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We present a lattice quantum chromodynamics (QCD) calculation of the x-dependent pion and kaon
distribution amplitudes (DA) in the framework of large momentum effective theory. This calculation is
performed on a fine lattice of @ = 0.076 fm at physical pion mass, with the pion boosted to 1.8 GeV and
kaon boosted to 2.3 GeV. We renormalize the matrix elements in the hybrid scheme and match to MS with a
subtraction of the leading renormalon in the Wilson-line mass. The perturbative matching is improved by

resumming the large logarithms related to the small quark and gluon momenta in the soft-gluon limit. After
resummation, we demonstrate that we are able to calculate a range of x € [x(, | — x;] with x, = 0.25 for
pion and x, = 0.2 for kaon with theoretical systematic errors under control. The kaon DA is shown to be
slighted skewed, and narrower than pion DA. Although the x-dependence cannot be direct calculated
beyond these ranges, we estimate higher moments of the pion and kaon DAs by complementing our

calculation with short-distance factorization.
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I. INTRODUCTION

Pseudoscalar meson distribution amplitudes (DAs)
¢Pp(x) of a meson M with valence quark ¢g’' describe
the probability amplitude of finding the meson moving on
the light-cone in its minimal Fock state, a quark-antiquark
pair |¢g’) each carrying a momentum fraction of x and
1 — x, respectively. They are important universal inputs to
hard exclusive processes and form factors [1-4] at large
momentum transfer O 3> Agcp,. Especially, the kaon DA
gains particular interest because of its relevance to CP
violating processes in heavy meson decays, such as B —
7K and D — KK [5-7], which are important probes to new
physics beyond Standard Model. So far, the x-dependence
of meson DAs are only weakly constrained by exper-
imental measurements of form factors [4,8—10], thus many
model-dependent theoretical calculations are suggested,
providing very different shapes with different model
assumptions [11-13]. A direct x-dependence calculation
from first principle methods, such as lattice QCD, could
improve our understanding of the meson structures.
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The meson DAs can be defined as lightlike correlations,
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where f,; is the meson’s decay constant, W(0,n7) =
Pexp[—ig [ dsn,A*(ns)] is the Wilson line between
the two light-cone coordinates 0 and 5~ = (1° 4+ 7%)/V/2
with P denoting the path-ordering operator. The real-time
dependence in the light-cone DA definition makes it
difficult to simulate directly on a Euclidean lattice. Thus
different approaches have been proposed to extract partial
information of meson DAs with lattice calculations, includ-
ing the calculation of their lowest moments ((2x —1)")
from local twist-2 operators [14—19] through the operator
product expansion (OPE) of the pion correlators, the
calculation of nonlocal correlations that can be related to
the meson DAs through OPE or short distance factorization
(SDF) [20-26], and the large momentum effective theory
(LaMET) [27-36] that directly calculates the x-dependence
from a momentum-space factorization. The local twist-2
operator calculation and the SDF approach in principle
allows us to obtain a few lowest-order meson DA moments,
but the x-dependence could only be obtained by fitting with
some model assumptions of the shape. On the other hand,
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LaMET relates a class of observables at finite hadron
momentum, named quasi-distributions, to the light-cone
distribution through a factorization in momentum space,
with power corrections suppressed by the power of parton
momentum xP_ or (1 — x)P_, thus provides an approach to
calculate the x-dependence in a moderate range of x with
well-controlled theoretical systematic errors.

So far, various lattice artifacts and theoretical systematics
have been studied in the LaMET calculation of the meson
DA since the first attempts [30,31]. The theoretical efforts
include the lattice renormalization, improvement of the
power accuracy, and the inclusion of higher-order effects
in perturbation theory. The renormalization of the linear
divergence in the quasi-DA correlators [37-40] uses regu-
larization-independent momentum subtraction (RI/MOM)
[41-44] scheme or the ratio [45,46] scheme in the early
stage, which was later improved with the hybrid renorm-
alization scheme [47-49]. The power corrections resulting
from the linear renormalon ambiguity of order Agcp in
renormalization and perturbative matching is resolved with
the leading-renormalon resummation (LRR) method [35,50],
thus the power accuracy is improved to subleading order. The
high-order effects are examined by including the calculation
of next-to-leading order (NLO) matching kernel for quasi-
DA [30,31,51-53], and the renormalization group resumma-
tion (RGR) [54,55] and threshold resummation [36,54,56,57]
that resum the logarithm to further include higher-order
logarithm contributions. Since the power expansion param-
eter is related to the physical scale xP, or (1 —x)P,, the
LaMET expansion cannot be applied to endpoint regions
x — {0,1}. Beyond the range that LaMET calculates, it
has also been proposed to constrain the endpoint regions with
the global information of DA, such as the lower moments
or short distance correlations, extracted from SDF [35,58].
Numerically, the first continuum extrapolation of the DA was
carried out in Ref. [32] with the RI/MOM scheme at heavier-
than-physical pion masses, succeeded by a continuum
extrapolation at physical pion mass with NLO hybrid-scheme
renormalization and matching, but without LRR [34]. The
LRR method was first implemented in Ref. [35] with NLO
matching and RGR. Meanwhile, the meson DA moments
have also been calculated using the SDF approach at NLO
accuracy [22,25]. Recently, there is new progress to develop
the threshold resummation for the LaMET calculation of
pion-DA on a domain-wall ensemble that preserves chiral
symmetry [36].

