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1 Introduction and summary

Gravity is universal at large distance, where it is described by classical general relativity. At
short distance the gravitational coupling grows, and Einstein’s theory must be UV completed.
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Determining the space of consistent UV completions of Einstein gravity is a theoretical
question of fundamental importance. In asymptotically flat space, consistency should be
understood in terms of a relatively well-established set of axiomatic requirements for the
gravitational S-matrix, such as unitarity and causality.

We will be concerned with modifications of Einstein gravity that occur already at tree
level. String theory provides the prototypical example. New degrees of freedom (massive
higher-spin states) appear at an energy scale Mstring, which at weak coupling gs ≪ 1 is
parametrically smaller than the Planck scale, Mstring ≪MPlanck. Tree-level string amplitudes
are of course causal and unitary, but in ways that appear absolutely miraculous if one does
not refer to the underlying worldsheet picture. One may legitimately wonder whether string
theory is in fact the unique framework to modify gravity at tree level. For the question to
make sense, one needs to spell out precisely the consistency conditions to be imposed, as we
shall do. Various conjectures in this direction have been formulated in [1, 2]. There is also a
line of work that aims to probe the rigidity of string theory by looking for explicit deformations
of tree-level string amplitudes that obey at least some of the desired properties [3–9].

This question can be systematically addressed within the framework of the modern
S-matrix bootstrap (see e.g. [10, 11] for reviews). A very useful window into the problem is
the study of constraints on effective field theory (EFT) [12–16]. Rigorous two-sided bounds
on Wilson coefficients of the higher-derivative terms (normalized by the Newton constant
and in units of the EFT cut-off) have been obtained in [17–19] by exploiting the consistency
conditions encoded in 2 → 2 graviton scattering. Here we continue this research program,
with an eye towards interpreting the EFT bounds in terms of actual amplitudes that saturate
them, in the spirit of [16].

The cleanest arena for this kind of investigations are the theories with maximal su-
persymmetry. In this paper we will constrain the possible tree-level1 completions of the
ten-dimensional maximal supergravities, continuing the analysis initiated in [17]. Technically,
maximal supersymmetry offers some drastic simplifications. Physically, few would probably
doubt that Type IIA string theory provides the only fully consistent tree-level extension
of non-chiral 10D maximal supergravity, and similarly that Type IIB gives the only such
extension in the chiral case. Establishing these conjectures by abstract bootstrap methods is
plausibly within the reach of existing technology, and would be an important benchmark.

Assumptions

Our assumptions are rather minimal, and straightforward to state:

(i) Spectrum. The only massless particles are the graviton and its superpartners. We
also require that there is a gap to the next massive state, in other terms we forbid
an accumulation point at zero mass. Furthermore, the spin of single-particle states of
a given mass should be bounded from above — this can be understood as a locality
requirement.

1Our exploration of the space of tree-level extensions of supergravity should be contrasted with the
work of [20, 21], which considered a similar question but for the full quantum amplitudes in string theory
and M-theory.
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(ii) Analyticity. 2 → 2 amplitudes are analytic anywhere except for singularities on the real
axis in the complex s plane (where s is the usual Mandelstam variable). These are the
physical singularities due to tree-level exchanges.

(iii) Crossing symmetry.

(iv) Unitarity. At tree level, unitarity reduces to (semidefinite) positivity of the partial wave
expansion. E.g., in the simplest case of a 2 → 2 amplitude of identical scalars, the
coefficients of the partial wave expansion must be non-negative.

(v) Strict spin-two Regge boundedness. 2 → 2 amplitudes grow strictly slower than O(s2)
in the Regge limit of large s and fixed physical momentum transfer.

The only assumption that requires some elaboration is the last one. The slightly weaker
requirement that tree-level amplitudes should grow at most like O(s2) in the Regge limit is,
we believe, uncontroversial.2 Pure classical supergravity, of course, grows exactly as O(s2),
because of the graviton exchange, but here we are insisting that its tree-level extensions should
have strictly slower Regge growth. Because of maximal supersymmetry, any massive state
belongs to a multiplet that reaches at least up to spin J = 4. As shown by CEMZ [22], any
tree-level exchange of spin J > 2 induces a causality violation that can only be compensated
by an infinite tower of states of arbitrarily high spin. On very general grounds, these states
must arrange in Regge trajectories. If we only granted O(s2) Regge behavior and not better,
analyticity in spin would a priori be guaranteed only for J > 2 and the graviton might be an
isolated state that does not belong to any trajectory. We are insisting instead that the leading
trajectory extends down to the graviton, so that its intercept α(u) = 2 + α′u+O(u2) < 2 for
small momentum transfer u in the physical region u < 0. In other terms, our assumption (v)
is equivalent to the statement that the graviton should reggeize.3

A more pedestrian justification of (v) is the desire to avoid “trivial” continuous families
of solutions to the bootstrap problem. If we only assume O(s2) Regge behavior, pure
supergravity is a consistent solution. As convex linear combinations of solutions are solutions,
starting from any consistent solution we can find a one-parameter family of them by just
rescaling at will the value of the Newton constant. Indeed, the value of the Newton constant
does not enter any the bootstrap equations, because no dispersion relation can constrain
it if the allowed Regge growth is O(s2). In this sense, (v) can be regarded as part of any

2This is the “classical Regge growth conjecture” of [1], supported by a variety of compelling arguments,
notably the analysis of CEMZ [22] and especially the connection with the “chaos bound” in holographic
theories, as discussed in [23].

3There are also rigorous estimates [24] showing that the full quantum gravitational amplitude must have
Regge behavior strictly better than O(s2). In [24], the Regge behavior at tree-level (for theories with a
perturbative expansion) was argued to be controlled by the “local growth” of the quantum amplitude (fixed
Re s for Im s → ∞) in the weak-coupling limit, and shown to be at least as good as O(s2). It would be very
interesting to see whether this conclusion can be slightly sharpened, if one assumes a hierarchy of scales. We
envision a continuous family of amplitudes, characterized by an additional EFT scale M in addition to the
Planck scale MPlanck, where M/MPlanck is a parameter that can take an arbitrarily small value, so that the
theory is weakly coupled for M/MPlanck → 0. (Pure gravity does not conform to this scenario because it has a
single scale, MPlanck.)
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reasonable definition of what one can mean by a “tree-level UV completion of gravity”:
without it, gravity just decouples from the bootstrap problem.

Setup

Our general setup is the same as in [17]. The simplest set of constraints, and the only ones
that we will study in this paper, come from the 2 → 2 amplitude of supergravitons. In both
the chiral and nonchiral 10D maximal supergravity theories, thanks to supersymmetric Ward
identities the full superamplitude can be obtained from an auxiliary fully crossing symmetric
scalar amplitude M(s, u), a key technical simplification. What’s more, the J < 2 Regge
behavior of the graviton amplitude translates into J < −2 for the auxiliary amplitude,

lim
|s|→∞

s2M(s, u) → 0 for fixed u < 0 . (1.1)

In a low-energy expansion,

M(s, u) = 8πG
stu

+ g0 + g2(s2 + t2 + u2) + . . . . (1.2)

The supergraviton exchange corresponds to the first term, proportional to the Newton
constant G. Its Regge behavior is exactly minus two, violating (1.1). Any correction
signals a deviation from pure supergravity and the presence of higher massive states. For
example, the g0 Wilson coefficient is related to the R4 term in the effective action, the
first higher-derivative correction allowed by maximal supersymmetry. There is by a now a
well-established technology [13–16] to carve out the space of EFTs consistent with causality
and positivity. Dispersion relations relate the IR to the UV, yielding sum rules for the
low-energy Wilson coefficients in terms of an unknown high-energy spectral density, as well
as “null constraints” [15, 16] that encode crossing symmetry. Positivity of the spectral
density allows to set up a semidefinite program that yields rigorous bounds on the Wilson
coefficients. Meaningful bounds are possible for their homogeneous ratios in units of cut-off
M , for example g̃0 = g0M

6/(8πG) and g̃2 = g2M
10/(8πG). Because of the graviton pole

∼ 1/u, one needs to face the technical complication that not all sum rules can be expanded
in the forward limit u → 0. The sum rule for the Newton constant is dealt with [17] by
smearing4 with a suitable set of test functions of u.

It is also possible to integrate-in massive states, viewing the first (or first few) of them
as part of the low-energy EFT. Their normalized on-shell couplings become part of the
data that can be bounded.

Results

The preliminary exploration of [17] derived an upper bound on g̃0, which is obeyed (as it
must) by tree-level Type II string theory, but unfortunately not saturated by it. Here we
carry out a more systematic investigation.

The simplest way to refine the analysis is to derive exclusion plots in the space of multiple
EFT couplings, such as g̃0 and g̃2, as in figure 2. We again find that string theory lives safely

4For a variety of perspectives about the interplay between positivity bounds and the graviton pole, see
e.g. [25–31].
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Figure 1. Exclusion plot for the normalized on-shell coupling of an isolated (effective) scalar of mass
mϕ, as a function of the cut-off M . Allowed values are in the blue region.

within the bounds. The exclusion boundary has two interesting kinks. At this stage, we are
able to identify one of them. It corresponds to an unphysical amplitude that contains the
graviton and infinitely many states with the same mass m = M (i.e. right at the cut-off)
of arbitrarily high spin. This violates one of our spectral assumptions in (i). We’ll come
back to the second kink momentarily.

To enforce locality, we insist for only a finite number of spins at the lowest non-zero mass
m, with a new cut-off M > m. Our numerics indicate that the only consistent possibility is
to have a single state ϕ at m = mϕ, with “effective spin” zero. By effective spin we mean
the spin of an exchanged particle in the auxiliary scalar amplitude M(s, u). In terms of
the physical superamplitude, this corresponds to a whole massive multiplet whose highest
spin is Jmax = 4 (in general, Jmax = Jeff + 4).

We perform a thorough analysis of the setup where the effective scalar5 of mass mϕ has
been integrated-in. Perhaps the most illuminating plot is figure 1 (a streamlined version
of figure 4), where we maximize the on-shell coupling of the scalar as a function of the
cut-off. The numerical exclusion region has a flat plateau that drops sharply at M ∼=

√
2mϕ.

Remarkably, in string theory we also have M2 = 2m2
ϕ (this is the standard relation between

the masses of the first and second levels), but the string on-shell coupling (red line in figure 1)
is strictly smaller than the value at our plateau.

We interpret the endpoint of the plateau in terms of a very intriguing extremal solution
of the boostrap problem, which also explains the other kink in figure 2. Directly extracting its
spectrum from the numerical semidefinite solver is a bit subtle, but by a variety of experiments

5From now on, we will usually drop the qualifier “effective”. Unless otherwise stated, it is understood that
we are thinking in terms of the auxiliary scalar amplitude.
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involving different spectral assumptions we conclude that the extremal solution contains a
single, linear Regge trajectory. This is reminiscent of recent findings for pion scattering [32],
where forcing the presence of a spin two resonance (and maximizing its coupling) leads to an
extremal amplitude with a single (but curved in that case) Regge trajectory. The intuition is
similar. A single massive scalar exchange has Regge growth zero, which violates our Regge
assumption by a finite amount. The only way to fix this is to have (at least) a whole Regge
trajectory, as anticipated by CEMZ [22]. The upshot is that we assumed almost nothing
and got a linear Regge trajectory with the same slope as in string theory. That the graviton
should reggeize is expected from our assumption (v), but it is certainly non-trivial to see this
feature emerge naturally at a special point of the exclusion boundary.

The conceptual status of this curious extremal solution with a single linear Regge
trajectory is not fully clear to us. Under rather general assumptions, one can rigorously rule
out the existence of amplitudes with a single trajectory [33]. Perhaps our numerical solution
is only approximate (e.g. new states come in at very high mass). Or there may exist an exact
solution with a single trajectory that violates one of the assumptions in [33]; the most likely
scenario would be the presence of Regge cuts. In the latter case, it would be very interesting
to find an explicit analytic form, as we have tried but not yet succeeded to do.6

We still have not cornered string theory, which has, of course, infinitely many daughter
trajectories. But we should be optimistic. So far we have only used the constraints from
2 → 2 supergraviton scattering. A natural next step is to study the full mixed system of
2 → 2 amplitudes where the supergraviton and the first massive multiplet are allowed as
external legs [34]. It is not too far fetched to speculate that string theory may be singled
out as the unique solution of these mixed system constraints.

Extension to open strings

We can repeat a similar analysis for the scattering of 10D supergluons, with the goal of
cornering the open string sector of Type I string theory. While for supergravity we were
able to setup the problem by making a minimal, universal set of assumptions that should
apply to any general tree-level completion, here the story is somewhat less canonical. We
need to input some features that from the start put us broadly in the realm of open string
amplitudes, such as the Chan-Paton structure of colored-ordered amplitudes (which implies
that all exchanged particles are in the adjoint representation), and Regge behavior J < 1
from reggeization of the gluon. Thanks to (1, 0) supersymmetry, the full superamplitude
is again captured by a single auxiliary scalar amplitude M(s, u), which is now only s ↔ u

crossing symmetric, and with Regge behavior J < −1. The numerical exploration is parallel
to the gravitational case, but the results quite different. Integrating-in an isolated massive
“scalar” (corresponding to a massive supermultiplet with spin up to two in the physical
superamplitude) and maximizing its coupling leads to figure 14, the open string analog of
figure 1. Type I string theory lives strictly inside the exclusion region. Rather than an

6Curiously, the primal approach of [21] uncovered extremal solutions with daughter trajectories. Of
course, there is no contradiction, as we are assuming tree level while they are working in the nonperturbative
regime. It would be valuable to develop a conceptual understanding of why the two bootstrap approaches give
qualitatively different extremal solutions.
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approximate step function, the exclusion boundary is now smoothly curved. We find that
each point of the curved boundary corresponds to an extremal amplitude with a single linear
Regge trajectory, whose slope varies as we move along the boundary. We find no apparent
special features for the string theory value of the slope.

The detailed organization of the paper is best apprehended from the table of contents.
In section 2 we review supersymmetric Ward identities. In sections 3 and 4 we describe the
general setup and present our numerical results for supergraviton scattering, respectively.
Similarly, sections 5 and 6 deal with the setup and results for open strings. We conclude in
section 7 with a brief outlook. Appendix A contains some technical details of the numerical
implementation.

