼ Tl
ij ¼

1ffiffiffi
2

p ϵlij; hqi; qjj6iσ ¼ Σσ
ij; ð4:33Þ

where we use the notation from Ref. [89] for the antitriplet
(triplet) color and sextet (antisextet) tensor invariants
Tl
ijði; j;l ¼ 1; 2; 3Þ and Σσ

ij, ði; j ¼ 1; 2; 3; σ ¼ 1;…; 6Þ
respectively [see Appendix C]. The color states are given by

j3̄il ¼ Tl
ijjqi; qji and j6iσ ¼ Σσ

ijjqi; qji: ð4:34Þ

TABLE I. JPC multiplets for the lowestQQ̄qq̄ tetraquarks. The third column shows the BO-potentials that appear
in the Schrödinger equation of the respective multiplet. We label the multiplet as Tk

i in the last column in the order of
increasing energies, where k is the eigenvalue corresponding to the LDF total angular momentum K. Since the
quarkonium BO quantum number is Σþ

g , we denote the tetraquark BO quantum number as Σþ0
g .

QQ̄ color state Light spin kPC BO quantum no. Λσ
η l JPCfSQ ¼ 0; SQ ¼ 1g Multiplets

Octet 8 0−þ Σ−
u 0 f0þþ; 1þ−g T0

1

1 f1−−; ð0; 1; 2Þ−þg T0
2

2 f2þþ; ð1; 2; 3Þþ−g T0
3

1−− Σþ0
g ;Πg 1 f1þ−; ð0; 1; 2Þþþg T1

1

Σþ0
g 0 f0−þ; 1−−g T1

2

Πg 1 f1−þ; ð0; 1; 2Þ−−g T1
3

Σþ0
g ;Πg 2 f2−þ; ð1; 2; 3Þ−−g T1

4
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Both the tensor invariants Tl
ij and Σσ

ij are real; T
l
ij is totally

antisymmetric and Σσ
ij is symmetric in the i and j indices.

The two light antiquarks (or quarks) can also form spin and
isospin singlets and triplets just like in the quark-antiquark
case (only the baryon number is different). However, the
Pauli principle, expressed in the Grassmann nature of the
light quark fields, forbids both fields to have exactly the same
quantum numbers when evaluated at the same point. Thus,
out of the 122 ¼ 144 angular momentum-isospin-color
combinations that appear in the qq̄ case, only ð12

2
Þ ¼ 66

remain for q̄ q̄. Since the light quark fields anticommute, only
antisymmetric combinations of the angular momentum-
isospin-color indices survive. The color triplet and (iso)spin
singlet are antisymmetric, while the color antisextet and
(iso)spin triplet are symmetric. This means that we can have
ðI ¼ 0; k ¼ 0Þ and ðI ¼ 1; k ¼ 1Þ combinations in the
triplet sector, or ðI ¼ 0; k ¼ 1Þ and ðI ¼ 1; k ¼ 0Þ combi-
nations in the antisextet sector. Combining the multiplici-
ties for color, isospin, and angular momentum, we get
3×1×1þ3×3×3þ6×1×3þ6×3×1¼66, which repro-
duces exactly the predicted number of combinations.
Adding orbital excitations lifts these restrictions some-

what; for instance, with a single covariant derivative, we
may construct a symmetric and an antisymmetric combi-
nation: qiðDqÞj � ðDqÞiqj. There may also be higher
excited static states where the Pauli principle limits the
allowed combinations, but in general, there are sufficient
operator combinations available to generate any desired
quantum numbers. Again, we discuss only the lowest case
without orbital excitations.
The intrinsic parity of two antiquarks (or two quarks) is

positive, which means that depending on the spin configu-
ration, we have either a scalar or a pseudovector represen-
tation. The sign under reflections is thus given by σ ¼ ð−1Þk.
CP is not a symmetry of the staticQQ system,which instead
is invariant under parity plus interchange of the static particle
indices (such that r ¼ x1 − x2⟶

P
1↔2

−x2 þ x1 ¼ r stays

invariant), and the η quantum number corresponds to the
sign under parity acting only on the light antiquarks. So the
static energies appear in Σþ

g and fΣ−
g ;Πgg multiplets.

The static quarks are distinguished by their positions;
hence a priori any spin or color combination is allowed.
However, when we construct the angular momentum eigen-
states jl; m; k; λi, we integrate over all possible orientations
of the quark axis. Since for any orientation there is another
one where the quark positions are exchanged, the Pauli
principle restricts also for the heavy quarks the final states
that we can construct from the static states by limiting the
polar angle integration to a half sphere.
Let us introduce the sign σSC for the exchange in spin

and color of the two static quark fields. We have σSC ¼ 1
for singlet-antitriplet and triplet-sextet spin-color configura-
tions, and σSC ¼ −1 for singlet-sextet and triplet-antitriplet
spin-color configurations. With this, it follows that

exchanging the two static quarks has the same effect on
the angles as applying a parity transformation:

jθ;φi → ð−1ÞlQ jπ − θ;φ − sgnðφÞπi
¼ −σSCjπ − θ;φ − sgn−1ðφÞπi; ð4:35Þ

where lQ is the eigenvalueof the angularmomentumoperator
of the heavy quark pair and we have used thatQQ states are
antisymmetric, while even lQ describes symmetric wave-
functions and odd lQ describes antisymmetric wavefunc-
tions. Accordingly, because angular momentum eigenstates
remain the same after exchanging the two static quarks,
we have

jl;m;k;λi¼
Z

dΩjθ;φijk;λivλlmðθ;φÞ

¼−σSC
Z

dΩjπ−θ;φ−sgn−1ðφÞπijk;λivλlmðθ;φÞ

¼−σSC
Z

dΩjθ;φijk;−λið−1Þ−k

×vλlmðπ−θ;φ−sgn−1ðφÞπÞ
¼−σSCð−1Þl−kjl;m;k;−λi; ð4:36Þ

where in the third line, we have redefined the integration
variables in dΩ to express the transformed state again as
jθ;φi; note that the LDF state jk; λi is affected by the
coordinate changes, since jk; λi parametrically depends on
heavy quark coordinate θ and φ. This, in particular, implies
that the sign of λ is not a good quantum number in the QQ
case. The reason for this is immediately apparent: without the
distinction of particle versus antiparticle, there is no way to
unambiguously define the direction of the quark axis.
When constructing the parity eigenstates, we used the

symmetric or the antisymmetric combination of Λ states,
where Λ≡ jλj as in Eq. (4.15). However, in view of
Eq. (4.36), only one of such combinations survives, as
the other,

jl; m; k;Λi þ σSCð−1Þl−kjl; m; k;−Λi; ð4:37Þ

cancels trivially when we replace the Λ state by −Λ. This
means that the parity ϵ of a state and its mixing properties
are already fully determined by the other quantum
numbers.
Here we have σ ¼ σT ¼ ð−1Þk, so σP ¼ ð−1Þl−k, and the

remaining linear combination of opposite parity states is

jl; m; k;Λ;−σSCi ¼
1

2
ðjl; m; k;Λi − σSCσPjl; m; k;−ΛiÞ:

ð4:38Þ

The resulting tetraquark states all have parity ϵ ¼ −σSC, so
for the QQ color antitriplet ϵ ¼ ð−1ÞSQþ1, while for the
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color sextet ϵ ¼ ð−1ÞSQ . Since mixing only occurs when
ϵ ¼ σP [see Eq. (4.16)], we no longer have states with
opposite parity where one is mixed and the other is not.
Instead, it is already determined by the other quantum
numbers whether a state mixes Σ andΠ potentials or not. In
the case of the Σþ

g potential or l ¼ 0 states, only λ ¼ 0 is
allowed, so several combinations of quantum numbers
where ϵ would not be equal to σP are excluded. For
example, in theQQ color antitriplet sector, the combination
ðI ¼ 0; k ¼ 0; SQ ¼ 0Þ allows only odd values for l, while
ðI ¼ 0; k ¼ 0; SQ ¼ 1Þ allows only even values.
In Table II, we show the lowest expected QQq̄q̄

tetraquark states for each possible set of quantum numbers.
If also here we assume that states with a coupled
Schrödinger equation have lower energies, then there is
only one candidate: the ð0; 1; 2Þþ multiplet corresponding
to the quantum numbers ðI ¼ 1; k ¼ 1; SQ ¼ 1; l ¼ 1Þ in
the color antitriplet sector. In the color sextet sector, it
would be the 1þ state with ðI ¼ 0; k ¼ 1; SQ ¼ 0; l ¼ 1Þ,
but since the sextet potential is repulsive at short distances,
these are not expected to be low-lying tetraquarks. The
ground states in the two Σ potentials (Σþ

g and Σ−
g ) of

the color antitriplet sector without mixing appear with the
quantum numbers 1þ for ðI ¼ 0; k ¼ 0; SQ ¼ 1; l ¼ 0Þ and
0− for ðI ¼ 1; k ¼ 1; SQ ¼ 0; l ¼ 0Þ. The 1þ state could
actually be the lowest state in case the Σþ

g potential is lying
lower than both fΣ−

g ;Πgg.

2. Half-integer isospin case

QQq baryons. Half-integer isospin is encountered exclu-
sively in configurations with a nonzero baryon number. The
simplest of such configurations are QQq baryons. In this
case, the only viable color combination involves pairing the
light color triplet with the color antitriplet from the heavy
quarks. We are not aware of a generally used notation
for half-integer representations of the cylindrical sym-
metry group D∞h. Therefore, we resort to defining these

representations by specifying the relevant quantum num-
bers here. Notably, the concept of reflection and the
associated quantum number σ are inapplicable for half-
integer values of k since there is no λ ¼ 0 state. Moreover,
the light quark spin can be aligned parallel or antiparallel to
the angular momentum. In the parallel case, we get kP

values ð1=2Þþ; ð3=2Þ−;… so σT ¼ ð−1Þ−1=2, σP ¼
ð−1Þl−1=2, and η ¼ ð−1Þk−1=2, whereas in the antiparallel
case, we have ð1=2Þ−; ð3=2Þþ;…, and σT ¼ ð−1Þþ1=2,
σP ¼ ð−1Þlþ1=2 and η ¼ ð−1Þkþ1=2. The ground state has
ð1=2Þþ, the first orbital excitation ð3=2Þ− and ð1=2Þ−, and
so on.
Regarding the spin and color configuration of the heavy

quarks, the same restrictions based on the Pauli principle
that follow from Eq. (4.36) apply. Focusing on the ground
state, which has kP ¼ ð1=2Þþ, the parity of the final states
is given by ϵ ¼ −σSCð−1Þk−1=2. So for the ground state
k ¼ 1=2, the heavy spin singlet has negative parity and
the triplet has positive parity. The radial Schrödinger
equation is not coupled, but the orbital term depends on
the angular momentum and other quantum numbers as
ðlþ σSC

2
ð−1Þl−1=2Þðlþ σSC

2
ð−1Þl−1=2 þ 1Þ. The lowest value

corresponds to σSC ¼ −1 (i.e. the heavy spin triplet) and
l ¼ 1=2, for which the orbital term vanishes, giving a
fð1=2; 3=2Þþg spin-symmetry multiplet as the lowestQQq
baryon. For the heavy spin singlet ðσSC ¼ 1Þ, the l ¼ 1=2
and l ¼ 3=2 configurations are actually degenerate (before
heavy spin interactions are considered), leading to a
fð1=2; 3=2Þ−gmultiplet from a radial Schrödinger equation
with a coefficient 2 for the orbital term. Isospin does not
affect any of these quantum numbers, but it does determine
the electric charge of the resulting states (based on the
flavor of the heavy quarks). For ground state doubly heavy
baryon QQq multiplets, we refer to Table II in Ref. [87].

QQ̄qqq, QQqqq̄ pentaquarks. The next possible half-
integer isospin configurations involve pentaquarks, which

TABLE II. Spin-symmetry multiplets for the lowestQQq̄ q̄ tetraquarks. The angular momentum quantum number
l is the sum of the orbital angular momentum of the heavy quark pair and the light quark spin. In the last column, the
dotted entry means that particular state is not allowed due to the Pauli exclusion principle.

JP

QQ color state Light spin kP BO quantum no. Λσ
η Isospin I l SQ ¼ 0 SQ ¼ 1

Antitriplet 3̄ 0þ Σþ
g 0 0 � � � 1þ

1 1− � � �
1þ Σ−

g ;Πg 1 0 0− � � �
1 1− ð0; 1; 2Þþ

Sextet 6 0þ Σþ
g 1 0 0þ � � �

1 � � � ð0; 1; 2Þ−
1þ Σ−

g ;Πg 0 0 � � � 1−

1 1þ ð0; 1; 2Þ−
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can manifest in QQ̄qqq or QQqqq̄ combinations, includ-
ing their respective antiparticles. We will first discuss the
case ofQQ̄qqq, again ignoring the orbital excitations of the
light quarks. Just like in the case of light baryons, the light
quarks may form spin and isospin doublet or quartet
combinations (i.e., I ¼ 1=2 or I ¼ 3=2). Furthermore,
the three light quarks can exist in either color singlet or
color octet configurations to combine with the correspond-
ing color states of the QQ̄ pair to form a color-neutral
pentaquark state. The heavy quark-antiquark pair is dis-
tinguishable, whereas in the light sector, the Pauli principle
applies, which means that the whole color-spin-isospin
combination needs to be fully antisymmetric regarding
particle exchange. As a consequence, spin and isospin have
to be both doublets or both quartets in the color-singlet
sector, while in the color-octet sector any combination of
spin and isospin is allowed except for both being quartets
(cf. Appendix H).
Similar to the baryonic case, the cylindrical symmetry

notation Λσ
η for static states with integer rotational quantum

numbers is not applicable as there are no established labels
for Λ, the reflection quantum number σ does not appear
without a λ ¼ 0 state, and η is useless for QQ̄qqq states. In
case of QQq baryons, η corresponds to the parity P of the
light state since that is the symmetry of the staticQQ. In the
case of QQ̄qqq pentaquarks, η corresponds to the CP
eigenvalue of the light state, since that is the symmetry of
the static QQ̄. Nevertheless, CP transforms a light qqq
state into a q̄ q̄ q̄ state, so the CP eigenstates are even and
odd linear combinations of the two. Since the electric
charge or baryon number operator transforms one of these
combinations into the other while commuting with the
static Hamiltonian, the static energies of both combinations
have to be degenerate. Therefore, η can no longer be used to
distinguish between static energies. For notation, we
choose to label the static states by kP, where k is the
LDF angular momentum.
For a heavy quark and antiquark, there is no Pauli

exclusion principle, and their spins may either form a singlet
or a triplet, irrespective of their color configurations. The
light quarks without orbital excitations have positive parity.
Therefore, for kP ¼ ð1=2Þþ, σT ¼ ð−1Þ−1=2 and for
kP ¼ ð3=2Þþ, σT ¼ ð−1Þ1=2. A simple expression for σT
that encompasses both cases is σT ¼ ð−1Þk−1. With this
we have σP ¼ ð−1Þlþk, where k ¼ 1=2 for the isospin
doublet and quartet and k ¼ 3=2 for the isospin doublet

(cf. AppendixH).We expect the lowestQQ̄qqq pentaquarks
to form spin-symmetry multiplets fð1=2Þ−; ð1=2; 3=2Þ−g
for kP ¼ ð1=2Þþ and fð3=2Þ−; ð1=2; 3=2; 5=2Þ−g for
kP ¼ ð3=2Þþ, where again the first entries correspond to a
heavy spin-singlet and the second to a triplet. The ground
state QQ̄qqq multiplets are shown in Table III.
The other case for a doubly heavy pentaquark consists of

QQqqq̄ (or its charge conjugate). In the light sector, the
Pauli principle requires an antisymmetric configuration for
the two quarks, while the antiquark configuration is inde-
pendent. The color antitriplet from the heavy quarks can
couple to the triplet of the light quarks or the heavy sextet to
the light antisextet. As explained in Appendix H, the Pauli
principle is less restrictive in this case. In the color-triplet
sector, there are four doublet-doublet spin-isospin combi-
nations, two doublet-quartet and two quartet-doublet com-
binations, as well as a quartet-quartet combination. In the
color-antisextet sector, there are two doublet-doublet com-
binations, as well as one doublet-quartet, quartet-doublet, or
quartet-quartet combination.
We assume again that the lowest pentaquarks in a

QQqqq̄ configuration come from the color-(anti)triplet
sector because of its attractive short-range potential.
Irrespective of their spin or isospin configuration, the parity
of the light quarks is always negative (because of the
intrinsic parity of the antiquark and no orbital excitations).
Therefore, for kP ¼ ð1=2Þ−, σT ¼ ð−1Þ1=2 and for
kP ¼ ð3=2Þ−, σT ¼ ð−1Þ−1=2. A simple expression for σT
that encompasses both cases is σT ¼ ð−1Þ1−k. With this we
have σP ¼ ð−1Þl−kþ1 and ϵ ¼ σSC. Depending on the
values of ϵ and σP, the orbital terms may take larger or
lower values, and depending on l and k there may or may
not be mixing. For k ¼ 1=2, the lowest energy eigenvalues
come from the smallest orbital term, for k ¼ 3=2 they come
from the mixed equation with the smallest orbital terms. We
have listed the different sets of quantum numbers in
Table IV.

V. EXOTIC STATIC ENERGIES: OPERATOR
DEFINITION AND BEHAVIOR

AT SHORT DISTANCES

A. Matching operators for static energies

As discussed in Sec. III, the static energies for all exotics
are given by Eq. (3.12). Here, we characterize the state
jXn;−T=2i using gauge-invariant interpolators that select

TABLE III. JPC multiplets for the lowest QQ̄qqq pentaquark states. In the third column, we represent the BO
quantum number (D∞h representation) with ðkÞη instead of Λσ

η and η ¼ g denotes positive parity.

QQ̄ color state Light spin kP
BO quantum
no. D∞h l JPfSQ ¼ 0; SQ ¼ 1g

Octet 8 ð1=2Þþ ð1=2Þg 1=2 f1=2−; ð1=2; 3=2Þ−g
ð3=2Þþ fð1=2Þ0g; ð3=2Þgg 3=2 f3=2−; ð1=2; 3=2; 5=2Þ−g
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the quantum numbers of the exotic BO static energy in
consideration. While, in general, the interpolator can be
anything that has a good overlap with the state whose static
energy we want to measure, we point out that the operators
that we are suggesting here are well suited for QCD lattice
calculations for two reasons. On the one hand, they are
appropriate to calculate the r dependence of the static
energy also in the relatively short distance region.
Moreover, since the short distance behavior of the corre-
lators is calculable using weakly coupled pNRQCD, as we
show in Sec. V B, this is a considerable guidance and test of
the lattice calculation. On the other hand, our interpolating
operators do not overlap with states containing quarkonium
and pions, a problem that has plagued some of the lattice
calculations in the QQ̄ sector [95,104,124,125]. In fact, in

the QQ̄ sector, our interpolating operators contain the QQ̄
pair in a color octet configuration, as it should be from the
BOEFT previously presented. We show in Appendix G that
the projection of such operators on quarkonium plus pion
states is zero.

1. Form of the interpolating operators

We consider a bound system made of two heavy quarks:
QQ̄ or QQ pair along with the LDF. As we have seen in
Sec. III, the static energies for quantum numbers κ and λ,

Eð0Þ
κ;jλjðrÞ, can be determined from the large time logarithms

of the relevant Wilson loop obtained from the gauge-
invariant correlators in NRQCD:

Eð0Þ
κ;jλjðrÞ ¼ lim

T→∞

i
T
log ½hvacjOh

κ;λðT=2; r;RÞOh†
κ;λð−T=2; r;RÞjvaci�; h∈ fQQ̄;QQg; ð5:1Þ

where jvaci denotes the NRQCD vacuum and Oκ;λ is an interpolating gauge-invariant operator. The isospin quantum
numbers of the LDF are not explicitly written.
In terms of NRQCD fields, we define the gauge-invariant interpolating operator for exotic hadrons with a heavy (octet)

quark-antiquark pair or (antitriplet or sextet) heavy quark-quark pair as

OðQQ̄Þ8
κ;λ ðt; r;RÞ ¼ χ†ðt;Rþ r=2Þϕðt;Rþ r=2;RÞPα†

κ;λH
α;a
8;κ ðt;RÞTaϕðt;R;R − r=2Þψðt;R − r=2Þ; ð5:2Þ

OðQQÞ3̄
κ;λ ðt; r;RÞ ¼ ψTðt;Rþ r=2ÞϕTðt;Rþ r=2;RÞPα†

κ;λH
α;l
3;κ ðt;RÞTlϕðt;R;R − r=2Þψðt;R − r=2Þ; ð5:3Þ

OðQQÞ6
κ;λ ðt; r;RÞ ¼ ψTðt;Rþ r=2ÞϕTðt;Rþ r=2;RÞPα†

κ;λH
α;σ
6̄;κ
ðt;RÞΣσϕðt;R;R − r=2Þψðt;R − r=2Þ; ð5:4Þ

where Pα
κ;λ are the projectors that are given in Appendix F

(with α as the vector or spin index); the SUð3Þ generators
Taða ¼ 1;…; 8Þ project on a color octet ðQQ̄Þ8 state,
while Tlðl ¼ 1; 2; 3Þ on a color triplet ðQ̄Q̄Þ3 or antitriplet
ðQQÞ3̄ state, and Σσðσ ¼ 1;…; 6Þ on a color sextet ðQQÞ6
or antisextet ðQ̄Q̄Þ6̄ state. The tensors Tl and Σσ , which are
respectively antisymmetric and symmetric, are defined in
Appendix C. The Wilson line ϕðx; yÞ is

ϕðt; x; yÞ ¼ P exp

�
−ig

Z
x

y
dz · Aðt; zÞ

�
; ð5:5Þ

where P denotes the path ordering. The operators Hα;a
8;κ ðRÞ

are related to gluelump operators when the LDF are
gluons and to adjoint mesons when the LDF are light
quarks [138–140]. The operators Hα;l

3;κ ðRÞ and Hα;a
6̄;κ
ðRÞ are

TABLE IV. Spin-symmetry multiplets for the lowest QQqqq̄ pentaquarks. Where two multiplets are given in the same set (identified
by entries within a parenthesis), they correspond to degenerate values of l. Where two or more sets are given, they are not degenerate, but
it is not clear which lies lower without knowing the actual shape of the potentials.

