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hole geometries. For each case, the thermodynamic properties are consistently derived in terms
of the gauge fields and the topology of the Euclidean manifold, shown to correspond to a solid
torus. Furthermore, we obtain a general expression for the entropy, depending on both the
horizon area and its spin-2 analogues, which can be written as a reparametrization-invariant
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1 Introduction

Three-dimensional gravity provides a fertile setting for exploring conceptual and structural
aspects of gravitational theories. Its topological nature and the absence of local degrees
of freedom simplify the dynamics, allowing for the explicit construction of exact solutions
and a detailed analysis of their physical properties. Notably, when formulated as a Chern-
Simons (CS) gauge theory, gravity in three dimensions provides a natural frame in which
symmetries, topology, and geometry are intrinsically linked [1]. The three-dimensional CS
gravity framework constitutes a powerful theoretical laboratory for exploring various aspect
of higher-dimensional gravity theories, including black hole solutions and their associated
thermodynamics properties [2-5].

The inclusion of additional gauge symmetries has proven to be a fruitful avenue for ex-
tending General Relativity (GR). In particular, the formulation of CS (super)gravity theories
through extensions, expansions, and deformations of the Poincaré and AdS symmetries has led
to significant results [6-8]. Within this framework, the Maxwell algebra [9-11], which corre-
sponds to an extension and deformation of the Poincaré algebra [12], has attracted considerable
attention and has been studied in various contexts [13-33]. Its incorporation into the CS for-
mulation of gravity give rise to Maxwell CS gravity [8], which is characterized by a new gauge
field denoted as the gravitational Maxwell field.! The corresponding field equations derived
from the CS action comprise the Poincaré ones, describing asymptotically flat and torsionless
geometries, together with an additional equation involving the gravitational Maxwell field.

'The CS theory based on Maxwell algebra in 2 4 1 was initially considered in [13, 34] as a notable model
leading to the two-dimensional linear gravities referred in [35-39] by a dimensional reduction.



The Maxwell CS gravity theory can alternatively be obtained as a vanishing cosmological
constant limit from two different gravity theories: the so-called AdS-Lorentz gravity [40-42],
whose underlying symmetry corresponds to a semi-simple extension of the Poincaré algebra,
and the Maxwell algebra with torsion [30], which is invariant under the deformed Maxwell
algebra introduced in [27]. Although both symmetries allow the inclusion of a negative
cosmological constant in the CS actions, the resulting gravity theories are physically distinct.
Specifically, Maxwell CS with torsion can be regarded as a Maxwellian extension of Teleparallel
gravity [43-46] when the deformation parameter is fixed to ¢ = —2/¢, with ¢ related to the
cosmological constant by A = —E%. Notably, under this identification, the cosmological
constant effectively acts as a source of torsion.

In the study of asymptotic symmetries, Maxwell CS gravity has been shown to possess
a modified asymptotic structure, leading to an enlargement of the bmss algebra [47-49],
commonly denoted as mag-bmss [24]. This extended bmss algebra can also be recovered as a
flat limit of three copies of the Virasoro algebra [21, 42],% which appears as the asymptotic
symmetry algebra of the AdS-Lorentz CS gravity [42]. Moreover, when torsion is switched on
within the Maxwell CS gravity framework, the asymptotic symmetry algebra undergoes an
infinite-dimensional enhancement, taking the form of bmss @ vit, which can be interpreted
as an extended version of the deformed Maxwell algebra [27].

Despite their algebraic richness and theoretical appeal, the thermodynamic properties of
Maxwell solutions have remained largely unexplored. In this work, we address this gap by
analyzing the entropy and thermodynamic consistency of asymptotically flat cosmological
solutions in three-dimensional Maxwell CS theory. We show that the gravitational Maxwell
field modifies the structure of canonical generators such that solutions are endowed not only
with mass and angular momentum but also with an additional global spin-2 charge, which
contributes to the first law of thermodynamics, thus providing new insights into the structure
of the theory. In particular, the entropy we obtain extends the standard Bekenstein-Hawking
formula of general relativity reported in [50, 51]. We then consider an extension of the theory
by including non-vanishing torsion, achieved via a deformation of the Maxwell algebra that
leads to a new CS theory of gravity with non-Riemannian geometry. As we have said before,
this torsional theory possesses a modified asymptotic symmetry algebra and admits a novel
black hole solution, which we construct explicitly. We compute its conserved charges and
entropy, demonstrating that the solution is a natural generalization of the BTZ-like black
hole with torsion [52-56]. Importantly, we show that the previously discussed cosmological
solution is recovered as the limit € — 0 of this black hole configuration. This limit can be
interpreted as a vanishing cosmological constant limit, i.e. £ — oo, when we set ¢ = —2//.
To the best of our knowledge, this is the first explicit construction of a black hole solution
with torsion in Maxwell,? along with a complete thermodynamic analysis in the torsional
and torsionless sectors.

2Also described as a semi-simple enlargement of the bmss algebra.

3A complete study of the stationary black hole solution, along with its thermodynamic properties, of a
CS action based on the semi-simple extension of the Poincaré gauge group (or AdS-Lorentz) was considered
in [57].



This paper is organized as follows. In section 2, we review Maxwell CS gravity and study
the thermodynamics of its asymptotically flat cosmological solutions. Section 3 introduces the
torsional extension and analyzes its asymptotic symmetries and black hole thermodynamics.
Section 4 concludes our work with a discussion of our results and future directions.

2 Three-dimensional Maxwell Chern-Simons gravity

In this section, we briefly review the so-called Maxwell CS gravity theory formulated using the
Chern-Simons formalism. We review the asymptotic structure of the theory, whose algebra
is given by an extension and deformation of the bmss algebra [24], and is denoted here by
maz-bmss. We also address the explicit computation of the entropy for an asymptotically
flat cosmological solution. The Maxwell algebra generated by {J,, P, Z,} is given by the
following non-vanishing commutators:

[Ja7 Jb} = 6(J,bCJ-C7 [‘](lv Pb] = 6abCPca
[Jav Zb} = EachC, [Paa Pb] = €apeZ . (2'1)
where a,b,--- = 0,1,2 are Lorentz indices raised and lowered with the Minkowski metric

Nap and €gpe is the Levi-Civita tensor. In order to write down a CS action for this algebra,
we define the one-form gauge connection

A=w*J,+e*P,+0%Z,, (2.2)

where e?,w® and ¢ correspond to the vielbein, spin connection, and gravitational Maxwell
field, respectively.
The non-vanishing components of the invariant tensor are given by:

<=]an> = @oTab » <Pan> = Q27]ap »
<<]an> = 01 Mab » <<]aZb> = Q27]ab , (23)

where «g, a1 and a9 are real dimensionless constants. The bilinear form is non-degenerate
provided that ag # 0. Then, considering the previous invariant tensor and the one-form
gauge connection (2.2) in the CS action

k 2
I[A] = — AdA + S A® 2.4
A= [ (aaa+2a%), (2.4)
defined on a three-dimensional manifold M, and where k = i is the level of the theory
related to the gravitational constant G, we obtain

k 1
Tingy = E/ao <wadwa + 3€abcwawbwc> + 201 Ree® + ag ("1, + 20°R,) (2.5)