In this work, we present the x-dependence calculation of
pion and kaon DAs on a lattice ensemble with physical pion
mass and lattice spacing a = 0.076 fm, by boosting the
pion momentum up to 1.8 GeV and the kaon momentum up
to 2.3 GeV. We renormalize the bare meson quasi-DA
matrix elements with the hybrid scheme, and then match
them to the continuum MS scheme with LRR. After Fourier
transforming to the x-space, we match the quasi-DA to the

light-cone with next-to-next-to-leading logarithmic (NNLL)
threshold resummation and NLO matching, which provides
a reliable calculation in the range x € [0.25, 0.75] for pion
and x€10.2,0.8] for kaon. Finally, we utilize the short
distance correlations along with the already determined
mid-x distribution, to better constrain the distribution in the
endpoint region, thus provide us a rough estimate for higher
moments of DA.

This work is organized as follows. In Sec. II, we present
our lattice setup of the calculation, and show the extraction
of the bare matrix elements. In Sec. III, we renormalize the
bare matrix elements in the hybrid scheme with LRR and
obtain x-dependent quasi-DAs. In Sec. IV, we apply the
threshold-resummed perturbative inverse matching to
extract the light-cone DA in a range of x € [x, 1 — xg],
and provide a rough estimate for the higher moments of
pion and kaon DAs by modeling the endpoint regions using
complementarity with SDF. Finally, we conclude in Sec. V.

II. NUMERICAL SETUP

we use a 2 4 1 flavor highly improved staggered quark
(HISQ) [59] gauge ensembles generated by the HotQCD
collaboration [60] with lattice size L, x L, = 64° x 64 and
lattice spacing of a = 0.076 fm. The quark masses in the sea
are both at the physical point. We use the Wilson-Clover
action for the valence sector, and the clover coefficients are
set to be ¢, = 1.0372 [61] using the averaged plaquette
after 1-step HYP smearing [62]. The Wilson-Clover quark
mass are tuned so that the pion and kaon mass are 140
(1) MeV and 498(1) MeV, respectively. The calculations
used QUDA multigrid algorithm [63—66] for the Wilson-
Dirac operator inversions to get the quark propagators. 350
configurations are used for the calculation of kaon DA,
combined with all mode averaging (AMA) technique [67]
applied to increase the statistics. On each configuration, we
measured 8 exact and 256 sloppy sources for large momenta
n, >4 and 4 exact and 128 sloppy sources for smaller
momenta, respectively. The pion correlators on this ensem-
ble have already been generated and analyzed in a previous
work [25], so we only present the analysis of kaon raw data
in this section.

In order to derive the bare matrix elements of ground
state, we need to compute the two-point functions to extract
the energy spectrum and get the overlap amplitudes,

Ci (P.1,) = ([Ks(P, 1,)][Ks(P.0)]), (1)
where K are the kaon interpolators, namely,

Ks(P.1) = S 5s(x, ysus(x. e Px, (2)

in which boosted smearing [68,69] (denoted by ) is applied
to have better overlap with ground states and improve the
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signal of high-momenta states. The Gaussian radius of the
light and strange quarks used in this work are r? = 0.59 fm
and r¢ = 0.83 fm. With periodic boundary condition, the
hadron momentum in physical unit are P, = 2zn,/(Lga)
with n, being an integer.

Similar to Ref. [25], the quasi-DA matrix elements of
kaon can be extracted from the equal-time correlators,

Cpa(z: P, 1) = ([Or(z: P, 1,)][Ks(P,0)]),  (3)
with,

Or(z; P, 1) = Z u(x,t)TW(x, t; X + 2, 1)

X

X s(x + z,t;)e” P,

where the quark fields are separated by z = (0,0, z) and
connected by the Wilson line W(x, f,; X + z, ) to keep the
gauge invariance. The direction of momentum is chosen to
be along with the Wilson line P = (0, 0, P,). The quasi-DA
operator with both I' = ysy3 and ysy, can approach the
light-cone DAs under large momentum boost. However, the
7570 1s not favored due to its mixing under renormalization
with the o, operator from the explicit chiral symmetry
breaking of Wilson-type action [41,70]. The choice y5y3 is
free of such mixing and we will focus on this choice in the

following analysis.

A. Energy spectrum from analysis of Cxg correlators

The two-point functions of kaon can be decomposed as,

Nslate_l
Cx(P.1,) = D [(QIKg|n: P)[2(e7Fnts + ~Ealalimt)),
n=0
Ngae—1
state Z 2
— > |2£| (e—E,,l:+e—En(aLt_ts))’ (4)
n=0 n

with E, representing the energy levels and A, = Z,,/+/2E,
being the kaon overlap amplitude (Q|Kg|n; P). By truncat-
ing at Ny, = 1, one can define the effective mass of kaon
using adjacent time slices as shown in Fig. 1. As one can see,
the effective mass reach the plateaus around 7, 2 8a, in
which the plateau of P, = 0 around 497 MeV is the physical
kaon masses. The plateaus of nonzero momentum all agree
with the solid lines evaluated from the dispersion relation
Ey(P.) = \/P? + m%, suggesting the energy spectrum is
dominated by the kaon ground state after ¢, ~ 8a.