JP

QQ color state Light spin kP
BO quantum
no. D∞h SQ ¼ 0 SQ ¼ 1

Antitriplet 3̄ ð1=2Þ− ð1=2Þu ð1=2Þþ; ð3=2Þþ ð1=2; 3=2Þ−
ð3=2Þ− ð1=2Þ0u; ð3=2Þu ð1=2Þþ; ð3=2Þþ; ð5=2Þþ ð1=2; 3=2; 5=2Þ−

Sextet 6 ð1=2Þ− ð1=2Þu ð1=2Þ− ð1=2; 3=2Þþ; ð1=2; 3=2; 5=2Þþ
ð3=2Þ− fð1=2Þ0u; ð3=2Þug ð3=2Þ− ð1=2; 3=2Þþ; ð1=2; 3=2; 5=2Þþ; ð3=2; 5=2; 7=2Þþ
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related to baryons and tetraquarks. These relations will be
spelled out in Sec. V B. The operators transform under
color gauge transformations Uðt;RÞ as follows:

Hα;a
8;κ ðt;RÞTa ⟶ UHα;a

8;κ ðt;RÞTaU†; ð5:6Þ

Hα;l
3;κ ðt;RÞTl ⟶ U�Hα;l

3;κ ðt;RÞTlU†; ð5:7Þ

Hα;σ
6̄;κ
ðt;RÞΣσ ⟶ U�Hα;σ

6̄;κ
ðt;RÞΣσU†; ð5:8Þ

where we have used the relation UU† ¼ U�UT ¼ 1. The
quarkonium static energy is obtained by substituting
Pα
κ;λH

α;a
8;κ ðt;RÞTa with the identity matrix, which leads to

an ordinary static Wilson loop in the right-hand side of
Eq. (5.1).

2. Hybrids and QQ̄ tetraquarks and pentaquarks

In the case of heavy quark-antiquark QQ̄ pairs in a color
octet configuration, the color singlet states that we consider
are quarkonium hybrids ðQQ̄gÞ, quarkonium tetraquarks

ðQQ̄qq̄Þ, and quarkonium pentaquarks ðQQ̄qqqÞ. For
hybrids, the LDF operator Hα;a

8;κ are given in Table V.
For quarkonium tetraquark states (Table I), the LDF

operator Hα;a
8;κ consists of light-quark fields with quantum

number κ, which includes the spin k and flavor (isospin)
quantum numbers. Examples of light-quark operators
interpolating isospin I ¼ 0 tetraquark QQ̄qq̄ states are
given in Table VI. The isospin I ¼ 1 tetraquark states can
be interpolated by similar operators by just adding eI3 · τ in
between the light quark fields, where τi are the isospin
Pauli matrices and eI3 are the spherical basis coordinate
vectors:

e0 ¼ ð0; 0; 1Þ; e−1 ¼ −ð1; i; 0Þ=
ffiffiffi
2

p
;

eþ1 ¼ ð1;−i; 0Þ=
ffiffiffi
2

p
: ð5:9Þ

The same set of operators as in Table VI has been obtained
in Ref. [86].
For quarkonium pentaquark states with I ¼ 1=2,

I3 ¼ �1=2, and k ¼ 1=2, the light-quark interpolating
operator is given by

TABLE V. In the first column, we list the BO quantum numbers Λσ
η for the hybrid static states. The second column

shows the kPC quantum numbers that correspond to these BO quantum numbers in the short distance limit. For
convenience, we have grouped together within curly brackets those static states that belong to the same short-
distance multiplet. The representation in the third column refers to the value of the reflection quantum number σ [or
σT as defined in Eq. (4.26)], which is applicable only for Σ. In the fourth column, we list the LDF operators, and in
the fifth column, we show the projection vectors that, after combining with the corresponding LDF operators in the
fourth column, give the interpolating operators in Eq. (5.2). Substituting the interpolating operator into Eq. (5.1)
gives the static energy corresponding to the BO quantum number Λσ

η. When we list two or more projectors within
curly brackets, their order corresponds to the order of the Λσ

η states in the first column. In the fourth column, the
curly brackets around the indices stand for the symmetric traceless tensor: UfiVjg ≡ ðUiVj þ UjViÞ=2 − δijU · V.
Up to mass dimension 3, the table agrees with the one in [111]. Note that we are using a Cartesian basis to write the
LDF operators and projectors; the indices are i, j ¼ 1, 2, 3, and the projection vectors r̂� are given in Eq. (F7).

Λσ
η kPC Representation

Operator examples
Hα;a

8;κT
a Projectors Pα

κλ

Σþ
g 0þþ Scalar 1a 1

Σþ
u 0þ− Scalar D · E 1

Σ−
g 0−− Pseudoscalar ½E·;B� 1

Σ−
u 0−þ Pseudoscalar fE·;Bg 1

fΣþ
g ;Πgg 1−− Vector Ei fr̂i; r̂i�g

fΣþ
u ;Πug 1−þ Vector ð½E×;B�Þi fr̂i; r̂i�g

fΣ−
g ;Πgg 1þþ Pseudovector ðD × ½E×;B�Þi fr̂i; r̂i�g

fΣ−
u ;Πug 1þ− Pseudovector Bi fr̂i; r̂i�g

fΣþ
g ;Πg;Δgg 2þþ Tensor EfiEjg fr̂ir̂j; 1

2
ðr̂ir̂j� þ r̂i�r̂

jÞ; r̂i�r̂j�g
fΣþ

u ;Πu;Δug 2þ− Tensor DfiEjg fr̂ir̂j; 1
2
ðr̂ir̂j� þ r̂i�r̂

jÞ; r̂i�r̂j�g
fΣ−

g ;Πg;Δgg 2−− Pseudotensor DfiBjg fr̂ir̂j; 1
2
ðr̂ir̂j� þ r̂i�r̂

jÞ; r̂i�r̂j�g
fΣ−

u ;Πu;Δug 2−þ Pseudotensor fEfi; Bjgg fr̂ir̂j; 1
2
ðr̂ir̂j� þ r̂i�r̂

jÞ; r̂i�r̂j�g
aNote that Pα

κ;λH
α;a
8;κ ðt;RÞTa ¼ 1 identifies the color singlet ðQQ̄Þ1 state corresponding to quarkonium.
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Hα;a
8;I3¼�1=2;ð1=2Þþðt; xÞ ¼ ½ðδαβ1σ2β2β3 þ δαβ2σ

2
β1β3

þ δαβ3σ
2
β1β2

ÞðδI3f1τ2f2f3 þ δI3f2τ
2
f1f3

þ δI3f3τ
2
f1f2

ÞðT2Þal1;l2;l3
þ ðδαβ1σ2β2β3 þ δαβ2σ

2
β3β1

þ δαβ3σ
2
β2β1

ÞðδI3f1τ2f2f3 þ δI3f2τ
2
f3f1

þ δI3f3τ
2
f2f1

ÞðT3Þal1;l2;l3
þ ðδαβ1σ2β3β2 þ δαβ2σ

2
β3β1

þ δαβ3σ
2
β1β2

ÞðδI3f1τ2f3f2 þ δI3f2τ
2
f3f1

þ δI3f3τ
2
f1f2

ÞðT1Þal1;l2;l3 �
× ðPþql1f1ðt; xÞÞβ1ðPþql2f2ðt; xÞÞβ2ðPþql3f3ðt; xÞÞβ3 ; ð5:10Þ

where repeated indices have been summed over,
α; βiði ¼ 1; 2; 3Þ are the spin or vector indices,
fiði ¼ 1; 2; 3Þ are the isospin or flavor index,
liði ¼ 1; 2; 3Þ are the color index, and the color matrices
ðTiÞaði ¼ 1; 2; 3Þ are given by Eq. (H3). The projector
Pþ ¼ ð1þ γ0Þ=2 is required due to positive parity [86,105],
σ2 is the antisymmetric spin Pauli matrix, and τ2 is the
antisymmetric isospin Pauli matrix.

3. Doubly heavy baryons and QQ tetraquarks
and pentaquarks

In the case of heavy quark-quark QQ pairs, the color
singlet states that we consider are the doubly heavy baryons
ðQQqÞ, doubly heavy tetraquarks ðQQq̄q̄Þ and doubly
heavy pentaquarks ðQQqqq̄Þ. For doubly heavy baryons
with a color antitriplet ðQQÞ3̄ pair, the interpolating
operator is given in Table VII. The same set of operators
has been obtained in Ref. [86].
For doubly heavy tetraquark states in Table II with color

antitriplet ðQQÞ3̄ and sextet ðQQÞ6 pairs, the light-quark
interpolating isospin I ¼ 0 and I ¼ 1 operators that trans-
form like Eqs. (5.7) and (5.8) under gauge transformations
are given in Tables VIII and IX, respectively. The Dirac
matrix γ2 is required by Lorentz invariance [141]. The same
set of operators as in Tables VIII and IX, after correcting for

a missing isospin factor in the color antitriplet ðQQÞ3̄ case,
has been obtained in Ref. [86].
For doubly heavy pentaquark states with color antitriplet

ðQQÞ3̄ pair and quantum numbers, I ¼ 1=2, I3 ¼ �1=2,
and k ¼ 1=2, the light-quark interpolating operator is

Hα;l
3;I3¼�1=2;ð1=2Þþðt; xÞ
¼ ½ðδαβ1σ2β2β3 þ δαβ2σ

2
β3β1

þ δαβ3σ
2
β2β1

Þ
× ðδI3f1τ2f2f3 þ δI3f2τ

2
f3f1

þ δI3f3τ
2
f2f1

ÞTi
l1;l2

Tl
i;l3
�

× ðPþql1f1ðt; xÞÞβ1ðPþql2f2ðt; xÞÞβ2ðq̄l3f3ðt; xÞP−Þβ3 ;
ð5:11Þ

where P− ¼ ð1 − γ0Þ=2 and repeated indices have been
summed over.

4. Matching

The matching procedure from NRQCD to BOEFT
relates the interpolating operator for exotic hadrons in
NRQCD, Eqs. (5.2)–(5.4), to the field Ψκλ in BOEFT:

Oh
κ;λðt; r;RÞ ⟶

ffiffiffiffiffiffiffiffi
Zh
κ;λ

q
Ψh

κ;λðt; r;RÞ; h∈ fQQ̄;QQg;
ð5:12Þ

TABLE VI. In the first column, we list the BO quantum numbers Λσ
η for the quarkonium tetraquark QQ̄qq̄ static

states. The second column shows the kPC quantum numbers that correspond to these BO quantum numbers in the
short distance limit. For convenience, we have grouped together within curly brackets those static states that belong
to the same short-distance multiplet. The representation in the third column refers to the value of the reflection
quantum number σ [or σT as defined in Eq. (4.26)], which is only applicable for Σ. In the fourth column, we list the
isopsin singlet (I ¼ 0) LDF operators. The isospin I ¼ 1 operators can be obtained by adding eI3 · τ in between the
light quark fields. In the fifth column, we show the projection vectors that, after combining with the corresponding
LDF operators in the fourth column, give the interpolating operators in Eq. (5.2). Substituting the interpolating
operator into Eq. (5.1) gives the static energy corresponding to the BO quantum number Λσ

η. When we list two or
more projectors within curly brackets, their order corresponds to the order of the Λσ

η states in the first column. Also
here we are using a Cartesian basis to write the LDF operators and projectors; the indices are i, j ¼ 1, 2, 3, and the
projection vectors r̂� are given in Eq. (F7).

Λσ
η kPC Representation

Operator examples
Hα;a

8;κ ðI ¼ 0Þ Projectors Pα
κλ

Σþ
g 0þþ Scalar q̄Taq 1

Σ−
u 0−þ Pseudoscalar q̄γ5Taq 1

fΣþ
g ;Πgg 1−− Vector q̄γiTaq fr̂i; r̂i�g

fΣ−
g ;Πgg 1þþ Pseudovector q̄γiγ5Taq fr̂i; r̂i�g

fΣ−
u ;Πug 1þ− Pseudovector q̄ðγ × γÞiγ5Taq fr̂i; r̂i�g
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where Zh
κ;λ is a field normalization factor, in general a

function of r and R.15 Based on Eq. (5.12), the matching
condition between NRQCD and BOEFT correlators reads

hvacjOh
κ;λðT=2; r;RÞOh†

κ;λð−T=2; r;RÞjvaci
¼

ffiffiffiffiffiffiffiffi
Zh
κ;λ

q
hvacjΨh

κ;λðT=2; r;RÞΨh†
κ;λð−T=2; r;RÞ

× jvaci
ffiffiffiffiffiffiffiffi
Zh†
κ;λ

q
: ð5:13Þ

From (5.1), it follows that the BOEFT static potentials Vð0Þ
κjλj,

defined in Eq. (3.33), can be determined from the static

energies Eð0Þ
κ;jλj:

Eð0Þ
κ;jλjðrÞ ¼ Vð0Þ

κ;jλjðrÞ: ð5:14Þ

B. Static energies: behavior at short distances
and form of the potential

In this subsection, we show how we can use weakly
coupled pNRQCD (cf. Sec. II) to calculate the short range
behavior of the static energies, which, in turn, corresponds

to the short range behavior of the static potential Vð0Þ
κ;jλj in

TABLE VII. In the first column, we list the BO quantum numbers (D∞h representation) denoted as ðkÞη, where η ¼ ðg; uÞ indicates
parity, for the doubly heavy baryon QQq static states. The second column shows the kP quantum numbers that correspond to the BO
quantum numbers in the short distance limit. For convenience, we have grouped together within curly brackets those static states that
belong to the same short-distance multiplet. The representation in the third column refers to whether ðk − 1=2ÞP is a tensor or
pseudotensor. In the fourth column, we list the LDF operators. In the fifth column, we show the projectors, which, after combining with
the corresponding LDF operator in the fourth column, give the interpolating operators in Eq. (5.3). Substituting the interpolating
operator into Eq. (5.1) gives the static energy. When we list two or more projectors within curly brackets, their order corresponds to the
order of the Λσ

η states in the first column. Note that we are using a spherical basis ðα ¼ k;…; 0;… − kÞ to write the LDF operators and

projectors. The projectors Pα
1=2;�1=2 are given in Eqs. (F3) and (F4), and P

α
3=2;�1=2 and P

α
3=2;�3=2 can be obtained from Eq. (F2). C3=2α1m1=2β is

the Clebsch–Gordan coefficient. We list only the operators for the lowest kP.

BO quantum no. D∞h kP ðk − 1=2Þ Representation Operator examples Hα;l
3;κ Projectors Pα

κλ

ð1=2Þg ð1=2Þþ Scalar ½Pþqa�α Pα
1=2;�1=2

ð1=2Þ0u ð1=2Þ− Pseudoscalar ½Pþγ5qa�α Pα
1=2;�1=2

fð1=2Þu; ð3=2Þug ð3=2Þ− Vector C3=2α1m1=2β½ðem · DÞðPþqaÞβ� fPα
3=2;�1=2; P

α
3=2;�3=2g

TABLE VIII. In the first column, we list the BO quantum numbers Λσ
η for the isospin singlet (I ¼ 0) doubly heavy tetraquark QQq̄ q̄

static states. The second column shows the kP quantum numbers that correspond to the BO quantum numbers in the short distance limit.
For convenience, we have grouped together within curly brackets those static states that belong to the same short-distance multiplet. The
representation in the third column refers to the value of the reflection quantum number σ [or σT as defined in Eq. (4.26)], which is only
applicable for Σ. In the fourth column, we list the I ¼ 0 LDF operators on the left for the color triplet and on the right for the color
antisextet. A dotted entry means that particular entry is not allowed due to the Pauli exclusion principle.a We list only the operators for
the lowest kP. In the fifth column, we show the projectors which, after combining with the corresponding LDF operators in the fourth
column, give the interpolating operators in Eqs. (5.3) and (5.4). Substituting the interpolating operator into Eq. (5.1) gives the static
energy corresponding to the BO quantum numberΛσ

η. When we list two or more projectors within curly brackets, their order corresponds
to the order of theΛσ

η states in the first column.We are using a Cartesian basis to write the LDF operators and projectors; the indices are i,
j ¼ 1, 2, 3, and the projection vectors r̂� are given in Eq. (F7).

Operator examples
Projectors

Λσ
η kP Representation Hα;l

3;κ ðI ¼ 0Þ Hα;σ
6̄;κ
ðI ¼ 0Þ Pα

κλ

Σþ
g 0þ Scalar q̄γ5γ2τ2Taq� � � � 1

Σ−
u 0− Pseudoscalar � � � q̄γ2τ2Σaq� 1

fΣþ
u ;Πug 1− Vector q̄γiγ5γ2τ2Taq� q̄γiγ5γ2τ2Σaq� fr̂i; r̂i�g

fΣ−
g ;Πgg 1þ Pseudovector � � � q̄γiγ2τ2Σaq� fr̂i; r̂i�g
aFor quantum numbers kP ¼ 0− and kP ¼ 1−, there can be one unit of orbital angular momentum between the light quark pair or

between the heavy quark pair and the light quark pair. We consider the latter case as the states are expected to be lower in energy
[142,143].

15In general, the field normalization factor depends also on the
relative momentum p and the center of mass momentum P;
however, we do not mention this here as we are considering the
static limit.
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Eq. (3.33), to be used in the BOEFT coupled Schrödinger
equations. In the limit of short distance r between the heavy
quarks, i.e. for rΛQCD ≪ 1, the soft scale related to the
relative momentum transfer between the heavy quarks is
perturbative. In weakly coupled pNRQCD, the degrees of
freedom are color singlet (S) and color octet ðOaÞ fields for
heavy quark-antiquark pairs [76,111] or color antitriplet
ðTlÞ and color sextet ðΣσÞ fields for heavy quark-quark
pairs [89]. Additionally, the effective theory incorporates
low energy (ultrasoft) LDF (gluons and light quarks),
which are multipole expanded with respect to the relative
coordinate r, and depend only on the center of mass
coordinate R and time t. Integrating out the soft scale
generates a perturbative static potential, while integrating
out also ΛQCD ≫ E generates nonperturbative short range
corrections to the static potential. The nonperturbative short
range corrections to the static potential that emerge from
the multipole expansion can be extracted from the large
time limit of appropriate correlators. Some of these
correlators have already been computed in lattice QCD.

1. QQ̄ systems

We consider here bound states of a QQ̄ pair and LDF. If
the heavy quarks are static, i.e. at zeroth order in a 1=mQ

expansion, the static energy of the system depends only on
the distance r between the heavy quark and antiquark. At
short distances r, the QQ̄ pair may be in a color singlet
configuration, the corresponding field being S, and bind
with LDF that are also in a color singlet configuration to
form color singlet hadrons, or it may be in a color octet
configuration, the corresponding fields being Oa with
a ¼ 1; 2;…; 8, and bind with LDF that are in the adjoint

representation of SUð3Þ to form color singlet hadrons. The
first case describes the short-distance behavior of quarkonia
½ðQQ̄Þ1�, quarkonia with glueballs ½ðQQ̄Þ1 þ g1� and quar-
konia with hadrons ½ðQQ̄Þ1 þ ðqq̄Þ1� or ½ðQQ̄Þ1 þ ðqqqÞ1�.
The static energy at short distances is the sum of the color
singlet potential Vs, glueball or hadron masses, and higher-
order corrections suppressed by powers of ΛQCDr. The
second case describes the short-distance behavior of
quarkonium hybrids ½ðQQ̄Þ8 þ g8�, tetraquarks ½ðQQ̄Þ8 þ
ðqq̄Þ8� and pentaquarks ½ðQQ̄Þ8 þ ðqqqÞ8�. In this case, the
static energy at short distances is the sum of the color
octet potential Vo, gluelump or adjoint meson or adjoint
baryon masses, respectively, and higher-order corrections
suppressed by powers of ΛQCDr. At leading order, the
singlet and octet static potentials are of Coulombic form
and read

VsðrÞ ¼ −
4

3

αs
r
; VoðrÞ ¼

αs
6r

; ð5:15Þ

where αs is the strong coupling constant computed at a
typical scale of order 1=r. The singlet and octet potentials
up to next-to-next-to-next-to leading order in αs can be
found in Refs. [144–146]. From an effective field theory
perspective, the potentials encode the contributions coming
from the soft gluons.
In the following, we concentrate on the short-distance

behavior of quarkonium hybrids, adjoint tetraquarks and
pentaquarks. The matching relation between the interpolat-
ing operators and BOEFT, Eq. (5.12), becomes at short
distance

TABLE IX. In the first column, we list the BO quantum numbers Λσ
η for the isospin triplet (I ¼ 1) doubly heavy tetraquark QQq̄q̄

static states. The second column shows the kP quantum numbers that correspond to these BO quantum numbers in the short distance
limit. For convenience, we have grouped together within curly brackets those static states that belong to the same short-distance
multiplet. The representation in the third column refers to the value of the reflection quantum number σ [or σT as defined in Eq. (4.26)],
which is only applicable for Σ. In the fourth column, we list the I ¼ 1 LDF operators on the left for the color triplet and on the right for
the color antisextet. A dotted entry means that particular entry is not allowed due to the Pauli exclusion principle.a We list only the
operators for the lowest kP. In the fifth column, we show the projectors that, after combining with the corresponding LDF operators in
the fourth column, give the interpolating operators in Eqs. (5.3) and (5.4). Substituting the interpolating operator into Eq. (5.1) gives the
static energy corresponding to the BO quantum number Λσ

η. When we list two or more projectors within curly brackets, their order
corresponds to the order of the Λσ

η states in the first column. Also here we are using a Cartesian basis to write the LDF operators and
projectors; the indices are i, j ¼ 1, 2, 3 and the projection vectors r̂� are given in Eq. (F7).