Note added: as we were finalizing this work, we received the very nice paper [35], which
performs an analysis broadly similar to ours for the case of open strings. The general setup is
the same. Our assumption of J < 1 Regge behavior and the implementation of the smearing
procedure allow us to normalize by the Yang-Mills coupling g2

YM, while [35] considers ratios
of higher Wilson coefficients. Our results are largely complementary, and appear to be
entirely compatible with theirs.

2 Supersymmetric Ward identities

In this work we are concerned with the 2 → 2 scattering of massless supermultiplets in
D = 10 with various amounts of supersymmetry. For N = (2, 0) and N = (1, 1) we will
consider the scattering of the graviton supermultiplet, and for N = (1, 0) the scattering
of the super Yang-Mills multiplet. The three cases share the simplifying feature that all
four-point amplitudes between components of the supermultiplet are encoded in terms of a
single auxiliary scalar amplitude. We start by briefly reviewing case by case how this follows
from supersymmetry Ward identities (see e.g. [36] for a pedagogical introduction). Readers
who are already familiar with this fact might want to proceed directly to section 3.

2.1 N = (2, 0)

Consider first the case N = (2, 0) with two (real) supercharges QA
1 , QA

2 of the same chirality.
Apart from the graviton, the massless supermultiplet contains the dilaton, the Kalb-Ramond
two-form B-field, RR forms C(i) of rank zero, two and four (the latter being selfdual), and
two gravitinos (as well as dilatinos) of the same chirality. To construct it, we start from
the SUSY algebra in the massless representation,{

QA
i , Q

B
j

}
= λA,aλB

a δij , (2.1)

where λA,a are D = 10 spinor-helicity variables [37, 38] satisfying

pµσ
µ,BA′ = λB,aλA′

a , p2 = 0 . (2.2)

We use conventions where A,A′ = 1, . . . , 16 denote Weyl indices of opposite chirality and
lowercase indices a, a′ = 1, . . . , 8 indicate spinor and conjugate spinor indices of the SO(8)

– 7 –
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little group.7 On this massless representation, half of the supercharges are inactive [39]
and we can use the expansion

QA
1 = q1aλ

A,a , QA
2 = q2aλ

A,a ,

with qia parametrizing the active supercharges. We can in turn arrange these supercharges
into (complex) linear combinations q±a with definite SO(2)R R-charge ±1 satisfying{

q+
a , q

+
b

}
=
{
q−a , q

−
b

}
= 0 ,

{
q+

a , q
−
b

}
= δab . (2.3)

The massless multiplet is then constructed by repeatedly acting with the raising operator
q+

a on a (scalar) Clifford vacuum of R-charge −4. The top and bottom of the multiplet
constructed in this way are thus scalars of R-charge ±4 and correspond to different linear
combinations of the dilaton and the axion C(0).

The 2 → 2 scattering amplitudes of all the components in the multiplet are compactly
encoded in a superamplitude A4(pi, ηi), depending on the momenta pi and fermionic coor-
dinates ηi parametrizing an on-shell superspace for each external leg. One should think of
A4 as a function of four superfields of the form8

Φ(p, η) = φ(p) + ηaψa(p) +
1
2!η

aηbφab(p) + · · ·+ η1η2 . . . η8φ̄(p) , (2.4)

where the terms φa,b,...(p), ψa,b,...(p) describe respectively bosonic and fermionic components
of the supermultiplet with momentum p and little group indices a, b, . . . . One can then
extract from A4 any 2 → 2 amplitude involving different components of the supermultiplet
by taking suitable derivatives ∂

∂ηa
i

for each external leg. We will be particularly interested
in the scattering of the complex scalar φ(p) — the axi-dilaton.

Supersymmetry imposes nontrivial constraints on scattering amplitudes in the form of
the so-called SUSY Ward identities [40, 41]. For N = (2, 0) supergraviton scattering, these
were solved in [38] — here we simply review their results. In terms of the superamplitude
A4, the SUSY Ward identities read

QA′
+ A4 = 0 , QA

−A4 = 0 , (2.5)

where Q± are the “total” supercharges defined by the following sums over external legs:

QA′
+ ≡

4∑
i=1

iA
′

a ηa
i , QA

− ≡
4∑

i=1
iA,a ∂

∂ηa
i

, (2.6)

where iA,a refers to the spinor-helicity variable λA,a for the external particle i.
7The latter can be raised and lowered with δab, δa′b′ and their inverses. Instead of raised/lowered, spacetime

Weyl indices A, A′ can be exchanged using the components of the charge conjugation matrix

C =
(

0 Ω A′
B

ΩB′
A 0

)
.

8We note that the on-shell supersymmetry algebra is realized on this superspace by the choice

q+
a = ηa , q−

a = ∂

∂ηa
,

since
{

ηa, ∂
∂ηb

}
= δab.

– 8 –
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In the current case of four-particle scattering, there is a unique solution to the SUSY
Ward identities (2.5). It can be written in an explicitly Lorentz-invariant way using the
“fermionic delta function”

δ16(Q+) ≡
1
16!ϵA

′
1...A′

16
Q

A′
1

+ · · ·QA′
16

+ . (2.7)

Making the momentum-conservation delta function explicit, the solution is

A4(pi, ηi) = δ10(p1 + p2 + p3 + p4)δ16(Q+)M(s, u) , (2.8)

with M(s, u) a bosonic function of the Mandelstam invariants

s = −(p1 + p2)2 , t = −(p2 + p3)2 , u = −(p1 + p3)2 . (2.9)

It is clearly killed by QA′
+ by antisymmetry. Upon acting by QB

−, the supersymmetry algebra
guarantees that we get an expression proportional to the overall momentum{

QB
−, Q

A′
+

}
=

4∑
i=1

iB,aiA
′

a =
( 4∑

i=1
piµ

)
σµ,BA′

, (2.10)

which then vanishes by momentum conservation.
That there are no other solutions follows from SO(2)R R-charge counting. Each fermionic

coordinate η contributes R-charge +1, so the fermionic delta function δ16(Q+) has R-charge
+16. This exactly balances the contribution from the Clifford vacua in four-point amplitudes.
For higher-point amplitudes one would need to add a function f(ηi) with higher powers of
the fermionic coordinates to balance the R-charge deficit. This would potentially lead to
multiple solutions of the SUSY Ward identities. But, for four-point amplitudes, f(ηi) = 1
and the solution presented above is unique.

The important lesson from (2.8) is that all 2 → 2 scattering amplitudes involving any
components of the graviton supermultiplet are determined in terms of a single bosonic
amplitude M(s, u). For example, we can extract the axi-dilaton self-scattering amplitude
by looking at the term9

A4 ⊃
(
16
8

)
1
16!ϵA

′
1...A′

16
3A′

1
a1 . . . 3

A′
8

a8 4
A′

9
b1
. . . 4A′

16
b8

ηa1
3 . . . ηa8

3 ηb1
4 . . . ηb8

4 δ
10
(∑

i

pi

)
M(s, u)

=
( 1
8!ϵa1...a8η

a1
3 . . . ηa8

3

)( 1
8!ϵb1...b8η

b1
4 . . . ηb8

4

)
δ8
(∑

i

pi

)
s4M(s, u) , (2.11)

from which we extract

A (φφφ̄φ̄) = s4M(s, u) . (2.12)

Since it involves complex scalars, this amplitude is a priori only crossing symmetric under
1 ↔ 2 or 3 ↔ 4 exchanges. But now we see that supersymmetry enhances its crossing
properties. Indeed, the superamplitude (2.8) involves four identical superfields and so it
must be fully crossing symmetric. This forces M(s, u) (and therefore 1

s4A(φφφ̄φ̄)) to be
fully crossing-symmetric under s ↔ t ↔ u.

9Here we used the identity

ϵA′
1...A′

16
3A′

1
a1 . . . 3A′

8
a8 4A′

9
b1

. . . 4A′
16

b8
= ϵa1...a8 ϵb1...b8 (2p3 · p4)4 ,

see [38] for other useful identities of a similar form.
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2.2 N = (1, 0)

Let us now turn to the less supersymmetric case of N = (1, 0), with a single (real) supercharge
QA. In this case there are two massless representations: the graviton and the SYM multiplets.
We will focus on the latter. This multiplet contains the SO(8) little group representations
(8v + 8c), describing gauge fields and gauginos. On this massless representation, we can
again write QA

1 = qaλ
A,a with

{qa, qb} = δab . (2.13)

The difference with the previous case is that, since all eight real supercharges are in an
irreducible representation qa, we cannot arrange them into raising and lowering operators
while keeping explicit SO(8) covariance. There is therefore no immediate generalization of the
superspace used above for this case. However, since we will only be concerned with four-point
amplitudes — and these can always be embedded in a four-dimensional space by suitable
Lorentz transformations — we will be able to use the more familiar four-dimensional SUSY
language, for which an on-shell superspace is known [42, 43].

When restricting to four dimensions, the 16 (real) supercharges rearrange into the complex
Weyl spinors QI

α, Q̄Jβ̇ (I, J = 1, . . . , 4), generating N = 4 supersymmetry. On the massless
multiplet they satisfy the algebra{

QI
α, Q̄Jβ̇

}
= |p]α⟨p|β̇ δ

I
J , (2.14)

where |p], ⟨p| are the usual spinor-helicity variables, α, β̇ denote four-dimensional Weyl indices
of opposite chirality, and upper/lower I, J indices denote fundamental/antifundamental
SU(4)R R-symmetry indices. An on-shell superspace for this representation is obtained by
introducing four fermionic coordinates ηI and setting [42, 43]

QI
α = |p]α

∂

∂ηI
, Q̄Jβ̇ = ⟨p|β̇ηJ . (2.15)

The SYM multiplet is obtained by repeatedly acting by the different Q̄ on a Clifford
vacuum with helicity −1, and it can be encoded in the following superfield:

Φ(p, η) = φ− + ηIψ
I + 1

2!ηIηJφ
IJ + 1

3!ηIηJηKψ
IJK + η1η2η3η4φ+ . (2.16)

From a four-dimensional point of view this is the usual field content of N = 4 SYM; a
gauge field φ+, φ−, six scalars φIJ and four fermions of each chirality ψI , ψIJK . From
a ten-dimensional point of view, the six scalars provide the missing polarizations to the
gauge field, combining into the 8v. The fermions similarly combine into the 8c. With this
superspace at hand it is immediate to write down a superamplitude A4(pi, ηi) solving the
SUSY Ward identities [42, 43]. Namely,

A4(pi, ηi) = δ10(p1 + p2 + p3 + p4)δ8(Q̄)M(s, u) , (2.17)

where now the fermionic delta function is given by

δ8(Q̄) ≡ 1
24

4∏
I=1

Q̄Iβ̇Q̄
β̇
I = 1

24

4∏
I=1

4∑
i,j=1

⟨ij⟩ηiIηjJ . (2.18)
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Like in the case above, the solution is killed by the total supercharge Q̄ by antisymmetry
and by Q because its commutator is proportional to the total momentum. Up to the
bosonic amplitude M(s, u), this solution is unique, as can be seen again from R-symmetry
counting: the U(1)R charge +8 of the fermionic delta precisely cancels the −2 × 4 charge
of the four Clifford vacua.

Since (for four-point amplitudes) there is a unique solution to the SUSY Ward identities,
we can return to the 10-dimensional perspective and focus on one of the components of the
superamplitude, say the four-gluon one. We will be able to obtain any other component by
acting with suitable supersymmetry transformations on it. The generic four-gluon amplitude
takes the form

A(gggg) = F4(pi, ϵi)M(s, u) , (2.19)

where M(s, u) is effectively a simple “scalar” amplitude and the prefactor F4 contains all
the depedence on the polarization vectors. This prefactor is well-known from string theory
and SYM amplitudes, and it can be compactly written as [44]

F4(pi, ϵi) ≡
(
FµνF

µν)2 − 4
(
FµνF

ναFαβF
βµ) , (2.20)

where Fµν ≡ F1,µν + · · ·+F4,µν , with Fi,µν ≡ pi,µϵi,ν −pi,νϵi,µ, and one should keep only terms
linear in all four polarization vectors ϵi,µ. We note that it is invariant under permutations
of the external legs. The explicit prefactors for the four-point amplitudes involving the
remaining components of the supermultiplet (which are fixed by supersymmetry) can be
found, for example, in [45].

2.3 N = (1, 1)

We conclude this review by commenting on the other maximally supersymmetric case,
N = (1, 1), with two supercharges QA, Q̃A′ of different chirality. In this case, the massless
supermultiplet is composed of the graviton, dilaton, B-field, RR forms of odd rank, and two
gravitinos of opposite chirality. On this representation, the supersymmetry algebra amounts
to two independent copies of the N = (1, 0) algebra. Unlike the case of N = (2, 0), since the
two supercharges have different chirality, we cannot arrange them into raising and lowering
operators while preserving explicit SO(8) covariance. This means that we cannot construct
a superspace analogous to the one for N = (2, 0). Instead, we can repeat the trick used
above for N = (1, 0) of reducing to four dimensions.

In this case, this restricts to a four-dimensional N = 8 SUSY algebra. The ten-dimensional
multiplet becomes the familiar graviton multiplet with maximal supersymmetry,

Φ(p, η) = φ− + ηIψ
I + 1

2!ηIηJφ
IJ + · · ·+ η1 . . . η8 φ+ , (2.21)

and the four-point amplitude has again a solution in terms of a fermionic delta function [42, 43],

A4(pi, ηi) = δ10
(∑

i

pi

)
δ16(Q̄)M(s, u) , δ16(Q̄) ≡ 1

28

8∏
I=1

Q̄Iβ̇Q̄
β̇
I . (2.22)

We see that this solution is again unique because the fermionic delta has R-charge +16 and
each Clifford vacuum contributes −4. In terms of ten-dimensional amplitudes, the various
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prefactors are simply the “square” of the N = (1, 0) prefactors, as is famously the case in
string theory [46]. In particular, four-graviton scattering involves a factor R4 ≡

(
F4)2 with

the same F4 defined in (2.20). From the crossing properties of R4, we conclude that M(s, u)
is again fully crossing symmetric, as in the N = (2, 0) case.

