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The discovery of XYZ exotic states in the hadronic sector with two heavy quarks represents a significant
challenge in particle theory. Understanding and predicting their nature remains an open problem. In this
work, we demonstrate how the Born-Oppenheimer (BO) effective field theory (BOEFT), derived from
quantum chromodynamics (QCD) on the basis of scale separation and symmetries, can address XYZ
exotics of any composition. We derive the Schrodinger coupled equations that describe hybrids,
tetraquarks, pentaquarks, doubly heavy baryons, and quarkonia at leading order, incorporating non-
adiabatic terms, and present the predicted multiplets. We define the static potentials in terms of the QCD
static energies for all relevant cases. We provide the precise form of the nonperturbative low-energy gauge-
invariant correlators required for the BOEFT: static energies, generalized Wilson loops, gluelumps, and
adjoint mesons. These are to be calculated on the lattice, and we calculate here their short-distance
behavior. Furthermore, we outline how spin-dependent corrections and mixing terms can be incorporated
using matching computations. Lastly, we discuss how static energies with the same BO quantum numbers
mix at large distances leading to the phenomenon of avoided level crossing. This effect is crucial to
understand the emergence of exotics with molecular characteristics, such as the y.;(3872). With BOEFT

both the tetraquark and the molecular picture appear as part of the same description.

DOI: 10.1103/PhysRevD.110.094040

I. INTRODUCTION

The XYZs are exotic states found in the last twenty years
in the sector of the hadron spectrum with two heavy quarks
at or above the strong decay threshold to heavy-light meson
pairs. They are manifestly exotic due to electric charge and
isospin quantum numbers, or they display indirectly other
exotic characteristics in the masses, decay widths and
production patterns. They may involve tetraquark, penta-
quark, and hybrid compositions that go beyond what has
been observed in the standard quark model of mesons
(quark-antiquark pairs) and baryons (combinations of three
quarks) [1-3].

In the last two decades, since the discovery of the
x1(3872) [also known as X(3872)] by Belle [4], dozens
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of new XYZ states have been observed and confirmed by
different experimental groups: B-factories (BABAR, Belle,
Belle2 and CLEO), z-charm facilities (CLEO-c, BES,
BESIII), and also proton-(anti)proton colliders (CDF,
DO, LHCb, ATLAS, CMS) [see Refs. [5-10] for reviews].
The charged states observed within the charm and bottom
sector such as Z,., Z;, and T,.(3875)" are obvious candi-
dates for tetraquarks [11-21], while isospin 1/2 baryons
such as P.;(4380)", P.:(4312)*, and P ;(4440)", discov-
ered by LHCb in the charm sector, are candidates for
pentaquarks containing a charm-anticharm pair and three
light quarks [22,23].

The existence of these exotic hadrons presents a unique
opportunity to study the strong force in nature in ways that
were previously unexplored. The implications of such
studies extend beyond fundamental particle theory and
have the potential to impact various other fields dealing
with strongly correlated systems.

However, due to the nonperturbative regime of QCD, it is
difficult to make first-principle predictions of spectra, widths
and cross sections of such multiquark states. Various models
have been proposed [5-8,24-34]. A priori, the simplest
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system consisting of only two quarks and two antiquarks
(tetraquarks) is already a very complicated object, and it is
unclear whether any kind of clustering occurs in it. To
simplify the problem, models focus on certain substructures,
investigating their implications. This includes hadronic
molecules [35,36], composed of color-singlet mesons bound
together by residual nuclear forces, tetraquarks, bound states
between a diquark and an antidiquark [37-39], and hadro-
quarkonium, a cloud of light quarks and gluons bound to a
heavy QQ core singlet state via van der Waals forces [40].
Additionally, threshold effects such as threshold cusps [41]
and rescattering processes [42] have been suggested as
possible explanations for the observed enhancements in
the XYZ particles. While models played a pioneering role,
they are based on a somewhat ad hoc choice of dominant
configurations and interaction Hamiltonian. Although
inspired by QCD, they are not derived from QCD nor can
they be systematically improved. An exception is the
molecular description of states very close to the strong
decay threshold like the X(3872) where, due to the
small binding energy or large scattering length, universal
characteristics emerge and an effective field theory (EFT)
description can be introduced to systematically calculate
corrections [5,43-48], thanks to universal properties. Also
for lattice QCD an ab initio calculation of the XYZ spectra
remains challenging [49,50], as it requires studying the
coupled channel scattering of hadrons on the lattice [51,52].
Pioneering calculations are found in [53-64].

In this paper, we show how a QCD derived effective
field theory called Born-Oppenheimer EFT (BOEFT) can
address all these states in a unified framework, without
making any assumption on their configurations. The BOEFT
does need lattice input on some static energies and some
generalized Wilson loops, but, thanks to factorization, there
are only few universal (i.e. non-flavor-dependent) nonper-
turbative correlators, which hugely simplifies the problem.
The BOEFT is derived from QCD on the basis of symmetries
and scale separation, and all the relevant potentials and
correlators are obtained in the (nonperturbative) matching
procedure. At the large scale of the heavy quark mass,
perturbative calculations and resummation are possible,
while at the low energy scale, nonperturbative calculations
of the matching coefficients are necessary. Independently of
this, the BOEFT is supplying the full structure of the
Schrodinger coupled equations, the corrections in 1/m,,
where m, is the heavy quark mass, and the mixing terms. The
structure of the coupled equations is largely determined by
symmetry, while the dynamics are set by the perturbative or
nonperturbative matching coefficients.

The idea to use a Born-Oppenheimer picture [65,66] to
describe states with two heavy quarks has been put forward
some time ago, especially in relation to hybrids [67-74]. It
also has been underlying the construction of strongly coupled
potential nonrelativistic QCD (pNRQCD) [75-77]. It has
been cast for the first time in the form of a proper effective

field theory for the description of hybrids in [78], and it has
been used to calculate the hybrid multiplets [71,78,79].
Hybrid spin separations [79-82] and some decays of hybrids
to quarkonium [79,83,84] have been calculated. General
applications of the BOEFT have been put forward in [85,86],
the doubly heavy baryon case has been studied in [8§7-89]
and the effect of the interaction with the open-flavor thresh-
old has been addressed in [90-94].

Lattice calculations of some Born-Oppenheimer (BO)
static energies have been addressed for hybrids in a
comprehensive way [68,69,95-101], while for tetraquarks
they are still sparse [102-106]. As we will discuss, the
BOEFT identifies the best operators to be used to calculate
the BO static energies.

In this paper, based on the treatment in [78], our primary
objective is to expand the BOEFT framework to analyze
tetraquark and pentaquark states consisting of either a
heavy quark-antiquark pair or two heavy quarks and light
degrees of freedom (LDF) with arbitrary quantum numbers,
including isospin. A fundamental aspect of understanding
the spectrum of tetraquarks and pentaquarks is the appli-
cation of the adiabatic expansion principle, which distin-
guishes the dynamics of heavy quarks from that of the LDF.
Within this context, the tetraquark and pentaquark are
bound states of heavy quarks in the spectrum of BO-
potentials (referred to as static energies or adiabatic
surfaces at leading-order in the 1/m, expansion) associ-
ated to the LDF. We present here for the first time the
explicit form of the Schrodinger coupled equations in a
unified form for hybrids, tetraquarks, pentaquarks, quar-
konia and doubly heavy baryons. We construct the corre-
sponding multiplets, explain general selection rules, give
the explicit operators for the lattice calculation of all the
potentials, and calculate their perturbative expression and
the short distance multipole expansion. Besides gluelump
masses for hybrids, we show that such multipole expan-
sions feature adjoint mesons for tetraquarks.

This paper is organized as follows. In Sec. II, we describe
the physical picture underlying quarkonium and the XYZ
exotic states, and the regime in which the soft scale is
perturbative. In Sec. III, we introduce the NRQCD static
energies and most general Born-Oppenheimer effective
field theory description (BOEFT), and in Sec. IV, we obtain
the coupled Schrodinger equations and the general expres-
sion of the mixing matrices for each type of exotic state. We
derive the corresponding multiplets. In Sec. V, we list the
interpolating operators suitable to obtain the exotic static
energies and discuss their short and long distance behavior.
We discuss the properties of these operators with respect to
what is currently used in lattice calculations. In Sec. VI, we
discuss the mixing at large distances, the overlap of the
tetraquark interpolating operators with static heavy-light
states and the possible emergence of molecular states. In
Sec. VII, we comment on the size of the heavy-quark spin
dependent effects and their phenomenological impact and
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we summarize how decays and transitions are calculated in
the BOEFT. We also comment on multichannel BO
equations.

Section VIII contains some phenomenological identifica-
tions of the exotics, while Sec. IX gives conclusions and an
outlook. Seven appendixes complement this work, present-
ing the details of some calculations, in particular about
gauge-invariance checks, explicit forms of the projection
operators, mixing matrices and details about the construction
of pentaquarks. Appendixes G and I present the overlap of
our interpolating operators with heavy-light and with quar-
konium plus pion states and the explicit coupled Schrodinger
equations to be used in phenomenological applications.

II. SCALES, PHYSICAL PICTURE
AND SHORT DISTANCE REGIME

Quarkonium (QQ), hybrids (QQg), tetraquarks (QQq4,
00qq), pentaquarks (00gqq, 00qqg) and doubly heavy
baryons (QQgq), all involve a heavy quark Q and a heavy
antiquark Q or two heavy quarks bound together with some
gluonic g or light (anti)quark ¢ (g) degrees of freedom,'
which from now on will be abbreviated with LDF (light
degrees of freedom). The presence of a large scale, which is
the mass m, of the heavy quark, allows some simplification
in the problem. The large scale, on one hand, is perturbative
(mg > Agcp, Agep being the typical hadronic scale); on
the other, it ensures that the heavy quark is moving
nonrelativistically.

However, as a matter of fact, even the treatment of
quarkonium is challenging, due to the presence of several
energy scales. Quarkonium is a nonrelativistic bound
system with a small relative velocity v between the quark
and the antiquark. In the rest frame of the meson, v ~ 0.1
for bb, v> ~ 0.3 for cc systems. Besides the heavy-quark
mass (hard scale), a hierarchy of dynamically generated
energy scales is induced: the typical relative momentum
p ~mgv, corresponding to the inverse Bohr radius
r~1/(mgyv) (soft scale), and the typical binding energy
E~myg v? (ultrasoft scale). This is similar to what happens
for positronium in QED, but for QCD there is also the
complication of the nonperturbative low energy behavior.
Apart from the hard scale of the mass of the quark, the
treatment of the other scales depends on their relation to
Aqep, as getting closer to it implies that nonperturbative
methods have to be used. The problem posed by the
existence of the different entangled energy scales character-
izing the nonrelativistic bound state in QCD has been
addressed by substituting QCD with simpler but equivalent
nonrelativistic effective field theories (NREFTSs) [76]. A
hierarchy of NREFTs may be constructed by systematically
integrating out modes associated with high-energy scales.

'An exception is a system like the X(6900) composed by four
heavy quarks. We will comment about this in the conclusions.

Such integration is made in a well defined matching
procedure that enforces the equivalence between QCD and
the NREFT at any given order of accuracy. The NREFT
Lagrangian is factorized in matching coefficients, encoding
the high energy degrees of freedom, and low energy operators
that remain dynamical. It displays a power counting in the
small ratios of high energy over low energy scales, allowing
to assign a definite size to the contribution of each operator to
physical observables. At leading order in the NREFT, some
underlying symmetries are exposed, allowing model inde-
pendent predictions. By integrating out modes associated
with the scale of the heavy quark mass, nonrelativistic QCD
(NRQCD) [107-109] is obtained. It displays still entangled
soft and ultrasoft degrees of freedom. The matching to
NRQCD can be done in perturbation theory, i.e. within an
expansion in @,. The NRQCD matching coefficients encode
the nonanalytic dependence on the scale m,,.

In order to obtain the Schrédinger equation as a zeroth
order problem and the potentials from QCD, it is necessary
to integrate out modes associated to the relative momentum
p- In the case in which p ~1/r > Aqcp, this integration
can be done within perturbation theory arriving at a lower
energy EFT called weakly coupled potential nonrelativistic
QCD (pNRQCD) [76,110,111]. The potentials are match-
ing coefficients calculated with a standard matching in
perturbation theory, comparing and expanding in «, dia-
grams in NRQCD and in pNRQCD. The potentials acquire
a proper, field theoretical definition: they are matching
coefficients encoding the soft scale contributions, undergo
renormalization, develop scale dependence and satisfy
renormalization group equations, which allow a resumma-
tion of potentially large logarithms.

Weakly coupled pNRQCD has facilitated the calculation
of the physical properties, like spectra and decays, of
several quarkonium systems with small radius and in
particular the calculation of the quarkonium static potential
and the static energy at next-to-next-to-next-to leading
logarithmic (NNNLL) order [112,113], which enabled
precise extractions of a, from the QCD static energy [114].
What is important here is that weakly coupled pNRQCD
can be used also to describe the properties of any XYZ
system at a distance scale smaller than A(SICD and this will
be exploited in this paper, especially in Sec. V B.

However, for soft scales comparable to Agcp a full
nonperturbative approach should be used to arrive from
NRQCD to the lower energy EFT featuring the Schrodinger
equation as the zeroth order problem and to obtain the
interaction potentials.

III. THE BORN-OPPENHEIMER EFFECTIVE
FIELD THEORY DESCRIPTION

A. The BO picture

When the typical quarkonium radius is larger, p ~ 1/r >
Aqcp > E, the soft scale of the binding and the matching
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have to be treated nonperturbatively. The same should be
done for exotic systems for which the LDF are part of the
binding at the soft scale. Still, a low energy EFT description
can be constructed, based on the presence of two heavy
quarks with a large mass scale my > Aqcp, an underlying
symmetry and a residual scale separation Agcp > E
between the energy and momentum of the LDF and the
energy of the heavy quarks. On one hand, this is similar to
the case of heavy-light mesons and baryons where the
heavy quark effective field theory (HQET) can be con-
structed based on the factorization of the heavy ~m, and
the light ~Aqcp degrees of freedom. On the other hand, the
situation is more intricate here due to the fact that there is
another scale hierarchy, Agcp > E.

The scale separation Agcp > E between the energy
and momentum of the LDF and the energy of the heavy
quarks is suggestive of the Born-Oppenheimer description
of diatomic molecules, whose electrons (fast degrees of
freedom) adjust adiabatically to the motion of the heavier
nuclei (slow degrees of freedom) [65,66]. The Born-
Oppenheimer description exploits the fact that the
masses of the nuclei are much larger than the electron
masses and, consequently, the time scales for the dynam-
ics of the two types of particles are very different. It entails
no restriction on the strength of the coupling between the
slow and the fast degrees of freedom. Concretely, the BO
approximation gives a method to obtain the molecular
energy levels by solving the Schrodinger equation for
the nuclei with a potential given by the electronic
static energies at fixed nucleus positions, where the
static energies are labeled by the molecular quantum
numbers corresponding to the symmetries of the diatomic
molecules.

In the QED case, different BO-potentials (static energies)
are separated by a gap of order ma? while the energy levels
in these BO-potentials are separated by a much smaller gap
of order ma®(m/M)'/? [85], where m is the electron mass,
M is the nucleus mass in atomic or molecular systems and «
is the fine structure constant; see Fig. 1. In the same way,
nonperturbative static energies can be defined in NRQCD
and calculated on the lattice. The BOEFT then allows
one to obtain the actual form of coupled Schrodinger
equations. Solving such equations gives the quarkonium
and the XYZ energy levels and multiplets; see Fig. 2. In
Figs. 1 and 2, the dashed lines refer to the energy levels
obtained by solving the Schrodinger equation with the
potential corresponding to the given static energy. In the
QCD case, the typical separation of such energy levels is of
order E ~ myv*.

B. The (NR)QCD static energies

Since mg > Agcp, an appropriate starting point is
NRQCD. The matching to the lower EFT can be performed
order by order in the 1/m expansion. NRQCD is obtained

=
%
)
= >
FIG. 1. Born-Oppenheimer picture in QED: Sketch of energy

levels (dashed lines) in the electronic static energies (BO-potentials)
for molecular systems. The energy levels solution of the
Schrodinger equation are at the energy scale ma?(m/M)'/2.

tE ~va2

r

FIG. 2. Born-Oppenheimer picture in QCD: Sketch of energy
levels (dashed lines) in the LDF static energies (BO-potentials).

The energy levels solution of the Schrodinger equation are at the

energy scale myv?.

from QCD by integrating out the hard modes associated to
the heavy quark mass. This amounts to expanding in
inverse powers of the mass and including the nonanalytic
dependence on the quark mass in the NRQCD matching
coefficients. All degrees of freedom at the hard scale,
including light quarks and gluons, are systematically
accounted for in the matching coefficients. The NRQCD
Hamiltonian in the heavy-quark—heavy-antiquark sector of
the Fock space reads

H=pgO L goo L goy,
Mo mo

(3.1)
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1
HO = /d3x§(E”-E”+B“-B”)
ng
-2 / Exq;(iD -y —mj)q;,  (3.2)
j=1

!
HOO = / Pxy' (D + gepo - By,  (3.3)

1
H(O.]) — 2/ d3x)(T(D2 —|—gCFO' B)}(s (34)

where m g and mg, are the heavy quark and heavy antiquark
pole masses respectively and we have shown only terms up
to first order in the heavy quark mass expansion. Terms of
first order in the mass contain the kinetic energy. The
NRQCD Hamiltonian in the heavy-quark—heavy-quark
sector of the Fock space is given by Egs. (3.2) and (3.3)
without the heavy antiquark terms (3.4). For simplification,
we refer from now on to the equal heavy quark mass case
only. Equations and results may be extended straightfor-
wardly to the case of two different heavy quark masses, i.e.
states containing a bottom and a charm quark. The field y is
the Pauli spinor that annihilates the heavy quark, the field y
is the Pauli spinor that creates the heavy antiquark; they
satisfy canonical equal time anticommutation relations.
The fields g; are ny Dirac spinor fields that annihilate a
light quark of flavor j and mass m;, iD® = id, — gA®,
iD =iV 4 gA, and the chromoelectric and chromomag-
netic fields are defined as the components E! = G and
B’ = —¢,;,G’* /2 (e53 = 1) of the field-strength tensor G**.
The matching coefficient ¢y is known at 3 loops, and it is
equal to one at tree level. The physical states are con-
strained by the Gauss law:

ny
(D - E)*|phys) = g(v/*T‘lw AT+ c‘zj}'OT”q,)

j=1
X |phys). (3.5)

We restrict ourselves to the one-quark—one-antiquark
(one-quark) sector of the NRQCD Fock space, where
quarkonium and XYZ states live. In this sector, we denote
an energy eigenstate of the NRQCD Hamiltonian by
In;x,,x,), where n represents a generic set of conserved
quantum numbers, and x; and x, are the positions of
the quark and antiquark, respectively. We normalize the
states as (n;x;,%,|m;x’! ,x5) =8,,,6% (x; —x} )53 (x, —x5).
The heavy quark and antiquark positions are conserved
quantum numbers in the static limit mg, my — 0, where
we have also

H=HO, (3.6)

which still contains the kinetic terms associated with gluons
and light quarks. The eigenvalue equation is

H(O)|2§x1’x2><0) = E;O)(xl,x2)|g;x1,x2>(0). (3.7)

In the static limit, the QQ or QQ sector of the Fock space is
spanned by
(3.8)

|ﬂ;x17x2>(0) = WT(xl)X(x2)|n;xlvx2>(O)7 Vx17x27

nx1,%0) O =yl (x) )y (x05) 52, x2) @, Ve xy, (3.9)

where |Q;x1,x2>(0) is a gauge-invariant eigenstate of H®)
(defined up to a phase and satisfying the Gauss law) with
eigenenergy EY (x1,x,) that transforms like 3, ® 3, or
3,, ® 3,, under color SU(3). The state n;x1,x,)© enc-
odes the purely LDF content of the state, and it is
annihilated by the heavy quark fields for any x; its
normalization is ) (n;x,,x,|m;x,,x,)®) = §,,,. Since
the static Hamiltonian H®) does not contain any heavy
fermion field, the state |n;x;,x,)(® is also an eigenstate

of HO with energy EE,()) (xl,xz). Translational invariance

requires that EY (x1,%,) = EY (r) withr = x; — x,. In the
following, we often use the center of mass R =
(x; +x,)/2 and the relative coordinate r =x; —x, in
place of the individual coordinates of the two heavy quarks,
and we mostly work in the center of mass frame R =0
unless explicitly specified otherwise.

Since the static states |n; x|, x5) ©) form a complete basis,
any state |X,) can be written as an expansion:

1X,) = calns, )@ + . (3.10)

where [n;x;,x,)(©) is the state with the lowest energy
eigenvalue that overlaps with |X,) and the dots denote
excited states also overlapping with |X,,). Using the time
evolution of the states,

O (n; x1,%5, T/2|m; %1, %5, =T/2)© = N exp [-iEY (1)T],
(3.11)

where the normalization constant A does not depend on
time, it follows that

EY(r) = lim %log(X,,,T/2|X,,,—T/2>. (3.12)
So |X,) is not required to be an eigenstate of the static
Hamiltonian, it just needs to have non-vanishing overlap

with the eigenstate of energy ES,O), ie. ¢, #0, and this
should be the eigenstate with lowest energy overlapping
with |X,,). This is the technique used to extract the static

energies Eﬁo)(r) in lattice QCD and it reduces to the
calculation of generalized static Wilson loops. In Sec. V,
we present a convenient choice for the interpolating gauge
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CP

FIG. 3. Symmetries of a system made by a heavy quark, a heavy
antiquark and nonperturbative constituents at the scale Agcp.

invariant operators to be used on the lattice to obtain the
static energies for hybrids, tetraquarks, pentaquarks, and
doubly heavy baryons. The ground state, n = 0, is the Fock
state made of a heavy quark-antiquark pair without LDE
other values of n identify heavy quark-antiquark or heavy
quark-quark pairs in the presence of such excitations.
The set of conserved numbers n is related to the
symmetries of the QQ-LDF system (see Fig. 3) and of
the QQ-LDF system (see Fig. 4). The heavy quarks are
static and supply a color source, while the different
configurations of the LDF identify different static energies,
on the one hand similarly to what happens in HQET, and on
the other hand similarly to what happens in a diatomic
molecule. The states are characterized by the flavor
composition of the LDF, given in terms of isospin quantum
numbers /, m; and baryon number b, and the projections of
the total angular momentum K of the LDF along the 7-axis
joining the two heavy quarks.3 These are labeled by the
representations of the cylindrical symmetry group D,
with BO quantum numbers Aj. The projection of the
angular momentum K -7 has eigenvalues 4, and A = |4].
We denote integer values of A by capital Greek letters: X,
I, A,... for A=0,1,2,.... The index 5 is the CP
eigenvalue in the case of QQ, and just parity, P, in the
case of QQ and is denoted by g = +1 and u = —1. Finally,
the index o = 1 is the eigenvalue of the reflection
operator with respect to a plane passing through the 7
axis. The index o is explicitly written only for X states,

“Notice that such a state does not exist for 00, since QQ is not
a color singlet.

In the context of light quarks, we also refer to the angular
momentum K as the spin.

FIG. 4. Symmetries of a system made by two heavy quarks and
nonperturbative constituents at the scale Agcp.

which are not degenerate with respect to the reflection
symmetry. The ground state with given BO quantum
numbers is labeled A;,’ ; excited states with the same
quantum numbers are labeled Ag’ , Ag” s

Assuming that the angular momentum operator K> has
eigenvalues k(k + 1), which restricts the projection to
A <k, and introducing the shorthand notation

K= {kP[C],f},

where P[C] is defined to be PC in case of QQ and just P
in case of QQ, and f denotes the flavor indices of the LDE*

we can indicate the static energies EM as Ei% (x1,%,)=

0)
E i

(3.13)

(r). Based on the quantum number x, we have the

static energy Ef(o‘z” (r) for any state with at least two heavy

quarks: quarkonium (QQ), hybrids (QQg), doubly heavy
baryons (QQgq), tetraquarks (QQqg, Q0Gq), and penta-
quarks (Q0qqq, QQqqq). It should be kept in mind,
however, that k is a good quantum number at short
distances, where the symmetry of the system is
0O(3) ® C, but not at large distances, where the symmetry
of the system is D,. This labeling applies to any possible
XYZ state. Note that the sign of A = +A does not affect the
static energies, since they are degenerate in it, but for
several expressions appearing in the following sections it
makes sense to keep it as a label of the states.

In the static limit, the BO quantum numbers are exactly con-
served. The static energies are nonperturbative quantities at

“For notational ease, we will explicitly mention whenever we
suppress the flavor index f.
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0.9 T T T T T T T
atEK’ A B=2.5 N=4
ag~0.2 fm
0g | Gluon excitations N=3 |
P N=2
string orqering
: N=1
0.7 1
N=0
06 A ]
>
05 | g[g. \ aglag=2z"5 |
g_+ 7=0.976(21)
.
04t 1, ]
short distance
degeneracies,
rlag
03 1 1 1 1 1 1 1

FIG. 5. Tower of hybrid static energies in the / = 0 sector with
only gluonic excitations as LDF (quenched approximation) from
[69]. Static energies with the same value of x are degenerate at
short distance r between the static quark and antiquark.

the scale Agcp and must be calculated on the lattice or in QCD
vacuum models [88,115-120]. In the I = O sector, for the
quenched case [pure SU(3) gauge theory] and with only
gluonic excitations in the LDF, several calculations of the
tower of energy levels exist [68,69,95-101] starting from the
one reported in Fig. 5. In the short distance limit, the static

energies E\")

gies E,
cylindrical symmetry group D, is expanded to the spherical
symmetry group O(3) ® C. This fact is understood and
predicted in weakly coupled pNRQCD [111], which can be

applied to short distances; see Sec. V for a detailed discussion.

(r) with the same k become degenerate and the

C. Born-Oppenheimer EFT

The static Hamiltonian does not contain the kinetic
energy. In order to obtain from NRQCD the BOEFT, i.e. an
effective field theory that has the Schrodinger equation as
zeroth order equation of motion, we need to go beyond the
static limit and consider the correction in 1/mg to the
NRQCD Hamiltonian. For our purposes, it is sufficient to
consider the relative kinetic energy and to work in the
center of mass frame.’

To match BOEFT to NRQCD, we take advantage of
the nonperturbative quantum matching developed in
Refs. [75,77,78,86,87,121,122], which is performed

>We do not consider the spin-dependent term in the NRQCD
Hamiltonian H-0 or H®Y, nor do we consider r-dependent
potentials generated at order 1/mg, on the BOEFT side; see
Sec. VII for a discussion of these effects.

perturbing order by order in 1/m, around the static limit.
The 1/mg expansion provides a convenient way to
organize the matching calculation. The relative size of
the different contributions in the BOEFT Lagrangian is,
however, not always trivially dictated by the 1/m,, expan-
sion, but by the power counting of the EFT. The BOEFT
has only ultrasoft dynamical degrees of freedom at the scale
E, and therefore, all the physical degrees of freedom with
energies larger than E should be integrated out.