Operator examples
Projectors

Λσ
η kP Representation Hα;l

3;κ ðI ¼ 1Þ Hα;σ
6̄;κ
ðI ¼ 1Þ Pα

κλ

Σþ
g 0þ Scalar � � � q̄γ5γ2eI3 · ðτ2τÞΣaq� 1

Σ−
u 0− Pseudoscalar q̄γ2eI3 · ðτ2τÞTaq� � � � 1

fΣþ
u ;Πug 1− Vector q̄γiγ5γ2eI3 · ðτ2τÞTaq� q̄γiγ5γ2eI3 · ðτ2τÞΣaq� fr̂i; r̂i�g

fΣ−
g ;Πgg 1þ Pseudovector q̄γiγ2eI3 · ðτ2τÞTaq� � � � fr̂i; r̂i�g
aFor quantum numbers kP ¼ 0− and kP ¼ 1−, there can be one unit of orbital angular momentum between the light quark pair

or between the heavy quark pair and the light quark pair. We consider the latter case as the states are expected to be lower in
energy [142,143].
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OðQQ̄Þ8
κ;λ ðt; r;RÞ ⟶ ffiffiffiffiffiffiffiffi

Zκ;λ

p
Oaðt; r;RÞPα†

κ;λH
α;a
8;κ ðt;RÞ

þOðrÞ; ð5:16Þ

where Zκ;λ is the field normalization factor and Hα;a
8;κ is the

interpolating operator made of light fields (light quarks and
gluons). For quarkonium hybrids, Hα;a

8;κ is given by the
gluonic operators shown in Table V, for quarkonium
tetraquarks, it is given in Table VI, and for quarkonium
pentaquarks, it is given in Eq. (5.10). The operators on the
right-hand side describe quarkonium hybrids, tetraquarks,
and pentaquarks in BOEFT in the short-distance limit,

where ΨðQQ̄Þ8
κ;λ → OaPα†

κ;λH
α;a
8;κ . Indeed BOEFT in the short

distance limit coincides with weakly coupled pNRQCD,
and gluelumps, adjoint mesons and adjoint baryons are the
short distance limit of the LDF in static hybrids, tetraquarks
and pentaquarks, respectively.16

Using the matching condition in Eq. (5.16), the two-
point correlator in Eq. (5.1) is then given, up to corrections
of order Λ3

QCDr
2 in the exponent, by

hvacjOðQQ̄Þ8
κ;λ ðT=2; r;RÞOðQQ̄Þ8†

κ;λ0 ð−T=2; r;RÞjvaci

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zκ;λZ

†
κ;λ0

q
e−iVoðrÞTPα†

κλP
α0
κλ0

× hvacjHα;a
8;κ ðT=2;RÞϕab

adjðT=2;−T=2Þ
×Hα0;b†

8;κ ð−T=2;RÞjvaci
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Zκ;λZ

†
κ;λ0

q
δλλ0e−iðVoðrÞþΛκÞT; ð5:17Þ

where to obtain the last equality we have used that the
matrix element is diagonal in the Lorentz indices, the
following Eq. (5.19), and the projection vector identity
P†α
κ;λP

α
κ;λ0 ¼ δλλ0 . The adjoint static Wilson line ϕab

adjðt; t0Þ is
given by

ϕab
adjðt1; t2Þ≡ P exp

�
−ig

Z
t1

t2

dt Aadj
0 ðt;RÞ

�
ab

: ð5:18Þ

The temporal Wilson line in the LDF correlator in the third
line in Eq. (5.17) ensures the gauge invariance of the
expression. The LDF correlator can only be evaluated
nonperturbatively since it depends on ΛQCD. The large time
limit of the LDF correlator yields

hvacjHα;a
8;κ ðT=2;RÞϕab

adjðT=2;−T=2ÞHα0;b†
8;κ ð−T=2;RÞjvaci

¼ δαα0e−iΛκT; ð5:19Þ

where δαα0 comes from the normalization condition and
depends on the LDF in consideration, Λκ is the gluelump,
the adjoint meson or the adjoint baryon mass. As an
example, the LDF correlators that yield the 1þ− gluelump
mass Λg

1þ− , and the 0−þ and 1−− adjoint meson massesΛa
0−þ

and Λa
1−− in the large time limit are17

hvacjBi;aðT=2;RÞϕab
adjðT=2;−T=2ÞBi;bð−T=2;RÞjvaci ¼ e−iΛ

g

1þ−T;

hvacj½q̄γ5Taq�ðT=2;RÞϕab
adjðT=2;−T=2Þ½q̄γ5Taq�ð−T=2;RÞjvaci ¼ e−iΛ

a
0−þT;

hvacj½q̄γiTaq�ðT=2;RÞϕab
adjðT=2;−T=2Þ½q̄γiTaq�ð−T=2;RÞjvaci ¼ e−iΛ

a
1−−T: ð5:20Þ

Based on Eq. (5.1), taking the logarithm of both sides of
Eq. (5.17), and from the matching conditions in Eqs. (5.13)
and (5.14), we obtain the following relation between the
static energy computed in NRQCD (left), the short-distance
potential in pNRQCD (middle), and the BOEFT potential
(right):

Eð0Þ
κ;jλjðrÞ ¼ VoðrÞ þ Λκ þOðr2Þ ¼ Vð0Þ

κ;jλjðrÞ: ð5:21Þ

Note that the static energy and the BOEFT potential are
approximated by the middle equality only for small r. The
Oðr2Þ terms arise from multipole expanding the pNRQCD
interaction vertices between the heavy quark pair and the
LDF. Equation (5.21) implies that at leading order in the

multipole expansion, several static energies are degenerate
since they only depend on the gluelump or adjoint meson or
adjoint baryon quantum number κ ≡ kPC and not on λ. This
is seen very clearly in the lattice calculations of the hybrid
static energies shown in Figs. 5 and 7. The higher order
corrections in the multipole expansion break this degen-
eracy starting from order r2. The repulsive octet behavior at
short distance is also seen in lattice calculations. The short-
distance behavior of the BO-potential given in Eq. (5.21)
differs from the analytic form used to fit the tetraquark
static potential from lattice QCD in Ref. [104].

16See Eq. (20) in Ref. [78].

17For clarity and to differentiate between gluelump (g) and
adjoint meson (a), we denote their masses by Λi¼ðg;aÞ

κ wherever
necessary. No sum over the index i is implied here.
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The gluelump masses are the energy levels associated
with the binding of gluon fields (isospin singlet) to a
static color-octet source in the short distance limit. Initially
computed through quenched lattice QCD by Campbell
et al. [140], the lowest gluelump had quantum numbers
kPC ¼ 1�−. Foster and Michael later provided more pre-
cise results for the gluelump masses and ordering of
the low-lying gluelumps based on their masses:
kPC ¼ 1þ−; 1−−; 2−−; � � �. They found that the excited
gluelumps 1−− and 2−− have masses 368(7) and 584
(10) MeV, respectively, above the lowest gluelump
1þ− [138]. The first computation of the gluelump spectrum
using lattice QCD with 2þ 1 flavors of dynamical light
quarks was performed by Marsh and Lewis [147]. They set
the strange quark mass to its physical value, while the up
and down quark masses were heavy, the pion mass being
approximately 3.5 times its actual value. Their results
indicate that the inclusion of dynamical light quarks
appears to decrease the energy for the 1−− gluelump, while
increasing that of the 2−− gluelump with respect to the
lowest 1þ− gluelump: the 1−− and 2−− gluelump masses
are 300 and 700 MeV higher than the 1þ− gluelump mass.
Several of the gluelump masses in the renormalon-
subtracted scheme (RS-scheme), which is useful for per-
turbative calculations, have been estimated in Ref. [96].
A more recent and precise computation of the gluelump
spectrum through quenched lattice QCD was performed by
Herr et al.; their result for the lowest gluelump mass in
the RS-scheme at the subtraction scale νf ≈ 1 GeV is
Λg
1þ−ðνf ≈ 1 GeVÞ ¼ 0.857ð3Þð143Þ GeV [148], which is

consistent with the estimate in [96].
The adjoint meson masses are the energy levels asso-

ciated with the binding of light quarks, which could also
have nonsinglet flavor (isospin) quantum numbers, to a
static color-octet source. Our understanding of their spec-
trum primarily relies on the work of Foster and Michael,
who computed the spectrum by employing quenched lattice
QCD with a light valence quark and antiquark. The
energies of the adjoint mesons were computed for two
distinct mass values of the light valence quarks: one closer
to the strange quark mass and another larger. They also had
two different lattice spacings: β ¼ 5.7 and β ¼ 6.0.
Subsequently, these results were extrapolated to the chiral
limit. The adjoint mesons with the lowest energies were a
vector meson with quantum numbers kPC ¼ 1−− and a
pseudoscalar meson with kPC ¼ 0−þ, with the vector
meson found to have the lower energy: Λa

0−þ − Λa
1−− ¼

50� 70 MeV for ss̄ adjoint mesons. At β ¼ 5.7, after
taking the chiral extrapolation, they found that the 1−− and
0−þ adjoint mesons have masses shifted by −10ð103Þ
and 34(161) MeV, respectively, with respect to the 1þ−

gluelump mass. Combining results for both lattice spacings
β ¼ 5.7 and β ¼ 6.0, they found that both adjoint mes-
ons were heavier than the lowest 1þ− gluelump state:
Λa
1−− − Λg

1þ− ¼ 120� 70 MeV for ss̄ adjoint meson and

Λa
1−− − Λg

1þ− ¼ 47� 90 MeV for qq̄ adjoint mesons, where
q denotes the light quark u or d. Nonetheless, the presence
of sizable error bars in relation to the central values implies
that the exact ordering of gluelump, pseudoscalar and
vector adjoint mesons in lattice QCD for systems involving
u and d quarks remains unclear. There are no lattice QCD
calculations for adjoint baryon states.
In general, the static energy for adjoint mesons in

Eq. (5.21) will also depend on the isospin quantum number
I. In QCD with two flavors of light quarks, u and d, the
lightest adjoint mesons may be in an isospin triplet, I ¼ 1, or
an isospin singlet, I ¼ 0, configuration. The kPC quantum
numbers for the isospin singlet and the neutral member of
the isospin triplet are 1−− for the vector and 0−þ for the
pseudoscalar. The appropriate quantum numbers for the
charged adjoint mesons are expressed as IGðkPÞ, whereG ¼
ð−1ÞIC and C represents the charge conjugation quantum
number of the neutral member of the multiplet. The vector
adjoint mesons have quantum numbers 0−ð1−Þ and 1þð1−Þ,
while the pseudoscalar adjoint mesons have quantum num-
bers 0þð0−Þ and 1−ð0−Þ. To establish the ordering of the
ground state gluelump and the four lowest energy adjoint
mesons with quantum numbers 0−ð1−Þ; 1þð1−Þ; 0þð0−Þ,
and 1−ð0−Þ according to theirmasses, computations utilizing
lattice QCD with dynamical light quarks are indispensable.

2. QQ systems

We consider now bound states of a QQ pair and LDF. At
short distances r between the two heavy quarks, the QQ
pair may be in a color antitriplet representation of SUð3Þ,
the corresponding field being Tl with l ¼ 1, 2, 3, and bind
with LDF that are in a color triplet representation to form
color singlet hadrons, or it may be in a color sextet
representation, the corresponding field being Σσ with
σ ¼ 1; 2; ...; 6, and bind with LDF that are in a color
antisextet representation to form color singlet hadrons. The
first case describes the short distance behavior of doubly
heavy baryons ½ðQQÞ3̄ þ q3�, tetraquark states of the type
½ðQQÞ3̄ þ ðq̄q̄Þ3�, and pentaquark states of the type
½ðQQÞ3̄ þ ðqqq̄Þ3�, the static energy at short distances is
the sum of the color triplet potential VT , a constant that
accounts for the mass shift induced by the LDF, which may
be q3, ðq̄q̄Þ3 and ðqqq̄Þ3 or the corresponding charge
conjugated states, respectively, and higher-order correc-
tions suppressed by powers of ΛQCDr. The second
case describes the short distance behavior of sextet
tetraquarks ½ðQQÞ6 þ ðq̄q̄Þ6̄�, and sextet pentaquarks
½ðQQÞ6 þ ðqqq̄Þ6̄�. In this case, the static energy at short
distances is the sum of the color sextet potential VΣ, a
constant that accounts for the mass shift induced by the
LDF, which may be ðq̄q̄Þ6̄ or ðqqq̄Þ6̄ or the corresponding
charge conjugated states, respectively, and higher-order
corrections suppressed by powers of ΛQCDr. At leading
order, the triplet and sextet potentials read
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VTðrÞ ¼ −
2

3

αs
r
; VΣðrÞ ¼

αs
3r

; ð5:22Þ

where αs is the strong coupling constant computed at a
typical scale of order 1=r. The triplet and sextet potentials
up to next-to-next-to leading order in αs can be found in
Ref. [149]. Since the antitriplet potential is attractive and
the sextet is repulsive, we shall assume that a bound state
with triplet potential is lower in energy, i.e. more bound,
than the corresponding one with sextet potential. Potential
NRQCD in the weak-coupling regime has been used
earlier to study doubly heavy baryons and tetraquark
states [89,150,151].
The matching relations between the interpolating oper-

ators and BOEFT, Eq. (5.12), become at short distance

OðQQÞ3̄
κ;λ ðt; r;RÞ ⟶

ffiffiffiffiffiffiffiffi
Z0
κ;λ

q
Tlðt; r;RÞPα†

κ;λH
α;l
3;κ ðt;RÞ þOðrÞ;

ð5:23Þ

OðQQÞ6
κ;λ ðt; r;RÞ ⟶

ffiffiffiffiffiffiffiffi
Z00
κ;λ

q
Σσðt; r;RÞPα†

κ;λH
α;σ
6̄;κ
ðt;RÞ þOðrÞ;

ð5:24Þ

where Z0
κ;λ and Z00

κ;λ are field normalization factors, l ¼
1; 2; 3 and σ ¼ 1;…; 6 are color indices, andHα;l

3;κ andH
α;σ
6̄;κ

are operators representing the light fields in the different
color representations. For doubly heavy baryons, Hα;l

3;κ is

given in Table VII, for doubly heavy tetraquarks, Hα;l
3;κ and

Hα;σ
6̄;κ

are given in Tables VIII and IX, and for pentaquarks,

Hα;l
3;I3¼�1=2;ð1=2Þþ is given in Eq. (5.11). The operators in the

right-hand side describe baryons, tetraquarks and penta-
quarks in BOEFT in the short distance limit, when the
BOEFT fields ΨQQ

κ;λ reduce either to TlPα†
κ;λH

α;l
3;κ or

ΣσPα†
κ;λH

α;σ
6̄;κ
; the fields Tl and Σσ may be also understood

as fields in weakly coupled pNRQCD.
Following a similar matching procedure as the one in

Sec. V B 1 [see Eq. (5.17)], we obtain the following relation
between the static energy computed in NRQCD (left), the
short-distance potential in pNRQCD (middle), and the
BOEFT potential (right):

Eð0Þ;F
κ;jλj ðrÞ ¼ VFðrÞ þΛF

κ þOðr2Þ ¼ Vð0Þ;F
κ;jλj ðrÞ ðF ¼ T;ΣÞ;

ð5:25Þ

whereVFðrÞ ðF ¼ T;ΣÞ is the color triplet or sextet potential
given at leading order in Eq. (5.22), ΛF

κ ðF ¼ T;ΣÞ is a
constant of mass dimension one that accounts for the mass
shift induced by the LDF. Note that for the ground state
doubly heavy tetraquarks, the Pauli principle requires that the
antitriplet and sextet color configurations in Eq. (5.25) do not
contribute to the same quantum number κ that includes

isospin [see Eq. (3.13)]; see Tables VIII and IX. The large
time limits of the LDF correlators that define ΛT

κ and ΛΣ
κ are

hvacjHα;l
3;κ ðT=2;RÞϕll0

3̄
ðT=2;−T=2ÞHα0;l0†

3;κ ð−T=2;RÞgjvaci
¼ δαα0e−iΛ

T
κ T; ð5:26Þ

hvacjHα;σ
6̄;κ
ðT=2;RÞϕσσ0

6 ðT=2;−T=2ÞHα0;σ0†
6̄;κ

ð−T=2;RÞgjvaci
¼ δαα0e−iΛ

Σ
κ T; ð5:27Þ

where δαα0 comes from the normalization condition. The
Wilson line ϕll0

3̄
ðT=2;−T=2Þ with l;l0 ¼ 1, 2, 3 is in the

antitriplet representation of SUð3Þ,

ϕll0
3̄

ðT=2;−T=2Þ≡ P exp
�
−ig

Z
t1

t2

dt Aa
0ðt;RÞTa

3̄

�
ll0

;

ð5:28Þ

while the Wilson line ϕσσ0
6 ðT=2;−T=2Þ with σ; σ0 ¼

1; 2;…; 6 is in the sextet 6 representation of SUð3Þ,

ϕσσ0
6 ðT=2;−T=2Þ≡ P exp

�
−ig

Z
t1

t2

dt Aa
0ðt;RÞTa

6

�
σσ0
;

ð5:29Þ

where

Ta
3̄
¼ −

λ�aG
2

; ðTa
6Þσσ0 ¼

X3
ijk

Σσ
ijðλaGÞjkΣσ0

ki; ð5:30Þ

with λaG the Gell-Mannmatrices and the symmetric tensorΣσ

defined in Appendix C.
The static energies and the BOEFT potentials are

approximated by the middle equality in (5.25) only for
small r. The Oðr2Þ terms arise from multipole expanding
the pNRQCD interaction vertices between the heavy quark
pair and the LDF. Equation (5.25) implies that at leading
order in the multipole expansion, several static energies are
degenerate since they only depend on the quantum number
κ ≡ fkPC; fg and not on λ. We are not aware of any explicit
lattice QCD extraction of ΛT

κ and ΛΣ
κ for tetraquarks and

pentaquarks.
In Refs. [103,106], lattice computations were performed

for several static energies with BO quantum number Λσ
η0 for

both the color antitriplet ðQQÞ3̄ and the color sextet ðQQÞ6
in isospin singlet (I ¼ 0) and isospin triplet (I ¼ 1)
configurations. Note that to compare with the static
energies with BO quantum number Λσ

η in Tables II, VIII,
and IX, one must use η0 ¼ −η for ðQQÞ3̄ and η0 ¼ η for
ðQQÞ6 due to the different parity convention in
Refs. [103,106]. For the color antitriplet ðQQÞ3̄, the lowest
static energies with BO quantum number Σþ

g (I ¼ 0) and
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fΣ−
g ;Πgg (I ¼ 1) computed on the lattice exhibit attractive

behavior at short distances, which aligns with our short
distance attractive prediction for the Σþ

g (I ¼ 0) and
fΣ−

g ;Πgg (I ¼ 1) BO potentials in Tables VIII and IX.
Other excited static energies in I ¼ 0 with BO quantum
numbers fΣþ

u ;Πug and in I ¼ 1with BO quantum numbers
Σ−
u and fΣþ

u ;Πug also show attractive behavior at short
distances in Refs. [103,106], which is consistent with our
short-distance predictions for these BO potentials in
Tables VIII and IX. For the color sextet ðQQÞ6, the lowest
static energies with BO quantum numbers fΣ−

g ;Πgg (I ¼ 0)
and Σþ

g (I ¼ 1) exhibit repulsive behavior at short distances
in Refs. [103,106], which agrees with our short-distance
repulsive prediction for the fΣ−

g ;Πgg (I ¼ 0) and Σþ
g

(I ¼ 1) BO potentials in Tables VIII and IX. Similarly,
our predictions for the excited static energies of the color
sextet [Σ−

u and fΣþ
u ;Πug (I ¼ 0), and fΣþ

u ;Πug (I ¼ 1)]
also qualitatively agree with the results presented in
Refs. [103,106].

VI. MIXING AT LARGE DISTANCE
AND HEAVY-LIGHT THRESHOLDS

The behavior of the static energies at large distances r
shows two different effects that are intertwined. On one
hand, at large distance in the presence of light quarks, we
should consider static heavy-light states [meson-(anti)
meson, baryon-(anti)meson]. Such static states can also
be cataloged in terms of the BO quantum numbers as we
show below. Now, such static heavy-light mesons already
exist in the list of BO static energies that we have discussed
in Sec. III: indeed the tetraquark static energies with I ¼ 1
at large distance evolve directly into the heavy-light pairs
with the same BO quantum numbers, see Figs. 9–11,
hinting at the complementarity of the tetraquark model and
the molecular model used in the literature. In Appendix G,
we show that the tetraquark interpolating operators that we
presented in Sec. V do indeed have an overlap with the
heavy-light pair state, but that they have no overlap with
quarkonium plus pion(s), which makes such operators
suitable to extract the whole behavior of the static energies
at short and long distance. This is what we need as input to
the BO equations presented in Sec. III.
On the other hand, in the I ¼ 0 sector, things are even

more interesting. In this case, it has been explicitly
observed on the lattice that the quarkonium static energy
and the heavy-light static energy show an avoided level
crossing; see Fig. 12.18 In our description, this means that
two static energies with the same BO quantum numbers,
namely the diabatic static energy of quarkonium Σþ

g and the
first tetraquark diabatic static energy Σþ0

g , become close in a
range of r of about the distance of string breaking and in

FIG. 9. Example of a possible evolution of a I ¼ 1 tetraquark
static energy into a S-wave plus S-wave heavy-light static energy
with the same BO quantum number. Both the Πg and the Σþ

g

evolve to the same heavy-light pair that has both BO quantum
numbers. The short distance and long distance behavior are fixed
by symmetry in the BOEFT.

