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Abstract: We study the dynamics and interactions of the solitonic domain walls that
occur in realistic axion electrodynamics models including the Chern-Simons interaction,
aϵµνλσF

µνF λσ, between an axion a(x) of mass ma, and a massless U(1) gauge field, e.g.
EM, interacting with strength α = e2/4π with charged matter, e.g. electron-positron pairs.
In particular, in the presence of a U(1) gauge-and-matter relativistic thermal plasma we
study the friction experienced by the walls due to the Chern-Simons term. Utilizing the
linear response method we include the collective effects of the plasma, as opposed to purely
particle scattering across the wall (as is done in previous treatments) which is valid only in
the thin wall regime that is rarely applicable in realistic cases. We show that the friction
depends on the Lorentz-γ-factor-dependent inverse thickness of the wall in the plasma frame,
ℓ−1 ∼ γma, compared to the three different plasma scales, the temperature T , the Debye
mass mD ∼

√
αT , and the damping rate Γ ∼ α2T , and elucidate the underlying physical

intuition for this behavior. (For friction in the thin-wall-limit we correct previous expressions
in the literature.) We further consider the effects of long-range coherent magnetic fields
that are possibly present in the early universe and compare their effect with that of thermal
magnetic fields. We comment on the changes to our results that likely apply in the thermal
deconfined phase of a non-Abelian gauge theory. Finally, we briefly discuss the possible early
universe consequences of our results for domain wall motion and network decay, stochastic
gravitational wave production from domain wall networks, and possible primordial black hole
production from domain wall collapse, though a more complete discussion of these topics
is reserved for a companion paper.
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1 Introduction

The Peccei-Quinn solution to the strong CP problem [1, 2] implies the existence of a light
pseudo-Nambu-Goldstone boson, the QCD axion [3, 4], a(x), which has gone on to become
one of the most studied and searched for new physics states. Although the axion concept
originated out of a dynamical solution to the QCD strong CP problem, it is now the
case that generalized axions, “axion-like particles” (ALPs), are well motivated new physics
candidates with potential consequences for some of the most interesting problems in physics,
in particular as an attractive dark matter candidate [5–10]. Moreover, a wide variety of
axions appear in motivated UV completions of the Standard Model (SM), such as string
theory constructions [11, 12].
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Two important properties of all axions are their compact field range, a(x) ∼ a(x) + 2πfa
(here fa is the mass-dimension one axion decay constant), and a non-zero periodic potential,
V (a), necessarily generated by non-perturbative effects (QCD non-perturbative effects in the
case of the QCD axion) which can have a sub-periodicity V (a+ 2πfa/N) = V (a), depending
on an integer-valued anomaly coefficient, N ≥ 1. These properties imply that axion theories
possess global cosmic string solutions as well as domain walls that can be either bounded by
the cosmic strings or form closed surfaces with no boundary. In many cases, such as, for the
QCD axion in much of its parameter space, the early universe dynamics and eventual decay of
these cosmic string and domain wall networks play a vital role in setting the final axion dark
matter density [13–16], as well as possibly generating other striking and potentially observable
phenomena, such as a gravitational wave background [17–21], or a population of primordial
black holes [22–30]. Thus, a careful study of the evolution of these defects is an important
ingredient in assessing the phenomenological and observational consequences of axion models.

The details of the underlying axion model affect the properties of cosmic strings and
domain walls: for example, N determines the number of domain walls that end on a cosmic
string, leading to a possibly everlasting domain wall newtork for N > 1 (unless other, ZN
breaking effects are included), while the domain wall tension σ ≃ 8f2am2

a is set by fa along
with the axion mass m2

a = d2V (a)/da2|min. The resulting cosmic string-domain wall network
interacts with and produces a population of free axion particles during its evolution and
decay (as well as some amount of heavier states, such as the Peccei-Quinn radial mode in
field theoretic UV completions of the low-energy axion theory), and such effects are taken
into account by modern numerical simulations [13–16], though only Hubble “friction” is
typically taken into account.

Most interesting for our purposes is the well-motivated possibility of further interactions
of the domain walls with SM particles.1 In fact, as we will explain in detail in the following
sections, axions and thus axion domain walls are expected to possess a particular class of
Chern-Simons(-Pontryagin) quasi-topological interactions with gauge fields. In the case
that the relevant gauge field is a U(1), such as electromagnetism, the interaction term in
the Lagrangian density is

Lint =
ακaγγ
8πfa

aF ∧ F, (1.1)

where here we have used form notation so F is the 2-form field strength tensor of the U(1)
gauge field, and α is the fine-structure constant of the U(1). The dimensionless coupling