3 Setup for supergraviton scattering

We have just reviewed how, in D = 10 with maximal supersymmetry (i.e. both with N = (2, 0)
and N = (1, 1)), the four-point scattering amplitudes of the graviton supermultiplet are
completely determined in terms of a single auxiliary scalar amplitude M(s, u) that is fully
crossing symmetric. We will now discuss the general properties of this basic amplitude. We
defer the analogous discussion for N = (1, 0) SYM amplitudes to section 5.

3.1 Analyticity, unitarity, Regge behavior

We focus on tree-level extensions of supergravity. As a consequence, M(s, u) is analytic
anywhere on the complex s plane (at fixed u) away from the real axis; its only singularities
are for real s, from the tree-level exchanges of physical states in the theory. A given exchange
in the basic amplitude M(s, u) has different space-time interpretations depending on the
component of the superamplitude A4 that we are looking at. That is, different amplitudes
in A4 exchange different components of a given supermultiplet, but supersymmetry forces
their on-shell couplings to be the same.

For a 2 → 2 tree-level amplitude of identical particles, unitarity is the statement that
all on-shell couplings squared are non-negative. This is expressed in terms of a partial
wave expansion

ImM(s, u) = s
4−D

2
∑

J=even
n

(D)
J ρJ(s)PJ

(
1 + 2u

s

)
, (3.1)

as positivity of the spectral density,

ρJ(s) ≥ 0 , in the physical region s > 0, u < 0 . (3.2)

Here and throughout, we use conventions from [47] where the normalization constant is

n
(D)
J ≡ 2Dπ

D−2
2

Γ
(

D−2
2

)(J + 1)D−4(2J +D − 3) , (3.3)

and the Gegenbauer polynomials are defined by

PJ(x) ≡ 2F1

(
−J, J +D − 3, D − 2

2 ,
1− x

2

)
. (3.4)

While we keep expressions general, we will set the space-time dimension to D = 10 in
explicit calculations.

It is important to note that unitarity is a priori a condition on the physical amplitudes
contained in A4 rather than M(s, u) itself. In the case of N = (2, 0), the partial wave
expansion in (3.1) is equivalent to the s-channel partial wave expansion of the axi-dilaton
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amplitude (2.12) upon a (positive) rescaling of the spectral density by s4. So (3.2) is equivalent
to the positivity of A(φφφ̄φ̄). This is clearly a necessary condition, but it is in fact expected
to be also sufficient to guarantee positivity for all other amplitudes in A4 [20, 38, 48].10 In
the case of N = (1, 1), the same expansion (3.1) is reached by factoring out the R4 factor
from the four-graviton amplitude [44].

We have already discussed in the introduction our assumption (v) of J < 2 Regge
behavior. This is a statement about physical amplitudes, e.g. for the axi-dilaton amplitude
A(φφφ̄φ̄). In terms of the auxiliary amplitude, this translates into J < −2,

lim
|s|→∞

s2M(s, u) → 0 for fixed u < 0 . (3.5)

Supersymmetry has first related all the amplitudes in the supermultiplet to a single fully-
crossing-symmetric scalar amplitude M(s, u), which we now see that it has a Regge behavior
improved by four units. This will allow us to write down twice-anti-subtracted dispersion
relations, making bootstrap bounds very constraining. In particular, we will be able to write
down a sum rule for the Newton constant G, equation (3.16a) below. If we only required
O(s2) Regge behavior and not better (for the physical amplitude), the Newton constant
would not appear in any bootstrap equation.

3.2 Low energies: corrections to supergravity

At low energies, the scattering of the N = (2, 0) graviton supermultiplet is dictated by
type IIB supergravity. In turn, the case with N = (1, 1) is given by type IIA. In either
case, the supergravity amplitude reads

Msugra(s, u) =
8πG
stu

, (3.6)

where G is the ten-dimensional Newton constant. In the type IIB axi-dilaton scattering
amplitude (2.12), for example, this simply corresponds to a graviton pole in the t and u

channels. More generally, it captures the exchange of the whole massless multiplet in the
superamplitude A4. Note that (3.6) fails to satisfy the Regge behavior (3.5), and so it is
ruled out by our assumptions. Excited states must kick in at higher energies to UV complete
it. The full theory will then be parametrized by a collection {m2

i , Ji, λijk} of masses, spins
and on-shell couplings for said excited states.11 In general, the spectrum of excited states
could be discrete, or continuous, or have accumulation points, etc. We will assume that there
is a gap M between the (massless) graviton and the first excited state.

The mass gap M defines a cutoff scale below which we may use an effective field theory
description where we have integrated out all of the massive states. The resulting low-energy

10As a non-trivial check, we note that the crossed axi-dilaton amplitude A(φφ̄φ̄φ) = t4M(s, u) also has a
positive partial wave expansion as long as (3.2) is satisfied, because (−s − u)4PJ

(
1 + 2u

s

)
admits a positive

expansion in Gegnbauer polynomials. This example allows us to highlight the fact that the spins J appearing
in (3.1) do not translate directly into the spins of the particles exchanged in the physical amplitudes. A scalar
pole ∼ λ2 1

m2−s
in M(s, u) describes the exchange of a scalar in A(φφφ̄φ̄), but a collection of spins (in the

same massive supermultiplet) ranging from 0 through 4 in A(φφ̄φ̄φ).
11Given the improved Regge behavior (3.5) of supergraviton amplitudes, one can easily show that three-point

couplings are enough to specify the theory using un-subtracted dispersion relations for the four-point amplitude.
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action is given by supergravity plus higher-derivative corrections parametrized by (unknown)
Wilson coefficients gi. At the level of the amplitude, the existence of a gap implies that
the only singularity in M(s, u) around the origin is the graviton pole, and we can therefore
use a (crossing-symmetric) polynomial expansion

Mlow(s, u) =
8πG
stu

+ g0 + g2(s2 + t2 + u2) + g3 stu+ . . . , (3.7)

with radius of convergence dictated by M2. Each of these additional terms can be mapped to a
higher-derivative correction to the supergravity action. For example, the g0 term corresponds
to an ∼ R4 correction [49].12 The infinite set of Wilson coefficients {gi} provides an alternative
parametrization for the putative UV tree-level completions of supergravity — all gi could be
computed explicitly if the on-shell data {m2

i , Ji, λijk} of the underlying theory were known.
In this work, we will proceed to carve out allowed regions in the space of tree-level

completions of supergravity by demanding compatibility with the basic requirements that we
have reviewed. We will do so both in the space of Wilson coefficients {gi} and of on-shell
data {m2

i , Ji, λijk} (and combinations thereof). In order to access the latter, we will need
to refine our low-energy description. Namely, following [32, 50], we will raise the cutoff M2

and integrate back in the states with m2
i < M2. Notice that this involves making further

assumptions about the spectrum of low-lying states beyond the existence of a gap. We will
come back to these assumptions in section 4.2, but for now let us illustrate this in the simplest
scenario where the lowest-lying state is a single exchange of mass mϕ and “spin” Jϕ. In this
case, we would use a refined effective amplitude containing an explicit pole,

Mϕ-pole
low (s, u) = 8πG

stu
+ λ2

ϕ

PJϕ

(
1 + 2u

m2
ϕ

)
m2

ϕ − s
+

PJϕ

(
1 + 2s

m2
ϕ

)
m2

ϕ − t
+

PJϕ

(
1 + 2t

m2
ϕ

)
m2

ϕ − u

+ analytic ,

(3.8)

which is a valid description up to the mass of the heavier exchanged states. This gives us
explicit control over the on-shell coupling λ2

ϕ as well as the mass and “spin” of the excited
state. As a reminder, the “spin” Jϕ in (3.8) describes full massive supermultiplets. Jϕ = 0, for
instance, corresponds to the smallest such multiplet, with SO(9) little group representations

(44 + 84 + 128)⊗ (44 + 84 + 128) . (3.9)

3.3 The example: Type II string theory

The only known fully-consistent extensions of the non-chiral and chiral maxinal supergravities
are respectively the Type IIA and IIB superstring theories. At tree level, the basic amplitude
M(s, u) for both IIA and IIB is given by the Virasoro-Shapiro amplitude [45, 51, 52]

MST(s, u) = − Γ(−α′s)Γ(−α′t)Γ(−α′u)
Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u) . (3.10)

12Lower powers of the Riemann tensor are forbidden by supersymmetry. Indeed, the only other term of
lower mass dimension that is compatible with the symmetries of M(s, u) is 1/s + 1/t + 1/u, but this would
correspond to massless states of higher spin [20].
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This amplitude, of course, satisfies all of our assumptions. It is meromorphic with only
physical real singularities, fully crossing symmetric, and it grows as MST(s, u) ∼ s−2+2α′u in
the Regge limit, making it compatible with (3.5). Unitarity in the sense of (3.2) is difficult
to prove for all residues (although see [44] for recent progress in this direction), but it can be
shown indirectly using the no-ghost theorem of worldsheet string theory [53, 54].

By expanding (3.10) at low energies s, u ∼ 0 and comparing to (3.7) we can extract the
α′ corrections of string theory to the supergravity amplitude,

ST: 8πG = 1
α′3 , g0 = 2ζ(3) ≈ 2.40411 . . . , g2 = α′2ζ(5) ≈ α′21.03693 . . . . (3.11)

Since the first massive pole in (3.10) sits at mass m2
ϕ = 1/α′, this is a valid expansion below

a cutoff M2 as long as M2 ≤ 1/α′. For energies beyond this, we need to refine our EFT
to include the pole explicitly. The first massive string mode is in the supermultiplet (3.9),
so we can use the expansion (3.8) with Jϕ = 0, which is then valid up to a higher cutoff
1/α′ ≤ M2 ≤ 2/α′. By computing the residue we can extract the on-shell data

ST: m2
ϕ = 1/α′ , Jϕ = 0 , λ2

ϕ = 1/α′ . (3.12)

We will later compare these values compare to our bounds.

3.4 Positivity bounds from dispersion relations

Having discussed the general form of supergraviton amplitudes, their low-energy limit, and
the known UV completion from string theory, we now turn to set up our bootstrap problem.
The main question being: is string theory the only possible (tree-level) UV completion of
supergravity? To address this question, we follow the blueprint of [16] for deriving optimal
bounds for low-energy EFT couplings, subsequently upgraded in [17] to handle massless
poles. Since this has become a standard procedure, we will be brief in our review, referring
the reader to the original references for an introduction, and deferring the details of the
numerical implementation to appendix A.

We start by writing down dispersion relations (with u < 0),

1
2πi

∮
∞

ds

s

M(s, u)
[s(s+ u)]k/2 = 0 , k = −2, 0, 2, 4, . . . , (3.13)

which vanish by the Regge behavior (3.5). By analyticity, we are then allowed to shrink
the contour towards the real axis, obtaining a nontrivial link between the IR and UV poles,
separated by the cutoff M2,

1
2πi

∮
s∼M2

ds

s

M(s, u)
[s(s+ u)]k/2 =

〈
2m2 + u

m2 + u

PJ(1 + 2u
m2 )

[m2(m2 + u)]k/2

〉
. (3.14)

Here, following [16], we have defined the high-energy average by

⟨(· · · )⟩ ≡ 1
π

∑
J even

n
(D)
J

∫ ∞

M2

dm2

m2 m
4−DρJ(m2) (· · · ) . (3.15)

Since the integral on the left hand side of (3.14) involves only low energies, we can now plug in
it the EFT expansion (3.7) to express the various EFT data in terms of high-energy averages.
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Explicitly, the first few dispersion relations read

k = −2 − 8πG
u

=
〈
m2(2m2 + u)PJ(1 +

2u
m2 )

〉
, (3.16a)

k = 0 g0 + 2g2u
2 + 4g4u

4 + · · · =
〈
2m2 + u

m2 + u
PJ(1 +

2u
m2 )

〉
, (3.16b)

k = 2 2g2 − g3u+ 8g4u
2 + · · · =

〈
2m2 + u

m2 + u

PJ(1 + 2u
m2 )

m2(m2 + u)

〉
, (3.16c)

· · · .

For the dispersion relations with k ≥ 0, we can follow the usual prescription [16] of expanding
around the forward limit u ∼ 0 and matching coefficients. In this way we can extract an
infinite set of sum rules expressing each low-energy coupling gi as a high-energy average.
The ones of most interest to us will be

g0 = ⟨2⟩ , g2 =
〈 1
m4

〉
. (3.17)

The case of k = −2 is special. Due to the massless pole of the graviton supermultiplet,
this dispersion relation cannot be expanded in the forward limit.13 A way around this issue
was introduced in [17]. The idea is to smear the pole by integrating the dispersion relation in
u = −p2 over its region of validity p ∈ (0,M). More concretely, we can obtain a set of sum
rules for the gravitational coupling G by integrating (3.16a) against a set of wavepackets fk(p),

8πG
∫ M

0
dp
fk(p)
p2 =

〈∫ M

0
dp fk(p)m2(2m2 − p2)PJ

(
1− 2p2

m2

)〉
. (3.18)

There is some leeway in the choice of these wavepackets. For spacetime dimension D = 10, a
particularly nice set is given by fk(p) = {p3/2, p5/2, p7/2, . . . } [17]. This set offers a technical
advantage in that it simplifies the asymptotics of the right hand side of (3.18).

As usual, crossing symmetry is encoded in terms of null constraints, first introduced
in [15, 16]. These come from sum rules for low-energy quantities that are set to zero by
crossing symmetry. The lowest such constraint comes from the O(u1) term in (3.16b), the
next one comes from subtracting the two sum rules for g2 from (3.16b) and (3.16c), etc. All
null constraints can be systematically computed from the double contour integral [55]∮

0

du

2πi

∮
∞

ds

2πi
1
su

(
F (s, u)
sn−ℓuℓ

− F (u, s)
un−ℓsℓ

)
= 0 ,

for n− ℓ ≥ 0 ,
and ℓ ≥ 0 ,

(3.19)

for F (s, u) =M(s, u). The antisymmetry of the kernel kills all low-energy contributions and,
upon deforming the contour, we directly reach nontrivial constraints for the high-energy
data in the form ⟨Xn,ℓ⟩ = 0, where

Xn,ℓ = Res
u=0

[1
u

(( 1
m2(n−ℓ+1)uℓ

− 1
un−ℓm2ℓ+2

)
− (m2 → −m2 − u)

)
m2PJ

(
1 + 2u

m2

)]
.