An ideal situation in the BO picture is when the difference
in energy among states associated with BO potentials labeled
with different quantum numbers 7 is much larger than the
difference in energy among states obtained from solving the
Schrodinger equation of a given BO potential. The gap
between different static energies is a consequence of the
nonperturbative dynamics, therefore it can be evaluated only
after having obtained the static energies from a lattice
calculation. The ideal situation is, however, realized only
by quarkonium states. Higher excitations in the quarkonium
spectrum show various degeneration patterns. At short
distance, the BO energies sharing the same x become
degenerate and, hence, eigenstates of these energies mix
and satisfy coupled Schrédinger equations. Atlarge distance,
static energies with the same BO quantum numbers may
become close at some distance r; if they also develop non
zero transition amplitudes then the states mix. Diagonalizing
the transition matrix leads to the avoided level crossing
phenomenon illustrated in Appendix A. This phenomenon
has been observed on the lattice in the calculation of the static
energy of quarkonium and / = 0 tetraquarks [123-125].°
A similar effect has been seen in the hybrid static
energies [69,126]. Hence, also in the long distance regime,
coupled Schrodinger equations are responsible for the low
energy dynamics of the states, as we discuss in Sec. VL

To see the how degeneracies affect the effective field
theories, we consider the NRQCD Hamiltonian H at some
order of the 1/m expansion (for the purposes of this paper,
first order is sufficient). Then H is not diagonal in the basis
In)© of H©® . We consider instead a basis of states,

n;x;,x;), (3.14)

normalized as
(m;x),x;[03y.y,) = 5mn5(3) (%, —Y1>5(3)(x2 -¥2), (3.15)

such that the Hamiltonian H is diagonal with respect to
these states

0y, Yys)
= 6mnEn (xl vvapl’p2)5(3> (xl - yl)é(S) (x2 - yZ)’ (316)

(m;xq,x,|H

%The operators used on the lattice up to now are heavy-light
states and not tetraquarks; we will comment on this in Secs. V, VI
and in Appendix G.
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where E,(x;,X,,p;,p>) is an analytic function in p{, p,.
Conditions (3.16) and (3.15) give

Hn;y,,y,) =/d3xld3len;x1,xz>En(x1,xz,pl,pz)
X 5(3)(3‘71 - YI)6<3>(x2 -Y2)

The positions x; and x, are no longer good quantum
numbers since the position operator does not commute with
H beyond the static limit. This is reflected in the dependence
of E, on the momenta p; and p,, which are represented by
derivatives, making E, a differential operator. The diago-
nalization of H in Eq. (3.16) is meant in this operator sense.
A set of states |n) and an operator E,, that satisfy Eqgs. (3.15)

and (3.17) can be obtained from the static solutions |r)(©)

(3.17)

and E,(10> to any desired order of accuracy by working out
formulas analogous to the ones used in standard quantum
mechanical perturbation theory. We can write |n) and E,, as
an expansion in 1/m, (again we assume for simplicity that
quark and antiquark have the same mass m):

n) = )@ +—[n)® + .., (3.18)
mo

E,=EY +—EVY + (3.19)
mo

States and matrix elements in NRQCD are matched onto
states and matrix elements in the BOEFT, which is the
effective field theory that follows from NRQCD by
integrating out modes of order Agcp and describes exci-
tations associated to a given (set of) static energies. The
matching is nonperturbative (no expansion in a, involved).
The state |n;x;,x,) in NRQCD is matched to the state

W (x,,x,)|vac) in the BOEFT,

In;x;.%,) — Wi (x),x,)|vac), (3.20)

where W, (x;,x,) is a color singlet composed field that
annihilates all excitations associated with the static energy
E, and |vac) is the vacuum state of the effective field theory.
The field satisfies the canonical equal time commutation
relation: [, (x/.x5), W (x1,%2)] = 8, 6(x" —x,)8(x} —x,).
The static energy E,, of NRQCD is matched to the BOEFT
Hamiltonian, #,,,

E,(x1,%,p1,P2) = h,(x1,%2,p1,P2). (3.21)

In the absence of mixing with excitations from different
n, the BOEFT Lagrangian describing ultrasoft excitations
of h, is then

LI(EYQT:/d%CI/d3x21Pj;(xlax2’t)[iat_hn(xl’xlaplvPZ)]

x W, (x,%,,1). (3.22)

The equation of motion is in this case an uncoupled
Schrodinger equation.

In the case in which the static energy E, becomes close
or degenerate with some other static energy, we have, for

instance, that
/ d3x’ d3x!
n#m

O) (n; o, x5 [ HO |m; ), x,)©
EY (x),x}) — EW (x1,x,)

|m; xl,x2 x2>

(3.23)

becomes large and possibly divergent. This signals the break
down of nondegenerate perturbation theory and the neces-
sity to resolve to degenerate perturbation theory, in which
case h,, is replaced by a nondiagonal matrix computed on all
degenerate states. The solution of the ensuing coupled
Schrodinger equations provides eigenstates, eigenvalues
and eventually diagonalizes the Hamiltonian. The full
eigenstates at leading order, |N ><O), are no longer a single
unperturbed state but a superposition of the (approximately)
degenerate states and the coefficients of this superposition
are eigenfunctions of the BOEFT Hamiltonian in the
degenerate sector:

O = 3 [ [ @) O o),
ne{N}
(3.24)

where the sum runs over {N}, which identifies the set of
states belonging to the degenerate multiplet associated with
the energy labeled N. These states are labeled by new
quantum numbers N, which no longer contain labels related
to degenerate states, whereas those unrelated to the degen-
eracy are still good quantum numbers and are included in
N without change; see Sec. IV for details. Diagonalizing
the first order Hamiltonian then corresponds to finding the

sets of eigenfunctions ¢,(1N) satisfying

1
> (a4 o £l ) = gl
e

ne{N}

(3.25)

where the matrix elements are given through [H() =
H) 1 HOD in the equal mass case]

O {m: .22 HV|:y,.3,)

= E,(r:r)l(x17xz,P1’P2)53(x1 —J’1)5(3) (X2 = y2). (3.26)

The eigenvalue 51(\}) finally gives the mass of the XYZ state
as m=2mg + eV + O(my?).

1. BOEFT for quarkonium: strongly coupled pNRQCD

The most well-known QCD static energy is the one with
n = 0 corresponding to quarkonium: it identifies the ground
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FIG. 6. Results for the lattice QCD calculation of the quarko-
nium static energy performed with a QCD action with 2 4+ 1 + 1
dynamical light flavors [128]. The lattice data is obtained from
twelve ensembles of varying lattice spacing (denoted by ) and
three choices of light quark masses. The overall normalization
has been fixed by setting Ey(rg) = 0, where ry~ 0.5 fm is the
so-called Sommer scale.

state static energy between a heavy quark and a heavy
antiquark in a color singlet configuration, which is well
approximated by a Cornell-like potential. This static energy
can be extracted from the large time behavior of a static
Wilson loop [127] and it has been measured with more and
more accuracy over the last 50 years. It represents an evident
proof of confinement in the heavy quark sector since it
shows a linear rising behavior with the distance r. We show
in Fig. 6 its most recent and state-of-the-art calculation
performed with a QCD action with 2 + 1 4+ 1 dynamical
light flavors [128]. This static energy has been identified
with the QQ potential V(r); a proper theoretical justification
in the framework of nonrelativistic effective field theories of
QCD is provided by strongly coupled pNRQCD [75,77].

"In the short distance, the static energy Eéo)(r) and the static

potential V(r) differ by ultrasoft contributions, the energy being a
physical quantity and the potential being cutoff at the ultrasoft
scale, which is compensated in the static energy by the ultrasoft
degrees of freedom that remain dynamical in the short distance
regime [129].

(r) [GeV]

Ao

EQ

-1 L 1 1 L L
0.2 0.4 0.6 0.8 1 1.2

7 [fm]

FIG. 7. The lowest hybrid static energies I, and %; and the
quarkonium static energy X, shown as a function of the quark-
antiquark separation r in fm from short to large distances [98].
The gap between quarkonium and hybrid static energies is of
order Agep.

Strongly coupled pNRQCD is the BOEFT restricted to
quarkonium. In this case, there is a gap of order Agcp
between the static energy with n = 0 (the X} BO-state) and
the static energies with n # 0, see e.g. Fig. 5 and, for more
details on the lowest lying states, Fig. 7. Because of the
assumed energy gap of order Agcp between the ground
state and the higher excitations of the heavy quark-
antiquark pair, these are integrated out when matching
NRQCD to strongly coupled pNRQCD. Moreover, since
the X static energy is not mixing with any other static
energy at short distance, the NRQCD ground state
|0;x;,x,) simply matches the pNRQCD state made of
one color singlet heavy quark-antiquark pair, created by the
field S7(x,,x,) acting on the pNRQCD vacuum |vac),

|0;x1,%x,) = ST(x;,x,)|vac). (3.27)

The Hamiltonian for strongly coupled pNRQCD is

Eo(x1,%2,p1.p2) = hy(x1,X2,p1,P>)

which leads to the strongly coupled pNRQCD Lagrangian
for the singlet composite field S

094040-9
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VZ
LoNroeD = / 4R / d3rTr{sT(r,R, t) (ia,+——v<0>(r)>s(r,1e, z)},

where we have dropped the center of mass kinetic energy as
we are working in the center of mass frame of the

quarkonium, r = x; —X,, R = (x; +x,)/2, and VO (r) =

Eéo)(r) is the quarkonium singlet static potential,® which
can be measured by lattice QCD and is well approximated
by a Cornell type potential. The color singlet field S is
proportional to the identity in color space; it satisfies
the canonical equal time commutation relation,
[S(r,R"),St(r,R)] = 6 (r —r)6®) (R — R). The trace is
over color and spin. The contributions from the LDF of
energy and momentum of order Agcp are encoded in the
potential between the two heavy quarks, which is a
matching coefficient of pPNRQCD. Higher order relativistic
corrections to the QQ singlet potential have been calculated
using the same framework in [75,77] and are given in terms
of generalized static Wilson loops with chromoelectric and
chromomagnetic insertions [76]. They have been calculated
on the lattice mainly in the quenched approximation and in
QCD vacuum models. The quarkonium spectrum is the
spectrum of the Hamiltonian 4.

Strongly coupled pNRQCD provides a field theoretical
justification of why potential models have been successful
in describing quarkonium, and it relates the potentials
directly to QCD. As all the dependence on the heavy flavor
has been factorized, this enables predictions in different
heavy flavor sectors based on the same universal potentials.
The imaginary part of the potential contains information on
the inclusive decays and has been calculated in the same
framework [121].

Light quarks are taken into account in three ways.
(1) Light quarks at the hard scale m, are integrated out
in NRQCD, and they contribute to the matching coeffi-
cients of NRQCD and appear as such in the relativistic
corrections to the potential. The renormalization scale
dependence of the NRQCD matching coefficients cancels
against the soft part of the pNRQCD potential. (2) Light
quarks at the soft scale enter the lattice calculation of the
potential with the unquenched QCD action; see Fig. 6.
(3) Ultrasoft light fermions become pions. They enter as
ultrasoft degrees of freedom and could be explicitly added
to the Lagrangian in Eq. (3.29) [see e.g. [130] ], but we do
not consider them here. For quarkonium, there are no light
quark and gluon excitations contributing to the quantum
numbers of the static energy, i.e. what we have called LDF.

The calculation of the quarkonium potential from the
static Wilson loop in full QCD does not show conclusive
evidence of string breaking [95]. In the BOEFT, string

8 .
For quarkonium k"¢ = 0++,

(3.29)

mo

breaking comes from the fact that the quarkonium static
energy and the first tetraquark (I = 0) static energy,” which
have the same BO quantum numbers, become close at a
distance of about 1.2 fm called the string breaking length.
Because the transition amplitudes are different from zero at
the string breaking length, this leads to a non diagonal
matrix of static energies, whose eigenvalues show the
avoided level crossing behavior (see Appendix A). The
avoided level crossing phenomenon is realized in QCD; see
Fig. 12.'° Moreover, avoided level crossing modifies the
Schrodinger equation for quarkonium from one channel [as
one would obtain from Eq. (3.29)] to the coupled equations
given in Eq. (6.6).

2. BOEFT for hybrids, tetraquarks, pentaquarks
and doubly heavy baryons

Here we obtain the general BOEFT Lagrangian for the
case of hybrids, tetraquarks. pentaquarks and heavy bary-
ons. When the difference among energies labeled with
different x is much larger than the difference in energy
among states labeled within the same x. The LDF respon-
sible for the bound state are characterized by the energy
scale Agcp, while the energy separations of the exotic
states are of order E << Agcp. Since, at least parametrically,
there is no mixing between states separated by a gap of
order Agcp, we can restrict to a BOEFT of static energies
with the same k. We call this the single-channel approxi-
mation. Differently from the quarkonium case, the BOEFT
for states with the same x leads to coupled Schrodinger
equations and the coupling is induced by the kinetic energy
term contained in H, [see Eq. (3.25)], and it is related to the
degeneration appearing in some of the BO static energies
with the same « and different 4 at short distance. Hence, we
work considering BO nonadiabatic couplings, i.e. non-
diagonal terms in the kinetic energy. At the end of this
section, as well as in Sec. VII, we comment about when a
multichannel BO description, involving static energies with
different ¥ becomes important.

The matching condition for the states reads

|k, A3 X1, X5) — ‘I‘L(xl,xz)lvac% (3.30)
where |vac) is the BOEFT vacuum. As the static energies
above the quarkonium ground state are approximately
degenerate in the short-distance limit with respect to the

'The I =0 tetraquark static energy evolves at large distance in
a heavy-light static meson-antimeson pair; see Sec. VL

1()Figure 12 contains three static energies because there also the
strange quark is considered.
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quantum number A, we need to calculate the matrix
elements of H(!) between those states, in particular the
relative kinetic energy, which is dominant in the center of
mass frame. To this aim we need to express
— il
W =Y P,
a

Wr=>"Py¥,. (3.31)
A

where the projection vectors P¢, project the eigenstates of

K - 7 with eigenvalue A generated by ‘PZ , onto the eigenstates
|

Lgogrr = / &R / d%ZTr{lPL(r,R,z) [iat(sw — Ve (r) + ZP:}

AV

where the trace is over color, spin and isospin indices. Here
the potential V;, in Eq. (3.32) is

|),1|( )60 +O(1/mg),  (3.33)

Vi (r ( ) -

where V' by ﬂ\( r) is equal to the static energy E! Ny ﬂ\( r) and can

be calculated on the lattice or in QCD vacuum models. See
Sec. V for a concrete definition in terms of Wilson loops
with appropriate interpolating operators. As we discuss in
Sec. VII, the potential V. ;; in Eq. (3.32) can be organized
as an expansion in 1/m and subleading corrections can be
calculated. The 1/m, term in NRQCD generates a spin-
dependent and a spin-independent correction in 1/m in
the potential. The fact that, for the exotics, the spin potential
already starts at order 1/my, differently from quarkonium,
is due to the interaction of the spin of the heavy quark with
the spin K # 0 of the LDF, which is not suppressed by a
mass term [79-81]. This feature has a prominent impact on

the spectrum.

(0)
K.|2

calculated at short distances in weakly coupled pNRQCD.
The kinetic energy is not commuting with the projec-
tion vectors PY,, which generates coupled Schrodinger
equations and the A doubling effect seen in molecular
physics, breaking the degeneration between opposite parity
multiplets [78]. This effect is considerably enhanced in
QCD with respect to QED [85] and has an important impact
on the structure of the multiplets.

The light quark degrees of freedom are taken into
account in four ways. (1) Light quarks in the LDF: they
are part of the binding at the scale Agcp for states like the
tetraquarks, the pentaquarks, and the doubly heavy bary-
ons. (2) Light quarks at the hard scale my: they are
integrated out in NRQCD, encoded in its matching coef-
ficients, and appear as such in the relativistic corrections of
the potential. The renormalization scale dependence of the
NRQCD matching coefficients cancels against the soft part

As we will see in Sec. V B, the potential V|, can be

of K, with eigenvalue a generated by W2'. We list these
projectors for all the cases in Appendix F. In the W¢ basis, the
LDF operators do not depend on the # axis. Therefore, the V2
part of H!) is diagonal in this basis, whereas in the ., basis
one needs to take into account the fact that the derivatives also
act on the projection vectors.

Keeping at order 1/m,, only the relative kinetic energy,
the BOEFT Lagrangian describing the heavy exotic states
(hybrids, tetraquarks, pentaquarks and doubly heavy bary-
ons) with quantum number k can be written as

_r le (0, (p):| Y. (r.R, 1) }, (3.32)

|

of the potential. (3) Sea light quarks at the soft scale: they
enter the lattice calculation of the potential with the
unquenched QCD action. Differently from the quarkonium
case (see Fig. 6), few full lattice QCD -calculations are
available for QQ and QQ static potentials with nontrivial
LDF. (4) Ultrasoft light fermions: they are the ones that will
become pions. They enter as ultrasoft degrees of freedom;
they could be explicitly added to the Lagrangian in (3.32),
but we do not consider them here. Ultrasoft degrees of
freedom associated with heavy-light thresholds may be also
added to the Lagrangian depending on the processes that
one would like to study.

Note that the coupled BOEFT Lagrangian given in
Eq. (3.32) contains only the short distance mixing: in
Sec. IV we work out explicitly the form of the coupled
Schrodinger equations following from such Lagrangian for
each type of exotics using a short distance description. The
avoided level crossing or large r mixing is introduced
in Sec. VL.

D. Mixing

Let us summarize the types of mixing that can occur
among the static energies and in the BOEFT equation of
motions. We have three types of mixing.

(i) Mixing induced by the 1/m kinetic term. It orig-
inates from the kinetic term in Eq. (3.32), whose
nondiagonal part is called nonadiabatic coupling. It
is a leading order effect induced by BO static
energies with the same x that become degenerate
at short distance. In Eq. (3.32) we show the general
form of the mixing in the adiabatic picture, which is
the picture where the static potential is diagonal.
After a unitary transformation, we can make the
kinetic energy diagonal and generate nondiagonal
terms in the potential; this alternative but equivalent
picture is called diabatic picture. In Sec. IV, we
calculate the precise form of the mixing matrix
appearing in the Schrodinger equation for each type
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of exotics using a short-range calculation, which is a
good approximation in this case. In particular, we
obtain exotic multiplets that should be eventually
identified with XYZ states.

(i) Mixing at long distance. It occurs when two (or
more) BO static energies with the same quantum
numbers, one the excitation of the other, become
close one to the other, in some range of r at large
distance. In such a case, we have to consider mixing
with states with different x quantum numbers. It is
convenient to start with the diabatic picture, i.e.
static energies with off-diagonal transition ampli-
tudes and with diagonal entries that intersect one the
other at some large distance r. One recovers the
adiabatic picture upon diagonalization of the static
energy matrix. The static energy eigenvalues show
the typical avoided level crossing behavior discussed
in Appendix A: at large distance, the ground state
energy bends down following the pattern of the
smaller diagonal entry in the diabatic picture, while
the excited state energy grows following the pattern
of the larger diagonal entry in the diabatic picture.
This happens e.g. between quarkonium or hybrid
and isospin zero tetraquark static energies; see Fig. 8.
It is a nonperturbative phenomenon arising only at
large distances, which may be responsible for exotic
states of a prominent molecular nature like the
X1(3872). We discuss this effect in detail in Sec. VI
using the diabatic description to make contact with
existing lattice calculations.

(iii)) Mixing between ultrasoft states that exist in the same
energy range. It arises in the case in which some
static energies in different x representations do not
have a large gap between them, which is the
situation we have considered so far, or in the case
in which one considers very excited states from the
lower static energy that may overlap with the states
that live in the upper static energy [79]. It is therefore
involving more than one BO channel. For spin-
flipping processes, it is mediated by operators sup-
pressed by at least one power in the inverse of the
mass. If mediated by a chromoelectric field, it is not
suppressed by inverse powers of the mass. It is not
important when considering only the lowest reso-
nances in each static energy. We discuss this mixing
and list the relevant operators inducing it in Sec. VIL.

IV. COUPLED EQUATIONS AND MULTIPLETS

A. Coupled Schrodinger equations, adiabatic
and diabatic representation

In this section, we obtain the BOEFT coupled
Schrodinger equations that describe in a unified way
hybrids, tetraquarks, pentaquarks and doubly heavy bary-
ons, i.e. any states with LDF in the presence of two heavy

2++
T Isospin=0
{ (Adiabatic)

wave+ P-wave

S-wave+ S-wave

+
13,

FIG. 8. Avoided levels crossing between the quarkonium
potential with BO quantum number X and the first two tetraquark
potentials with BO quantum numbers X}’, X" in the isospin-
singlet I = 0 case. All the tetraquarks evolve in the static heavy-
light meson-antimeson threshold at large distance; see Sec. VI.
The adiabatic static energies (12:;, 22:]“, 32;“, 111, 2Hg) are
shown. At short distances (r — 0), the adiabatic energy 1X/
has attractive behavior corresponding to quarkonium X BO
potential. At short distances (r — 0), the adiabatic energies
(2%, 111,) and (3%, 2I1,) have repulsive behavior correspond-
ing to tetraquark BO potentials (X7, I1,) and (X;”,II}) respec-
tively and form degenerate multiplets corresponding to 17~ and
27+ adjoint mesons respectively. At distances of about 1.2 fm,
where there is the avoided level crossing, the IEy+ adiabatic static
energy bends down and goes asymptotically to the S-wave plus S-
wave static heavy-light meson-antimeson threshold, while the 2X;
static energy assumes the confining behavior of quarkonium up to
the next avoided level crossing. Note that the avoided crossing is
not affecting the BO potentials 1, and the T, and therefore
I, = 111, and IT, = 2I1;,. The expressions of the adiabatic
energies (1X[,2Xf, II1,) are given by Egs. (6.1)~(6.3). The
details of the mixing due to avoided crossing are discussed in
Sec. VI and Appendix A.

quarks (antiquark). This derivation is new. The results on
the coupled Schrodinger equations are new for tetraquarks
and pentaquarks, while they reproduce the results
of [78,79] for hybrids and the results of [87] for doubly
heavy baryons.

For the derivation, it is convenient to express a general
eigenstate of the NRQCD Hamiltonian H(©) plus the kinetic
term in H) as a linear combination of the static states
convoluted with a wave function, following Ref. [78] and
Eq. (3.24):

Ny =3 / Brir)|e. ol (). (4.1)
2
where the wavefunction 45,(3) is given by
$(r) = (c.2:x/2.~1/2IN). (42)
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Here N is a shorthand notation for all quantum numbers of
the system described by the full Hamiltonian and it contains
a fixed . The state |r) denotes the creation operator of a
static heavy quark pair at the center of mass with relative
distance r between the heavy quarks acting on the vacuum,
while |k, 1) gives the corresponding configuration of the
LDEF. In the short-distance limit » — 0, the static states are
approximate eigenstates of K> as well, whose eigenvalues
are labeled by k. The different A = |4| static energies are
degenerate for the same k at order 7 in the multipole
expansion. The differences in the static energies appear
only at higher orders in r, where also the symmetry under
K? is broken.

The equation of motion of the BOEFT Lagrangian in
Eq. (3.32) results in the following Schrodinger equation for
the wavefunction qﬁg) (r):

N
S|Pl 00 P00+ V| 80 =),
A

(4.3)

where Ey is the energy of the bound state. The kinetic term
in the Schrodinger equation can be split into a radial and an
angular (orbital) term. The angular term, proportional to
1/7? is the most important term in the short-distance limit
r< A(_glcn Equation (4.3) couples the LDF to the heavy
quark dynamics through the angular part of the heavy quark
kinetic operator, whose derivatives act on both the wave
function and projectors P% (6, ¢).

The potential V, », in Eq. (4.3) is a potential matrix (in
the A and A index) with static energies in the diagonal
entries [see Eq. (3.33)]. Since the exotic eigenstates are
superpositions of different static states as in Eq. (4.1),
which are degenerate in the short-distance limit, this leads
to the appearance of off-diagonal matrix elements of the
heavy quark kinetic energy operator, more specifically in
the angular part'' between different LDF static states, as in
Eq. (4.10), which are referred to as the nonadiabatic
coupling terms (NACTs) [85]. 1deally, the NACTs could
be computed on the lattice, but currently, they remain
unknown. Nonetheless, assuming the states to be eigen-
states of K2, which holds exactly in the short distance limit,
allows one to estimate the NACT matrix elements (see
Appendix B) responsible for mixing various contributions
of static energies in exotic states. As outlined below, the
shape of these mixing matrices is determined by other
quantum numbers (parity in particular), which leads to
small differences between energy eigenvalues £y, which
would otherwise be degenerate. This is recognized as the
A-doubling effect in molecular physics.

"The radial piece of the derivative acting on the projection
operators P.,(0, ) vanishes: 9,P., = 0.

Separating the radial and the angular parts in spherical
coordinates (no summation over A implied here),
do (1) = o (0.0)w3 (1), (4.4)

the radial Schrodinger equation, whose orbital term takes

on a matrix form mixing static sta'[es,12 can be written
as [78]

1 1 N
Z [_ mQr2 arrzar + le"z Mﬁ’/l + VK,/l’/l l//,(d)(r)
A

where M/, are the mixing matrices and wilj)(r) are the
radial wavefunctions. We derive the mixing matrix M, in
Appendix B. The above set of coupled equations [Egs. (4.3)
and (4.5)] are the Schrodinger equations in the adiabatic
Born-Oppenheimer framework [65,66], wherein the kinetic
part has off-diagonal terms (corresponding to NACTs) and
the potential matrix is diagonal.

The adiabatic Schrodinger equation (4.5) can be recast
into another coupled Schrédinger equation through a
unitary transformation. In this transformation, the kinetic
matrix [specifically the mixing matrix M, in Eq. (4.5)]
becomes diagonal, while the potential matrix V, ,;; acquires
off-diagonal terms to accommodate the mixing between
different states. This is the diabatic Born-Oppenheimer
framework, with the resulting potential matrix termed as
the diabatic potential matrix. The diabatic Schrodinger
equation is given by

1 1
Z [— 2 8110,7°0, + WM“ + Viaa W,)((zﬁv) (r)
A Q Q

= SNU//I((QJ,)(r), (46)

where the matrix M, is diagonal with the eigenvalues of
the mixing matrix M, in the diagonal entries, while V, ;,

has off-diagonal terms. The wavefunctions 1//;(/{\/) and z//fg)
[A is the index for the column matrix 1//,(<N) and 1 = LA,
where A€ (0,1, ..., k)] are related by

y = Uy, (4.7)

where U is a unitary matrix [131]. The relation in Eq. (4.7)
implies
M=UMU"',

V. =UV,.U™ (4.8)

12Ultimately due to the static states having cylindrical sym-
metry, while the kinetic energy term of the heavy quark pairs in
the Schrodinger equation has spherical symmetry.
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The diabatic Born-Oppenheimer framework has been
used to study the hybrid spectrum and mixing with
quarkonium [79,132], quarkonium mixing with the
meson-antimeson pair threshold [91,133,134], and exotic
hadron mixing with the meson-antimeson pair threshold in
the dynamical diquark model [135,136].

