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1 Introduction

A major computational bottleneck in the calculation of scattering amplitudes for many
partons is the color structure of the strong force. The most common approaches for treating
the SU(N) color structure of scattering amplitudes are to use trace bases [1–15] or color
flow bases [15–23]. For finite N , these spanning sets are in general non-orthogonal and
overcomplete, with the number of basis vectors scaling approximately factorially with the
number of gluons plus quark–antiquark pairs [24]. When dealing with a high number of
partons, this implies that the treatment of the color space becomes so time-consuming that
one may choose to resort to an expansion in the number of colors in the large-N limit [15],
or to a sampling of color configurations [20–23, 25–27].

Alternatively, one may want to employ orthogonal multiplet bases, where the basis
vectors are characterized by irreducible representations, which in turn are labeled by Young
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diagrams. The method of using Young diagrams to characterize irreducible representations
goes back to the early 1900s [28]. For the special unitary group SU(N) multiplication of Young
diagrams via the Littlewood-Richardson rule [29] directly gives the irreducible representations
arising in the Clebsch-Gordan decomposition of SU(N) product representations. For example,
for SU(3) and the gluon octet of the strong force one finds the familiar decomposition
8 ⊗ 8 = 1 ⊕ 8 ⊕ 8 ⊕ 10 ⊕ 10 ⊕ 27.

In quantum chromodynamics (QCD), quarks, antiquarks and gluons transform under the
fundamental, antifundamental, and adjoint representations of SU(3), labeled by the Young
diagrams , , and , respectively. For four colors, quarks, antiquarks, and gluons would

instead transform under the SU(4) representations labeled by the Young diagrams , ,

and , respectively. Comparing the same calculation for different SU(N) gauge groups
thus requires working with a different set of Young diagrams for each N . However, it is
often enlightening to be able to retain the full N -dependence, both to study the analytic
structure, and to be able to take the leading-N limit.

Alternatively, irreducible representations of SU(N) can be labeled by pairs of Young
diagrams [30, 31]. For example, in our notation for Young diagram pairs (to be introduced
in section 4), quarks, antiquarks and gluons, for every N , transform under representations
labeled by , • , and • , respectively. Using Young diagram pairs, we develop and prove
rules for decomposing the tensor product of two SU(N) representations, simultaneously valid
for any N . We refer to such a calculation as an N -independent or general-N calculation.

For treating the SU(N) color structure of QCD, it is, of course, not sufficient to know
the decomposition of product representations into direct sums of irreducible representations.
Instead, for a representation theory-based approach, one has to construct multiplet bases
consisting of Hermitian projection operators to irreducible representations and transition
operators between equivalent representations. This is a complicated task, first addressed for a
low number of partons [32–37], and only later worked out in generality, first for standard model
representations, [24, 31, 38–43], and for exotic representations [44] only recently [45]. Novel
approaches for calculating Wigner 6j coefficients may in principle allow for circumventing
the explicit basis construction [46, 47], but also in this case, it is essential to have a tensor
reduction procedure simultaneously valid for all N , in order to dissect the N -dependence.

Combining or connecting representation theory-based fixed-N methods and large-N
expansions, requires general-N calculations in the sense defined above. In particular, basis
vectors for states built from quarks, antiquarks and gluons have to be labeled by Young
diagram pairs instead of by single Young diagrams (which would be sufficient for states built
from only quarks or only antiquarks), and tensor products have to be performed keeping
this labeling scheme throughout the calculation.

King, who in [30] introduced the labeling in terms of Young diagram pairs, in the same
work also gives an algorithm for decomposing tensor products of representations labeled by
Young diagram pairs into direct sums of irreducible representations also labeled by Young
diagram pairs. King’s method, however, leads to an overcounting of terms, i.e., in intermediate
steps additional terms are generated, which later have to be subtracted, see appendix E. This

– 2 –



J
H
E
P
0
1
(
2
0
2
6
)
1
2
9

makes the algorithm costly to implement. Our method (algorithm 5 in section 6) avoids
this overcounting and constructs all terms of the decomposition in a manner similar to the
Littlewood-Richardson rule. An implementation of our algorithm will be published separately,
together with a detailed manual [48].

To achieve the general-N description, we first, in section 2, introduce our notation for
ordinary and barred Young diagrams, and explain how to interpret them for fixed N . We
then, in section 3, cast the standard Littlewood-Richardson rule for multiplying Young
diagrams — which operates at the level of rows — into a column-based version. In section 4
we introduce the general-N labeling of irreducible representations in terms of Young diagram
pairs. In section 5 we discuss multiplication of a Young diagram pair by an ordinary Young
diagram or by a barred Young diagram, and in section 6 we combine these special cases
into our main result, algorithm 5, for multiplying two Young diagram pairs. We formulate
our results for SU(N) and explain in appendix A in which sense they are also valid for
groups such as U(N) or GL(N). Appendices B–D contain details of proofs that we skip
in the main text to improve readability. In appendix E we compare with King’s method.
We provide conclusions in section 7.

2 Young diagrams and barred Young diagrams labeling representations
of SU(N)

Irreducible representations of SU(N) can be labeled by Young diagrams. The irreducible
representation labeled by a diagram with n boxes is carried by a subspace of the tensor
product of n copies of the carrier space of the fundamental or defining representation of
SU(N), i.e., the representation in terms of unitary N × N matrices with unit determinant.
The subspace corresponding to a given Young diagram is the image of a Young operator,
which is a product of symmetrizers and antisymmetrizers over subsets of the n factors, see
e.g., [49, 50]. Columns with more than N boxes correspond to antisymmetrization of more
than N factors and thus the image of Young operators corresponding to Young diagrams with
more than N rows is empty. A column with exactly N boxes contributes a factor det g = 1
to the representation matrix of the group element g ∈ SU(N) and thus columns of length
N can be omitted. For details of all this see e.g., [49–54].

We denote Young diagrams by Greek letters and identify them with their non-increasing
sequence of rows lengths λ = (λ1, λ2, . . . , λl), e.g.

(4, 2, 1) = N=3= , (2.1)

where the last equality illustrates the rule that columns of length N can be omitted.
The fundamental representation, labeled by a Young diagram consisting of a single box,

, is carried by an N -dimensional vector space. The dual space carries another N -dimensional
representation, which for SU(N) is equivalent1 to the complex conjugate of the fundamental
representation, i.e., the antifundamental representation, which we denote by . One can

1Recall that two representations are called equivalent if the representation matrices of one representation
can be obtained by a similarity transformation from the representation matrices of the other representation.
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show that this representation is equivalent to the representation labeled by a Young diagram
consisting of a single column of length N − 1, see e.g., [53]. This observation generalizes
as described in the following paragraph.

We associate with each Young diagram a barred diagram which we obtain from the
original diagram by rotating it by 180◦ and then removing its boxes from a rectangular
diagram of height N and same width as the original diagram, e.g.,

rotate−−−→ •
• • •

N=4−−−→

N N N

•
• • •

remove •
−−−−−−→

N
−1

N
−1

N
−2

N=4= , (2.2)

where we have filled boxes of the rotated diagram and boxes to be removed with bullets. Note
that the shape of the resulting diagram depends on N . In the example we have displayed
the actual diagram for N = 4 and have indicated the column lengths of the diagram for
arbitrary N above the columns. One can show that for SU(N) the representation labeled
by the barred diagram is equivalent to the complex conjugate of the representation labeled
by the original diagram, see e.g., [53].

In QCD, quarks transform under the fundamental representation and antiquarks transform
under the antifundamental representation. In the light of the discussion above, the identity

N=3= (2.3)

means that there exists a multiplet of four-antiquark states and a multiplet of five-quark
states which transform under equivalent representations. The barred diagrams allow us to
refer to multiplets of antiquarks in an N -independent way.

In the following we find it convenient to denote barred diagrams by rotated diagrams
with boxes filled with bullets, e.g.,

= •
• • • . (2.4)

This notation visually hints at the shape of the ordinary diagram labeling the equivalent
representation, since this ordinary diagram is obtained by removing the boxes filled with
bullets from a rectangular diagram, see eq. (2.2). The full power of this notation will only
become clear when we introduce Young diagram pairs in section 4. In the following we
will refer to the diagrams on both sides of eq. (2.4) as barred (Young) diagrams, and we
will also refer to • as a barred box.