(3.20)

The set of independent null constraints is given by n = 1, 2, . . . , ℓ = 0, 1, . . . ,
[

n−1
3

]
.

13The fact that the massless pole is disentangled from the contact terms is a consequence of the improved
Regge behavior granted by supersymmetry. In the non-supersymmetric case, one needs to “improve” the
dispersion relations by hand, making use of other forward-limit sum rules [17].
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Equipped with sum rules and null constraints, we can arrange the problem of deriving
bounds for ratios of on-shell and EFT couplings into a semidefinite program [16, 17], which
can then be solved e.g. with SDPB [56]. As an example, to derive a bound on g0M6

8πG , we
define the vector

v⃗HE ≡
(
−G1(m2, J), . . . ,−Gkmax(m2, J),−2M6,X1,0(m2, J), · · · ,Xnmax,[nmax−1

3 ](m
2, J)

)
,

(3.21)

where Gk(m2, J) is the argument on the right hand side of (3.18) after smearing against
the wavepacket fk(p) = pk+1/2. We truncate the set of wavepackets at order kmax and the
number of null constraints at order nmax. Bounds can only strengthen when increasing either
of these cutoffs. Under the high-energy average, this vector satisfies the bootstrap equation

8πGv⃗obj + g0M
6v⃗norm +

〈
v⃗HE(m2, J)

〉
= 0 , (3.22)

where we have defined the vectors

v⃗obj ≡
(
2M1/2, . . . ,

Mkmax−1/2

kmax − 1/2 , 0, 0, . . . , 0
)
, (3.23)

v⃗norm ≡ (0, . . . , 0, 1, 0, . . . , 0) .

The bound is then simply obtained by looking for a vector α⃗ such that α⃗ · v⃗norm = 1,
α⃗ · v⃗HE(m2, J) ≥ 0 for all even J,m ≥M , and which maximizes α⃗ · v⃗obj. We explain in more
detail our truncations in m and J for the positivity condition in appendix A.

Solving this semidefinite problem with SDPB [56] for kmax = 31 and nmax = 31 yields
the optimal bound

g̃0 ≡ g0M
6

8πG ≤ 2.969 . (3.24)

This is a minor improvement on the bound found in [17], where both sum rules and null
constraints were implemented through smearing. Mixing the smeared graviton pole with
the forward limit higher subtracted EFT sum rules and null constraints is computationally
easier and allows us to quickly reach higher nmax.

4 Results for supergravitons

4.1 EFT bounds

Having found an upper bound on g̃0 one can ask what the space of allowed amplitudes looks
like when considering multiple Wilson coefficients in combination. We can add the next
coefficient, g2, into the mix by modifying the bootstrap equation:

8πGv⃗obj + g2M
10v⃗norm +

〈
v⃗HE(m2, J)

〉
= 0 , (4.1)

where now

v⃗HE ≡
(
−G1(m2, J), . . . ,−2M6,−M10/m4,X1,0(m2, J), · · ·

)
,

v⃗obj ≡
(
2M1/2, . . . , g̃0, 0, 0, . . .

)
, (4.2)

v⃗norm ≡ (0, . . . , 0, 1, 0, . . .) .
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Figure 2. Exclusion plot in the space of the first two EFT coefficients, g0 and g2, normalized by G
and the cutoff M . The (blue) shaded region is the allowed space for amplitudes. It was generated
numerically using kmax = nmax = 29 (i.e. a total of 14 wavepackets and 155 null constraints). The red
dot corresponds to the Virasoro-Shapiro amplitude (3.10) with M2α′ = 1. Varying M2α′ from 0 to 1
rules in the orange region.

For fixed g̃0 one now can get an upper and lower bound on g̃2 ≡ g2M10

8πG (normalizing by
α⃗ · v⃗norm = 1 and −1 respectively). Scanning over the allowed range of g̃0 then generates
an exclusion plot, see figure 2.

We find some interesting features: up to g̃0 ≈ 2.6 the upper bound on g̃2 lies exactly on
the line g̃2 = 1

2 g̃0. This is the bound that we could have derived if we had just disregarded
all null constraints. Since m2

M2 ≥ 1 we must have
〈

M4

m4

〉
≤ 1

2⟨2⟩ which comparing to (3.17)
gives g̃2 ≤ 1

2 g̃0. In order to saturate this bound, the extremal amplitude must have a tower
of states at the cutoff and no states at any finite mass above. This would be achieved by
the following amplitude:

Mtower(s, u) =
8πG
stu

+ χ

(M2 − s)(M2 − t)(M2 − u) , (4.3)

which yields g̃0 = 2g̃2 = χ/8πG. This amplitude is in principle not quite allowed because it
grows exactly like Mtower(s, u) ∼ s−2 in the Regge limit, and we imposed a Regge behavior
strictly better than this (cf. (3.5)). But since its growth is only borderline disallowed, we
expect that it can be cured by adding states at a parametrically high mass, in analogy to the
spin-one amplitudes discussed in [50].14 Above g̃0 ≈ 2.6 the upper bound on g̃2 flattens and
connects to an extremal point that maximizes both g̃0 and g̃2. An interpretation of this, as
well as of the lower curved bound will only become clear in subsequent sections.

14These modifications leave the low-energy coefficients unchanged, but the allowed range for χ depends on the
precise completion. It would be interesting to find a completion that saturates the upper bound χ/8πG ≲ 2.6.
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Let us look at where the string theory amplitudes (3.10) fall compared to our bounds. Note
that rather than a point in theory space, they comprise a continuous family parametrized
by α′. These amplitudes are compatible with our assumptions as long as the first pole,
s = 1/α′, is above the cutoff M2; so M2α′ ∈ (0, 1]. In g̃0-g̃2 space, varying M2α′ in this
range traces the curve

g̃0 = 2ζ(3)(M2α′)3 , g̃2 = ζ(5)(M2α′)5 . (4.4)

In fact, by considering (positive) linear combinations of Virasoro-Shapiro amplitudes with
varying α′ (in the allowed range), we can cover the entire convex hull of this curve — the
orange region in figure 2. The red dot in figure 2 marks the extremal point M2α′ = 1, where
the first resonance has mass equal to the cutoff. The other end of the curve, M2α′ → 0, tends
to pure supergravity (3.6) where all Wilson coefficients are set to zero (compared to 8πG).

Pure supergravity is inconsistent with the strict Regge behavior assumption (3.5), albeit
only marginally so. Nevertheless, it is always a limiting point of our exclusion plots, for the
following somewhat trivial reason. Given any consistent amplitude (in particular, with Regge
behavior strictly better than minus two), let us denote by mphys the mass of the first massive
exchanged state. While the natural value of the EFT cut-off is M = mphys, we can artificially
choose M ≪ mphys; this pushes to zero all dimensionless EFT coefficients, formally giving the
pure sugra answer in the limit M/mphys → 0. The lower end of the orange curve in figure 2
realizes this from the string theory solution, but the same point can be reached from any
other consistent amplitude. We are interested in tree-level S-matrices where the additional
states come in at a finite mass mphys ≡M , i.e. the bounds away from the origin in figure 2.

4.2 Adding a massive resonance

As we just saw, there are amplitudes with infinitely many states of the same mass and arbitrary
high spin that saturate some of the bounds on the EFT coefficients. Such amplitudes cannot
be physical, as they violate locality, and we would like to exclude them. We do so by
making the following restriction on the spectrum: the first massive level should comprise
a finite set of spins.15

We start by allowing only for a single state of “effective spin” Jϕ (as viewed from the
basic amplitude M(s, u)), and will upgrade to a (small) finite number of them momentarily.
This is done by considering the refined low-energy amplitude (3.8) with an explicit pole at
mass mϕ. This is a valid description up to a higher cutoff M > mϕ, after which we are
again agnostic about the spectrum. Note that with this assumption, we will be restricting
to (tree-level) UV completions of supergravity where the first excited state is isolated. This
is a very mild and eminently reasonable assumption, but it excludes more exotic scenarios
with an accumulation point or a cut beginning at mϕ.

In practice, the easiest way to implement this addition to the problem, as was first done
in [50], is by modifying the high energy side of the sum rules. The spectral function in (3.15)
can be taken to explicitly include the first massive resonance by the following shift:

n
(D)
J ρJ(m2) → λ2

ϕ δJ,Jϕ
πδ(m2 −m2

ϕ)mD−2
ϕ + n

(D)
J ρ̃J(m2), (4.5)

15At the level of a single 2 → 2 amplitude, we are unable to distinguish degenerate states with the same
mass and the same spin, which would contribute in exactly the same way to the partial wave expansion.
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where ρ̃J (m2) now only has support on m2 ≥M2 ≥ m2
ϕ. Here λϕ corresponds to the on-shell

three-point coupling between two states in the graviton supermultiplet and the massive “spin
Jϕ” state being exchanged. Plugging the above into the definition of the heavy average (3.15)
shifts all high-energy averages by〈

F (m2, J)
〉
−→ λ2

ϕF (m2
ϕ, Jϕ) +

〈
F (m2, J)

〉
. (4.6)

We can now repeat the algorithm from the previous section and derive new bounds for the
Wilson coefficients, to which we will return in section 4.4.

However, with this setup we gain access to an arguably more interesting observable; the
on-shell coupling λ2

ϕ. To bound it, we consider yet a new bootstrap equation,

8πGv⃗obj + λ2
ϕv⃗norm +

〈
v⃗HE(m2, J)

〉
= 0 , (4.7)

where16

v⃗HE ≡
(
−G1(m2, J), . . . ,X1,0(m2, J), · · ·

)
,

v⃗obj ≡
(
2m1/2

ϕ , . . . , 0, . . .
)
, (4.8)

v⃗norm ≡ v⃗HE(m2
ϕ, Jϕ) .

We take mϕ to set the scale of our problem and view the ratio M2/m2
ϕ ∈ [1,∞) as a

parameter that we can dial to specify the gap after the resonance ϕ. For this reason, from
this point onwards, we normalize couplings by mϕ rather than the cutoff M . With this
bootstrap equation, we can immediately proceed to place bounds on the ratio of on-shell
couplings λ̃2

ϕ ≡ m4
ϕ

8πGλ
2
ϕ.

In figure 3 we compare the upper bound on this coupling as a function of M2/m2
ϕ for

the cases where the isolated exchange has effective spin Jϕ = 0, 2 and 4 (blue, orange, and
green lines respectively).17 We are normalizing each bound by its maximal value (which
happens at M2/m2

ϕ = 1) to make the comparison cleaner. One can immediately see that the
bounds on higher spin resonances fall off very quickly with M2/m2

ϕ (and a sharper decline
is expected as one increases nmax and kmax). The bound for Jϕ = 0, in contrast, remains
constant for a wide range of the gap M2/m2

ϕ before decaying. This strongly suggests that, if
the first excited state is isolated, this state must have Jϕ = 0, i.e. it must be in the smallest
massive supermultiplet (3.9).

What if instead of a single state we allow for multiple? We can implement this by taking
ρ̃J(m2) to have additional isolated support on the desired spins at m = mϕ (in other words,
requiring α⃗ · v⃗HE ≥ 0 below the cutoff at these points too). In figure 3 the red line shows the
upper bound on a spin 0 state this time also allowing for spins 2 and 4 at the same mass.
We see that allowing for these additional states does not change the bound significantly; the
plateau remains untouched, and only the tail becomes wider (but this part is still expected

16Note that we should still smear the graviton pole only up to the first resonance, so the integrals in (3.18)
range in p ∈ (0, mϕ) in the current conventions.

17We would like to stress at this point that increasing the cutoff leads to some numerical subtleties. These
are discussed in appendix A.
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Figure 3. Upper bound on the coupling λ̃2
ϕ of a single first massive exchanged state of spin 0, 2,

or 4 (blue, orange, green) as well as the upper bound on the coupling of a spin 0 exchange allowing
for additional spin 2 and 4 exchanges. They are all plotted as a function of the cutoff M2/m2

ϕ,
describing the mass after which new states may kick in. To aid the comparison, the couplings have
been normalized by their respective upper bound at M = mϕ. We see that only the Jϕ = 0 state
survives when a gap is imposed and that adding more spins to it does not change the bound by
much. This plot was generated with kmax = nmax = 15 for Jϕ = 2, 4 and kmax = nmax = 13 for both
Jϕ = 0 bounds.

to become steeper when increasing nmax and kmax). If one looks at the coupling of the spin
2 and 4 states in this setup (not pictured), they fall off quickly again, only slightly slower
than when these states were forced to be alone. We expect the same pattern to extend to
any finite number of higher spin states, so this sharpens our previous conclusion: if the
first massive level is isolated and it involves a finite number of degenerate spins, it will only
contain a single Jϕ = 0 supermultiplet.

This is of course the case for string theory, where the first massive level corresponds to
smallest massive supermultiplet (3.9), which has Jeff = 0. That the first massive state should
have Jeff = 0 is in fact expected on much more general grounds, as a consequence of Regge
theory. The Regge behavior (3.5) allows us to use the Froissart-Gribov projection to derive an
analytic continuation in spin18 of the partial wave coefficients which extends all the way down
to the supergraviton (which has Jeff = −2). This forces the graviton to “reggeize”. Barring
some accidental fine tuning, the first massive state should lie on the graviton trajectory and
have Jeff = 0. However, it is certainly reassuring to get this fact as an output of the numerics!