FIG. 10. Same as Fig. 9 with a different possible intermediate
distance behavior for the Πg static energy. The short distance and
long distance behavior are fixed by symmetry in the BOEFT.

FIG. 11. Example of an I ¼ 1 tetraquark static energy Σ−
u

evolving into a S-wave plus S-wave heavy-light static energy
with the same BO quantum numbers.

18The reason for which in Fig. 12 there are three static energies
is that also the s quark is considered.
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that region their transition amplitude is different from zero.
Hence, we need to diagonalize the diabatic energy
matrix obtaining the avoided level crossing effect between
the adiabatic static energies shown in Fig. 12 (see also
Appendix A).
To explain in a deeper way the effect, let us consider

Fig. 8. There, we see that the adiabatic quarkonium static
energy with BO quantum number 1Σþ

g shows an avoided
level crossing with the tetraquark static energy 2Σþ

g . This
produces the effect that the quarkonium static energy will
continue at large r as a heavy-light static meson pair (in
S-wave plus S-wave), while the tetraquark static energy
will show a long range confining behavior of quarkonium
until the avoided level crossing with another excited
tetraquark static energy with the same quantum numbers.
In the same figure, we show also the tetraquark adiabatic
static energy 1Πg, which is degenerate with the tetraquark
adiabatic static energy 2Σþ

g at short distance. We see that,
due to the different BO quantum numbers, the 1Πg static
energy does not show avoided level crossing with the
quarkonium 1Σþ

g static energy and directly evolves into the
heavy light pair in S-wave plus S-wave at large distance.
This changes our perception of the confining behavior of

the strong force. Although it was known that the confining
string of quarkonium breaks into two heavy-light pairs in
the large distance, the details of this mechanism in relation
to the tower of QCD static energies had not been eluci-
dated. The introduction of the tetraquark static energies
brings light on this.
This same effect appears for hybrid and I ¼ 0 tetraquark

static energies. For I ¼ 0 states, the avoided level crossing
between quarkonium and tetraquark static energies or
hybrid and tetraquark static energies is related to the decay
of quarkonium and hybrids into heavy-light pairs. For a
quantitative description, a diabatic picture may be more
useful, as we discuss below.

A. BO quantum numbers of static heavy-light pairs

Here, we consider heavy-light meson-(anti)meson pairs
and baryon-(anti)meson pairs, and we derive their BO
quantum numbers and determine which static energies
evolve to a given heavy-light pair. As a start, however,
we need to identify the quantum number κ ≡ fkP½C�; fg
given in Eq. (3.13) for the heavy-light pair. The charge
conjugation C of the LDF is a good quantum number only
for the static heavy-light meson-antimeson threshold. For
the static heavy-light meson-meson or meson-baryon
threshold, the static energies are characterized by k and
parity P. We can identify the LDF quantum numbers from
the heavy meson or baryon multiplets. For the heavy
meson-antimeson or heavy meson-meson pair thresholds,
we consider the mesons in the ground and first excited
states. For the heavy baryon-meson or heavy baryon-
antimeson pair thresholds, we only consider the ground
state for simplicity. The ground state heavy meson Qq̄

(antimeson Q̄q) corresponds to light antiquark kP ¼
ð1=2Þ− [quark kP ¼ ð1=2Þþ], followed by two states of
similar mass corresponding to light antiquark kP ¼ ð1=2Þþ
and kP ¼ ð3=2Þþ [quark kP ¼ ð1=2Þ− and kP ¼ ð3=2Þ−].
The ground state heavy baryon Qqq corresponds to light
quarks kP ¼ 0þ and kP ¼ 1þ, where we assume that the
kP ¼ 0þ state is lower in energy.19 Each static heavy-light
pair state or threshold is characterized by the spin and parity
of the light quark states forming the two heavy-light states
(heavy mesons or heavy baryons). We label the light quark
states as kPq̄ for heavy meson (kPq for heavy antimeson) and
kPqq for heavy baryons. Combining the spin and parity of the
LDF states for heavy mesons and baryons, we arrive at the
total LDF quantum number of the light quarks character-
izing the heavy-light pairs: Table X for Qq̄ − Q̄q or Qq̄ −
Qq̄ pairs and Table XI for Qqq − Q̄q or Qqq −Qq̄ pairs.
The BO quantum numbers for heavy-light pairs corre-
sponding to LDF quantum numbers kPC are shown in the
last column of Tables X and XI. Note that in Table X for the
Qq̄ − Q̄q pair, we considered symmetric and antisymmet-
ric combinations under charge conjugation for the S-wave
plus P-wave and the P-wave plus P-wave.20 If we include
the heavy-light pair state or threshold in the BOEFT, then
each of the combinations in Tables X and XI will be
represented as a field which will also depend on the LDF
flavor quantum numbers (isospin) [86]. The static energies
for the heavy-light pair states will also depend on the
isospin or the light quark flavors.
The possibility to describe exotic states at large distances

as static heavy-light states depends on the fact that they
have the same BO quantum numbers Λσ

η . The quarkonium
adjoint tetraquark QQ̄qq̄ and pentaquark QQ̄qqq states
will become at large distances the heavy meson-antimeson
ðQq̄ − Q̄qÞ pair thresholds and heavy baryon-antimeson
ðQqq − Q̄qÞ pair thresholds, respectively. The doubly
heavy tetraquark QQq̄q̄ and pentaquark QQqqq̄ states
will become the heavy meson-meson ðQq̄ −Qq̄Þ pair
thresholds and heavy baryon-antimeson ðQqq −Qq̄Þ pair
thresholds, respectively. This happens only if the BO
quantum number Λσ

η (see Tables X and XI) is the same
as that of the exotic state.21

B. Complete set of coupled Schrödinger equations:
short and long range mixing, decays to heavy-light,

generation of molecular states

On the basis of what we have discussed, two facts appear
to emerge. First, the tetraquarks can be conveniently

19Our assumption is supported by the observation that
Λ-baryons have lower mass than Σ-baryons.

20Our approach results in more entries compared to Table II in
Ref. [93] [see also Table I in Ref. [90] ], where the states are not
eigenstates under charge conjugation.

21Also the flavor quantum numbers, such as isospin, have to be
same for the LDF states in heavy-light pairs and exotic states.

HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY … PHYS. REV. D 110, 094040 (2024)

094040-31



described as heavy-light static pairs at large distance.
Second, there are cases in which two states with the same
BO quantum numbers develop a nonzero transition ampli-
tude in some distance interval and this originates the
avoided level crossing phenomenon in the adiabatic
description or an explicit mixing in the diabatic description.
When we consider this second effect, we see that Eq. (3.29)
is not sufficient to describe quarkonium in all the distance
regions. Close to distances typical of the string breaking,
the mixing with the first tetraquark excitation with the same
BO quantum number Σþ0

g should be considered. Then, since
the Σþ0

g tetraquark mixes with the Πg at short distance [see
Eqs. (4.20) and (I3)], the full Schrödinger equation to be
considered is coupling three states. We show this in the next
subsection. We will show the same for a hybrid and
tetraquark case in the following subsection.

1. Quarkonium case

Here, we present the coupled Schrödinger equations that
describe quarkonium in the presence of light quarks. These
equations involve the diabatic quarkonium BO potential
with quantum number Σþ

g and the tetraquark BO potentials
with quantum numbers Σþ0

g and Πg, which correspond to
the 1−− adjoint meson at short distances and approach the
S-wave plus S-wave meson-antimeson pair [isospin singlet
(I ¼ 0)] threshold at large distance (see Table X). The
S-wave plus S-wave meson-antimeson MM̄ pair threshold
is given by the sum of the meson masses: mM þmM̄. The
adiabatic static energies, i.e. the eigenvalues of this poten-
tial matrix with quantum numbers 1Σþ

g , 2Σþ
g , and 1Πg,

which are shown in Fig. 8, are given by [see Eq. (A2)]

TABLE X. The kPC quantum numbers of the light quark-
antiquark ðq̄qÞ pair and kP quantum numbers of the light
antiquark-antiquark ðq̄q̄Þ pair for the three lightest light quark
states contributing to static heavy mesons-antimeson and static
heavy meson-meson pair thresholds, respectively. The light quark
states have quantum numbers kPq and kPq̄ . The BO quantum

number Λσ
η (D∞h representations) corresponding to kP½C� are

shown in the third column. On the top table, for the ðq̄qÞ pair, the
linear combinations in some entries in the first column refer to
symmetric and antisymmetric combination under charge con-
jugation. Each block of states, separated by a single horizontal
line, corresponds to S-wave plus S-wave, S-wave plus P-wave,
and P-wave plus P-wave static heavy-light meson-antimeson and
meson-meson pair thresholds.

kPq̄ ⊗ kPq kPC
BO quantum

no. Λσ
η

ð1=2Þ− ⊗ ð1=2Þþ 0−þ Σ−
u

1−− Σþ
g ;Πg

ð1=2Þ− ⊗ ð1=2Þ− þ ð1=2Þþ ⊗ ð1=2Þþ 0þ− Σþ
u

1þ− Σ−
u ;Πu

ð1=2Þ− ⊗ ð1=2Þ− − ð1=2Þþ ⊗ ð1=2Þþ 0þþ Σþ
g

1þþ Σ−
g ;Πg

ð1=2Þ− ⊗ ð3=2Þ− þ ð3=2Þþ ⊗ ð1=2Þþ 1þ− Σ−
u ;Πu

2þ− Σþ
u ;Πu;Δu

ð1=2Þ− ⊗ ð3=2Þ− − ð3=2Þþ ⊗ ð1=2Þþ 1þþ Σ−
g ;Πg

2þþ Σþ
g ;Πg;Δg

ð1=2Þþ ⊗ ð1=2Þ− 0−þ Σ−
u

1−− Σþ
g ;Πg

ð1=2Þþ ⊗ ð3=2Þ− þ ð3=2Þþ ⊗ ð1=2Þ− 1−− Σþ
g ;Πg

2−− Σ−
g ;Πg;Δg

ð1=2Þþ ⊗ ð3=2Þ− − ð3=2Þþ ⊗ ð1=2Þ− 1−þ Σþ
u ;Πu

2−þ Σ−
u ;Πu;Δu

ð3=2Þþ ⊗ ð3=2Þ− 0−þ Σ−
u

1−− Σþ
g ;Πg

2−þ Σ−
u ;Πu;Δu

3−− Σþ
g ;Πg;Δg;Φg

kPq̄ ⊗ kPq̄ kP
BO quantum

no. Λσ
η

ð1=2Þ− ⊗ ð1=2Þ− 0þ Σþ
g

1þ Σ−
g ;Πg

ð1=2Þ− ⊗ ð1=2Þþ 0− Σ−
u

1− Σþ
u ;Πu

ð1=2Þ− ⊗ ð3=2Þþ 1− Σþ
u ;Πu

2− Σ−
u ;Πu;Δu

ð1=2Þþ ⊗ ð1=2Þþ 0þ Σþ
g

1þ Σ−
g ;Πg

ð1=2Þþ ⊗ ð3=2Þþ 1þ Σ−
g ;Πg

2þ Σþ
g ;Πg;Δg

ð3=2Þþ ⊗ ð3=2Þþ 0þ Σþ
g

1þ Σ−
g ;Πg

2þ Σþ
g ;Πg;Δg

3þ Σ−
g ;Πg;Δg;Φg

TABLE XI. The kP quantum numbers of three light quarks:
qqq and qqq̄ combinations of the lowest light quark states
forming heavy baryon-antimeson and heavy baryon-meson pair
thresholds, respectively. The light quark states have quantum
numbers kPqq and kPq̄ . For notation purposes, the BO quantum
number corresponding to kP is shown in the third column, where
g, u is the parity eigenvalue of the light quark state. The prime in
the second row indicates the excited static energy, assuming that
the spin singlet qq pair is lower in energy than the spin-triplet.
Our assumption is supported by the observation that Λ-baryons
have lower mass than Σ-baryons.

kPqq ⊗ kPq kP BO quantum no. D∞h

0þ ⊗ ð1=2Þþ ð1=2Þþ ð1=2Þg
1þ ⊗ ð1=2Þþ ð1=2Þþ ð1=2Þ0g

ð3=2Þþ ð3=2Þg

kPqq ⊗ kPq̄ kP BO quantum no. D∞h

0þ ⊗ ð1=2Þ− ð1=2Þ− ð1=2Þu
1þ ⊗ ð1=2Þ− ð1=2Þ− ð1=2Þ0u

ð3=2Þ− ð3=2Þu
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V1Σþ
g
ðrÞ ¼ VΣþ

g
ðrÞ þ VΣþ0

g
ðrÞ

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�VΣþ
g
ðrÞ − VΣþ0

g
ðrÞ

2

�2

þ V2
Σþ
g −Σþ0

g
ðrÞ

s
; ð6:1Þ

V2Σþ
g
ðrÞ ¼ VΣþ

g
ðrÞ þ VΣþ0

g
ðrÞ

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�VΣþ
g
ðrÞ − VΣþ0

g
ðrÞ

2

�2

þ V2
Σþ
g −Σþ0

g
ðrÞ

s
; ð6:2Þ

V1Πg
ðrÞ ¼ VΠg

ðrÞ; ð6:3Þ

where VΣþ
g −Σþ0

g
ðrÞ is the mixing potential. The BO potentials VΣþ

g
ðrÞ, VΣþ0

g
ðrÞ, VΠg

ðrÞ, and the mixing potential VΣþ
g −Σþ0

g
ðrÞ

can be expressed in terms of the correlators that we have introduced in Sec. V. They are given by

� VΣþ
g

VΣþ
g −Σþ0

g

VΣþ
g −Σþ0

g
VΣþ0

g

�
ðrÞ ¼ lim

T→∞

i
T
log

"
hvacj

 
O0þþ;0ðT=2; rÞ
OðQQ̄Þ8

1−−;0 ðT=2; rÞ

! 
O0þþ;0ð−T=2; rÞ
OðQQ̄Þ8

1−−;0 ð−T=2; rÞ

!†

jvaci
#
;

VΠg
ðrÞ ¼ lim

T→∞

i
T
log ½hvacjOðQQ̄Þ8

1−−;�1ðT=2; rÞOðQQ̄Þ8†
1−−;�1 ð−T=2; rÞjvaci�; ð6:4Þ

where

O0þþ;0ðt; rÞ ¼ χ†ðt; r=2Þϕðt; r=2;−r=2Þψðt;−r=2Þ: ð6:5Þ

These expressions lead to the coupled Schrödinger equations for quarkonium and tetraquark (that includes the meson-
antimeson threshold) in the diabatic basis:

2
64− 1

mQr2
∂rr2∂r þ

1

mQr2

0
B@

lðlþ 1Þ 0 0

0 lðlþ 1Þ þ 2 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

0 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

lðlþ 1Þ

1
CAþ

0
B@

VΣþ
g
ðrÞ VΣþ

g −Σþ0
g
ðrÞ 0

VΣþ
g −Σþ0

g
ðrÞ VΣþ0

g
ðrÞ 0

0 0 VΠg
ðrÞ

1
CA
3
75
0
B@

ψΣ

ψΣ0

ψΠ

1
CA

¼ E

0
B@

ψΣ

ψΣ0

ψΠ

1
CA: ð6:6Þ

Equation (6.6) contains both the mixing at short distance
between BO static energies with the same κ and the mixing
at long distance between energies with the same BO
quantum numbers. They are two different effects that
dominate in different distance regions.
For quarkonium, the combined angular momentum is

l ¼ lQ, where lQðlQ þ 1Þ is the eigenvalue of the orbital
angular momentum of the heavy quark-antiquark pair L2

Q.
The corresponding values of the combined angular momen-
tum l for the S-wave plus S-wave meson-antimeson
threshold are given in the fourth column of Table I.
The mixing potential VΣþ

g −Σþ0
g
ðrÞ in Eq. (6.6) has been

computed on the lattice [96,124,125] using the static
heavy-light operators. The starting point of the lattice
studies is the diabatic framework, which considers the
matrix elements of the correlators of quarkonium and
the one of the static heavy-light pair on the diagonal and
the transition between the two on the off-diagonal entries.
Such correlators are calculated on the lattice and then

diagonalized in the adiabatic basis.22 The result is a picture
of avoided level crossing as shown in Fig. 12, where also
the light strange quark has been considered, and so we have
more static heavy-light pairs. Note that the static heavy-
light operators usually used in lattice QCD computations
overlap with quarkonium plus pion states and, therefore,
are not suitable to investigations at short distance (in fact
the shorter distance region is not considered for them in
Fig. 12), while the (adjoint) tetraquark operators that we
introduced in Sec. V have no overlap with quarkonium
plus pion states and, therefore, give the possibility to
describe the whole range of distances when adopted in
lattice QCD calculations. The off-diagonal mixing potential
indicates that the quarkonium can decay to the S-wave plus
S-wave meson-antimeson pair [90,91,94,133,134,152].

22See Appendix A for how correlators with off-diagonal
elements behave as a function of time in a simple two states
example.
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Recently, model-independent selection rules based on
Born-Oppenheimer for decays of heavy quarkonium into
heavy-light pairs (S-wave plus S-wave or S-wave plus
P-wave, etc) and analytic expressions of the relative partial
decay rates have been obtained in Ref. [94].
This BOEFT description is suggestive of the χc1ð3872Þ

emerging as a solution of these coupled equations in the
case when the bound state energy is close to zero.

2. Hybrid case

Here, we present the coupled Schrödinger equations
that describe quarkonium hybrids corresponding to a kPC ¼
1þ− gluelump in the presence of light quarks. These
equations involve the diabatic quarkonium hybrid BO
potentials with quantum numbers Σ−

u and Πu and the

tetraquark BO potential with quantum number Σ−0
u , which

corresponds to the 0−þ adjoint meson at short distances and
approaches the S-wave plus S-wave meson-antimeson pair
[isospin singlet (I ¼ 0)] threshold at large distance (see
Table X). The S-wave plus S-wave meson-antimeson pair
threshold is given by the sum of the meson masses:
mM þmM̄.
Since the hybrid BO potential Σ−

u (and even Πu) is above
the S-wave plus S-wave meson pair threshold, their mixing
leads to significant effects only if the energy gap between
the two is less than the ΛQCD scale, which is the scale of the
mixing potential.23 The BO potentials VΣ−

u
ðrÞ, VΠu

ðrÞ,
VΣ−0

u
ðrÞ and the mixing potential VΣ−

u−Σ−0
u
ðrÞ can be

expressed in terms of the correlators that we have intro-
duced in Sec. V. They are given by

�
VΣ−

u
VΣ−

u−Σ−0
u

VΣ−
u−Σ−0

u
VΣ−0

u

�
ðrÞ ¼ lim

T→∞

i
T
log

"
hvacj

 
OðQQ̄Þ8

1þ−;0 ðT=2; rÞ
OðQQ̄Þ8

0−þ;0 ðT=2; rÞ

! 
OðQQ̄Þ8

1þ−;0 ð−T=2; rÞ
OðQQ̄Þ8

0−þ;0 ð−T=2; rÞ

!†

jvaci
#
;

VΠg
ðrÞ ¼ lim

T→∞

i
T
log ½hvacjOðQQ̄Þ8

1þ−;�1
ðT=2; rÞOðQQ̄Þ8†

1þ−;�1
ð−T=2; rÞjvaci�: ð6:7Þ

The coupled Schrödinger equations that follow from the mixing of the hybrid BO potential Σ−
u and the tetraquark BO

potential Σ−0
u are

FIG. 12. Plot showing the avoided level crossing of the quarkonium 1Σþ
g static energy with the static heavy-light and static heavy-

strange meson pair energies. The figure shows the three lowest-lying static energies in the adiabatic basis (blue lines). Energy levels are
normalized with respect to twice the energy of the static heavy-light pair (denoted as EQ̄l in the figure). The gray region denotes the
energy regime where two-pion states are of relevance. The inset shows the zoomed-in region of the string breaking or the avoided
crossing region. The orange bars denote the string breaking radii: r�l ¼ 1.211ð13Þ fm and r�s ¼ 1.336ð14Þ fm, sinceffiffiffiffi
t0

p ¼ 0.1443ð15Þ fm. The picture is taken from Ref. [125].

23This also implies that there is no avoided level crossing between hybrid BO potential with quantum number Σ−
u and the tetraquark

BO potential with quantum number Σ−0
u . Instead, the hybrid BO potentials will have avoided crossing with the S-wave plus P-wave

meson-antimeson pair threshold based on Table X.
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u
ðrÞ

0 VΠu
ðrÞ 0

VΣ−
u−Σ−0

u
ðrÞ 0 VΣ−0
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ðrÞ

1
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3
75
0
B@

ψΣ

ψΠ

ψΣ0

1
CA

¼ E

0
B@

ψΣ

ψΠ

ψΣ0

1
CA: ð6:8Þ

Equation (6.8) contains both the mixing at short distances
between BO potentials with the same κ and the mixing at
long distance between energies with the same BO quantum
numbers. They are two different effects that dominate in
different distance regions.
The lattice computation of the mixing potential

VΣ−
u−Σ−0

u
ðrÞ is at present unknown. The possible values of

the combined angular momentum l for the lowest hybrid
multiplets are l ¼ 1 for H1 and H2 multiplets, l ¼ 0 for H3

multiplet, l ¼ 2 for H4 and H5 multiplets [see Table II in
Ref. [78] ] and so on. The corresponding values of the
combined angular momentum l for the S-wave plus S-wave
meson-antimeson threshold are given in the fourth column
of Table I. The selection rule on conservation of angular
momentum was first derived in Ref. [93].
The mixing potential VΣ−

u−Σ−0
u
ðrÞ in Eq. (6.8) implies that

the hybrid can decay to the pair of S-wave plus S-wave
meson-antimeson pair threshold contrary to the conventional
wisdom [153–158]. This was first observed in Ref. [92] and
subsequently in Ref. [93] based on BOEFT. Moreover, a
recent lattice calculation of the decays of the lowest 1−þ
charmonium hybrid finds that the decay widths into the pairs
of S-wave charm mesons D�D̄ and D�D̄� are smaller than
but comparable with the decay width into the P-wave plus
S-wave charm meson pair D1D̄ [159]. Moreover, model-
independent selection rules for decays of heavy quarkonium
hybrids into heavy-light pairs (S-wave plus S-wave or
S-wave plus P-wave, etc.) and analytic expressions of the
relative partial decay rates have been obtained in Ref. [94].