3 Column-wise multiplication of Young diagrams

Tensor products of irreducible representations of SU(N) are reducible to direct sums of
irreducible representations,

λ ⊗ µ =
⊕

ν

cν
λ,µν , (3.1)

where the multiplicities cν
λ,µ are known as Littlewood-Richardson numbers [29, 55, 56] and

obviously satisfy cν
λ,µ = cν

µ,λ. These numbers can be determined by the algorithm below,
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which is explained in most textbooks on group and representation theory, see e.g., [49–52, 54];
proofs are, e.g., given in [55, 56]. As the algorithm is treating one row at a time, we refer
to it as row-wise multiplication of Young diagrams, or row multiplication for short. Below,
we give a version of the algorithm defining a multiplication of Young diagrams in their
own right. The restriction to any finite N is simply obtained by omitting Young diagrams
containing columns of length > N .

In the standard algorithm for multiplication of Young diagrams, as well as in later
algorithms, we need to refer to the admissibility of a sequence:

Definition 1. A sequence is called admissible if for all j < k, both appearing at least once,
the sequence, when terminated at any point, contains at least as many numbers j as it
contains numbers k.

For instance, the sequence 1, 2, 1, 2, 3, 3 is admissible, whereas 1, 2, 1, 3, 3, 2 is not since,
when terminated after the 5th term, it contains more 3s than 2s. In the literature, admissible
sequences are also known as lattice words [55] or lattice permutations [56]. With the notion
of admissibility at hand, we can state the algorithm for multiplying Young diagrams, known
as the Littlewood-Richardson rule.

Algorithm 1. Row-wise multiplication of Young diagrams.
The multiplicities cν

λ,µ showing up in the reduction of λ ⊗ µ can be obtained as follows:

1. Label each box in µ by the row in which it appears.

2. Starting from row one, for each row j, in µ, append all boxes, each labeled j, to λ in
such a way that the resulting semitableau2

(a) has the shape of a Young diagram,
(b) does not have any two boxes labeled j appearing in the same column,
(c) has a row-sequence of numbers, read right-to-left and then top-to-bottom that is

admissible.

3. After exhausting the rows of µ, the multiplicity cν
λ,µ is given by the number of

semitableaux of shape ν.

We recall that, when reducing an SU(N) product representation λ ⊗ µ for a particular
value of N , the sum on the r.h.s. of eq. (3.1) extends only over those ν that result from row
multiplication and have at most N rows. In practice, for fixed N , it is more convenient to
cross out tableaux with more than N rows as they are encountered, but applying the finite-N
cross-out later is equivalent and will provide a more direct path to column multiplication.
Moreover, columns of length N may be omitted from the diagrams ν, after having determined
the multiplicity.

We now introduce the transpose T (λ) of a Young diagram λ (and similarly for tableaux
and semitableaux) which turns rows into columns and vice versa, e.g.,

T
( )

= , T
(

1 2
3 4

)
=

3
1 4
2

. (3.2)

2Any Young diagram that is only partially filled with numbers we refer to as a semitableau.
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Obviously, T ◦ T is the identity if we again view Young diagrams as entities in their own
right, i.e., in particular without restricting to a maximal number of rows. One can show [55,
section 5.1, Corollary 2] that the Littlewood-Richardson numbers satisfy

c
T (ν)
T (λ),T (µ) = cν

λ,µ. (3.3)

This property allows us to prove (in appendix B) the following alternative algorithm for
multiplying Young diagrams, which we call column-wise multiplication of Young diagrams,
or column multiplication for short.

Algorithm 2. Column-wise multiplication of Young diagrams.
The multiplicities cν

λ,µ showing up in the reduction of λ ⊗ µ can be obtained as follows:

1. Label each box in µ by the column in which it appears.

2. Starting from column one, for each column j, in µ, append all boxes, each labeled j, to
λ in such a way that the resulting semitableau

(a) has the shape of a Young diagram,

(b) does not have any two boxes labeled j appearing in the same row,

(c) has a column-sequence of numbers, read bottom-to-top and then left-to-right that
is admissible (see Definition 1).

3. After exhausting the columns of µ, the multiplicity cν
λ,µ is given by the number of

semitableaux of shape ν.

We remark that within the proof establishing the equivalence of row-wise and column-wise
multiplication of Young diagrams (see appendix B), we treat Young diagrams as entities
in their own right. However, when applied to the reduction of a product representation of
SU(N) for a particular value of N , one can use either of the two algorithms and immediately
discard diagrams (or semitableaux) with more than N rows whenever they appear.

Note that although the Young diagrams ν and their multiplicities cν
λ,µ resulting from

column multiplication agree with those obtained by row multiplication, the semitableaux
appearing in intermediate steps are in general different for the two algorithms.
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We conclude this section by applying column multiplication to a standard example,

⊗ = ⊗ 1 2
1

=

 1 1 ⊕ 1
1

⊕
1

1
⊕ 1

1
⊕

1
1

 ⊗ 2

= 1 2
1

⊕ 1
1 2

⊕
1

1
2

⊕
1 2

1
⊕

1
2

1
⊕

1

1
2

(1,1,2) (1,2,1) (2,1,1) (1,1,2) (1,2,1) (2,1,1)

⊕
2

1
1

⊕ 1
1 2

⊕ 1
1
2

⊕
2

1
1

⊕ 2
1
1

⊕ 1
1
2

(1,1,2) (1,2,1) (2,1,1) (1,1,2) (1,1,2) (2,1,1)

= ⊕ ⊕ ⊕ 2 ⊕ ⊕ ⊕ ,

(3.4)

where the column-sequences are shown below each semitableau in the second-to-last line.
Note that here we have displayed (and crossed out) the first term in the second line, which
is forbidden due to the appearance of multiple labels 1 in the first row, as well as terms in
line two and three which are ruled out by the admissibility criterion for the column sequence.
Also note that line 2 of this equation (and similarly in other equations below) has no meaning
as an identity for Young diagrams or representations, but is simply a useful illustration of
the step-by-step application of algorithm 2. Finally, we remark that for N = 3 we recover
the standard result of 8 ⊗ 8.

4 Young diagram pairs

We now introduce the objects of our primary interest, namely irreducible representations of
SU(N) within mixed tensor products of fundamental and antifundamental representations.
Our aim is to reduce tensor products of such representations simultaneously for all N . We
label these representations by pairs of Young diagrams (one barred and one ordinary).

By the Young diagram pair (ρ, σ) we denote the irreducible representation carried by that
subspace of the carrier space of ρ⊗ σ on which all contractions between any fundamental and
any antifundamental factor vanish [30], see also [49, chapter 13], i.e., no quark-antiquark pair
is in a singlet. Equivalently, using the terminology of [31, 38], the irreducible representation
labeled by (ρ, σ) is the unique representation of highest first occurrence within ρ ⊗ σ.

Young diagram pairs were first introduced for this purpose by King [30]. King uses a
back-to-back notation for Young diagram pairs and calls them composite Young diagrams.
The diagrammatic notation for Young diagram pairs differs between texts [30, 31, 38, 57–59],
and we here introduce a version adapted to the algorithm for pair multiplication to be
presented in section 6.
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For a given pair (ρ, σ), we extend the Young diagram σ in its bottom-left-most corner,
by the Young diagram ρ for which we use the notation of eq. (2.4) (i.e., we rotate ρ by
180◦ and fill it with bullets), e.g.,

(
,

)
=
(

•
• • ,

)
= •

• •

. (4.1)

One advantage of this notation is that the lowest N for which this pair can occur is given by
the total number of rows of the diagram pair, i.e., in this case Nmin = 4. In this notation, boxes
of the barred diagram can never appear in the same row as boxes of the ordinary diagram.