4.3 The scalar exchange

We have just seen that if the first excited state is isolated, it must be an effective scalar
(meaning J = 0 in the superamplitude (3.1)). Let us look closer at this exchange. We

18Analytic continuations in spin are the bread-and-butter of Regge theory, see e.g. the textbook [57] for an
introduction.
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Figure 4. Upper bound on the coupling of the first scalar, normalized by its mass and G, as a
function of the cutoff for various numbers of null constraints and wavepackets. As nmax and kmax
are increased, the bound quickly converges. The highest number of null constraints and wavepackets
used (blue curve) is kmax = 17 and nmax = 15 (i.e. a total of 8 wavepackets and 45 null constraints).
From unitarity, the lower bound for all cutoffs is λ̃2

ϕ ≥ 0. The allowed space of amplitudes is therefore
between the upper bound curve and the horizontal axis (area shaded in blue). The Virasoro-Shapiro
amplitude (3.10) with M2α′ = 2 is marked by the red dot; the red line is spanned by choosing an
“unnatural” cutoff in 1/α′ ≤M2 < 2/α′.

begin by looking at the absolute bounds on its squared on-shell coupling λ̃2
ϕ ≡ m4

ϕ

8πGλ
2
ϕ, which

occur at M2 = m2
ϕ. We find

0 ≤ λ̃2
ϕ ≤ 1.272 (nmax = 23, kmax = 23), (4.9)

the lower bound simply being the one imposed by unitarity. We can now start to push the
cutoff higher. Since the position of the cutoff indicates the earliest point a new state can appear
(i.e. no states are allowed to appear with mass mϕ ≤ m < M), the upper bound must decrease
monotonically as the cutoff is increased. The upper bound on λ̃2

ϕ as a function of M2/m2
ϕ is

plotted in figure 4, which is the un-normalized version of the Jϕ = 0 curve in figure 3. The
different colors indicate the convergence in the number of wavepackets and null constraints.

Interestingly, as we increase the cutoff M2 from 1 to 2 (in units of the scalar mass) the
upper bound stays fixed. Once the cutoff passes 2, the bound quickly drops down to zero.
The amplitude that maximizes λ̃2

ϕ must therefore have one or more states at m2 ∼= 2m2
ϕ. As

was discussed in section 3.3, this too is the case for string theory. Its first excited state (at
mass m2

ϕ = 1/α′) is a scalar. Next, at mass 2/α′ it has two states with (effective) spins 0
and 2. The coupling of the first scalar resonance in the Virasoro-Shapiro amplitude, though,
gives λ̃2

ϕ = 1, which is below the upper bound on λ̃2
ϕ (see red dot in figure 4). Note that since
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Figure 5. Exclusion plot in the space of the first EFT coefficient, g0, and the on-shell coupling of the
first massive exchanged scalar, λϕ, normalized by G and the mass of the scalar mϕ. The cutoff is set to
M2 = 2m2

ϕ. The allowed space of amplitudes is within the (blue) shaded area. The Virasoro-Shapiro
amplitude (3.10) is marked by the red dot; it lies within the bounds, relatively close to the boundary.
This plot was generated with kmax = 17 and nmax = 15 and seems to have converged.

we can trivially move the cutoff between 1/α′ ≤ M2 ≤ 2/α′, the string theory amplitude
actually traces the whole red line in figure 4.

4.4 Combining on-shell and EFT bounds

We would now like to understand how the restriction to an isolated scalar exchange as the
first massive resonance interacts with the bounds on the EFT coefficients. In particular, we
are interested in understanding the amplitude that maximizes the scalar coupling λ̃2

ϕ. From
the discussion above we know that this extremal amplitude does not have states after the
first scalar until mass 2m2

ϕ. We therefore set the cutoff to exactly this point, i.e. M2 = 2m2
ϕ,

and proceed to derive bounds on Wilson coefficients.
We look at this system from two angles:

• Figure 5: by fixing the scalar coupling, λ̃2
ϕ, one can find an upper and lower bound on

g̃0. Then varying λ̃2
ϕ across its allowed range (4.9) generates an exclusion plot coupling

the bounds on the first Wilson coefficient to those on the on-shell coupling.

• Figure 6: setting a minimum value for the scalar coupling (we chose λ̃2
ϕ ≥ 0.001) enforces

the existence of the scalar. With this spectral assumption one can then regenerate the
exclusion plot in g̃0 = g0m

6
ϕ/(8πG) and g̃2 = g2m

10
ϕ /(8πG) from section 4.1 (with the

original plot for reference in light grey).

What do we learn from these plots? Figure 5 is a convex hull spanned by only three
points. The amplitude that we found maximizing λ̃2

ϕ is one of them, and we see that it is also
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Figure 6. Exclusion plot in the space of the first two EFT coefficients, g0 and g2, with the following
spectral assumption: there exists a scalar (and no other states) at mass m2

ϕ with on-shell coupling
λ̃2

ϕ ≥ 0.001.a The cutoff is set to M2 = 2m2
ϕ. The allowed space of amplitudes is within the (blue)

shaded area. The light grey shape shows the original exclusion plot from figure 2 without any spectral
assumption (i.e. M2 = m2

ϕ and λ̃2
ϕ ≥ 0). The Virasoro-Shapiro amplitude (3.10) is marked by the

red dot; it lies within the bounds, relatively close to the boundary. This plot was generated with
kmax = nmax = 15 and seems to have converged.

aThe value 0.001 was chosen large enough such as to impose the existence of a scalar and avoid just
generating a rescaled version of figure 2 while small enough to not further restrict the space of the amplitudes.
Since string theory has λ̃2

ϕ = 1 it lies well above the imposed lower bound and hence will not be ruled out by
this restriction.

the one that maximizes g̃0; saturating its most general upper bound from (3.24). The second
point is an amplitude with g̃0 = λ̃2

ϕ = 0 and the third has vanishing scalar coupling but a
non-zero g̃0 ≈ 0.53. We note that, contrary to what one might expect, this last amplitude is
not a simple rescaling of the first one by taking m2

ϕ → 2m2
ϕ.19

These three points appear again in figure 6. The λ̃2
ϕ-maximizing amplitude sits at the

top right extreme of the g̃0-g̃2 exclusion plot. If we look at the original exclusion plot without
spectral assumption (light grey) we can now understand the plateau better. It is generated
by the linear combination of the tower of states amplitude (4.3) and this new amplitude.
The tower of states amplitude in the new exclusion plot (blue) by construction has been
ruled out through the spectral assumptions. Continuing to the other two points we find that
the amplitude with λ̃2

ϕ = g̃0 = 0 also has g̃2 = 0. The third amplitude (λ̃2
ϕ = 0 but g̃0 ̸= 0)

sits along the lower bound of the original g̃0-g̃2 plot. The lower bound between these two
points follows exactly that of the original (light grey) bound. In the following section we
will examine these three extremal points more closely.

19Such a rescaling of the first amplitude sits at λ̃2
ϕ = 0 and g̃0 ∼= 2.97/23 ≈ 0.37, which is well below

the bound.
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Figure 7. Collection of exclusion plots having imposed the first massive resonance (with mass mϕ)
to have (effective) spin Jϕ = 0. In (a) and (b) the cutoff M2 = 2m2

ϕ. In (c) we have inverted the
horizontal axis compared to figure 4 for visualization purposes. In all plots the red dot marks the
Virasoro-Shapiro amplitude (3.10). The blue (A), green (B), and orange (C) dots denote the position
of the three extremal amplitudes.

Finally we note that as in the previous plots, the closed string amplitude sits well
inside the bulk of the allowed region. In this case the Virasoro-Shapiro amplitude (3.10)
is given by a single point because we are using m2

ϕ = 1/α′ to set the scale, and the cutoff
has been fixed to M2 = 2/α′.

4.5 Analysis of the extremal points

Our goal in this section is to better understand the three extremal points we found in the
exclusion plots above. For reference, figure 7 shows the plots from the previous sections
side-by-side with the three points labelled and marked in different colors.

Point A

Let us start with the easiest one, which we already addressed in section 4.1: the amplitude
with λ̃2

ϕ = g̃0 = g̃2 = 0 (blue points labelled “A” in figure 7). This point limits to the pure
supergravity amplitude (3.6), where all EFT and on-shell couplings are set to zero. We saw
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Figure 8. Spectrum outputs from SDPB for the amplitude maximizing the scalar coupling with cutoff
at M2 = 2m2

ϕ (i.e. at Point B). The red dots mark the graviton (which has effective spin Jeff = −2)
and the enforced massive scalar. The grey dashed line indicates the (possibly spin-dependent) cutoff.
(For spins J > 60 the cutoff M2 = 2m2

ϕ is used.) Positivity is enforced for all m2 to the right of it.
The spectrum (a) was generated without any additional assumptions on the spectrum. States lying
above the linear Regge trajectory are spurious since excluding them does not change the bound on λ̃2

ϕ.
This leads to the spectrum (b), in which the majority of states form a single linear trajectory. The
few double states and outliers are most likely due to the restriction to a finite number of constraints
and wavepackets. Pushing the cutoff (grey dashed line) higher leads to a drop in the λ̃2

ϕ bound. Both
plots were generated with kmax = 17 and nmax = 15.

in section 4.1 that this point can be reached by taking the α′ → 0 limit of string theory,
where all excited states are pushed to infinity.

Point B

We now turn to the amplitude that extremizes the scalar coupling (green points labelled
“B” in figure 7). We can first look at the spectrum that SDPB outputs, see figure 8(a). This
spectrum describes a solution to the truncated bootstrap problem that, in principle, should
approximate the extremal amplitude saturating the bound. However, one should interpret this
solution with care, as it often appears to be the case that SDPB spectra for positivity bounds
are populated by spurious poles that are not part of the actual extremal solution [17, 32, 50].
Such states are often at or near the cutoff and, in general, increasing the number of null
constraints and/or wavepackets does not help to tell them apart, as this increases both the
number of physical and spurious states found by SDPB.

The first thing we notice from figure 8(a) is the beginning of a linear Regge trajectory
continuing the line from the graviton to the scalar at mϕ with the same slope. This matches
the graviton Regge trajectory that we would expect from string theory! There are, however,
many additional states to the left of this line, which is the opposite side compared to where
string theory has its states. We expect these states to be unphysical and can test this by
making further spectral assumptions. By not enforcing positivity of the sum rules within
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small areas of the parameter space (at low J and m2), we can prevent SDPB from finding
solutions with states in these areas. We can therefore incrementally exclude more and more
of the states above the Regge trajectory. If the bound on the scalar coupling does not change
after these modifications, then states that were excluded are deemed unphysical. If, on the
other hand, we exclude too much, the bound will drop.

Figure 8(b) shows the result of this analysis: the necessary states lie on (or below) the
linear Regge trajectory. Deviations from the exact line as well as the duplicates of states with
the same spin and close in mass are presumably again a result of the (necessary) truncations
for the numerical implementation of the bootstrap problem. In fact, we have explored more
stringent spectral assumptions excluding spin by spin — for the first low-lying ones — any
states beyond the linear trajectory.20 These remained consistent with our extremal solution.
From this, we conjecture that the “physical” amplitude that maximizes the scalar coupling
only has states that lie on a single (linear) Regge trajectory. That is, with no subleading
(or daughter) Regge trajectories, in stark contrast with string theory.

This result is analogous in many ways to the recent finding in [32] of an extremal solution
with a single (curved) Regge trajectory in the context of large N pion scattering. That
extremal solution was found there by extremizing the on-shell coupling of a spin-two state in
the rho meson Regge trajectory. The intuition being that a spin-two exchange has really bad
Regge behavior, and it necessitates a full Regge trajectory to UV complete it. The same is
true here. A “spin-zero” exchange (really, a minimal massive supermultiplet) grows as O(s0)
in the Regge limit, which is two steps worse compared to the assumed Regge behavior (3.5).
As a result, it needs a spin-two state to kick in at a finite mass to UV complete it, which in
turn needs a spin-four state, etc., furnishing a whole Regge trajectory.

What is surprising in these solutions is the apparent absence of daughter Regge trajectories.
Under general assumptions about crossing symmetry and unitarity (not unlike the ones
discussed here), and using standard techniques from Regge theory, it was proven in [33]
that meromorphic and reggeizing amplitudes cannot be made of any finite number of Regge
trajectories. This proof was for color-ordered amplitudes, but it is expected to generalize
to the current case. So the question is where are the daughters? A plausible scenario is
that these are limiting amplitudes from continuous families of healthy amplitudes with an
infinite number of Regge trajectories. If there is a consistent limit where all daughters are
parametrically sent to infinity, or where their couplings vanish, the bootstrap will not be
able to detect them and it will return only the limiting amplitude; much like how pure
supergravity appeared as a limit in figure 2. Alternatively, there may exist an amplitude
that honestly satisfies all of our assumptions; in that case, one of the assumptions [33] must
be violated, possibly the absence of Regge cuts.

Point C

Finally, we would like to perform a similar analysis for the remaining amplitude (orange points
labelled “C” in figure 7). Since its scalar coupling vanishes (i.e. λ̃2

ϕ → 0), one might expect
20As a technical comment, we would like to point out that when using smeared sum rules (as in the current

case) solutions are numerically much more unstable to spectral assumptions, compared to studies using only
forward-limit sum rules. For these particular spectral assumptions, for example, one must allow for small
boxes around the linear Regge trajectory, rather than single points on it.
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Figure 9. Exclusion plot in g̃0 and λ̃2
ϕ as in figure 5 but with the additional inclusion of the coupling

λ̃2
ϕ of a second scalar with mass 2m2

ϕ. This coupling is zero along the upper bound of the exclusion
plot and increases linearly in the direction perpendicular to this line. Its maximum is reached at the
lower extremal point. The red point marks the Virasoro-Shapiro amplitude (3.10). The coupling of its
scalar at mass 2/α′ matches that of the numerics. This plot was generated with kmax = nmax = 15.

it to be a simple rescaling of the amplitude at Point B. But, as was discussed previously,
we observe that it is not. Its appearance in figures 5 and 6 for a small (but non-zero) value
of λ̃2

ϕ makes manifest that this amplitude arises as yet another limit of a family of healthy
amplitudes where λ̃2

ϕ → 0 but other couplings remain finite.
We start indirectly by turning our eye to states at mass 2m2

ϕ. We can impose a second
scalar exchange with coupling λϕ2 and mass m2

ϕ2
= 2m2

ϕ and then regenerate the exclusion
plot in g̃0-λ̃2

ϕ from figure 5. We find that lines of constant λ̃2
ϕ2

= m4
ϕ

8πGλ
2
ϕ2

are parallel to
the upper line that connects the pure supergrity amplitude (Point A) and the single Regge
trajectory amplitude (Point B), see figure 9. Along this upper bound the coupling of the
second scalar is zero, as was expected since the amplitudes at either end have no scalar at
2m2

ϕ. The scalar coupling increases linearly in the perpendicular direction and is maximal
at our point in question (Point C):

0 ≤ λ̃2
ϕ2 ≤ 0.231 (nmax = 15, kmax = 17). (4.10)

We have also looked at the intermediate value for which it crosses the Virasoro-Shapiro point
(red dot in figure 9) and found exact agreement with the string theory result.