B. Mixing matrix and discrete symmetries

Let us look only at the angular part of the exotic
wavefunction |N), which we denote by |I, m; k, 1):

|l,m;k,A) = /d9|0,q0)|k,/1>v?m(9, @), (4.9)

My, (Lms ke, VLG |1 ms k, 2)

where v}, (0,¢) is in general not given by the usual
spherical harmonics, a consequence of the static states
|k, A} depending implicitly on the quark-antiquark axis
7 [78]. Instead, with this angular wavefunction one obtains
an eigenstate of the combined angular momentum L =
K + L, where L is the angular momentum for the heavy
quark pair. The quantum numbers are defined as follows:
k(k + 1) is the eigenvalue of K2, A is the eigenvalue of K - 7,
and [(I+1) and m are the eigenvalues of L? and L.
respectively. See Appendix B for more details.

The mixing matrix in the Schrodinger equation results
from the matrix elements of L2Q between the combined
angular momentum eigenstates:

=1+ 1) =222 + k(k+ 1))8y; — Vk(k+1) = A(A+ D\I(T+ 1) = A4 + 1)8,14

—Vk(k+1)=2A= D11 +1) = A

which is valid under the assumption that k is a good
quantum number. This assumption is smoothly broken at
large distances. This min (2k + 1,2/ + 1) dimensional
mixing matrix can be put into block-diagonal form, where
each of the two blocks corresponds to either positive or
negative parity states.

The transformation of the angular momentum eigen-
states under parity follows from that of their different
components: the static quark state |0, @), the light quark
state |k, ), and the orbital wave function v} (6,¢). The
parity operator acts on the kets

0, ms ke, 2) —P>/dgaQ| — 0+ 1.9 —sgn”(¢)n)

x or(—=1)kk, )2}, (6, ),

(4.11)

where 65 = £1 is the sign of the intrinsic parity of two
heavy quarks (heavy quark-quark pair or heavy quark-
antiquark pair), the sign function" in the shift of the 7
coordinate has been introduced in order to ensure that the
new coordinate still lies within the range (-, z], and o7 is
associated with the intrinsic parity of the light state given by
or(=1)k. For light states with integer quantum numbers &,
we have o7 = +1 for a tensor representation and o7 = —1
for a pseudotensor representation [137]. For light states
with half-integer quantum numbers such as a light quark,
the intrinsic parity is positive in the ground state with a
minus for each orbital excitation. This implies that 67 =
(=1)7"/2 if the corresponding (k — 1/2) representation is a
tensor and o7 = (—1)*!/2 if the corresponding (k — 1/2)

BThe + in the superscript of the sgn function in Eq. (4.11)
gives the value at zero: sgn®(0) = +1.

2= 1)8ym1.

(4.10)

|
representation is a pseudotensor. Note that here we rely
again on the short-distance limit, where the light states are
eigenstates of parity and charge conjugation separately. At
higher orders in the multipole expansion, contributions
from states with opposite parity will appear, as long as the
product with charge conjugation remains the same.

The transformation of the orbital wave function comes
into play when we shift the integration variables in [ dQ in
order to express the transformed state again as an integral
over |0, ). We shift the coordinates in the following way:

0— —0+nm, @ —@—sgn (p)r. (4.12)
Under this change of coordinates, the orbital wave func-

tions are given by
vh (=0+m,p—sgn”(p)x) = (=1 @Dly4(0,¢). (4.13)

The sgn™(¢) factor matters only if / is a half-integer. Also,
the light states |k, A) are affected by the coordinate changes
in Eq. (4.12), and with Egs. (B9) and (B19), it is
straightforward to see that they transform in the same
way as the orbital wave functions but complex conjugated.
Ultimately, we obtain a rather straightforward transforma-
tion for the eigenstates of angular momentum under space
inversion:

0, ¢)or(=1)"
x (_1)sgn‘(¢)(l—k)v;ﬁ<9’ ®)

= O'QGT(—I)I l,m;k,—A)

ILm;k,—2).

1, m;k, 2) — / dQo, k, —2)

(4.14)

=o0p
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Since (I —k) is always an integer, the sgn™(¢) can be
neglected in the first line.

The eigenstates of combined angular momentum trans-
form under parity with the usual sign (—1) multiplied by
or to distinguish between tensor and pseudotensor and 6,
to account for the intrinsic parity of the heavy quarks. But
since the sign of 1 is reversed, these are not yet eigenstates
of parity.

Since the static energies appearing in the radial
Schrodinger equations depend solely on the absolute value
of 4, i.e., A =|4| and not its sign, we may combine both

|

2
Ly

Lmyk,Ase) = (I(1+ 1) = 2A2 + k(k + 1))

states with the same A > 0 to parity eigenstates (A =0
already is an eigenstate):

L
V2

|L,m;k,Ase) =—(|1,m;k,A) +eop|l,m;k,—A)), (4.15)

where the € = +1 sign is now the eigenvalue of parity. The
action of Lé on these parity eigenstates for A > 1 with
k,l > A is given by

I,m;k, As€)

—Vk(k+ 1) =AA=D\I([I+1) = AN =1, m;k, A= 1;€)

—Vk(k+1) = AN+ DI+ 1) = AN+ D)|Lmsk, A+ 15€).

For A =kor A =1, a A+ 1 state does not exist, but since
its coefficient vanishes in Eq. (4.16), there is no need to
exclude explicitly that state from the equation.

For A = 0, there are no two different states with 4 = A
to be used in Eq. (4.15); instead, the original state for A = 0

L3|lmik, €)= (I(1+ 1) = 2+ k(k + 1))|L.m: k., 15€) = 8., V2/k(k+ 1)\/1(1 + 1)

(4.16)

|

is already a parity eigenstate with eigenvalue op and
does not need to be redefined. The operator L2Q does
not change parity, so when it acts on a A = 1 state, it can
only produce a A = 0 contribution if € = op, or vice versa.
We write

1, m;k,0)

—Vk(k+ 1) =2\/I(L + 1) =2|l,m; k, 2;€), Kk, 1>1, (4.17)

L[, m; k.0) = (I(1+ 1) + k(k + 1)|1.m;k,0) = V2 /k(k + D\/I(1+ 1)|l.m; k, 1;0p),  k,120. (4.18)

In the case A = 1/2, the A — 1 contribution is not a separate state; instead, if we insert A — 1 = —1/2 on the right-hand-side
of Eq. (4.15), we obtain again the A = 1/2 state, but with a sign eop. So we have
) 1 1 1

L Lm;k,1/25¢) = [ I(I+1) —§+k(k+ 1) —eop l+§ k+§ |l,m;k, 1/2;€)
3 3
- k(k+1)—1 l(l+1)—Z|l,m;k,3/2;e>, k,1>1/2. (4.19)

On this basis, the mixing matrices are evidently block-diagonal, with one block for each parity eigenvalue. Labeling them as
M ;}C'EA, the indices take values 0, 1 < A’, A < min(/, k) in the integer case (where the lower boundary is O for ¢ = op and 1
for ¢ = —op), or 1/2 < A', A < min(/, k) in the half-integer case.

Here, we explicitly list the first few mixing matrices. For integers with / > k we have

_(l(l+1)+2 —2\/l(l+1)> (4.20)
SN N/ y R [ T D '
I(I+1)+6 =2,/31(1+1) 0
Mp,, = | =24/31(1+1) I(1+1)+4 =2/(I-1)(+2) (4.21)
0 =2/(-1)(1+2) (I-1)(+2)
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The row and column indices for these matrices correspond to A’ 4+ 1 and A + 1, respectively. For the opposite parity
€ = —op, the first row and column have to be deleted, and A’, A correspond to the row and column indices directly. In the

half-integer case, also for [ > k, we have

My j2e = <l—€g‘°> <l—€;”+ 1>, (4.22)

(I—eop)(l—€op+1)+3 -

M35 =

(4.23)

SBU=hu+h  a-hu+y

Here, the row and column indices correspond to A’ 4+ 1/2
and A+ 1/2. If | < k, then the mixing matrices can be
obtained from the identity M, = My, [where ¢ =
(=1)*e, since op also depends on [], which is identical
to deleting all rows and columns with A’, A > [. We note
that a similar result for the mixing matrices has been
obtained for the doubly heavy baryons in Ref. [87]. In
Appendix I, we write down explicitly the radial coupled
Schrodinger equations for the lowest hybrid, tetraquark,
pentaquark, and doubly heavy baryons states.

For electrical neutral states in the QQ sector, the parity
eigenstates are also eigenstates under charge conjugation
because charge conjugation C interchanges the positions
of the quark and antiquark and thus reverses the direction of
7. Its effect on the coordinates is the same as for space
inversion, including the change of the sign of A. The
combination CP accordingly leaves the coordinates invari-
ant, and the light state has the eigenvalue # = +1, while the
static quark-antiquark pair state transforms with (—1)S¢*!
from the heavy spin configuration Sy =0, 1 and the
intrinsic parity 6, = —1. We can, therefore, obtain the
transformation of the angular momentum eigenstates under
charge conjugation simply by performing a space inversion
first and then a CP transformation:

I3 e, ) — op(=1)5 |1, ms k, —2)

= or(=1)5"y|l, m; k, =2). (4.24)
Accordingly, the parity eigenstates transform under charge
conjugation as

Lk, As€) — (—=1)SeH el ms k, Ase).  (4.25)

This relation short-distance
approximation.

Finally, let us also discuss briefly the last of the quantum
numbers for the static states at finite distances, which is the
reflection symmetry with respect to an arbitrary plane
passing through the 7 axis, which we call M. We have
introduced this symmetry in Sec. III B. The reflection M is
supposed to act only on the light degrees of freedom.

stays true beyond the

[
However, a transformation of the light coordinates is
equivalent to an inverse transformation of the rotated
coordinate system; see Appendix B. So performing a
reflection on the light degrees of freedom is the same
as performing a parity transformation and shifting the
coordinates (0,¢) in the same way as for the parity
transformation. Using Eq. (B19),

M 4z g 0 -
k,0) — 4 /2k | Z Vi, (=0 + 7. — sgn™(¢)7)

my=—k
x or(=1) k. my)

= 6T|k, 0>,

(4.26)

where |k, m;) are eigenstates of K» and K. Hence, the sign
o under reflections M is the same as the sign o7 introduced
to distinguish between tensor and pseudotensor.14 Hence,
+ stands for tensor states and — for pseudotensor states.

With these relations, we have established how the
quantum numbers A7 correspond to those of the degenerate
kP€ multiplet in the short-distance limit: the largest value of
A appearing in the same degenerate multiplet is equal to k;
the value of o determines whether it is a tensor or a
pseudotensor, so P = ¢(—1)¥; and 5 determines the eigen-
value of charge conjugation relative to the parity eigen-
value, so C = nP = no(—1)*. Based on this, in Sec. V we
give in all exotic cases tables of the short distance
degeneration of the static energies, the corresponding
kP€ numbers and the related LDF operators.

C. Flavored states and multiplets

When we consider the inclusion of light quarks, addi-
tional quantum numbers appear. If we restrict ourselves to
up and down quarks, then these new flavor quantum
numbers can be parametrized by isospin and baryon
number: |1, m; b). We list here the flavor quantum num-
bers associated with up and down quarks and antiquarks:

"“We refer the reader to Appendix D for further details.
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lu) = [1/2,+1/2;+1/3), |a) = [1/2,-1/2;—1/3),
ld) = |1/2,-1/2;+1/3), |d) = |1/2,+1/2;~-1/3).
(4.27)

The introduction of light quarks allows for the appear-
ance of electrically charged states. In terms of the flavor
quantum numbers, the electric charge Ze of the light
degrees of freedom is given by

b
Z:m1+—.

- (4.28)

However, in the previous section we have constructed the
exotic states as eigenstates of charge conjugation C.
Electrically charged states can obviously not be eigenstates
of charge conjugation, since C reverses the signs of m; and
b. Still, the classification of the eigenstates can be based on
quantum numbers associated with either charge conjuga-
tion or the electric charge operator (as both commute with
the Hamiltonian).

The relation between both charge conjugation and
electrically charged eigenstates is straightforward. For each
electrically charged state, there exists another state with an
opposite charge but otherwise identical properties (a result
of the Hamiltonian commuting with charge conjugation).
Charge conjugation eigenstates can then be expressed as
symmetric or antisymmetric linear combinations of these
two electrically charged states. Similarly, electric charge
eigenstates can be formed as symmetric or antisymmetric
combinations of states with opposite sign under charge
conjugation but otherwise identical properties.

In a basis where isospin and baryon number are good
quantum numbers, we can define the sign under which C
transforms a state into its opposite-charge state:

C

I,mp;b) = oc|l, —my, —b). (4.29)
With this extended definition in mind, we can continue to
use Eq. (4.25), even though the charged states are not
eigenstates of C. For electrically neutral states (which
includes b = 0) this sign o is a good quantum number,
and by extension it also contains nontrivial information for
charged states within the same isospin multiplet. However,
if a multiplet does not contain an uncharged state, then o is
arbitrary, as we may freely change the phases of opposite-
charge states.

In the following, we discuss the nontrivial cases of light
flavor quantum numbers, including baryonic (QQgq), tet-
raquark (QQqg or QQgg) and pentaquark (QQgqqq or
0Q0qqq) configurations. We refer the reader to Ref. [76] for
discussions on quarkonium and Refs. [78,79] for discus-
sions on quarkonium hybrids. In general, an even number
of light quarks will have integer isospin, while an odd
number corresponds to a half-integer isospin.

1. Integer isospin case

The pairing of an up and a down (anti)quark can give rise
to both an isospin singlet and an isospin triplet. The triplet
is even under interchange of flavors, the singlet is odd. The
qq combination has 0 baryon number, while gg has —2/3
(compensated in the tetraquark QQgq by the 2/3 of the
heavy QQ pair). Considering color, a gg combination can
form a singlet or an octet, while in the g case they can
form a triplet or an antisextet. These color configurations
can be combined with the respective color configurations of
the Q0 or QQ to form a color-neutral meson state.

00Qqq tetraquarks. We discuss the gg case first. Quark and
antiquark are distinguishable, so any possible combination
of spin, isospin, and color quantum numbers may appear.
The combination of the color quantum numbers of the
quark and antiquark results in both color singlet and color
octet configurations:

(a:.3;18)* = V2T,

1y’

_ 1
(q:s Qj|1> = %50'7 (4.30)
where T%(a = 1, ..., 8) are the generators of SU(3) in the
fundamental representation and the color states are given by

1 _ _
|1>:ﬁ5ﬁ|f1i,q;> and |8>a:\/§T7i|qz"Qj>- (4.31)

The other quantum numbers are not affected by the color
state. Parity is also not affected by spin or isospin. Without
orbital excitations, it holds that o = (—1)*~!, where & is
the total angular momentum of the LDF and o7 has been
defined in Eq. (4.11). It follows that the parity of the gg pair
is given by 67(—1)f = —1, i.e. the product of the intrinsic
parities of the quark and antiquark. Higher orbital con-
figurations, which may be excited by adding covariant
derivatives to the generating operators, will add more minus
signs to o7 in the usual fashion. One may also think of
combinations with gauge fields with which any set of light
quantum numbers may be excited.

Focusing on the ground state, both the isospin singlet and
the triplet contain a neutral state, which means that o is a
good quantum number. Charge conjugation acts on a single
light (anti)quark by reversing the signs of m; and b, but
does not produce additional signs (like the intrinsic parity)
from the particle transformations themselves. However,
charge conjugation also exchanges the positions of particle
and antiparticle operators, so returning them to their
original positions gives a minus sign from the commutation
of the Grassmann fields and a plus or minus sign depending
on the symmetry of the spin configuration. So the
composite states transform as

K, m) — (= 1)k

I,m,;b>

I, —mp; —b>

k,my). (4.32)
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For the static quarks QQ the same arguments apply, except
for the absence of isospin, so the total sign under charge
conjugation of a QQ¢4 state is given by 6 = (—1)’e*Se*k,
where [ is the eigenvalue of the orbital angular momentum
of the heavy quark-antiquark pair Ly, S, is the total spin of
the heavy quark-antiquark pair, and k is the total angular
momentum of LDF.

For light quarks in a gg configuration without orbital
excitation, we have k*¢ = 0=* and 1=~ which correspond
to the BO-potentials (static energies) X, and {Z}’,II },
respectively. We assume that 0~ and 17~ are the lowest gg
states, as in the quarkonium case. For k"¢ = 0=+ corre-
sponding to the X, BO-potential, 6 = o7 = —1. Since
A=0, we already have the parity eigenstate [see
Eq. (4.14)] which implies all the states have parity € given
by € = op = (=1).. The charge conjugation is given by
(=1)*Se = (=1)letSe, as k= 0. For kP =17, corre-
sponding to the {Z}”,T1,} BO-potentials, 6 = 67 = 1 and
A =0, =£1. This implies that for A = 0, the parity ¢ is given
by € = 6p = (—1)"*! while for A = +1 using Eq. (4.15),
we can construct parity even and odd eigenstates (with
respect to A= 0) given by € =6p = (—1)"*! and € =
—op = (—1)! respectively. The corresponding charge con-
jugations are (—1)*5¢ (for € = 6p) and (—1)"*Se*! (for
€ = —op), both of which agree with 6o = (—1)%e*Setk Ag
a result, states with parity € =0, = (—1)""" involve
mixing of X’ and TI, static energies in the Schrodinger
equation [see Egs. (4.20) and (I3)], while states with
¢ =—0, = (1) involve only II, static energy in the
Schrodinger equation [see Eq. (I4)].

The results for the J”¢ multiplets for tetraquark states in
the X, or {Z;’,11,} BO-potentials are shown in Table I.
The lowest tetraquark spin-symmetry multiplet in the {X; }
BO-potential has quantum numbers {07+, 17"} corre-
sponding to the / = 0 ground state. The lowest tetraquark
spin-symmetry multiplet in the {X;”, 1, } BO-potentials has
quantum numbers {1*7, (0, 1,2)*"} corresponding to the
first/ = 1 mixed state. We have assumed that the ordering of

the states reflects the one of the hybrids. In analogy with the
multiplet {X,,I1,} being lower than IT,, we assume the
multiplet {Z;;’ , Hg} lower than I1,. Furthermore, because in
Fig. 5 and in Refs. [68,69,96,97], the Z;’ potential is lower
than IT,, we place X" in between {X/’,TI,} and IT,. For the
rest, we order the states according to the quantum number L
The quantum numbers are independent of the isospin
configuration, while the BO-potentials X, Zj’ , 11, them-
selves depend on the isospin 1.

We would like to point out that conceptually, there is no
difference between a QQqq tetraquark with isospin I = 0
and a hybrid with the same quantum numbers. Once light
quarks are introduced, there can be transitions between the
gluonic configuration and the light quark configuration, so
a proper eigenstate of the static Hamiltonian will have
overlap with both of them. Transitions may however be
suppressed, which would still allow an identification of
states as primarily hybrid or tetraquark.

00Qqq tetraquarks. Let us turn now to the case of QQgg
tetraquarks. The two heavy quarks and two light antiquarks
are indistinguishable, and therefore, the color, spin, and
isospin quantum numbers are constrained by the Pauli
exclusion principle. The combination of the color quantum
numbers of the two quarks (antiquarks) results in both color
antitriplet (triplet) and color sextet (antisextet) configura-
tions:

(gi-q;13) =T, = (g1, 9;16)” = Zf;, (4.33)

1
ﬁeﬁjv

where we use the notation from Ref. [89] for the antitriplet
(triplet) color and sextet (antisextet) tensor invariants

f . . o o . . . o
Lj(t,],f— 1,2,3) and 7, (i,j=1,2,3;6=1,...,6)

respectively [see Appendix C]. The color states are given by

13)" =T{lgi.q;) and [6)° =Z7lqi.q;).  (4.34)

TABLE 1. JP€ multiplets for the lowest QQqg tetraquarks. The third column shows the BO-potentials that appear
in the Schrodinger equation of the respective multiplet. We label the multiplet as T¥ in the last column in the order of
increasing energies, where k is the eigenvalue corresponding to the LDF total angular momentum K. Since the
quarkonium BO quantum number is X, we denote the tetraquark BO quantum number as X;”.

QQ color state Light spin k¢ BO quantum no. Aj l JPC{Sy =0.80 =1} Multiplets
Octet 8 (U hom 0 {0t 177} 70
1 (17,(0,1,2)~+} 79
2 (2++,(1,2,3)*"} 70
1= T I, i {1+,(0,1,2)++} T!
b 0 {074,177} T}
I, 1 {17,(0,1,2)~"} T%
I, 2 {27.(1.2.3)"} T
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Both the tensor invariants 77, and X¢; are real; T7 is totally
antisymmetric and X7; is symmetric in the i and j indices.
The two light antiquarks (or quarks) can also form spin and
isospin singlets and triplets just like in the quark-antiquark
case (only the baryon number is different). However, the
Pauli principle, expressed in the Grassmann nature of the
light quark fields, forbids both fields to have exactly the same
quantum numbers when evaluated at the same point. Thus,
out of the 12 = 144 angular momentum-isospin-color
combinations that appear in the gg case, only (') = 66
remain for g g. Since the light quark fields anticommute, only
antisymmetric combinations of the angular momentum-
isospin-color indices survive. The color triplet and (iso)spin
singlet are antisymmetric, while the color antisextet and
(iso)spin triplet are symmetric. This means that we can have
(I=0,k=0) and (I =1,k=1) combinations in the
triplet sector, or (I =0,k = 1) and (I = 1,k = 0) combi-
nations in the antisextet sector. Combining the multiplici-
ties for color, isospin, and angular momentum, we get
3x1x143%x3%x34+6x1x3+6x3x1=66, which repro-
duces exactly the predicted number of combinations.

Adding orbital excitations lifts these restrictions some-
what; for instance, with a single covariant derivative, we
may construct a symmetric and an antisymmetric combi-
nation: ¢;(Dq); + (Dq),q;. There may also be higher
excited static states where the Pauli principle limits the
allowed combinations, but in general, there are sufficient
operator combinations available to generate any desired
quantum numbers. Again, we discuss only the lowest case
without orbital excitations.

The intrinsic parity of two antiquarks (or two quarks) is
positive, which means that depending on the spin configu-
ration, we have either a scalar or a pseudovector represen-
tation. The sign underreflections is thus given by ¢ = (—1)*.
CP isnotasymmetry of the static QQ system, which instead
is invariant under parity plus interchange of the static particle
indices (such that r =x; —x, %5 —X, +Xx| =r stays
invariant), and the # quantum number corresponds to the
sign under parity acting only on the light antiquarks. So the
static energies appear in X} and {X;,II,} multiplets.

The static quarks are distinguished by their positions;
hence a priori any spin or color combination is allowed.
However, when we construct the angular momentum eigen-
states |I, m; k, 1), we integrate over all possible orientations
of the quark axis. Since for any orientation there is another
one where the quark positions are exchanged, the Pauli
principle restricts also for the heavy quarks the final states
that we can construct from the static states by limiting the
polar angle integration to a half sphere.

Let us introduce the sign ogc for the exchange in spin
and color of the two static quark fields. We have og- = 1
for singlet-antitriplet and triplet-sextet spin-color configura-
tions, and o5 = —1 for singlet-sextet and triplet-antitriplet
spin-color configurations. With this, it follows that

exchanging the two static quarks has the same effect on
the angles as applying a parity transformation:

0.9) = (=1)e|z - 0.9 — sgn(g)x)

= —o5clt— 0,9 —sgn(p)r),  (4.35)

where [ is the eigenvalue of the angular momentum operator
of the heavy quark pair and we have used that QQ states are
antisymmetric, while even [, describes symmetric wave-
functions and odd [, describes antisymmetric wavefunc-
tions. Accordingly, because angular momentum eigenstates
remain the same after exchanging the two static quarks,
we have

Lnik.2) = [ dgl6.) k.2, 6.9)

S / dQIz—0.9—sgn™ ()m) k.2) 0, (0.9)

:—Gsc/dQ

X U?m (7[_97(,0_ Sgn_l ((p)ﬂ)

=—05c(—=1)"Hlm;k,=2),

k,—A)(=1)7*

0.¢)

(4.36)

where in the third line, we have redefined the integration
variables in dQ to express the transformed state again as
0, ¢); note that the LDF state |k, 1) is affected by the
coordinate changes, since |k, 4) parametrically depends on
heavy quark coordinate € and ¢. This, in particular, implies
that the sign of 1 is not a good quantum number in the QQ
case. The reason for this is immediately apparent: without the
distinction of particle versus antiparticle, there is no way to
unambiguously define the direction of the quark axis.

When constructing the parity eigenstates, we used the
symmetric or the antisymmetric combination of A states,
where A = || as in Eq. (4.15). However, in view of
Eq. (4.36), only one of such combinations survives, as
the other,

l, m,k, A> + Gsc(—l)l_k

Lmyk,—A), (4.37)
cancels trivially when we replace the A state by —A. This
means that the parity € of a state and its mixing properties
are already fully determined by the other quantum
numbers.

Here we have 6 = 67 = (—1),s06p = (—1)/7*, and the
remaining linear combination of opposite parity states is

1
Lm;k,\;—o5c) = E( I,m;k,\) — oscop|l,m;k,—A)).
(4.38)
The resulting tetraquark states all have parity € = —og¢, SO

for the QQ color antitriplet ¢ = (—1)%¢*!, while for the
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TABLE II.

Spin-symmetry multiplets for the lowest Q Qg g tetraquarks. The angular momentum quantum number

[ is the sum of the orbital angular momentum of the heavy quark pair and the light quark spin. In the last column, the
dotted entry means that particular state is not allowed due to the Pauli exclusion principle.

jP
QQ color state Light spin k" BO quantum no. A Isospin [ [ So=0 Sp =1
Antitriplet 3 0t ) 0 0 e 1"
1 1- e
1+ ;. 1, 1 0 0~ e
1 1- 0,1,2)*
Sextet 6 0t ) 1 0 0" e
1 e (0,1,2)"
1" 2.1, 0 0 e 1~
1 1" (0,1,2)"

color sextet € = (—1)%¢. Since mixing only occurs when
€ =op [see Eq. (4.16)], we no longer have states with
opposite parity where one is mixed and the other is not.
Instead, it is already determined by the other quantum
numbers whether a state mixes X and II potentials or not. In
the case of the X} potential or / = 0 states, only A = 0 is
allowed, so several combinations of quantum numbers
where ¢ would not be equal to op are excluded. For
example, in the QQ color antitriplet sector, the combination
(I=0,k=0,S5, = 0) allows only odd values for /, while
(I=0,k=0,5y = 1) allows only even values.