C. Tetraquarks and pentaquarks

Unlike quarkonium and quarkonium hybrids, the tetra-
quark and pentaquark states have light quarks as constitu-
ents. The presence of light quarks modifies the behavior of
the Born-Oppenheimer potentials or static energies of
tetraquark and pentaquark. In the short distance regime
r → 0, where r is the separation between heavy quark-
antiquark or heavy quark pairs, weakly-coupled pNRQCD
dictates the behavior of the BO-potential. For QQ̄ systems,
the BO-potential has repulsive octet behavior given by
Eq. (5.21) in the r → 0 limit, which forms multiplets
associated with adjoint mesons and baryons. For QQ
systems, the BO-potential is given by Eq. (5.25). It may
have an attractive behavior in the r → 0 limit, which forms

multiplets associated with triplet mesons and baryons or a
repulsive behavior in the r → 0 limit, which forms mul-
tiplets associated with sextet mesons and baryons. The BO
quantum numbers Λη

σ (D∞h representations corresponding
to LDF quantum numbers kPC) for adjoint meson and
triplet or sextet mesons are given in Tables I and II
respectively, and for the corresponding baryon configura-
tions in Tables III and IV respectively.
In the large r region, the quark configurations in

QQ̄qq̄ tetraquarks rearrange to smoothly transition to
static-light meson-antimeson ðQq̄ − Q̄qÞ states, while
QQq̄q̄ tetraquarks transition to static-light meson-meson
ðQq̄ −Qq̄Þ states. Similarly,QQ̄qqq pentaquarks rearrange
to smoothly transition to static-light baryon-antimeson
ðQqq − Q̄qÞ states, and QQqqq̄ pentaquarks rearrange to
smoothly transition to static-light meson-baryon ðQq̄ −
QqqÞ states. The smooth transition implies no narrow-
avoided crossing between the tetraquark and pentaquarkBO
potentials and the pair of static-light meson or baryon
thresholds. The BO quantum numbersΛη

σ for different pairs
of static-light mesons or pairs of static-light mesons and
baryons are shown in Tables X and XI. The BO quantum
numbers Λσ

η should be conserved at all r. This conservation
of Λσ

η between small r and large r implies that in QQ̄qq̄
tetraquarks, the Σ−

u BO-potential (corresponding to LDF
quantum numbers 0−þ) and Σþ

g and Πg BO-potentials
(corresponding to LDF quantum numbers 1−−), which have
repulsive color octet behavior at small r, mix with the
S-wave plus S-wave static-light meson-antimeson thresh-
old. The mixing leads to BO-potentials approaching the
threshold at large r. Experimentally observed states like
χc1ð3872Þ, Zc, and Zb indicate that these BO-potentials can
have a minimum at some intermediate distance, resembling
a Lennard–Jones potential in molecular systems. The recent
lattice computation in Ref. [104] of the isospin-1 Σ−

u
tetraquark BO-potentials [see red dots in Fig. 2 of
Ref. [104] ] agrees with our above description at large r.24

In the case of doubly heavy tetraquark QQq̄q̄, the Σþ
g

BO-potential (corresponding to LDF quantum number 0þ)
and Σ−

g and Πg BO-potentials (corresponding to LDF
quantum number 1þ), which have attractive color triplet

24In Ref. [104], the potential was calculated using lattice
spacing at 8 values of r ranging from 0.12 fm to 0.99 fm.
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or repulsive color sextet behavior at small r, can mix with
the S-wave plus S-wave static meson pair threshold. The
mixing leads to BO-potentials approaching the threshold at
large r. This behavior is in qualitative agreement with the
lattice computation of the BO-potentials in Refs. [103,106].
Similar conclusions can be drawn for mixing between
pentaquark states and static-light meson-baryon thresholds
based on the comparison of the static energies in Tables III,
IV, and XI.
A final comment goes to the crossover phenomenon.

Looking at Fig. 5, one sees that for the case best inves-
tigated, i.e., the static energies of the hybrids, some
crossover exists. BO quantum numbers are conserved,
and static energies with different BO quantum numbers
can cross. The reason for which they cross has been
investigated in [126]. For what concerns the BOEFT and
the Schrödinger equations that we present here, such
crossing has no impact.

VII. SPIN EFFECTS, DECAYS
AND TRANSITIONS, STATE MIXING

Up to now we have discussed how to use the BOEFT in
order to obtain the leading order coupled Schrödinger
equations containing mixing effects. From such equations,
we have predicted the hybrid, tetraquark, pentaquark and
doubly heavy baryon multiplets with their quantum num-
bers. Solving the Schrödinger equations with the static
potentials, obtained from a lattice calculation of our
interpolating operators given in Sec. V, gives the masses
of all these states. Some of these static potentials are
already known, and some have still to be calculated on the
lattice. For the hybrids case in which the static potentials
are known, the multiplets originating from Eq. (3.33) have
been extensively studied in [78,83].
However, the BOEFT is a systematic procedure and

corrections to the leading order can be calculated, in
particular, the relativistic corrections to the BO potentials.
Additionally, inclusive decays can be obtained from the
imaginary part of the potential and the decay to heavy-light
pairs from the off-diagonal entries of the potential in the
diabatic description of the long distance mixing. In the next
subsections, we briefly comment about already existing
results and what could still be calculated.

A. Relativistic corrections to the potentials

In Eq. (3.33), we have given the general form of the BO
static potential. Up to now, we have focused just on the
static contribution, however, this potential gets relativistic
corrections starting at order 1=mQ:

Vκ;λλ0 ðrÞ ¼ Vð0Þ
κ;jλjðrÞδλλ0 þ

Vð1Þ
κ;λλ0 ðrÞ
mQ

þ…: ð7:1Þ

These can be calculated through the nonperturbative
matching procedure, entailing one to define appropriate
generalized Wilson loops with the insertion of the NRQCD
operators appearing at higher order in the expansion in the
inverse of the quark mass. This procedure has been carried
out for quarkonium in strongly coupled pNRQCD [75–77],
and the corresponding Wilson loops have been calculated
on the lattice giving all the spin dependent and momentum
dependent corrections to the quarkonium potential. The
most relevant difference between quarkonium and exotics
is that in this last case the spin-dependent corrections
already appear at order 1=mQ, the reason being that the
LDF supply a spin vector K that is not suppressed by an
inverse power of the quark mass. This fact has an important
impact on the phenomenology: heavy quark spin-symmetry
is less manifest than in the quarkonium case, which means
that spin dependent effects are enhanced both in the
spectrum and in the transition widths. The impact of the
spin dependent corrections on the multiplet structure has
been investigated in depth in the case of the hybrids
[79–82]. In [80,81], the whole set of spin dependent
contributions in the potential up to order 1=m2

Q was obtained
and all the hybrid multiplets were calculated. Thanks to the
BOEFT factorization, the low energy correlators are flavor
independent and those extracted from charmonium hybrid
lattice calculations could be used to predict bottomonium
hybrid spin multiplets. The momentum and spin-dependent
relativistic corrections in terms of generalized Wilson loops
have been obtained for all exotics in Ref. [86].

B. Decays and transitions

1. Inclusive or semi-inclusive decays and mixing

The information on the inclusive decay rates is carried by
the imaginary part of the potentials in BOEFT. Inclusive
quarkonium decays have been studied in this way, see
e.g. [121]. On similar grounds, also inclusive decays of
exotics can be calculated. Using this method, semi-
inclusive spin-conserving [79,83] and spin-flipping [83]
transitions from hybrids to quarkonium plus X, where X are
light hadrons, have been calculated. The same method can
be used to calculate similar tetraquark, or other exotic,
semi-inclusive decays. Input from the lattice on some
correlators arising in the BOEFT calculation is needed.
Finally, for very excited states inside a BO potential it

may happen that their energy grows such that it starts to
overlap the energy range of the states living in the next BO
potential. This can happen, for example, for excited
quarkonium states and the states living in the first hybrid
BO potential characterized by the quantum numbers Σ−

u and
Πu. Then, the phenomenon mentioned at the end of Sec. III
appears: the mixing between ultrasoft states that exist in the
same energy range. For the low-lying hybrids correspond-
ing to the quantum numbers κ ¼ 1þ−, the mixing with
quarkonium is through a heavy-quark spin dependent
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operator coupled to a chromomagnetic field, which is
1=mQ suppressed. The mixing is contained in the appro-
priate generalized Wilson loop, which has not yet been
calculated on the lattice. Meanwhile, a QCD effective string
calculation of such a Wilson loop has been performed to
start a phenomenological investigation of the hybrid-
quarkonium mixing [79]. It has been found that the mixing
effects may be important and produce large spin symmetry
violations. The reason for this is that the mixing term
implies that the actual physical states are a superposition of
spin zero (one) hybrids and spin one (zero) quarkonium.
This facilitates the identification of certain states as hybrids,
because it gives a reason for the apparent spin symmetry
violating decays. A similar effect may be mediated at short
distance by the chromoelectric dipole term with no sup-
pression in the inverse of the mass of the quark, but this has
not yet been investigated. These effects need to be explored
for all exotics. It is crucial to obtain lattice calculations for

the relevant low energy correlators that depend only on
chromomagnetic and chromoelectric fields.

2. Decays to heavy-light pairs

In the diabatic description introduced for the long range
mixing in Sec. VI, the decay of quarkonium and hybrids to
heavy-light meson-antimeson pairs (also called the string
breaking) can be obtained directly from the off-diagonal
elements of the potential matrix given in Eqs. (6.4)
and (6.7).

VIII. PHENOMENOLOGICAL IDENTIFICATION
OF XYZ STATES

The system of coupled Schrödinger equations describes
the spin-symmetry multiplets of quarkonium tetraquark
ðQQ̄qq̄Þ and pentaquark ðQQ̄qqqÞ states in Tables I and III

TABLE XII. A list of potential exotic XYZ candidates for tetraquarks and pentaquarks corresponding to the
quantum numbers JPC or JP in the spin-symmetry multiplets shown in Tables I–IV. The left column displays the
quantum numbers JPC or JP with the associated multiplet information enclosed in parentheses. The second to last
entry in the table corresponds to a doubly heavy tetraquark and the last entry corresponds to a pentaquark state. In
PDG, the Zc and Zb states in the table are termed as Tcc̄1 and Tbb̄1, respectively, based on the new naming
convention [160].

JPC or JP (multiplets) Exotic tetraquark and pentaquark candidates

0þþðT0
1; T

1
1Þ χc0ð3915Þ, χc0ð4500Þ, χc0ð4700Þ, Xð4350Þa

0−þðT0
2; T

1
3Þ Xð3940Þb

0−−ðT1
2Þ Tcc̄0ð4240Þþ

1þþðT1
1Þ χc1ð3872Þ, χc1ð4140Þ, χc1ð4274Þ, χc1ð4685Þ

1−−ðT0
2; T

1
2; T

1
3; T

1
4Þ ψð4230Þ, ψð4360Þ, ψð4390Þc, ψð4660Þ, Yð4500Þd, Yð4710Þe

ϒð10753Þ, ϒð10860Þ, ϒð11020Þ
1−þðT0

2; T
1
2Þ Xð4630Þf

1þ−ðT0
1; T

1
1; T

0
3Þ Zcð3900Þ, Zcð4020Þg, Zcð4200Þ, Zcð4430Þ

Zbð10610Þ, Zbð10650Þ
2þþðT0

3; T
1
1Þ Xð4350Þh

2−þðT0
2; T

1
4Þ Xð4160Þi

1þðkP ¼ 0þ; I ¼ 0Þ Tccð3875Þþ
ð1=2Þ−ðkP ¼ ð1=2ÞþÞ Pcc̄ð4312Þþj, Pcc̄ð4440Þþk

ð3=2Þ−ðkP ¼ ð3=2ÞþÞ Pcc̄ð4380Þþl, Pcc̄ð4457Þþm

aBased on quantum numbers assigned in Refs. [7,83].
bBased on quantum numbers assigned in Ref. [7].
cThis state is not listed in PDG [160]. Its existence has been suggested by the BESII experiment [161].

For a critical review see Ref. [8].
dState recently observed by the BESIII collaboration [162]. This state is not listed in PDG [160].
eState recently observed by the BESIII collaboration [163]. This state is not listed in PDG [160].
fThe JPC ¼ 1−þ assignment is favored over JPC ¼ 2−þ with a 3σ significance and other assignments are

disfavored by more than 5σ [160].
gBased on quantum numbers assigned in Refs. [7,8].
hThe quantum numbers of Xð4350Þ are JPC ¼ ð0 or 2Þþþ [164].
iThe JPC ¼ 2−þ assignment is favored over other assignments with more than 5σ significance [160].
jBased on quantum numbers assigned in Ref. [23].
kBased on quantum numbers assigned in Refs. [10,165].
lBased on quantum numbers assigned in Refs. [7,22].
mBased on quantum numbers assigned in Refs. [10,165].
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and doubly heavy tetraquark ðQQq̄ q̄Þ and pentaquark
ðQQqqq̄Þ states in Tables II and IV respectively.
For a specific LDF quantum number kPC or kP, the

Λ-doubling effect breaks the degeneracy between opposite
parity spin-symmetry multiplets and lowers the mass of the
multiplets that receive mixed contributions from various
static energies. This has been shown specifically for
quarkonium hybrids in Refs. [78,79,83]. Based on the
quantum numbers JPC or JP in the spin-symmetry multip-
lets in Tables I–IV, we show potential exotic XYZ
candidates for tetraquark and pentaquark states that can
belong to those multiplets in Table XII. For completeness,
we also show the XYZ candidates for quarkonium hybrids
based on the mass, quantum numbers JPC, and decays to
quarkonium in Table XIII extracted from [83]. For a given
kPC or kP quantum number of the LDF, we know that the
1=mQ terms in the BO-potential in Eq. (3.33) include spin-
dependent operators that break the degeneracy in the
spin-symmetry multiplets [80,81,86]. Moreover, there
exist 1=mQ terms that could potentially mix states asso-
ciated with distinct kPC quantum numbers of the LDF. This
was particularly emphasized in the context of hybrid-
quarkonium mixing [79]. Ideally, the complete 1=mQ

potential terms should be again determined in lattice
QCD, but such a computation is not available yet.
For a thorough analysis of the XYZs, it is left to future

work the explicit solution of the coupled Schrödinger
equations for hybrids, tetraquarks, and pentaquarks; the
inclusion of spin-dependent corrections and quarkonium-
exotic mixing should also be considered whenever it
becomes important. The calculation of transition and decay
widths will allow one to sharpen the states’ characterization.

In the BOEFT, such a comprehensive and systematic
approach may become possible for the first time.
In this paper, we did not address states formed by four

heavy quarks as it is e.g. the case of the Xð6900Þ. Such
states can be described using a BOEFTonce a potential has
been defined, as it has been done in the case of triply heavy
baryons QQQ [89,166–168], and it will necessitate the
calculation on the lattice of an appropriate generalized
Wilson loop from where to extract the static energy. Should
such states be dominated by the short range regime, then
weakly coupled pNRQCD could be used together with the
methods introduced in [149].

IX. CONCLUSIONS

In this work, we have presented a QCD description of
states with two heavy quarks (heavy quark-antiquark or
heavy quark-quark pairs) including exotic hybrids, tetra-
quark and pentaquark states. The description is based on the
Born-Oppenheimer nonrelativistic effective field theory
framework. The underlying principle is the systematic
factorization of the dynamics of heavy quarks and the light
degrees of freedom based on the expansion ΛQCD ≫ E.
Within the BOEFT, hybrid, tetraquark and pentaquark

states are bound states of two heavy quarks in the BO-
potentials that depend on the LDF quantum numbers. The
leading order BOEFT potentials in the 1=mQ expansion are
the energies of the LDF in the presence of static heavy
quark pairs. We have shown that the same description
applies to quarkonium and doubly heavy baryons.
In this framework, the only parameters are the funda-

mental QCD parameters, such as the quark masses in a
given scheme, the strong coupling constant αs, and ΛQCD.
However, the theory needs the lattice calculation of some
universal low energy correlators, whose precise form we
have given in Sec. Vand Appendix G. These correlators are
universal (they are heavy flavor independent, because the
flavor dependence is inside the NRQCD matching coef-
ficients) and once calculated can be used for several
applications both in the bottom and in the charm sector.
We describe exotic states as a superposition of different

static states, as was done for quarkonium hybrids in
Ref. [78]. At short distances, the orbital or angular part
of the kinetic energy operator in the Schrödinger equation
mixes the wavefunctions corresponding to different static
states (an effect known as Λ-doubling in molecular phys-
ics), which leads to coupled Schrödinger equations. This is
representative of the adiabatic Born-Oppenheimer frame-
work. We derived a general expression of the mixing matrix
for an arbitrary set of quantum numbers of the LDF.
The specific form is given by Eqs. (4.10) and (4.16),
and the explicit expressions for the integer (hybrids,
tetraquarks) and half-integer (doubly heavy baryons, pen-
taquarks) states are obtained in Eqs. (4.20)–(4.23). In
Appendix I, we give the explicit form of the coupled radial

TABLE XIII. XYZ candidates for quarkonium hybrids based
on mass, quantum numbers and decays to quarkonium taken
from [83]. The left column displays the quantum numbers JPC

along with the multiplet and mass enclosed in parentheses. The
results for the hybrid multiplets, spectrum, and decays to
quarkonium can be found in Ref. [83].

JPC or JP (multiplet [mass]) Exotic hybrid candidates

1−−ðH1½4507�Þ ψð4360Þ, ψð4390Þa, Yð4710Þb
1−−ðH1½10786�Þ ϒð10753Þ
1−þðH1½4507�Þ Xð4630Þc
2−þðH1½4155�Þ Xð4160Þd

aThis state is not listed in PDG [160]. Its existence has been
suggested by the BESIII experiment [161]. For a critical review
see Ref. [8].

bState recently observed by the BESIII collaboration [163].
This state is not listed in PDG [160].

cThe JPC ¼ 1−þ assignment is favored over JPC ¼ 2−þ with a
3σ significance, and other assignments are disfavored by more
than 5σ [160].

dThe JPC ¼ 2−þ assignment is favored over other assignments
with more than 5σ significance [160].
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Schrödinger equations for the lowest hybrid, tetraquark and
pentaquark states.
The BO-potentials (static energies) for exotics corre-

sponding to LDF states enter the coupled Schrödinger
equations through a diagonal potential matrix in the
adiabatic BO-framework [see Eqs. (3.33) and (4.5)]. In
Sec. V B, we describe the short distance behavior of these
BO-potentials. As long as one does not need to consider
higher order corrections in the multipole expansion, which
are suppressed in the short range, the short range behavior
of the BO-potentials depends only on two nonperturbative
parameters: the mass dimension one constant Λκ and the
quadratic slope as shown in Eqs. (5.21) and (5.25). The
parameter Λκ in the case of hybrids is called the gluelump
mass and has been evaluated on the lattice by multiple
collaborations [96,138,140,147,148], while in the case of
adjoint tetraquarks and pentaquarks the adjoint meson and
the baryon mass still need to be evaluated. We have also
listed a set of light quark operators at the NRQCD level that
transform under gauge transformations in such a way to
define the gauge-invariant interpolating operators shown in
Eqs. (5.2)–(5.4) for exotic hadrons with two heavy (anti)
quarks (see also Appendix E). The two-point correlators
involving these interpolating operators may be expressed in
terms of Wilson loops eventually to be computed on the
lattice to extract the BO-potentials for tetraquarks and
pentaquarks.
In Sec. VI, we describe the long distance behavior of the