As barred Young diagrams, Young diagram pairs can be mapped to ordinary Young
diagrams labeling irreducible representations for fixed N . To this end, we map the barred
part of a pair to an ordinary diagram as described in section 2 and attach the ordinary part
of the pair on the right. For the Young diagram pair

(
(2, 1), (1, 1)

)
, which has Nmin = 4,

see eq. (4.1), we obtain

•
• •

N=4=

N
−1

N
−2

2

and •
• •

N=5=

N
−1

N
−2

2

, (4.2)

for N = 4 and N = 5, respectively. Here we have shaded all boxes of the fixed-N image
of the barred part of the pair in gray.

Note that the number of rows of the fixed-N image of the pair is explicitly N -dependent,
and determined by the shape of the barred part of the pair, while the number of columns is
always fixed independently of N . For this reason, it is useful to recast the row form of the
standard Littlewood-Richardson multiplication rules into the column form we have presented,
as it can be applied more straightforwardly to the multiplication of a Young diagram pair with
both an ordinary and a barred Young diagram, and — ultimately — to the product of pairs
with pairs. We will proceed by presenting the generalizations in this order in sections 5 and 6.

4.1 Dimension of the representation labeled by a pair

For ordinary Young diagrams, the dimension of the corresponding irreducible SU(N) repre-
sentation can be determined as the ratio of an N -dependent polynomial and the hook length
factor of the Young diagram, see e.g. [60, section 6.1] or [50, section 9.4.3]. For diagram pairs,
an equivalent relation is derived in [57, eq. (45)]. The N -dependent dimension, D(ρ,σ)(N), of
the SU(N) representation corresponding to the Young diagram pair (ρ, σ) is given by

D(ρ,σ)(N) =

 ∏
(i,j)∈σ

(N + 1 − i − j + σi + ρj)
(1 − i − j + σi + σ′

j)

 ∏
(k,ℓ)∈ρ

(N − 1 + k + ℓ − σ′
k − ρ′ℓ)

(1 − k − ℓ + ρk + ρ′ℓ)

 . (4.3)

Here the first product is over all boxes of σ, with (i, j) denoting the box in row i and column
j. Similarly, (k, ℓ) ∈ ρ denotes the box in row k and column ℓ of ρ. The length of the ith row
of σ is denoted by σi and the length of its jth column by σ′

j , and similarly for ρ.
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To illustrate the use of eq. (4.3) consider

(ρ, σ) =
(

,

)
=

• •
, (4.4)

i.e., ρ = and σ = . Consequently the (non-zero) row and column lenghts are σ1 = 2,
σ2 = 1, σ′

1 = 2, σ′
2 = 1, ρ1 = 2, ρ′1 = 1, and ρ′2 = 1. Inserting into eq. (4.3) we obtain

D( , )(N) =

∣∣∣∣∣N+3 N

N+1

∣∣∣∣∣∣∣∣∣∣ 3 1
1

∣∣∣∣∣
·

∣∣∣N−2 N−1

∣∣∣∣∣∣ 2 1
∣∣∣ = N(N2 − 1)(N − 2)(N + 3)

6 =
{

24 , N=3
140 , N=4 , (4.5)

where | . . . | denotes the product of the numbers written into the boxes of the Young diagram.
For N = 3 and N = 4 we have

(
,

)
=

• •
=


, N= 3

, N= 4
(4.6)

and the factors-over-hooks formula, see e.g. [50, section 9.4.3], consistently yields

D (3) =

∣∣∣∣ 3 4 5 6
2 3 4

∣∣∣∣∣∣∣∣ 5 4 3 1
3 2 1

∣∣∣∣ = 24 and D (4) =

∣∣∣∣∣ 4 5 6 7
3 4 5
2 3

∣∣∣∣∣∣∣∣∣∣ 6 5 3 1
4 3 1
2 1

∣∣∣∣∣
= 140 . (4.7)

Equation (4.5), however, also allows for keeping track of the analytic N -dependence.

5 Multiplying a Young diagram pair by an ordinary Young diagram or by
a barred Young diagram

5.1 Multiplying a Young diagram pair by an ordinary Young diagram

The extension of column multiplication to the multiplication of a diagram pair by an ordinary
Young diagram, i.e., (ρ, σ) ⊗ µ, is straightforward, but two aspects deserve special attention.
First, boxes from µ can either extend the diagram σ, or remove boxes from ρ [31], see
also [30, 38]. Second, we have to keep track of Nmin for each pair within the calculation as
this can be higher than the intrinsic Nmin of that pair. To demonstrate these points, consider
the following example of multiplication by a single box,

•
• •

⊗ = •
• •

⊕
•

• •

⊕
• •

⊕ •
•

N=5=
N
−1

N
−2

2 1

⊕
N
−1

N
−2

3

⊕
N
−1

N
−1

2

⊕

N N
−2

2

.

(5.1)
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Here the top line shows the placement of the green box in all possible positions, in the last
two terms removing a barred box. We display boxes marked for removal with a dashed border,
and remove them in a later step. The bottom line shows the corresponding diagrams for
N = 5, and above each column we indicate its length for arbitrary but fixed N . The gray
boxes are the boxes left over when removing •

• • from the corresponding 5 × 2 rectangle.
Since the boxes in •

• • label the boxes not in the fixed-N version of the pair, appending a

box to a gray column is equivalent to removing a box from
•

• • .
Next, consider the third term in eq. (5.1), and note that the dashed box in the upper right

corner of the barred diagram corresponds to an existing box in the corresponding fixed-N
diagram. Therefore, when multiplying a diagram pair by a more complicated Young diagram
(rather than a single box) it is possible to add boxes from subsequent columns to the right
of this dashed box without increasing the number of rows of the pair.

To see how the N -dependence appears, observe the second last diagram pair in the first
line of eq. (5.1) and its fixed-N version in the second line. When we remove the dashed

box, we retain the diagram pair
• •

with intrinsic Nmin = 3. Correspondingly, the fixed-N
diagram exists for all N ≥ 3. However, within the equation, Nmin for this term is 4, since
before removing the box, the diagram pair already had Nmin = 4. In fact, in this example
the whole equation has Nmin = 4, since the first factor on the left-hand side has Nmin = 4.

When multiplying pairs by diagrams with more than one box it can even happen that the
Nmin value of a term is not only higher than the intrinsic Nmin of that diagram pair but also
higher than the Nmin values of both factors on the left-hand side of the equation. Consider

• ⊗ =
•

⊕ ⊕
•

⊕ , (5.2)

where (for example) the last term has an intrinsic Nmin of 2 but it here appears with Nmin = 3,
since the row needed for the soon to-be-removed dashed box has to be taken into account.
This term is also absent in the N = 2 version of this equation,

• ⊗ N=2= ⊗ • = . (5.3)

Here and in the following • denotes the empty Young diagram, i.e., the trivial representation
(not to be confused with boxes • of the barred diagram).

Hence, we have to keep track of Nmin for each term individually, and we do so by writing
it as a subscript to the multiplicities in front of Young diagrams or diagram pairs. With
this notation, and after removing dashed boxes, eq. (5.2) reads

• ⊗ = 13
•

⊕ 12 ⊕ 14
•

⊕ 13 . (5.4)

After these observations, we are ready to state the general algorithm for column multiplication
of a Young diagram pair and an ordinary Young diagram:
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Algorithm 3. Multiplying a Young diagram pair by an ordinary Young diagram.
The Young diagram pairs resulting from the product (ρ, σ)⊗ µ are obtained via the following
procedure:

1. Label each box in µ by the column in which it appears.

2. Starting from the first, i.e., left-most, column in µ, add all boxes from column k, each
labeled k, to a semitableau pair (γ, δ) from a previous step, so that δ is extended (with
solid-border boxes), or boxes from γ are removed (indicated by dashed borders). In
this step, treat dashed boxes from previous steps as if they had been removed. Keep
the resulting semitableau pair if it

(a) corresponds to a Young diagram pair, i.e., when dashed boxes are removed, the
result has the shape of a Young diagram pair,

(b) has no two boxes labeled k appearing in the same row,
(c) has a column-sequence of numbers, read bottom-to-top and then left-to-right, that

is admissible.

3. After exhausting the columns of µ, for each semitableau pair, determine Nmin as the
number of rows in that semitableau pair.