In Table II, we show the lowest expected QQggq
tetraquark states for each possible set of quantum numbers.
If also here we assume that states with a coupled
Schrodinger equation have lower energies, then there is
only one candidate: the (0, 1,2)" multiplet corresponding
to the quantum numbers (I =1,k =1,5, =1,1=1) in
the color antitriplet sector. In the color sextet sector, it
would be the 17 state with (/ =0,k =1,5, =0,/ =1),
but since the sextet potential is repulsive at short distances,
these are not expected to be low-lying tetraquarks. The
ground states in the two X potentials (X; and X)) of
the color antitriplet sector without mixing appear with the
quantum numbers 17 for (I = 0,k = 0,S, = 1,1 = 0) and
0~ for (I =1,k=1,S9=0,1=0). The 1" state could
actually be the lowest state in case the X potential is lying
lower than both {X7, T }.

2. Half-integer isospin case

QQgq baryons. Half-integer isospin is encountered exclu-
sively in configurations with a nonzero baryon number. The
simplest of such configurations are QQgq baryons. In this
case, the only viable color combination involves pairing the
light color triplet with the color antitriplet from the heavy
quarks. We are not aware of a generally used notation
for half-integer representations of the cylindrical sym-
metry group D.;. Therefore, we resort to defining these

representations by specifying the relevant quantum num-
bers here. Notably, the concept of reflection and the
associated quantum number o are inapplicable for half-
integer values of k since there is no 4 = 0 state. Moreover,
the light quark spin can be aligned parallel or antiparallel to
the angular momentum. In the parallel case, we get k”
values (1/2)*,(3/2)7,... so or=(=1)712, op=
(=1)=12 and 5 = (=1)%"/2, whereas in the antiparallel
case, we have (1/2)7,(3/2)*,..., and o = (—1)*1/2,
op = (=1)"*1/2 and 5 = (—=1)¥*1/2, The ground state has
(1/2)7, the first orbital excitation (3/2)~ and (1/2)~, and
SO on.

Regarding the spin and color configuration of the heavy
quarks, the same restrictions based on the Pauli principle
that follow from Eq. (4.36) apply. Focusing on the ground
state, which has k¥ = (1/2)", the parity of the final states
is given by € = —64-(—1)*"1/2 So for the ground state
k = 1/2, the heavy spin singlet has negative parity and
the triplet has positive parity. The radial Schrodinger
equation is not coupled, but the orbital term depends on
the angular momentum and other quantum numbers as
(I+%(=1)712) (1 + %< (=1)"=1/2 + 1). The lowest value
corresponds to ogc = —1 (i.e. the heavy spin triplet) and
[ =1/2, for which the orbital term vanishes, giving a
{(1/2,3/2)"} spin-symmetry multiplet as the lowest QQq
baryon. For the heavy spin singlet (650 = 1), the [ = 1/2
and [ = 3/2 configurations are actually degenerate (before
heavy spin interactions are considered), leading to a
{(1/2,3/2)"} multiplet from a radial Schrddinger equation
with a coefficient 2 for the orbital term. Isospin does not
affect any of these quantum numbers, but it does determine
the electric charge of the resulting states (based on the
flavor of the heavy quarks). For ground state doubly heavy
baryon Q Qg multiplets, we refer to Table II in Ref. [87].

00qqq, 00qqq pentaquarks. The next possible half-
integer isospin configurations involve pentaquarks, which
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can manifest in QQgqq or QQgqg combinations, includ-
ing their respective antiparticles. We will first discuss the
case of Q0Qqqq, again ignoring the orbital excitations of the
light quarks. Just like in the case of light baryons, the light
quarks may form spin and isospin doublet or quartet
combinations (i.e., I =1/2 or I =3/2). Furthermore,
the three light quarks can exist in either color singlet or
color octet configurations to combine with the correspond-
ing color states of the QQ pair to form a color-neutral
pentaquark state. The heavy quark-antiquark pair is dis-
tinguishable, whereas in the light sector, the Pauli principle
applies, which means that the whole color-spin-isospin
combination needs to be fully antisymmetric regarding
particle exchange. As a consequence, spin and isospin have
to be both doublets or both quartets in the color-singlet
sector, while in the color-octet sector any combination of
spin and isospin is allowed except for both being quartets
(cf. Appendix H).

Similar to the baryonic case, the cylindrical symmetry
notation Aj for static states with integer rotational quantum
numbers is not applicable as there are no established labels
for A, the reflection quantum number ¢ does not appear
without a 1 = O state, and 7 is useless for 0Qgqq states. In
case of QQgq baryons, 5 corresponds to the parity P of the
light state since that is the symmetry of the static QQ. In the
case of QQqqq pentaquarks, 5 corresponds to the CP
eigenvalue of the light state, since that is the symmetry of
the static QQ. Nevertheless, CP transforms a light gqq
state into a g g g state, so the CP eigenstates are even and
odd linear combinations of the two. Since the electric
charge or baryon number operator transforms one of these
combinations into the other while commuting with the
static Hamiltonian, the static energies of both combinations
have to be degenerate. Therefore, 7 can no longer be used to
distinguish between static energies. For notation, we
choose to label the static states by k”, where k is the
LDF angular momentum.

For a heavy quark and antiquark, there is no Pauli
exclusion principle, and their spins may either form a singlet
or a triplet, irrespective of their color configurations. The
light quarks without orbital excitations have positive parity.
Therefore, for k* = (1/2)%, oy = (-1)""/2 and for
kP = (3/2)*, o7 = (=1)"/2. A simple expression for o7
that encompasses both cases is o7 = (—1)K"!1. With this
we have op = (—=1)*k, where k = 1/2 for the isospin
doublet and quartet and k = 3/2 for the isospin doublet

(cf. Appendix H). We expect the lowest Q Qgqq pentaquarks
to form spin-symmetry multiplets {(1/2)7,(1/2,3/2)"}
for k¥ =(1/2)" and {(3/2)7,(1/2,3/2,5/2)"} for
kP = (3/2)", where again the first entries correspond to a
heavy spin-singlet and the second to a triplet. The ground
state QQgqq multiplets are shown in Table III.

The other case for a doubly heavy pentaquark consists of
0Qqqq (or its charge conjugate). In the light sector, the
Pauli principle requires an antisymmetric configuration for
the two quarks, while the antiquark configuration is inde-
pendent. The color antitriplet from the heavy quarks can
couple to the triplet of the light quarks or the heavy sextet to
the light antisextet. As explained in Appendix H, the Pauli
principle is less restrictive in this case. In the color-triplet
sector, there are four doublet-doublet spin-isospin combi-
nations, two doublet-quartet and two quartet-doublet com-
binations, as well as a quartet-quartet combination. In the
color-antisextet sector, there are two doublet-doublet com-
binations, as well as one doublet-quartet, quartet-doublet, or
quartet-quartet combination.

We assume again that the lowest pentaquarks in a
0Qqqqg configuration come from the color-(anti)triplet
sector because of its attractive short-range potential.
Irrespective of their spin or isospin configuration, the parity
of the light quarks is always negative (because of the
intrinsic parity of the antiquark and no orbital excitations).
Therefore, for &k’ =(1/2)", oy = (-1)"> and for
kP = (3/2)", 67 = (=1)"/2. A simple expression for o7
that encompasses both cases is 67 = (—1)!7*. With this we
have op = (=1)""%*! and e = 64c. Depending on the
values of € and op, the orbital terms may take larger or
lower values, and depending on / and & there may or may
not be mixing. For k = 1/2, the lowest energy eigenvalues
come from the smallest orbital term, for k = 3/2 they come
from the mixed equation with the smallest orbital terms. We
have listed the different sets of quantum numbers in
Table IV.

V. EXOTIC STATIC ENERGIES: OPERATOR
DEFINITION AND BEHAVIOR
AT SHORT DISTANCES

A. Matching operators for static energies

As discussed in Sec. III, the static energies for all exotics
are given by Eq. (3.12). Here, we characterize the state
|X,,—T/2) using gauge-invariant interpolators that select

TABLE 1II.  JP€ multiplets for the lowest QQgqq pentaquark states. In the third column, we represent the BO
quantum number (D, representation) with (k), instead of Aj and 7 = g denotes positive parity.

BO quantum
QO color state Light spin k” no. Dy, [ JP{SQ =0,8,=1}
Octet 8 (1/2)* (1/2), 1/2 (1/27,(1/2,3/2)"}
(3/2)* {(1/2);,(3/2),} 3/2 {3/27,(1/2,3/2,5/2)7}
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TABLE IV. Spin-symmetry multiplets for the lowest Q Qgqg pentaquarks. Where two multiplets are given in the same set (identified
by entries within a parenthesis), they correspond to degenerate values of /. Where two or more sets are given, they are not degenerate, but

it is not clear which lies lower without knowing the actual shape of the potentials.

jP
BO quantum
Q0 color state  Light spin k" no. Dy So=0 Sp =1
Antitriplet 3 (1/2)~ (1/2), (1/2)*,(3/2)* (1/2,3/2)~
(3/2)” (1/2),,(3/2),  (1/2)%.(3/2)".(5/2)* (1/2,3/2,5/2)"
Sextet 6 (1/2)~ (1/2), 1/2)" (1/2,3/2)*,(1/2,3/2,5/2)*
(3/2)” {(1/2).- (3/2).} 3/2)° (1/2,3/2)".(1/2,3/2,5/2)",(3/2,5/2,7/2)"

the quantum numbers of the exotic BO static energy in
consideration. While, in general, the interpolator can be
anything that has a good overlap with the state whose static
energy we want to measure, we point out that the operators
that we are suggesting here are well suited for QCD lattice
calculations for two reasons. On the one hand, they are
appropriate to calculate the r dependence of the static
energy also in the relatively short distance region.
Moreover, since the short distance behavior of the corre-
lators is calculable using weakly coupled pNRQCD, as we
show in Sec. V B, this is a considerable guidance and test of
the lattice calculation. On the other hand, our interpolating
operators do not overlap with states containing quarkonium
and pions, a problem that has plagued some of the lattice
calculations in the QQ sector [95,104,124,125]. In fact, in

|

(0)
EK,M|

(r) = Jim %log [(vac|O" (T /2,r, R)O, (=T /2,7, R)|vac)],

the QQ sector, our interpolating operators contain the QQ
pair in a color octet configuration, as it should be from the
BOEFT previously presented. We show in Appendix G that
the projection of such operators on quarkonium plus pion
states is zero.

1. Form of the interpolating operators

We consider a bound system made of two heavy quarks:
QQ or QQ pair along with the LDF. As we have seen in
Sec. III, the static energies for quantum numbers « and A,

E'<<OI)/1I (r), can be determined from the large time logarithms

of the relevant Wilson loop obtained from the gauge-
invariant correlators in NRQCD:

he{00.00}. (5.1)

where |vac) denotes the NRQCD vacuum and O, ; is an interpolating gauge-invariant operator. The isospin quantum

numbers of the LDF are not explicitly written.

In terms of NRQCD fields, we define the gauge-invariant interpolating operator for exotic hadrons with a heavy (octet)
quark-antiquark pair or (antitriplet or sextet) heavy quark-quark pair as

ofﬁ% (t.r,R) = 2 (. R +7/2)p(t;R +r/2, R) P, HE (1, R)T*p(:; R, R —r/2)y(t,R — 1/2),
095 (1,1, R) = y" (t, R +r/2)¢" (;R +1/2,R)P* HE (1, )T ¢(; R, R — /2)y(1,R —7/2),

OS2 (t.r.R) =y (t.R +r/2)¢" (1:R +r/2, R\ P, HE (. R)Z°p(1:R.R —r/2)y(1.R — 1/2),

where Py, are the projectors that are given in Appendix F
(with a as the vector or spin index); the SU(3) generators
T%(a=1,...,8) project on a color octet (QQ)g state,
while T (¢ = 1,2, 3) on a color triplet (QQ); or antitriplet
(QQ)j state, and X°(0 = 1, ..., 6) on a color sextet (QQ),
or antisextet (QQ); state. The tensors T and X°, which are
respectively antisymmetric and symmetric, are defined in
Appendix C. The Wilson line ¢(x,y) is

(5.2)
(5.3)

(5.4)

P(t;x,y) = Pexp {—ig /yx dz -A(t,z)], (5.5)

where P denotes the path ordering. The operators Hg'¢ (R)
are related to gluelump operators when the LDF are
gluons and to adjoint mesons when the LDF are light

quarks [138-140]. The operators H‘;:f:(R) and HZ' ((R) are
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related to baryons and tetraquarks. These relations will be
spelled out in Sec. V B. The operators transform under
color gauge transformations U(z, R) as follows:

HE9 (1, R)T® — UHS (1 RYTUT,  (5.6)
HYL (L, R)TC — UHL (L, R)T'U, (5.7)
a,o - * a0 o7 /T
Héﬁk(t,R)z —U Héﬁk(t,R)z ur, (5.8)
where we have used the relation UUT = U*UT = 1. The

quarkonium static energy is obtained by substituting
P¢,HG(t,R)T* with the identity matrix, which leads to
an ordinary static Wilson loop in the right-hand side of
Eq. (5.1).

2. Hybrids and QQ tetraquarks and pentaquarks

In the case of heavy quark-antiquark QQ pairs in a color
octet configuration, the color singlet states that we consider
are quarkonium hybrids (QQg), quarkonium tetraquarks

TABLE V.

(00qq), and quarkonium pentaquarks (QQgqqq). For
hybrids, the LDF operator Hg'( are given in Table V.

For quarkonium tetraquark states (Table I), the LDF
operator Hg'¢ consists of light-quark fields with quantum
number k, Wthh includes the spin k and flavor (isospin)
quantum numbers. Examples of light-quark operators
interpolating isospin / = 0 tetraquark QQgqg states are
given in Table VI. The isospin I = 1 tetraquark states can
be interpolated by similar operators by just adding e;, - 7 in
between the light quark fields, where 7 are the isospin
Pauli matrices and e, are the spherical basis coordinate
vectors:

€y — (O, O, 1), e_
ey = (1,-,0)/v2.

= —(1,i,0)/v2,
(5.9)

The same set of operators as in Table VI has been obtained
in Ref. [86].

For quarkonium pentaquark states with I =1/2,
Iy ==+1/2, and k= 1/2, the light-quark interpolating
operator is given by

In the first column, we list the BO quantum numbers Aj for the hybrid static states. The second column

shows the k”C quantum numbers that correspond to these BO quantum numbers in the short distance limit. For
convenience, we have grouped together within curly brackets those static states that belong to the same short-
distance multiplet. The representation in the third column refers to the value of the reflection quantum number o [or
o7 as defined in Eq. (4.26)], which is applicable only for X. In the fourth column, we list the LDF operators, and in
the fifth column, we show the projection vectors that, after combining with the corresponding LDF operators in the
fourth column, give the interpolating operators in Eq. (5.2). Substituting the interpolating operator into Eq. (5.1)
gives the static energy corresponding to the BO quantum number Aj. When we list two or more projectors within
curly brackets, their order corresponds to the order of the A7 states in the first column. In the fourth column, the
curly brackets around the indices stand for the symmetric traceless tensor: U(;V;y = (U;V; + U;V;)/2 = 6,;U - V.
Up to mass dimension 3, the table agrees with the one in [111]. Note that we are using a Cartesian basis to wnte the
LDF operators and projectors; the indices are i, j = 1, 2, 3, and the projection vectors 7, are given in Eq. (F7).

Operator examples

Ay kP€ Representation Hg!T" Projectors P?,

zr 0+ Scalar 1 1

zr 0= Scalar D-E 1

z 0~ Pseudoscalar [E-,B] 1

b 0~ Pseudoscalar {E-,B} 1

{z;.10,} 1 Vector E {P, P}

{=F,10,} - Vector ([Ex, B))! {#, 7}

{Z;.10,} 1+* Pseudovector (D x [Ex, B])' (7,7}

{Z;, 1L} 1+ Pseudovector B! {#,#.}

{Z). 10, A} AR Tensor EGEj, {33, L (3 ,i + ), ?ii;-/i}
{Zr,0,,A,} 2+ Tensor DyEj (¥, 1 (7 ,Ji + ), y‘i}/'i}
{Z. 10, A} 27~ Pseudotensor Dy;Bjy {33, %(,7 ,J + P 3), r:tr]:t}
{;.10,,A,} 2=+ Pseudotensor {Eji, By} {3317 M PR, riri}

“Note that P2, Hg'¢(t,R)T* = 1 identifies the color singlet (QQ), state corresponding to quarkonium.
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TABLE VI.  In the first column, we list the BO quantum numbers Ay for the quarkonium tetraquark 00qq static
states. The second column shows the k"¢ quantum numbers that correspond to these BO quantum numbers in the
short distance limit. For convenience, we have grouped together within curly brackets those static states that belong
to the same short-distance multiplet. The representation in the third column refers to the value of the reflection
quantum number o [or o as defined in Eq. (4.26)], which is only applicable for X. In the fourth column, we list the
isopsin singlet (/ = 0) LDF operators. The isospin / = 1 operators can be obtained by adding e,, - 7 in between the
light quark fields. In the fifth column, we show the projection vectors that, after combining with the corresponding
LDF operators in the fourth column, give the interpolating operators in Eq. (5.2). Substituting the interpolating
operator into Eq. (5.1) gives the static energy corresponding to the BO quantum number Aj. When we list two or
more projectors within curly brackets, their order corresponds to the order of the Aj states in the first column. Also
here we are using a Cartesian basis to write the LDF operators and projectors; the indices are i, j = 1, 2, 3, and the

projection vectors 7. are given in Eq. (F7).

Operator examples

A kPC Representation H¢(1=0) Projectors P%,
5 0+t Scalar gT% 1

P 0+ Pseudoscalar ar’T4q 1

{ Z:,r > Hg} 1= Vector qy'T%q { #, ?; }
{Z; . 10,} 1 Pseudovector ar'y’ T'q {;,z ’ ;’ét
{Z0 1L} 1t Pseudovector gy xy)'y°Tq {38}

Ha.a

_ 2 2 2 2 2 2
s 1=s1/2.(172)" (%) = [(Bap, 0 5, + 0,0, + 8ap, 05,5, ) (Ory, Th,p, + 01y, 5 4, + O1p, 75, 1) (12D 1,

2 2 2 2 2 2

+ <5“/31 05,5 + 50!/520/33/31 + 5aﬂ36ﬂ2ﬁ1 ) (513fl Thats + 513f2Tf3f1 + 613f3Tf2f1 ) (T3)?1Jz~13
2 2 2 2 2 2

+ (3o, g, + Bapy g, + Bups 0,5, ) Ory Ty, + 001 T p, 811,77, (T 1]

X (Pyqy, g, (1.0)) (Poqy,p, (1.5))(Poqy,p, (1.2))5,

where repeated indices have been summed over,
a,pi(i=1,2,3) are the spin or vector indices,
fi(i=1,2,3) are the isospin or flavor index,

l;(i=1,2,3) are the color index, and the color matrices
(T)*(i =1,2,3) are given by Eq. (H3). The projector
P, = (1 +y°)/2is required due to positive parity [86,105],
6% is the antisymmetric spin Pauli matrix, and 7° is the
antisymmetric isospin Pauli matrix.

3. Doubly heavy baryons and QQ tetraquarks
and pentaquarks

In the case of heavy quark-quark QQ pairs, the color
singlet states that we consider are the doubly heavy baryons
(QQq), doubly heavy tetraquarks (QQgg) and doubly
heavy pentaquarks (QQqqq). For doubly heavy baryons
with a color antitriplet (QQ); pair, the interpolating
operator is given in Table VII. The same set of operators
has been obtained in Ref. [86].

For doubly heavy tetraquark states in Table II with color
antitriplet (QQ); and sextet (QQ), pairs, the light-quark
interpolating isospin / = 0 and / = 1 operators that trans-
form like Egs. (5.7) and (5.8) under gauge transformations
are given in Tables VIII and IX, respectively. The Dirac
matrix y? is required by Lorentz invariance [141]. The same
set of operators as in Tables VIII and IX, after correcting for

(5.10)

a missing isospin factor in the color antitriplet (QQ)s case,
has been obtained in Ref. [86].

For doubly heavy pentaquark states with color antitriplet
(QQ);5 pair and quantum numbers, [ = 1/2, I3 = +£1/2,
and k = 1/2, the light-quark interpolating operator is

ot
HY) 10 (1X)

= [(0up,Of,p, + 0up, O, + Oup,Ohp,)
X (B1,5, Ty g, + 01,0, Thy, + 01Ty )T 1 T
X (Pyqy,z, (1.%))P1(Poqpp, (£.%))P (G, (1.X)P_)P5,
(5.11)

where P_ = (1 —y°)/2 and repeated indices have been
summed over.

4. Matching

The matching procedure from NRQCD to BOEFT
relates the interpolating operator for exotic hadrons in
NRQCD, Egs. (5.2)—(5.4), to the field ¥,,; in BOEFT:

Of,z(t’r’R) - Zﬁ,zlpz,z(t”"R)’ he{00.00}.

(5.12)
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TABLE VII.  In the first column, we list the BO quantum numbers (D, representation) denoted as (k),, where n = (g, u) indicates
parity, for the doubly heavy baryon QQg static states. The second column shows the k¥ quantum numbers that correspond to the BO
quantum numbers in the short distance limit. For convenience, we have grouped together within curly brackets those static states that
belong to the same short-distance multiplet. The representation in the third column refers to whether (k —1/2)” is a tensor or
pseudotensor. In the fourth column, we list the LDF operators. In the fifth column, we show the projectors, which, after combining with
the corresponding LDF operator in the fourth column, give the interpolating operators in Eq. (5.3). Substituting the interpolating
operator into Eq. (5.1) gives the static energy. When we list two or more projectors within curly brackets, their order corresponds to the

order of the Ay states in the first column. Note that we are using a spherical basis (¢ = k, ..., 0, ... — k) to write the LDF operators and

projectors. The projectors P{ 2,41 Are given in Egs. (F3) and (F4), and P§ $/2.41/2 and P§ /2,432 Can be obtained from Eq. (F2). C? 21"/2ﬂ is

the Clebsch—Gordan coefficient. We list only the operators for the lowest k”.

BO quantum no. D, kP (k—1/2) Representation Operator examples H‘;:f Projectors P%,
(1/2), (1/2)* Scalar [P g]* P
(1/2), (1/2)" Pseudoscalar [P,y q9)" P{iip
{(1/2),,(3/2),} (3/2)" Vector Cfﬁ”’/zﬁ[( e, -D)(P,.q")" {Pg/z.il/Z’ Pl31/2,;t3/2}
TABLE VIIL  In the first column, we list the BO quantum numbers Ay, for the isospin singlet (/ = 0) doubly heavy tetraquark QQg g

static states. The second column shows the k¥ quantum numbers that correspond to the BO quantum numbers in the short distance limit.
For convenience, we have grouped together within curly brackets those static states that belong to the same short-distance multiplet. The
representation in the third column refers to the value of the reflection quantum number o [or o7 as defined in Eq. (4.26)], which is only
applicable for Z. In the fourth column, we list the / = 0 LDF operators on the left for the color triplet and on the right for the color
antisextet. A dotted entry means that particular entry is not allowed due to the Pauli exclusion principle.® We list only the operators for
the lowest k. In the fifth column, we show the projectors which, after combining with the corresponding LDF operators in the fourth
column, give the interpolating operators in Egs. (5.3) and (5.4). Substituting the interpolating operator into Eq. (5.1) gives the static
energy corresponding to the BO quantum number Aj. When we list two or more projectors within curly brackets, their order corresponds
to the order of the A states in the first column. We are using a Cartesian basis to write the LDF operators and projectors; the indices are i,
j =1, 2,3, and the projection vectors 7, are given in Eq. (F7).

Operator examples

Projectors
A kP Representation Hg':,f(l =0) HZ(I=0) P,
Z; 0+ Scalar Z]}/S ]/21'2 Ta * e 1
hom 0- Pseudoscalar grie*ziq 1
{1} 1~ Vector ar'r’y rzT“q* ar'vr’ iy {7
{Z;.10,} I Pseudovector gy’ Tz {¥, ? )

*For quantum numbers k¥ = 0~ and k¥ = 1-,

there can be one unit of orbital angular momentum between the light quark pair or

between the heavy quark pair and the light quark pair. We consider the latter case as the states are expected to be lower in energy

[142,143].

where Z i Is @ fleld normalization factor, in general a
function of r and R." Based on Eq. (5.12), the matching

condition between NRQCD and BOEFT correlators reads
(vac|O! ,(T/2.r,R)OY, (=T /2,r,R)|vac)

z!, (vac|¥",(T/2.r,R)¥}
X |vac>\/Z£‘_;.

"In general, the field normalization factor depends also on the
relative momentum p and the center of mass momentum P;
however, we do not mention this here as we are considering the
static limit.

( T/2,r,R)

(5.13)

From (5.1), it follows that the BOEFT static potentials V;(c\ /%‘

defined in Eq. (3.33), can be determined from the static

energies E ( \)M

ES(r) = Vi, (). (5.14)

K,J4|

B. Static energies: behavior at short distances
and form of the potential

In this subsection, we show how we can use weakly
coupled pNRQCD (cf. Sec. II) to calculate the short range
behavior of the static energies, which, in turn, corresponds

to the short range behavior of the static potential v | /1\
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TABLE IX. In the first column, we list the BO quantum numbers Aj for the isospin triplet (/ = 1) doubly heavy tetraquark QQgg
static states. The second column shows the k¥ quantum numbers that correspond to these BO quantum numbers in the short distance
limit. For convenience, we have grouped together within curly brackets those static states that belong to the same short-distance
multiplet. The representation in the third column refers to the value of the reflection quantum number o [or o as defined in Eq. (4.26)],
which is only applicable for Z. In the fourth column, we list the / = 1 LDF operators on the left for the color triplet and on the right for
the color antisextet. A dotted entry means that particular entry is not allowed due to the Pauli exclusion principle.* We list only the
operators for the lowest k”. In the fifth column, we show the projectors that, after combining with the corresponding LDF operators in
the fourth column, give the interpolating operators in Eqgs. (5.3) and (5.4). Substituting the interpolating operator into Eq. (5.1) gives the
static energy corresponding to the BO quantum number Aj. When we list two or more projectors within curly brackets, their order
corresponds to the order of the AJ states in the first column. Also here we are using a Cartesian basis to write the LDF operators and
projectors; the indices are i, j = 1, 2, 3 and the projection vectors 7. are given in Eq. (F7).

Operator examples

Projectors
Ag kP Representation HY(I=1) HZ?(I=1) re,
5 o+ Scalar e arir’e, - (*7)2q* 1
z, 0~ Pseudoscalar grle 5 (2r)Tq* .. 1
{=i 1L} 1~ Vector ar'v’re, - (©’1)Iq" ar'r’r’es, - (P’1)2q* {7, 7}
{Z;.10,} 1 Pseudovector ar'y’e;, - (?0)T°q" . (3,7

*For quantum numbers k& = 0~ and k” = 1~, there can be one unit of orbital angular momentum between the light quark pair
or between the heavy quark pair and the light quark pair. We consider the latter case as the states are expected to be lower in

energy [142,143].

