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Abstract. We discuss minisuperspace models within the framework of varying physical con-
stants theories including A-term. In particular, we consider the varying speed of light (VSL)
theory and varying gravitational constant theory (VG) using the specific ansétze for the vari-
ability of constants: c(a) = cpa™ and G(a) = Goa?. We find that most of the varying ¢ and G
minisuperspace potentials are of the tunneling type which allows to use WKB approximation
of quantum mechanics. Using this method we show that the probability of tunneling of the
universe “from nothing” (a = 0) to a Friedmann geometry with the scale factor a; is large
for growing ¢ models and is strongly suppressed for diminishing ¢ models. As for G varying,
the probability of tunneling is large for G diminishing, while it is small for G increasing.
In general, both varying ¢ and G change the probability of tunneling in comparison to the
standard matter content (cosmological term, dust, radiation) universe models.
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1 Introduction

The early idea of variation of physical constants [1-7] has been established widely in physics
both theoretically and experimentally [8]. The gravitational constant G, the charge of elec-
tron e, the velocity of light ¢, the proton to electron mass ratio p = my/me, and the fine
structure constant o = 2 /he, where £ is the Planck constant, may vary in time and space [9].
The earliest and best-known framework for varying G theories has been Brans-Dicke the-
ory [10]. Nowadays, the most popular theories which admit physical constants variation are
the varying « theories [11, 12], varying gravitational constant G theories [13, 14], and the
varying speed of light ¢ theories [15-17] (see also a critical discussion on the meaning of the
variation of ¢ in ref. [18]). The latter theory allows the solution of the standard cosmological
problems such as the horizon problem, the flatness problem, the A-problem, and has recently
been proposed to solve the singularity problem [19]. All these considerations were devoted
to classical varying constants cosmology.

The first attempt of varying constants quantum cosmology was given in ref. [20] in which
both ¢ and G as well as the cosmological constant A were considered to change. The prob-
ability of tunneling from nothing to a de Sitter phase was calculated — though under some
specific assumption related to the energy conservation equation. In ref. [21] only variability
of ¢ was taken into account. The claim was that the probability of tunneling was largest for
a constant value of the speed of light. However, the result was obtained under admitting the
decrease of the speed of light only which was based on the previous observations [22, 23].
Nowadays, both options — the decrease and increase of ¢ are reported [24, 25|, so that one
should not restrict oneself to such a case only. In fact, for speed of light increasing, the
probability of tunneling is monotonically increasing either and no maximum appears. In yet
another ref. [26] more minisuperspace models for varying ¢ were discussed, but with some
restrictive assumption related to matter content.

Our paper is organized as follows. In section 2 we formulate the basics of the classical
varying ¢ and varying G theories which generalize Einstein’s general relativity. In section 3 we
obtain minisuperspace Wheeler-DeWitt equation starting from generalized Einstein-Hilbert
action of general relativity. In section 4 we derive the probability of tunneling for varying
constants cosmology using special ansatz for the variability of the speed of light ¢(a) = cpa™
and gravitational constant G(a) = Gpa?, where a is the scale factor and ¢y, Gy, n and q are
constants. In section 5 we give our conclusions.



2 Classical varying constants cosmology

Following ref. [13-17], we consider the Friedmann universes within the framework of varying
speed of light theories (VSL) and varying gravitational (VG) constant theories. The field
equations read as

3 a2 kcA(t)
o) = 5260 (a2 * a2) ! (2.1)
2 a  a? 2
p(t) = —Sﬂg()t) <2a + 5+ ; a?) : (2.2)

and the energy-momentum conservation law is

o) + 3 <Q(t) + f;&) = —g(t)gg 4 3R0AD (2.3)

Here a = a(t) is the scale factor, p is the pressure, g is the mass density, the dot means the
derivative with respect to the cosmic time ¢, G = G(t) is time-varying gravitational constant,
¢ = c¢(t) is time-varying speed of light, and the curvature index k£ = 0,£1. Further, it will
also be useful to apply the energy density which is e = oc?.