BO-potentials for exotic states focusing on the mixing with
the heavy-light pair threshold. The mixing only happens if
the LDF of the heavy-light pair threshold (see Tables X and
XI) have the same BO quantum numbers as the LDF of the
exotic state. This implies, for example, that the Σ−

u BO-
potential of quarkonium hybrids can mix with the Σ−

u static
energy of the S-wave meson-antimeson pair threshold (see
first row in Table X), and the mixing is significant if the
energy gap between the two is less than ΛQCD. We write the
expression for the potential matrix that captures this mixing
in Eq. (6.7). The mixing phenomenon implies that the
hybrid can decay into an S-wave plus S-wave meson-
antimeson pair, challenging conventional understanding.
With respect to tetraquarks and pentaquarks, we conclude
that the mixing with the heavy-light pair threshold proceeds
without string-breaking, which is a new finding. In the
diabatic framework, the BO potentials for tetraquark and
pentaquark states that approach the static heavy-light
meson or baryon pair threshold intersect with the quarko-
nium and hybrid BO potentials. This picture is particularly
attractive for what concerns the avoided level crossing that
happens between quarkonium and the first tetraquark static
energy with the same BO quantum numbers. We believe
that this is the phenomenon underlying the existence of an
exotic state like the χc1ð3872Þ with prominent molecular
characteristics. In the case in which the states in different
BO static energies overlap (for excited states or for small

gaps between the static energies), the operators responsible
for the mixing are a spin-violating operator coupled to the
chromomagnetic field, suppressed by a power of the mass
of the heavy quark, and, at short distance, a spin-conserving
operator coupled to the chromoelectric field that is not
suppressed in the heavy quark mass.
The results of our findings are manifold. First, we have

made available for the first time the set of coupled
Schrödinger equations and related multiplets for all quar-
konium exotics. Second, we have given appropriate gauge
invariant operators to be used on the lattice to obtain the
exotic static energies. An important feature of such oper-
ators is that in the tetraquark case they have zero overlap
with states of quarkonium and quarkonium plus pion(s),
while they do have overlap with heavy-light states (see
Appendix G), a feature that could facilitate lattice calcu-
lations. The behavior of the static energies at short
distances that we have given in Sec. V may serve as an
important test for lattice calculations. Third, we have
supplied a comprehensive framework in which to account
for the different types of mixing as well as the role and the
impact of relativistic and spin-dependent corrections,
which can be calculated systematically in the BOEFT.
Mixing can happen at short distances and is fully accounted
for by the given coupled Schrödinger equations. It can also
happen at large distances (avoided level crossing), in which
case it needs the input of the potentials from lattice QCD
calculations and it will be relevant close to the strong decay
threshold and possibly for states with a more prominent
molecular nature like the χc1ð3872Þ.
More in general, the method may be applied to a vast

variety of observables. The BOEFT allows for the study of
quarkonia, hybrids, tetraquarks and pentaquarks in an uni-
fied framework derived from QCD. Leveraging on scale
separation, factorization and symmetries, it allows for greater
simplifications with respect to direct lattice QCDevaluations
of the XYZ properties. Lattice QCD calculations are an
important input, but the correlators requested by the BOEFT
are simpler and universal, allowing to access a large number
of observables. As we have shown, the BOEFTalready has a
large model independent predictive power based on its
symmetries, for instance, we can obtain the exotic multiplets
and several decay selection rules only on the basis of them.
Then, once the lattice input has been incorporated at the level
of static energies, gluelump and adjoint meson masses, and
generalized Wilson loops containing mixing and spin cor-
rections, the predictive power of the theory is further
enhanced. The BOEFT framework could allow for the study
of exotic quarkonia production as well as propagation of
exotic quarkonia inmedium,which are processes not directly
accessible to lattice computations. In fact, BOEFT could be
applied to such studies following what has been done in
NRQCD [107] and pNRQCD [169,170] for quarkonium
production and in [171–173] for quarkonium evolution in
medium.
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The BOEFT can reconcile in a unique framework the
different approaches used up to now in the literature to
describe XYZ states: the tetraquark model and the molecu-
lar description. These seemingly different and not recon-
ciliable approaches appear to be both contained in the
BOEFT. In fact, our work indicates that the tetraquark static
energies contain and evolve into the heavy-light static
energies at large distances. Hence, the BOEFT contains, in
a sense, both the tetraquark model, naturally supplying a
repulsive barrier for short distances25 and the molecular
model, arising from the avoided level crossing close to the
strong decay threshold region. It will be the dynamics of
QCD, encoded in the static energies and in the form of the
mixing, that decide which state has characteristics of a more
prominent molecular or compact tetraquark nature.
In general, these results allow us to give a fresh new look

to the strong force. The confining properties of the potential
between a heavy quark and a heavy antiquark have been
studied since the paper of Wilson in 1974. However, now
we finally understand the interplay of the full spectrum of
static energies in (NR)QCD. We understand that the
confining properties are typical of a quarkonium or a
hybrid state up to the region in which an avoided level
crossing with a tetraquark static energy with the same BO
quantum numbers happens. We understand that the tetra-
quark static energies will show no confining properties. The
strongly interacting world interestingly resembles more the
atomic and molecular realm.
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APPENDIX A: AVOIDED LEVEL CROSSING

Avoided level crossing happens whenever the
Hamiltonian of a system has diagonal elements that become

equal at some point of the parameter space, while the off-
diagonal elements are small but finite [176]. For illustration
consider the 2 × 2 Hamiltonian

hijHjji ¼
�
E1ðrÞ δmix

δmix E2ðrÞ

�
ij

; for i; j ¼ 1; 2; ðA1Þ

constructed on a basis of orthonormal states j1i and j2i that
clearly are not eigenstates of H as long as δmix ≠ 0. The
diagonal entries E1ðrÞ and E2ðrÞ depend on some param-
eter r (e.g. the heavy quark-antiquark or quark-quark
distance). We assume that E1ðrÞ and E2ðrÞ behave like
in Fig. 13, left panel, i.e. that they cross at some point
r ¼ rc. Furthermore, we assume that the off diagonal
entry, δmix, is constant, positive and much smaller than
jE1ðrÞ − E2ðrÞj for r ≫ rc and r ≪ rc.
Diagonalizing the matrix H leads to the two eigenvalues

E�ðrÞ ¼
E1ðrÞ þ E2ðrÞ

2
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE1ðrÞ − E2ðrÞÞ2 þ 4δ2mix

q
;

ðA2Þ

where E−ðrÞ is the ground state and EþðrÞ the excited state.
At r ¼ rc, E1ðrcÞ ¼ E2ðrcÞ and the two eigenvalues
become

E�ðrcÞ ¼ E1ðrcÞ � δmix: ðA3Þ

This means that the two levels do not cross at r ¼ rc, but
develop a gap, which is 2δmix. For r ≫ rc or r ≪ rc, under
the assumption δmix ≪ jE1ðrÞ − E2ðrÞj=2, we obtain (at
leading order in δmix)

E�ðrÞ ≈
E1ðrÞ þ E2ðrÞ

2
� jE1ðrÞ − E2ðrÞj

2
: ðA4Þ

This implies that EþðrÞ behaves like E2ðrÞ for r ≪ rc and
like E1ðrÞ for r ≫ rc. Vice versa, E−ðrÞ behaves like E1ðrÞ
for r ≪ rc and likeE2ðrÞ for r ≫ rc. The behavior of E�ðrÞ
is shown in Fig. 13, right panel. It goes under the name of
avoided level crossing.
The eigenstates of H, Hj�i ¼ E�ðrÞj�i, are a linear

combination of the original states j1i and j2i,
� jþi
j−i

�
¼ UðθðrÞÞ

� j1i
j2i

�
; with

UðθðrÞÞ ¼
�

cos θðrÞ
2

sin θðrÞ
2

− sin θðrÞ
2

cos θðrÞ
2

�
; ðA5Þ

where the mixing angle, 0 ≤ θðrÞ < π, has been defined as
tan θðrÞ≡ 2δmix=ðE1ðrÞ − E2ðrÞÞ. For r ≪ rc, tan θðrÞ is
small and negative and hence θ approaches π−; for r ≫ rc,
tan θðrÞ is small and positive and hence θ approaches 0þ; at
r ¼ rc, θðrcÞ ¼ π=2. Consistently with the behavior of the

25Phenomenological compact tetraquark models in the liter-
ature needs such a repulsive core; see Refs. [174,175].
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energy eigenvalues E�ðrÞ, the excited eigenstate jþi
approaches j2i for r ≪ rc and j1i for r ≫ rc. Vice versa,
the ground state j−i approaches −j1i for r ≪ rc and j2i
for r ≫ rc.
The evolution operator in the j1i and j2i basis reads

h1je−iHT j1i¼ cos2
θðrÞ
2

e−iEþðrÞTþsin2
θðrÞ
2

e−iE−ðrÞT; ðA6Þ

h2je−iHT j2i¼sin2
θðrÞ
2

e−iEþðrÞTþcos2
θðrÞ
2

e−iE−ðrÞT; ðA7Þ

h1je−iHT j2i¼ h2je−iHT j1i¼ sinθðrÞ
2

ðe−iEþðrÞT −e−iE−ðrÞTÞ;
ðA8Þ

where T is time. For r far away from rc (either r ≫ rc or
r ≪ rc) the first matrix element behaves like e−iE1T and the
second one like e−iE2T . Determining the above three matrix
elements means determining the three functions E�ðrÞ and
θðrÞ. Once these are known the 2 × 2 matrix H in the j1i
and j2i basis may be reconstructed through the rotated basis
(A5). Alternatively, we can write

i
T
log

� h1je−iHT j1i h1je−iHT j2i
h2je−iHT j1i h2je−iHT j2i

�

¼ i
T
log
�
UðθðrÞÞ−1

�
e−iEþðrÞT 0

0 e−iE−ðrÞT

�
UðθðrÞÞ

�

¼ UðθðrÞÞ−1
�
EþðrÞ 0

0 E−ðrÞ

�
UðθðrÞÞ

¼
�
E1ðrÞ δmix

δmix E2ðrÞ

�
: ðA9Þ

APPENDIX B: WIGNER D-MATRICES
AND MIXING MATRICES

The conventional spherical coordinate system used for
the relative coordinate is spanned by the vectors

r̂¼

0
B@
sinθcosφ

sinθsinφ

cosθ

1
CA; θ̂¼

0
B@
cosθcosφ

cosθsinφ

−sinθ

1
CA; φ̂¼

0
B@
−sinφ

cosφ

0

1
CA:

ðB1Þ

With these, the heavy quark angular momentum operator
LQ can be expressed as26

LQ ¼ −iφ̂∂θ þ
i

sin θ
θ̂∂φ: ðB2Þ

However, only one out of these three coordinate vectors
actually transforms as a vector under rotations:

½Li
Q; r̂

j� ¼ iθ̂iφ̂j − iφ̂iθ̂j ¼ iϵijkr̂k; ðB3Þ

½Li
Q; θ̂

j� ¼ iφ̂ir̂j þ i cot θθ̂iφ̂j; ðB4Þ

½Li
Q; φ̂

j� ¼ −iθ̂ir̂j − i cot θθ̂iθ̂j: ðB5Þ

This can be remedied by introducing a new angle ψ in the
following way27:

L0
Q ¼ −iðr̂þ cot θθ̂Þ∂ψ − iφ̂∂θ þ

i
sin θ

θ̂∂φ; ðB6Þ

x̂0 ¼ cosψ θ̂þ sinψφ̂; ŷ0 ¼− sinψ θ̂þ cosψφ̂; ẑ0 ¼ r̂:

ðB7Þ

FIG. 13. Left: level crossing. Right: avoided level crossing.

26To be more accurate, we should distinguish between LQ as a
differential operator and LQ in terms of field operators. However,
their relation is such that the field operator LQ acting on jθ;φi has
the effect of the differential operator LQ acting on any function of
the coordinates convoluted with jθ;φi, so we simply use the same
symbol for both out of convenience.

27We adhere to the convention of active rotation, where the
vector undergoes transformation as a result of rotation, while
keeping the coordinate system fixed. An active rotation for the
vector corresponds to a passive rotation for the coordinate system.
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It can be easily checked that in this new coordinate system
ðx̂0; ŷ0; ẑ0Þ each direction transforms as a vector under
rotations. The new angle ψ can be interpreted as the
Euler first angle. We follow the z-y-z convention for the
rigid-body rotation: the rigid body is first rotated around
the space-fixed z-axis by an angle ψ , then around the space-
fixed y-axis by an angle θ, and finally around the space-
fixed z-axis by an angle φ. The new axes ðx̂0; ŷ0; ẑ0Þ are
body-fixed axes, which naturally transform as vectors when
the rigid body is rotated and the new angular momentum
operator L0

Q is known as the generator for rotations of a
rigid body. In terms of space-fixed axes ðx̂; ŷ; ẑÞ, the
rotation matrix is given by

Rðψ ;φ; θÞ ¼ RzðψÞRyðθÞRzðφÞ; ðB8Þ

where RnðθÞ denotes the rotation matrix describing a
rotation about the n̂ axis by an angle θ. We may introduce
ψ into the expression of the exotic states in the following
way:

jl; m; k; λi ¼
Z

dΩ0ffiffiffiffiffiffi
2π

p jθ;φijk; λi0Dλ
lmðψ ; θ;φÞ; ðB9Þ

where

Z
dΩ0 ¼

Z
dΩ
Z

π

−π
dψ ; jk; λi0 ¼ e−iλψ jk; λi; and

Dλ
lmðψ ; θ;φÞ ¼

eiλψffiffiffiffiffiffi
2π

p vλlmðθ;φÞ: ðB10Þ

We see that the two phase factors in jk; λi0 and Dλ
lm cancel

each other, and the two normalization factors 1=
ffiffiffiffiffiffi
2π

p
cancel

against the integral over ψ, so this expression is evidently
the same as Eq. (4.9). Since the whole expression does not
depend on ψ , it is also no problem to replace LQ by L0

Q.
Since the static heavy quark-antiquark pair is a linear

rigid rotator, there is no physical meaning for ψ, it does not
relate to the position of a static particle, as opposed to θ and
φ (which is the reason why we could not promote jθ;φi to a
jψ ; θ;φi state as well). However, there is a great advantage
gained from its inclusion. The coordinates for the light
degrees of freedom in jk; λi are expressed relative to the
ðx̂0; ŷ0; ẑ0Þ axes. An active rotation generated by L0

Q acting
on the coordinates of the static quarks (including ψ) is,
therefore, perceived as a passive rotation by the coordinates
of the light degrees of freedom:

L0
Qjk; λi0 ¼ −Kjk; λi0: ðB11Þ

Consequently, when acting with the combined angular
momentum operator L2 ¼ ðK þ L0

QÞ2 on the exotic states,
we obtain

L2jl;m;k;λi¼
Z

dΩ0ffiffiffiffiffiffi
2π

p ðK2þ2K ·L0
QþL02

QÞjθ;φi

× jk;λi0Dλ
lmðψ ;θ;φÞ

¼
Z

dΩ0ffiffiffiffiffiffi
2π

p jθ;φijk;λi0L02
QD

λ
lmðψ ;θ;φÞ; ðB12Þ

where we have used

L02
Qjk; λi0 ¼ K2jk; λi0 − 2ðKjk; λi0Þ · L0

Q þ jk; λi0L02
Q;

K · L0
Qjk; λi0 ¼ ðKjk; λi0Þ · L0

Q − K2jk; λi0: ðB13Þ
Hence, in Eq. (B12), in order for jl; m; k; λi to be an
eigenstate of the combined angular momentum L2, it is
sufficient for the orbital wave function Dλ

lm to be an
eigenfunction of L02

Q.
The eigenfunctions of angular momentum in the case

of a rotating rigid body are known in terms of Wigner’s
D-matrices (which is why we use the symbol D). It can be
easily verified that the components of L0

Q satisfy the same
commutation relations as those of LQ. Moreover, the set of
operators fx̂0 · L0

Q; ŷ
0 · L0

Q; ẑ
0 · L0

Qg commutes with L0
Q and

exhibits almost similar commutation relations,

½x̂0 ·L0
Q; ŷ ·L

0
Q� ¼ x̂0i½L0i

Q; ŷ
0j�L0j

Qþ x̂0iŷ0j½L0i
Q;L

0j
Q�

þ ŷ0j½x̂0i;L0j
Q�L0i

Q

¼ iϵijkx̂0iŷ0kL0j
Qþ iϵijkx̂0iŷ0jL0k

Qþ iϵijkŷ0jx̂0kL0i
Q

¼−iẑ0 ·L0
Q; ðB14Þ

and the ones obtained by cyclic permutations. We also have
ðx̂0 · L0

QÞ2 þ ðŷ0 · L0
QÞ2 þ ðẑ0 · L0

QÞ2 ¼ L02
Q. We therefore can

construct the orbital wave functions as eigenfunctions of
L02
Q, L0

Q;z ¼ ẑ · L0
Q, and Λ̃ ¼ ẑ0 · L0

Q, with eigenvalues
lðlþ 1Þ, m, and −λ respectively, and use

L0
Q;� ¼ L0

Q;x � iL0
Q;y; ðB15Þ

Λ̃� ¼ x̂0 · L0
Q ∓ iŷ0 · L0

Q ðB16Þ

as ladder operators to raise(lower) the quantum numbers m
and λ respectively. These ladder operators lead to the
constraints on the quantum numbers −l ≤ m ≤ l and
−l ≤ λ ≤ l. An explicit expression for the eigenfunctions
(out of several equivalent possibilities) is given by

Dλ
lmðψ ; θ;φÞ ¼

ð−1Þlþm

2l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

8π2
ðl −mÞ!

ðlþmÞ!ðl − λÞ!ðlþ λÞ!

s

× eiλψPλ
lmðcos θÞeimφ; ðB17Þ

Pλ
lmðxÞ ¼ ð1 − xÞðm−λÞ=2ð1þ xÞðmþλÞ=2

× ∂
lþm
x ð1 − xÞlþλð1þ xÞl−λ: ðB18Þ
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The relation with the Wigner’s D-matrix is found in the
expression of an angular momentum eigenstate polarized in
the ðx̂0; ŷ0; ẑ0Þ system, such as the K2 and Kz0 eigenstate
jk; λi0, in terms of states polarized in an external reference
frame ðx̂; ŷ; ẑÞ, such as the K2, Kz eigenstate jk;mki:

jk; λi0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8π2

2kþ 1

s Xk
mk¼−k

Dλ�
kmk

ðψ ; θ;φÞjk;mki: ðB19Þ

Accordingly, we have the following orthogonality relations:Z
dΩ0 Dλ0�

l0m0 ðψ ; θ;φÞDλ
lmðψ ; θ;φÞ ¼ δl0lδm0mδ

λ0λ; ðB20Þ

Xk
λ¼−k

Dλ�
km0 ðψ ; θ;φÞDλ

kmðψ ; θ;φÞ ¼
2kþ 1

8π2
δm0m; ðB21Þ

Xk
m¼−k

Dλ0�
kmðψ ; θ;φÞDλ

kmðψ ; θ;φÞ ¼
2kþ 1

8π2
δλ

0λ; ðB22Þ

where we have used the labels k or l for the first quantum
number, depending on the context for which the relation is
more relevant.
The expression of the mixing matrix in the Schrödinger

equation is given by the matrix elements of L2
Q between the

eigenstates defined in Eq. (B9):

Mλ0λ ¼ hl; m; k; λ0jL2
Qjl; m; k; λi

¼
Z

dΩ0 Dλ0�
lm ðψ ; θ;φÞhk; λ0j0L02

Qjk; λi0Dλ
lmðψ ; θ;φÞ:

ðB23Þ

Since L0
Q acts on jk; λi0 like −K, we can rewrite this as

L02
Qjk; λi0 ¼ L02

Qjk; λi0 − 2Kjk; λi0 · L0
Q þ jk; λi0L02

Q

¼ K2jk; λi0 − K0þjk; λi0Λ̃þ − K0
−jk; λi0Λ̃−

− 2K0
zjk; λi0Λ̃þ jk; λi0L02

Q; ðB24Þ

where K0
� ¼ ðx̂0 � iŷ0Þ · K and K0

z ¼ ẑ0 · K. With this we
have expressed L02

Q in terms of defining and ladder
operators for both jk; λi0 and Dλ

lm, so we find

Mλ0λ ¼ ðlðlþ 1Þ− 2λ2 þ kðkþ 1ÞÞδλ0λ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ− λðλþ 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − λðλþ 1Þ

p
δλ

0λþ1

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kðkþ 1Þ− λðλ− 1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ− λðλ− 1Þ

p
δλ

0λ−1:

ðB25Þ

We recall here that beyond the short-distance limit the
action of K2 and K0

� on jk; λi0 is only approximately given
by the eigenvalue relations used above (while the other

relations remain exact), and there will be corrections
suppressed by higher powers in r involving static states
not included in the same short-range multiplet.

APPENDIX C: GROUP FACTORS

The product of two triplet representations of SUð3Þ can
be decomposed into the sum of an antitriplet and a sextet
representation: 3 ⊗ 3 ¼ 3̄þ 6. We use the 3̄ and 6 tensor
invariants from Ref. [89]

Tl
ij ¼

1ffiffiffi
2

p ϵlij; i; j;l ¼ 1; 2; 3; ðC1Þ

Σσ
ij i; j ¼ 1; 2; 3 σ ¼ 1;…; 6;

Σ1
11 ¼ Σ4

22 ¼ Σ6
33 ¼ 1;

Σ2
12 ¼ Σ2

21 ¼ Σ3
13 ¼ Σ3

31 ¼ Σ5
23 ¼ Σ5

32 ¼
1ffiffiffi
2

p ; ðC2Þ

and all other entries are zero. Both Tl
ij and Σσ

ij are real; T
l
ij is

totally antisymmetric, and Σσ
ij is symmetric in the i and j

indices. They satisfy the orthogonality and normalization
relations:

X3
i;j¼1

Tl1
ij T

l2
ij ¼δl1l2 ;

X3
i;j¼1

Σσ1
ij Σ

σ2
ij ¼δσ1σ2 ;

X3
i;j¼1

Tl
ijΣσ

ij¼0:

ðC3Þ

APPENDIX D: TRANSFORMATION
UNDER REFLECTION

The quantum number σ in Λσ
η is the eigenvalue under

reflection (denoted by M) across a plane containing the
quark axis. It is only relevant for Σ states (i.e. Λ ¼ 0),
which are invariant under rotations around the quark axis.
Let us discuss the transformation behavior under reflec-

tions M. We may choose any reflection plane that includes
r̂, so in the ðθ̂; φ̂; r̂Þ coordinate system we choose the r̂ − θ̂
plane, which also includes the z-axis from the external
reference frame (i.e. the coordinate system in which the
heavy quark positions are defined). This means that the
coordinate along the φ̂-axis receives a minus under
reflections, whereas the other two remain unchanged.
Because the angular momentum is a pseudovector (as
the cross product between two vectors), it transforms with
an overall minus, which means

r̂ · K⟶
M

− ðr̂ · KÞ; ðθ̂� iφ̂Þ · K⟶
M

− ðθ̂ ∓ iφ̂Þ · K;
ðD1Þ

where the second relation describes the transformation of
the ladder operators for the λ quantum number given by
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Eq. (B16) [with ψ ¼ 0 in Eq. (B7)]. It follows then that the
static states transform as

jk; λi⟶M σð−1Þλjk;−λi; ðD2Þ

where the factor σ is independent of λ and for integer k
corresponds to the Λσ

η quantum number.
The reflection operation can be related to parity through

a rotation around the φ̂-axis by an angle π:

M ¼ exp ½iπφ̂ · K�P: ðD3Þ

The rotation matrix is straightforward to compute for a
given k-representation, but even without a direct calculation
for general k we can say that its eigenvalues are given by
ð−1Þλ0 , −k ≤ λ0 ≤ k, which would be the diagonal entries in
a basis where the quantization axis is φ̂. Consequently, its
trace is given by ð−1Þk. Combining this with the σTð−1Þk
factor from parity, and noting that the only diagonal entry in
Eq. (D2) is for λ ¼ 0, we obtain

TrfMg ¼ ð−1ÞkσTð−1Þk ¼ σ: ðD4Þ

The two k-dependent signs cancel, and we see that we can
identify the reflection factor σ with the tensor sign σT . For
half-integer states, the overall sign is arbitrary, so we may
simply adopt a convention where the states transform
according to Eq. (D2) with σ ¼ σT .
Since reflections remain a symmetry of the LDF system

beyond the short distance limit, it was to be expected
that the transformation is independent of k. An interesting
result of this section is the dependence on σT , which
implies that the multipole expansion of the LDF operator
(i.e. giving the static state as a superposition of different k
states) will consist either of all tensor or all pseudotensor
representations.