Eq. (3.33), to be used in the BOEFT coupled Schrédinger
equations. In the limit of short distance r between the heavy
quarks, i.e. for rAgcp < 1, the soft scale related to the
relative momentum transfer between the heavy quarks is
perturbative. In weakly coupled pNRQCD, the degrees of
freedom are color singlet (S) and color octet (O“) fields for
heavy quark-antiquark pairs [76,111] or color antitriplet
(T?) and color sextet (X°) fields for heavy quark-quark
pairs [89]. Additionally, the effective theory incorporates
low energy (ultrasoft) LDF (gluons and light quarks),
which are multipole expanded with respect to the relative
coordinate r, and depend only on the center of mass
coordinate R and time ¢. Integrating out the soft scale
generates a perturbative static potential, while integrating
out also Agcp > E generates nonperturbative short range
corrections to the static potential. The nonperturbative short
range corrections to the static potential that emerge from
the multipole expansion can be extracted from the large
time limit of appropriate correlators. Some of these
correlators have already been computed in lattice QCD.

1. Q0 systems

We consider here bound states of a QQ pair and LDF. If
the heavy quarks are static, i.e. at zeroth order in a 1/mg
expansion, the static energy of the system depends only on
the distance r between the heavy quark and antiquark. At
short distances r, the QQ pair may be in a color singlet
configuration, the corresponding field being S, and bind
with LDF that are also in a color singlet configuration to
form color singlet hadrons, or it may be in a color octet
configuration, the corresponding fields being O¢ with
a=1,2,...,8, and bind with LDF that are in the adjoint

representation of SU(3) to form color singlet hadrons. The
first case describes the short-distance behavior of quarkonia
[(Q0),], quarkonia with glueballs [(QQ), + ¢;] and quar-
konia with hadrons [(QQ), + (¢g),] or [(QQ); + (g49),].
The static energy at short distances is the sum of the color
singlet potential V, glueball or hadron masses, and higher-
order corrections suppressed by powers of Agcpr. The
second case describes the short-distance behavior of
quarkonium hybrids [(QQ)s + gg), tetraquarks [(QQ)g +
(9g)g] and pentaquarks [(QQ)gs + (gqq)g]. In this case, the
static energy at short distances is the sum of the color
octet potential V,, gluelump or adjoint meson or adjoint
baryon masses, respectively, and higher-order corrections
suppressed by powers of Agcpr. At leading order, the
singlet and octet static potentials are of Coulombic form
and read

4ay

V) =-3% V) =

aS

r (5.15)
where a; is the strong coupling constant computed at a
typical scale of order 1/r. The singlet and octet potentials
up to next-to-next-to-next-to leading order in a, can be
found in Refs. [144-146]. From an effective field theory
perspective, the potentials encode the contributions coming
from the soft gluons.

In the following, we concentrate on the short-distance
behavior of quarkonium hybrids, adjoint tetraquarks and
pentaquarks. The matching relation between the interpolat-
ing operators and BOEFT, Eq. (5.12), becomes at short
distance
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0995 (1,1, R) —> \/Z,,0°(t,r, R)P", HX* (1, R)

+ O(r), (5.16)
where Z, , is the field normalization factor and Hg’( is the
interpolating operator made of light fields (light quarks and
gluons). For quarkonium hybrids, Hg( is given by the
gluonic operators shown in Table V, for quarkonium
tetraquarks, it is given in Table VI, and for quarkonium
pentaquarks, it is given in Eq. (5.10). The operators on the
right-hand side describe quarkonium hybrids, tetraquarks,
and pentaquarks in BOEFT in the short-distance limit,

where ‘I‘,((%Q)S — 0°PY Hy¢. Indeed BOEFT in the short
distance limit coincides with weakly coupled pNRQCD,
and gluelumps, adjoint mesons and adjoint baryons are the
short distance limit of the LDF in static hybrids, tetraquarks
and pentaquarks, respectively.16

Using the matching condition in Eq. (5.16), the two-
point correlator in Eq. (5.1) is then given, up to corrections
of order Adcpr? in the exponent, by

(vac|O,5 (00) S(T/2,r R)O(QQ (=T /2.r,R)|vac)

=\/Z,Z, eV TP P,

x (vac|Hg ¢ (T/2,R) aclJ(T/2 -T/2)
X Hg’;(bT(—T/2,R)|Vac>

= 4/ ZK,/lzqu/é/M/e_i(v{](r>+AK>T,

(5.17)

(vac|B"(T/2,R)¢35(T/2,~T/2)B"(~T/2,R)|vac
0(T/2,~T/2)[@r’T*q)(~T/2,R)|vac) = ™"+,
(vacl gy Tog)(T /2, RYEL (T2, ~T/2)[a7 To4) (~T/2 R)lvac) = e

(vac|[gr°Tq)(T/2. R)dbig;

Based on Eq. (5.1), taking the logarithm of both sides of
Eq. (5.17), and from the matching conditions in Egs. (5.13)
and (5.14), we obtain the following relation between the
static energy computed in NRQCD (left), the short-distance
potential in pNRQCD (middle), and the BOEFT potential
(right):

(0) _ (0)
EK’W(V)—V (r)+ A+ 0=V Iil( r). (5.21)
Note that the static energy and the BOEFT potential are
approximated by the middle equality only for small . The
O(r?) terms arise from multipole expanding the pPNRQCD

interaction vertices between the heavy quark pair and the
LDF. Equation (5.21) implies that at leading order in the

"®See Eq. (20) in Ref. [78].

where to obtain the last equality we have used that the
matrix element is diagonal in the Lorentz indices, the
following Eq. (5.19), and the projection vector identity
P;";P » = 0, The adjoint static Wilson line ¢de( 1) is

given by

f .
@ (1), 1) = Pexp {—ig / thSdJ(t,R)} (5.18)
15}

ab

The temporal Wilson line in the LDF correlator in the third
line in Eq. (5.17) ensures the gauge invariance of the
expression. The LDF correlator can only be evaluated
nonperturbatively since it depends on Agcp. The large time
limit of the LDF correlator yields

(vac|Hg (T/2,R)¢p:
— 5aa’e_lAKT

5(T/2,~T/2)HE " (=T /2, R)|vac)
(5.19)

adj

where d,,y comes from the normalization condition and
depends on the LDF in consideration, A, is the gluelump,
the adjoint meson or the adjoint baryon mass. As an
example, the LDF correlators that yield the 11~ gluelump
mass A{,_, and the 0~ and 17~ adJ01nt meson masses Ag-
and A{-- in the large time limit are'’

> _ —l/\“17+_7"

(5.20)

I

multipole expansion, several static energies are degenerate
since they only depend on the gluelump or adjoint meson or
adjoint baryon quantum number k = k¢ and not on A. This
is seen very clearly in the lattice calculations of the hybrid
static energies shown in Figs. 5 and 7. The higher order
corrections in the multipole expansion break this degen-
eracy starting from order 2. The repulsive octet behavior at
short distance is also seen in lattice calculations. The short-
distance behavior of the BO-potential given in Eq. (5.21)
differs from the analytic form used to fit the tetraquark
static potential from lattice QCD in Ref. [104].

YFor clarity and to differentiate between gluelump (g) and

adjoint meson (a), we denote their masses by A,’;:(g‘”)

necessary. No sum over the index i is implied here.

wherever
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The gluelump masses are the energy levels associated
with the binding of gluon fields (isospin singlet) to a
static color-octet source in the short distance limit. Initially
computed through quenched lattice QCD by Campbell
et al. [140], the lowest gluelump had quantum numbers
kP€ = 1#=. Foster and Michael later provided more pre-
cise results for the gluelump masses and ordering of
the low-lying gluelumps based on their masses:
kP€ =1*%=,177,277,.... They found that the excited
gluelumps 17~ and 27~ have masses 368(7) and 584
(10) MeV, respectively, above the lowest gluelump
17~ [138]. The first computation of the gluelump spectrum
using lattice QCD with 2 4 1 flavors of dynamical light
quarks was performed by Marsh and Lewis [147]. They set
the strange quark mass to its physical value, while the up
and down quark masses were heavy, the pion mass being
approximately 3.5 times its actual value. Their results
indicate that the inclusion of dynamical light quarks
appears to decrease the energy for the 17~ gluelump, while
increasing that of the 27~ gluelump with respect to the
lowest 17~ gluelump: the 17~ and 27~ gluelump masses
are 300 and 700 MeV higher than the 11~ gluelump mass.
Several of the gluelump masses in the renormalon-
subtracted scheme (RS-scheme), which is useful for per-
turbative calculations, have been estimated in Ref. [96].
A more recent and precise computation of the gluelump
spectrum through quenched lattice QCD was performed by
Herr et al.; their result for the lowest gluelump mass in
the RS-scheme at the subtraction scale vy~ 1 GeV is
Ali-(vy~ 1 GeV) = 0.857(3)(143) GeV [148], which is
consistent with the estimate in [96].

The adjoint meson masses are the energy levels asso-
ciated with the binding of light quarks, which could also
have nonsinglet flavor (isospin) quantum numbers, to a
static color-octet source. Our understanding of their spec-
trum primarily relies on the work of Foster and Michael,
who computed the spectrum by employing quenched lattice
QCD with a light valence quark and antiquark. The
energies of the adjoint mesons were computed for two
distinct mass values of the light valence quarks: one closer
to the strange quark mass and another larger. They also had
two different lattice spacings: f=5.7 and p = 6.0.
Subsequently, these results were extrapolated to the chiral
limit. The adjoint mesons with the lowest energies were a
vector meson with quantum numbers k¢ =17~ and a
pseudoscalar meson with k€ = 0~*, with the vector
meson found to have the lower energy: Aj.. —Af—- =
50 & 70 MeV for s5 adjoint mesons. At S =5.7, after
taking the chiral extrapolation, they found that the 17~ and
0~* adjoint mesons have masses shifted by —10(103)
and 34(161) MeV, respectively, with respect to the 17~
gluelump mass. Combining results for both lattice spacings
f =15.7 and = 6.0, they found that both adjoint mes-
ons were heavier than the lowest 17~ gluelump state:
A~ —A{._ =120+ 70 MeV for s5 adjoint meson and

Af-- - A’lﬁ_ =47 £ 90 MeV for gg adjoint mesons, where
q denotes the light quark u or d. Nonetheless, the presence
of sizable error bars in relation to the central values implies
that the exact ordering of gluelump, pseudoscalar and
vector adjoint mesons in lattice QCD for systems involving
u and d quarks remains unclear. There are no lattice QCD
calculations for adjoint baryon states.

In general, the static energy for adjoint mesons in
Eq. (5.21) will also depend on the isospin quantum number
I. In QCD with two flavors of light quarks, u and d, the
lightest adjoint mesons may be in an isospin triplet, / = 1, or
an isospin singlet, / = 0, configuration. The k"¢ quantum
numbers for the isospin singlet and the neutral member of
the isospin triplet are 17~ for the vector and 0" for the
pseudoscalar. The appropriate quantum numbers for the
charged adjoint mesons are expressed as 19 (k”), where G =
(=1)!C and C represents the charge conjugation quantum
number of the neutral member of the multiplet. The vector
adjoint mesons have quantum numbers 0~(17) and 17 (17),
while the pseudoscalar adjoint mesons have quantum num-
bers 07(07) and 17(07). To establish the ordering of the
ground state gluelump and the four lowest energy adjoint
mesons with quantum numbers 0~ (17),1%(17),07(07),
and 17(07) according to their masses, computations utilizing
lattice QCD with dynamical light quarks are indispensable.

2. Q0 systems

We consider now bound states of a QQ pair and LDF. At
short distances r between the two heavy quarks, the QQ
pair may be in a color antitriplet representation of SU(3),
the corresponding field being T? with £ = 1, 2, 3, and bind
with LDF that are in a color triplet representation to form
color singlet hadrons, or it may be in a color sextet
representation, the corresponding field being X° with
c—=1,2,...,6, and bind with LDF that are in a color
antisextet representation to form color singlet hadrons. The
first case describes the short distance behavior of doubly
heavy baryons [(QQ)5 + ¢3), tetraquark states of the type
[(Q0); + (gg);), and pentaquark states of the type
[((Q0); + (99G);), the static energy at short distances is
the sum of the color triplet potential V;, a constant that
accounts for the mass shift induced by the LDF, which may
be g3, (§3); and (qqgq); or the corresponding charge
conjugated states, respectively, and higher-order correc-
tions suppressed by powers of Agcpr. The second
case describes the short distance behavior of sextet
tetraquarks [(QQ)¢ + (3g)z), and sextet pentaquarks
[(Q0)¢ + (993)¢)- In this case, the static energy at short
distances is the sum of the color sextet potential Vy, a
constant that accounts for the mass shift induced by the
LDF, which may be (gg)s or (¢qg)g or the corresponding
charge conjugated states, respectively, and higher-order
corrections suppressed by powers of Agcpr. At leading
order, the triplet and sextet potentials read
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2a
Ve(r) = —§7s, p (5.22)
where a, is the strong coupling constant computed at a
typical scale of order 1/r. The triplet and sextet potentials
up to next-to-next-to leading order in @, can be found in
Ref. [149]. Since the antitriplet potential is attractive and
the sextet is repulsive, we shall assume that a bound state
with triplet potential is lower in energy, i.e. more bound,
than the corresponding one with sextet potential. Potential
NRQCD in the weak-coupling regime has been used
earlier to study doubly heavy baryons and tetraquark
states [89,150,151].
The matching relations between the interpolating oper-
ators and BOEFT, Eq. (5.12), become at short distance

O (1,r,R) — /2., T (1,1, R)P", HE. (1, R) + O(r),
(5.23)

OS2 (1.r.R) — | /Z1 5 (t.r. R)PE,HE (1. R) + O(r),
(5.24)

where Z, , and Z}, are field normalization factors, £ =
1,2,3and o = 1, ..., 6 are color indices, and Hg’:f and Hgf
are operators representing the light fields in the different
color representations. For doubly heavy baryons, H_fo is
given in Table VII, for doubly heavy tetraquarks, H‘;jf and
H Z: are given in Tables VIII and IX, and for pentaquarks,

N
Hg,13:i1/2,<1/2)+

right-hand side describe baryons, tetraquarks and penta-
quarks in BOEFT in the short distance limit, when the
BOEFT fields W2¢ reduce either to T/PY HS. or
ZGPZEH%:? the fields 7% and £° may be also understood

as fields in weakly coupled pNRQCD.

Following a similar matching procedure as the one in
Sec. VB 1 [see Eq. (5.17)], we obtain the following relation
between the static energy computed in NRQCD (left), the
short-distance potential in pNRQCD (middle), and the
BOEFT potential (right):

is given in Eq. (5.11). The operators in the

EOL (1) = Vie(r) + AL+ 0(2) = VIO (r)

KA = Ykl (F=T.%)

(5.25)

where V(r) (F = T, X) isthe color triplet or sextet potential
given at leading order in Eq. (5.22), Af(F =T,%) is a
constant of mass dimension one that accounts for the mass
shift induced by the LDF. Note that for the ground state
doubly heavy tetraquarks, the Pauli principle requires that the
antitriplet and sextet color configurations in Eq. (5.25) do not
contribute to the same quantum number x that includes

isospin [see Eq. (3.13)]; see Tables VIII and IX. The large
time limits of the LDF correlators that define AT and AZ are

(vac|HSL(T/2. R)$57 (T/2.~T/2)HS.L (=T /2. R)}|vac)
<7 (5.26)

_ —iA
- 5(1{1’ e

(vac|HZ?(T/2,R) e (T/2, —T/2)Hgyl‘:’T(—T/2,R)}|Vac>
= 5(1{1/e—iAET’ (527)
where 6,, comes from the normalization condition. The

Wilson line % (T/2,-T/2) with £,¢' =1, 2, 3 is in the
antitriplet representation of SU(3),

¢§t”(T/2, —T/2) ="Pexp [—ig/t1 thS(t,R)T%‘} ,
et

15

(5.28)

while the Wilson line ¢g”(T/2,-T/2) with 6,6 =
1,2,...,6is in the sextet 6 representation of SU(3),

t
e (T/2,-T/2) = Pexp [—ig/ 1 thg(t,R)Tg] ,

5]

(5.29)
where
l*a 3
T{=="  (To)y =) _Ii()uZh  (530)
ijk

with A%, the Gell-Mann matrices and the symmetric tensor X°
defined in Appendix C.

The static energies and the BOEFT potentials are
approximated by the middle equality in (5.25) only for
small r. The O(r?) terms arise from multipole expanding
the pPNRQCD interaction vertices between the heavy quark
pair and the LDF. Equation (5.25) implies that at leading
order in the multipole expansion, several static energies are
degenerate since they only depend on the quantum number
x = {kPC, f} and not on 1. We are not aware of any explicit
lattice QCD extraction of Al and AZ for tetraquarks and
pentaquarks.

In Refs. [103,106], lattice computations were performed
for several static energies with BO quantum number A? for
both the color antitriplet (QQ)5 and the color sextet (QQ);
in isospin singlet (I =0) and isospin triplet (/ =1)
configurations. Note that to compare with the static
energies with BO quantum number Aj in Tables II, VIII,
and IX, one must use ' = —n for (QQ); and ' = n for
(0Q)¢ due to the different parity convention in
Refs. [103,106]. For the color antitriplet (QQ)s, the lowest
static energies with BO quantum number Z;r (I =0) and
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{Z;. 1} (I = 1) computed on the lattice exhibit attractive
behavior at short distances, which aligns with our short
distance attractive prediction for the Z; (I=0) and
{Z;.11,} (I =1) BO potentials in Tables VIII and IX.
Other excited static energies in I = 0 with BO quantum
numbers {Z}, I, } and in I = 1 with BO quantum numbers
¥, and {%;,1I,} also show attractive behavior at short
distances in Refs. [103,106], which is consistent with our
short-distance predictions for these BO potentials in
Tables VIII and IX. For the color sextet (QQ),, the lowest
static energies with BO quantum numbers {Z,I1,} (I = 0)
and 2; (I = 1) exhibit repulsive behavior at short distances
in Refs. [103,106], which agrees with our short-distance
repulsive prediction for the {X;,II,} (/ =0) and X
(I = 1) BO potentials in Tables VIII and IX. Similarly,
our predictions for the excited static energies of the color
sextet X, and {Z},11,} (I =0), and {X},I1,} (I = 1)]
also qualitatively agree with the results presented in
Refs. [103,106].

VI. MIXING AT LARGE DISTANCE
AND HEAVY-LIGHT THRESHOLDS

The behavior of the static energies at large distances r
shows two different effects that are intertwined. On one
hand, at large distance in the presence of light quarks, we
should consider static heavy-light states [meson-(anti)
meson, baryon-(anti)meson]. Such static states can also
be cataloged in terms of the BO quantum numbers as we
show below. Now, such static heavy-light mesons already
exist in the list of BO static energies that we have discussed
in Sec. III: indeed the tetraquark static energies with / = 1
at large distance evolve directly into the heavy-light pairs
with the same BO quantum numbers, see Figs. 9-11,
hinting at the complementarity of the tetraquark model and
the molecular model used in the literature. In Appendix G,
we show that the tetraquark interpolating operators that we
presented in Sec. V do indeed have an overlap with the
heavy-light pair state, but that they have no overlap with
quarkonium plus pion(s), which makes such operators
suitable to extract the whole behavior of the static energies
at short and long distance. This is what we need as input to
the BO equations presented in Sec. IIL

On the other hand, in the / = 0 sector, things are even
more interesting. In this case, it has been explicitly
observed on the lattice that the quarkonium static energy
and the heavy-light static energy show an avoided level
crossing; see Fig. 12."8 In our description, this means that
two static energies with the same BO quantum numbers,
namely the diabatic static energy of quarkonium X" and the
first tetraquark diabatic static energy X/, become close in a
range of r of about the distance of string breaking and in

"®The reason for which in Fig. 12 there are three static energies
is that also the s quark is considered.

Isospin=1

S-wave +S-wave

11,

+
Eg

FIG. 9. Example of a possible evolution of a I = 1 tetraquark
static energy into a S-wave plus S-wave heavy-light static energy
with the same BO quantum number. Both the II; and the X}
evolve to the same heavy-light pair that has both BO quantum
numbers. The short distance and long distance behavior are fixed
by symmetry in the BOEFT.

Isospin=1

ur

S-wave +S-wave

+
EQ

FIG. 10. Same as Fig. 9 with a different possible intermediate
distance behavior for the Il static energy. The short distance and
long distance behavior are fixed by symmetry in the BOEFT.

Isospin=1

FIG. 11. Example of an / =1 tetraquark static energy X,
evolving into a S-wave plus S-wave heavy-light static energy
with the same BO quantum numbers.
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that region their transition amplitude is different from zero.
Hence, we need to diagonalize the diabatic energy
matrix obtaining the avoided level crossing effect between
the adiabatic static energies shown in Fig. 12 (see also
Appendix A).

To explain in a deeper way the effect, let us consider
Fig. 8. There, we see that the adiabatic quarkonium static
energy with BO quantum number 1X; shows an avoided
level crossing with the tetraquark static energy 2X . This
produces the effect that the quarkonium static energy will
continue at large r as a heavy-light static meson pair (in
S-wave plus S-wave), while the tetraquark static energy
will show a long range confining behavior of quarkonium
until the avoided level crossing with another excited
tetraquark static energy with the same quantum numbers.
In the same figure, we show also the tetraquark adiabatic
static energy 1I1,, which is degenerate with the tetraquark
adiabatic static energy 2X; at short distance. We see that,
due to the different BO quantum numbers, the 111, static
energy does not show avoided level crossing w1th the
quarkonium 12+ static energy and directly evolves into the
heavy light pair in S-wave plus S-wave at large distance.

This changes our perception of the confining behavior of
the strong force. Although it was known that the confining
string of quarkonium breaks into two heavy-light pairs in
the large distance, the details of this mechanism in relation
to the tower of QCD static energies had not been eluci-
dated. The introduction of the tetraquark static energies
brings light on this.

This same effect appears for hybrid and / = 0 tetraquark
static energies. For I = 0 states, the avoided level crossing
between quarkonium and tetraquark static energies or
hybrid and tetraquark static energies is related to the decay
of quarkonium and hybrids into heavy-light pairs. For a
quantitative description, a diabatic picture may be more
useful, as we discuss below.

A. BO quantum numbers of static heavy-light pairs

Here, we consider heavy-light meson-(anti)meson pairs
and baryon-(anti)meson pairs, and we derive their BO
quantum numbers and determine which static energies
evolve to a given heavy-light pair. As a start, however,
we need to identify the quantum number x = {k”C], f}
given in Eq. (3.13) for the heavy-light pair. The charge
conjugation C of the LDF is a good quantum number only
for the static heavy-light meson-antimeson threshold. For
the static heavy-light meson-meson or meson-baryon
threshold, the static energies are characterized by k and
parity P. We can identify the LDF quantum numbers from
the heavy meson or baryon multiplets. For the heavy
meson-antimeson or heavy meson-meson pair thresholds,
we consider the mesons in the ground and first excited
states. For the heavy baryon-meson or heavy baryon-
antimeson pair thresholds, we only consider the ground
state for simplicity. The ground state heavy meson Qg

(antimeson Qg) corresponds to light antiquark k* =
(1/2)~ [quark k” = (1/2)"], followed by two states of
similar mass corresponding to light antiquark k¥ = (1/2)*
and kK = (3/2)" [quark kK = (1/2)~ and k* = (3/2)7]
The ground state heavy baryon Qggq corresponds to hght
quarks k¥ = 0% and k¥ =17, where we assume that the
kP = 0" state is lower in energy."” Each static heavy-light
pair state or threshold is characterized by the spin and parity
of the light quark states forming the two heavy-light states
(heavy mesons or heavy baryons). We label the light quark
states as kP for heavy meson (kP for heavy antimeson) and
kb, for heavy baryons. Combining the spin and parity of the
LDF states for heavy mesons and baryons, we arrive at the
total LDF quantum number of the light quarks character-
izing the heavy-light pairs: Table X for Qg — Qq or Qg —
Qg pairs and Table XI for Qgq — Qq or Qqq — Qg pairs.
The BO quantum numbers for heavy-light pairs corre-
sponding to LDF quantum numbers k"€ are shown in the
last column of Tables X and XI. Note that in Table X for the
0§ — Qq pair, we considered symmetric and antisymmet-
ric combinations under charge conjugatlon for the S-wave
plus P-wave and the P-wave plus P-wave.” If we include
the heavy-light pair state or threshold in the BOEFT, then
each of the combinations in Tables X and XI will be
represented as a field which will also depend on the LDF
flavor quantum numbers (isospin) [86]. The static energies
for the heavy-light pair states will also depend on the
isospin or the light quark flavors.

The possibility to describe exotic states at large distances
as static heavy-light states depends on the fact that they
have the same BO quantum numbers A7. The quarkonium
adjoint tetraquark QQgg and pentaquark QQqqq states
will become at large distances the heavy meson-antimeson
(Qg@ — Qq) pair thresholds and heavy baryon-antimeson
(Qqq — Qq) pair thresholds, respectively. The doubly
heavy tetraquark QQgg and pentaquark QQgqqq states
will become the heavy meson-meson (Qg— Qg) pair
thresholds and heavy baryon-antimeson (Qgq — Qg) pair
thresholds, respectively. This happens only if the BO
quantum number A7 (see Tables X and XI) is the same
as that of the exotlc state.”’

B. Complete set of coupled Schriodinger equations:
short and long range mixing, decays to heavy-light,
generation of molecular states

On the basis of what we have discussed, two facts appear
to emerge. First, the tetraquarks can be conveniently

POur assumption is supported by the observation that
A-baryons have lower mass than X-baryons.

Our approach results in more entries compared to Table II in
Ref. [93] [see also Table I in Ref. [90] ], where the states are not
elgenstates under charge conjugation.

! Also the flavor quantum numbers, such as isospin, have to be
same for the LDF states in heavy-light pairs and exotic states.
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TABLE X. The k¢ quantum numbers of the light quark-
antiquark (gq) pair and k” quantum numbers of the light
antiquark-antiquark (gg) pair for the three lightest light quark
states contributing to static heavy mesons-antimeson and static
heavy meson-meson pair thresholds, respectively. The light quark
states have quantum numbers kg and kf-; . The BO quantum

number A7 (D, representations) corresponding to KPICl are
shown in the third column. On the top table, for the (gg) pair, the
linear combinations in some entries in the first column refer to
symmetric and antisymmetric combination under charge con-
jugation. Each block of states, separated by a single horizontal
line, corresponds to S-wave plus S-wave, S-wave plus P-wave,
and P-wave plus P-wave static heavy-light meson-antimeson and
meson-meson pair thresholds.