Here R* = dw® + %eabcwbwc and T¢ = de® 4+ e®wpye,., are the usual Lorentz curvature and
torsion two-forms. The first term along o in the action (2.5) is the gravitational CS term.
Next term with coupling constant «; is the Einstein-Hilbert term. The last term, with
the strength of interaction aw, gives the dynamics to the gravitational Maxwell field and



also contributes to the dynamics of other fields. Indeed, when a9 # 0, the field equations
are given by

R*=0,

=0, (2.6)
1
Do® + §eabcebec =0,

where D®* = d®® + e“bcwb@c denotes the Lorentz covariant derivative. These field equations
describe geometries which are Riemannian and locally flat, as it can be seen from the above
first two expressions. The third equation shows the dynamics of the gravitational Maxwell
field 0%, referred here as a “spin-2” field [29].* As it was shown in [24] the coupling of
this one-form field to the geometry leads to nontrivial effects compared to GR that can be
regarded as a deformation [29] of the “exotic” Einstein gravity [58]. In what follows the
asymptotic structure of the three-dimensional Maxwell CS gravity is explored including the
thermodynamics features of locally flat cosmological spacetimes.

2.1 Asymptotic conditions with chemical potentials

Here we review and generalize the set of boundary conditions for Maxwell CS gravity
in [24] to incorporate chemical potentials conjugated to the conserved charges. The study of
the behavior of dynamic fields in the asymptotic region become crucial for computing the
thermodynamic properties configurations with a sensible thermodynamics.

As explained in [59] the radial dependence of the gauge field can be entirely gauged away
asymptotically by virtue of a suitable choice of a gauge group element g = g (r), so that
A = g tag + g~ 'dg, where a is an auxiliary connection given by

a=ag(t,¢)dp+a;(t,¢)dt, (2.7)
The asymptotic behavior for a, can be written as follows [24, 60]°
1 1 1
CL¢:J1+§MJ0+§NPO+§JTZ()7 (28)

where N, M, and F stand for arbitrary functions of the boundary coordinates (¢, ¢). The
asymptotic form of ay is preserved under a restricted set of gauge transformations, da = dA +
[a, A], with the Lie-algebra-valued parameter ) = A [y, f,h] generated by

M, N
Mol =y = Jo+ £P = fPat by~ W2+ (50 4+ Sy~ 1) Py

1 1 1
+ </\2/ly - y") Jo + <2Mh + 5Ty + §Nf - h”) Zy, (2.9)

4Here, the statement that the gravitational Maxwell field o® describes a “spin-2” field is based on the
fact that in the metric formulation only the symmetric part remains so that its field equation reduces to the
massless Fierz-Pauli equation.

SHereafter, our conventions are such that the nonvanishing components of the Minkowski metric in tangent
space 7qb read mo1 = n10 = 122 = 1, and the Levi-Civita symbol fulfills €g12 = 1.



provided that the functions M, N and F transform according to:

5(0)M — M/y + 2My/ _ 2y/l/’
SN = M'f+2Mf = 2f" + Ny + 2N/, (2.10)
5) F = M'h+2Mh' = 20" + N'f + 2N f' + Fly + 2Fy',

where y = y(¢,t), f = f(p,t), and h = h(¢p,t) are arbitrary functions and prime denotes
derivative with respect to ¢. Following refs. [61, 62], the asymptotic symmetries are pre-
served under time evolution by choosing the asymptotic form of the Lagrange multiplier
ay according to

at = )\(O)[Magvy] ) (211)

with A defined through (2.9) and where p, £, and v stand for arbitrary functions of the boundary
coordinates (¢,¢) which are assumed to be fixed at the boundary. In the thermodynamic
analysis these functions are identified with the “chemical potentials” conjugated to the
charges [61]. The asymptotic form of the temporal components of the connection in (2.11)
is maintained by the asymptotic symmetries provided both that the field equations are
fulfilled in the asymptotic region, i.e.,

'/\'/l:2'/\/1///_’_./\/1///[/_2[1/1////7
N =2ME + M+ 2Ny + Ny — 26", (2.12)
F=2MV + Mv+ 2N+ N'¢+2Fu +Fpu—20",

and that parameters u, &, and v, which describe the asymptotic symmetries, satisfy suitable
differential equations of first order in time given by

y=yu' —py' s = —uf +yd - &y,
b=yl — Wt f€ — e+ — o'y (2.13)

The asymptotic symmetry generators can be computed in the Regge-Teitelboim ap-
proach [63, 64] such that their variations reduce to

SQIN] = —% / (Ada) déb (2.14)
[)))

where 9% stands for the boundary of the spacelike section Y. The explicit form of the
generators associated to the asymptotic symmetries can be integrated and are found to
be given by

Qly f.h =~ [do (T + 1P +12), (2.15)

where the dynamical fields 7, P and Z are determined in terms of the functions N, M,
and F, according to the relations:

k k k
J = Z (CYQ.F“‘ 041/\/-1— Oéo./\/l) ; P = I (042N+ OélM) ; Z=-—0aM. (2-16)
s

T  Ar



The transformations law of the dynamical variables {7, P, Z} are found using (2.16) and (2.10)
and they explicitly read

Oégk‘

k k
6T =27y + Ty + 2P + P'f +22h + Z'h — Ty - Ty O
27 27 27
a1k agk
579227’y'+73’y+22f'+2'ff2¥y"'f%f”’, (2‘17)
0Z =22y + Z'y — aiky'".
27

The algebra of the conserved charges (2.15) can be readily obtained from the transformation
law of the dynamical fields in (2.17) by virtue of dx,Q[M] = {Q[M 1], Q[A2]}. Thus, expanding
in Fourier modes according to X = % S X,,e? and providing that the zero modes Xo
being shifted as Xo — Xo + 57, the nontrivial Poisson brackets are given by [24, 60]

i{Tm,In} = (M —n) Tnin +cg m(m 1)é m+n,0
i{Tm, P} = (m —n) P + cpm(m? — 1)émino,
i{Tm, Zn} = (m—n) Zpin +cz m(m 1)0m4n,0 (2.18)
i {Pm,Pn} =(m—n)Znin+cz m(m 1)0m41n.0 »

where the central extensions ¢z, cp and cz are fully determined in terms of the constants
of the action (2.5) according to

Cy = kao cp = ka1 5 Cz = ka2 . (2.19)

It is worth noting that this asymptotic symmetry algebra corresponds to an extension
and deformation of bmss algebra [47-49] at which both the abelian generators Z,, and the
generators P, have conformal weight 2. This deformation introduces an additional central
extension cz which is proportional to the coupling constant of the Maxwell gravitational
action. It also is reassuring that the asymptotic symmetry algebra (2.18) contains the wedge
algebra in (2.1) for generators X,,, with m = —1,0, 1, providing i{, } — [,].