We can now proceed by looking at the SDPB spectrum at the point that maximizes the
coupling of the mass 2m2

ϕ scalar. We find that one can again make spectral assumptions that
exclude states in an upper triangle area, see figure 10. The extremal amplitude seems to
again only consist of a single Regge trajectory, this time shifted to cut the J = 0 axis at 2m2

ϕ.
Notice that this is quite different from the spectrum that we would get by rescaling figure 8(b)
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m2

mϕ
2

0
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J

λϕ
2

λϕ2
2

G

Figure 10. Spectrum output from SDPB when maximizing the second scalar coupling, λ̃2
ϕ2

, at mass
m2

ϕ2
= 2m2

ϕ (i.e. Point C). The red ring denotes the first scalar, enforced with very small coupling
λ̃2

ϕ = 0.001. The solid red dots denote the graviton and the second scalar. The grey dashed line
shows the spin-dependent cutoff. (For spins J > 30 the cutoff M2 = 2m2

ϕ is used.) Taking a higher
cutoff (for low spins) decreases the upper bound on λ̃2

ϕ2
. The majority of states form a single linear

trajectory with a few double states and outliers which are expected to be due from the restriction to
a finite number of constraints and wavepackets. From this we conjecture that the spectrum of this
amplitude (which maximizes the coupling of the second scalar) is that of a single Regge trajectory but
shifted. This plot was generated with kmax = 17 and nmax = 15.

by m2
ϕ → 2m2

ϕ so that the first resonance is at mass 2m2
ϕ. That procedure would reduce the

slope by half, whereas in figure 10 the trajectory is shifted but preserves the same slope.
We can now finally develop a qualitative understanding of the full geometry of the g̃0-g̃2

plot from section 4.1, i.e. figure 2. As a recap, the linear upper bound is saturated by (some
UV-completion of) the tower of states amplitude (4.3), until it flattens out and it (presumably)
becomes a linear combination of this amplitude with the curious extremal solution with a
single linear Reggge trajectory (Point B). The lower bound continuously connects the latter
to the pure supergravity amplitude (point A); going through Point C. We conjecture that
this bound is saturated by a continuous family of amplitudes that, alongside the graviton
pole, each has a single linear Regge trajectory (starting at a scalar exchange) such that one
can freely dial the intercept while keeping the slope unchanged. When the scalar is at the
cutoff M2, we would get the single Regge trajectory amplitude (recall figure 8(b)) that we
denoted by Point B in figure 7. Increasing the mass of the scalar exchange (and by this
lowering the intercept of the Regge trajectory) would bring us downwards along the lower
bound continuously. When the scalar mass hits 2M2, we would find the shifted single Regge
trajectory (Point C) that we explored in this section. Further increasing the mass would
push all states up higher and higher until they reach infinity (Point A). This picture would
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explain why only the part of the lower bound below Point C remained allowed in figure 6,
where the cutoff was doubled with respect to figure 2.

4.6 Analytical exploration

Needless to say, a definitive understanding of the significance of the bounds only becomes
available if one can find explicit analytical amplitudes that saturate them. Exploring how
much can be ruled in by explicit solutions to the bootstrap is therefore an insightful game
to play. We already saw in section 4.1 that linear combinations of string-theory amplitudes
MST(s, u) (defined in (3.10)) rule in a whole sliver which is well within our bounds. The
question is can we get past this sliver? Note that at this stage this does not yet require
fully consistent UV completions of supergravity but merely four-point amplitudes compatible
with all of our assumptions.

One natural playground consists of amplitudes with the same spectrum as MST(s, u) but
with different on-shell couplings (i.e. residues). This can be achieved by shifting MST(s, u)
by Virasoro-Shapiro-like terms with differing arguments, often dubbed “satellite terms” in
the literature. For example, in [13] they introduced the following deformed amplitude:

MST-ϵ(s, u) ≡ − Γ(−α′s)Γ(−α′t)Γ(−α′u)
Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u) − ϵ

Γ(1− α′s)Γ(1− α′t)Γ(1− α′u)
Γ(2 + α′s)Γ(2 + α′t)Γ(2 + α′u) .

(4.11)

For any ϵ, this amplitude remains meromorphic (with the same spectrum as MST), crossing
symmetric, and it enjoys strict spin-minus-two Regge behavior (3.5) (as both terms grow
as ∼ s−2+2α′u in the Regge limit). It was shown in [13] that this amplitude is furthermore
unitary in the range ϵ ∈ [0, 1], but one can check numerically up to very high level that the
residues remain positive in the extended range ϵ ∈ [−3/16, 1]. The new lower bound of this
range occurs when the on-shell coupling of the J = 0 state at mass m2 = 2/α′ vanishes.
This family of amplitudes for varying ϵ traces the green lines in figure 11. By further dialing
α′ we can cover a whole power-law sliver in the g̃0 − g̃2 plane which, for ϵ < 0, extends
beyond the area ruled in by string theory (i.e. the orange area in figure 11(a)). We have
also checked that the coupling of the scalar at mass 2/α′ decreases along the green line
in figure 11(b) in exact agreement with figure 9, reaching 0 when ϵ → −3/16; where the
green line meets the boundary.

More generally, one can consider shifts of the form

∑
cs,ct,cu

ds,dt,du

a(cs,ct,cu),(ds,dt,du)
Γ(cs − α′s)Γ(ct − α′t)Γ(cu − α′u)
Γ(ds + α′s)Γ(dt + α′t)Γ(du + α′u) , (ci, di ∈ Z+) (4.12)

where the coefficients a(cs,ct,cu),(ds,dt,du) are fully symmetric in each set of indices and we
restrict to terms with (cs + ct) − (ds + dt) ≤ −2 (and similar for other channels) so that
they do not spoil the Regge behavior. We could even consider integer rescalings of the
slope, α′ → α′/k (k ∈ Z+), so that the poles are separated by integer multiples of k/α′.
Like in the case above, all these deformations leave the spectrum unchanged but modify
the residues. Crossing symmetry and the Regge behavior are also built in (although one
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(a) g̃2 vs. g̃0.

MST-ϵ

M4 F3
ST
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g0 mϕ
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8 π G
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4
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(b) λ̃2
ϕ vs. g̃0.

Figure 11. Location of two analytical amplitudes in the exclusion plots of (a) figure 2 and (b)
figure 5. The green line is spanned by the MST-ϵ(s, u) amplitude from (4.11) for ϵ ∈ [−3/16, 1]. The
purple curve corresponds to M4F3(s, u) for x ∈ [0, 1]. Figure (a) shows these amplitudes for the cutoff
M2α′ = 1. We can further rule in a whole sliver for every point — similar to the (orange) one from
the Virasoro-Shapiro amplitude — by considering linear combinations of varying α′.

ought to be careful when considering infinite sums), so the constraining property is unitarity.
In [58], they set up a primal bootstrap approach to systematically rule in allowed values for
the coefficients ac,d in the case of MHV graviton scattering amplitudes in four dimensions.
It would be interesting to carry out that program in the current case of ten-dimensional
supergravity with maximal supersymmetry.

We have not pursued this direction systematically, but we did stumble upon a deformation
of the form (4.12) which seems to check all the boxes. Namely,

M4F3(s, u) ≡ −
∞∑

n=0

Γ(n− α′s)Γ(n− α′t)Γ(n− α′u)
Γ(1 + n+ α′s)Γ(1 + n+ α′t)Γ(1 + n+ α′u)

(x)n

n! (4.13)

= − Γ(−α′s)Γ(−α′t)Γ(−α′u)
Γ(1 + α′s)Γ(1 + α′t)Γ(1 + α′u)4F3

[
−α′s, −α′t, −α′u, x

1 + α′s, 1 + α′t, 1 + α′u
; 1
]
.

This amplitude was inspired by [4], where they introduced a similar-looking deformation
of the Veneziano amplitude. In the latter form of this amplitude, we see that all the poles
come from the Virasoro-Shapiro factor and the hypergeometric function simply replaces
the residues by different polynomials of the same degree. We have checked numerically
that the residues of poles up to very high level remain positive in the range x ∈ [0, 1].
This amplitude traces the purple curves in figure 11 as we tune x in this range. While in
figure 11(a) the whole curve is contained in the sliver already ruled in by string theory, we
see that (through linear combinations with itself and/or with MST-ϵ(s, u)) it significantly
extends the ruled in area in figure 11(b).

This example highlights the freedom that might be encoded in deformations of the
Virasoro-Shapiro amplitude of the form (4.12). One could potentially rule in the whole allowed
region in the various exclusion plots by only considering such deformations. In particular, we
just discussed in section 4.5 how the numerics point towards a curious bootstrap solution
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with a single Regge trajectory. We note that the ansatz (4.12) has (more than) enough
free parameters to cancel the subleading Regge trajectories of MST(s, u) state by state. So,
in principle, one could conceive an infinite sum with coefficients engineered to leave only
the leading trajectory. The question is whether such a sum would converge (and not spoil
other properties along the way).21 This question remains open. But either way, we do not
necessarily expect these amplitudes to be fully consistent theories. Rather, they are more
likely to be artifacts of four-point supergravion scattering. Upgrading to constraints from
higher-point bootstrap, or the mixed scattering system with excited states in the external
legs should help us decide.

5 Setup for supergluon scattering

Let us change gears now and return to the scattering of N = (1, 0) super Yang-Mills (SYM)
multiplets. We saw in section 2.2 that — like in the case of supergraviton scattering with
maximal supersymmetry — all the four-point amplitudes of this multiplet are determined in
terms of a single auxiliary scalar amplitude M(s, u). This would cease to be the case if we
included the (1, 0) supergraviton, which is why we will restrict to pure gauge interactions in
this section, leaving the extension to gravity as an interesting future direction. More precisely,
we will work in the limit of weak gauge coupling, gYM → 0, where we have already turned off
the gravitational coupling G = 0. Note that this restriction excludes heterotic string theories,
in which the gauge and gravitational couplings are both proportional to the closed string
coupling g2

YM ∼ G ∼ g2
s . It is compatible, however, with the tree-level limit of Type I string

theory — a theory of unoriented open strings with G ∼ g2
s but g2

YM ∼ gs.
Compared to the above analysis for supergravitons, the setup here will be less canonical.

For reasons that will become apparent as we go along, in order to make progress we will need
to make more stringent assumptions which, as far as we can tell, can only be motivated in
a string theory context. We will therefore have in mind a theory of open strings, following
the standard kinematics, but with the spectrum and other dynamical data unfixed. The
question we will thus be addressing is whether Type I string theory is the only theory of
open strings which UV-completes super Yang-Mills theory at tree level.

In section 2.2 we omitted the color indices of the SYM multiplet, we will introduce them
now. Massless vectors describe gauge fields of some Lie group G. As such, they (and their
superpartners) are valued in the adjoint representation of G. Due to a famous anomaly, the
ten-dimensional SYM theory is only consistent for G = SO(32) or E8×E8 [60]. We will restrict
to the former, which is known to be realized by Type I string theory, although the dependence
of our results on the gauge group will be minimal. In this case, each gluon is associated to a
generator Ta of SO(32),22 introduced via Chan-Paton factors at the ends of the corresponding

21The way this infinite sum could escape the no-go theorem of [33] is by creating a Regge cut or some other
singularities in the complex J plane. It was demonstrated in [59] (in the context of large N pion scattering)
that a Regge cut is produced when considering a certain infinite sum of Lovelace-Shapiro-like amplitudes. One
expects similar singularities may be created by the infinite sum here.

22We take these generators in the fundamental representation, in a basis where they are purely imaginary
and antisymmetric, T ⊺

a = −Ta. We normalize them by Tr (TaTb) = 1
2 δab, and our conventions for the (real)

structure constants are fabc ≡ 2
i
Tr (Ta[Tb, Tc]). The d-symbols dabc ≡ 2Tr (Ta{Tb, Tc}) vanish by antisymmetry.
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open string. At tree level, only worldsheets with the topology of a disk (with a color trace
running along the boundary) contribute, so the four-gluon amplitude takes the form

Tabcd = Tr (TaTbTcTd)F4M(s, t) + Tr (TaTbTdTc)F4M(s, u) + Tr (TaTcTbTd)F4M(t, u) .
(5.1)

Here the factor F4 (defined in (2.20)) takes care of the polarizations of the gluons, and other
amplitudes in the supermultiplet can be obtained by acting with SUSY transformations
on it. It follows from Bose symmetry of T (and the full crossing symmetry of F) that
M(s, u) is only s ↔ u symmetric.

5.1 Analyticity, unitarity, Regge behavior

Once again, in the tree-level limit, M(s, u) is analytic throughout the complex plane except
for singularities due to the physical exchanges of states in the spectrum. There is a massless
pole corresponding to the self-interactions of the SYM multiplet, and a collection of massive
singularities — due to the excited states — whose precise configuration we do not know. We
will restrict to UV completions of SYM theory whose excited states are all valued in the adjoint
of G. This is automatic in open string theory, where excited states are also open-string states
with the same Chan-Paton factors as the gluon. We leave it as an interesting future direction
to explore more exotic UV completions with excited states in general representations of G.

To evaluate the consequences of unitarity, we first need to expand the full four-gluon
amplitude (5.1) in partial waves. This involves an expansion in little group representations
(or “spins”) as well as representations R of G that can be exchanged in a given channel.
The color expansion trivializes when assuming that all excited states are valued in R = adj
of G = SO(32). In this case, the only invariant three-point tensor is fabc, so we have that
physical exchanges can come only with color structures of the form f e

ab fcde, and its crossed
versions. Using the identity

f e
ab fcde = −2Tr ([Ta, Tb][Tc, Td]) , (5.2)

it is straightforward to see that each of the terms in (5.1) receives contributions from only two
channels. As a result, the color-ordered amplitude F4M(s, u) will be free from singularities
in the t channel.