4. Remove dashed boxes and all labels, and collect the N -dependent multiplicities for each
diagram pair.

We illustrate this algorithm with another example, in which the ordinary diagram has
more than one column, and demonstrate under which circumstances dashed and solid boxes
can end up in the same row. Consider

• ⊗ = • ⊗ 1 2
1

(5.5)

=

 1
1

•
⊕ 1

1
⊕ 1

1
•

⊕ 1
1

⊗ 2

=
1 2

1
•

⊕
1

1 2
•

⊕ 1 2
1

⊕ 1
1 2

⊕
2

1
1

•

⊕
2

1
1

⊕ 1
1 2

,

where we have already rejected terms like
1

1
2

due to non-admissibility of the column
sequence, but we have still kept dashed boxes. Note that ordinary boxes can only appear in
the same row as removed barred boxes (as in the fourth and in the last term) if the barred
box has been removed in a step before the ordinary box is added, e.g., the pattern 1 2 can
occur, but not 2 1 . In the final step we write down Nmin for each semitableau and then
remove dashed boxes (as well as all box labels),

• ⊗ = 13
•

⊕ 13
•

⊕ 12 ⊕ (12 + 13) ⊕ 14
•

⊕ 13 . (5.6)
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Note that the fourth and the sixth term in eq. (5.5) yield the same final diagram but with
different Nmin values, i.e., for N = 2 the diagram N=2= appears with multiplicity one in
this decomposition, whereas for N ≥ 3 it appears with multiplicity two.

We conclude this subsection by remarking that for N = 3, eq. (5.6) becomes a version
of the well-known 8 ⊗ 8 decomposition,

• ⊗ N=3= ︸︷︷︸
8

⊗ ︸︷︷︸
8

= ︸ ︷︷ ︸
27

⊕ ︸ ︷︷ ︸
10

⊕ ︸ ︷︷ ︸
10

⊕ 2 ︸︷︷︸
8

⊕ •︸︷︷︸
1

, (5.7)

where • again denotes the empty diagram, i.e., the trivial representation.

5.2 Multiplying a Young diagram pair by a barred Young diagram

Having discussed multiplication of diagram pairs by ordinary Young diagrams, we now study
multiplication of diagram pairs by barred Young diagrams. We could straightforwardly
obtain an algorithm for this by conjugating the above algorithm, as (ρ, σ) ⊗ µ is equivalent
to (σ, ρ) ⊗ µ. However, as our goal is to derive an algorithm for pair-pair multiplication, we
separately derive an algorithm involving only a barred diagram, in order to later combine it
with algorithm 3. To this end, we again map diagram pairs, and now also barred diagrams, to
ordinary Young diagrams with N -dependent column lengths, then multiply those using column
multiplication (algorithm 2), and finally map the result back to N -independent diagram pairs.

First we consider multiplication of a diagram pair by a single barred box,

•
•

⊗ •
N=5=

N
−2

2 1

⊗

N
−1

=

N
−1

N
−2

2 1

⊕

N N
−3

2 1

⊕

N N
−2

1 1

⊕

N N
−2

2

, (5.8)

where, as in eq. (5.1), we display N -dependent diagrams for a particular N , here N = 5, but
also keep track of the length of each column for general N , which will allow us to later translate
back to N -independent diagram pairs. For example, in the first term on the right-hand side,
the length of the second column is N −2 rather than 3. The reason is that for a high N many,
more precisely N−2−2, boxes are added to that column. (For N = 5 one box, the green box,
is added). More generally, we note that, since the two N -dependent diagrams that we multiply
consist of in total 2N boxes, each term in the direct sum also consists of 2N boxes, i.e., it
must have 2 columns with N -dependent column lengths. By the same argument, the number
of N -dependent columns before and after applying algorithm 2 (column multiplication) is
always conserved as long as we refrain from discarding columns of length N .

Term-by-term mapping back to diagram pairs, we observe that in some terms multipli-
cation by a barred box has the effect of removing a box from the ordinary part, whereas
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in other terms a box is added to the barred part, cf. [31],

•
•

⊗ • =
•

•
•

⊕ •
•
•

⊕ •
•

⊕ •
•

= 14
•

•
•

⊕ 15 •
•
•

⊕ 14 •
•

⊕ 14 •
•

.

(5.9)

As in section 5.1 we first display removed boxes with dashed border, and in the second line,
after writing down Nmin for each diagram pair (the number of rows of that pair in the line
above), we remove the dashed boxes.

According to algorithm 2 (column multiplication) in each term in eq. (5.8) we can add
at most one green box to every row. The row to which we add no green box in eq. (5.8)
corresponds to the row to which we either add a green barred box • or from which we remove
an ordinary box in eq. (5.9). By considering the result in pair notation, we observe that
barred boxes are placed above and/or to the left of the boxes already present in the pair
(or they remove some ordinary boxes), in contrast to ordinary boxes that are placed below
and/or to the right of those already in the pair (or they remove some barred boxes).

To illustrate what happens when multiplying by a barred diagram with longer columns
and with several columns, consider

• ⊗ •
• •

N=4=
N
−1

1

⊗
N
−1

N
−2

−2 −1
−2 −1
−2

=


N
−1

N
−1

1

−2
−2
−2

⊕

N N
−2

1

−2
−2

−2

⊕

N N
−1

−2
−2

−2

⊗
N
−2

−1
−1

=
N
−1

N
−1

N
−2

1

−2 −1
−2 −1
−2

⊕
N
−1

N
−1

N
−1

−2
−2 −1
−2 −1

⊕

N N
−2

N
−2

1

−2 −1
−2 −1

−2

⊕

N N
−1

N
−3

1

−2 −1
−2
−1

−2

⊕

N N
−1

N
−2

−2
−2 −1
−1

−2

⊕

N N
−1

N
−2

−1
−2 −1
−2

−2

⊕

N N N
−3

−1
−2
−2

−2 −1

.

(5.10)

Here we choose to label boxes of columns of the N -dependent image of the barred diagram
by negative integers −k, . . . , −1. Using this labeling, our application of algorithm 2 (column
multiplication) does not change, i.e., we have the same admissibility condition. Later on,
when generalizing to multiplication by diagram pairs, we reserve positive integers for columns
coming from the ordinary part of the pair, and negative integers for columns coming from
the barred part of the pair. Mapping the result back to pair notation, i.e., replacing columns
of length N−ℓ by barred columns of length ℓ, we find

• ⊗ •
• • = •

• • •
⊕ • • • ⊕ • •

• •
⊕ •

•
• •

⊕ •
• •

⊕ •
• • ⊕

•
•
•

, (5.11)
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where we again display removed boxes with dashed borders. In order to explain the coloring
we also map the intermediate result, after just adding boxes labeled −2, back to pair notation,

N
−1

N
−1

1

−2
−2
−2

⊕

N N
−2

1

−2
−2

−2

⊕

N N
−1

−2
−2

−2

7→ • • ⊕ •
•

⊕ • . (5.12)

This also explains the different placement of the dashed boxes in eq. (5.11), in terms 2 and
5 in its own row, and in terms 6 and 7 sharing a row with a box from the barred part of
the diagram, since in the last two terms the box is deleted before the barred diagram is
extended by blue barred boxes • .

Consequently, the fifth and sixth terms in (5.11), which both become •
• • after removing

the dashed box, have Nmin = 3 and Nmin = 2, respectively, since the fifth term derives from
the middle term in eq. (5.12) which does not exist for N < 3, whereas the sixth term derives
from the last term in eq. (5.12) which also exists for N = 2.

For a systematic treatment of multiplication by arbitrary barred diagrams we label boxes
of the barred diagram by barred numbers 1, 2, . . . according to the column in which the box
appears, counting columns right-to-left. Example (5.11) then reads

• ⊗ 1
2 1

= 1
1 2 •

⊕ 1
1 2 • ⊕ 1 2

1 •
⊕ 1

2
1 •

⊕
1

2
1 •

⊕ 1 2
1 • ⊕

1 2
1
•

(5.13)

where we display the now obsolete colors for a last time. Note that boxes with higher barred
labels 2 are added before boxes with lower barred labels 1 , and thus appear to the right
of or below lower barred numbers.