BO quantum
kf ® kb kPC no. Aj
(1/2)~ ® (1/2)* 0" I

1— ;00
(1/27 ® (1/2) + (1/2)* ® (1/2)* 0+ s
1 >, 10,
(1/27 ® (1/2)" = (1/2)* ® (1/2)* 0+ %
1+ z; .1,
(1/2)-® (3/2)"+(3/2)" ® (1/2)"  1*~ %, .10,
2= I, A,
(1/2)- ® (3/2) = (3/2)" @ (1/2)" 1+ z, .10,
2%+ oI, A,
(1/2)" ® (1/2)~ U L
1= 01,
(1/2)"® (3/2)" +(3/2)* @ (1/2)~ 17~ 0,
27 00,4,
(12" ®(3/2)~ -3/ e (1/2)- 17F z, .1,
2=+ = 10, A,
(3/2)" ® (3/2)~ U L
1 ),
27F =, 10, A,

37 XAI,A,®

BO quantum
kE ® kb kP no. Ag
(1/2)~ ® (1/2)” 0r z;

I %1,
(1/2)- @ (1/2)* 0~ b

1_ E;F’Hu
(1/2)- ® (3/2)" 1= z,. 1,

2 >, 10,4,
(1/2)* ® (1/2)* 0+ %

1" 2. 10,
(1/2)" ® (3/2)" I .1,

2 o 00, A,
3/2)" ® (3/2)" 0F Zy

1" 10,

21 oI, A,

3 20 00, Ay @,

TABLE XI. The k* quantum numbers of three light quarks:
qqq and qqq combinations of the lowest light quark states
forming heavy baryon-antimeson and heavy baryon-meson pair
thresholds, respectively. The light quark states have quantum
numbers k7, and kqp . For notation purposes, the BO quantum
number corresponding to k” is shown in the third column, where
g, u is the parity eigenvalue of the light quark state. The prime in
the second row indicates the excited static energy, assuming that
the spin singlet gq pair is lower in energy than the spin-triplet.
Our assumption is supported by the observation that A-baryons
have lower mass than X-baryons.

kb, ® kb kP BO quantum no. D,
0" ®(1/2)* (1/2)* (1/2),
1+ ® (1/2)* (1/2)* (1/2),

(3/2)* (3/2),
kb, @ kb kP BO quantum no. Dy,
0t @ (1/2)~ (1/2)~ (1/2),
1" Q (1/2)" (1/2)" (1/2),

(3/2)" (3/2),

described as heavy-light static pairs at large distance.
Second, there are cases in which two states with the same
BO quantum numbers develop a nonzero transition ampli-
tude in some distance interval and this originates the
avoided level crossing phenomenon in the adiabatic
description or an explicit mixing in the diabatic description.
When we consider this second effect, we see that Eq. (3.29)
is not sufficient to describe quarkonium in all the distance
regions. Close to distances typical of the string breaking,
the mixing with the first tetraquark excitation with the same
BO quantum number X/’ should be considered. Then, since
the X tetraquark mixes with the I1; at short distance [see
Egs. (4.20) and (I3)], the full Schrodinger equation to be
considered is coupling three states. We show this in the next
subsection. We will show the same for a hybrid and
tetraquark case in the following subsection.

1. Quarkonium case

Here, we present the coupled Schrédinger equations that
describe quarkonium in the presence of light quarks. These
equations involve the diabatic quarkonium BO potential
with quantum number X and the tetraquark BO potentials
with quantum numbers X7’ and II,, which correspond to
the 17~ adjoint meson at short distances and approach the
S-wave plus S-wave meson-antimeson pair [isospin singlet
(I = 0)] threshold at large distance (see Table X). The
S-wave plus S-wave meson-antimeson MM pair threshold
is given by the sum of the meson masses: m,, + mj;. The
adiabatic static energies, i.e. the eigenvalues of this poten-
tial matrix with quantum numbers 1%, 2X7, and 111,
which are shown in Fig. 8, are given by [see Eq. (A2)]

094040-32



HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY ... PHYS. REV. D 110, 094040 (2024)

V2+ r V2+/ r VZ* r)— Vz+r r)\ 2
Vi () = 25 ); g<>_\/< (1) : g<>) V2. (6.1)
Vs+(r) 4+ Vsu(r Vi (r) = Vg (F)\ 2
Vs () = z_,,<>z zg<>+\/( zq<>2 zq(>> VR (). (62)
Vlng(") = Vny(’")v (6.3)

where Vs _y.(r) is the mixing potential. The BO potentials Vs (r), Vs (r), Vi (r), and the mixing potential V. s (r)

can be expressed in terms of the correlators that we have introduced in Sec. V. They are given by

< >
Vijzy

where

Ogo(t.1) = 2 (1.7/2)p(t:7/ 2. =1/ 2)y (1. —1/2).

Vv +_y+ /
S >(r) = lim ilog l(vac|<
quﬂ T—oo T

i 0 0
Vi, () = Jim —log [(vac| 022 (T/2.r) O\ 2% (=T /2.r)|vac) .

OO++,0(T/2,I’) OO++,0(—T/2,r) T| >
0129 (1/2,r) C e

O\Ck (-1/2,7)

(6.4)

(6.5)

These expressions lead to the coupled Schrodinger equations for quarkonium and tetraquark (that includes the meson-

antimeson threshold) in the diabatic basis:

I(1+1) 0 Vye(r)  Vgigo(r) 0 W
L ara | 0 g2 20D | 4| Ve () Ve 0 Ve
et "\ 0 ayiiEn s 0 o v/l \wn
Vs
=&| wy (6.6)
Yn

Equation (6.6) contains both the mixing at short distance
between BO static energies with the same «x and the mixing
at long distance between energies with the same BO
quantum numbers. They are two different effects that
dominate in different distance regions.

For quarkonium, the combined angular momentum is
I =1y, where Iy(ly + 1) is the eigenvalue of the orbital
angular momentum of the heavy quark-antiquark pair LQQ.
The corresponding values of the combined angular momen-
tum [ for the S-wave plus S-wave meson-antimeson
threshold are given in the fourth column of Table L.

The mixing potential Vy:_y.(r) in Eq. (6.6) has been
computed on the lattice [96,124,125] using the static
heavy-light operators. The starting point of the lattice
studies is the diabatic framework, which considers the
matrix elements of the correlators of quarkonium and
the one of the static heavy-light pair on the diagonal and
the transition between the two on the off-diagonal entries.
Such correlators are calculated on the lattice and then

|
diagonalized in the adiabatic basis.” The result is a picture
of avoided level crossing as shown in Fig. 12, where also
the light strange quark has been considered, and so we have
more static heavy-light pairs. Note that the static heavy-
light operators usually used in lattice QCD computations
overlap with quarkonium plus pion states and, therefore,
are not suitable to investigations at short distance (in fact
the shorter distance region is not considered for them in
Fig. 12), while the (adjoint) tetraquark operators that we
introduced in Sec. V have no overlap with quarkonium
plus pion states and, therefore, give the possibility to
describe the whole range of distances when adopted in
lattice QCD calculations. The off-diagonal mixing potential
indicates that the quarkonium can decay to the S-wave plus
S-wave meson-antimeson pair [90,91,94,133,134,152].

See Appendix A for how correlators with off-diagonal
elements behave as a function of time in a simple two states
example.
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04 T I T I T I I ,’} T

FIG. 12. Plot showing the avoided level crossing of the quarkonium 1X/ static energy with the static heavy-light and static heavy-
strange meson pair energies. The figure shows the three lowest-lying static energies in the adiabatic basis (blue lines). Energy levels are
normalized with respect to twice the energy of the static heavy-light pair (denoted as Ep, in the figure). The gray region denotes the
energy regime where two-pion states are of relevance. The inset shows the zoomed-in region of the string breaking or the avoided

crossing region. The orange bars denote the string breaking radii:

/Ty = 0.1443(15) fm. The picture is taken from Ref. [125].

Recently, model-independent selection rules based on
Born-Oppenheimer for decays of heavy quarkonium into
heavy-light pairs (S-wave plus S-wave or S-wave plus
P-wave, etc) and analytic expressions of the relative partial
decay rates have been obtained in Ref. [94].

This BOEFT description is suggestive of the y.(3872)
emerging as a solution of these coupled equations in the
case when the bound state energy is close to zero.

2. Hybrid case

Here, we present the coupled Schrodinger equations
that describe quarkonium hybrids corresponding to a k¢ =
17~ gluelump in the presence of light quarks. These
equations involve the diabatic quarkonium hybrid BO
potentials with quantum numbers X; and II, and the
|

Ve Vs
( e e )( r) = lim —log (vac|
VE;—Z" Vs T—oo T

hm —log [(vac|(’)

The coupled Schrodinger equations that follow from the mixing of the hybrid BO potential X

potential X, are

ri =1211(13) fm and r; = 1.336(14) fm, since

tetraquark BO potential with quantum number X, which
corresponds to the 0~ adjoint meson at short distances and
approaches the S-wave plus S-wave meson-antimeson pair
[isospin singlet (I = 0)] threshold at large distance (see
Table X). The S-wave plus S-wave meson-antimeson pair
threshold is given by the sum of the meson masses:

Since the hybrid BO potential X, (and even I1,)) is above
the S-wave plus S-wave meson pair threshold, their mixing
leads to significant effects only if the energy gap between
the two is less than the Aqcp scale, which is the scale of the
mixing potential.”> The BO potentials Vs-(r), Vi (r),
Vs-(r) and the mixing potential Vy-_5-(r) can be
expressed in terms of the correlators that we have intro-
duced in Sec. V. They are given by

0\ (T/2.r >><o§+- (-T2, r>> |Vac>]
og%Qo (1/2.1)) \©C2s(~1/2,7) ’

0-t.0

) (T/2,1)O QQS‘( T/2,r)|vac)]. (6.7)

and the tetraquark BO

“This also implies that there is no avoided level crossing between hybrid BO potential with quantum number = and the tetraquark
BO potential with quantum number X;’. Instead, the hybrid BO potentials will have avoided crossing with the S-wave plus P-wave

meson-antimeson pair threshold based on Table X.
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(I+1)+2 =23/I1(I+1)
—mQrzarrzarerQrz 2/I(I+1)  1(I+1)
0 0
Vs
=&\ yn
76

Equation (6.8) contains both the mixing at short distances
between BO potentials with the same « and the mixing at
long distance between energies with the same BO quantum
numbers. They are two different effects that dominate in
different distance regions.

The lattice computation of the mixing potential
Vs-_s-(r) is at present unknown. The possible values of
the combined angular momentum / for the lowest hybrid
multiplets are / = 1 for H; and H, multiplets, [ = 0 for H;
multiplet, / = 2 for H, and Hs multiplets [see Table II in
Ref. [78]] and so on. The corresponding values of the
combined angular momentum [ for the S-wave plus S-wave
meson-antimeson threshold are given in the fourth column
of Table I. The selection rule on conservation of angular
momentum was first derived in Ref. [93].

The mixing potential Vy-_y-(r) in Eq. (6.8) implies that
the hybrid can decay to the pair of S-wave plus S-wave
meson-antimeson pair threshold contrary to the conventional
wisdom [153—158]. This was first observed in Ref. [92] and
subsequently in Ref. [93] based on BOEFT. Moreover, a
recent lattice calculation of the decays of the lowest 1=+
charmonium hybrid finds that the decay widths into the pairs
of S-wave charm mesons D*D and D*D* are smaller than
but comparable with the decay width into the P-wave plus
S-wave charm meson pair D;D [159]. Moreover, model-
independent selection rules for decays of heavy quarkonium
hybrids into heavy-light pairs (S-wave plus S-wave or
S-wave plus P-wave, etc.) and analytic expressions of the
relative partial decay rates have been obtained in Ref. [94].

C. Tetraquarks and pentaquarks

Unlike quarkonium and quarkonium hybrids, the tetra-
quark and pentaquark states have light quarks as constitu-
ents. The presence of light quarks modifies the behavior of
the Born-Oppenheimer potentials or static energies of
tetraquark and pentaquark. In the short distance regime
r — 0, where r is the separation between heavy quark-
antiquark or heavy quark pairs, weakly-coupled pPNRQCD
dictates the behavior of the BO-potential. For QQ systems,
the BO-potential has repulsive octet behavior given by
Eq. (5.21) in the r — O limit, which forms multiplets
associated with adjoint mesons and baryons. For QQ
systems, the BO-potential is given by Eq. (5.25). It may
have an attractive behavior in the » — 0 limit, which forms

I(1+1)

0 Vs, (r) 0 Vyox(r) ws
0 + 0 Vn, (r) 0 vn
VE;—):;’ (r ) 0 VE;’ (r) 75>

(6.8)

|

multiplets associated with triplet mesons and baryons or a
repulsive behavior in the r — 0 limit, which forms mul-
tiplets associated with sextet mesons and baryons. The BO
quantum numbers A% (D, representations corresponding
to LDF quantum numbers k”€) for adjoint meson and
triplet or sextet mesons are given in Tables I and II
respectively, and for the corresponding baryon configura-
tions in Tables III and IV respectively.

In the large r region, the quark configurations in
00qqg tetraquarks rearrange to smoothly transition to
static-light meson-antimeson (Qg — Qq) states, while
0Qqq tetraquarks transition to static-light meson-meson
(Qg — Qg) states. Similarly, Q0qqq pentaquarks rearrange
to smoothly transition to static-light baryon-antimeson
(Qqq — Qq) states, and QQqqq pentaquarks rearrange to
smoothly transition to static-light meson-baryon (Qg —
0qq) states. The smooth transition implies no narrow-
avoided crossing between the tetraquark and pentaquark BO
potentials and the pair of static-light meson or baryon
thresholds. The BO quantum numbers A for different pairs
of static-light mesons or pairs of static-light mesons and
baryons are shown in Tables X and XI. The BO quantum
numbers Aj should be conserved at all r. This conservation
of Aj between small r and large r implies that in 00q7q
tetraquarks, the X; BO-potential (corresponding to LDF
quantum numbers 0~*) and XS and II, BO-potentials
(corresponding to LDF quantum numbers 1~7), which have
repulsive color octet behavior at small r, mix with the
S-wave plus S-wave static-light meson-antimeson thresh-
old. The mixing leads to BO-potentials approaching the
threshold at large r. Experimentally observed states like
xc1(3872), Z,., and Z,, indicate that these BO-potentials can
have a minimum at some intermediate distance, resembling
a Lennard—Jones potential in molecular systems. The recent
lattice computation in Ref. [104] of the isospin-1 X
tetraquark BO-potentials [see red dots in Fig. 2 of
Ref. [104] ] agrees with our above description at large r2

In the case of doubly heavy tetraquark QQgg, the X}
BO-potential (corresponding to LDF quantum number 0)
and X, and II, BO-potentials (corresponding to LDF
quantum number 1%), which have attractive color triplet

*In Ref. [104], the potential was calculated using lattice
spacing at 8 values of r ranging from 0.12 fm to 0.99 fm.
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or repulsive color sextet behavior at small r, can mix with
the S-wave plus S-wave static meson pair threshold. The
mixing leads to BO-potentials approaching the threshold at
large r. This behavior is in qualitative agreement with the
lattice computation of the BO-potentials in Refs. [103,106].
Similar conclusions can be drawn for mixing between
pentaquark states and static-light meson-baryon thresholds
based on the comparison of the static energies in Tables III,
IV, and XL

A final comment goes to the crossover phenomenon.
Looking at Fig. 5, one sees that for the case best inves-
tigated, i.e., the static energies of the hybrids, some
crossover exists. BO quantum numbers are conserved,
and static energies with different BO quantum numbers
can cross. The reason for which they cross has been
investigated in [126]. For what concerns the BOEFT and
the Schrodinger equations that we present here, such
crossing has no impact.

VII. SPIN EFFECTS, DECAYS
AND TRANSITIONS, STATE MIXING

Up to now we have discussed how to use the BOEFT in
order to obtain the leading order coupled Schrodinger
equations containing mixing effects. From such equations,
we have predicted the hybrid, tetraquark, pentaquark and
doubly heavy baryon multiplets with their quantum num-
bers. Solving the Schrodinger equations with the static
potentials, obtained from a lattice calculation of our
interpolating operators given in Sec. V, gives the masses
of all these states. Some of these static potentials are
already known, and some have still to be calculated on the
lattice. For the hybrids case in which the static potentials
are known, the multiplets originating from Eq. (3.33) have
been extensively studied in [78,83].

However, the BOEFT is a systematic procedure and
corrections to the leading order can be calculated, in
particular, the relativistic corrections to the BO potentials.
Additionally, inclusive decays can be obtained from the
imaginary part of the potential and the decay to heavy-light
pairs from the off-diagonal entries of the potential in the
diabatic description of the long distance mixing. In the next
subsections, we briefly comment about already existing
results and what could still be calculated.

A. Relativistic corrections to the potentials

In Eq. (3.33), we have given the general form of the BO
static potential. Up to now, we have focused just on the
static contribution, however, this potential gets relativistic
corrections starting at order 1/mg:

(1)
0) Ve (r)

Viar(r) =V (8 + e (1)

These can be calculated through the nonperturbative
matching procedure, entailing one to define appropriate
generalized Wilson loops with the insertion of the NRQCD
operators appearing at higher order in the expansion in the
inverse of the quark mass. This procedure has been carried
out for quarkonium in strongly coupled pNRQCD [75-77],
and the corresponding Wilson loops have been calculated
on the lattice giving all the spin dependent and momentum
dependent corrections to the quarkonium potential. The
most relevant difference between quarkonium and exotics
is that in this last case the spin-dependent corrections
already appear at order 1/mg, the reason being that the
LDF supply a spin vector K that is not suppressed by an
inverse power of the quark mass. This fact has an important
impact on the phenomenology: heavy quark spin-symmetry
is less manifest than in the quarkonium case, which means
that spin dependent effects are enhanced both in the
spectrum and in the transition widths. The impact of the
spin dependent corrections on the multiplet structure has
been investigated in depth in the case of the hybrids
[79-82]. In [80,81], the whole set of spin dependent
contributions in the potential up to order 1/ sz was obtained
and all the hybrid multiplets were calculated. Thanks to the
BOEFT factorization, the low energy correlators are flavor
independent and those extracted from charmonium hybrid
lattice calculations could be used to predict bottomonium
hybrid spin multiplets. The momentum and spin-dependent
relativistic corrections in terms of generalized Wilson loops
have been obtained for all exotics in Ref. [86].

B. Decays and transitions

1. Inclusive or semi-inclusive decays and mixing

The information on the inclusive decay rates is carried by
the imaginary part of the potentials in BOEFT. Inclusive
quarkonium decays have been studied in this way, see
e.g. [121]. On similar grounds, also inclusive decays of
exotics can be calculated. Using this method, semi-
inclusive spin-conserving [79,83] and spin-flipping [83]
transitions from hybrids to quarkonium plus X, where X are
light hadrons, have been calculated. The same method can
be used to calculate similar tetraquark, or other exotic,
semi-inclusive decays. Input from the lattice on some
correlators arising in the BOEFT calculation is needed.

Finally, for very excited states inside a BO potential it
may happen that their energy grows such that it starts to
overlap the energy range of the states living in the next BO
potential. This can happen, for example, for excited
quarkonium states and the states living in the first hybrid
BO potential characterized by the quantum numbers X, and
I1,,. Then, the phenomenon mentioned at the end of Sec. 111
appears: the mixing between ultrasoft states that exist in the
same energy range. For the low-lying hybrids correspond-
ing to the quantum numbers k = 177, the mixing with
quarkonium is through a heavy-quark spin dependent
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operator coupled to a chromomagnetic field, which is
1/mg suppressed. The mixing is contained in the appro-
priate generalized Wilson loop, which has not yet been
calculated on the lattice. Meanwhile, a QCD effective string
calculation of such a Wilson loop has been performed to
start a phenomenological investigation of the hybrid-
quarkonium mixing [79]. It has been found that the mixing
effects may be important and produce large spin symmetry
violations. The reason for this is that the mixing term
implies that the actual physical states are a superposition of
spin zero (one) hybrids and spin one (zero) quarkonium.
This facilitates the identification of certain states as hybrids,
because it gives a reason for the apparent spin symmetry
violating decays. A similar effect may be mediated at short
distance by the chromoelectric dipole term with no sup-
pression in the inverse of the mass of the quark, but this has
not yet been investigated. These effects need to be explored
for all exotics. It is crucial to obtain lattice calculations for

TABLE XII.

the relevant low energy correlators that depend only on
chromomagnetic and chromoelectric fields.

2. Decays to heavy-light pairs

In the diabatic description introduced for the long range
mixing in Sec. VI, the decay of quarkonium and hybrids to
heavy-light meson-antimeson pairs (also called the string
breaking) can be obtained directly from the off-diagonal
elements of the potential matrix given in Egs. (6.4)
and (6.7).

VIII. PHENOMENOLOGICAL IDENTIFICATION
OF XYZ STATES

The system of coupled Schrodinger equations describes
the spin-symmetry multiplets of quarkonium tetraquark
(QQqq) and pentaquark (QQqqq) states in Tables I and III

A list of potential exotic XYZ candidates for tetraquarks and pentaquarks corresponding to the

quantum numbers J7C or J” in the spin-symmetry multiplets shown in Tables I-IV. The left column displays the
quantum numbers J'C or J¥ with the associated multiplet information enclosed in parentheses. The second to last
entry in the table corresponds to a doubly heavy tetraquark and the last entry corresponds to a pentaquark state. In
PDG, the Z. and Z, states in the table are termed as 7.z and T,j,, respectively, based on the new naming

convention [160].

JPC or JP (multiplets)

Exotic tetraquark and pentaquark candidates

0" H(19. 1) Xc0(3915), 200(4500), x.9(4700), X(4350)"
0~(19, 7)) X(3940)°

0~ (T3) Tz0(4240)"

174(T4) Xe1(3872), y1(4140), 7,1 (4274), y.1(4685)

1—(79, T}, T, T}) w(4230), w(4360), w(4390)¢, y(4660), Y (4500)°, Y (4710)°

27H(T13.T1)
27H(15.T})
1+(kP = 0,1 =0)

(1/2)~ (k" = (1/2)*)
(3/2)- (k" = (3/2)")

T(10753). Y(10860). Y (11020)
X(4630)
Z.(4020)%, Z,(4200), Z.(4430)
Z,(10610), Z,(10650)
X (4350)"
X(4160)'

T..(3875)"

P.(4312)H, P . (4440)**
P.;(4380)*, P 60(4457)““

Z.(3900),

*Based on quantum numbers assigned in Refs. [7,83].

Based on quantum numbers assigned in Ref. [7].

“This state is not listed in PDG [160]. Its existence has been suggested by the BESII experiment [161].

For a critical review see Ref. [8].

9State recently observed by the BESIII collaboration [162]. This state is not listed in PDG [160].
“State recently observed by the BESIII collaboration [163]. This state is not listed in PDG [160].
"The JPC =1+ assignment is favored over JPC = 2~* with a 3¢ significance and other assignments are

disfavored by more than 5¢ [160].

gBased on quantum numbers assigned in Refs. [7,8].

"The quantum numbers of X (4350) are J*C = (0or2)** [164].
_The JPC = 27" assignment is favored over other assignments with more than 5¢ significance [160].

‘Based on quantum numbers assigned in Ref. [23].

Based on quantum numbers assigned in Refs. [10,165].

'Based on quantum numbers assigned in Refs. [7,22].

"Based on quantum numbers assigned in Refs. [10,165].
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and doubly heavy tetraquark (QQgg) and pentaquark
(00qqq) states in Tables II and IV respectively.

For a specific LDF quantum number k7€ or k”, the
A-doubling effect breaks the degeneracy between opposite
parity spin-symmetry multiplets and lowers the mass of the
multiplets that receive mixed contributions from various
static energies. This has been shown specifically for
quarkonium hybrids in Refs. [78,79,83]. Based on the
quantum numbers J”C or J¥ in the spin-symmetry multip-
lets in Tables I-IV, we show potential exotic XYZ
candidates for tetraquark and pentaquark states that can
belong to those multiplets in Table XII. For completeness,
we also show the XYZ candidates for quarkonium hybrids
based on the mass, quantum numbers JPC and decays to
quarkonium in Table XIII extracted from [83]. For a given
kP€ or k¥ quantum number of the LDF, we know that the
1/m terms in the BO-potential in Eq. (3.33) include spin-
dependent operators that break the degeneracy in the
spin-symmetry multiplets [80,81,86]. Moreover, there
exist 1/mg terms that could potentially mix states asso-
ciated with distinct k*¢ quantum numbers of the LDF. This
was particularly emphasized in the context of hybrid-
quarkonium mixing [79]. Ideally, the complete 1/m,
potential terms should be again determined in lattice
QCD, but such a computation is not available yet.

For a thorough analysis of the XYZs, it is left to future
work the explicit solution of the coupled Schroédinger
equations for hybrids, tetraquarks, and pentaquarks; the
inclusion of spin-dependent corrections and quarkonium-
exotic mixing should also be considered whenever it
becomes important. The calculation of transition and decay
widths will allow one to sharpen the states’ characterization.

TABLE XIII. XYZ candidates for quarkonium hybrids based
on mass, quantum numbers and decays to quarkonium taken
from [83]. The left column displays the quantum numbers JF€
along with the multiplet and mass enclosed in parentheses. The
results for the hybrid multiplets, spectrum, and decays to
quarkonium can be found in Ref. [83].

JPC or JP (multiplet [mass]) Exotic hybrid candidates

17~ (H,[4507]) w(4360), y(4390)%, Y (4710)°
17 (H,[10786]) T(10753)
1=+ (H,[4507]) X(4630)°
27" (H,[4155]) X(4160)°

*This state is not listed in PDG [160]. Its existence has been
suggested by the BESIII experiment [161]. For a critical review
see Ref. [8].

"State recently observed by the BESIII collaboration [163].
This state is not listed in PDG [160].

“The JP¢ = 1=+ assignment is favored over J*¢ = 2% with a
30 significance, and other assignments are disfavored by more
than 50 [160].

“The JPC =2+ assignment is favored over other assignments
with more than 5S¢ significance [160].

In the BOEFT, such a comprehensive and systematic
approach may become possible for the first time.

In this paper, we did not address states formed by four
heavy quarks as it is e.g. the case of the X(6900). Such
states can be described using a BOEFT once a potential has
been defined, as it has been done in the case of triply heavy
baryons QQQ [89,166-168], and it will necessitate the
calculation on the lattice of an appropriate generalized
Wilson loop from where to extract the static energy. Should
such states be dominated by the short range regime, then
weakly coupled pNRQCD could be used together with the
methods introduced in [149].

IX. CONCLUSIONS

In this work, we have presented a QCD description of
states with two heavy quarks (heavy quark-antiquark or
heavy quark-quark pairs) including exotic hybrids, tetra-
quark and pentaquark states. The description is based on the
Born-Oppenheimer nonrelativistic effective field theory
framework. The underlying principle is the systematic
factorization of the dynamics of heavy quarks and the light
degrees of freedom based on the expansion Agcp > E.

Within the BOEFT, hybrid, tetraquark and pentaquark
states are bound states of two heavy quarks in the BO-
potentials that depend on the LDF quantum numbers. The
leading order BOEFT potentials in the 1/m, expansion are
the energies of the LDF in the presence of static heavy
quark pairs. We have shown that the same description
applies to quarkonium and doubly heavy baryons.

In this framework, the only parameters are the funda-
mental QCD parameters, such as the quark masses in a
given scheme, the strong coupling constant a,, and Agcp.
However, the theory needs the lattice calculation of some
universal low energy correlators, whose precise form we
have given in Sec. Vand Appendix G. These correlators are
universal (they are heavy flavor independent, because the
flavor dependence is inside the NRQCD matching coef-
ficients) and once calculated can be used for several
applications both in the bottom and in the charm sector.