1Our main interest in this work is axion domain walls and their physics, rather than the interactions of
axion cosmic strings, though there are of course relations between these two topics. We emphasize that though
our primary interest is where the U(1)-gauge-fermion plasma is the SM plasma, it is possible to consider
an ALP having Chern-Simons interactions with a hidden sector U(1)h-gauge (and possibly charged matter)
system at finite temperature, and our results apply to this situation too with suitable modifications. Moreover,
in section 5 we outline the changes to the friction calculation that would apply to the case of a thermal,
deconfined phase, non-Abelian plasma interacting with an axion domain wall via the appropriate “aTr[G∧G]”
Chern-Simons term. Note that the mass of the axion can change substantially in this case as non-perturbative
non-Abelian processes can contribute to the axion mass significantly, and differently, in the confined, low-T ,
and deconfined, high-T phases. Relatedly, it is amusing to consider the possibility of an axion domain/bubble
wall separating a deconfined region from a confined one.
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κaγγ sets the strength of this interaction and is equal to the PQ-U(1)2 anomaly coefficient
K ∈ Z (in the normalization we use here) up to corrections due to mixing with other neutral
pseudoscalar states at low energy, such as π0, η and η′ in the QCD axion case.

The existence of such a Chern-Simons coupling is motivated by its consistency with
the symmetries of the theory, its appearance in the majority of UV completions of axion
theories, and, especially for the QCD axion, its natural appearance because of the mixing
with the neutral pseudoscalar mesons which have such couplings with U(1)em. Additionally,
for the QCD axion where the QCD version of the term eq. (1.1) is necessarily present with
integer KQCD ̸= 0, any grand unified structure at high energy implies that it is accompanied
by its U(1) counterpart [31].

The Chern-Simons interaction of an axion, whether the QCD axion or a generalized ALP,
with U(1)em is also by far the most utilized coupling in searches for these new states over a
broad range of parameter space, with many experiments across the globe trying to detect
axions using this interaction [32, 33]. This system of a massive neutral axion coupled to a
massless (massive in some generalizations) U(1) gauge theory through the Chern-Simons
term is known as axion electrodynamics and possesses a surprisingly rich phenomenology, as
well as a theoretical structure with many hidden generalized higher-form and non-invertible
symmetries (see, e.g., [34–38]), as well as surprising dynamics [39].

At the non-perturbative level, the QCD axion and generalised ALPs always acquire a
potential that explicitly violates the leading order continuous non-linearly-realized U(1)PQ
shift symmetry of the axion, a(x) ∼ a(x) + c, c ∈ R, while respecting the compactness
of the field range a(x) ∼ a(x) + 2πkfa for k ∈ Z (equivalently this can be thought of as
an exact gauged discrete shift symmetry).2 In particular, in the simple “single-instanton”
limit, that applies to non-perturbative effects in weakly coupled theories, the potential
takes the simple form

V (a) ∼ Λ4
(
1− cos

(
N
a

fa

))
, Λ2 = mafa

N
. (1.2)

Here the mass of the axion, ma, around any one of the minima and the effective period
fa/N are related to the dynamical scale, Λ, generated by the relevant non-perturbative
process explicitly breaking the continuous a(x) ∼ a(x)+ c shift symmetry. One also explicitly
sees that N tells us the number of distinct degenerate vacua between [a, a + 2πfa). This
degeneracy in vacua for N > 1 leads to the existence of N distinct topologically stable domain
walls which interpolate between adjacent vacua ak = 2πfak/N and ak+1 = 2πfa(k + 1)/N ,
for k = 0, 1, 2, . . . , N − 1.

In the early universe context, these domain walls form when the axion mass becomes
significant compared to the decreasing Hubble rate, and they can either be topologically
closed, e.g. usually of S2 topology, or part of a complicated wall network with strings as
boundaries. In the case N = 1 a domain wall solution still exists, as we recall in detail in
section 1.2, but since it can be bounded by a single axion string it is no longer absolutely

2We expect that, inevitably, there are non-perturbative gravitational effects, which may be due to wormholes,
or virtual black holes, or mixed gravitational-U(1)P Q anomalies, or other dynamics of the gravitational UV
completion, that generate a potential, possibly the dominant one, for the axion [40–46]. This is enshrined and
extended in the “no global symmetries” conjecture which has significant theoretical support [47–53].
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stable, just metastable. (Despite this lack of absolute stability in the N = 1 case, the evolution
and eventual decay of the axion domain walls can still dominate the production of ALPs
and gravitational waves, as well as the other phenomena that are affected by domain wall
friction.) The N = 1 walls annihilate3 and in this process, they move and oscillate emitting
gravitational waves [55, 56]. Studies of the evolution of these domain walls (without the
additional friction terms that are the subject of this work) show that they can in principle
become relativistic, or even ultra-relativistic, and dominate the scaling factor [27, 56]. In the
sections to follow, we assume N = 1 unless otherwise stated, but generalizing our results on
the friction experienced by the walls (not necessarily other features of the wall evolution!) to
cases with N > 1 can be easily achieved by adjusting a few obvious factors.