We then perform the N-state fit for the two-point
functions of 7, in range [fy,, 32a]. The results are shown
in Fig. 2. The E; from one-state fit (upper panel) show
similar behavior like Fig. 1 but more stable because of
combining multiple ¢,. It is clear that the ground state energy

E, follows the dispersion relation Ey(P.) = \/P? + m%
well as also observed in Ref. [71]. To further extract the first

tida

FIG. 1. Effective mass of the kaon from the smeared-smeared
(SS) correlators, along with the lines representing energies

obtained from dispersion relation E(P,) = \/PZ + m?%.

Z

excited state E;, we use two-state fit and fix E; with the
dispersion relation. The results are shown in the lower panel
of Fig. 2. Since the SS correlators are tuned to have better
overlap with ground state, the signal of E; is much worse.
Notably, the E; determined from two-state fit reaches the
plateau around f,;, ~ 4a, suggesting the energy spectrum
can be well described by the two-state model from there. We
will use the E, and A,, in this section for the extraction of
bare matrix elements of quasi-DA.
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FIG. 2. The ground state energy E, from one-state fit (top)
and first excited state energy E; from two-state fit (bottom)
are shown. The colored lines are computed from dispersion

relation E(P,) = \/m% + P2.
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FIG. 3. The ratio R"5"3(t,) = C55’ / Cyp, for momentum n, = {1,9} at z = {la,2a.4a} are shown as the data points. The left panels
are for real parts, while the right panels are for the imaginary parts. The bands are results from two-state fit.

B. Bare matrix elements

The bare quasi-DA matrix elements has spectral decom-
position,

Nsla(e_l

> (10, (2)|n; P)(n; PK|2)
n=0

X (e_Ents —+ e_Ell(aLt_lJ>),

CpA (s P 1,) =

Nstate_ 1 Z

= > 2910, P)

n=0 n

X (e_Entx + e_En(aLI_t.r))’ (5)

where both the Z, and E, are the same as the two-point
functions defined in Eq. (4) and analyzed in Sec. I A.
Taking the advantage of correlations between Cgg and
Cpa, We construct the ratio,

RY573 (t ) = M (6)
’ Cxx(P. 1)

In Fig. 3 we show the ratios R"5"3(¢,) for momentum
n,={1,9} at z ={la,2a,4a} as a function of z,. At
large t,, plateaus can be clearly observed. In the ¢, — oo
limit, the quasi-DA matrix elements of kaon ground state can
be derived from R"s%3(t,) — (Q|0,,.(2)|0;P)/Z,. As has

been observed in Sec. II A that a two-state spectral decom-
position can approximate the ¢, dependence of two-point
function beyond ¢,,;, = 4a, we apply two-state fit to extract
the ground state matrix elements, using the ratios R5"3(z,)
started from ¢, 2 4a. The fit results are shown as the bands
in Fig. 3, which nicely describe the data. The extracted bare
matrix elements (Q|O,.,.(z)|0;P) for n, €[0,9] are sum-
marized in Fig. 4.

Considering the Lorentz covariance, the matrix elements
can be parametrized as [72],

(@10, (2)|0;P) = PPH(2, 2+ P) + 2*mik(2,2- P). (7)

The 2nd term of the right hand side proportional to z#
contributes to the matrix elements of O, at finite spacial
separation z, while it is zero for the case of using O, . In
the infinite-momentum limit, the first term H(z%,z - P.) is
approaching the light-cone DAs, thus is identified as the
actual matrix element f(z, P,) = H(z%,z - P,) in our nota-
tion, while the 1~<(z2, z- P) term is suppressed to zero as a
power correction. It is worth to mention that, P*H(z, P.) is
zero when P, = 0 for the case of O,,..

When z = 0, the kaon decay constant can be extracted
from the matrix elements by H(0, P.) = fx/Z4 with Z, =
0.969(1) the finite renormalization constant for the axial
current operator that has been determined in Ref. [25]. The
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FIG. 4. The bare kaon matrix elements (Q|Or(z)|0;P) for
n, €0,9] are shown as a function of z.

fx we got are summarized in Fig. 5 as a function of
momenta P, =2zn,/(N;a). As one can observe, the
momentum dependence is mild, suggesting the goodness
of our extraction. Our determination at n, = 1 and 2 are
153.3(4) and 152.7(4) MeV respectively, which are close
to the FLAG average for 2+ 1 flavor QCD fg =
155.7(7) MeV [73]. The small deviation could come from
the lattice artifacts as only one ensemble is used in this
calculation. When z # 0, considering the parity and

0.17
— 0.16} E
% [}
~ ® 5 x E E
= 0.15¢
S B S
nZ
FIG. 5. The kaon decay constant f is shown as a function of

momenta P, = 2zn,/(N,a).

time-reversal symmetry (see appendix in Ref. [72]), the
zm%k(z%, z - P) term can only contribute to the imaginary
part of matrix elements and leave the real part unaffected.
As shown in Fig. 4, the real parts of matrix elements at
P, =0 are zero while the imaginary parts are nonzero as
expected. In our calculation, to reduce the twist-3 con-
tamination from the 2nd term in Eq. (7), we ignore the P,
dependence in 12(12, 7 - P), and define the subtracted matrix
elements as

1
HP(2.P.) = (
"

(Ql0,,,(2)|0;P) = (Q[0,,,(2)[0;0)). (8)