Unitarity for the color-ordered amplitude F4M(s, u) in D dimensions was discussed
in [44]. It was shown there that the polarization prefactor admits an s-channel expansion
F4 = ⟨1, 2|O|3, 4⟩, in terms of a diagonal operator representing the exchange of states with
spin zero, spin two and a three-form. Schematically,

O =
( 9
D−1−1

) ∣∣ · 〉〈 · ∣∣+ ∣∣ 〉〈 ∣∣+ ∣∣ 〉〈 ∣∣ . (5.3)

More generally, in the intermediate states we can have these SO(D − 1) representations
tensored with a symmetric spin-J irrep,( 9

D−1−1
) ∣∣ · ⊗J〉〈 · ⊗J ∣∣+ ∣∣ ⊗ J

〉〈
⊗ J

∣∣+ ∣∣ ⊗ J
〉〈

⊗ J
∣∣ .
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Factoring out the polarization factor F4, one then finds that the partial wave expansion
for the full amplitude (5.1) reduces to the familiar scalar partial wave expansion for the
reduced amplitude M(s, u) [44]. Namely,

ImM(s, u) = s
4−D

2
∑

J

n
(D)
J ρJ(s)PJ

(
1 + 2u

s

)
, (5.4)

where spins can now be even and odd. Unitarity is now the usual statement that ρJ(s) ≥ 0
in the physical region.

As far as the Regge behavior of M(s, u) goes, we will assume that it is strictly better
than that of the gluon exchange. The reason is that, in string theory-like amplitudes, we
expect the gluon to reggeize. That is, we expect it to join the excited states in a leading
Regge trajectory which locally looks like α(u) ≈ α0 + α′u+O(s2), with α0 the spin of the
gluon. Based on general assumptions of unitarity and causality, Regge theory then predicts
that reggeizing amplitudes grow as sα(u) in the Regge limit [57]. Since the gluon has spin
one, its exchange grows roughly as T ∼ s. Removing the polarization factor F4 reduces it
by two powers of s, leaving the Regge behavior

lim
|s|→∞

sM(s, u) = 0 , u < 0 . (5.5)

It would be remarkable if one could show that this is the only possibility for any consistent
UV-completion of SYM, without relying on string theory arguments. This assumption will
be essential later to capture the gauge coupling gYM in dispersion relations and thus couple
it to the excited states.

5.2 Low energies: corrections to super Yang-Mills

From this point onwards, the discussion is very parallel to the one in section 3 for super-
gravitons. At low energies, the scattering of N = (1, 0) gluon supermultiplets is dictated
by super Yang-Mills theory. The corresponding amplitude reads

MSYM(s, u) = −g
2
YM
su

, (5.6)

with gYM the Yang-Mills coupling. The pole describes either the exchange of a gluon or of
a gaugino depending on which component of the superamplitude we are considering. This
amplitude fails to satisfy the Regge behavior (5.5), so the full theory will necessitate massive
states that UV-complete this exchange. Again, these can be parametrized by a collection
of on-shell data {m2

i , Ji, λijk}.
By integrating out all these excited states we obtain a low-energy effective amplitude

in terms of a set of unknown Wilson coefficients {gi}, valid up to a cutoff M2, below the
mass of the first excited state. In this case, the expansion reads

Mlow(s, u) = −g
2
YM
su

+ g0 + g1(s+ u) + g2(s2 + u2) + g′2su+ . . . , (5.7)

since the color-ordered amplitude is only s↔ u symmetric. Except for the gluon pole, this
expansion is analogous to the one discussed in [50] for the low-energy scattering of pions,
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with the difference of the g0 term, which is not prevented by the Adler zero here. Another
difference with that case is that the improved Regge behavior (5.5) will allow us to normalize
couplings by g2

YM rather than by the effective coupling g1.
Following closely our analysis for closed strings, we will soon refine our assumptions to

include the first massive state, which we will take to be in the smallest massive representation
of the supersymmetry algebra. This is the only possibility when the gluon reggeizes, as
the first massive state in its trajectory necessarily has effective spin Jeff = 0. For the
current case of N = (1, 0) supersymmetry, the minimal massive supermultiplet contains
the SO(9) representations

(44 + 84 + 128) . (5.8)

We recognize the spin two and the three-form from (5.3) with D = 10, as well as a
fermionic 128 “spin-3/2” state. In practice, integrating this massive state back into the EFT
simply amounts to including an explicit “scalar” massive pole in the basic amplitude M(s, u),

Mϕ-pole
low (s, u) = −g

2
YM
su

+ λ2
ϕ

(
1

m2
ϕ − s

+ 1
m2

ϕ − u

)
+ analytic . (5.9)

5.3 The example: Type I string theory

The only theory of open strings known to UV-complete SO(32) SYM theory in ten dimensions
is Type I superstring theory, a theory of open and closed strings. Open strings form a
consistent subsector at tree level. The auxiliary 2 → 2 amplitude takes the following
Veneziano-like form [45],

MST(s, u) = −
Γ
(
−α′

2 s
)
Γ
(
−α′

2 u
)

Γ
(
1 + α′

2 t
) . (5.10)

It satisfies all of the assumptions discussed above, and it is further meromorphic with evenly
distributed poles at masses m2 = 0, 2

α′ ,
4
α′ , . . . . By expanding around s, u ∼ 0 and comparing

to (5.7) we extract the following low-energy coefficients:

ST: g2
YM = 4

α′2 , g0 = ζ(2) = 1.64493 . . . , g1 = ζ(3)α
′

2 = α′0.601028 . . . ,

g2 = ζ(4)α
′2

4 = α′20.270581 . . . , g′2 = 1
4ζ(4)

α′2

4 = α′20.0676452 . . . . (5.11)

The cutoff for this expansion can be pushed only up to the first massive pole in (5.10), so
M2 ≤ 2/α′. At higher energies (namely 2/α′ ≤ M2 ≤ 4/α′), the Type I amplitude (5.10)
agrees with the refined EFT (5.9), as the first massive open string mode furnishes exactly
the supermultiplet (5.8). By computing the residue, we determine the on-shell data

ST: m2
ϕ = 2/α′ , Jϕ = 0 , λ2

ϕ = 2/α′ . (5.12)
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5.4 Positivity bounds from dispersion relations

Dispersion relations follow the general recipe discussed above in section 3 and references
therein. The only subtlety for open strings is that there are now two inequivalent sets of
dispersion relations; those at fixed u and those at fixed t. This was discussed in detail
in [50] in the context of pion scattering. After shrinking the contours in the usual manner,
we obtain (for u < 0),

1
2πi

∮
s∼M2

ds

s

Mlow(s,u)
sk

=
〈PJ

(
1+ 2u

m2

)
m2k

〉
, (5.13a)

1
2πi

∮
s∼M2

ds

s

Mlow(s,−s−u)
sk

=
〈(

1
m2k

+ (−1)km2

(m2+u)k+1

)
(−1)JPJ

(
1+ 2u

m2

)〉
. (5.13b)

Both of these sets are valid for k = −1, 0, 1, 2 . . . . Of all these dispersion relations, only (5.13a)
for k = −1 is special, since it captures the gluon pole,

−g
2
YM
u

=
〈
m2PJ

(
1 + 2u

m2

)〉
. (5.14)

We will follow [17] (like in section 3.4 for supergravitons) and smear the pole against some
wavepackets fk(p) = {p3/2, p5/2, p7/2, . . . } to access this sum rule. Namely,

g2
YM

∫ M

0
dp
fk(p)
p2 =

〈∫ M

0
dp fk(p)m2PJ

(
1− 2p2

m2

)〉
. (5.15)

The remaining dispersion relations in (5.13) are standard and can be expanded in the forward
limit u ∼ 0 to extract sum rules. The ones that will be most useful to us are

g0 = ⟨1⟩ , g1 =
〈 1
m2

〉
, g2 =

〈 1
m4

〉
, g′2 =

〈2
(
1− (−1)J

)
m4

〉
. (5.16)

There are in this case two infinite sets of null constraints, following from the two sets
in (5.13). As explained in [55], an efficient way to compute them is to consider the double
contour integral in (3.19) separately for F (s, u) =M(s, u) and F (s, u) =M(−s− u, u). We
obtain in this way the null constraints ⟨Xn,ℓ⟩ = 0 and ⟨Yn,ℓ⟩ = 0, where

Xn,ℓ = Res
u=0

[1
u

( 1
m2(n−ℓ)uℓ

− 1
un−ℓm2ℓ

)
PJ(1 +

2u
m2 )

]
. (5.17a)

Yn,ℓ = Res
u=0

[
1
u

(
(−1)J+1

un−ℓm2ℓ
− m2

(−m2 − u)n−ℓ+1uℓ
+ (−1)Jm2

un−ℓ(−m2 − u)ℓ+1

)
PJ(1 +

2u
m2 )

]
.

(5.17b)

An independent set is given by n = 1, 2, . . . , ℓ = 0, 1, . . . ,
[

n−1
2

]
for Xn,ℓ and n = 0, 1, . . . ,

ℓ = 0, 1, . . . ,
[

n
2
]

for Yn,ℓ. One can check that these formulas reproduce the null constraints
from [50].

Positivity bounds for (normalized ratios of) Wilson coefficients or on-shell couplings can
then be derived through bootstrap equations entirely analogous to the ones discussed in
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Figure 12. Exclusion plot in the space of the first two EFT coefficients, g0 and g1, normalized by
g2

YM and the cutoff M . The (blue) shaded region is the allowed space for amplitudes. It was generated
numerically using kmax = nmax = 15 (i.e. a total of 7 wavepackets and 136 null constraints). The red
dot corresponds to the Type I amplitude (5.10) with M2α′ = 2. Varying M2α′ from 0 to 2 rules in
the orange region.

preceding sections. For example, using kmax = 27 for the wavepackets and nmax = 27 for
the null constraints in the analog of (3.22) yields the optimal bound

g̃0 ≡ g0M
4

g2
YM

≤ 2.59 . (5.18)

6 Results for supergluons

6.1 EFT bounds

We can now continue with a similar analysis to that of section 4.1, for the current case of
supergluon scattering. We begin by carving out the allowed region in the space of the lowest
two Wilson coefficients, g̃0 ≡ M4

g2
YM
g0 and g̃1 ≡ M6

g2
YM
g1 defined in (5.7), see figure 12. Just as in

figure 2, we find a linear upper bound (given here by g̃1 ≤ g̃0) which is exactly equal to the
naive bound derived from disregarding all null constraints and just looking at the relevant sum
rules (5.16), i.e.

〈
M2/m2〉 ≤ ⟨1⟩. In contrast with figure 2, though, the curved lower bound

runs smoothly from the origin all the way to the linear upper bound, yielding no plateau.
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Figure 13. Exclusion plot in the space of two higher EFT coefficients, g2 and g′
2, normalized by g2

YM
and the cutoff M . The (blue) shaded region is the allowed space for amplitudes. It was generated
numerically using kmax = nmax = 15 (i.e. a total of 7 wavepackets and 136 null constraints). The red
dot corresponds to the Type I amplitude (5.10) with M2α′ = 2. Varying M2α′ from 0 to 2 rules in
the orange line.

Once again, the linear upper bound can only be saturated by an amplitude all of whose
(finite mass) states sit exactly at the cutoff. One such tower-of-states amplitude is given by [61]

Mtower(s, u) = −gYM2

su
+ χ

(M2 − s)(M2 − u) , (6.1)

but this one (marginally) violates the assumed Regge behavior (5.5). The numerics indicate
that there exists at least one family of healthy amplitudes (presumably with states at
parametrically large mass) which limits to this one for a finite range of χ. It would be
interesting to pin down one such family explicitly.

We can also look at higher Wilson coefficients. Figure 13 shows the exclusion plot in the
space of couplings g̃2 ≡ M8

g2
YM
g2, g̃′2 ≡ M8

g2
YM
g′2. The upper bound is also in this case given by a

straight line, g̃′2 ≤ g̃2. From (5.16) we learn that this bound is saturated when〈 1
m4

〉
J=even

= 3
〈 1
m4

〉
J=odd

, (6.2)

but this condition does not look constraining enough to nail down the corresponding extremal
amplitude. The lower bound again connects smoothly the origin with the upper right corner,

– 38 –



J
H
E
P
0
2
(
2
0
2
5
)
1
5
7

featuring no special points along the boundary. This is qualitatively different from what was
found in figure 5 of [61], which studied the same Wilson coefficients (albeit normalized by
g0 rather than g2

YM) in the context of N = 4 open-string scattering in four dimensions.23

In that case, the lower bound went through a sharp corner with g̃′2 = 0, conjectured to
correspond to an amplitude with a single scalar exchange,

Mscalar(s, u) = −g
2
YM
su

+ λ2
( 1
M2 − s

+ 1
M2 − u

)
. (6.3)

Since [61] assumed a spin-zero Regge behavior, this amplitude was only borderline disallowed
there, and such amplitudes can typically be ruled in by adding suitable infinitely-heavy
states [50]. Compared to our stronger Regge behavior assumption (5.5), however, this
amplitude grows too fast by a full power — it is therefore completely ruled out in figure 13.

In both exclusion plots the Type I amplitude (5.10) — including the convex hull shaped
by changing α′ — sits within the allowed region.24 Only for α′ → 0 does the ruled in region
reach the boundary, providing a simple UV completion of the pure SYM amplitude (5.6).
In the g̃2-g̃′2 plot, the M2α′ = 2 point sits quite close to the boundary (see the red dot in
figure 13), but taking the limit of infinite wavepackets and null constraints will unlikely close
the gap. What additional constraints do we need to corner string theory?25 We will proceed
by refining our assumptions about the low-lying spectrum.

6.2 Adding a scalar exchange

Let us apply the same restriction on the spectrum as we did for supergravitons: the first
massive resonance should consist of an isolated state of effective spin Jeff = 0 (i.e. it is
in the minimal massive supermultiplet (5.8)). This is done by considering the low-energy
amplitude (5.9) (which depends explicitly on the mass mϕ and the coupling λ2

ϕ of the scalar)
or, equivalently, by shifting the high-energy spectral density as in (4.5). Like in section 4.3,
we will take mϕ to set the scale of the problem, and tune the cutoff m2

ϕ ≤ M2 < ∞ after
which new states may kick in.