It should be noted that gauge field configurations with M, N/, F, as well as the chemical
potentials &, p, v fixed to constants, solve the field equations in (2.12). Indeed, this class
of configurations explicitly reads

1 1 1
= (J1 + 5 Mo+ SN P+ 2]—"Zg> do + {qu + gMJO
1 1
5 (EM A puN) Po+EPL+ 5 (v M+ uF +EN) Zo+vZs | dt, (2.20)

In appendix A by restoring the radial dependence of the gauge fields, it shown that this
stationary solution describes a locally flat cosmological spacetime endowed with a spin-2
gauge field, named here as the Maxwell CS field. It also follows from (2.15) that this solution
not only possesses mass and angular momentum, being parametrized by the spin-2 charges
P, J, respectively, but also has an extra global charge of spin 2, determined by Z. In the
next section thermodynamic properties of this solution is analyzed.



2.2 Thermodynamics of asymptotically flat cosmological solutions

This section is devoted to the study of the thermodynamics of cosmological solutions in the
Maxwell CS gravity theory. In this context, following the canonical approach the entropy
can be suitably computed along the lines of [62, 65], by the general formula

k
§= / drdé(A, A >]
2m |~ T+ ’ on-shell
=k [<a"—a¢>]on—shell ) (221)

where A, stands for the Euclidean continuation of A; by the replacement 7 = it, and where
its final form is obtained by imposing the regularity conditions that require the holonomies
around the thermal circle to be trivial.

For the field configuration in (2.20) the entropy reads

S =k [aopM + ai (N 4+ EM) + ag (WM + EN + pF)] (2.22)

where it is assumed that the chemical potentials (§, i, v) are constrained to fulfill regularity
conditions. Since all the chemical potentials are explicitly incorporated along the temporal
components of the gauge fields, the analysis can be carried out for a fixed range of the
angular coordinates of the torus, i.e., we assume that 0 < 7 < 1, and 0 < ¢ < 27. Thus,
these regularity conditions, can be computed following the prescription in [65], which in our
case consists in finding a permissible gauge transformation in (2.20), that allows to gauge
away the components along the generators P, and Z,. The latter implies that a; reduces
such that it only takes values in the Lorentz subalgebra of the gauge group spanned by the
Maxwell algebra (2.1), so that the remaining regularity condition results in requiring that
the holonomy along the thermal circle to be trivial.
In the present case, the required group element reads

g = et (2.23)

so that the angular and temporal components of the gauge field now read

1 A2 1 1
ap = J1+ 2MJ0+>\P1+<+p>Zl+2(N—)\M)Po—I-

2 2 2

)\2
f+<_p>M_w] %,
a; = u(Jﬁ— ;MJO) + &+ pA) P+ l:V +EN+ %u()\Q—i— 4p)] Z + % (EM + uN — pAM) Py

+i [20F + (20 = 3+ 122 = dpp) M+ 2 (6 — A N | Z, (2.24)

from which it follows that the contributions along the generators P; and Z; in (2.24) can
be removed provided that A and p are chosen as follow

A=-—2, p==>_2, (2.25)

This subsequently allows for fixing the Lagrange multiplier parameters p and v (chemical
potentials) according to,

M F 3N
H= _2W€7 V= (N - 4/\/l> £, (2.26)



the terms along Py and Z in the temporal component of the gauge field in (2.24) vanish so that

M 1
=-2—J1+ =-MJy | . 2.27
at 3 N < 1+ 2/\/1 0) (2.27)
Hence, imposing that the holonomy of the spin connection around the thermal circle is trivial,
H = e =(—=1)"1axs, (2.28)
on-shell

in the fundamental representation of s/(2,R), this requirement leads to
NN
OMB/2

where ny, is an integer. It is important to note that, since we are dealing with a cosmological

¢ = (2.29)

horizon, the orientation of the solid torus is reversed relative to that of the black hole. As a
result, the chemical potential £ is such that £ = —1/T. This choice is consistent with the
requirement that the Hawking temperature be positive, fixing n, to be positive or negative,
depending on the sign of the function N.

In summary, the regularity conditions of the Euclidean gauge fields are successfully
implemented, leading to the chemical potentials being fixed as specific functions of the global
charges, according to (2.16), as follows

NN 2T N

fz—Wa M_W’

F__ N ] (2.30)

M3/Z AMB/2

V= —nmwl

It is reassuring that for ny, = sgn(N') the above result for the regularity conditions is in
complete agreement with those found in the metric formalism (see appendix A), which stem
from requiring the absence of conical singularities of the Euclidean fields at the cosmological
horizon, as it is shown in (A.19). In fact, it is found that the existence of the cosmological
horizon implies that M > 0, and that the Euclidean fields possess around the horizon the
topology of a solid torus leads to the condition:

N N2

The entropy can then be readily obtained by plugging the chemical potentials (2.30) in
eq. (2.22), so in terms of the variables M, N and F, it reads

2
S = 2mnnk [ao\//\i/H- o1 2\'//\[/\7 + % (\/];7 — 4U<\4/3’/2>] . (2.32)
This result for the entropy not only extends the one for General Relativity (along
ap) [50, 51, 65] in the presence of the CS term (ap # 0) [66, 67], but also points out
an explicit contribution (along as) of the gravitational Maxwell field to the entropy of the
cosmological spacetimes in this gravity theory.
In terms of the (extensive) global charges J,P and Z defined through egs. (2.16), the
entropy in (2.32) can be rewritten as follows

2
e = 2y | 2+ 2VE- 1 (Z-2) @] | (2.33)



In order to have a sensible thermodynamics, the entropy must be a real function, therefore
Z > 0 as well as the coupling constants a; > 0 with ¢ = 0,1, 2. In addition, positivity
of the entropy implies that the angular momentum has to be such that for n, > 0 then
J > J., and for ny < 0 then J < J., where®

(P — a1 2)? — dapan Z*
4a2Z '

Je= (2.34)

Thus, in order to determine the temperature and the chemical potentials in the micro-

canonical ensemble, we use the thermodynamic relations

65’(;)‘ 1 1 [mask <73 al)

_ (Z2C = Tl = gy —— (= = 22, 2.35

po (8M i c "o\ Tz \ 2T (2.35)
1 (0S¢ P a1)1

Qo =— B [ ZE =22 -2 2.

o= (G =2 (G- 0) (230
. [0S 1/ P « asJ — agZ

_ 1 C _ = = 1) &2 0
®c=-bc <8Z>’MJ 4<32+a2> P — a1 2’ (2.37)

where M = 27P, J = =277, and W = 272, such that the first law of thermodynamics
is found to fulfilled according to

5Sc = Bo(6M — Qed] — DesW) (2.38)

such that the chemical potentials So = &, Q¢ = p/€, and & = —v/€ correspond to the
conjugated to the mass (M), angular momentum (J) and the additional spin-2 charge (W),
respectively. It is important to emphasize that the mass of the cosmological solution is
found to be bounded from below for A/ > 0, which turns out to be compatible with the
condition in (2.31).

As a final remark of this section, note that the entropy depends not only on the horizon
area but also on the values of the spin connection and the gravitational Maxwell fields at
the horizon (see appendix A). Actually, one verifies that the values of the purely angular
components of the spin-2 fields at the cosmological horizon are given by

Ametric 2 _ a _ N2
(27r ) = €ap€plre = M (2.39)
Anas 2 . FoooN Y
( o ) = 0a¢0¢|Tc = (m CAMB/2 J (2.40)
Acs\? a
( o > = Wagpwylre = M. (2.41)

From this one concludes that the entropy (2.32) can be fully expressed as the sum of the
horizon area element and its spin-2 analogues, thereby extending the standard Bekenstein-
Hawking formula for the entropy in our case to the form

S =k (apAcs + a1 Ametric + @2 AMax) , (2.42)

5In the metric formulation 7y, appears determined in terms the global charges according to nm = sgn(aeP —
Ozlz).