We describe exotic states as a superposition of different
static states, as was done for quarkonium hybrids in
Ref. [78]. At short distances, the orbital or angular part
of the kinetic energy operator in the Schrodinger equation
mixes the wavefunctions corresponding to different static
states (an effect known as A-doubling in molecular phys-
ics), which leads to coupled Schrodinger equations. This is
representative of the adiabatic Born-Oppenheimer frame-
work. We derived a general expression of the mixing matrix
for an arbitrary set of quantum numbers of the LDF
The specific form is given by Egs. (4.10) and (4.16),
and the explicit expressions for the integer (hybrids,
tetraquarks) and half-integer (doubly heavy baryons, pen-
taquarks) states are obtained in Egs. (4.20)-(4.23). In
Appendix I, we give the explicit form of the coupled radial
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Schrodinger equations for the lowest hybrid, tetraquark and
pentaquark states.

The BO-potentials (static energies) for exotics corre-
sponding to LDF states enter the coupled Schrodinger
equations through a diagonal potential matrix in the
adiabatic BO-framework [see Egs. (3.33) and (4.5)]. In
Sec. V B, we describe the short distance behavior of these
BO-potentials. As long as one does not need to consider
higher order corrections in the multipole expansion, which
are suppressed in the short range, the short range behavior
of the BO-potentials depends only on two nonperturbative
parameters: the mass dimension one constant A, and the
quadratic slope as shown in Egs. (5.21) and (5.25). The
parameter A, in the case of hybrids is called the gluelump
mass and has been evaluated on the lattice by multiple
collaborations [96,138,140,147,148], while in the case of
adjoint tetraquarks and pentaquarks the adjoint meson and
the baryon mass still need to be evaluated. We have also
listed a set of light quark operators at the NRQCD level that
transform under gauge transformations in such a way to
define the gauge-invariant interpolating operators shown in
Egs. (5.2)—-(5.4) for exotic hadrons with two heavy (anti)
quarks (see also Appendix E). The two-point correlators
involving these interpolating operators may be expressed in
terms of Wilson loops eventually to be computed on the
lattice to extract the BO-potentials for tetraquarks and
pentaquarks.

In Sec. VI, we describe the long distance behavior of the
BO-potentials for exotic states focusing on the mixing with
the heavy-light pair threshold. The mixing only happens if
the LDF of the heavy-light pair threshold (see Tables X and
XI) have the same BO quantum numbers as the LDF of the
exotic state. This implies, for example, that the X, BO-
potential of quarkonium hybrids can mix with the X, static
energy of the S-wave meson-antimeson pair threshold (see
first row in Table X), and the mixing is significant if the
energy gap between the two is less than Agcp. We write the
expression for the potential matrix that captures this mixing
in Eq. (6.7). The mixing phenomenon implies that the
hybrid can decay into an S-wave plus S-wave meson-
antimeson pair, challenging conventional understanding.
With respect to tetraquarks and pentaquarks, we conclude
that the mixing with the heavy-light pair threshold proceeds
without string-breaking, which is a new finding. In the
diabatic framework, the BO potentials for tetraquark and
pentaquark states that approach the static heavy-light
meson or baryon pair threshold intersect with the quarko-
nium and hybrid BO potentials. This picture is particularly
attractive for what concerns the avoided level crossing that
happens between quarkonium and the first tetraquark static
energy with the same BO quantum numbers. We believe
that this is the phenomenon underlying the existence of an
exotic state like the y,.,(3872) with prominent molecular
characteristics. In the case in which the states in different
BO static energies overlap (for excited states or for small

gaps between the static energies), the operators responsible
for the mixing are a spin-violating operator coupled to the
chromomagnetic field, suppressed by a power of the mass
of the heavy quark, and, at short distance, a spin-conserving
operator coupled to the chromoelectric field that is not
suppressed in the heavy quark mass.

The results of our findings are manifold. First, we have
made available for the first time the set of coupled
Schrodinger equations and related multiplets for all quar-
konium exotics. Second, we have given appropriate gauge
invariant operators to be used on the lattice to obtain the
exotic static energies. An important feature of such oper-
ators is that in the tetraquark case they have zero overlap
with states of quarkonium and quarkonium plus pion(s),
while they do have overlap with heavy-light states (see
Appendix G), a feature that could facilitate lattice calcu-
lations. The behavior of the static energies at short
distances that we have given in Sec. V may serve as an
important test for lattice calculations. Third, we have
supplied a comprehensive framework in which to account
for the different types of mixing as well as the role and the
impact of relativistic and spin-dependent corrections,
which can be calculated systematically in the BOEFT.
Mixing can happen at short distances and is fully accounted
for by the given coupled Schrodinger equations. It can also
happen at large distances (avoided level crossing), in which
case it needs the input of the potentials from lattice QCD
calculations and it will be relevant close to the strong decay
threshold and possibly for states with a more prominent
molecular nature like the y,.,(3872).

More in general, the method may be applied to a vast
variety of observables. The BOEFT allows for the study of
quarkonia, hybrids, tetraquarks and pentaquarks in an uni-
fied framework derived from QCD. Leveraging on scale
separation, factorization and symmetries, it allows for greater
simplifications with respect to direct lattice QCD evaluations
of the XYZ properties. Lattice QCD calculations are an
important input, but the correlators requested by the BOEFT
are simpler and universal, allowing to access a large number
of observables. As we have shown, the BOEFT already has a
large model independent predictive power based on its
symmetries, for instance, we can obtain the exotic multiplets
and several decay selection rules only on the basis of them.
Then, once the lattice input has been incorporated at the level
of static energies, gluelump and adjoint meson masses, and
generalized Wilson loops containing mixing and spin cor-
rections, the predictive power of the theory is further
enhanced. The BOEFT framework could allow for the study
of exotic quarkonia production as well as propagation of
exotic quarkonia in medium, which are processes not directly
accessible to lattice computations. In fact, BOEFT could be
applied to such studies following what has been done in
NRQCD [107] and pNRQCD [169,170] for quarkonium
production and in [171-173] for quarkonium evolution in
medium.
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The BOEFT can reconcile in a unique framework the
different approaches used up to now in the literature to
describe XYZ states: the tetraquark model and the molecu-
lar description. These seemingly different and not recon-
ciliable approaches appear to be both contained in the
BOEFT. In fact, our work indicates that the tetraquark static
energies contain and evolve into the heavy-light static
energies at large distances. Hence, the BOEFT contains, in
a sense, both the tetraquark model, naturally supplying a
repulsive barrier for short distances® and the molecular
model, arising from the avoided level crossing close to the
strong decay threshold region. It will be the dynamics of
QCD, encoded in the static energies and in the form of the
mixing, that decide which state has characteristics of a more
prominent molecular or compact tetraquark nature.

In general, these results allow us to give a fresh new look
to the strong force. The confining properties of the potential
between a heavy quark and a heavy antiquark have been
studied since the paper of Wilson in 1974. However, now
we finally understand the interplay of the full spectrum of
static energies in (NR)QCD. We understand that the
confining properties are typical of a quarkonium or a
hybrid state up to the region in which an avoided level
crossing with a tetraquark static energy with the same BO
quantum numbers happens. We understand that the tetra-
quark static energies will show no confining properties. The
strongly interacting world interestingly resembles more the
atomic and molecular realm.
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APPENDIX A: AVOIDED LEVEL CROSSING

Avoided level crossing happens whenever the
Hamiltonian of a system has diagonal elements that become

25Phenomenological compact tetraquark models in the liter-
ature needs such a repulsive core; see Refs. [174,175].

equal at some point of the parameter space, while the off-
diagonal elements are small but finite [176]. For illustration
consider the 2 x 2 Hamiltonian

El(r) 5mix

anp = (7 o

>, fori,j=1,2, (Al)
ij

constructed on a basis of orthonormal states |1) and |2) that
clearly are not eigenstates of H as long as d,;, # 0. The
diagonal entries E,(r) and E,(r) depend on some param-
eter r (e.g. the heavy quark-antiquark or quark-quark
distance). We assume that E|(r) and E,(r) behave like
in Fig. 13, left panel, i.e. that they cross at some point
r = r.. Furthermore, we assume that the off diagonal
entry, pix, 18 constant, positive and much smaller than
|E\(r) — E5(r)| for r> r, and r < r,.

Diagonalizing the matrix H leads to the two eigenvalues

BB L L E0) - E0F + 48,

(A2)

Ex(r) =

where E_(r) is the ground state and £ (r) the excited state.
At r=r,, E|(r.)=E)(r.) and the two eigenvalues
become

gi(rc) = El(rc) % Smix- (A3)
This means that the two levels do not cross at » = r,, but
develop a gap, which is 26,,;x. For r > r. or r < r,, under
the assumption 6., < |E{(r) — E5(r)|/2, we obtain (at
leading order in &)

B + Exlr) | [Ea(r) = Ea()]

Es(r)~ 3 3

(A4)

This implies that £, (r) behaves like E,(r) for r < r, and
like E|(r) for r > r,. Vice versa, E_(r) behaves like E;(r)
for r < r, and like E;(r) for r > r.. The behavior of £, (r)
is shown in Fig. 13, right panel. It goes under the name of
avoided level crossing.

The eigenstates of H, H|£) = £.(r)|£), are a linear
combination of the original states |1) and |2),

(1)-sen(3). v

0(r) o(r)
mez( :

Cos—~  sin—- ) (AS)
—sin @ cos @ ’

where the mixing angle, 0 < 8(r) < z, has been defined as
tan 0(r) = 28,/ (E1(r) — E5(r)). For r < r., tan6(r) is
small and negative and hence 6 approaches 7~; for r > r,
tan 0(r) is small and positive and hence 6 approaches 0*; at
r=r. 0(r,) = n/2. Consistently with the behavior of the

094040-40



HYBRIDS, TETRAQUARKS, PENTAQUARKS, DOUBLY HEAVY ...

PHYS. REV. D 110, 094040 (2024)

Es

E,

FIG. 13.

energy eigenvalues £.(r), the excited eigenstate |+)
approaches |2) for r < r, and |1) for r > r.. Vice versa,
the ground state |—) approaches —|1) for r < r. and |2)
for r>r,.

The evolution operator in the |1) and |2) basis reads

o(r)

; 0 4 ‘
<1 |e—zHT| 1> = 0082%6_“7*“” +Sin276—18,(r)T’ (A6)

) 0 . 0 .
(2]e~HT|2) = sinz%e"&mr —I—COSZ%e"S-(’)T, (A7)

siné(r)

(He™™]2) = 2fe™™ 1) =—

(e—i£+(r)T _ e—iS,(r)T)

(A8)

where T is time. For r far away from r. (either r > r. or
r < r,) the first matrix element behaves like e~#17 and the
second one like e~*£2". Determining the above three matrix
elements means determining the three functions £, (r) and
0(r). Once these are known the 2 x 2 matrix H in the |1)
and |2) basis may be reconstructed through the rotated basis
(AS5). Alternatively, we can write

i <aw#ﬂw aw4"m>
— 10 A .
T 5\ 2lemHT|1) (2] |2)

e—i£+(r)T 0

o e JUEO)

B L E4(r) 0
vy (%7 0, Juew)

:(2$)£?5>

APPENDIX B: WIGNER D-MATRICES
AND MIXING MATRICES

— 1og |00 (

The conventional spherical coordinate system used for
the relative coordinate is spanned by the vectors

g 2 6mix

T r

Left: level crossing. Right: avoided level crossing.

sinfcosg cos@cosp —sing
7= | sinfsing |, 6= cosfsing |, @=| cose
cosd —sinf 0
(B1)

With these, the heavy qzuark angular momentum operator
L, can be expressed as 6
. i A
Ly =—i@pdy +——00,.

B2
sin @ (B2)

However, only one out of these three coordinate vectors
actually transforms as a vector under rotations:

(L. #] =il ) — i) = ie'Tkk, (B3)
(L. 0] = ig'# + icot0d ¢/, (B4)
(LY. ¢)] = —if'# — i cot00'¢Y . (B5)

This can be remedied by introducing a new angle y in the
following Way27:

/A ) ¢ A i 0
L’Q =—i(Fr+ cot60)6l,, — i@y + ﬁa%’ (B6)

# =cosyl+siny@, § =—sinyl+ cosy@,

2To be more accurate, we should distinguish between L, as a
differential operator and L, in terms of field operators. However,
their relation is such that the field operator L, acting on |0, ) has
the effect of the differential operator L, acting on any function of
the coordinates convoluted with |6, ¢), so we simply use the same
symbol for both out of convenience.

We adhere to the convention of active rotation, where the
vector undergoes transformation as a result of rotation, while
keeping the coordinate system fixed. An active rotation for the
vector corresponds to a passive rotation for the coordinate system.
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It can be easily checked that in this new coordinate system
(®,9',2') each direction transforms as a vector under
rotations. The new angle yw can be interpreted as the
Euler first angle. We follow the z-y-z convention for the
rigid-body rotation: the rigid body is first rotated around
the space-fixed z-axis by an angle y, then around the space-
fixed y-axis by an angle 6, and finally around the space-
fixed z-axis by an angle ¢. The new axes (&,§,2) are
body-fixed axes, which naturally transform as vectors when
the rigid body is rotated and the new angular momentum
operator Ly, is known as the generator for rotations of a
rigid body. In terms of space-fixed axes (¥,¥,2), the
rotation matrix is given by

R(l;/, P, 9) =R, (V/)Ry (Q)Rz ((,0), (BS)
where R,(0) denotes the rotation matrix describing a
rotation about the 7 axis by an angle 6. We may introduce
y into the expression of the exotic states in the following
way:

17(94
I,m;k,A) = 6. )|k, 2V D (v, 0, ), B9
) e @)k, 2)' D, (y.0,9), (BY)
where

k,2) = e ™|k, ), and

/dg/:/dg/”dw,
iy

e
Dﬁ ’ 93 -
Im (l// 90) \/ﬂ

v},,(6.9). (B10)

We see that the two phase factors in |k, 4)’ and D} cancel

each other, and the two normalization factors l/m cancel
against the integral over y, so this expression is evidently
the same as Eq. (4.9). Since the whole expression does not
depend on y, it is also no problem to replace Ly by L,

Since the static heavy quark-antiquark pair is a linear
rigid rotator, there is no physical meaning for v, it does not
relate to the position of a static particle, as opposed to 8 and
@ (which is the reason why we could not promote |0, ) to a
lw, 0, @) state as well). However, there is a great advantage
gained from its inclusion. The coordinates for the light
degrees of freedom in |k, 4) are expressed relative to the
(#,9',2') axes. An active rotation generated by L;, acting
on the coordinates of the static quarks (including ) is,
therefore, perceived as a passive rotation by the coordinates
of the light degrees of freedom:

Lylk, 2 = -K

k,2) . (B11)
Consequently, when acting with the combined angular
momentum operator L> = (K 4 L)* on the exotic states,
we obtain

17/94
L?|l,m;k,2) :/

V2
k. 2)' Dy, (w.6.)

(K2+2K -Ljy+L3)|6.0)

X

(9%
- [Tk LG, 00). (B12)
where we have used
L’Q2 k,2) = K2k, 2) —2(K|k,2)") -L’Q + |k, /1>’L’Q2,
K-L’Q|k,/1)’ = (K|k, 1)) -L’Q - K?|k, 2. (B13)

Hence, in Eq. (B12), in order for |/,m;k,A) to be an
eigenstate of the combined angular momentum L?, it is
sufficient for the orbital wave function D/ to be an
eigenfunction of L.

The eigenfunctions of angular momentum in the case
of a rotating rigid body are known in terms of Wigner’s
D-matrices (which is why we use the symbol D). It can be
easily verified that the components of L’Q satisfy the same
commutation relations as those of L. Moreover, the set of
operators {%’ -L’Q, y -L’Q,ﬁ’ L’Q} commutes with L’Q and
exhibits almost similar commutation relations,

®-Ljy.9- Ly =%"[L}. 57 |LE + 357 ([L}. LY
STadi Tl
+ [ ,Lé}L’Q
:ieijk)AC/i)A]/kL/é'_f_ieijk)AC/ij)/jL/Qk_f_ieijk)A)/j)AC/kL/é
:—ii’-L’Q, (Bl4)

and the ones obtained by cyclic permutations. We also have
(& - Ly)* + (- Ly)* + (2 - Ljy)* = L. We therefore can
construct the orbital wave functions as eigenfunctions of
L’Qz, L,.=1%-Lj,, and A =% L, with eigenvalues
I(I+ 1), m, and —4 respectively, and use

Ly, =Lj, +iL),,, (B15)

AL =%-L, 7§ L, (B16)
as ladder operators to raise(lower) the quantum numbers m
and A respectively. These ladder operators lead to the
constraints on the quantum numbers —/ <m </ and
—1 < 2 < 1. An explicit expression for the eigenfunctions
(out of several equivalent possibilities) is given by

_1>l+m 21 +1 (l—l’i’l)‘
D! 0.0) — (
lm(‘//a 7‘/’) 2! \/ 872 <l+m)!(l—/1>!<l+/1)!
X eM"’P;Im<C0S g)eimga’ (Bl7)
P} (x) = (1 = x)m=A/2(1 4 x)(m+4/2
XA =) (BI8)
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The relation with the Wigner’s D-matrix is found in the
expression of an angular momentum eigenstate polarized in
the (%,5,%') system, such as the K? and K, eigenstate
|k, 2)', in terms of states polarized in an external reference
frame (£,5,2), such as the K2, K_ eigenstate )

|k, 2)" =

k
— Z o 0,0, 0) ). (B19)

Accordingly, we have the following orthogonality relations:

/dQ’ D;l,*,(y/, 0, ga) ,,n(w,e (p) = 0110,y mé (B20)
S : 2k +1
> DL (. 0.9)D (1. 0.9) = =8, (B21)
= 87
: A A 2k + 1 /1’
> Di(y.0.9)D},,(w.0.0) = &4, (B22)
m=—k

where we have used the labels k or [ for the first quantum
number, depending on the context for which the relation is
more relevant.

The expression of the mixing matrix in the Schrodinger
equation is given by the matrix elements of L2Q between the
eigenstates defined in Eq. (B9):

My, = (L my k2 \L3 |1 ms k, A)
= [ a0t D 0.0) k. ALk ADS, .00,
(B23)
Since L’Q acts on |k, 1) like —K, we can rewrite this as
, >/: , >/_ , >/LIQ+|k,ﬂ>/LIQ2

= K2k, 2) — K |k, )’ A, — K|k, A) A_
— 2K’ |k, 2)'A + |k, 2)'L}.

where K, = (¥ £ ') -K and K. =%’ - K. With this we
have expressed Lg in terms of defining and ladder

(B24)

operators for both |k, 1)’ and D?m, so we find

My, = (I(1+1) =227 + k(k + 1))5*

— Vk(k+1) =24+ D\I(1 4 1) = A4 + 1)54H!
—Vk(k4+ 1) =2A= D11+ 1) = A(A=1)§41,
(B25)

We recall here that beyond the short-distance limit the
action of K? and K', on |k, 1)’ is only approximately given
by the eigenvalue relations used above (while the other

relations remain exact), and there will be corrections
suppressed by higher powers in r involving static states
not included in the same short-range multiplet.

APPENDIX C: GROUP FACTORS

The product of two triplet representations of SU(3) can
be decomposed into the sum of an antitriplet and a sextet
representation: 3 ® 3 = 3 + 6. We use the 3 and 6 tensor
invariants from Ref. [89]

1 . .
If; = \/zelij, i,j,£=1,2,3, (C1)
E?j i’j:1’2’3 6:1,...,6,
;%1 :;32 2233 =1,
1
=3 =5, =5, =8, =3}, = (C2)

V2’
and all other entries are zero. Both T’f and X9 are real; Tf 18

P2
totally antisymmetric, and X; is symmetrlc in the i and j
indices. They satisfy the orthogonality and normalization

relations:

ZT”’IT"’Z 8o, Zz"lz"z 571, ZTf}ij—.

(C3)

APPENDIX D: TRANSFORMATION
UNDER REFLECTION

The quantum number ¢ in Ay is the eigenvalue under
reflection (denoted by M) across a plane containing the
quark axis. It is only relevant for X states (i.e. A = 0),
which are invariant under rotations around the quark axis.

Let us discuss the transformation behavior under reflec-
tions M. We may choose any reflection plane that includes
7, so in the (9 @, F) coordinate system we choose the 7 — 0
plane, which also includes the z-axis from the external
reference frame (i.e. the coordinate system in which the
heavy quark positions are defined). This means that the
coordinate along the @-axis receives a minus under
reflections, whereas the other two remain unchanged.
Because the angular momentum is a pseudovector (as
the cross product between two vectors), it transforms with
an overall minus, which means

0+ip) K> - (0F ip) K.
(1)

P KL (oK),

where the second relation describes the transformation of
the ladder operators for the A quantum number given by
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Eq. (B16) [with y = 0 in Eq. (B7)]. It follows then that the
static states transform as

k) =5 6(=1) |k, =),

(D2)

where the factor ¢ is independent of A and for integer k
corresponds to the AJ quantum number.

The reflection operation can be related to parity through
a rotation around the @-axis by an angle z:

M = exp [in¢ - K|P. (D3)
The rotation matrix is straightforward to compute for a
given k-representation, but even without a direct calculation
for general k we can say that its eigenvalues are given by
(=1)*, —k < X’ < k, which would be the diagonal entries in
a basis where the quantization axis is ¢. Consequently, its
trace is given by (—1)¥. Combining this with the o7(—1)*
factor from parity, and noting that the only diagonal entry in
Eq. (D2) is for 4 = 0, we obtain
Tr{M} = (-1)kor(-1)* = 0. (D4)
The two k-dependent signs cancel, and we see that we can
identify the reflection factor o with the tensor sign 7. For
half-integer states, the overall sign is arbitrary, so we may
simply adopt a convention where the states transform
according to Eq. (D2) with 6 = o7.

Since reflections remain a symmetry of the LDF system
beyond the short distance limit, it was to be expected
that the transformation is independent of k. An interesting
result of this section is the dependence on o7, which
implies that the multipole expansion of the LDF operator
(i.e. giving the static state as a superposition of different k
states) will consist either of all tensor or all pseudotensor
representations.

APPENDIX E: GAUGE INVARIANCE

We show that the interpolating operators in Egs. (5.2)—(5.4)
are gauge-invariant. Under gauge transformations, the quark
field ¢ and the Wilson line ¢(x;,x,) transform as

q—Ug, Pxi.x3) = Up(x. x)U,  (El)

where the matrix U/ is unitary and has determinant 1:
UTU =UU" =1, and det!d = 1. The matrix U is given
by U = exp (ia“T“), where a* are parameters and 7 are the
generators of the fundamental representation of the gauge
group SU(3). For simplicity, we consider a general operator
A% = gT*q' that transforms according to the adjoint repre-
sentation of SU(3),

AY = gUTUq' = U A, (E2)
where the infinitesimal transformation Z/l;‘fi} is given by

ug(% — §ab 4 iac(lc)ab = §ab _ acf“d’, (E3)

and in the last line we have used the generators in the adjoint
representation. Moreover, from the infinitesimal trasnforma-

tion Ugfl’j, it follows immediately that

Z/{Z(%L{jgj = §be. (E4)

Under the gauge transformations (E1), the interpolating
operator (’),E%Q)S (t,r,R) for QQqq tetraquarks in Eq. (5.2),
with light fields Hg; (¢, R) given by Table VI, and explicitly
writing the color indices, transforms as

O8O (1.7, R) = £ (1.3,)p (1.2, R)PE HE & (1 R)T b (1. R.x, Jyr(1.x,)
= PZIW(UQW(ExzvR)]k[fli(fvx)faT%‘]j(f’x)]TZI[fl"(tvR’xl)l//(fvxl)]z
- PZID(T(t’xZ)qs(t’vaR)]suzk[‘_]p(t’x)fabﬁ'TqZ/{ijm(t’x)]TZlulrkb(t’R’xl)l//(tvxl)]r

pitij

= UsU [ (1.32) (1,30, R) Py 13, (1.0)T T 5,04, (1.2)] T (1. R 1 Jyr (1%, )],

— 099 (¢,r,R),

(ES)

where T is one of the Dirac matrices from Table VI, and we have used Egs. (E2) and (E4) to show gauge

invariance.

Under the gauge transformations (E1), the interpolating operator Oth (t,r,R) for Q0Qgq tetraquark in Eq. (5.3), with
(QQ)j antitriplet in color and light fields H g’f(t, R) given by Tables VIII and IX, and explicitly writing the color indices,

transforms as
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O(QQ) (t.r.R) =

where T/ is the antisymmetric tensor defined in Eq. (C1).
Using the color identity relation for the antisymmetric
tensor 77,

ST, = 3 6uy = ). (E7)
and the identity,
urLul oI U U,
= U Uy 5 (518~ )
%Kufu) ), - ), U,
_ ; (BpsBmr = 8prBns) = Ty T, (ES)

we can show the gauge invariance of the interpolating
operator Oi%Q)g(t, r,R) for QQgq tetraquark states.

Under the gauge transformations (E1), following the
same steps as in Eq. (E6) and using the identity

1
D E5E], = 5 (5ubjn + 8ude). (E9)

o

we can similarly show the gauge invariance of the inter-
polating operator Oi%Q)°(t, r,R) for QQg g tetraquark in
Eq. (5.4), with color sextet (QQ), and light fields
HZ?(1,R) given by Tables VIII and IX.