For each semitableau pair we introduce a barred sequence read in the same way as the
column sequence from algorithm 2, i.e., bottom-to-top in each column and then columns
left-to-right. Ordering barred numbers as 1 < 2 etc., we show in appendix C that the
admissibility of the barred sequence of a semitableau pair is equivalent to the admissibility of
the column sequence of the corresponding N -dependent ordinary semitableau.

We are now in a position to state the general algorithm for column multiplication of
a Young diagram pair and a barred Young diagram:

Algorithm 4. Multiplying a Young diagram pair by a barred diagram.
The Young diagram pairs resulting from the product (ρ, σ)⊗ µ are obtained via the following
procedure:

1. Label each box in µ by the column in which it appears in µ, e.g., entries in column 1 of
µ are labeled with 1 in µ.

2. Starting from the first, i.e., left-most, column in µ, add all boxes from one column,
each labeled k, to a semitableau pair (γ, δ) obtained from a previous step, so that γ is
extended (with solid-border boxes), or boxes from δ are removed (dashed border). In
this step treat dashed boxes from previous steps as if they had been removed. Keep
the resulting semitableau pair if it
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(a) corresponds to a Young diagram pair, i.e., when the dashed boxes are removed,
the result has the shape of a Young diagram pair,

(b) has no two boxes labeled k appearing in the same row,
(c) has a barred column-sequence of numbers, read bottom-to-top and then left-to-

right, that is admissible (see Definition 1).

3. After exhausting the columns of µ, for each semitableau pair, determine Nmin as the
number of rows in that semitableau pair.

4. Remove dashed boxes and all labels, and collect the N -dependent multiplicities for each
diagram pair.

Similarly to algorithm 3, solid barred boxes can appear in the same row as dashed
ordinary boxes, if the ordinary boxes in question were removed in a step before adding the
solid barred boxes. As we add higher barred values first, e.g., the pattern 2 1 cannot occur,
but 1 2 can (as 2 should be considered removed when adding 1 ).

We conclude this section by once more evaluating the product in eqs. (5.10)–(5.13),
this time using algorithm 4, i.e., without ever mapping diagram pairs to N -dependent
ordinary diagrams,

• ⊗ •
• • = • ⊗ 1

2 1
=
(

2
• ⊕ 2

•
⊕

2 •

)
⊗ 1

1

=
1 2
1
•

⊕ 1 2
1 • ⊕

1
1
2
•

⊕
1

2
1 •

⊕
1
1
2
•

⊕ 1
2

1 •

⊕ 1 2
1 •

(1, 1, 2) (1, 1, 2) (2, 1, 1) (1, 2, 1) (2, 1, 1) (1, 2, 1) (1, 1, 2)

⊕
1

1
2 •

⊕ 1
1 2 • ⊕ 1

1
2 •

⊕ 1
1 2 •

(5.14)

(2, 1, 1) (1, 2, 1) (2, 1, 1) (1, 2, 1)

= 13
•
•
•
⊕ (12 + 13) •

• • ⊕ 14
•
•

• •

⊕ 13 • •
• •

⊕ 12 • • • ⊕ 13 •
• • •

.

Here we have also displayed (and crossed out) some terms which are only ruled out by the
admissibility criterion for the barred sequence.

Notice that for N = 3, the result of eq. (5.14) is mapped to the same ordinary Young
diagrams as the result of eq. (5.7), even though their general-N pair representations are
different.

6 Multiplying two Young diagram pairs

We now combine algorithms 3 and 4 and derive the extra criteria necessary to reduce tensor
products of any two Young diagram pairs.
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In section 5, we have shown how to multiply Young diagram pairs with ordinary Young
diagrams and with barred Young diagrams. A general pair is composed of a barred diagram
and an ordinary Young diagram, so all that remains is to construct a criterion for combining
these two special cases.

Below, we attempt to use algorithm 4, followed by algorithm 3 to add boxes from a
pair to another pair (here to just another Young diagram). To do so, we need to extend
our notation to include the possibility of adding, say, a 1 and then removing it with, say, a
2 . This we denote 12 . Similarly, 11 denotes an ordinary box removed by 1 and afterwards

reinserted by a 1 .
For reference we map diagram pairs to N -dependent Young diagrams as in section 4,

labeling boxes derived from the barred part by negative numbers as in section 5.2, and
then apply algorithm 2 (column multiplication). For illustration we study the minimal
example ⊗ • by sequentially applying algorithms 4 and 3 (left panel below), and in
parallel show column multiplication of the corresponding N -dependent ordinary diagrams
(right panel below),

⊗ • = ⊗ 1
1

?=
(

1 ⊕
1

)
⊗ 1

?= 11 ⊕ 1
1

⊕ 1
1

⊕ 11

?= 11 ⊕ 12 • ⊕ 13
•

⊕ 12

N=3= 2 ⊕ ⊕

N=3= 1 ⊗
N
−1

1

−1 1
−1

=

 N

−1
−1

⊕
N
−1

1

−1
−1

 ⊗ 1

1

=
N 1

1
−1
−1

⊕
N
−1

1 1

−1 1
−1

⊕
N
−1

2

−1
−1 1

⊕
N 1

−1
−1
1

= ⊕ ⊕ ,

(6.1)
where, in the left panel, ?= indicates steps that may be wrong and thus need to be modified
in the following. In lines two and three, all terms in the left and right panels are ordered
such that they are in one-to-one correspondence. In line four of the left panel we assign Nmin
values according to the number of rows in the line above. In the final line, we display the
result in terms of ordinary Young diagrams for N = 3 in both panels.

It is not surprising that there are more terms in the left panel, since the subsequent
application of algorithms 4 and 3, without further constraints, means that we effectively
multiply by ⊗ • = • ⊕ •.

In the right panel we discard the semitableau
−1

−1
1

due to inadmissibility of its column

sequence. In the left panel this term corresponds to 11
which has the labels 1, 1 in its

bottom row. Recalling that rows of a semitableau pair containing the label 1 correspond
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to rows in the respective N -dependent semitableau containing no label −1, we note that
this semitableau pair must be discarded.

There is another term in the left panel, 11 , also containing the labels 1, 1 in its bottom
row. This term, however, should be kept since it corresponds to the admissible semitableau

1
−1
−1

in the right panel. We show in appendix D that increasing N inserts additional labels

−1 into the column sequence of the corresponding N -dependent semitableau, right before
the contributions from the N -independent columns. For N = 3 the term 11 with naive
Nmin = 1 (its number of rows) is mapped to an N -dependent semitableau with 3−1=2 labels
−1 preceding the label 1 in its column sequence; for N = 2 the same term is mapped to

1
−1 which still has 2−1=1 label −1 preceding the label 1. Consequently, we keep 11 in
the final result, but with Nmin = 2. This is also the Nmin value of the second factor of
the product that we are reducing.

By the mechanism described above, pairs that are inadmissible for their naive Nmin can
be made admissible by increasing their Nmin. This is only possible if admissibly fails in the
ordinary part of the pair (i.e., not if it fails in the barred part) as illustrated by the two
examples above (see also figure 1, in appendix D).

In example (6.1), the only constraints on top of algorithms 3 and 4 derive from the
relative placement of the labels 1 and 1 in a semitableau pair. This is true in general, as
each semitableau pair is mapped to an N -dependent semitableau with a column sequence
containing positive and negative labels. Admissibility of the subsequence of negative labels
is guaranteed by algorithm 4, and admissibility of the subsequence of positive labels is
guaranteed by algorithm 3. Thus, the total column sequence is admissible if, in addition,
also every label 1 is preceded by sufficiently many labels −1, cf. Definition 1. The placement
of labels −1 in the N -dependent semitableau is determined by the placement of the labels
1 in the corresponding pair. Since each row of a semitableau pair can contain at most one
label 1 and at most one label 1, the additional constraints can be formulated in terms of
checking row-wise for the presence of each of these two kinds of labels.

We formulate these rules in algorithm 5 below in terms of another sequence, whose
admissibility is checked in the usual way, see Definition 1. We call this sequence the linking
sequence as it determines whether the barred and ordinary parts of a pair can be linked in an
admissible way. In appendix D we explain how the linking sequence achieves this.