As mentioned above, one of the more important potential windows into axion physics in
the early universe is gravitational wave signals. Indeed, the domain wall network dynamics
exhibits the emission of such gravitational wave signatures, and with upcoming detectors
enabling increasing sensitivity and frequency coverage in gravitational wave detection, this
tool will become an ever more important technique for studying early universe axion physics.

With this in mind, we now come to the topic studied in this work: in the early universe,
the walls are moving in a hot, usually relativistic plasma consisting of particles that interact,
directly or indirectly, with the axions via the Chern-Simons term. Hence, the wall experiences
friction when in motion. This friction can dominate over the Hubble friction caused by the
expansion of the universe for certain parameter values and change the overall dynamics of
the wall, making it an important feature to study even from an observational perspective
(see, for example, appendix D of [19]). Taking motivation from past literature [57–59], we
calculate the friction experienced by the walls due to the hitherto mainly neglected but key
Chern-Simons interaction (1.1) using linear response theory. We also summarize previous
work on axion domain wall friction and its relation to our results.

The remainder of this paper is organized as follows. Since the details of our calculations
are rather involved and likely mainly of interest to specialists, we first provide a substantial
introduction summarizing our setup and main results (important variations and applications,
as well as possible fruitful follow-up directions, are discussed in section 5). Specifically,
in section 1.1 we define the physical system we study and establish notation, while the

3As already mentioned, in the N > 1 case with an exact ZN global symmetry the domain walls are
topologically stable and, in addition, a basic axion cosmic string which winds once through the compact field
range, a ∈ [0, 2πfa), bounds N walls. These two features lead to the existence of a scaling solution for the
string-wall network in which the domain walls never fully disappear (unlike the N = 1 case). This in turn
leads to a phenomenological disaster for much of the {ma, fa} parameter space: the domain wall tension of the
remaining scaling-solution walls, σ ≃ 8maf

2
a , can be high enough to either cause unacceptable gravitational

distortions in the cosmic microwave background radiation, or even to come to dominate the energy budget
of the universe during an epoch before dark energy domination, thus leading to an unacceptable equation
of state for the BBN- and post-BBN universe. The solution to this is that the ZN global symmetry must
be explicitly broken by yet further small non-perturbative effects (which could be gravitational in origin; cf.
the “no global symmetries” conjecture), which in turn leads to a pressure difference across the domain walls
(see, e.g. [54] for a recent study). This pressure difference can lead to relativistic or even ultra-relativistic
wall velocities, and certainly, for large enough pressure difference, the eventual destruction of the wall-string
network consistent with cosmological bounds. Additional frictional forces of the kind we have calculated can
play a role in the dynamics of this destructive process, and thus the gravitational wave background production
and other signatures of wall-string-network demise.

– 4 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
2

associated domain wall solutions are described in section 1.2. In section 1.3 we provide a
high-level overview of the calculation of friction on an axion domain wall in the relatively
straightforward (but rarely appropriate) thin-wall-limit. This has been the subject of previous
study in the literature, but we disagree with these earlier results as written, so, before passing
on to the most physically relevant thick-wall case, we present what we believe to be the
correct thin-wall friction formulae in eq. (1.13).

Section 1.4 gives an overview of the physical intuition behind the somewhat involved
calculation of domain wall friction in the physically most interesting thick-wall limit. For
convenience of the reader, we provide quick summaries of the main results of our paper
in eq. (1.21) and in figure 3 and table 1. Together with the discussion in section 5 of the
physical consequences of our results and variations, section 1.4 provides a compact summary
of the present work.

In section 2 we commence the detailed study of friction on axion domain walls by
outlining the methods of linear response theory and their application to the problems at
hand, including in section 2.1 a discussion of how to evaluate the average force on the wall
in a situation dominated by fluctuations, often at a parametrically small scale compared to
the wall thickness. Section 3 contains the calculation of the thermal averages that determine
the domain wall friction in the thick wall limit, first in the simpler case of a long-range
coherent background magnetic field, and secondly for a relativistic thermal plasma with only
the standard thermally-produced and fluctuating magnetic and electric fields. In section 4
we turn to a comparison, in various cosmological scenarios, of the magnitude of the Chern-
Simons produced friction with the standard cosmological Hubble friction that effectively
damps wall motion (and is included in the leading numerical simulations) — see also the
discussion at the end of section 1.3.