With regard to pentaquark states QQqqq or QQqqg and
doubly heavy baryons QQg, we can similarly show the
gauge invariance of the interpolating operator (’),E%Q>5 (t,r,R)
by combining results in Egs. (ES) and (E6) with the under-
standing that the two light quarks (antiquarks) in color
antitriplet (triplet) transform in the same way as antiquarks
(quarks) under gauge transformation. Indeed, under infini-
tesimal gauge transformation, two quarks in a color anti-
triplet representation transform as

(qCI)i,f =€rikqiqdr — €fjkujmukn61m6]n
= €rjk(uuT)rt’ujmuanan
= €rjkursujmuknuzfmen
= det(U) el qmqn =

€smn‘]mqnusf’ (EIO)

T (£.32)p7 (1.2, R)PY HS L (1. R)T (1. R. x )y (1. %)
= P4 [y" (t.3,)¢p" (1.%. R)) [, (t.x) T,
— Py (1.x2)¢" (.32, R)| UL [, (1. %)

q; (1,%)|T5,[p(1, R, x 1 ) (1,x1)],
U TEEU g (1.3)] T U (8 R x (1,51,

(E6)

pi=ij

|

which is equivalent to the gauge transformation of an
antiquark (color antitriplet representation), if we identity
QS = €SanmCIn'

APPENDIX F: PROJECTION VECTORS

The projection vectors P (6, ) project the fields or
operators on representations of the cylindrical symmetry,
D..;- The projection vectors are defined as the eigenvectors
(column vectors) with dimension (2k+ 1) x 1 of 7-K,
where K is the total angular momentum of the LDF and 7 is
the heavy quark pair axis:

(F-K)P = APy, (F1)

The operator (7- K) is a matrix of dimension (2k + 1) x
(2k + 1) and eigenvalues 1 = —k, ..., 0, ..., k. Solving the
eigensystem in Eq. (F1), a general expression for the
components of the projection vectors can be given in terms

of Wigner D-matrices:
¥
0.0,0) = \/ 55—V,
ka( ¢) 2%k + lvka(

where a =k, ...,0,...,—k, as we are using a spherical
basis. Specific examples of projection operators are

1/2* _
0.9) =21 D1)2112(0.0. 9) cos(%)eiv/2
P, = = . . )
” Di@il/z(O, 0.9) sin(§) e’/

T
PS0.0) =\ 5

F2)

(F3)
—1 2% .
P (0.g) 20 DIAR@O0)\ _ (=sin@er
1-\U,@) =2 DL/ (0,0,¢) - Cos(g)ei(ﬁ/z )
1/2-1/2\M @ 2
(F4)
_( D%(0.0.9) —5sin(0)e
Piy(0.9) = 3 DY(0.0.9) | = cos(0) .
DY ,(0,0,¢) \/Lisin(e)e’”’
(F5)

094040-45



BERWEIN, BRAMBILLA, MOHAPATRA, and VAIRO

PHYS. REV. D 110, 094040 (2024)

2 Dﬁl* (O, 0, fﬂ)
P (0.9) = 3 D{1*(0,0, ¢)
D{'5(0,0. )
1(1 £ cos(@))e™™”
= +J5sin(0) . (F6)
3 (1 F cos(0))e
In Refs. [78,80,81,85], the projection vectors for

k=1(A=0,%1) in the Cartesian basis were used for
the construction of the BOEFT and the coupled
Schrodinger equations for hybrids:

N Lo~
PlilzriE:Fﬁ(ailqo)? (F7)

where F, 9, and @ are the spherical unit vectors. However,
they can be also expressed as

PlO:i',

D}, (0.6.9)-D7;(0.6.9)

/8% V2
Pli — i‘l — % D/ll*_1 (0.9,(/})+Dﬁ (0,0.(#)
iv2

D5(0.0. 9)
A=0,%1. (F8)

In Ref. [78], the mixing matrices in the coupled
Schrodinger equations for hybrids arise from the
term P}%(6), @)L P, (0, »), which is equivalent to
<k,/1L2Q k,2’y in Eq. (B23) of the current work. The
resulting matrix of differential operators (in the 44" indices)
is then contracted with a vector wave function:
W(r) = w(0,p)R(r), where w(0, ) is the angular wave-
function matrix acting on the radial wavefunction (column
vector) R(r). The angular parts are defined as eigenfunc-

tions of PTZ’LZQP“ in the sense that the eigenvalues take

1
matrix form. This angular eigenvalue matrix then gives the

mixing matrix in the radial Schrodinger equation. In
Ref. [78], the angular wavefunctions were written as
y(0.p) = diag(v}, (0. 9). v}, (0. 9). v;,,(0. 9)). They give
the same mixing matrices as here, where we obtained them
from the matrix elements between eigenstates of total
angular momentum, <l,m;k,/1|L2Q|l,m;k,/1’>. The linear
combinations of states |/, m;k, £4) for A # 0 have been
introduced here to construct the parity eigenstates
|l, m; k,|A|;€), which are given in Eq. (4.15). With the
parity eigenstates, the mixing matrix is block-diagonal,
which leads to the decoupling of the opposite parity states
in the Schrodinger equations. In Ref. [78], an identical

*This term originates from the kinetic energy operator:
PI(0.9)V P}y (0.9) = 1 5z r = L PI(0.9)Ly Py (0.9).

ror r

linear combination of states corresponding to A= +1
[Egs. (49) and (50) in [78]] was introduced that resulted
in the decoupling of opposite parity states by making the
mixing matrix in the Schrédinger equations block-
diagonal.

APPENDIX G: OVERLAP OF INTERPOLATING
OPERATOR WITH COLOR OCTET (QQ)s

1. Quarkonium

When writing down the interpolating operator for exotic
hadrons with a QQ pair in Eq. (5.2), we considered a color
octet (QQ)g configuration. In the absence of light quarks
(P¢,Hg¢(t,R)T* = 1), the interpolating operator for the
color singlet (QQ); pair corresponds to a quarkonium state.
With light quarks, the interpolating operator for the color
singlet (QQ); pair in the isospin I = 1 case corresponds to
a quarkonium plus a pion state [104] and in the isospin
I = 0 case corresponds to a quarkonium or a quarkonium
plus two pions states [123,124]. In the short distance
limit » — 0, the color singlet potential being attractive is
lower in energy than the repulsive color octet potential.
As a result, within lattice computations, any operator that
overlaps with the quarkonium state will primarily manifest
an attractive color singlet potential at large times and short
distances.

A generic quarkonium state | Q) (with principal quantum
number 7, total angular momentum J, orbital angular
momentum L, and spin S) can be described in NRQCD
by a st%ge (for simplification, we use center of mass frame
R =0)

Q) =N / ¥ (P (6~ e (12— 2.7/2)

Xxc(1,7/2)|€Q), (G1)

where W) (r) is the quarkonium wavefunction with quan-
tum numbers (n) = {n,J,L,S}, N is a normalization
constant, and |Q) denotes vacuum with respect to the
heavy quark fields w(x), y(x) but can contain ultrasoft
modes such as gluons and pions. We have explicitly
specified the color indices for the operators. The quark
field with the Wilson line, ¢(#;0, —r/2)w(t, —r/2), trans-
forms under gauge transformation like a quark field in O.
The overlap of the interpolating operator for exotic hadrons
with the color octet (QQ)q pair [Eq. (5.2) ] on the state | Q)
is given by

For the purpose of the current work, we do not need to
explicitly specify the one pion (I = 1) or two pion states (I = 0)
along with the quarkonium. We assume that pions are contained
in the state |Q).
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02" (1.r)|Q)
= 2 (6,7/2) i (£:7/2,0) PE HE (1,0)
X T?]’¢jﬂ(r 0, _r/z)Wn(t _r/2)|Q>

= N& ()Y (r) P Hi (1.0)Tf|vac) =0, (G2)
since the generators 7 are traceless matrices and we have
used the equal time anticommutation relation for the fields
y and y. We get, therefore, that the interpolating operator in
Eq. (5.2) with the color octet (QQ)g pair has zero overlap

on the state | Q). From a practical point of view, this could

adjoint QQ tetraquark and pentaquark states since the
interpolating operator in Eq. (5.2) will explicitly probe the
repulsive color octet behavior of the QQ pair at short
distance.

2. Pair of heavy-light meson state

A generic heavy-light meson pair state |MM) (with
total angular momentum quantum number J = |J;
Jy + J,, where J; is the angular momentum of meson M and
J, is the angular momentum of meson M) can be described in
NRQCD by a state (for simplification, we use center of mass

be useful for lattice calculations of the static energies of the ~ frame R = 0)

|MM) = [N / d’r¥,(r) / &y @, v + /2yt —1/2) ¢ oa(t;=1/2.y +17/2)[P T 1q4(t.y +1/2)

x / &z, (2= 1/2)[@y(t.2 = 1/2)02P_|¢pe (.2 = 1/2.7/2)x.(t.7/2)]|vac), (G3)
where ¢, (y +r/2) is the light antiquark wavefunction in the meson M, ¢, (z —r/2) is the light quark wavefunction in the
meson M, ¥, (r) is the wavefunction of the heavy-light meson pair state MM, I"; and I, are (combinations of) Dirac gamma
matrices suchas y°, >, 7%, 7', ..., P, = (1 £¢9) ) denotes the vacuum state, N is a normalization factor and we have
explicitly specified the color indices.

The overlap of the interpolating operator for exotic hadrons with the color octet (QQ)g pair in Eq. (5.2) on the state |M M)
is given by

0% (1,7)| M) = P [} (1.7/2) i (£:7/2,0)[G, (£, 0T T% g, (1, 0)] —r/2)yr, (1, —r/2)|| M)

x N'&*(0)¥,(r)g;, (0)g,, (0)Tr[T4T*]

= %5MN53 (0)¥;(r)e;, (0)¢,,(0),

T?j¢jn(t;0’

(G4)

where T in the first line denotes gamma matrices, yo, y5, y°y5, yi, ..., and we have used the equal time anticommutation
relation for the fields y and y. The proportionality symbol in the third line denotes that we have not explicitly computed the
Dirac gamma matrices. We get that the interpolating operator in Eq. (5.2) with the color octet (QQ)g pair has nonzero
overlap on the state [MM). From a practical point of view, this implies that in lattice calculations of the static energies of
(QQ)s tetraquark and pentaquark states, the static energies will approach the heavy-light meson pair threshold at long
distance, r > A(‘)%:D, which is consistent with the lattice results in Ref. [104].

APPENDIX H: SPIN-ISOSPIN-COLOR COMBINATIONS FOR PENTAQUARKS

1. Q0qqq pentaquarks

In the (iso)spin sector, the quartet is fully symmetric, while the two doublets have mixed symmetry. Ignoring color and
isospin indices, the explicit spin combinations are given by

3/2,43/2) = 1111, [1/2,41/2)5 = T(IHT) + M) =211,
3/2,41/2) = 7(|¢TT>+INT>+ITN>) 11/2,-1/2)5 = 7(|N¢>+NN> 2441
3/2,-1/2) = 7(|N¢>+I¢N>+I¢H>) [1/2.+1/2)4 = 7(|¢TT> 1141

3/2,=3/2) = L), [1/2,-1/2), = (!Ni) ) (H1)

S\
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The labels S and A on the spin-1/2 states denote symmetric
or antisymmetric in the first two entries. The choice about
which two entries to make symmetric or antisymmetric is
arbitrary, as all three particles are indistinguishable.
Accordingly, the full color-spin-isospin combination lifts
this ambiguity.

For the color representations, we write

1
1) = %SUH%%,%), [10)* = Afilai a5 qx).
18)4 = eijolak|qi,Clj,‘]k>’
1
815 =~ (e = Tl 50 (1)

For the decuplet projector there is no expression in terms of
other known tensors, so we just use the symbol A¢ with
a=1,...,10, and keep in mind that it is fully symmetric in
its tensor indices. Again, the mixed symmetry of the color
octets has been put in the form of a symmetric and an
antisymmetric combination under exchange of the first two
particles. Since later we have to combine this mixed
symmetry with other mixed symmetries, it is more con-
venient to introduce the projectors

(T )ljk el]lel lekT;ll’
(TZ)ijk = €isz \/_Tl T?y
(T3)iy = el = ‘ﬁﬂjT?k» (H3)

such that
18)4 = (T3)3k|ql‘,qj'a51k> =

|8>“——<T1—T2>gk|qi,qj,qk>z%<T?>—|Tg>>, (H4)

I75),

where Zf ; 1s given by Eq. (Cl). Concerning the normali-
zation of T;(i = 1,2,3), we have

1
|1/2,+1/2,1/2,+1/2>S:m<|duu> ludu)
|1/2,+1/2;1/2,—1/2>S:71><|duu> |udu)

11/2,-1/2;1/2,41/2)¢ = \—1[ ( udd) |dud)

|1/2,-1/2;1/2,-1/z>s:\Lf(|udd> \dud) |ddu)> o2

1
(Tm)Zk(Tn)Zk = 5(36mn - 1)5ah‘ (HS)
Each of these three projectors generates a color octet, but
they are not independent, as shown through the identity

Talt + Tg + Ta = eljkT;li —+ eilkT?j + €ile;lk

- €ljkTr[ ] =0. (H6)

This is why there can only be two independent octets, and
8)4/s are two possible orthonormal choices.

In the color singlet sector, the allowed configurations are
the same as for light hadrons. The color projection is already
fully antisymmetric, so the spin-isospin combination needs
to be fully symmetric. This can either be achieved by having
both spin and isospin parts be symmetric on their own, or by
combining their mixed symmetry configurations. Note that
the mixed symmetry spin or isospin configurations by
themselves vanish under symmetrization of all three particle
entries, which is why there is no I =3/2 and k= 1/2
combination or vice versa in the color singlet sector; it is only
the combination of spin and isospin that allows a full
symmetrization also in the mixed symmetry case.

In the case where both spin and isospin are symmetric
(i.e. 1=k =3/2), the relevant combinations can be
obtained by taking the tensor product of the respective
spin or isospin configurations from Eq. (H1). In the case of
isospin, |1) should be understood as |u) and || ) as |d). By
tensor product, we mean the combination of spin, isospin
and color indices in the way of the following example:

1 =3/2,m; =3/2:k=3/2.m; =3/2)s

— Juun) ® M) @ [1) = ——elululul).  (HT)

V6

In the case of the mixed symmetries, it is convenient to
write the spin-isospin combinations in bilinear form:

2 /I
|uud>) o2 [ | em.
P =)\
2o /I
|uud>) o2 1 | | e
Lo 2
2 )
|ddu>) o2 [ | em.
Lo =2\
o1 (I
oy | e, @)
roo2)
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It is straightforward to see that their combinations are still
(iso)spin doublet configurations, since each row and
column of the bilinear matrix corresponds to an (iso)spin
doublet. Particle exchange corresponds to exchanging two
rows and two columns with the same indices, under which
these bilinear matrices are clearly invariant.

In the color octet sector, either spin or isospin may be
fully symmetric, meaning that the other two mixed
|

13/2,43/2:1/2,+1/2)p = %ww ® <|¢TT>

13/2,43/2:1/2,-1/2),

— ) @ (mw

where for the other isospin projections one just has to
replace |uuu) by the respective expression from Eq. (H1),
and the expressions for / = 1/2 and k = 3/2 are com-
pletely analogous. Exchanging two particles m and n
involves swapping the rows m and n for spin and swapping
the columns m and n for color. From the projectors, we get
IT,,) <> —|T,) and |T}) - —|T) for k # m, n and m # n.
Thus, we have an additional minus sign from the color
|

‘ .

11/2,+1/2:1/2,+1/2), \duw)  |udu)

S

’

[1/2,+1/2;1/2,-1/2), |duu)  |udu)

S

‘ -

11/2,-1/2:1/2,41/2), ludd) |dud)

S

’

11/2,-1/2;1/2,-1/2), udd) |dud)

(
al
al
(

S

Also here we see that replacing two rows and columns and
also the color projectors with the same indices leaves the
whole expression invariant, and the overall minus sign from
the particle exchange in the color projectors ensures that
these are indeed fully antisymmetric spin-isospin-color
configurations. It is slightly harder to see in this form that
these are indeed (iso)spin doublet configurations, but

symmetries of (iso)spin and color have to be in an
antisymmetric combination, or all three may be mixed.
The former case can be obtained by combining the
partially symmetric (iso)spin 1/2 with the partially anti-
symmetric color octet or vice versa, and then performing
all particle exchanges, both of which lead to the same
result:

21 1N (/T
1) |m>) o | .
11 —2) \ry)
21 1N /T
1) |m>) ISR N T I
11 =2 \r)

[
projectors, which explains why the bilinear matrices
remain symmetric under the exchange of rows and col-
umns, while the states are antisymmetric under particle
exchange.

The remaining color octet configurations come from
both spin and isospin doublet combinations, which means
that all symmetries are mixed. With the use of Eq. (H6), we
can put them in the convenient form

T (7 1T\ (1)
|uud>) Ty Iy || e .
\T>) |Ty) |T5) IT11)
\T\) |T5) |T,) IT4l)
|uud>) Ty Iy || |.
\Ty) |Ty) |T3) L4
T (7 1T\ (1)
|ddu>) ) Iy 1y | |
|T>) |Ty) |T5) IT11)
\T\) |T5) |T,) IT4l)
|ddu>) ) || (H10)
\T>) |Ty) |Ts5) L41)

|
replacing any of the color projectors through the other
two (e.g., T3 = —T1 — T,) makes it clear that the coef-
ficient of each remaining projector corresponds to an
antisymmetric (iso)spin doublet configuration in each
row or column.

Finally, we also give here the color decuplet configura-
tions for the sake of completeness. These cannot be directly
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coupled to the QQ and form a color neutral state, but with
the help of additional gluon fields it would be possible, as
the combination of octet and decuplet contains another
octet, although it is questionable whether such a highly

excited configuration may form a bound state at all.
Since the decuplet color configuration is fully symmet-
ric, the combination of spin and isospin needs to be fully
|

11/2,41/2;1/2,+1/2)p = \1[6 (|duu) ludu)
11/2,41/2:1/2,1/2) = \‘/—16 (|duu) ludu)
11/2,-1/2;1/2,+1/2), = \_/16 (|udd) \dud)
1/2,21/2:1/2,1/2), = %6 (|udd) \dud)

It is immediately apparent that this combination is anti-
symmetric under exchange of two particles (i.e., exchang-
ing two rows and columns of the same indices), and each
row or column does indeed correspond to an (iso)spin
doublet configuration.

As a consistency check, we compare the total number
of spin-isospin-color configurations with the expected
("7) =220. In the color singlet sector, we had the (iso)
spin doublet-doublet and quartet-quartet combinations,
which give 1 x (22 + 42) = 20 components. In the color
octet sector, either spin or isospin could be a quartet with
the other being a doublet, or both could be doublets, giving
8 x (2x4+4x2+2%) =160 components. And in the
color decuplet sector, both spin and isospin are doublets,
from which we obtain the last 10 x 2> = 40 components.
The sum over these does indeed give 220, meaning that we
have exhausted all possible spin-isospin-color combina-
tions allowed by the Pauli principle.

2. Q0qqq pentaquarks

The (iso)spin combinations given in Eq. (H1) are already
constructed with a unique symmetry in the first two entries,
so we associate them with the quark indices. The light
quarks and antiquark may form a color triplet, an antisextet,
or a 15-plet, where one triplet and the antisextet are
antisymmetric in the g¢q indices, and the other triplet and
the 15-plet are symmetric. Explicitly, we have

antisymmetric. This can only be achieved by combining
two mixed symmetries, as only spin or isospin alone cannot
be fully antisymmetric. A straightforward way to achieve
this is by combining the partially symmetric spin configu-
ration with the partially antisymmetric isospin configura-
tion and consequently performing all particle exchanges,
which leads to the following expressions:

0 1 -1\ [1ID)
|uud>) oot | e | eno.
to-1 o0 )\t
0 1 -1\ /114
|uud>) 1o 1wt | @),
to-1t o0 )\
0 1 -1\ [|I1D)
|ddu>) o1 || | o).
to-t o)\
0 1 -1\ /114
) )| =10 Wy | eno. )
to-t o)\
[
|3>§/A:\/6—1:?5(5&51{1iéfk5jl)|Qj’Qk’EI1> and
16)7 = \}-Zﬁ-’zeijkmp 9> 1) (H12)

where X° is the color sextet tensor in Eq. (C2), and the
15-plet requires a new projector which we do not specify
here further. The triplets and the antisextet can couple to the
antitriplet and the sextet from the QQ respectively to form a
color neutral state, while the 15-plet can only contribute if
additional gluons are included.

This means that in the color triplet sector any spin-
isospin combination is allowed, including both symmetric
and antisymmetric doublets, since any combination will be
either symmetric or antisymmetric in the quark indices and
can thus be combined with the antisymmetric or symmetric
color triplet respectively to obtain an overall antisymmetric
configuration. For the color antisextet, the spin-isospin
combination needs to be symmetric, which can be a
quartet-quartet combination, a doublet-quartet or quartet-
doublet, where the doublet is symmetric, or a doublet-
doublet, where the doublets are either both symmetric or
antisymmetric. For the 15-plet, the spin-isospin combina-
tion needs to be antisymmetric, which can be a doublet-
quartet or quartet-doublet combination, with the doublet
being antisymmetric, or a doublet-doublet, where one is
symmetric and the other is antisymmetric. Counting all
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components, we have 3 x 23 x 23 = 192 in the color triplet
sector, 6 x (22+224+2x4+4x2+4%) =240 in the
antisextet sector, and 15x (22422 +2x4+4x2) =
360 in the 15-plet sector, equaling the expected (122) x 12 =
792 components in total.

APPENDIX I: SCHRODINGER EQUATIONS
FOR SEVERAL CASES

In this appendix, we explicitly write down the radial
Schrodinger equations for the lowest hybrid, tetraquark and
pentaquark states based on Sec. IV.

1. Hybrids (Q0g)

The lowest hybrids are bound states in the BO-potentials
(static potentials) I1, and X, corresponding to the gluelump
quantum numbers k¢ = 1=, Using Eq. (4.5) and the
expression of the mixing matrix in Eq. (4.20), the coupled
radial Schrodinger equation for the parity state € = op is
given by

l 1 1 <z(z+1)+2 ) 1(z+1)>
- r°o, + 5
mor mor- \ =2/I(l+1)  1(I+1)

+ VZE 0 wng)p _< W(ZNU)P (Il)
0 vu )\l ) T\, )

and the radial Schrodinger equation for the opposite parity
state € = —op is given by

1
le"

where Vyj () and V- (r) are the static potentials, I//QQP (r),

wf-ﬁzp(r), and ‘/’1%@013(’”) are the radial wavefunctions

labeled by the set of quantum numbers (V). These coupled
Schrodinger equations were first derived in Ref. [78].

1

4 vnll vl =&t s, (12)

2. Tetraquarks (QQqg or 00Gq)

The lowest quarkonium tetraquarks QQgg are bound
states in the BO-potentials (static potentials) E;’ and II,
corresponding to the adjoint meson quantum numbers
kP€ = 17—, or I, corresponding to adjoint meson quantum
numbers k¢ =0t (see Table I). As discussed in
Sec. VB, the ordering of the adjoint meson masses for
0~" and 17~ is not well established by lattice QCD, so we
write down the Schrédinger equations for both cases.

For QQqq tetraquarks corresponding to the adjoint
meson 177, the coupled radial Schrédinger equation for
the parity state ¢ = op, after using Eq. (4.5) and the
expression of the mixing matrix in Eq. (4.20), is given by

1 1 (l+1)+2 =2/I(l+1
o0+ (10D I+
mgr mor \ 2 I+ 1) I(i+1)

2
h (N) (N)
ll/E,ap - WE.UP
WH,aP WH,O'P

(
. (VZ;, 0 )
0 Vi

and the radial Schrodinger equation for the opposite parity
state € = —op is given by

1
mQ
()

where an(r) and V") (r) are the static potentials that

=
could depend on the isospin / and l//(EIQP(V), W%Agp(r), and
(N)

Wi1.—,, (r) are the radial wavefunctions labeled by the set of

z(z+1)

2 _ (N)
0+ =Enyit Ly, (14)

vl |wi,

quantum numbers (N) that includes isospin.
For QQqqg tetraquarks corresponding to the adjoint
meson 0™, the radial Schrodinger equation is given by

(N = EN‘//Q—(])' (I5)

The lowest doubly heavy tetraquarks QQg g are bound
states in the BO-potentials (static potentials) X corre-
sponding to the triplet or sextet meson quantum numbers
kPC€ = 07", or %, and II, corresponding to the triplet or
sextet meson quantum numbers k¢ = 17 (see Table II).
The ordering of the triplet or sextet meson masses for 0"
and 17 is not known from lattice QCD. For QQgg
tetraquarks corresponding to the sextet or triplet meson
17, the coupled radial Schrodinger equation is given by
Egs. (I3) and (I4) with the static potentials ng(r) and

V(ZI; (r). For 0Qgq tetraquarks corresponding to the triplet
or sextet meson 0", the radial Schrodinger equation is
(r) We
expect the QQgqq tetraquarks corresponding to triplet
configurations to be lower in energy than the ones

corresponding to sextet (see Table II) because of the
attractive short distance behavior of the potential.

given by Eq. (I5) with the static potential V

3. Doubly heavy baryons (QQq)

The lowest doubly heavy baryons QQg are bound states
in the BO-potentials (static potentials) (1/2), correspond-
ing to the light quark quantum numbers k* = (1/2)". The
next lowest BO-potentials are (1/2), and (3/2), corre-
sponding to k¥ =(3/2)7, and (1/2)! corresponding
to k¥ = (1/2)~, where the prime indicates an excited
configuration within the same representation. The radial
Schrodinger equation for parity state € = op is given by
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1 1-1/2)(1+1/2
|: 2 rrz r+( ( b} )+Vk:| SNWO'P ’ (16)
mQr mQr
and for parity state € = —o), is given by
1 I+1/2)(1+3/2
|: 2 rr20r+( )( b} )+V :|l// —op — gNl// —op> (17)
mQr mQr

where Vi = V(5 for kP =

(1/2)" and V= V(y)py, for k¥ =

(1/2)".

For doubly heavy baryons, which are bound states in the BO-potentials (1/2), and (3/2), corresponding to k¥ = 3/27,
we have two sets of coupled Schrodinger equations corresponding to the two possible parities. They are given by

, I(1-1)4+5  —/3l(1+1)-3
50,120, +——
mgr? mor 3(1+1)=9  1(1+1)=3
| | 1(1+3)+4 31(1+1)-%
——20,r20,+—r2
ot o 3(1+1)-9  1(1+1)-3
(N) (V)

N N
(P36, (D g, (P and ) (1) are
radial wavefunctions labeled by the set of quantum num-
bers (N). These coupled Schrodinger equations were first

derived in Ref. [87].

where y; 10

4. Pentaquarks (Q0Qqqq or 00qqq)

The lowest quarkonium pentaquarks QQgqq are
bound states in the BO-potentials (static potentials)
(1/2), corresponding to the adjoint baryon quantum
numbers k* = (1/2)*, or (1/2)/ and (3/2),, corresponding
to the adjoint baryon quantum numbers kP (3/2)* (see
Table III). The ordering of the adjoint baryon masses for
(1/2)* and (3/2)" is not known from lattice QCD. For
00qqq pentaquarks corresponding to the adjoint baryon
(1/2)", the radial Schrodinger equation is given by
Egs. (I6) or (I7) with the static potentials V/ /2)(/(")- For

(N) (N)
N Vap, O Vire | _g [ V120 (18)
0 Vv (N) G
(3/2). Y3200 3/2.0p
) W)
(V(1/2>,, 0 ) Vireo | _g | ¥1/2m0n
0 Ve, \ vl _, Y.
(19)

[

00qqq pentaquarks corresponding to the adjoint baryon
(3/2)", the radial Schrodinger equation is given by
Eqgs. (I8) and (I9) with the static potentials V; /2), (r)
and V (3/2), (r )

Followmg the above argument, we can similarly obtain
the radial Schrodinger equations for the lowest doubly
heavy pentaquark states, which are bound states in the BO-
potentials (static potentials) (1/2), corresponding to triplet
or sextet baryon quantum numbers k¥ = (1/2)~, or (1/2)/,
and (3/2), corresponding to triplet or sextet baryon
quantum numbers k¥ = (3/2)~ (see Table IV). The order-
ing of the triplet or sextet baryon masses for (1/2)~ and
(3/2)~ is not known from lattice QCD. We expect the
00qqq pentaquarks corresponding to triplet configura-
tions to be lower in energy than the ones corresponding to
sextet (see Table IV) because of the attractive short distance
behavior of the potential.
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