III. EXTRACTION OF PION
AND KAON QUASI-DAS

A. Moments from SDF

The multiplicative renormalizablility of quasi-DA
[38—40] allows us to define a UV-finite quantity by taking
the double ratio of matrix elements at two different
momenta [45,46],

. H"(z,Py.a)/H" (0, P,.a)
aP7P :1
MUz PrP2) = i 5 by a)/HP(0. P, a)

HR(Z’P25/'t)
= 3 9
HR(Z’PIa/'t) ( )

where we have chosen the normalization H? (O,P,a) =
HR(0, P, ) = 1. The above ratio is renormalization group
invariant, thus is independent of the renormalization scale
u. The ratio can be reformulated through a short-distance
factorization at z < Agep of H¥(z, P, i) with OPE [25]

—isz)n n

> Conlz 1)(E™) ()

m=0

R P) =30

n=0
+ O(ZzAéCD)’

2
n!
(10)

where (£")(u) = [o dx(2x —1)"¢(x, ) are the nonper-
turbative moments of the light-cone DA, and C,,,,(z, u) are
the perturbative matching coefficients. Then the ratio
M(z, Py, P,) is a function of the moments and known
Wilson coefficients when the higher twist correction

O(2*Agep) < 1,

—izPyy\p
2 oS e () (M) ()
—izPy ’
S

o0 I o2 () (1)
allowing us to extract the moments from these ratios.
Given the better signal-to-noise ratio in the real part of our
data, we first extract even moments of &£ Truncating
Eq. (11) at m, n £4 and the perturbation series at NLO
[25,74], we have:

M(z.Py. Py~ (11)
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3L+1 0 0
. a\‘CF
Cilzlm:(snm"i_é—ﬂ _%L+% %L_% 0 ’
2 1 19 5 68 247
—i5L+3 —xl+3 B5L-%

(12)

2,2 ,2YE
where L = In #. The triangular matrix C is a result of

the nonmultiplicative renormalization group evolution of
the DA moments [75],

1 1
o | @0 | =rm | @)W
(&M (w) (&Y (w)
0 0 0
_ a,(u)Cr _3 25
271_ 12 12
2 19
15 30 30
1
Ew) | +0(ax). (13)
(&%) ()

The off-diagonal part of y,,, has been calculated up to
3-loop order using conformal symmetry [76]. We fit the
moments {(&2)(u), (¢*)(u)} with both NLO and the RG-
resummed (RGR) Wilson coefficients. In the latter case,
we fit the moments at an initial scale (£2(u; = 2e77z71)),
where the log terms in C,,,(z,u;) vanish, then evolve

to 4 =2 GeV by solving Eq. (13). The scale variation

is examined by choosing u; =2ce 7tz7! with ¢ =

{ﬁ, 1,1/ \/5} to estimate the uncertainties from higher-
order perturbation theory. The fitted ratio and the extracted
moments are shown in Fig. 6. We show the fitted moments
with both statistical and scale variation error bars. Note
that the scale variation becomes large when z increases,
because the scale z7'/v/2 ~ Agcp becomes nonperturba-
tive. The second moment of kaon DA is slightly lower than
the moment of pion DA, indicating the kaon DA to be
narrower, similar to what has been observed in previous x-
dependent calculations [31,32,34].

In principle, the odd moments can also be extracted from
the imaginary part of the matrix elements. In our data, we
found that the imaginary part are nonvanishing for smaller
momenta data, indicating a nonzero first moment of kaon
DA. However, for large momenta, the imaginary parts
decreases with momentum, and for the largest momentum
Im[H (z, n, = 9)] are consistent with zero at short distance.
Thus in principle we cannot describe all data with a
universal first moment. Since we focus on the large
momentum expansion approach in this work, we show
the fit results for the ratio of imaginary part at the largest

0.40 T T T T

0.35¢ 1

L o025 ! i ]
aNLO(E?),

0-20¢ aNLO+RGR(£2),, 1

0.15¢ 1

T
H——

0.10 . . . .
0.05 0.10 0.15 0.20 0.25 0.30

z(fm)
0.40""I""x""x""x""

0.35

T
1

0.30f ]

£ 0.25) f@ ’ﬁ ]

b mNLO(&%)k ]
0-15 mNLO+RGR(2)«

0.20

T

0.10 . . . .
0.05 0.10 0.15 0.20 0.25 0.30

z(fm)

FIG. 6. The second moments of pion (top) and kaon (bottom) at
u =2 GeV fitted at different z values. The blue band is the pion
moment obtained in Ref. [25].

momentum n, = 9 to the real part of n, = 1 in the range of
7€ [a, zma] at different z,,,,. This results in a first Mellin
moment of kaon (£)x(u) ~0.0013(60), corresponding to
the first Gegenbauer coefficient a; = 0.002(10), which is
consistent with zero, as shown in Fig. 7. The suppression of
the kaon skewness at large momentum may suggest that
such skewness originating from the mass difference
between light and strange quark is no longer important
in the infinite momentum limit, where both partons act just
as massless particles. However, considering that our sub-
tracted imaginary part is still potentially contaminated by

T T T T T T T T T T T T T T T T

0.010f

0.005} ]

Ok

0.000} ]

~0.005} ]

015 020 025 030

Zpmax(fm)

FIG. 7. The first moment of kaon at y =2 GeV fitted at
different z,,,, values.
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FIG. 8. Renormalized matrix element (markers) compared with
OPE reconstruction (dashed lines) at short distance for pion (top)
and kaon’s real (mid) and imaginary part (bottom). Different
curves correspond to different momenta.

the P, dependence in z#k(z,z- P) term in Eq. (7), and
since previous lattice calculations of local twist-2 operator
suggest a nonzero kaon first moment [16,17,19,77], the
suppressed imaginary part at large momentum in our data
may just be a lattice artifact, and needs further investigation.