Finally in section 5 we both summarise our work and the main results, and briefly
discuss a variety of interesting variations of our basic calculation. This includes the case
of a high-temperature deconfined non-Abelian plasma; the physics of wall collapse when
there is a long-range coherent magnetic field present (as sometimes occurs in variant early
universe scenarios) and the associated probability of primordial black hole production; the
case where the axion mass and/or decay constant changes on either side of the domain wall
(possibly due to explicit ZN breaking effects) where previous work [60, 61] has shown that
surprising, and large, frictional forces can occur at high Lorentz-γ factors; and finally the
issue of a numerically accurate friction calculation for fully realistic QCD axion domain
walls with their extra structure due to the mixing with the π0, η, η′ mesons of QCD. The
paper also has five substantial appendices covering various details, or pedagogical asides
not suitable for the main text.

1.1 The physical setup

Our system has three components: a U(1) gauge field Aµ, fermions ψ charged under the U(1),
and the axion field a(x) associated to the domain wall solution. The Lagrangian we consider is

L = 1
2∂µ∂

µa− V (a)− 1
4FµνF

µν + ψ̄(i✚✚D −mf )ψ + α

8πfa
aϵµνστFµνFστ , (1.3)
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with an axion potential

V (a) = m2
af

2
a

(
1− cos

( a
fa

))
. (1.4)

In the potential, ma is the axion mass and 2πfa is the fundamental period of the axion field.
Note that in eqs. (1.3) and (1.4) we have taken N = 1 and κaγγ = 1. It is straightforward to
reinstate these factors in our final results. More importantly, eqs. (1.3) and (1.4) are sufficient
to describe an ALP domain wall assuming that: 1) there are not further pseudoscalar states
which meaningfully mix with a(x), and 2) there do not exist wall-localised degrees of freedom
apart from the obvious Nambu-Goldstone modes of the spontaneously broken wall-transverse
translation symmetry. We will take the second of these assumptions to hold for the entirety
of this work, just briefly commenting in section 5 on the possible effects of such states (which
are well-motivated in certain cases — see e.g. section 6 of [62] and the discussion of QHE
and FQHE domain wall states in e.g. [63]).

The final aF ∧F term in eq. (1.3) is the interaction term between the wall and the plasma
in the environment. In differential form notation this can also be written as da ∧A ∧ dA by
using integration by parts. In an EFT where the momentum cutoff k is less than ma, then,
the term “da” is like a Dirac delta function localised where the gradient of a is greatest, and
hence da∧A∧ dA is a boundary term lying completely on the domain wall surface. The term
A ∧ dA is the well-known Chern-Simons term in the Quantum Hall Effect context. Hence,
the term aF ∧ F is also called the Chern-Simons interaction term.

Regarding the environment, the plasma temperature we will consider will be substantially
greater than the fermion mass, so our plasma is highly relativistic. Furthermore, we assume
that the ratio of the chemical potential of the fermion to the temperature is µf/T ≪ 1. Hence,
there are almost an equal number of fermions and antifermions. This is true for electrons in
the pre-Big-Bang-Nucleosynthesis universe where the ratio is µe/T ∼ 10−10.

From the Lagrangian written above, the equation of motion for the ALP field is

∂2a

∂t2
= ∇2a−m2

afa sin
( a
fa

)
+ α

πfa
E · B.

Note that here we have simplified F ∧ F = 8E · B, where E,B are the usual electric and
magnetic fields. In the calculations to follow, we express the axion in terms of a dimensionless
angular variable φ which is related to the ALP field by

a = faφ.

Hence, re-writing the equation of motion for the field φ gives

∂2φ

∂t2
= ∇2φ−m2

a sinφ+ α

πf2a
E · B. (1.5)

1.2 Brief recap of axion domain walls

We now quickly revisit the simplest domain wall solution that applies in the case that: a) the
potential is as given in eq. (1.2); b) where the Chern-Simons interaction part in eq. (1.5) is
absent, and c) where there is no mixing of the field a(x) with other pseudo-scalar states (such

– 6 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
2

as the neutral spin zero mesons of QCD). This then maps our axion equation of motion on to
the well-studied Sine-Gordon model. In a (1+1) dimensional theory, this has a non-trivial
stationary solution of the form [64],

φ(z) = 4 arctan (exp(maz)) . (1.6)

The energy density of the walls is defined as

E(z) = f2a

(1
2
(∂φ
∂t

)2
+ 1

2
(∂φ
∂z

)2
+m2

a(1− cosφ)
)
. (1.7)

For us, the solution of eq. (1.6) corresponds to a static planar wall configuration oriented
in the x− y plane that, along the transverse z direction, interpolates between 0 and 2π. In
this N = 1 case these are the same vacua, but the solution still has a non-trivial energy
density as can be seen in figure 1 and acts as a domain wall in the cosmological context.
Under a Lorentz boost normal to the wall, the solution (1.6) simply becomes

φ(z, t) = 4 arctan (exp(γma(z − vt))) , (1.8)

where, v is the wall velocity and γ is the corresponding boost factor. Of course, when the
wall moves relative to the plasma the effective thickness of the wall in the plasma frame is
reduced by the usual Lorentz contraction factor 1/γ. For slow walls, this is not a big change,
but for walls that are relativistic, this is significant.