Fixing the cutoff at M2 = m2
ϕ we find the following bound on λ̃2

ϕ = m2
ϕ

g2
YM
λ2

ϕ:

0 ≤ λ̃2
ϕ ≤ 1.81 (nmax = 10, kmax = 13). (6.4)

Increasing the cutoff leads to a drop in the upper bound, as can be seen in figure 14. Instead
of the plateau that we found in the supergraviton case (recall figure 4), here the bound on λ̃2

ϕ

falls off continuously as the cutoff is increased. The string theory maximal cutoff M2 = 2m2
ϕ

is not singled out in any way, nor is any other point along the boundary, and we see that
the Type I amplitude (5.10) sits close to but below the boundary. It is unlikely that it will
reach the boundary in the limit of infinite wavepackets and null constraints.

23Our results can be compared at a qualitative level, despite the difference in dimensions, because positivity
bounds tend to vary slowly with D, without significantly changing any features, see e.g. [17].

24In the g̃2-g̃′
2 case (figure 13), the convex hull is just a line since the mass dimensions of the two couplings

are the same.
25It was demonstrated in [61–63] that the combination of positivity bounds with the so-called monodromy

relations is constraining enough to corner string theory to very high precision. We do not incorporate these
constraints here because we want to keep to a minimum the input from a worldsheet description.
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Figure 14. Upper bound on the coupling of the first scalar, normalized by its mass m2
ϕ and g2

YM, as
a function of the cutoff M2. The shaded region is the allowed space for amplitudes. One example, the
Veneziano amplitude with M2α′ = 4, is marked by the red dot; the red line is spanned by choosing
an “unnatural” cutoff in 2/α′ ≤ M2 < 4/α′. This plot was generated mostly with kmax = 13 and
nmax = 8 (i.e. a total of 6 wavepackets and 45 null constraints). For cutoffs M2 ≥ 2m2

ϕ the number of
null constraints was lowered to nmax = 6 (28 null constraints).

If we look at the SDPB spectrum for various cutoffs (and make further spectral assumptions
that do not change the bound but clean up the output spectrum), we find the family of
extremal amplitudes shown in figure 15. We see that the amplitudes that maximize the
scalar coupling λ̃2

ϕ all have a linear Regge trajectory passing through the enforced scalar
resonance at mass m2

ϕ and a spin-one state appearing at the cutoff M2. The cutoff thus
controls the slope of the Regge trajectory, which is given by m2

ϕ/(M2 −m2
ϕ). The scarcity

of states below the linear trajectories of figure 15 makes us conjecture that, just like those
from section 4.5, these extremal solutions too contain a single Regge trajectory (besides the
gluon pole). We interpret the numerical deviations from this spectrum as artifacts of the
various truncations that went into the numerics. The two additional scalars in figures 15(c)
and 15(d) are also spurious and can be removed by making additional assumptions on the
spectrum that do not change the scalar coupling bound.

The main distinction between this putative family of extremal solutions for supergluon
scattering and the one for supergravitons identified in section 4.5 is the effect of their free
parameter. In the case of supergravitons, the free parameter controls the intercept of the
trajectory, whereas in the supergluon case, it controls the slope. When the slope tends to
infinity, the trajectory becomes vertical and we recover a tower-of-states amplitudes like (6.1).
On the other end, when the slope tends to zero, states with J > 0 are pushed to infinity and
the coupling of the scalar vanishes, leaving the pure SYM gluon pole alone. Understanding
the precise mechanism by which all these single-trajectory-amplitudes are ruled in would
be important progress in our understanding of positivity bounds.
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Figure 15. Spectrum output from SDPB along the bound of figure 14. The red dots mark the gluon
(which has effective spin Jeff = −1) and the enforced massive scalar. Maximal spectral assumptions
that leave the bound fixed were imposed — the resulting spin-dependent cutoff is shown by the grey
dashed lines. Positivity is enforced for m2 to the right of it. For all cutoffs we find that the states lie
roughly along a line whose slope is dictated by the cutoff. Some double states as well as outliers are
found, but we expect these to be due to the restriction to a finite number of wavepackets and null
constraints. The plots (a) and (b) were generated with kmax = 13 and nmax = 8. Plots (c) and (d)
were generated with kmax = 13 and nmax = 6.

7 Outlook

We have investigated the tree-level completions of maximal 10D supergravity that satisfy
the minimal set of physical assumptions spelled out in the introduction. We have carved
out theory space by systematically imposing the constraints encoded in 2 → 2 supergraviton
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scattering. Our numerical bounds are rigorous, and they seem to have more or less converged
to the optimal ones expected in the limit of infinitely many null constraints. Type II string
theory lives safely within the allowed region in parameter space. Our most remarkable finding
is an intriguing extremal solution of the dual bootstrap problem, which appears to consist of
a single, linear Regge trajectory with the same slope as string theory.

There are some obvious questions. First, what is the status of our extremal solution?
The most conservative scenario is that an amplitude with a single linear Regge trajectory
is only an approximate solution to the bootstrap constraints, perhaps in the sense that
daughter trajectories can be systematically pushed to higher and higher energies but the
limiting amplitude violates one of our hypotheses (e.g. the Regge behavior). Indeed there is a
rigorous no-go theorem in this sense [33]. We should however be open minded. Perhaps a fully
consistent amplitude (at the level of 2 → 2 supergraviton scattering) does exist, but it is exotic
in some way, such as exhibiting Regge cuts, whose absence is one of the assumptions of [33].
Of course, we have only imposed the simplest set of constraints; full consistency requires
considering the set of all amplitudes with arbitrary external states. The default conjecture
remains that Type II string theory is the only fully consistent tree-level extension. Can we
corner string theory by imposing the constraints encoded in a finite set of 2 → 2 amplitudes?

The natural next step of our program is to consider the mixed system of 2 → 2 amplitudes
where the supergraviton and the first massive multiplet can appear as external legs [34].
Besides its obvious relevance for the current problem, this will also serve as a very useful
benchmark for the constraining power of positivity bounds more generally, as superymmetry
will vastly simplify the technical analysis compared to e.g. the case of multiple amplitudes
for the large N meson bootstrap [64].

We have also studied the space of tree-level UV completions of 10D super Yang-Mills
theory, focussing on those that share some basic features with open string theory. Again
string theory (Type I in this case) strictly satisfies our bounds. However here there seems
to be more flexibility. We find a whole one-parameter family of extremal solutions, which
appear to contain a single linear Regge trajectory of varying slope. Similar questions arise as
in the supergraviton case. In particular we expect the system of amplitudes where we allow
the lighest massive supermultiplet as an external state to vastly reduce the space of possible
solutions. It would also be interesting to generalize our setup to the mixed SYM/gravity
problem, with the goal of cornering the heterotic string, where the graviton and the gluon
are both in the closed string sector.
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parameter range implementation of constraint
0 ≤ J ≤ Jmax all J , polynomial in m2

Jmax < J ≤ Jhuge discrete in J and m2

0 < b = 2J/m < bmax discrete in b

b ≥ bmax 2× 2 matrix approximation, polynomial in b

J ≥ Jhuge
neglect smeared sum rules, discrete J , polynomial in m2

additionally for supergravitons: polynomial in J , discrete m2

Table 1. Summary of various approximations and discretizations used in numerics. The J ≥ Jhuge
regime is only needed when spectral assumptions (i.e. imposing the scalar at mass 1 and pushing the
cutoff above 1) are made.

for access to the high-performance SeaWulf computing system, which was made possible
by $ 1.85 M in grants from the National Science Foundation (awards 1531492 and 2215987)
and matching funds from the Empire State Development’s Division of Science, Technology
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A Details on numerics

In this appendix we discuss how the bootstrap equations are transformed into a numerical
problem for SDPB and list the different parameter regimes used in the numerics of this paper.

A.1 Setting up SDPB

In general we are trying to find a vector α⃗ that maximizes the objective α⃗ · v⃗obj while
keeping the constraints

α⃗ · v⃗norm = 1, α⃗ · v⃗HE(m2, J) ≥ 0. (A.1)

This should hold for all m ≥M and for supergravitons all even J , for supergluons even and odd
J . In practice we deal with these infinite parameter ranges by splitting the parameter space
into various regimes. Within each we choose appropriate discretizations and approximations.
We explain each regime in detail in appendix A.2.

SDPB imposes positivity on polynomial inputs for x ≥ 0. We have the freedom to, for
every J , multiply v⃗HE by a positive quantity. We can use this to make v⃗HE polynomial.
Generically this is done by multiplying v⃗HE by its highest negative power of the variable in
question (e.g. m2 or b). Making one of the following substitutions then brings v⃗HE into the
necessary form. To enforce positivity in a one-sided open ended range, e.g. for M2 ≤ m2 <∞,
take m2 → M2 + x. To enforce positivity in a window m2

min ≤ m2 ≤ m2
max one should

take m2 → (m2
min +m2

maxx)/(x+ 1) and follow by the necessary multiplication of powers of
(x+ 1). In cases where variables cannot be taken to be polynomial (or approximate them
to be) one can instead evaluate v⃗HE at discrete points.

A.2 Parameter regimes

We explain each regime in detail below and have summarized them in table 1 and in the
schematic in figure 16.
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For bounds without spectral assumptions, i.e. those in sections 4.1 and 6.1 the parameter
regimes used closely mirror those worked out in [17]. We find that including spectral assump-
tions, i.e. including explicit resonances below the cutoff, requires an additional parameter
regime (see “very large J , small m”).

In general, increasing the number of null constraints and wavepackets requires including
higher J (or alternatively higher b = 2J/m) and higher m (to a lesser degree) to ensure
convergence. For very small kmax and nmax only imposing positivity in the “small J” regime
is sufficient.

Small J : we make no approximations at small J . Multiplying v⃗HE by suitable powers of
m2 (this is allowed since m2 ≥ M2 ≥ 1) gives a vector of polynomials in m2. SDPB then
enforces positivity for the full range of m2 and for all J ≤ Jmax (J even for supergravitons,
J even and odd for supergluons). In practice we are restricted to Jmax = 60. This regime
is represented by the blue shaded region in figure 16.

Large J : due to the smearing of the anti-subtracted sum rule the maximal degree of the
polynomial in m (for large enough J) of v⃗HE is 2J +2. For J > Jmax the polynomials become
too large to work with as is. Instead we evaluate v⃗HE at discrete points in both J and m2.
The mesh we use is chosen to be densest for smaller J and close to the cutoff. It then slowly
widens as the two variables are increased. This regime is imposed for spins Jmax < J ≤ Jhuge
where for us Jhuge = 5000.26 The set of orange points in figure 16 represents this regime.

Huge J , small m: imposing the positivity constraint exactly for spins above Jhuge quickly
becomes impossible numerically. The runtime increases logarithmically with the maximal
spin. Fortunately when no spectral assumptions are made the numerics converge quickly and
well before this limit. The situation changes though when the scalar resonance is imposed and
the cutoff is increased. Roughly speaking, at fixed nmax impact parameters up to a finite fixed
bconv are probed. Increasing the cutoff requires including more and more spins to reach bconv.
For small m and very large J > Jhuge we find that the null constraints and forward limit sum
rules dominate. In this regime we can therefore approximate v⃗HE by setting the integrated
sum rules to zero and keeping only the forward limit ones, for example (4.8) becomes:

v⃗HE ≈
(
0, . . . , 0, 0,X1,0(m2, J), · · ·

)
. (A.2)

As a reminder, this approximation at large J only holds for relatively small m2. Within
this regime though we can now discretize in J and take m2 polynomial within a window
M ≤ m ≤ mmax, see bolder green (curved) lines in figure 16. This is the best we can do in
the supergluon case. For supergravitons, as all spins are restricted to be even, the oscillations
(−1)J in the null constraints do not play a role. J therefore appears polynomially in v⃗HE.
We can then further make the approximation that J is continuous and impose the positivity
constraint for discrete (small) m2 with polynomial J . This is imposed between the discrete J
which were polynomial in m2 and allows for us to impose the constraint in a grid-like fashion.
The polynomial in J segments are represented by the paler green (horizontal) lines in figure 16.

26Larger Jhuge of up to 16 k were tried but other than drastically increasing runtime did not have any
effect on the numerics. EFT coefficient bounds all converge significantly earlier and bounds with spectral
assumptions required the huge J regime to converge at all.
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Figure 16. Schematic of the various different parameter regimes in b = 2J/m vs. m space. Continuous
lines denote that the variable is treated polynomially, dots correspond to discrete points being probed.
The blue region corresponds to the “small J” regime. The orange points correspond to the “large J”
regime. The green lines correspond to the “huge J , small m” regime, with the darker constant J ones
being used for both supergravitons and supergluons, and the paler constant m ones only being used
in the supergraviton case. The red points correspond to the “small b” regime, the continuous red line
corresponds to the “large b” regime.

Small b: we also impose the constraints in the limit J,m → ∞ with b = 2J
m fixed. The

Gegenbauer polynomials (3.4) are well understood in this limit and become Bessel functions,
see appendix A of [17] for details. In this limit the sum rules with the lowest number of
subtractions dominate, i.e. the smeared sum rules, and the rest can be set to zero. v⃗HE is
oscillatory in b. For small b we therefore again impose the constraint at discrete points within
the range 0 < b ≤ bmax and refine the mesh where needed.

Large b: at large b ≥ bmax it was explained in [17] that one could approximate and rewrite
the constraint into a vector of 2 × 2 matrices, polynomial in b. Details can be found in
the original reference. Since this approximation is a stronger constraint than the original
constraint the bound can become weaker. For this not to affect the result a large enough
bmax must be chosen. For most numerics bmax = 80 is sufficient. For precise bounds at four
or more significant figures this needed to be increased to bmax = 200.

A note on discretization: in both the large J and small b regime some sort of discretization
was used. Since positivity is only being enforced at points rather than a continuum it can
happen that the action of α⃗ · v⃗HE becomes negative between two points. As was explained
in [17] refinements of the mesh will be needed in this case. This was done by examining the
functional output by SDPB, finding areas of negativity, and rerunning the numerics having
added extra intermediate points to cover these areas. This process was repeated until it only
resulted in insignificant changes to the resulting bound.
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