If one adds the A-term to the equations (2.1)—(2.3), and introduces the vacuum mass
density

on(t) = ;::;((tt)) (A = const.) (2.4)
with
pa(t) = —on(t)c?, (2.5)
then one has to replace ¢ — 0+ op, p = p+ pa in (2.1)-(2.2) and 9 — 0 + gp in (2.3)
to obtain ' ) ,
o+ 3% (@ + CQZZt)> + ggg; = (27]?5(332) c(t)é(t). (2.6)

It is worth noting that the term (Ac?G)/(87G?) was canceled on both sides of the equa-
tion (2.6). This differs from the derivation presented in the first paper of ref. [13, 14] where
this term shows up included into the term oj of its eq. (9). Another point is that the field
equations (2.1)—(2.3) and (2.6) have been obtained from the variational principle which ap-
plies in some preferred (minimally coupled) frame in which neither new terms in the Einstein
equations nor dynamical equations for ¢ and G treated as scalar fields have been introduced.
Though this approach is more disputable for c—varying models (cf. ref. [18]), it has a firm
counterpart basis for G—varying universes within the framework of Brans-Dicke theory [10].
However, the appropriate field equations differ from ours (2.3) and (2.6) in this approach —
they do not allow for G-varying term oG/G. Instead, G is replaced by a field ¢ ~ 1/G in
the field equations which are also appended by the dynamical equation for ¢ (see eqs. (32)—
(35) in ref. [13, 14]). In our paper we will study quantum cosmology models in the above
mentioned minimal coupling approach leaving the matter of a fully dunamical treatment of
both ¢ and G fields for a separate work [28]. A deeper discussion of particular choices of the
varying speed of light theories in the context of deriving them from some actions using the
standard variational principle was given in ref. [18].



It is also worth noticing that the conservation equation (2.6) in ref. [21] contains some
typos — its eq. (18) does not contain the term —Acé¢/47G on the right-hand side and also
a/a should be replaced by ¢/c in the last term (with the curvature index K).

The conservation equation (2.6) is solved by

C 3cin k A a? 2(n—1)—q
o(9) = Swine T angy <2n Y3w+l 32n+3w+3)” ’ 27)

where C' =const.
In this paper we will follow the ansatz for the speed of light given in ref. [16, 17], i.e.,

c(t) = cpa”(t) (2.8)

with the constant speed of light limit n — 0 giving ¢(t) — ¢o. A better ansatz which gives
o the interpretation of the current value of the speed of light is ¢(t) = co(a/ag)™, where ag
is the current value of the scale factor. However, most of the papers nowadays normalize the
present value of the scale factor to ag = 1, and so we have the same result quantitatively.
The ansatz for varying gravitational constant will be [13, 14]

G(t) = Goal(t) . (2.9)

Another important point is (see also the full discussion in ref. [27]) that the derivation of
eqs. (2.1)—(2.3) requires the usage of the coordinate z° = ct rather than solely the coordinate
t. This is because ¢ = ¢(t) and taking for example partial derivatives of the type 0/0z" =
0/0c(t)t would be problematic. Instead we use z° replacing it by c(t)t after performing all
the differentiations.

3 Varying constants quantum cosmology

Classical cosmology of varying ¢ and G theories have been studied widely and now we concen-
trate on quantizing it. The simplest quantization approach known as canonical quantization
of gravity was proposed by DeWitt [29] and Wheeler [30] and we follow the procedure. In
order to get quantum Wheeler-deWitt equation we start with the Einstein-Hilbert action as
in standard refs. [31, 32] in the form

3
_ 4. /- (4) ¢ 1
Sy /d x/—g R167TG (3.1)
M
where in general ¢ and G may vary as ¢ = c(z#) and G = G(a#), where z# = (2°, 21, 22, 23)

and ¥ = ct. The action has dimension J - s, the Ricci scalar [R] = m™2, [G] = Nm?kg~2,
and the dimension of d*z,/—g should be the 4-volume i.e. m*. In ref. [20] (and in many
other papers — among them in [13, 14, 16, 17]) the action (3.1) contains ¢* term instead of
¢3. This is due to the fact that the authors there considered the coordinate zyp = ¢ and not
2" = ct which can be concluded from eq. (9) of ref. [20] in which explicit dependence on c
was given.