Although the above description is valid for planar walls, one can use this approximation
for large walls as well, with the radius of curvature of the wall being much larger than
the thickness of the wall. Hence, we can approximate the local configuration of the wall
to be of the form,

φ(x⊥, t) ≈ 4 arctan(exp(γma(x⊥ − vt))), (1.9)

x⊥ being the direction normal to the wall locally.

1.3 Overview of friction on thin axion domain walls

Phase transitions in the early universe are expected to produce strings and domain walls
through the Kibble-Zurek mechanism [65, 66]. These have complicated dynamics and can
interact with the thermal bath in the early universe. These interactions exchange energy
and momentum between the wall and the plasma, inducing friction as the wall evolves over
time. This friction can affect the phenomenologically important signatures of these domain
walls. For instance, oscillating domain walls produce a strong gravitational wave signal
that is a target for many detectors but a large frictional force can remove energy from the
coupled gravitational wave-wall system and dump it into the plasma. Even if this does not
happen, the friction may delay the onset of an ultra-relativistic regime where gravitational
wave emission is dominant. Collapsing domain walls also provide a production mechanism
for primordial black holes [27] but if the wall collapse is slowed down or if it loses enough
energy to its surroundings, this process may be inhibited. Finally, the decay of domain walls
into Beyond the Standard Model (BSM) relics is also sensitive to the total energy of the
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Figure 1. Left Panel: domain wall field profile interpolating between a/fa ≡ φ = 0, 2π. Right
Panel: energy density of the domain wall configuration. The shaded region is what we consider as
the wall. This region has a width of the order 1/γma in case the wall is moving with Lorentz factor
γ = 1/

√
(1− v2).

wall and is thereby affected by the friction. This can have a major effect on the bounds
derived by assuming the existence of these relics [54]. Understanding the effect of friction
on these phenomena is essential for axion searches.

Frictional forces on ALP domain walls can be classified according to their physical
origin including particle scattering, changing masses across the wall, or collective dissipative
plasma effects. The former two cases have been studied extensively in the literature (such
as [56, 61, 67] and references within), and they apply in the thin-wall limit, where the particle
mean-free-path is longer than the wall thickness. The latter case has been discussed in a
general context in [58], without an application to ALP domain walls, which is the subject of
this work. We will discuss this in detail in the following sections where we study the friction
experienced by (thin and thick) ALP domain walls due to the Chern-Simons interaction
term. In the thin wall limit, this interaction can also be treated along the lines described
above, i.e. by studying particle scattering off the domain wall.

In the thin wall limit, the friction calculation is done in two steps: (a) calculating the
reflection coefficient of the particle interaction with the wall using the semi-classical WKB
approximation and (b) calculating the pressure difference on the two sides of the wall in the
wall frame. In the first step, one only considers the particle-wall interaction and ignores any
interactions between the particle and the plasma. In the domain wall frame, the problem
reduces to finding the reflection probability of the plasma particle in an effective potential
induced by the wall, which can be treated using the WKB approximation. The force from
one particle reflection is then thermally averaged to give the total friction (more details are
given below around eq. (1.11)). Heuristically, one can think of this as integrating across the
wall first followed by thermal averaging. This procedure can be carried out for any domain
wall and any particle that interacts with it.

In the context of axion domain walls with a Chern-Simons interaction term, the friction
has been first described by [55]. Their focus was on superhozion, moderately-relativistic
QCD axion domain walls. In summary, the friction per unit area due to photons in the
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thermal bath is given by

P ∼
(α
π

)2m3
aTe

−ma/T T ≪ ma

m2
aT

2 T ≫ ma.
(1.10)

where we have quoted two limits depending on the hierarchy between the temperature and
the axion mass. Fermions in the plasma do not contribute to this result as mentioned above.

Recently, [68] presented a comprehensive study4 of friction on ALP walls. We will
use generic thin-wall formulae derived in that paper for comparison with the our results
derived in the following sections. Specifically, the pressure (friction per unit area) difference
between the two sides of the wall in the wall frame, and for any interaction, is given by
the thermal average [68]:

P = 2
(2π)2

1
βγ

∫ ∞

0
dp p2R(p)

(
log

(
f(−v)
f(v)

)
− 2βγvp

)
(1.11)

where
f(v) = 1

e
γβ

(√
p2+m2+vp

)
− 1

. (1.12)

Here, m is the mass of the particle scattering off the wall and R(p) is the reflection coefficient
calculated using the WKB method which encapsulates all the information about the particle-
wall interaction.5