B. Renormalization

The bare matrix elements of meson quasi-DAs contain
UV divergences. Especially, besides logarithmic divergen-
ces, the spatial Wilson line W(0, z) in the operator has a
linearly divergent self energy in the lattice regulator a~'
[37-40]. It can be renormalized multiplicatively as [38—40]

HR(z,P,) = H%(z,P.,a)/ZR(z, a) (14)

with a renormalization constant Z%(z, a) ~ e~k con-
taining the same linear divergence in the mass counterterm
om(a) ~a~'. In this work, we used the hybrid renormal-
ization scheme [47] that can be perturbatively matched to
the MS scheme in all regions of z. The renormalization
constant in the hybrid scheme is defined as

ZR(z,a)
ZR (ZS’ a)e_(sm(a)(lz‘_zs)

lz| < zg

Zhybid (7 g) = { (15)

2| > z;

At short distance, since the correlator of y,ys vanishes
at P, =0, we cannot use the ratio scheme Z®(z,a) =
HB(z,P =0,a). Instead, we determine it from the self-
renormalization approach [35,48], which uses the pertur-
batively calculated Wilson coefficient

ZR(z,a) = e7™IlICy(z, p) (16)

for |z] < z,. And ém(a) is obtained by requiring that the
matrix elements after removing the linear divergence
edm(a)lz| B (Z,PZ, a) agree with OPE reconstruction of
HR(z,P_, 1) in Eq. (10) using the moments fitted from
the RG-invariant ratio as inputs, up to a constant conversion
factor that converts the lattice scheme to MS [50],

MOIHP (2, P, a) = HA(z, Py, )™ @170, (17)

where Z(u) = [ 5dalq_q () are the RG-evolution factors
that cancels the UV-regulator dependence u in the matrix
elements. To ensure the linear power accuracy of the
factorization, we applied the LRR and RGR-improved
Wilson coefficient [50].

C}ﬁl}lR(Z, Z_l) = Cmn (Z’ Z_l) + énmN

4 ) __4dnu
X [—as(l —|—c1)—|——ﬂ/ due w0
Po Jopv

X(1—21u)”b(] +¢(1 —2u)+---)], (18)

where b = f3,/2p5 and ¢; = (3 — Bop,)/ (4bp;) are from
higher orders in the QCD beta function, N(n; = 3) =
0.575 is the overall strength of the linear renormalon
estimated from the quark pole mass correction [78,79].
Taking the moments we fitted from the RG-invariant ratios
and tune the value of ém, we find the matrix elements
eomlzl B (Z,PZ,O) agree well with OPE reconstruction
Eq. (10) when 6m=0.6 GeV for kaon and om ~
0.57 GeV for pion, as shown in Fig. 8. The consistency
with OPE reconstruction suggests that the short-distance
data can be well described by perturbation theory. This
justifies our choice of using Cy(z,u) calculated from
perturbation theory in Eq. (16) to renormalize the short
distance matrix elements. Then we apply it to the hybrid
scheme with z; = 3a in Fig. 9. We find the largest three
momenta converge to a universal shape, and the imaginary
part for kaon is nonvanishing but close to zero, indicating
the existence of small skewness.
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FIG. 9. Renormalized matrix elements for pion (left) and kaon (right). At large zP,, the data from different momenta
follow a general curve, except for scaling violation in z> or 1/P? which is not distinguishable from the statistical uncertainties.
The pion DA matrix elements is purely real because of iso-spin symmetry, and the kaon DA skewness is shown to be small according to

its small imaginary part.

C. x-dependent quasi-DA

The LaMET factorization is naturally defined in momen-
tum space, which requires the x-dependence of quasi-DA to
obtain the x-dependent light-cone DA. The extraction of x-
dependence requires the Fourier transform of the above
renormalized correlation functions to the momentum space.
Thus in principle we need to know the distribution to
arbitrarily large zP,. On the other hand, the noise increases

exponentially at large z, limiting our calculations to a
certain range of z values. An exact Fourier transformation is
thus impossible. However, the contribution of the unknown
long-tail distribution turns out to be bounded by physical
constraints. For example, the Euclidean correlation func-
tions must have a finite correlation length 1y o< P, in the
coordinate space, which results in an exponential decay
exp {—4/4o} of the correlation functions at large A = zP..