In our approach we take the Friedmann metric

ds3 = —(dz®)? 4 a®(2°)[dx? + 5% (x)dQ?], (3.2)



where

sin x, k=+1,
shy, k=-1

so that the dimension of [d*rr = d2dx'dz?dr3] = m, since the coordinates ! = y, 22 = 0,
23 = ¢ are dimensionless and [\/—gr] = m3. This all gives [d*z\/—gr] = m*, so that the
action (3.1), as it stands, has the right dimension J - s.

According to refs. [31, 32] the matter action reads as

S = / L/ —gdtz = — / pey/—gdiz (3.4)

M M

where ¢ is the matter density, and the variation of (3.1) and (3.4) is

3
5Sg _ C Ocﬂ’ (35)
09ap 167G
08 1
mo— b, (3.6)
0gap  2C
which gives the Einstein equations in the form
pod — g _ Loosp _ BTG pas (3.7)

2 A

Although some authors [33] use different methods, we add Gibbons-Hawking boundary term

3
_ 3 c
Sa = / d x\/ﬁK—&TG, (3.8)
oM

where h is the determinant of a 3-metric, K is extrinsic curvature (K, = %huu,m K =
Koy = K33 = aa, K = K,,g"" = 3ay /a, [an] =1,[K] =m™" and [®zK] = m?) and the
dimension of (3.8) is also J - s. As for the Einstein equations (3.7) we have the dimensions

_m3

and for the perfect fluid
T, % = (902 —|—p) U.U” +pé,, (3.9)

we have [5§R] =m™2, [(87G/c")T, #] = m~? as it should be. For the matter in terms of the
cosmological constant we have

2Ac3 4
Sp = —/ e —gd . (3.10)
M
For the Friedmann metric (3.2) we obtain
V=g = a®(x°)5?(x)sin 6,
Vh = a®(2°)5%(x) sin 6,
6
(4)R e g (kj + a/270 —|—a,a,700) 5 (311)



and so

dtzv/—g= [ a®(®)dz® | S*(x)sinb dxdddp = V3 [ a®(x")dz?, (3.12)
[ont o /

where the we have defined the volume factor

Vs = / S?(x) sin Odxdfde. (3.13)
M
Obviously, for k = +1 we have
™ T 2
%:/dx/de/dminxsme:%?,
0 0 0

while for £ = 0,—1 we need a cut-off of the volume to have it finite. The gravitational
action (3.1) with the help of (3.11)—(3.13) is given by

Vs 0.3/.0 c? 6 2
Sy = /dx a’(x )E m (k:—i—a ,o+aa,00) (3.14)

and the boundary term is obtained as

Sau = 3/da:0a3(x0)

B A ay (2°)
8w

G a(aV)

S(x)sind

oM
3 5, 3 .
_ _871/(“)950 (a0 az) ES(X) sin Od*x (3.15)
M

In fact, we vary the action in the special frame where ¢ and G are constant while in the other

frames they vary yielding the extra terms with the derivatives (cf. the discussion of ref. [18]

about the proper usage of the variational principle for varying speed of light cosmology).
For the cosmological term we have:

3V [AS 5 o0 0
=—— | — d 1
54 87r/3Ga(x)x’ (3-16)
while for the matter term:
Sm = —/Q(:L’O)C\/—gdm'o = —Vg/g(xo)ca?’(xo)dxo. (3.17)

Collecting all the terms (3.14)—(3.17) we have the total action and apply the variability of ¢
and G here

3V3 0c(2°) o A5 81G(a%) 4
S =84+ Sau +Sx+ S :&T/dx G0 ka—a,oa—ga — gz - (3.18)
According to (3.18) the Lagrangian reads as
3Vzc? (20) 9 A 5 87G(z%) 4
I_ _a2q- Dgs BTG 3.19
8rG(z0) \¢ T 0T g 3z (3.19)



so that the conjugate momentum is [29])

oL 3V5c?
= aa 0 = — 47-[-G aa’o (320)

Pa

and the Hamiltonian reads as

B 271G (2) 2_3V303(mo) " Va3 (20)
31/3,03(:r0)ap“ 871G (x0) 8w G (xV)

H =pea,0—L = Ad® 4+ Vaoc(z®)a®.  (3.21)

In order to quantize (3.21) we replace p, for the operator

0
Dq — —th—

22

and choosing the simplest factor ordering [34] we have Wheeler-DeWitt equation in the form
2 0
[ﬁ 902 U(a)} U(a) =0, (3.23)

where the minisuperspace (only one-dimensional with scale factor a as variable) potential
reads as