APPENDIX E: GAUGE INVARIANCE

Weshow that the interpolatingoperators inEqs. (5.2)–(5.4)
are gauge-invariant. Under gauge transformations, the quark
field q and the Wilson line ϕðx1; x2Þ transform as

q → Uq; ϕðx1; x2Þ → Uϕðx1; x2ÞU†; ðE1Þ

where the matrix U is unitary and has determinant 1:
U†U ¼ UU† ¼ 1, and detU ¼ 1. The matrix U is given
by U ¼ exp ðiαaTaÞ, where αa are parameters and Ta are the
generators of the fundamental representation of the gauge
group SUð3Þ. For simplicity, we consider a general operator
Aa ¼ q̄Taq0 that transforms according to the adjoint repre-
sentation of SUð3Þ,

Aa → q̄U†TaUq0 ≡ Uab
adj A

b; ðE2Þ

where the infinitesimal transformation Uab
adj is given by

Uab
adj ¼ δab þ iαcðtcÞab ≡ δab − αcfacb; ðE3Þ

and in the last line we have used the generators in the adjoint
representation. Moreover, from the infinitesimal trasnforma-
tion Uab

adj, it follows immediately that

Uab
adjU

ac
adj ¼ δbc: ðE4Þ

Under the gauge transformations (E1), the interpolating

operator OðQQ̄Þ8
κ;λ ðt; r;RÞ for QQ̄qq̄ tetraquarks in Eq. (5.2),

with light fieldsHα;a
8;κ ðt;RÞ given by Table VI, and explicitly

writing the color indices, transforms as

OðQQ̄Þ8
κ;λ ðt; r;RÞ ¼ χ†ðt; x2Þϕðt; x2;RÞPα†

κλH
α;a
8;κ ðt;RÞTaϕðt;R; x1Þψðt; x1Þ

¼ Pα†
κλ ½χ†ðt; x2Þϕðt; x2;RÞ�k½q̄iðt; xÞΓ̃αTa

ijqjðt; xÞ�Ta
kl½ϕðt;R; x1Þψðt; x1Þ�l

⟶ Pα†
κλ ½χ†ðt; x2Þϕðt; x2;RÞ�sU†

sk½q̄pðt; xÞΓ̃αU†
piT

a
ijUjmqmðt; xÞ�Ta

klU lr½ϕðt;R; x1Þψðt; x1Þ�r
¼ Uac

adjU
ab
adj½χ†ðt; x2Þϕðt; x2;RÞ�sPα†

κλ ½q̄pðt; xÞΓ̃αTc
pmqmðt; xÞ�Tb

sr½ϕðt;R; x1Þψðt; x1Þ�r
¼ OðQQ̄Þ8

κ;λ ðt; r;RÞ; ðE5Þ

where Γ̃α is one of the Dirac matrices from Table VI, and we have used Eqs. (E2) and (E4) to show gauge
invariance.
Under the gauge transformations (E1), the interpolating operator OðQQÞ3̄

κ;λ ðt; r;RÞ for QQq̄q̄ tetraquark in Eq. (5.3), with
ðQQÞ3̄ antitriplet in color and light fields Hα;l

3;κ ðt;RÞ given by Tables VIII and IX, and explicitly writing the color indices,
transforms as
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OðQQÞ3̄
κ;λ ðt; r;RÞ ¼ ψTðt; x2ÞϕTðt; x2;RÞPα†

κλH
α;l
3;κ ðt;RÞTlϕðt;R; x1Þψðt; x1Þ

¼ Pα†
κλ ½ψTðt; x2ÞϕTðt; x2;RÞ�k½q̄iðt; xÞTl

ijΓ̃αq�jðt; xÞ�Tl
kn½ϕðt;R; x1Þψðt; x1Þ�n

⟶ Pα†
κλ ½ψTðt; x2ÞϕTðt; x2;RÞ�sUT

sk½q̄pðt; xÞU†
piT

l
ijΓ̃αU�

jmq
�
mðt; xÞ�Tl

knUnr½ϕðt;R; x1Þψðt; x1Þ�r; ðE6Þ

where Tl is the antisymmetric tensor defined in Eq. (C1).
Using the color identity relation for the antisymmetric
tensor Tl,

X
l

Tl
ijT

l
kn ¼

1

2
ðδikδjn − δinδjkÞ; ðE7Þ

and the identity,

UT
skU

†
piT

l
ijT

l
knU

�
jmUnr

¼ UksU
†
piU

†
mjUnr

1

2
ðδikδjn − δinδjkÞ

¼ 1

2
½ðU†UÞpsðU†UÞmr − ðU†UÞprðU†UÞms�

¼ 1

2
ðδpsδmr − δprδnsÞ ¼ Tl

pmTl
sr; ðE8Þ

we can show the gauge invariance of the interpolating

operator OðQQÞ3̄
κ;λ ðt; r;RÞ for QQq̄q̄ tetraquark states.

Under the gauge transformations (E1), following the
same steps as in Eq. (E6) and using the identity

X
σ

Σσ
ijΣσ

kn ¼
1

2
ðδikδjn þ δinδjkÞ; ðE9Þ

we can similarly show the gauge invariance of the inter-

polating operator OðQQÞ6
κ;λ ðt; r;RÞ for QQq̄ q̄ tetraquark in

Eq. (5.4), with color sextet ðQQÞ6 and light fields
Hα;l

6̄;κ
ðt;RÞ given by Tables VIII and IX.

With regard to pentaquark states QQ̄qqq or QQqqq̄ and
doubly heavy baryons QQq, we can similarly show the

gauge invariance of the interpolating operatorOðQQÞ3̄
κ;λ ðt; r;RÞ

by combining results in Eqs. (E5) and (E6) with the under-
standing that the two light quarks (antiquarks) in color
antitriplet (triplet) transform in the same way as antiquarks
(quarks) under gauge transformation. Indeed, under infini-
tesimal gauge transformation, two quarks in a color anti-
triplet representation transform as

ðqqÞ3̄;l ≡ ϵljkqjqk → ϵljkUjmUknqmqn

¼ ϵrjkðUU†ÞrlUjmUknqmqn

¼ ϵrjkUrsUjmUknU
†
slqmqn

¼ detðUÞϵsmnU
†
slqmqn ¼ ϵsmnqmqnU

†
sl; ðE10Þ

which is equivalent to the gauge transformation of an
antiquark (color antitriplet representation), if we identity
q̄s ≡ ϵsmnqmqn.

APPENDIX F: PROJECTION VECTORS

The projection vectors Pκλðθ;φÞ project the fields or
operators on representations of the cylindrical symmetry,
D∞h. The projection vectors are defined as the eigenvectors
(column vectors) with dimension ð2kþ 1Þ × 1 of r̂ · K,
where K is the total angular momentum of the LDF and r̂ is
the heavy quark pair axis:

ðr̂ · KÞPκλ ¼ λPκλ: ðF1Þ

The operator ðr̂ · KÞ is a matrix of dimension ð2kþ 1Þ ×
ð2kþ 1Þ and eigenvalues λ ¼ −k;…; 0;…; k. Solving the
eigensystem in Eq. (F1), a general expression for the
components of the projection vectors can be given in terms
of Wigner D-matrices:

Pα
κλðθ;φÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8π2

2kþ 1

s
Dλ�

kαð0; θ;φÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2kþ 1

r
vλ�kαðθ;φÞ;

ðF2Þ

where α ¼ k;…; 0;…;−k, as we are using a spherical
basis. Specific examples of projection operators are

P1
2
1
2
ðθ;φÞ ¼ 2π

 
D1=2�

1=21=2ð0; θ;φÞ
D1=2�

1=2−1=2ð0; θ;φÞ

!
¼
 
cosðθ

2
Þe−iφ=2

sinðθ
2
Þeiφ=2

!
;

ðF3Þ

P1
2
−1
2
ðθ;φÞ ¼ 2π

 
D−1=2�

1=21=2ð0;θ;φÞ
D−1=2�

1=2−1=2ð0;θ;φÞ

!
¼
 
− sinðθ

2
Þe−iφ=2

cosðθ
2
Þeiφ=2

!
;

ðF4Þ

P10ðθ;φÞ¼
ffiffiffiffiffiffiffi
8π2

3

r 0
BB@

D0�
11ð0;θ;φÞ

D0�
10ð0;θ;φÞ

D0�
1−1ð0;θ;φÞ

1
CCA¼

0
BB@
− 1ffiffi

2
p sinðθÞe−iφ
cosðθÞ

1ffiffi
2

p sinðθÞeiφ

1
CCA;

ðF5Þ
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P1�1ðθ;φÞ ¼
ffiffiffiffiffiffiffi
8π2

3

r 0
BB@

D�1�
11 ð0; θ;φÞ

D�1�
10 ð0; θ;φÞ

D�1�
1−1ð0; θ;φÞ

1
CCA

¼

0
BB@

1
2
ð1� cosðθÞÞe−iφ
� 1ffiffi

2
p sinðθÞ

1
2
ð1 ∓ cosðθÞÞeiφ

1
CCA: ðF6Þ

In Refs. [78,80,81,85], the projection vectors for
k ¼ 1ðλ ¼ 0;�1Þ in the Cartesian basis were used for
the construction of the BOEFT and the coupled
Schrödinger equations for hybrids:

P10 ¼ r̂; P1�1 ¼ r̂�≡ ∓ 1ffiffiffi
2

p ðθ̂� iφ̂Þ; ðF7Þ

where r̂, θ̂, and φ̂ are the spherical unit vectors. However,
they can be also expressed as

P1λ ¼ r̂λ ¼
ffiffiffiffiffiffiffi
8π2

3

r 0
BBB@

Dλ�
1−1ð0;θ;φÞ−Dλ�

11
ð0;θ;φÞffiffi

2
p

Dλ�
1−1ð0;θ;φÞþDλ�

11
ð0;θ;φÞ

i
ffiffi
2

p

Dλ�
00ð0; θ;φÞ

1
CCCA;

λ ¼ 0;�1: ðF8Þ

In Ref. [78], the mixing matrices in the coupled
Schrödinger equations for hybrids arise from the
term P†α

1λðθ;φÞL2
QP

α
1λ0 ðθ;φÞ,28 which is equivalent to

hk; λjL2
Qjk; λ0i in Eq. (B23) of the current work. The

resulting matrix of differential operators (in the λλ0 indices)
is then contracted with a vector wave function:
ΨðrÞ ¼ ψðθ;φÞRðrÞ, where ψðθ;φÞ is the angular wave-
function matrix acting on the radial wavefunction (column
vector) RðrÞ. The angular parts are defined as eigenfunc-
tions of P†α

1λL
2
QP

α
1λ0 , in the sense that the eigenvalues take

matrix form. This angular eigenvalue matrix then gives the
mixing matrix in the radial Schrödinger equation. In
Ref. [78], the angular wavefunctions were written as
ψðθ;φÞ ¼ diagðv0lmðθ;φÞ; v1lmðθ;φÞ; v−1lmðθ;φÞÞ. They give
the same mixing matrices as here, where we obtained them
from the matrix elements between eigenstates of total
angular momentum, hl; m; k; λjL2

Qjl; m; k; λ0i. The linear
combinations of states jl; m; k;�λi for λ ≠ 0 have been
introduced here to construct the parity eigenstates
jl; m; k; jλj; ϵi, which are given in Eq. (4.15). With the
parity eigenstates, the mixing matrix is block-diagonal,
which leads to the decoupling of the opposite parity states
in the Schrödinger equations. In Ref. [78], an identical

linear combination of states corresponding to λ ¼ �1
[Eqs. (49) and (50) in [78] ] was introduced that resulted
in the decoupling of opposite parity states by making the
mixing matrix in the Schrödinger equations block-
diagonal.

APPENDIX G: OVERLAP OF INTERPOLATING
OPERATOR WITH COLOR OCTET ðQQ̄Þ8

1. Quarkonium

When writing down the interpolating operator for exotic
hadrons with a QQ̄ pair in Eq. (5.2), we considered a color
octet ðQQ̄Þ8 configuration. In the absence of light quarks
ðPα

κ;λH
α;a
8;κ ðt;RÞTa ≡ 1Þ, the interpolating operator for the

color singlet ðQQ̄Þ1 pair corresponds to a quarkonium state.
With light quarks, the interpolating operator for the color
singlet ðQQ̄Þ1 pair in the isospin I ¼ 1 case corresponds to
a quarkonium plus a pion state [104] and in the isospin
I ¼ 0 case corresponds to a quarkonium or a quarkonium
plus two pions states [123,124]. In the short distance
limit r → 0, the color singlet potential being attractive is
lower in energy than the repulsive color octet potential.
As a result, within lattice computations, any operator that
overlaps with the quarkonium state will primarily manifest
an attractive color singlet potential at large times and short
distances.
A generic quarkonium state jQi (with principal quantum

number n, total angular momentum J, orbital angular
momentum L, and spin S) can be described in NRQCD
by a state (for simplification, we use center of mass frame
R ¼ 0)29

jQi ¼ N
Z

d3rΨðnÞðrÞψ†
bðt;−r=2Þϕbcðt;−r=2; r=2Þ

× χcðt; r=2ÞjΩi; ðG1Þ

where ΨðnÞðrÞ is the quarkonium wavefunction with quan-
tum numbers ðnÞ ¼ fn; J; L; Sg, N is a normalization
constant, and jΩi denotes vacuum with respect to the
heavy quark fields ψðxÞ, χðxÞ but can contain ultrasoft
modes such as gluons and pions. We have explicitly
specified the color indices for the operators. The quark
field with the Wilson line, ϕðt; 0;−r=2Þψðt;−r=2Þ, trans-
forms under gauge transformation like a quark field in 0.
The overlap of the interpolating operator for exotic hadrons
with the color octet ðQQ̄Þ8 pair [Eq. (5.2) ] on the state jQi
is given by

28This term originates from the kinetic energy operator:
P†α
1λ ðθ;φÞ∇2Pα

1λ0 ðθ;φÞ ¼ 1
r
∂
2

∂r2 r −
1
r2 P

†α
1λ ðθ;φÞL2

QP
α
1λ0 ðθ;φÞ.

29For the purpose of the current work, we do not need to
explicitly specify the one pion (I ¼ 1) or two pion states (I ¼ 0)
along with the quarkonium. We assume that pions are contained
in the state jΩi.
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OðQQ̄Þ8
κ;λ ðt; rÞjQi
¼ χ†mðt; r=2Þϕmiðt; r=2; 0ÞPα†

κλH
α;a
8;κ ðt; 0Þ

× Ta
ijϕjnðt; 0;−r=2Þψnðt;−r=2ÞjQi

¼ N δ3ð0ÞΨðnÞðrÞPα†
κλH

α;a
8;κ ðt; 0ÞTa

iijvaci ¼ 0; ðG2Þ

since the generators Ta are traceless matrices and we have
used the equal time anticommutation relation for the fields
ψ and χ. We get, therefore, that the interpolating operator in
Eq. (5.2) with the color octet ðQQ̄Þ8 pair has zero overlap
on the state jQi. From a practical point of view, this could
be useful for lattice calculations of the static energies of the

adjoint QQ̄ tetraquark and pentaquark states since the
interpolating operator in Eq. (5.2) will explicitly probe the
repulsive color octet behavior of the QQ̄ pair at short
distance.

2. Pair of heavy-light meson state

A generic heavy-light meson pair state jMM̄i (with
total angularmomentumquantumnumber J ¼ jJ1 − J2j;…;
J1 þ J2, where J1 is the angular momentumofmesonM and
J2 is the angularmomentumofmeson M̄) can be described in
NRQCD by a state (for simplification, we use center of mass
frame R ¼ 0)

jMM̄i ¼
�
N
Z

d3rΨJðrÞ
Z

d3y φJ1ðyþ r=2Þψ†
cðt;−r=2Þϕcdðt;−r=2; yþ r=2Þ½PþΓ1qdðt; yþ r=2Þ

�

×
Z

d3z φJ2ðz − r=2Þ½q̄bðt; z − r=2ÞΓ2P−�ϕbeðt; z − r=2; r=2Þχeðt; r=2Þ�jvaci; ðG3Þ

where φJ1ðyþ r=2Þ is the light antiquark wavefunction in the mesonM, φJ2ðz − r=2Þ is the light quark wavefunction in the
meson M̄,ΨJðrÞ is the wavefunction of the heavy-light meson pair stateMM̄, Γ1 and Γ2 are (combinations of) Dirac gamma
matrices such as γ0; γ5; γ0γ5; γi;…,P� ¼ ð1� γ0Þ=2, jvaci denotes the vacuum state,N is a normalization factor andwe have
explicitly specified the color indices.
The overlap of the interpolating operator for exotic hadrons with the color octet ðQQ̄Þ8 pair in Eq. (5.2) on the state jMM̄i

is given by

OðQQ̄Þ8
κ;λ ðt; rÞjMM̄i ¼ Pα†

κλ ½χ†mðt; r=2Þϕmiðt; r=2; 0Þ½q̄pðt; 0ÞΓ̃αTa
pkqkðt; 0Þ�Ta

ijϕjnðt; 0;−r=2Þψnðt;−r=2Þ�jMM̄i
∝ N δ3ð0ÞΨJðrÞφJ1ð0ÞφJ2ð0ÞTr½TaTa�

¼ 1

2
δaaN δ3ð0ÞΨJðrÞφJ1ð0ÞφJ2ð0Þ; ðG4Þ

where Γ̃α in the first line denotes gamma matrices, γ0; γ5; γ0γ5; γi;…, and we have used the equal time anticommutation
relation for the fields ψ and χ. The proportionality symbol in the third line denotes that we have not explicitly computed the
Dirac gamma matrices. We get that the interpolating operator in Eq. (5.2) with the color octet ðQQ̄Þ8 pair has nonzero
overlap on the state jMM̄i. From a practical point of view, this implies that in lattice calculations of the static energies of
ðQQ̄Þ8 tetraquark and pentaquark states, the static energies will approach the heavy-light meson pair threshold at long
distance, r ≫ Λ−1

QCD, which is consistent with the lattice results in Ref. [104].