10 a
F-
‘K
08 = _Acut=8'9 L
i — Acut=8.9,Ag—>c0 1.00 — Aeut=8.9 ]
. 06 — A=10.3 < — Au=8.9,Ag->00
N I} L
% 04 8 & — A=10.3
oF s Z 0.5} ]
0.2 s m e
0.0 ‘5 T I - i
T oo \_
~0.2
0 5 10 15 20 10 -05 00 05 10 15 20
zP, X
1.0f N ‘ 1.5¢ 1
. I
08 =
- .
__ 06 a — Acu=10.6 = 10 — Au=10.6 1
T . — Agu=10.6,Ag—>c0 [ — Agy=10.6,Ag=>00
5 04 Ayg=124 g | — Agy=12.4
& 0.5t 1
0.0f A\
0 5 10 15 20 25 30 10 -05 00 05 10 15 20
zP, X

FIG. 10. Long-tail extrapolation (left) and the corresponding x-

dependent quasi-DA (right) for pion (top) and kaon (bottom). The

different long-tail models introduce percent-level systematic uncertainties in the x dependence.
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We are thus able to make an extrapolation of the long-tail
distribution with these constraints to reduce uncertainty
from it. One example of the long-tail modeling is [47],

creii?

—i1/2

H)=S (?l_iﬂ)dl +

where the parametrization inside the round brackets is
motivated from the Regge behavior [80] of the light-cone
distribution near the endpoint regions. For symmetric pion
DA, ¢; =c¢, and d; =d,. For kaon DA, since the
imaginary part is too small to be extrapolated, we model
only the real part, and directly discrete Fourier transform
the imaginary part truncated at the point when it starts to
be consistent with zero. The model dependence of the
extrapolation is estimated from three different fits of the
long tail, by turning off the exponential decay e */%
(labeled with “4y — ) in Eq. (19), or by extrapolating
from a different A, = z.,P,. either from the trough of
wave or from a larger 4., where the decaying mode starts to
dominate.

The results are shown in Fig. 10. The long-tail extrapo-
lation will eventually introduce a small systematic uncer-
tainties to the light-cone DA near x = 0.5 in our case.
Compared to the pion quasi-DA, the more precise long-
range correlation in kaon quasi-DA helps reduce such a
systematic uncertainty.

IV. MATCHING TO THE LIGHT-CONE DA

A. Matching with small-momentum
logarithm resummation

We can then extract the light-cone DA from the quasi-
DA through an inverse matching:

P(x.p) = /_oo dyC™' (x,y. . P,) (. P,)

2 2
Lo (AQCD AQcD ) ’ (20)

x*P? (1 —x)*P?

where the power corrections is improved to quadratic order
in Ajcp/P? with LRR, the perturbative matching kernel

C(x,y,u, P.) has been calculated at NLO [53]. Several
improvements on the NLO matching kernel have been
proposed to increase the accuracy of the perturbative
matching in LaMET, including the LRR [35,50] that
eliminates the linear power correction, and the RGR [55]
and threshold resummation [56] that resums the small-
momentum logarithms.

Our other recent work has derived the formalism for DA
to resum all the small-momentum logarithms in the thresh-
old limit |x — y| — 0 [36], where the matching kernel can
be factorized into the Sudakov factor H(xP,,XP,,u) and
jet function J(|x — y|P_, u) [56],

C(x,y,,u,Pz)xiin(xPz,)"ch,,u) ® J(|x —y|P..p)
+O((y —x)%). (21)

In the threshold limit, the Sudakov factor

H(xP,.XP. ) = FIC™90) (xP . ) C2O) (3P o) (x )
(22)

incorporates the hard-collinear gluon modes connected
to the external quark (antiquark) lines with momen-
tum xP, (XxP.), and the jet function J(|x —y|P,, pu) =
FJ(z,1)](x —y) absorbs the soft gluon modes with
momentum |x — y|P, [36,56]. They each follows individual
RG equations

Al CE(p,.u) 1 4p:
w = *Fcusp(as) (ll'llupzZ + lﬂ') + 7c(a8)’

olnpg 2
olnJ(z,u 2ute’e
%ﬂ) = cusp(as) In 4 - 7s(ay), (23)

where I'cyp, 7, 7, are the corresponding anomalous dimen-
sions [36,55,81].

Solving these RG equations, we can obtain the
resummed threshold components in the matching kernel.

JHR (f;s fny s fny o 1) = TR (17, 1) @ Hog (p, o pi, 1), (24)

where y; is the initial scale of jet function, and p, , j, are
the initial scale of the quark (antiquark) Sudakov factor,
when solving the RG equations. Here the convolution order
of H and J does not affect the threshold limit because they
are multiplicative in coordinate space. So we average them
and consider the difference between the two choices as a
systematic error in our final results. The initial scales of the
resummation are suggested to be [36],

pi =2 min[x,X|P,, p, =2xP, m,,=2xP,. (25)

The full matching kernel is then resummed by first
subtracting the threshold components JHyy o at fixed order,
then add back the resummed threshold terms JHrg,

Crr (1) = JHrg (ti pi, by 1) @ JHRL o (1) ® Cuio (1),
(26)

and the resummed inverse matching kernel can be
obtained as

Crr(u) = Cxlo(w) ® JHyio(1) ® JTHTE (M. i, - iy 1).-
(27)
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FIG. 11. The fixed-order matching and the resummation effects

on pion (top) and kaon (bottom) DA. The resummation effects of
Sudakov factor and jet function turn out to be opposite.