A(a)a\’ 7G(a
Ula) = <m> [ch(a) — gaZCz(a) 8 C;’( )Q(G)G,Z . (3.24)

In (3.24) we replaced the dependence of ¢ and G on time x° = ¢t by the dependence on
the scale factor, since in the minisuperspace there is no classical time and the role of the
“time” parameter can be played by the scale factor a [29, 35]. After imposing the barotropic
equation of state p = woc® with w = const. and using the ansitze (2.8) and (2.9) we have

_ (3Vacga®tiTa ? 9 an Ao ognie 81Go oy,
U(a)_<477Gg kcja — 500 ——g @ o(a) |, (3.25)

and after inserting (2.7) to the potential (3.25), one has

Jw+1 i Alw+1) o 881Gy C
—_— a —_
2n + 3w + 1 2n + 3(w + 1) 3c3 a3wtitn

Ula) = K2a?Bnt1=a) ( > . (3.26)

where we have defined
_ 3V
C 4AnGy’

It is easy to notice that (3.26) gives eq. (7) of ref. [41] for n = ¢ = 0 and V3 = 272
Assuming that C' = 0 in which case the dependence of the minisuperspace potential on the
matter content is only due to dissipative term on the right-hand side of the conservation
equation (2.6) related to variability of ¢ and vanishes if n = 0. Under this assumption the
potential (3.26) reads as

Ko (3.27)

(3.28)

Ula) = K2a2Bm+1-0) < (Bw+ Dk A(w+1)a? > |

n+3w+1  2n+3(w+1)



and it has zeros at a = 0 as well as at

_ [EBw+1)[2n + 3(w + 1)]
a= \/ Alw+1)2n + 3w+ 1) (3.29)

provided a; is a real number. For radiation (w = 1/3) we recover the eq. (67) of ref. [21]. In
ref. [20] the shape of the potential differs from ours. The point is that in this reference the
conservation equation (2.6) was not integrated explicitly. Instead, a specific ansatz for the
mass density ¢ = gga™ similar to our ansitze for ¢ and G in (2.8)—(2.9) was assumed and
checked by the conservation equation for consistency. This differs from our approach.

In figures 1 and 2 the plots for the minisuperspace potential (3.28) for A = 1 are given.
All of them are of the tunneling type. Both varying ¢ and varying G potentials are not as
steep near to the a = 0 as in the standard potential with the cosmological term only, as
given in refs. [36, 37]. The height of the barrier is larger than in the standard case for dust
(w = 0) varying G models (cf. figure 1), while it is higher for both varying ¢ and varying G
for radiation (w = 1/3) models. We have checked that the same is true for stiff-fluid models.

In figures 3 and 4 the plots for the minisuperspace potential (3.26) for C' # 0 and A = 1
models are shown. For dust w = 0 models (cf. figure 3) most of them are of the tunneling
type except for varying ¢ models for which the potential is of the scattering type (there is no
classically forbidden region for U > 0). For radiation w = 1/3 models (cf. figure 4) there is
an extra classically allowed region between a = 0 and some a = amax for the potential which
allows oscillations (the universe starts from a singularity expands and reaches maximum,
then recollapses) as well as the asymptotic expansion from some a; to infinity (starts from
a finite size and then expands forever). This implies a possibility for the universe to tunnel
at the maximum expansion point to an asymptotic regime (compare refs. [39-45] where the
tunneling is possible to an oscillating regime). For a standard pure radiation and A model
there is also a classically allowed region near a = 0.

4 Quantum tunneling in varying constants cosmology

Now, we use the WKB method [36, 37] to calculate the probability of tunneling of the universe
“from nothing” (a = 0) to a Friedmann geometry with a = a; which reads as

2 1
P ~ exp —h/\/Q(E —U(a))da
L 0
e 2K() 7a3n+1q A(w + 1) CL2 3w + 1 ]{7 1/2 da (4 1)
=exp |———— — . .
L m+3w+1)  2n+3w-l

In (4.1) we have assumed the simpler potential (3.28) for C' = 0 since for C' # 0 the integral

is not analytic. Such an integral can of course be integrated numerically.