As depicted in appendix A, these particular contributions in (2.40) appear naturally defined
in terms of the pullback of the metric and the spin-2 fields at the spacelike section of the
horizon [68, 69].

In the following section, we will deal with the Maxwell generalization of three-dimensional
gravity with torsion. We first present the CS gravity theory invariant under a deformed
Maxwell algebra. Subsequently, we will compute the asymptotic symmetry algebra considering
consistent boundary conditions that incorporate chemical potentials, and finally we analyze
the black hole solution of the theory including its corresponding thermodynamics features.
We will show that the results obtained in this section can be recovered in the torsionless
limit in a particular case.

3 Three-dimensional Maxwell Chern-Simons gravity with torsion

In this section, we present a generalization of Maxwell CS gravity by including torsion. For
this purpose, we will consider a particular deformation of the Maxwell algebra, which was first
presented in [27], and subsequently approached in [30]. Interestingly, despite the deformed
Maxwell symmetry is isomorphic to the direct sum of iso(2,1) with s0(2,1), the resulting
CS action leads to a non-vanishing torsion as equation of motion [30].

3.1 Maxwell Chern-Simons gravity with torsion
The deformed Maxwell algebra is spanned by the set of generators {J,, P,, Z,}, which satisfy

the following non-vanishing commutation relations:

[Jaa Jb] = eachCa [Javpb] = 6abcpca
[Ja, Zb] = EabCZC , [Pa, Pb] = €gbc (ZC + 8PC) . (31)

Note that when the deformation parameter ¢ is fixed to zero, the Maxwell algebra in (2.1) is
recovered. In fact, the algebra (3.1) can be seen as the Maxwell extension of the teleparallel
algebra [46]. As was pointed out in [27], the previous algebra can be written as the direct
sum of the is0(2,1) and so(2,1) algebras. Indeed, considering the following redefinition
of the generators,

Lo=J,—e P, —e7%2,: N,=¢12,: S, = 'P,+ec72Z7,, (3.2)
the is0(2,1) ® s0(2,1) algebra is revealed,

[La; Lb] = 6abch s
[La, Np] = €abeN°, (3.3)
[Saa Sb] = eachC .

Three-dimensional gravity action based on the deformed Maxwell algebra (3.1) can be
formulated as a CS form by considering (2.4), and where the gauge connection one-form
A reads

A=¢e*P, +wJ, +0%Z,, (3.4)

,10,



where e?, w® and ¢ are the dreibein, the spin connection, and the gravitational Maxwell
field, respectively. The corresponding curvature two-form F' = dA + %[A, A] is given by

F =TP,+ R"J, + F°Z,, (3.5)
with

1
R* = dw® + §eabcwbwc )
T =T%+ %e“bcebec, (3.6)

1
F*=Do® + ie“bcebec.

Here, T* = De? is the torsion two-form, R® is the curvature two-form, and D is the Lorentz
covariant derivative defined above. Note that the limit ¢ — 0 reproduces, as expected, the
Maxwell curvature two-form in (2.6).

On the other hand, the non-vanishing components of an invariant bilinear form of the
deformed Maxwell algebra read

(Jadp) = Q0Nab , (P,Py) = (ea1 + a2)Nap

(3.7)
<Jan> = 17ab , <JaZb> = Q27ap »

where ag, a1 and ao are arbitrary constants. In this case, non-degeneracy of the bilinear
form requires ag # 0 and ag # —eaq. Naturally, the limit ¢ — 0 applied to (3.7) leads to the
non-vanishing components of the invariant tensor for the Maxwell algebra (2.3).

From the gauge potential (3.4) and the non-vanishing components of the invariant
tensor (3.7), the Chern-Simons action (2.4) reduces to the torsional Maxwell CS action

1 1 g2
Lioe—mar = e /M g (wadwa + 3eabcwawbwc> + o <2Raea + geabceaebec + eTaea>
+ o (T“ea +2R%, + geabceaebec> , (3.8)

up to a surface term. One can see that the CS action is proportional to three independent
sectors, each one with its respective coupling constant. In particular, the first two terms
along ag and «; correspond to those of the Riemann-Cartan gravity, namely gravity with
non-vanishing torsion. The piece along the as contains a torsional term, a cosmological term
and a term involving the gravitational Maxwell field o,.

Varying the action (3.8) with respect to the fundamental fields yields the field equations
of Maxwell CS with torsion,

oe® : 0=oq (Ra + 5’fa) + a1,
ow? : 0= aoRe + a1 Ty + asF,, (3.9)
00® : 0=asR,.
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Imposing the conditions ag # 0 and a9 # —eay to avoid degeneracy, the previous equations
reduce to the vanishing of the curvature two-forms (3.6),
R*=0,
a € abe
T + 56 Epece = 0, (310)

1
Do® + §e“bcebec =0.

As we can see, the field equations are those of Riemann-Cartan gravity (with zero curvature
and constant torsion) plus the equation of motion involving the gravitational Maxwell field.
Then, the geometries described by the equations (3.10) are non-Riemannian (with non-
vanishing torsion) and locally flat. As expected, when ¢ — 0, the above equations reduce
to the field equations for the Maxwell CS gravity theory (2.6). Furthermore, note that the
spin connection w® can be decomposed as

Wt =% 4k, (3.11)

where W% corresponds to the torsion-free Levi-Civita connection, and k% is the contorsion.
By the second equation in (3.10), the contorsion is fixed as follows

k= —=e®. (3.12)
Then, the equation of motion of the gravitational Maxwell field and the Riemann-Cartan

curvature R* expressed in terms of its Riemannian part R®, can be written as

AL ~ 1
R* = Tﬁe“bcebec ; Do® + §e“bc (eb — 2V —Acer ab) e s (3.13)

where the effective cosmological constant is

&2
Aeg=——. (3.14)
4
When the effective cosmological constant is negative, Aeg = —é%, the metric is given by

the anti-de Sitter solution since A.g < 0. Indeed, in this case, the solution of the first two
equations in (3.10) is given by the so-called Riemman-Cartan black hole [52]. In particular,
for ¢ = —2/¢, this solution leads to the teleparallel black hole [44, 53].

Note that each term of the action (3.8) is invariant under the gauge transformation laws
of the algebra (3.1). Indeed, considering the following gauge parameter

AN=e"P, + p*Js + X" Za, (3.15)
we have that the gauge transformations A = dA + [A, A] of the theory are given by

dpe? = De — ¢®ppe, + ec®epe,,
daw® = Dp?, (3.16)

dr0® = DX + eCepe. — € pyo,.
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In the next section, we shall demonstrate that three-dimensional Maxwell gravity with
torsion admits black hole solutions. We show that the aforementioned solution constitutes a
generalization of the teleparallel black hole presented in [43, 44, 52, 70], whose thermodynamic
properties are directly influenced by the presence of the gravitational Maxwell field ¢. Prior
to this analysis, we will present a detailed study of the asymptotic structure of the previously
discussed theory of gravity with torsion.