Our interest is the axion-photon coupling described in section 1.1. For this coupling, and
when treating thin domain walls, we can use the above formalism to determine the friction
from photon scattering. To that end, we take m = 0 in (1.12). The remaining ingredient
is the reflection coefficient on which we comment in appendix A for a simple toy model of
a realistic axion domain wall.6 Putting everything together, the integrand peaks when the
momentum of the photon is of order of the axion mass ma and gives

P ≈ α2

2π2
m3
aT

γ
log

(1 + v

1− v

)
≈


α2

π2
1
γm

3
aTv γ ≈ 1

α2

2π2
1
γm

3
aT ln

(
2

1−v

)
γ ≥ 2

. (1.13)

where we have the leading contribution in the limit γma ≪ T . The first result is when the
velocity is such that γ is still close to 1. The second case applies when (1 − v) ≪ 1 such
that γ ≥ 2. This expression is different from the published7 result of [55] which we show in
eq. (1.10). As we will see, the dissipative thermal field theory approach matches eq. (1.13).
One final comment is in order, the factor of γ−1 in eq. (1.13) is because this result is written
in the wall frame. In the plasma frame, this factor is absent.

4The goal of [68] was to investigate fermion interactions of the form Lint ⊃ ∂µaψγ
µγ5ψ which are different

from the Chern-Simons interaction in which we are interested.
5Readers can also refer to appendix A for the derivation of this formula.
6A detailed analysis of similar toy model has been discussed in a recent paper on optical properties in

axion-electrodynamics [69].
7We thank Simone Blasi and Alberto Mariotti for bringing to our attention a difference between the preprint

and published versions of [55]. The parametric dependence we get agrees with expressions that appear in
the preprint by Huang and Sikivie and also with those derived in [70] when studying friction from gluons
scattering on the domain wall.
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To complete the discussion on thin walls, we briefly mention how friction is taken into
account when numerically studying the evolution. As such, the majority of models trying to
understand this evolution work in a thin-wall approximation. Using this approximation, one
gets a world-volume action similar to a world-sheet action for fundamental strings (or an
EFT for axion strings). One can vary this action to get the motion of embedding coordinates
in terms of world-volume coordinates [56]. In a simplified setting, these equations can be
reduced to coupled differential equations for the wall size L and wall velocity v. These
models are called “Velocity-dependent One-Scale” (VOS) models [71, 72] and are inspired by
string evolution models [73, 74]. In these models, the friction term appears in the differential
equation for the velocity and takes the form [68, 71],

Fthin ∝ −γv
ld
,

1
ld

= 3H + 1
lf
.

Here, H is the Hubble constant and signifies the Hubble friction contribution due to cosmic
expansion. The second term given by 1/lf is the friction contribution from particles in the
environment. The length lf is determined by an independent friction calculation and used
as an input to this formalism. As mentioned above, one crucial approximation in these
studies is that the wall is thin.

1.4 Thick wall friction — qualitative overview & summary of results

A relativistic plasma with charged8 particles introduces several new scales in the domain
wall friction problem. Previously, we commented on the mean-free-path and compared wall
thickness to this length scale which is typically on the order of:

λ−1
MFP ∼ α2T (1.14)

in QED-like theories where α is the fine-structure constant of the gauge theory and T is
the temperature. The relativistic plasma also has other, shorter length scales that are
also relevant for understanding domain wall friction. At distances shorter than λMFP, we
encounter the Debye length:

l−1
D = mD ∼

√
αT (1.15)

which sets the scale of electric shielding effects and is sometimes known simply as the ‘electric
scale’. In the plasma, the photon acquires a thermal mass on the order of mD which is
responsible for this screening effect. The Debye length is the shortest distance where we
observe collective behaviour of particles in the plasma [75], which are long-lived excitations
with lifetimes on the order of (α2T )−1. At yet shorter distances than the Debye length, there
is the thermal length set by the plasma temperature:

l−1
T ∼ T. (1.16)

This scale sets thermal fluctuations in the system. For distances between lD and lT , a
description in terms of collective modes is not valid and one must treat the plasma as a
collection of relativistic particles.

8In this work, we will mainly only consider Abelian U(1) gauge groups, though in our conclusions we will
comment on the changes that we believe apply in the non-Abelian case.
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(γma)−1

λD

λD

(γma)−1

Figure 2. Cartoon depiction of scales. The domain wall, of plasma-frame Lorentz-contracted width,
L ∼ (γma)−1, is shown between the two vertical lines. The red circles depict the size of the Debye
sphere - the scale at which collective modes respond. Left Panel: in this case, the wall thickness is
much larger than the Debye scale. Right Panel: the opposite case where the wall thickness as seen
in the plasma frame is smaller than the Debye scale.