2

Making the substitution a* = z, we have

K x~; _ Aw+1) 3w+1 vz
P~ - (3n—q) — k) dE|. 4.2
P ﬁ/m <2n+3(w+1)x o + 3w + 1 v (42)

0
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Figure 1. The potential (3.28) in minisuperspace for dust w = 0 and A = 1 models which allow the
tunneling of the universe from a = 0 to a = a;. Three cases are shown: the standard one with the
cosmological term only (cf. refs. [36, 37]) and with no variation of ¢ and G (solid blue line); the varying
¢ model (dotted line), and the varying G model (dashed line). The zero (3.29) of the potential (3.28)
does not depend on the variability of G, but varying G makes the potential less steep near to a = 0
and rises the height of the barrier. In varying ¢ models the height of the barrier and the size of the

created universe are smaller than in the standard case.
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Figure 2. The potentials (3.28) in minisuperspace for radiation w = 1/3 and A = 1 models which
allow the tunneling of the universe from a = 0 to a = a;. Three cases are shown: the standard one
with the cosmological term only (cf. refs. [36, 37]) and with no variation of ¢ and G (solid blue line);
the varying ¢ model (dotted line), and the varying G model (dashed line). As in figure 1 the zero
of the potential (3.29) does not depend on the variability of G, but varying G makes the potential
smoother near to a = 0 and rises the height of the barrier. In varying ¢ models the height of the
barrier is higher and the size of the created universe is smaller than in the standard case.
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Figure 3. The potential (3.26) in minisuperspace for w = 0, and A = 1 models. Four cases are shown:
the standard one with the cosmological term only (cf. refs. [36, 37]) for C' = 0 and no variation of
c and G (solid line); the standard A-term model with C' = 0.35 and dust w = 0 (dot-dashed lines);
the varying ¢ model (dashed line); and the varying G model (dotted line). It is interesting that for
varying ¢, the potential is always negative which means that there are no classically forbidden regions
for U > 0, while for the standard C' # 0 case it has two classically allowed regions: one which is
oscillating (the universe starts from a singularity expands and reaches maximum, then recollapses)
and another which is asymptotic (starts from a finite size and then expands forever). This implies a
possibility for the universe to tunnel at the maximum expansion point to an asymptotic regime (to
an asymptotic model to the Einstein static universe).
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Figure 4. The potential (3.26) in minisuperspace for C = 0.35, w = 1/3, and A = 1 models. Four
cases are shown: the standard one with the cosmological term only (cf. refs. [36, 37]) for C' = 0 and
no variation of ¢ and G (solid line); the standard A-term model (dot-dashed line); the varying ¢ model
(dashed line); and the varying G model (dotted line). For a standard pure radiation and A model
there is also a classically allowed region near a = 0.



Figure 5. The probability of tunneling (4.5) for varying ¢ minisuperspace models with k = +1,
q=0,A=05and h = Gy = ¢9 = 1. Three cases are shown: dust (w = 0), radiation (w = 1/3),
and stiff-fluid (w = 1). The probability of tunneling for the negative values for the parameter n
(diminishing speed of light ¢) is very small (below) in comparison to its positive values, where it rises
sharply and then asymptotes to one (above). The probability is smallest for the stiff fluid though it
asymptotes towards one, too.

Putting £ = Zgx, where
k(3w + 1)(2n + 3w + 3)

0= N @2n+ 3w+ D(w + 1) (43)

one has

1
Ko 3w+ 1 ~1(3n—q+2)/ 1(3p—
P~ Sl L 1 - (Bn=a) (1 — z)1/2 4.4
P \/2n+3w+1k‘ o v (1—a)Fdz |, (44)

with an additional condition that 3n + 2 > ¢. which after using the definition of Beta and
Gamma functions [46] gives the tunneling probability

Ky Sw+1 _1@Bn—q+2) 1 3
P~ 2 k|22 Bl = 2—q), =
eXp[ ﬁ\/Qn—i—Sw—i—lkmo p3n+2-a)3
1(3n— I (1Bn+2-—
~ exp _@ _swtl :%8(3 q+2)—ﬁ (%( n q)) ) (4.5)
ho\l|2n+3w+1 2 T (38n+5-70q)