3.2 Asymptotic symmetries

The asymptotic conditions for Maxwell CS gravity theory with non-vanishing torsion were
explored in [30]. Here we generalized this analysis to incorporate chemical potentials con-
jugated to the conserved charges and for a generic deformation parameter €. Thus, along
the line of [59] the radial dependence of the gauge field is eliminated asymptotically for
an appropriate gauge choice, so that

A=gtdg+ gila(g)g ) (3.17)

with a(.) = a(t, ¢)dt+ag(t, ¢)d¢. In this case, the form of ay is chosen to be given by (2.8) [30].
It is found then that the asymptotic form of angular component a4 is left invariant for the
Lie-algebra-valued parameter Ay = A)[y, f, k] given by

Moy = Moy + SN TP (3.18)
and providing that the functions M, N and F now transform according to:
deyM = oM,
SN = doyN +e (N f+ 2N f') | (3.19)
de)F =0@)F ,
where Ag) and §((-) are specified by (2.9) and (2.10), respectively. Thus, to preserve

the asymptotic symmetries under evolution in time, the asymptotic form of the Lagrange
multiplier a; must to be of the form

ar = Ay, &, v, (3.20)
where the arbitrary functions u(t, @), £(t,¢) and v(t,¢) are identified with the chemical
potentials conjugated to the charges and which are assumed to be fixed at the boundary [61, 62].
The asymptotic behavior of a; is then preserved under the asymptotic symmetries considering
that the field equations:

M :2MILI+M/M—2H/,/7
N =2ME + M4 2N + N — 26" 4+ ¢ (N'€ +2N¢) (3.21)
F=2MV + Mv+ 2N + N'¢€+2Fu + Fu—20",
are satisfied in the asymptotic region and the parameters y, f, and h fulfill the following
conditions:

g=yu' —py's  E=fu —nf +yE — & +e(f€-¢f)
v=hy' =Wp+ &= fE+y —yv. (3.22)
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The asymptotic symmetry generators are then obtained through the Regge-Teitelboim
method [63] through the expression in (2.14) considering the invariant tensor in (3.7), the
angular component of gauge field a4 in (2.8), and the algebra-valued parameter defined
in (3.18). Thus, one finds that

5Qly, fh] = — / d (y0.T + f6P + hiZ), (3.23)
where the canonical generators of the asymptotic symmetry are found to be determined by
k k k
J=— (042]-"4-041N+a0./\/l) 7 P=— [(8041+042)N+041M] i 2= — oM.
4 47 4

(3.24)
The corresponding transformations laws of these latter canonical generators can be obtained
using (3.19), leading to

6j — j,y‘i' 2jy/ _|_7le + 273]0/ + Zlh_|_ QZh/ _ Oéioky/l/ _ Lﬂ{fﬂl _ Oéizkhll/,
2T 2T 2
k k
§P =Ply+2Py + (2 +eP)f +2(Z +eP)f — %y’" _ (azFea)k ;;al) . (3.25)
52 = 2yt ozy — 2R
2T

Under the assumption that the functions y, f, and h exhibit no field dependence, the
integration of the variation (3.23) becomes trivial, resulting in

Qly. f.h] =~ [do T + 1P+ 12). (3.26)

As in the case without torsion, expanding in Fourier modes according to X = % S Xme™0
one finds that J, P and Z obey, in terms of the Poisson bracket, the following asymptotic
symmetry algebra

i{Tm> In} = (M = 1) Tnyn +cg m(m2 - 1)5m+n,0 )
i{Tm, P} = (m —n) Py + cpm(m? — 1)émino,
i {Pm, Pt = (m — 1) (Zimsn + Pman) + (cz +ecp) m(m? — 1)6mano, (3.27)
i{Tm, 2Zn} =(m—n) Zpin +cz m(m2 — 1)0m+n0,

where classical central charges ¢z, cp and cz are defined in (2.19). The infinite-dimensional
algebra (3.27) can be seen as an infinite-dimensional enhancement of the deformed Maxwell
algebra (3.1) in which both the abelian generators Z,, and the generators P,, have conformal
weight 2. In particular, in the limit & — 0 we recover the asymptotic symmetry algebra in (2.18)
of the three-dimensional Maxwell CS gravity theory reviewed in section 2.1. Furthermore, as
it was shown in [30] the algebra (3.27) is isomorphic to the bmss @ vir algebra.

In this context, it is important to highlight those gauge field configurations with M, N/, F,
and also the chemical potentials £, i, v fixed to constants, since these fulfill the field equations
in (3.21). The gauge field for this class of configurations a(.) = atdt + azde, explicitly reads

1 1 1
ae) = (Jl + 5 MJy + §NPO + 2]:Z0) do + [qu + %MJO

+% (5/\/1 + uN + ;Ng) Py+ &P + % (WM uF +EN) Zo+vZy|dt.  (3.28)
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In appendix B by restoring the radial dependence of the gauge field (3.28) is shown that
for e = —2/¢, where { is the AdSs radius, this stationary solution corresponds to the BTZ
black hole [3] together to a spin-2 gauge field, named here as the gravitational Maxwell
field. Generically, as follows from (3.26) this solution not only possesses mass and angular
momentum, parametrized by the spin-2 charges P, J, respectively, but also possesses an extra
global charge of spin 2, determined by Z. In what follows, we will carry out the calculation
and analysis of the entropy associated with the black hole solution (3.28) for Maxwell CS
gravity with torsion, as well as examine the corresponding first law of thermodynamics.

3.3 Thermodynamics

Let us move now to the study of the thermodynamics of the solution (3.28) of the Maxwell
CS theory with torsion. As in the Maxwell case, the entropy can be determined from the
expression (2.21). Hence, plugging (3.28) into the expression for the entropy (2.21), and
using the non-vanishing components of the invariant tensor (3.7), one finds

S =k [aopuM + o (PN + EM + eEN) + ap (VM + EN + pF)] (3.29)

on-shell

where it is assumed that the regularity conditions are imposed.

As in the Maxwell case, and along the lines of [65], we have to find an permissible gauge
transformation allowing to gauge away some temporal components of the gauge field so that
it takes values only in the Lorentz subalgebras of the gauge group (3.1). In this case, for
simplicity and exploiting the fact that the deformed Maxwell algebra can be expressed as
the direct sum of the Poincaré and Lorentz algebras (see (3.2)), we consider the following
group element

g =e2 (3.30)
so that the angular and temporal components of (3.28), take the form,
a¢,:L1+Sl+pT1+%MLOJF%(sf—pM—N)TO+%(M+5N)SO,
w0 = pa+ ML+ (- €)S1 + (M4 N+ €€)So + (o — &+ ev)Ty
+ (euF — puN — M(pu+ € —ev)) Tp . (3.31)

It is thus found that the term along T} in a; vanishes when p is given by

E—cv
= ) 3.32
P . (3.32)

and that the term along Tj is eliminated by fixing the Lagrange multiplier v according to

& (eF-N)
i VL (3.33)

so that the temporal component a; reduces to

0 = 1 <L1 + ;ML()) ot ef) {51 + % (M +N) So| - (3.34)
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Thus, imposing that the holonomy of the a, around the thermal circle is trivial, which in