Algorithm 5. Multiplying two Young diagram pairs.
Let (µ, ν) and (ρ, σ) be Young diagram pairs. The product (µ, ν) ⊗ (ρ, σ) is obtained by the
following procedure:

1. Evaluate
(µ, ν) ⊗ ρ =

⊕
j

(γj , δj)

using algorithm 4 (barred multiplication), but omitting step 4.

2. Add the first column of σ to the resulting semitableau pairs, following the column
multiplication rules in algorithm 3.
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3. Go through the rows from bottom to top. Construct the linking sequence by for each
row writing

• 0 if the row contains neither 1 nor 1 ,

• 1 if the row contains 11 ,

• nothing otherwise.

Place a vertical bar between the entries corresponding to the barred diagram and to
the ordinary Young diagram in the semitableau pair.

4. Evaluate the linking sequence for each term. If the linking sequence is (cf. Definition 1)

• admissible, then keep the term without modifications,

• inadmissible to the left of the separating bar, then discard the term,

• inadmissible to the right of the separating bar, then increase the term’s current
Nmin (i.e., the number of rows of the pair including dashed boxes) by the number
of additional 0s required at the position of the bar for the sequence to become
admissible.

Write each semitableau pair’s Nmin as a subscript to its multiplicity.

5. Proceed with the column multiplication procedure, increasing a term’s Nmin only if the
number of rows grows greater than the Nmin for this term in the previous step.

6. After exhausting the columns of (ρ, σ), remove dashed boxes and all labels, and collect
the N -dependent multiplicities for each diagram pair.

We illustrate the algorithm with an example, thereby also displaying, but crossing out,
terms which are only ruled out due to inadmissibility of their linking sequences,

• ⊗ •
•

=

 1
1
•

⊕ 1
1 • ⊕ 1

1
•

⊕ 1
1 •

⊗ 1 2

=


11

1
•

⊕
1

11
•

⊕ 11
1 • ⊕ 1

11 • ⊕
1

1
1
•

⊕
1

1
1
•

(0 | 1) (0, 1 | ) ( | 1) (1 | ) (0 | ) (0 | 0)

⊕ 11
1
•

⊕
1

1
1 •

⊕ 1
1

1 •

⊕ 11
1 •

⊕ 1
11 •

⊗ 2

(0, 1 | 0) ( | ) ( | 0) (1 | 0) (1 | 0)
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=

 13

11
1
•

⊕ 13
1

11
•

⊕ 13
11

1 • ⊕ 14

1
1
1
•

⊕ 15
1

1
1
•

⊕ 14
11
1
•

⊕ 13
1

1
1 •

⊕ 14
1

1
1 •

⊗ 2

= 13

11 2
1
•

⊕ 13

12
11
•

⊕ 13
11 2

1 • ⊕ 14

1 2
1
1
•

⊕ 15

2
1

1
1
•

⊕ 14

2
11
1
•

⊕ 14
11 2
1
•

⊕ 13
1 2

1
1 •

⊕ 14

2
1

1
1 •

= (13 + 14) •
•

⊕ 13 • ⊕ 13 • • ⊕ 14
•
•
•

⊕ 15 •
•
•

⊕ 14 •
•

⊕ 13 •
• •

⊕ 14 •
• •

. (6.2)

Observe that the third term in the second line has the linking sequence (|1) for which the
admissibility criterion fails to the right of the bar. This term becomes admissible by increasing
its Nmin from 2 (its number of rows) to 3 (cf. figure 1 in appendix D). We remark that it

would have been easier to evaluate •
•

⊗ • , but we used the reverse order to illustrate
multiplication by a more complicated diagram pair.

It is instructive to cross check the above result against the N = 3 version

︸︷︷︸
8

⊗ ︸ ︷︷ ︸
10

= ︸ ︷︷ ︸
10

⊕ ︸︷︷︸
8

⊕ ︸ ︷︷ ︸
27

⊕ ︸ ︷︷ ︸
35

. (6.3)

Another powerful consistency check is obtained by evaluating the dimension of both sides.
For N ≥ 5 we find

(N2 − 1) · (N2−1)(N2−4)
4 = 2 · (N2−1)(N2−4)

4 + (N2 − 1) + N2(N−1)(N+3)
4

+ (N2−1)(N2−4)(N2−9)
36 + N2(N+1)(N2−4)(N−4)

18 + N2(N+1)(N−3)
4

+ N2(N−1)(N2−4)(N+4)
18 + (N2−1)2(N2−9)

9 ,

(6.4)

where both sides simplify to 1
4N6 − 3

2N4 + 9
4N2 − 1.
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We are now also in a position to comment on King’s method for multiplying Young
diagram pairs [30], in which each diagram pair is replaced by a tensor product minus tensor
products of representations of lower first occurrence (using the terminology of [31, 38]), which
are then multiplied, resulting in a sum of terms with different signs. For example, when
applied to the product in (6.2) for N ≥ 5 this leads to 35 terms, of which 26 then cancel
due to opposite signs. The number of additional terms in intermediate steps grows with
the size of the Young diagram pairs. We explain King’s method in somewhat more detail
and illustrate it for (6.2) in appendix E.

7 Conclusions

Aiming at an analytic understanding of the QCD color structure as a function of the
number of colors, we have investigated — in an N -independent manner — the reduction
of tensor products of SU(N) representations. To achieve a general-N decomposition, we
label the representations by pairs of Young diagrams, one ordinary Young diagram acting
on fundamental representations, and one barred Young diagram acting on antifundamental
representations. This, combined with a column-based version of the Littlewood-Richardson
rule (algorithm 2), paves the way for a general-N version of the decomposition of the
tensor product of two irreducible representations into a sum of irreducible representations.
The algorithm for achieving this decomposition, which is our main result, is presented as
algorithm 5. This will allow for keeping track of the N -dependence in representation theory-
based multiplet bases or for approaches working directly with Wigner 6j coefficients. An
implementation will be published separately [48].
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A Young diagram pairs labeling representations of GL(N)

We formulated all our results for representations of SU(N) having in mind applications in
QCD where (anti)quarks transform under the (anti)fundamental representation of SU(3).
Here we explain that our results, in particular algorithm 5, when read in the right way, also
hold for other classical groups, such as GL(N), SL(N) and U(N).

Let G be any of the matrix Lie groups GL(N), SL(N), U(N) or SU(N), and let V be a
complex vector space of dimension N carrying the defining representation of G, i.e., g ∈ G

acts on elements of V by matrix multiplication. Then V , the dual of V , carries the dual
representation, for which g ∈ G acts on elements of V by multiplication with (g−1)T .

For the unitary groups U(N) and SU(N), the inverse transpose is the same as the
complex conjugate, (g−1)T = g∗, and thus the dual representation is equivalent to the
complex conjugate representation. In the main body of this work we always identified these
equivalent representations and referred to them as the antifundamental representation. For
GL(N) and SL(N), no such identification can be made. Hence, in this appendix we speak
about the defining representation carried by V and the dual representation carried by V .
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An ordinary Young diagram σ with n boxes labels an irreducible representation of G

carried by a subspace of V ⊗n. This subspace is the image of a Young operator associated
with the diagram σ, see e.g., [49]. Similarly, a barred Young diagram ρ with m boxes labels
a subspace of V

⊗m, the image of a Young operator associated with ρ. This subspace also
carries an irreducible representation of G. The Young diagram pair (ρ, σ) denotes a subspace
of V

⊗m ⊗ V ⊗n, obtained by acting with Young operators associated with ρ and σ on V
⊗m

and V ⊗n, respectively, and keeping only those vectors of the image for which all contractions
between any pair of V - and V -factors vanish, see e.g., [30, 49]. This subspace also carries
an irreducible representation of G.

An ordinary Young diagram consisting of a single column of length N corresponds to
the one-dimensional representation for which g ∈ G is represented by det g. For SL(N) and
SU(N) this is the trivial representation, but for GL(N) and U(N) it is not. In section 2 we
introduced an operation that maps an ordinary Young diagram λ with n boxes to another
ordinary Young diagram, say µ, with m boxes, where n + m = cN , and where c is the
number of columns of λ, cf. eq. (2.2). For SU(N) and SL(N) the representation carried
by the subspace of V ⊗n obtained by applying a Young operator associated with λ and the
representation carried by V

⊗m obtained by applying a Young operator associated with µ

are equivalent, but for GL(N) and U(N) they differ by a factor of (det g)c, see e.g., [60,
section 15.5]. In other words, whenever we replace a column of ℓ barred boxes by a column of
N −ℓ ordinary boxes we also have to multiply by (det g)−1, and whenever we replace a column
of N − ℓ ordinary boxes by a column of ℓ barred boxes we also have to multiply by det g.