We present the plots for the probability of tunneling (4.5) of the universe “from nothing”
(a = 0) to a Friedmann universe with some value of the scale factor a; for varying ¢ and G
models in figures 5 and 6. The probability of tunneling is very small for negative values of
the parameter n which corresponds to decreasing speed of light ¢, reaches the value of about
0.015 for n = 0 and further increases up to one for positive values of the parameter n which
corresponds to increasing speed of light ¢. The plot in figure 5 shows that the claim of ref. [21]
that the probability of tunneling was largest for a constant value of the speed of light (n = 0)
was true only if one admitted the decrease of the speed of light (n < 0) which was based
on the first observations of the variability of the fine structure constant o oc ¢=! [22, 23].
However, in view of new observational results both the decrease and the increase of ¢ are
reported [24, 25], so that one should not restrict oneself to such a case only. As we see from
figure 5, for speed of light increasing, the probability of tunneling is monotonically increasing

,10,
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Figure 6. The probability of tunneling (4.5) for varying G minisuperspace models with & = +1,
n=2,A=2, and h = Gy = ¢y = 1. Three models are shown: dust (w = 0), radiation (w = 1/3), and
stiff-fluid (w = 1). The probability of tunneling for the negative values of the parameter ¢ is larger
than for its positive values where it drops to zero for a certain value of q.
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Figure 7. The probability of tunneling (4.5) versus the cosmological constant A with & = +1 and
h = Gy = ¢g = 1. The lowest solid blue line is for the standard cosmological term minisuperspace
potential only (cf. refs. [36, 37]). The dark lines are for radiation (lower ones) and red lines are for
dust (higher ones). The dashed lines are for varying ¢ only (n = 1, ¢ = 0), while the dotted lines are
for both ¢ and G arying models (n = 1, ¢ = —1). The probability is highest for dust and also it is
larger for both ¢ and G varying.

either, and no maximum appears. On the other hand, from figure 6 we conclude that the
probability of tunneling for the negative values of the parameter ¢ (diminishing gravitational
constant G or weakening of gravity) is larger than for its positive values, where it drops to
zero for a certain value of ¢. For stiff-fluid, the probability is suppressed both for positive
values of ¢ as well as for its large negative values.

In figure 7 the probability of tunneling is plotted against the cosmological constant.
From the plot we conclude that the probability of tunneling is growing proportionally to the
value of the (positive) cosmological constant and that its growth is higher if one of the types
of matter (dust, radiation) are present. Also, it is clear that both the variability of ¢ and
G rise the probability of tunneling under the specific choice of the parameters of our model
(n=1,q=-1).
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5 Conclusions

We have discussed quantum cosmology of varying speed of light ¢ and varying gravitational
constant G theories with matter terms and including the cosmological constant. We followed
the standard canonical quantization approach and after detailed discussion of the action and
boundary terms for such theories we obtained the corresponding Wheeler-DeWitt equation.
We have found that most of the varying ¢ and G minisuperspace potentials are of the tunneling
type. This allowed us to use WKB approximation of quantum mechanics to calculate the
probability of tunneling of the universe “from nothing” i.e. from the initial singular state
at @ = 0 to a Friedmann universe with isotropic geometry characterized by some fixed
value of the scale factor a;. We have obtained that the probability of tunneling depends on
both ¢ and G being not constant. In fact, it is large for growing ¢ models and is strongly
suppressed for diminishing ¢ models. On the other hand, the probability of tunneling is
large for gravitational constant G decreasing (i.e. for weaker gravity), while it is small for G
increasing. In general, the variability of ¢ and G influences the probability of tunneling as
compared with the standard matter content universe models.

An interesting feature of varying speed of light cosmology is that the probability of
tunneling depends directly on the matter content through the dissipative terms on the right-
hand side of the conservation equation (2.6) despite the fact that the form of the Einstein
equations is not changed (which is a consequence of the fact that one makes specific variation
of the gravitational action which is valid only in a special frame). In our model this means
that the integration constant C' is zero in such a case. Obviously, if the speed of light is
constant ¢ = 0, then n = 0 in (2.7) and we get the standard quantum cosmology case.
However, for C' # 0 the matter content enters the minisuperspace potential in a standard
way and we have the probability of tunneling influenced by the matter content both ways:
by the dissipative terms and by the standard field equations.
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