— ((_1)nﬂ2><2 0 ) : (3'35)

this case is written as

H=¢e%

on-shell - 0 (_1)m]12><2

the chemical potentials &, i, v become fixed as specific functions of M, N and F, obtaining
the following results:

M:_Wa

-2 (e o)

e \WM  VM+eN)’
,,_27””‘[1+1(;_N)}_2Wm
VM g2 2M £ e2/M+eN’

where n, m are integers. Note that in the present case, as we are dealing with a black hole

(3.36)

solution, the orientation of the solid torus is reversed relative to that of the cosmological
solution analyzed in the section 2.2. Indeed, it is shown in appendix B that for M > 0
and M + eN > 0 the spacetime develops an inner and an event horizon. Furthermore, for
n = —m = 1, the regularity conditions in (3.36) are in complete agreement with those found
in the metric formalism in (B.21) that stem from requiring the absence of conical singularities
of the Euclidean fields at the event horizon. This means that in the present case £ = 1/Tpy,
with Ty the Hawking temperature.
Thus, substituting (3.36) into the entropy (3.29), one obtains

SBH—zwk\//T/l{@lj”) (n+m,/1+i\/j) —n[a0+;§ (J/;Nﬂ} . (3.37)

It can be readily checked that, upon imposing the condition m = n = —n,, the expression
reduces to (2.32) in the limit € — 0. In terms of the global charges P, J y Z, the entropy
finally reads

_47r\/7r/~c\/072 n(P—eJ 1 a1 —eqg m [ag 4+ eaq
Son = = [2( o) (e Ve T e vET e
(3.38)

The entropy Sy is real for conditions ag > 0, ags +ca; > 0, Z > 0 and Z 4+ &P > 0.
Moreover, for € < 0, we can see that this quantity is positive for the additional conditions:

e When m=mn, forn >0, 7 > J.and for n <0, J < J., with

Z Z Z — 2
7. = P 2\/ (e + 042)4(573 +2) n (e(n a025) + 2as) . (3.39)
€ (651 Qo€
e When m = —n, forn >0, J > J. and for n < 0, J < J, with
Z Z Z — 2
T = P N 2\/ (cvie + a2)4(573 +2) n (e(aq 04028) + 2a9) ‘ (3.40)
g (6519 Qo€
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As in the previous analysis, the temperature and chemical potentials within the microcanonical
ensemble are determined using the thermodynamic relations,

GSBH>’ el Vrk [nyaz  my/as +ean (3.41)
oM /|y w BH € VZ VEP + Z ’ '

ﬁBHZ(

Qs = — fgg (aSBH> ‘ = neyoaveP 2 : (3.42)
ol Jlww mvVZ\aie + a —ny/aoVeP + Z

it — — Bt (85}3}1)’ _ (I —P)+Z(m —ca)] VP + 2 _1’ (3.43)
oW/ |wg 2\/axZ (mﬁ\/als + az — ny/azVeP + Z) €

where M = 27P, J = =277, and W = 27Z. These thermodynamical quantities satisfy
the first law of thermodynamics.

0Spr = Bpu(0M — Qpudl — PppdW), (3.44)

such that the chemical potentials fpy = &, Qpu = p/&, and &gy = —v/& correspond to
the conjugated to the mass (M), angular momentum (J) and the additional spin-2 charge
(W), respectively. It is worth pointing out that the mass of the black hole turns out to
be bounded from below when

o1 (ry — )% + 2a9sgn(N)ror_ >0, (3.45)

where r; and r_ correspond to the outer and inner horizons, respectively, given in (B.9).

To recover the results of the Maxwell theory without torsion in the limit ¢ — 0, it
is necessary to impose the condition m = n. As a remark, in the present case we have
¢ = 1/Tpn, whereas in the cosmological solution of Maxwell CS, the corresponding relation
is £ = —1/T¢. As we have mentioned, with the choice m = n = —ny, it is straightforward
to show that the limit ¢ — 0 applied to the black hole entropy (3.38) leads to the entropy
of the cosmological solution of the Maxwell CS theory (2.33).

It must be emphasized that we can express the black hole entropy (3.37) in terms of
the outer and inner horizons of the black hole given in (B.9) as follows

e m=n
Sinn = 2n7k (Og) (rp —r-) —oar- — W) J (3.46)
e m=-—n
Sout = 2nmk (Ozo (ry —r-) +aary — W) ) (3.47)
where we have fixed ¢ = —2/¢. We conclude that Sy corresponds to a Maxwell extension

(along a) of the entropy of the teleparallel black hole extensively analyzed in [52-55], and
recently studied in [71]. The first law in this case takes the form

SM = TaudSous + Qo] + BSW (3.48)
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where the extensive variables can be expressed as follows

r2 —r2 1 r_ (r2+ (1 +r_/ry)F —3rpr_) 4
BT ey, =g+ Ory’ 2(ry —r_)? (349)

As we have already mentioned, it is not possible to take the flat limit £ — oo in Sout
since r4 (M, J,¢) is pushed out to infinity and consequently does not have a well-defined
limit. We can consider instead the thermodynamics of the inner horizon of the Maxwell
BTZ-like black hole with torsion as follows,

r2 —r? 1 r (r2 + (L +ry/ro)F —3rpr_) 4
Tinn =t - Qinn = - Sl (I)inn - — + + 3.50
2mnl2r_’ ¢ 2(ry —r_)? , (350)
with a first law of the form
OM = —T3,n0Sinn + Qinndd + PipndW . (351)

The thermodynamics of the inner (Cauchy) horizon of black holes has been studied in [72, 73].
As happens in the standard BTZ black hole, the horizon of the cosmological solution in the
Maxwell case, corresponds to the limit of the inner horizon of the Maxwell BTZ-like black
holes with torsion. Furthermore, as we have mentioned before all thermodynamic quantities
of the Maxwell cosmological solutions are recovered in the flat limit £ — oo of the quantities
of the inner horizon of the Maxwell torsional BTZ-like black hole (when m = n).

It is also important to point out that in the metric formalism (n = —m = 1) the
entropy in (3.37) and (3.46)—(3.47) can be also fully expressed as the sum of the horizon
area element and its spin-2 analogues [68, 69] leading to an extended version of the standard
Bekenstein-Hawking entropy formula given by

SBH =k (QOACS + CVLAmetric + a2AMax) y (352>

where Acs, Amax and Apmetric are related to the values of the purely angular components
of the spin-2 fields at horizons:

metric 2 1 2
(A t ) = Cartylrs = = (VMEVMAEN) =11,

2
AMax 2 _ a _ 62 1 2)? = (.F_Tgt)2
() = ousehhs = g |7~ = (VM= VAT aN) | = 52 559

Acs 2—w w] _M_1€2(7’ +sgn (N)r )2
ox ) T WesWelre = M= e AT T8 =)

where these particular contributions in (3.53) are defined in terms of the pullback of the metric
and the spin-2 fields at the spacelike section of the horizon defined in (A.21) (see refs. [68, 69]).
4 Discussion

In this work, we performed a comprehensive analysis of the thermodynamics of three-
dimensional gravity solutions based on Maxwell symmetry, considering both cases with
and without torsion. As mentioned in the Introduction, despite the algebraic richness and
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theoretical relevance of Maxwell CS gravity, the thermodynamic behavior of its solutions
had not been thoroughly investigated. In this article, we contributed to closing this gap by
examining the entropy and establishing the thermodynamic consistency of asymptotically
flat cosmological solutions and black holes in three-dimensional Maxwell Chern-Simons.