In the derivations of algorithms 3, 4, and 5 for SU(N) we use this operation from eq. (2.2),
but it is not part of the algorithms themselves. In the derivations we map barred diagrams and
diagram pairs to ordinary Young diagrams with N -dependent column lengths, multiply the
latter using algorithm 2, and finally map the resulting N -dependent ordinary diagrams back
to N -independent Young diagram pairs. Repeating these steps for GL(N) produces additional
factors of powers of det g in intermediate results, which, however, all cancel when mapping
back to N -independent Young diagram pairs, since the number of columns with N -dependent
column lengths is preserved under multiplication, cf. the discussion following eq. (5.8). The
algorithms 3, 4, and 5 are thus also valid for GL(N), SL(N) and U(N) without modifications.

B Proof of algorithm 2

First let us extend transposition of Young diagrams to direct sums by T (α⊕β) = T (α)⊕T (β).
This allows us to also extend transposition to products by

T (λ ⊗ µ) = T
(⊕

ν

cν
λ,µ ν

)
=
⊕

ν

cν
λ,µ T (ν) . (B.1)

Using property (3.3) we evaluate this further to⊕
ν

cν
λ,µ T (ν) (3.3)=

⊕
ν

c
T (ν)
T (λ),T (µ)T (ν) = T (λ) ⊗ T (µ) , (B.2)

where we have used that T is a bijection. Hence, T (λ⊗µ) = T (λ)⊗T (µ), and T −1 = T implies

T
(
T (λ) ⊗ T (µ)

)
= λ ⊗ µ . (B.3)
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Consequently, evaluating both products using row multiplication (algorithm 1), we find that
first transposing, then performing row multiplication, and then transposing again, gives the
same result as direct row multiplication. This observation is illustrated in the following
commutative diagram,

λ ⊗ µ
⊕

ν

cν
λ,µ ν

T (λ) ⊗ T (µ)
⊕
T (ν)

c
T (ν)
T (λ),T (µ) T (ν)

row multiplication

T

row multiplication

T . (B.4)

Traversing this diagram along the lower arc is equivalent to column multiplication, since
under transposition adding boxes row-wise is mapped to adding boxes column-wise, and
the row sequence of algorithm 1, 2(c), is mapped to the column sequence of algorithm 2,
2(c) (and vice versa), e.g.,

T
(

1 1 1
1 2 2
3

)
=

1 3
1 2
1 2
1

. (B.5)

This concludes the proof.

C Proof of equivalence of admissibility of sequences

In this appendix, we prove that the barred sequence in algorithm 4 is admissible if and
only if the column sequence of the corresponding N -dependent ordinary semitableau is
admissible. To do so we discuss the order and number of occurrence of the labels 1 and 2
in barred sequences of semitableau pairs and of the labels −2 and −1 in column sequences
of the corresponding N -dependent ordinary Young diagrams. The same arguments also
apply to any pair of subsequent barred labels k, k+1 or ordinary labels −(k+1), −k. For
illustrating examples we rely on eqs. (5.10) and (5.13), which we redisplay here together
with the corresponding sequences,

• ⊗ •
• •

N=4=
N
−1

1

⊗
N
−1

N
−2

−2 −1
−2 −1
−2

=
N
−1

N
−1

N
−2

1

−2 −1
−2 −1
−2

⊕
N
−1

N
−1

N
−1

−2
−2 −1
−2 −1

⊕

N N
−2

N
−2

1

−2 −1
−2 −1

−2

⊕

N N
−1

N
−3

1

−2 −1
−2
−1

−2

⊕

N N
−1

N
−2

−2
−2 −1
−1

−2

⊕

N N
−1

N
−2

−1
−2 −1
−2

−2

⊕

N N N
−3

−1
−2
−2

−2 −1

,

(−2, −2, −1 (−2, −2, −1, (−2, −2, −1, (−2, −1, −2, (−2, −1, −2, (−2, −2, −2, (−2, −1, −2,

−2, −1) −1, −2) −2, −1) −2, −1) −1, −2) −1, −1) −2, −1)

(C.1)

• ⊗ 1
2 1

= 1
1 2 •

⊕ 1
1 2 • ⊕ 1 2

1 •
⊕ 1

2
1 •

⊕
1

2
1 •

⊕ 1 2
1 • ⊕

1 2
1
•

.

(1, 2, 1) (1, 2, 1) (1, 1, 2) (1, 2, 1) (1, 2, 1) (1, 1, 2) (1, 1, 2)
(C.2)
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We begin with two observations:

(a) If the labels 1 and 2 both appear in the same row of a semitableau pair then they have
to appear as the pattern 1 2 (possibly with some or all borders dashed), as boxes
labeled 2 are added before boxes labeled 1 in algorithm 4, and barred boxes added first
appear to the right of barred boxes added later. Similarly, if the labels −2 and −1 both
appear in the same row then always as the pattern −2 −1 .

Two of these two-box patterns can be either stacked on top of each other, 1 2
1 2 , in

which case they contribute a subsequence 1, 1, 2, 2, or they appear with the upper
row shifted at least one box to the right, 1 2

1 2 , in which case each two-box pattern
contributes a subsequence 1, 2. Similarly, for three or more such two-box patterns and
correspondingly for the −2 −1 patterns.

Since all occurring subsequences are admissible, rows with any of these two-box patterns
do not affect the admissibility of the barred or column sequence. We can therefore
ignore rows with these two-box patterns when reading off the barred or column sequence.
We refer to the sequence obtained in this way as the reduced barred or column sequence.

(b) All contributions of either −2 or −1 to the reduced column sequence come from rows
with just −2 or just −1 (but not both), where

(i) rows with just −2 correspond to rows with just 1 and

(ii) rows with just −1 correspond to rows with just 2

in the respective semitableau pair, except when a dashed box appears in the same
row as a barred box of the pair. In this special case two different rows of an N -
dependent semitableau, the lower row containing −2 and the upper row containing −1 ,
can correspond to a single row of a semitableau pair containing the pattern 1 2 .

For illustration, consider the reduced column sequences and the reduced barred sequences of
all semitableaux and all corresponding semitableau pairs of eqs. (C.1) and (C.2),

(−2), (−2), (−2), (−2, −1, −2), (−2, −1, −2), (−2, −2, −1), (−2, −2, −1), (C.3)
(1), (1), (1), (1, 2, 1), (1, 2, 1), (1), (1). (C.4)

For the first five terms, i.e., for semitableau pairs without the special pattern 1 2 the
mapping 1 7→ −2 and 2 7→ −1 establishes a bijection between the reduced barred sequence of
the semitableau pair and the reduced column sequence of the corresponding N -dependent
semitableau. In the last two cases, the semitableaux contain the pattern 1 2 and the reduced
barred sequence corresponds to a reduced column sequence with an additional subsequence
−2, −1, which, however, does not affect admissibility.

It thus follows from our observations (a) and (b) that also in general barred sequences of
semitableau pairs are admissible if and only if the column sequences of the corresponding
N -dependent semitableaux are admissible.
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D The linking sequence

We here discuss the admissibility of semitableau pairs constructed as in section 6, by subsequent
application of algorithms 4 and 3. Each semitableau pair constructed in this way corresponds
to an N -dependent ordinary semitableau with, in general, negative and positive labels. For
this semitableau’s column sequence algorithms 4 and 3 ensure admissibility of the subsequence
of negative and positive labels, respectively. Thus, the semitableau’s total column sequence
is admissible if and only if also each label 1 is preceded by sufficiently many labels −1,
cf. Definition 1.