APPENDIX H: SPIN-ISOSPIN-COLOR COMBINATIONS FOR PENTAQUARKS

1. QQ̄qqq pentaquarks

In the (iso)spin sector, the quartet is fully symmetric, while the two doublets have mixed symmetry. Ignoring color and
isospin indices, the explicit spin combinations are given by

j3=2;þ3=2i ¼ j↑↑↑i; j1=2;þ1=2iS ¼
−1ffiffiffi
6

p ðj↓↑↑i þ j↑↓↑i − 2j↑↑↓iÞ;

j3=2;þ1=2i ¼ 1ffiffiffi
3

p ðj↓↑↑i þ j↑↓↑i þ j↑↑↓iÞ; j1=2;−1=2iS ¼
1ffiffiffi
6

p ðj↑↓↓i þ j↓↑↓i − 2j↓↓↑iÞ;

j3=2;−1=2i ¼ 1ffiffiffi
3

p ðj↑↓↓i þ j↓↑↓i þ j↓↓↑iÞ; j1=2;þ1=2iA ¼ −1ffiffiffi
2

p ðj↓↑↑i − j↑↓↑iÞ;

j3=2;−3=2i ¼ j↓↓↓i; j1=2;−1=2iA ¼ 1ffiffiffi
2

p ðj↑↓↓i − j↓↑↓iÞ: ðH1Þ
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The labels S and A on the spin-1=2 states denote symmetric
or antisymmetric in the first two entries. The choice about
which two entries to make symmetric or antisymmetric is
arbitrary, as all three particles are indistinguishable.
Accordingly, the full color-spin-isospin combination lifts
this ambiguity.
For the color representations, we write

j1i ¼ 1ffiffiffi
6

p ϵijkjqi; qj; qki; j10ia ¼ Δa
ijkjqi; qj; qki;

j8iaA ¼ ϵijlTa
lkjqi; qj; qki;

j8iaS ¼
1ffiffiffi
3

p ðϵljkTa
li − ϵilkTa

ljÞjqi; qj; qki: ðH2Þ

For the decuplet projector there is no expression in terms of
other known tensors, so we just use the symbol Δa with
a ¼ 1;…; 10, and keep in mind that it is fully symmetric in
its tensor indices. Again, the mixed symmetry of the color
octets has been put in the form of a symmetric and an
antisymmetric combination under exchange of the first two
particles. Since later we have to combine this mixed
symmetry with other mixed symmetries, it is more con-
venient to introduce the projectors

ðT1Þaijk ¼ ϵljkTa
li ¼

ffiffiffi
2

p
Tl
jkT

a
li;

ðT2Þaijk ¼ ϵilkTa
lj ¼

ffiffiffi
2

p
Tl
kiT

a
lj;

ðT3Þaijk ¼ ϵijlTa
lk ¼

ffiffiffi
2

p
Tl
ijT

a
lk; ðH3Þ

such that

j8iaA¼ðT3Þaijkjqi;qj;qki≡ jTa
3i;

j8iaS¼
1ffiffiffi
3

p ðT1−T2Þaijkjqi;qj;qki≡ 1ffiffiffi
3

p ðjTa
1i− jTa

2iÞ; ðH4Þ

where Tl
ij is given by Eq. (C1). Concerning the normali-

zation of Tiði ¼ 1; 2; 3Þ, we have

ðTmÞaijkðTnÞbijk ¼
1

2
ð3δmn − 1Þδab: ðH5Þ

Each of these three projectors generates a color octet, but
they are not independent, as shown through the identity

Ta
1 þ Ta

2 þ Ta
3 ¼ ϵljkTa

li þ ϵilkTa
lj þ ϵijlTa

lk

¼ ϵijkTr½Ta� ¼ 0: ðH6Þ
This is why there can only be two independent octets, and
j8iA=S are two possible orthonormal choices.
In the color singlet sector, the allowed configurations are

the same as for light hadrons. The color projection is already
fully antisymmetric, so the spin-isospin combination needs
to be fully symmetric. This can either be achieved by having
both spin and isospin parts be symmetric on their own, or by
combining their mixed symmetry configurations. Note that
the mixed symmetry spin or isospin configurations by
themselves vanish under symmetrization of all three particle
entries, which is why there is no I ¼ 3=2 and k ¼ 1=2
combination or vice versa in the color singlet sector; it is only
the combination of spin and isospin that allows a full
symmetrization also in the mixed symmetry case.
In the case where both spin and isospin are symmetric

(i.e. I ¼ k ¼ 3=2), the relevant combinations can be
obtained by taking the tensor product of the respective
spin or isospin configurations from Eq. (H1). In the case of
isospin, j↑i should be understood as jui and j↓i as jdi. By
tensor product, we mean the combination of spin, isospin
and color indices in the way of the following example:

jI ¼ 3=2; mI ¼ 3=2; k ¼ 3=2; mk ¼ 3=2iS
¼ juuui ⊗ j↑↑↑i ⊗ j1i ¼ 1ffiffiffi

6
p ϵijkju↑i u↑j u↑k i: ðH7Þ

In the case of the mixed symmetries, it is convenient to
write the spin-isospin combinations in bilinear form:

j1=2;þ1=2; 1=2;þ1=2iS ¼
1

3
ffiffiffi
2

p
�
jduui judui juudi

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA ⊗ j1i;

j1=2;þ1=2; 1=2;−1=2iS ¼
−1
3
ffiffiffi
2

p
�
jduui judui juudi

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA ⊗ j1i;

j1=2;−1=2; 1=2;þ1=2iS ¼
−1
3
ffiffiffi
2

p
�
juddi jdudi jddui

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA ⊗ j1i;

j1=2;−1=2; 1=2;−1=2iS ¼
1

3
ffiffiffi
2

p
�
juddi jdudi jddui

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA ⊗ j1i: ðH8Þ
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It is straightforward to see that their combinations are still
(iso)spin doublet configurations, since each row and
column of the bilinear matrix corresponds to an (iso)spin
doublet. Particle exchange corresponds to exchanging two
rows and two columns with the same indices, under which
these bilinear matrices are clearly invariant.
In the color octet sector, either spin or isospin may be

fully symmetric, meaning that the other two mixed

symmetries of (iso)spin and color have to be in an
antisymmetric combination, or all three may be mixed.
The former case can be obtained by combining the
partially symmetric (iso)spin 1=2 with the partially anti-
symmetric color octet or vice versa, and then performing
all particle exchanges, both of which lead to the same
result:

j3=2;þ3=2; 1=2;þ1=2iO ¼ −1
3
ffiffiffi
6

p juuui ⊗
�
j↓↑↑i j↑↓↑i j↑↑↓i

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

jT1i
jT2i
jT3i

1
CA;

j3=2;þ3=2; 1=2;−1=2iO ¼ 1

3
ffiffiffi
6

p juuui ⊗
�
j↑↓↓i j↓↑↓i j↓↓↑i

�0B@
−2 1 1

1 −2 1

1 1 −2

1
CA
0
B@

jT1i
jT2i
jT3i

1
CA; ðH9Þ

where for the other isospin projections one just has to
replace juuui by the respective expression from Eq. (H1),
and the expressions for I ¼ 1=2 and k ¼ 3=2 are com-
pletely analogous. Exchanging two particles m and n
involves swapping the rowsm and n for spin and swapping
the columns m and n for color. From the projectors, we get
jTmi ↔ −jTni and jTki → −jTki for k ≠ m, n and m ≠ n.
Thus, we have an additional minus sign from the color

projectors, which explains why the bilinear matrices
remain symmetric under the exchange of rows and col-
umns, while the states are antisymmetric under particle
exchange.
The remaining color octet configurations come from

both spin and isospin doublet combinations, which means
that all symmetries are mixed. With the use of Eq. (H6), we
can put them in the convenient form

j1=2;þ1=2; 1=2;þ1=2iO ¼ 1

3
ffiffiffi
2

p
�
jduui judui juudi

�0B@
jT1i jT3i jT2i
jT3i jT2i jT1i
jT2i jT1i jT3i

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA;

j1=2;þ1=2; 1=2;−1=2iO ¼ −1
3
ffiffiffi
2

p
�
jduui judui juudi

�0B@
jT1i jT3i jT2i
jT3i jT2i jT1i
jT2i jT1i jT3i

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA;

j1=2;−1=2; 1=2;þ1=2iO ¼ −1
3
ffiffiffi
2

p
�
juddi jdudi jddui

�0B@
jT1i jT3i jT2i
jT3i jT2i jT1i
jT2i jT1i jT3i

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA;

j1=2;−1=2; 1=2;−1=2iO ¼ 1

3
ffiffiffi
2

p
�
juddi jdudi jddui

�0B@
jT1i jT3i jT2i
jT3i jT2i jT1i
jT2i jT1i jT3i

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA: ðH10Þ

Also here we see that replacing two rows and columns and
also the color projectors with the same indices leaves the
whole expression invariant, and the overall minus sign from
the particle exchange in the color projectors ensures that
these are indeed fully antisymmetric spin-isospin-color
configurations. It is slightly harder to see in this form that
these are indeed (iso)spin doublet configurations, but

replacing any of the color projectors through the other
two (e.g., T3 ¼ −T1 − T2) makes it clear that the coef-
ficient of each remaining projector corresponds to an
antisymmetric (iso)spin doublet configuration in each
row or column.
Finally, we also give here the color decuplet configura-

tions for the sake of completeness. These cannot be directly

HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY … PHYS. REV. D 110, 094040 (2024)

094040-49



coupled to the QQ̄ and form a color neutral state, but with
the help of additional gluon fields it would be possible, as
the combination of octet and decuplet contains another
octet, although it is questionable whether such a highly
excited configuration may form a bound state at all.
Since the decuplet color configuration is fully symmet-

ric, the combination of spin and isospin needs to be fully

antisymmetric. This can only be achieved by combining
two mixed symmetries, as only spin or isospin alone cannot
be fully antisymmetric. A straightforward way to achieve
this is by combining the partially symmetric spin configu-
ration with the partially antisymmetric isospin configura-
tion and consequently performing all particle exchanges,
which leads to the following expressions:

j1=2;þ1=2; 1=2;þ1=2iD ¼ 1ffiffiffi
6

p
�
jduui judui juudi

�0B@
0 1 −1
−1 0 1

1 −1 0

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA ⊗ j10i;

j1=2;þ1=2; 1=2;−1=2iD ¼ −1ffiffiffi
6

p
�
jduui judui juudi

�0B@
0 1 −1
−1 0 1

1 −1 0

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA ⊗ j10i;

j1=2;−1=2; 1=2;þ1=2iD ¼ −1ffiffiffi
6

p
�
juddi jdudi jddui

�0B@
0 1 −1
−1 0 1

1 −1 0

1
CA
0
B@

j↓↑↑i
j↑↓↑i
j↑↑↓i

1
CA ⊗ j10i;

j1=2;−1=2; 1=2;−1=2iD ¼ 1ffiffiffi
6

p
�
juddi jdudi jddui

�0B@
0 1 −1
−1 0 1

1 −1 0

1
CA
0
B@

j↑↓↓i
j↓↑↓i
j↓↓↑i

1
CA ⊗ j10i: ðH11Þ

It is immediately apparent that this combination is anti-
symmetric under exchange of two particles (i.e., exchang-
ing two rows and columns of the same indices), and each
row or column does indeed correspond to an (iso)spin
doublet configuration.
As a consistency check, we compare the total number

of spin-isospin-color configurations with the expected
ð12
3
Þ ¼ 220. In the color singlet sector, we had the (iso)

spin doublet-doublet and quartet-quartet combinations,
which give 1 × ð22 þ 42Þ ¼ 20 components. In the color
octet sector, either spin or isospin could be a quartet with
the other being a doublet, or both could be doublets, giving
8 × ð2 × 4þ 4 × 2þ 22Þ ¼ 160 components. And in the
color decuplet sector, both spin and isospin are doublets,
from which we obtain the last 10 × 22 ¼ 40 components.
The sum over these does indeed give 220, meaning that we
have exhausted all possible spin-isospin-color combina-
tions allowed by the Pauli principle.

2. QQqqq̄ pentaquarks

The (iso)spin combinations given in Eq. (H1) are already
constructed with a unique symmetry in the first two entries,
so we associate them with the quark indices. The light
quarks and antiquark may form a color triplet, an antisextet,
or a 15-plet, where one triplet and the antisextet are
antisymmetric in the qq indices, and the other triplet and
the 15-plet are symmetric. Explicitly, we have

j3ilS=A ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
6� 2

p ðδljδkl � δlkδjlÞjqj; qk; q̄li and

j6̄iσ ¼ 1ffiffiffi
2

p Σσ
ilϵijkjqj; qk; q̄li; ðH12Þ

where Σσ is the color sextet tensor in Eq. (C2), and the
15-plet requires a new projector which we do not specify
here further. The triplets and the antisextet can couple to the
antitriplet and the sextet from theQQ respectively to form a
color neutral state, while the 15-plet can only contribute if
additional gluons are included.
This means that in the color triplet sector any spin-

isospin combination is allowed, including both symmetric
and antisymmetric doublets, since any combination will be
either symmetric or antisymmetric in the quark indices and
can thus be combined with the antisymmetric or symmetric
color triplet respectively to obtain an overall antisymmetric
configuration. For the color antisextet, the spin-isospin
combination needs to be symmetric, which can be a
quartet-quartet combination, a doublet-quartet or quartet-
doublet, where the doublet is symmetric, or a doublet-
doublet, where the doublets are either both symmetric or
antisymmetric. For the 15-plet, the spin-isospin combina-
tion needs to be antisymmetric, which can be a doublet-
quartet or quartet-doublet combination, with the doublet
being antisymmetric, or a doublet-doublet, where one is
symmetric and the other is antisymmetric. Counting all
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components, we have 3 × 23 × 23 ¼ 192 in the color triplet
sector, 6 × ð22 þ 22 þ 2 × 4þ 4 × 2þ 42Þ ¼ 240 in the
antisextet sector, and 15 × ð22 þ 22 þ 2 × 4þ 4 × 2Þ ¼
360 in the 15-plet sector, equaling the expected ð12

2
Þ × 12 ¼

792 components in total.

APPENDIX I: SCHRÖDINGER EQUATIONS
FOR SEVERAL CASES

In this appendix, we explicitly write down the radial
Schrödinger equations for the lowest hybrid, tetraquark and
pentaquark states based on Sec. IV.

1. Hybrids (QQ̄g)

The lowest hybrids are bound states in the BO-potentials
(static potentials)Πu and Σ−

u corresponding to the gluelump
quantum numbers kPC ¼ 1þ−. Using Eq. (4.5) and the
expression of the mixing matrix in Eq. (4.20), the coupled
radial Schrödinger equation for the parity state ϵ ¼ σP is
given by

"
−

1

mQr2
∂rr2∂r þ

1

mQr2

 
lðlþ 1Þ þ 2 −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

lðlþ 1Þ

!

þ
 
VΣ−

u
0

0 VΠu

!# 
ψ ðNÞ
Σ;σP

ψ ðNÞ
Π;σP

!
¼ EN

 
ψ ðNÞ
Σ;σP

ψ ðNÞ
Π;σP

!
; ðI1Þ

and the radial Schrödinger equation for the opposite parity
state ϵ ¼ −σP is given by�
−

1

mQr2
∂rr2∂rþ

lðlþ1Þ
mQr2

þVΠu

�
ψ ðNÞ
Π;−σP ¼ ENψ

ðNÞ
Π;−σP ; ðI2Þ

where VΠu
ðrÞ and VΣ−

u
ðrÞ are the static potentials, ψ ðNÞ

Σ;σPðrÞ,
ψ ðNÞ
Π;σPðrÞ, and ψ ðNÞ

Π;−σPðrÞ are the radial wavefunctions
labeled by the set of quantum numbers (N). These coupled
Schrödinger equations were first derived in Ref. [78].

2. Tetraquarks (QQ̄qq̄ or QQq̄q̄)

The lowest quarkonium tetraquarks QQ̄qq̄ are bound
states in the BO-potentials (static potentials) Σþ0

g and Πg

corresponding to the adjoint meson quantum numbers
kPC ¼ 1−−, or Σ−

u corresponding to adjoint meson quantum
numbers kPC ¼ 0−þ (see Table I). As discussed in
Sec. V B, the ordering of the adjoint meson masses for
0−þ and 1−− is not well established by lattice QCD, so we
write down the Schrödinger equations for both cases.
For QQ̄qq̄ tetraquarks corresponding to the adjoint

meson 1−−, the coupled radial Schrödinger equation for
the parity state ϵ ¼ σP, after using Eq. (4.5) and the
expression of the mixing matrix in Eq. (4.20), is given by

"
−

1

mQr2
∂rr2∂r þ

1

mQr2

 
lðlþ 1Þ þ 2 −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

−2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

lðlþ 1Þ

!

þ
 
VðIÞ
Σþ0
g

0

0 VðIÞ
Πg

!# 
ψ ðNÞ
Σ;σP

ψ ðNÞ
Π;σP

!
¼ EN

 
ψ ðNÞ
Σ;σP

ψ ðNÞ
Π;σP

!
; ðI3Þ

and the radial Schrödinger equation for the opposite parity
state ϵ ¼ −σP is given by

�
−

1

mQr2
∂rr2∂rþ

lðlþ1Þ
mQr2

þVðIÞ
Πg

�
ψ ðNÞ
Π;−σP ¼ ENψ

ðNÞ
Π;−σP ; ðI4Þ

where VðIÞ
Πg
ðrÞ and VðIÞ

Σþ0
g
ðrÞ are the static potentials that

could depend on the isospin I and ψ ðNÞ
Σ;σPðrÞ, ψ

ðNÞ
Π;σPðrÞ, and

ψ ðNÞ
Π;−σPðrÞ are the radial wavefunctions labeled by the set of

quantum numbers (N) that includes isospin.
For QQ̄qq̄ tetraquarks corresponding to the adjoint

meson 0−þ, the radial Schrödinger equation is given by

�
−

1

mQr2
∂rr2∂r þ

lðlþ 1Þ
mQr2

þ VðIÞ
Σ−
u

�
ψ ðNÞ
Σ−
u
¼ ENψ

ðNÞ
Σ−
u
: ðI5Þ

The lowest doubly heavy tetraquarks QQq̄ q̄ are bound
states in the BO-potentials (static potentials) Σþ

g corre-
sponding to the triplet or sextet meson quantum numbers
kPC ¼ 0þ, or Σ−

g and Πg corresponding to the triplet or
sextet meson quantum numbers kPC ¼ 1þ (see Table II).
The ordering of the triplet or sextet meson masses for 0þ
and 1þ is not known from lattice QCD. For QQq̄q̄
tetraquarks corresponding to the sextet or triplet meson
1þ, the coupled radial Schrödinger equation is given by

Eqs. (I3) and (I4) with the static potentials VðIÞ
Πg
ðrÞ and

VðIÞ
Σ−
g
ðrÞ. For QQq̄q̄ tetraquarks corresponding to the triplet

or sextet meson 0þ, the radial Schrödinger equation is

given by Eq. (I5) with the static potential VðIÞ
Σþ
g
ðrÞ. We

expect the QQq̄q̄ tetraquarks corresponding to triplet
configurations to be lower in energy than the ones
corresponding to sextet (see Table II) because of the
attractive short distance behavior of the potential.

3. Doubly heavy baryons (QQq)

The lowest doubly heavy baryons QQq are bound states
in the BO-potentials (static potentials) ð1=2Þg correspond-
ing to the light quark quantum numbers kP ¼ ð1=2Þþ. The
next lowest BO-potentials are ð1=2Þu and ð3=2Þu corre-
sponding to kP ¼ ð3=2Þ−, and ð1=2Þ0u corresponding
to kP ¼ ð1=2Þ−, where the prime indicates an excited
configuration within the same representation. The radial
Schrödinger equation for parity state ϵ ¼ σP is given by

HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY … PHYS. REV. D 110, 094040 (2024)

094040-51



�
−

1

mQr2
∂rr2∂rþ

ðl−1=2Þðlþ1=2Þ
mQr2

þVkη

�
ψ ðNÞ
σP ¼ENψ

ðNÞ
σP ; ðI6Þ

and for parity state ϵ ¼ −σp is given by

�
−

1

mQr2
∂rr2∂rþ

ðlþ1=2Þðlþ3=2Þ
mQr2

þVkη

�
ψ ðNÞ
−σP ¼ENψ

ðNÞ
−σP ; ðI7Þ

where Vkη ¼ Vð1=2Þg for k
P ¼ ð1=2Þþ and Vkη ¼ Vð1=2Þ0u for kP ¼ ð1=2Þ−.

For doubly heavy baryons, which are bound states in the BO-potentials ð1=2Þu and ð3=2Þu corresponding to kP ¼ 3=2−,
we have two sets of coupled Schrödinger equations corresponding to the two possible parities. They are given by2
64− 1

mQr2
∂rr2∂rþ

1

mQr2

0
B@ lðl−1Þþ 9

4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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4

q
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ1Þ− 9

4

q
lðlþ1Þ− 3

4

1
CAþ

 
Vð1=2Þu 0

0 Vð3=2Þu

!375
0
B@ψ ðNÞ

1=2;σP

ψ ðNÞ
3=2;σP

1
CA¼ En

0
B@ψ ðNÞ

1=2;σP

ψ ðNÞ
3=2;σP

1
CA; ðI8Þ

2
64− 1

mQr2
∂rr2∂rþ

1

mQr2

0
B@ lðlþ3Þþ 17

4
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ1Þ− 9

4

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ1Þ− 9

4

q
lðlþ1Þ− 3

4

1
CAþ

 
Vð1=2Þu 0

0 Vð3=2ÞuðrÞ

!375
0
B@ψ ðNÞ

1=2;−σP

ψ ðNÞ
3=2;−σP

1
CA¼ En

0
B@ψ ðNÞ

1=2;−σP

ψ ðNÞ
3=2;−σP

1
CA;

ðI9Þ

where ψ ðNÞ
1=2;σP

ðrÞ, ψ ðNÞ
3=2;σP

ðrÞ, ψ ðNÞ
1=2;−σP

ðrÞ and ψ ðNÞ
3=2;−σP

ðrÞ are
radial wavefunctions labeled by the set of quantum num-
bers (N). These coupled Schrödinger equations were first
derived in Ref. [87].

4. Pentaquarks (QQ̄qqq or QQqqq̄)

The lowest quarkonium pentaquarks QQ̄qqq are
bound states in the BO-potentials (static potentials)
ð1=2Þg corresponding to the adjoint baryon quantum
numbers kP ¼ ð1=2Þþ, or ð1=2Þ0g and ð3=2Þg corresponding
to the adjoint baryon quantum numbers kP ¼ ð3=2Þþ (see
Table III). The ordering of the adjoint baryon masses for
ð1=2Þþ and ð3=2Þþ is not known from lattice QCD. For
QQ̄qqq pentaquarks corresponding to the adjoint baryon
ð1=2Þþ, the radial Schrödinger equation is given by
Eqs. (I6) or (I7) with the static potentials Vð1=2ÞgðrÞ. For

QQ̄qqq pentaquarks corresponding to the adjoint baryon
ð3=2Þþ, the radial Schrödinger equation is given by
Eqs. (I8) and (I9) with the static potentials Vð1=2Þ0gðrÞ
and Vð3=2ÞgðrÞ.
Following the above argument, we can similarly obtain

the radial Schrödinger equations for the lowest doubly
heavy pentaquark states, which are bound states in the BO-
potentials (static potentials) ð1=2Þu corresponding to triplet
or sextet baryon quantum numbers kP ¼ ð1=2Þ−, or ð1=2Þ0u
and ð3=2Þu corresponding to triplet or sextet baryon
quantum numbers kP ¼ ð3=2Þ− (see Table IV). The order-
ing of the triplet or sextet baryon masses for ð1=2Þ− and
ð3=2Þ− is not known from lattice QCD. We expect the
QQqqq̄ pentaquarks corresponding to triplet configura-
tions to be lower in energy than the ones corresponding to
sextet (see Table IV) because of the attractive short distance
behavior of the potential.
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