We first examined the behavior of the dynamical fields in the asymptotic region, which
was essential for computing the thermodynamic properties of the solutions. In both scenarios,
we considered asymptotic conditions incorporating chemical potentials conjugate to the
conserved charges. In the case without torsion, we found that the entropy of the cosmological
solution extends the one for General Relativity in the presence of the CS term, and has a
new contribution proportional to the ay constant, showing that the gravitational Maxwell
field modifies not only the conserved charges but also the entropy of the solution.

We then extended the analysis to the thermodynamics of the Maxwell BTZ-like black
hole with torsion, and we found that the entropy generalizes the one of the torsional BTZ
black hole, exhaustively studied in [52-55]. By evaluating the entropy through the first law,
we verified that the resulting expressions consistently satisfy black hole thermodynamics in
both torsional and torsionless theories. In the appropriate limit, the charges and entropy of
the Maxwell BTZ-like black hole with torsion reduce smoothly to the results of Maxwell CS
without torsion, which confirms the robustness of our formulation. Taken together, these
results establish a coherent thermodynamic framework for Maxwell CS gravity theories,
clarifying how torsion affects the structure of conserved charges and the interpretation of
physical parameters in stationary black hole solutions. It would be interesting to extend
our study and the asymptotic symmetry analysis to the non-relativistic and ultra-relativistic
regimes of the Maxwell CS gravity theory [74]. Of particular interest is the emergence of an
infinite-dimensional extension of the generalized Maxwell algebra as the asymptotic symmetry
algebra of the AdS-Carroll CS gravity [75]. One could investigate the boundary dynamics of
Maxwellian generalizations of the Galilean/Carroll (super)gravity introduced in [74, 76-82],
together with the space of solutions satisfying the set of asymptotic conditions. Furthermore,
it would be natural to consider alternative boundary conditions in order to explore their
impact on both the asymptotic symmetry algebra and the solution space.

On the other hand, the presence of non-vanishing torsion in a non-relativistic regime
has also been shown to be particularly interesting. In fact, non-vanishing torsion in such a
setting was first encountered in the context of Lifshitz holography [83] and the Quantum
Hall Effect [84]. Subsequently, diverse strategies have been implemented to construct non-
relativistic gravity models with non-vanishing torsion [85-89]. Thus, it would be worthwhile
to explore the boundary dynamics of torsional non-relativistic gravity models.

It should also be emphasized that the study presented in this article provides the
missing elements necessary to carry out a complete analysis of the energy bounds and
asymptotic Killing spinors in the supersymmetric extensions of both Maxwell /Hietarinta
and AdS-Lorentz gravity theories [25, 60, 90].
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A Chemical potentials in the metric formalism (torsionless case)

In order to recover the spacetime metric g, as well as the gravitational Maxwell field o, the

radial dependence in the gauge field (2.20) must be introduced through a permissible gauge

transformation. This procedure can be achieved by choosing the following group element
g = eF(MPHG() 22 (A.1)

where the functions F(r) and G(r) are defined according to

2
Fm:;XA(H 1—%@); G<r>=F<r>+2L<f—N—§L>7 (A2)

Thus, the full gauge field
A=w*J,+e"P, +0Z, = gglagc + ggldgc . (A.3)
is so that their spacetime components can be suitably written as follows
Ay =ag+cy(r) ; Ay =ap+ () ; Ar =cp (1), (A.4)

where a4 and a; given in (2.20) while cy(r), cy(r) and c¢,(r) given by

cy = F(r) <P1 — %MPO — ;NZO) + (G(r) + 1F(T)2) (21 - ;MZO) - %F(T)ZMZO ,

2
¢ = F(r) {(Pl - %MPO . ;NZ0> [+ (g + ?E:; u) (21 - ;MZOH
+ %MF(T)Q (zl 4 ;MZO) , (A.5)

e =F(r) P+ G(r)Zy .
The spacetime metric defined by
ds® = nabe““ebydx“dx” , (A.6)

is then directly obtained in Schwarzschild-like coordinates,

9 9 -1 2
ds* = — (i\; — M) g2dt* + (ﬁ; — M) dr? + 1 {dqﬁ + (u + /;[f> dt} (AT
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where for M > 0, it possesses a cosmological horizon located at

]

= ’r‘c = —, A8
2V M (48)
In this frame the nontrivial components of spin connection are given by
1
W = 5/\/1 (do + pdt) wh = de + pdt . (A.9)

The Maxwell CS field defined here as 0, = nabeauabu, can be suitably expressed as follows

1
do? = nape’, 0", dat da” = {QW + 25 {ﬂ +3 (f - %/\/ ﬂ ew,,} daida” | (A.10)

where its symmetry part o(,,) reads

) Yy
o dxtdx” = EM (u + 2./\/1{) dt® +

INYN , 1N N2 9
(1+4M>r tIm (]-‘—/\/—Wﬂ (de + pdt)

2

+ % (6 + &F + vN) (dg + pudt) dt + (N

-1
o —M) dr? . (A.11)

Note that the chemical potentials £, p and v have been explicitly incorporated in the
metric g, and the gravitational CS field o, so regularity analysis of the fields around the
cosmological horizon at r = r. can be carried out for a fixed range of the angular coordinates
of the solid torus, where it is assumed to be 0 < 7 < 1, and 0 < ¢ < 27. It follows that
around the cosmological horizon the rotating frame in (A.7) can be fixing by choosing the
Lagrange multiplier i according to

= NE = —sgn (N) VME, (A.12)

27,

so that expanding around the cosmological horizon the metric reduces to Rindler space,” that is

AMBE? 1N?

ds? ~ — e p*dt* + dp* + Eﬂd& : (A.13)
from which the temperature can be directly read off and it is given by
AN272
€2 = R (A.14)
The gravitational Maxwell field (A.10) around the horizon behaves as follows
1 3NZN ¢ ”
do? ~ O + 1 (1/ — (.7: - 4./\/1) N> Nerul,] dz"dz” | (A.15)
where
datdz” ~ — AMOE 2062 4 dp? + <N v — [ F - N* N~ dtde
Ouw TTazf Ty AM
1N N2 5
+ M (]—"— 4/\/l> do” (A.16)

"This step can be carried out by redefining the radial coordinate according to r = r. sech (% p).

— 21 —



Thus, fixing the rotating frame in the Maxwell CS field (A.15) at the horizon leads to that
the Lagrange multiplier ¥ becoming determined by

I/:7T<]:—3.N’2> £ . (A.17)

It is worth pointing out that both the metric and the gravitational Maxwell field are finite
and well-behaved at the horizon. Indeed, around the horizon both the metric (A.13) and the
gravitational Maxwell field (A.15) by virtue of the regularity conditions (A.12) and (A.17)
reduce to Rindler spacetimes with the same Hawking temperature which becomes fixed to
¢ = —1/T¢, where the minus sign amounts to the fact that orientation of the solid torus is
reversed compared to that of the black hole; so that the chemical potential £ corresponds to
the minus branch of (A.14). This latter feature provides the additional condition ggg (1) > 0,
which would mean that both fields really share the same topology around the horizon, that is,

N N?

which follows from (A.16).
Thus, in the metric formalism the regularity conditions on the fields are found to be
given by

7 |N| 27
T MB2 b= e

F 3N?