The placement of labels −1 in the N -dependent semitableau is determined by the
placement of labels 1 in the corresponding semitableau pair. More precisely, a row with label
1 in the semitableau pair corresponds to a row without label −1 in the ordinary semitableau.
As no two identical labels can appear in the same row, we have to distinguish four cases:

(1) rows with a label 1 but no label 1,

(2) rows with a label 1 but no label 1,

(3) rows with labels 11 ,

(4) rows with neither a label 1 nor a label 1.

In the corresponding N -dependent ordinary semitableau, rows of type (1) correspond to rows
with neither −1 nor 1 , i.e., they do not affect admissibility of the column sequence.

Rows of type (2) correspond to rows with the pattern −1 1 . A single such pattern does
not affect the admissibility. Two of these two-box patterns can be either stacked on top of
each other, −1 1

−1 1 , in which case they contribute a subsequence −1, −1, 1, 1, or they can appear

with the upper row shifted at least one box to the right, −1 1
−1 1 , in which case each two-box

pattern contributes a subsequence −1, 1. Similarly, for three or more such two-box patterns.
Thus, rows of type (2) also do not affect admissibility of the column sequence.

Rows of type (3) correspond to rows with just 1 , and rows of type (4) correspond to rows
with just −1 . Hence, the column sequence of the N -dependent semitableau is admissible if rows
of type (3) are preceded by sufficiently many rows of type (4), ordering rows bottom-to-top.

When mapping a semitableau pair with Nmin rows to an ordinary semitableau for
N > Nmin then the latter has more rows than the pair. These additional rows each contain a
label −1 (but no label 1) as illustrated in figure 1. Thus, rows of type (4) appearing above
these additional rows can have labels 1 compensated not only by rows of type (3) but also
by these additional rows. Consequently, semitableau pairs can be inadmissible for small
N but become admissible for larger N .

All the above considerations are encoded in the linking sequence, which, according to
algorithm 5, is constructed as follows:

• Go the through the rows of the pair from bottom to top.

• For each row containing 11 write down a 1, and for each row containing neither a 1
nor a 1 write down a 0. Ignore rows containing only one of the two types of labels.

– 24 –



J
H
E
P
0
1
(
2
0
2
6
)
1
2
9

=



, N = Nmin

, N = Nmin + ℓ
}

ℓ rows

Figure 1. Schematic picture of an arbitrary semitableau pair mapped to an N -dependent ordinary
semitableau for N = Nmin and for N = Nmin + ℓ, where Nmin denotes the pair’s intrinsic Nmin, i.e., its
number of rows. We obtain ℓ additional labels −1 (from the rows shaded in purple) for N = Nmin + ℓ,
as compared to the case N = Nmin.

• When transitioning from the barred part of the diagram to the ordinary part add a
vertical bar to the sequence. This is the position at which additional rows with labels
−1 are created when mapping the pair to an ordinary semitableau for N > Nmin.

If the linking sequence of a pair is admissible, cf. Definition 1, then the column sequence of
the corresponding ordinary semitableau is admissible too. If the linking sequence fails to be
admissible to the left of the bar, then the column sequence of the corresponding ordinary
semitableau is inadmissible too.

If the linking sequence fails to be admissible only to the right of the bar then the column
sequence of the corresponding ordinary tableau becomes admissible if N − Nmin is at least
as large as the number of additional labels 0 required at the position of the bar for the
linking sequence to become admissible.

We illustrate the construction and use of the linking sequence with a couple of examples.
In each of the following equations we display in the left panel a semitableau pair and its linking
sequence. Next to each row we also write this row’s contribution to the linking sequence (with
a dash indicating no contribution). In the right panel we show the corresponding N -dependent
ordinary semitableau. Note that, for reasons discussed below eq. (5.8), the number of N -
dependent columns in the right panel is equal to the number of columns containing bullets in
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the left panel plus the number of distinct barred labels occurring. In the first example,

11 1

2 0

1 −
11 1

1 2 −
• • 0

→ (0, 1 | 0, 1)

N N N
−2

N
−2

3 2

−2 1
−2 −1 2

−2 −1 1...
−2 1

−2 −1︸ ︷︷ ︸
N≥6

, (D.1)

the semitableau pair has six rows and its linking sequence is admissible. Consequently
the column sequence of the corresponding N -dependent semitableau is admissible for all
N ≥ 6. In the second example,

11 1

1 2 −
11 1

1 2 −
1 • −

→ (1 | 1)

N N
−2

N
−2

2 2

−2 1
−2 −1 1 2...
−2 −1
−2 1

−2︸ ︷︷ ︸
N≥6

, (D.2)

the linking sequence fails to be admissible to the left of the bar. Despite this semitableau
pair’s Nmin is 5, we map it to an ordinary semitableau for N ≥ 6 to illustrate the appearance
of the additional purple rows referred to in figure 1. Note that even if these additional
rows are inserted, the semitableau pair’s column sequence remains inadmissible for any
N ≥ Nmin = 5. In the final example

11 1

1 2 −
11 1

1 −
• 0

→ (0, 1 | 1)

N N
−2

2 2

1
−1 1 2
1

−1︸ ︷︷ ︸
N=5

and

N N
−2

2 2

1
−1 1 2...
−1
1

−1︸ ︷︷ ︸
N≥6

, (D.3)

the pair has 5 rows and its linking sequence fails to be admissible to the right of the bar. It
becomes admissible if we insert an additional 0 at the position of the bar. Consequently this
pair is mapped to a semitableau with inadmissible column sequence for N = 5, but for N ≥ 6
it is mapped to a semitableau with admissible column sequence, due to the insertion of the
additional purple row. These examples illustrate the admissibility criteria in algorithm 5.

E Comparison with King’s method

King [30] derives an algorithm, Procedure Q, for multiplying a barred diagram by an ordinary
Young diagram, resulting in a sum of diagram pairs. Procedure Q is a special case of our
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algorithms 3 and 4. King then goes on to describe how to multiply two Young diagram
pairs using only Procedure Q and the Littlewood-Richardson rule, at the cost of producing
additional terms in intermediate steps. We explain King’s method for the example in eq. (6.2).

First one uses Procedure Q (or algorithm 3) to express each Young diagram pair (ρ, σ)
as ρ ⊗ σ minus tensor products of (barred) diagrams with fewer boxes. For instance,

• ⊗ = • ⊕ • ⇒ • = ( • ⊗ ) ⊖ • , (E.1)

where ⊖ should be read in the sense of orthogonal decomposition of carrier spaces, i.e., if U

is a subspace of V , then V ⊖ U denotes the orthogonal complement of U with respect to V ;
also recall that • denotes the empty Young diagram, i.e., the trivial representation. Similarly,

•
• ⊗ = •

•
⊕ • (E.2)

implies

•
•

=
(

•
• ⊗

)
⊖ •

=
(

•
• ⊗

)
⊖ ( • ⊗ ) ⊕ • .

(E.3)

After substituting both diagram pairs in this way we obtain

• ⊗ •
•

=
[
( • ⊗ ) ⊗

(
•
• ⊗

)]
⊖
[

( • ⊗ ) ⊗ ( • ⊗ )
]
⊕ ( • ⊗ )

⊖
(

•
• ⊗

)
⊕ ( • ⊗ ) ⊖ • .

(E.4)
Inside the square brackets one then separately multiplies all barred diagrams and all unbarred
diagrams using the Littlewood-Richardson rule. Collecting identical terms we find

• ⊗ •
•

=
(

•
•
•

⊗
)

⊕
(

•
•
•

⊗
)

⊕
(

•
• • ⊗

)
⊕
(

•
• • ⊗

)
⊖ 2

(
•
• ⊗

)
⊖
(

•
• ⊗

)
⊖ ( • • ⊗ ) ⊖

(
• • ⊗

)
⊕ 2 ( • ⊗ ) ⊖ •

(E.5)
In the final step each tensor product is again calculated using Procedure Q (or algorithm 3).
We then obtain 35 terms (for N ≥ 5, and counting terms with their multiplicities), of which
13 come with a negative sign. After cancellations the remaining 22 − 13 = 9 terms are the
terms which we obtain directly in eq. (6.2) using algorithm 5.

Data Availability Statement. This article has no associated data or the data will not
be deposited.

Code Availability Statement. This article has no associated code or the code will not
be deposited.
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