γmaΓ ∼ α2T mD ∼
√
αT T

α2(γma)2m2
Dv (γma/Γ) α2(γma)2m2

Dv α2m3
aT ln(2/(1− v)) Exponential Fall (?)

Figure 3. Schematic diagram of the behavior of the friction per area on a moving ALP domain
wall as a function of the plasma-frame inverse wall thickness, γma (equivalently, for fixed axion mass,
as a function of increasing wall velocity reading left-to-right). These expressions, in which O(1)
coefficients have been dropped for simplicity, capture the parametric dependence of the Chern-Simons
induced friction upon the wall with velocity v (with associated Lorentz γ factor), axion mass ma,
plasma temperature T , and U(1) fine structure constant α assuming that T is high enough that ultra-
relativistic charged particles are in equilibrium in the plasma, i.e. T ≫ all relevant particle masses.
Note that a major role is played by the three plasma scales, the Abelian plasma damping rate Γ ∼ α2T ,
the Debye (electric) mass mD ∼

√
αT , and the temperature T . These expressions for the friction

assume that the axion electrodynamics parameters satisfy N = 1 and κaγγ = 1. For wall velocities such
that γma ≫ T , the exponential fall-off is a leading-order result and this conclusion can in principle be
modified at higher order. For instance, there might exist effects formally sub-dominant in α which
are proportional to γ2 and so in fact become important as γ ≫ 1/α (such behaviour was described
in [60, 61] for a different but related case). We have not perfomed the higher-order calculations
necessary to determine if this applies to Chern-Simons induced friction on axion domain walls.

These scales, along with the emergence of collective behaviour enrich the domain wall
problem beyond the simple scattering picture described in the previous section. Specifically,
we have the hierarchy

lT ≪ lD ≪ λMFP (1.17)

and the friction experienced by a domain wall depends on how the Lorentz-contracted wall
thickness (γma)−1 compares to the various plasma scales. In the treatment of section 1.3, we
considered particle scattering off a thin wall where the notion of thin was defined relative to
λMFP. However, a natural question arises: what happens for domain walls thicker than λMFP?
At these length scales, collective plasma effects play an important role and are essential
in understanding domain wall friction. Furthermore, as mentioned above, these effects are
important even for walls with thickness between λMFP and ℓD. It is only for walls thinner
than lD that the particle scattering picture is sufficient to capture plasma friction.
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Before proceeding with the calculations, it is useful to gain a qualitative understanding
of plasma processes that go beyond the scattering picture. To that end, consider a domain
wall moving through a plasma where there are local magnetic and electric field fluctuations.
In standard axion-electrodynamics, axion field gradients acquire an effective charge density
in the presence of a magnetic field according to

∇ · E ∼ (∇φ · B). (1.18)

Since ∇φ ̸= 0 for a domain wall, fluctuations in the magnetic field orthogonal to the wall will
induce a local charge density on the wall. This turns the wall into a charged object immersed
in the plasma which will respond to restore local charge neutrality. The time it takes to
establish neutrality is given by the timescale for plasma rearrangement [76]:

tD ∼ lD
vth

(1.19)

where vth is the thermal velocity of the charged particles. For a relativistic plasma, with
temperature T larger than the mass of charged particles, vth ≈ 1 and the timescale is simply
the Debye length defined above. These phenomena that happen at the frequencies ωp ∼ eT

(or, equivalently, length scales (eT )−1) are the effects of collective behavior of the particles
in plasma [75]. For walls thicker than (eT )−1 (and ‘slower’ than ωp, as outlined in the next
paragraph), we can average these fast plasma processes and include their effects in the axion
equation of motion (by replacing E · B → ⟨E · B⟩ in eq. (1.5)) to find the friction.

This averaging also requires that the wall is ‘slow’ compared to plasma processes. This
is easy to justify by comparing the wall self-crossing time to the plasma frequency. The
wall thickness is of the order (γma)−1. For a wall moving with velocity v, the self-crossing
time of the wall (γma)−1/v is larger than (γma)−1. So, as long as (γma)−1 is sufficiently
larger than the thermal scales in the problem like ∼ T−1 and (eT )−1, we can treat the
wall as moving slowly. In this limit, the plasma responds quickly to the motion of the wall
and we are interested in effects of the plasma on long9 timescales compared to the thermal
scales (since these are the relevant timescales for the domain wall motion). The outcome of
this averaging procedure includes a host of complicated effects that depend on the profile,
dynamics and other properties of the domain wall. In this paper, we will focus on plasma
friction only and extract this quantity.

The thermal average of the fluctuations of the electromagnetic fields10 at a given time,
in the presence of the wall, depends on how they are correlated to similar fluctuations in
the past. Because of the effect of fermions in the plasma, which give rise to the screening,
such correlations depend on the thermal scales described above and bring various scales into
the picture that are smaller than the thickness of the wall.