Setting p; = p or p; = pp, = p, we can examine the
effects of resumming the Sudakov factors or the jet
function separately, as shown in Fig. 11. We find that
the resummation of Sudakov factor and jet function have
opposite effects on the matching. To estimate the uncer-
tainty from higher-order perturbation theory, we vary the

initial scale of resummation by a factor of {\/E_l, \/i}
When the contribution from large logarithmic terms at
higher orders of perturbation theory are significant, the
resummed results will become sensitive to the choice of
initial scales, indicating that the perturbation theory does
not work or converge, so the matched DA is no longer
reliable. We show the scale variation for the hard scale y;,
and semihard scale y; in Fig. 12. The scale dependence are
smaller near x = 0.5, but when approaching the endpoints,
it becomes very large, indicating that the perturbation
theory breaks down. We find that the scale variation for
kaon DA from P, = 2.3 GeV data is still controllable at
x~0.2. For pion with lower momentum P, = 1.8 GeV,
the uncertainty grows much faster, thus the reliable range
shrinks. Calculating the same observable with larger
hadron momentum helps extend the range of reliability
for our calculation.

We consider the systematic error from the choice of
7, € [2a,3a] in the hybrid scheme, the model-dependence

T T T T

uLO(qPDF)
aNLO(u=2GeV)

mNNLL, yp, variation
mNNLL, y; variation

uLO(qPDF)
aNLO(u=2GeV)

mNNLL, yp, variation
mNNLL, y; variation

0.0t A ‘ ‘ ‘ ]
0.0 02 0.4 06 0.8 1.0
X

FIG. 12. Scale variation for pion (top) and kaon (bottom). The
uncertainty is small near x = 0.5, but grows fast when approach-
ing the endpoint regions. The kaon data are measured at a larger
momentum, which allows us to access x region closer to the
endpoints.

in the long-tail extrapolation, and the scale variation

ce{v27',1,v/2} in the hard and semihard scales with
the replacement u; , — cu; ;. For each of these choices, we
obtain ¢;(x) with a statistical error band. The systematic
error band is obtained by requiring the total error band to
cover all ¢;(x) results. Figure 13 shows the relative
uncertainties as a function of x. Truncating at 10% overall
uncertainty, we find that the reliable range of our calcu-
lation is roughly x € [0.25, 0.75] for pion, and x € [0.2,0.8]
for kaon.

Combining these results, we show the final results of
pion DA and kaon DA and their comparison in Fig. 14.
Note that we only work on one single lattice spacing with
mixed-action fermions. Thus the error band is not including
any estimation of lattice artifacts, such as the discretization
effects, finite volume effects, and mixed-action effects.
According to previous lattice calculations, the discretiza-
tion effects are indeed important [32,34], and the finite
volume effect could be small [82] since the boosted
hadrons have relatively short wavelength. These effects
also need to be carefully examined, in combination with
our theoretical improvements, to present a reliable lattice
benchmark for the meson DAs.
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FIG. 13. Relative uncertainties of pion (solid lines) and kaon
(dashed lines) DAs as a function of x.

B. Higher moments from complementarity

With the LaMET method, we have calculated the pion
DA for a range of x € [0.25, 0.75] for pion and x € [0.2, 0.8]
for kaon. Beyond this range, the perturbation theory no
longer converges, and the power corrections in Eq. (20)
are increasingly important. Both effects prevent us
from extracting the distribution closer to the endpoint
with current hadron momentum P, ~ 2 GeV. Although the
x-dependence is not directly calculable in this region, it has
been proposed to constrain the endpoint regions with the
global information of DA, such as the lower moments or
short distance correlations, extracted from SDF [35,58]. In
coordinate space, the perturbation theory still works at
7 < Agtp, and the power corrections O(z" Ajcp) are also
suppressed at short range. Thus the short distance corre-
lations, along with the already determined mid-x distri-
bution, can be utilized to better constrain the distribution in
the endpoint regions, thus allowing us to roughly estimate
the higher moments of DA.

Here we use a simple power-law model for the distri-
bution near the endpoint, ¢(x — 0,1) o< Ax™(1 — x)".
Then we get a full ¢(x,u,m,n) in [0, 1] depending on
the unknown parameters m and n. For the pion we set
m = n since its DA is symmetric around x = 0.5. By
Fourier transforming ¢ (x, u, m, n) to coordinate space, and

implementing the RG-improved matching using SDF, we
obtain the quasi-DA correlations H(z, m, n).

Hemn) = [ diZw. 2z
x/Pzdzei(%_x)”zplgf)(%ﬂ,m,n), (28)

where Z(v, 72, u, zP,) is the matching kernel for coordinate
space correlations [25,35,74]. Then the parameters m, n can
be obtained by fitting the lattice matrix elements H%(z) to
H(z, m,n). The parameters of pion DA are fitted using the
real part of the lattice matrix elements because we have
enforced the isospin symmetry, while the kaon DA model
are constrained by both real and imaginary parts of the
lattice matrix elements.