£= M3/2  AMB?

sgn(NV), v=-m [ ] sen (N) . (A.19)

As a close remark one can verifies from (A.13), (A.16) and (A.9) that the purely angular
components of following spin-2 fields at the cosmological horizon,

. a o Ametric 2 o N2
9o (Tc) = €q¢€ ¢|rc = o = m )

. A2 [ F NN
hep (1e) = 0apoylr. = ( ;IT ) = <\/./\7 - 4M3/2> ; (A.20)

.A 2
Weg (Te) = Wagwplr. = (;:) =M,

appear to be finite and along the lines of [68, 69] can be precisely defined in terms of
the pullback of the metric and the additional spin-2 fields at the spacelike section of the
horizon according to

w A, 1/2
da” dv ) do | (A.21)

= X,
A 82+< " do do

which turns out to be reparametrization invariant. Indeed, it is reassuring to find in the
same manner as in [91] (see e.g. [92]) that Acg turns out to be Lorentz invariant in spite
the fact that the Lorentz connection enters explicitly.

— 922 —



B Chemical potentials in the metric formalism with torsion

For the Maxwell CS theory with torsion (3.8) the corresponding spacetime metric g,, as
well as the gravitational Maxwell field o, are constructed through the restoring the radial
dependence in the full gauge field. For the solution in (3.28) the latter can be carried out
by the following group element

9B = eF(r)P2+G(r)Z2 7 (Bl)
with F(r) and G(r) given by
N eF—N
F(ry=elog|1- L (=2 : —F .
()= og[ M( 0| e =Fr+ S, (B2)
and where the function f(r) reads
2 2 2 2
2_ 2 1 No (" =N
fr)* = i </\/l+ 26N) + 2= ( o ) M. (B.3)
Thus, the components of the full gauge field,
A=wJ, +€" Py +0"Zy = g5ags + g5 dgs (B.4)
are suitably written as follows
Ag=ag+cy(r);  Ar=ar+c(r); A =c(r), (B.5)

where a4 and a; given in (3.28) while c4(r), cy(r) and c.(r) read
Cp = 2027 (M 25inh (;F(r)) [Zl +eb — % (M +eN) e ') (2o + o Py)
1
(B - <G(r) | 71 - 5 M2

co=(p+ef)cg —E(F(r)—eG(r)) [Zl — ;MZO} , (B.6)

e =F(r) P+ G(r)Zy .

The spacetime metric ds? = nabeauebydx“dx” , is then found to be given by

d 2
ds* = —f () °€de* + (’;)2

where f(r) is given by (B.3) while N?(r) reads

42 (d¢ + N¢(r)dt)2 : (B.7)

1
N(r) = p+ 556+ 2NT2§ . (B.8)

It is reassuring that this solution corresponds to the three-dimensional black hole solution [2],
which goes hand in hand with the field equations in (3.13). It also follows from (B.3) that for
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M > 0 together with M + eN > 0, this spacetime develops an inner and an event horizon
which are located at r = r1, being determined according to

1 2
=5 (VMEVM+aN)" . (B.9)
In this frame the nontrivial components of spin connection are found to be given by
1
Wl = M (dp+ pdt) ,  w'=dp+ pdt. (B.10)

The corresponding Maxwell CS field defined here as o, = 5nabeauab

v

is appropriately
expressed as follows

do® = gnabeauab,,dm’“‘dm” = (o + P(r)erp) datdz” | (B.11)
with
1 eF-N 1 v 9 1
@(T)_64£|:<2_/\/l+€_£) (7“ E—N)+€(Ef—N):| s (B12)
and where its symmetric part o(,, is given by
v € v 9 v 9 .9 dr?
oudatdr’ = 5 [(1 —€€> (r £ —N) +2 <N+ gMﬂ &dt” + )2
F-N
+ |:7‘2 — (84/\/1> (€r2 — N)] (dp + pdt)? (B.13)
el o eF—=N v\ /5
+3 [37" +F- (2/\/1 +§) (r 5—/\/)} ¢ (do + pdt) dt .

The regularity of the fields around the event horizon r = r4 can be carried out for a fixed
range of the angular coordinates of the solid torus, i.e., 0 <7 <1, and 0 < ¢ < 27w. The
latter can be implemented by fixing the rotating frame around r in the metric (B.7), which
leads to choosing the Lagrange multiplier u, according to

1 N £ r_
— o =~ (1= B.14
p=getae=—5 (1- )¢ (B.14)
so that around the event horizon 7, the metric behaves as follows®
4 (.2 22
et (ri —r2)
ds® ~ _L—ri§2p2dt2 +dp® + ridgzb2 ) (B.15)

from which one can read that the Hawking temperature £ = 1/Tgy is found to be

_  Pary 2m (1 1
‘= (r2 —r2) e <\/A7 UM +5N> ' (3-10)

Along the same line, expanding the Maxwell field (B.11) around r; with the previous

fixing (B.14), it acquires the behavior

—r_V(F .
dUzzlguV_iT+(T++T) (1—8V+(r+ ! )( +T+T)

£ ry (ry +1r_)? ) &TW] dz¥dz”,  (B.17)
J’- —

8This is carried out by defining a new radial coordinate according to
r= \/% [ri +7r2 + (ri - r%) cosh (crp)] .
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where

4 (,.2 242 9
— - F
Quydg;udxu ~_ Mfzfﬂdﬂ i dp2 +ry (m) d¢2

4272 Ty T
—r ) (F+rr
- Z” (ry +7_) (1 - 5% 4 r+r(r)+(+ r_’)";’" )> gdtds . (B.18)

Thus, by fixing the rotating frame in the gravitational Maxwell field around r, introduces
the following condition on the Lagrange multiplier v, given by

1 [(M —r ) (Ft+ryr)
€ ry (ry+r2)°

+1|¢. (B.19)

UV =

It should be emphasized that both the metric and the gravitational Maxwell field are finite and
well-behaved at the horizon 7. Furthermore, around the horizon both the metric (B.15) and
the gravitational Maxwell field (B.17) by virtue of the regularity conditions (B.14) and (B.19)
reduce to Rindler spacetimes with the same Hawking temperature determined in (B.16). It is
important to note that this latter feature provides also the condition that g (rc) > 0, which
would mean that both fields really share the same topology around the horizon, that is,

2
0¢¢ (1+) =T+ (ﬁ) >0, (B.20)
which follows from (B.18). It is also verified that expanding the fields around the inner
horizon r_ one obtains also regularity conditions being those in (B.16), (B.14) and (B.19)
by in changing r+ — r .

In sum, in the metric formalism the regularity conditions on the fields around r are
found to be given by

_ (L ! __m_w(eF-N) €
= (gt =) e Vgt tee (B2
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