After determining the parameters m and n, we can
estimate the higher moments of DA. The Mellin moments
(&' and Gegenbauer moments a; are calculated by

(&) = / dxp(x) 2 — 1, (20)

4(i+3/2)

SN

a; = Al dxp(x)C3*[2x — 1]

where C?/ . [2x — 1] are the Gegenbauer polynomials. The
results are summarized in Table I. The second moment of
our kaon DA is consistent with the local twist-2 operators
by RQCD collaboration [19] at the physical limit, but the
second moment of our pion DA is much larger than their
calculation. Our moment extraction highly depends on the
short-distance correlations, which are more sensitive to
discretization effects, thus the errors presented in the table
are missing an important source of lattice artifacts. The first
moment of out kaon DA is almost vanishing, very different
from the RQCD calculation. It could come from the kinetic
contamination of the imaginary part in Eq. (7) not being
fully subtracted in our calculation due to the remaining
P.-dependence, making our estimation of the kaon skew-
ness less reliable. If we first ignore the lattice artifacts and

1.4 1 14}
1.2

1.0f 1 1.0f 1.0p
x 08¢ aNNLL TR (stat) 1 X208 aNNLL TR (stat) ] Z0% aK(etat & syst)
< 0.6F mNNLL TR (stat & scale) 1 0.6} mNNLL TR (stat & scale) ] 0.6F (stat & syst)

mNNLL TR (stat & all syst) uNNLL TR (stat & all syst) " 4
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0.2F q 0.2} 0.2}
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X

FIG. 14. Final light-cone DA of pion (left) and kaon (mid), including scale variation and systematic errors. And a comparison between
the two mesons are shown in the right panel. The kaon DA is narrower than the pion DA and slightly asymmetric.
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FIG. 15. The pion transition form factor predicted

from collinear factorization. The band comes from the scale
variation of u€[Q/2,2Q], while the dashed line represent the
result from y = Q.

just compare different theoretical approaches, in a previous
work on the moment analysis of the same pion DA data
[25] with NLO matching, it is suggested that the power-law
parameter m lies between 0.2 and 0.32 with different
analysis choices, consistent with our estimate m =
0.31(6) in this calculation. Our second moment and fourth
moment are also in 2o agreement with their analysis of
(€%) = 0.287(6)(6) and (£*) = 0.14(3)(3). Note that the
fitted second Mellin moments (£2) for the pion and kaon
data in this approach agree with those fitted from RG-
invariant ratios in Fig. 6. Such consistency in the lowest
moments provide us more confidence about our estimate
of higher moments on this ensemble. From both moments
and the x-dependence, the pion DA is flatter than kaon,
showing the non-negligible quark mass dependence of the
meson DAs. The kaon is only slightly skewed as m and n
are very close, and the first Mellin moment is consistent
with zero.

Higher moments estimated from this approach can be
used as inputs to the pion and kaon phenomenology. An
example is to calculate the pion transition form factor
F,,,(Q?) at large Q%, which can be factorized as,

V2f,
60°

F) = [Mptwrimod. (0

where the hard kernel T'(x, i, Q%) has been calculated up to
2-loop order [83]. The convolution has also been formulated

in terms of Gagenbauer coefficients with the hard coef-
ficients c¢,, provided up to 2-loop [83],

Vaf, 3 awe,n Q). (32)

n=0,2,...

Q’F(Q*) =

We truncate the above equation at n = 6 and show the
result from our estimate of moments in Fig. 15. The scale
variation is examined by choosing p€{Q/2,0,20},
with the corresponding a, (i) evolved from 2 GeV to u
using their anomalous dimensions up to 3 loops [76].
Our band is in good agreement with data from Belle [10]
from Q? > 4 GeV2.

Note that our estimation of higher moments are model-
dependent. For our pion momentum P, = 1.8 GeV,
LaMET only provides reliable prediction in a range of
x €(0.25,0.75]. In principle, this range is not reaching
close enough to the endpoint for us to model the DA as a
simple power-law function. Moreover, since the lattice
spacing is not fine enough, we only have three data points
of spatial correlation function at z < 3a that stays within
the perturbative region, thus a complicated model could
hardly be determined by this approach. To provide a more
reliable estimate for the overall shape and higher moments
of DA, we should include more calculations on finer lattice
spacings and with higher hadron momenta.

V. CONCLUSION

In this work, we present a lattice QCD calculation of the
x-dependent pion and kaon DAs in the framework of
LaMET. This calculation is performed on a fine lattice
of a = 0.076 fm at physical pion mass, and has used the
state-of-the-art analysis methods, including the recently
developed resummation methods of small-momentum log-
arithms. With the pion boosted to 1.8 GeV and kaon
boosted to 2.3 GeV, we are able to calculate a range of
X € [xg, 1 = xo] with xq = 0.25 for pion and x, = 0.2 for
kaon with theoretical systematic errors under control.
Beyond this range, the perturbation theory and the
power-expansion of the factorization theorem are no longer
reliable, thus the DA cannot be directly accessed. Our
results suggest the pion DA is flatter than the kaon DA, and
the asymmetry in the kaon DA is small. Using comple-
mentarity, we estimate higher moments of the pion and
kaon DAs by combining our calculation with short-distance
factorization. The second moments are consistent with the
OPE fits to the RG-invariant ratios of the matrix elements.

TABLE I. Mellin moments, (¢'), and Gegenbauer moments, a;, estimated from modeling the endpoint region of pion and kaon DA
with ¢(xy < x < 1 —x;) determined by LaMET calculation.

m n a as 19 &) & (&)
K 0.62(7) 0.58(7) 0.114(20) 0.037(11) 0.019(5) 0.001(10) 0.237(7) 0.115(6) 0.070(5)
T 0.31(6) 0.31(6) 0.196(32) 0.085(26) 0.056(15) 0 0.267(11) 0.139(10) 0.090(8)
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