If the wall is thinner than the Debye length, then the charge of the wall due to a
fluctuation of the magnetic field is screened outside the Debye length. Inside this length scale,
the system is almost un-screened and can be viewed as a collection of photons and charges.
In this limit, particles scattering off the wall is the dominant effect. In other words, a wall

9Later, this will allow us to expand the retarded Green’s functions linearly around ω = 0.
10In our case, the relevant averaged quantity is E · B.
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can be considered thin and one can view the friction as purely due to particle scattering
off the wall if there is no other smaller length scale at which macroscopic effects are seen
in the plasma. This approximation is valid when the wall thickness in the plasma frame is
smaller than the Debye length. In this case, the correct procedure is to integrate across the
wall and find the microscopic effects of the wall-particle interaction first and then average
the result against the thermal particle distributions.

On the other hand, as mentioned above, if the wall is not thin compared to the Debye
length, one needs to first integrate out the thermal effects and then average over the wall.
Even if the wall thickness is somewhere between the mean free path and the Debye length,
pure scattering doesn’t capture the full response. The friction calculated using this method
originates from dissipative effects of the plasma rather than pure particle scattering. A similar
approach was taken in [58] to study the plasma friction on bubble walls in a generic sense. In
this method, we view the wall as a local disturbance to the plasma and, in turn, find the
corresponding local response of the plasma to the wall. Further, as we are averaging thermal
effects at scales smaller than the wall thickness first and then averaging across the wall, this
also takes into account the Lorentz contraction of the wall in the plasma frame.

The need for this averaging can be seen by considering axion-electrodynamics without
a plasma. In this case, one can derive the Lorentz force density acting on the axion field
profile as11

f = − α

8π (F ∧ F )∇φ = − α

8π (F ∧ F )∂φ
∂z

(1.20)

where in the second equality we assumed that the wall profile depends only on the z coordinate.
To get a net force on the wall, one needs to integrate the above expression along the normal
direction to the wall. When we have a wall in a thermal environment, we also need to take
the thermal average of the F ∧ F configurations. This is essential when the wall thickness
(γma)−1 is larger than the scales of thermal fluctuation.

Here, we summarize some important features of the calculations performed in the following
sections. For thick walls, the idea is to first calculate thermal effects as a response to the
motion of the wall and then integrate the thermal effects across the wall to get the friction.
As we know, the classical equation of the wall depends on F ∧ F (or equivalently E · B)
as in eq. (1.5) and we need to calculate the thermal average of the quantity E · B. This is
done using linear response theory where the ALP scalar field φ is the external disturbance
to the plasma. In the linear response method, the thermal average E · B will turn out to
be some function of φ and its derivatives.

In the calculations, which are done using the real-time formalism of thermal field theory,
we include the effects of the fermions in the plasma giving thermal corrections to the photon
propagator. Further, to calculate an analytic form for friction, we make certain approximations
and use physically motivated toy models. For details, we refer the reader to section 3.2. After
the thermal average is determined, we integrate it across the wall with a weight function to get
the effect on the wall. The weight function depends on the profile of the wall. Details about
this are presented in section 2.1. The friction depends on the inverse wall thickness γma with

11Considering the axion profile as some charge distribution with ρ = −(α/π)∇φ · B and j = (α/π)(∇× E +
(∂tφ)B), the Lorentz force density f = ρE + j × B is given by the expression eq. (1.20).
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Thin Wall Thick Wall
Validity Plasma frame wall thickness <

Plasma response scale (Debye
length)

Plasma frame wall thickness >
Plasma response scale (Debye
length)

Averaging Order Individual wall-particle interac-
tion computed using WKB fol-
lowed by averaging using thermal
particle distribution

Thermal average first as a lo-
cal linear response using plasma
spectral functions followed by in-
tegration across the wall

Effects Captured Individual particle scattering Collective disipative effects

Table 1. Qualitative summary of the thin and thick wall regimes and calculational approaches taken.

respect to the thermal scales Γ ∼ α2T (the Abelian damping rate) and mD ∼
√
αT (the Debye

mass, or “electric scale”). Our results for the friction per unit area (frictional pressure) are:

P ∝
(α
π

)2 (γma)2m2
D(γma/Γ)v, γma < Γ ∼ α2T

(γma)2m2
Dv, Γ < γma < mD ∼

√
αT

(1.21)

Once γma > mD, we have the purely thin wall case which we have already reviewed in
the last subsection. The schematic diagram, figure 3, summarises these results. One can
further generalise these results to include the possible presence of an additional long-range
coherent magnetic field in the plasma that arises from novel early-universe dynamics. We
will describe this in more detail in the following section.

2 Plasma reaction to a moving wall — linear response approach

In the last section, we saw that in the early universe, when we have a relativistic plasma,
treating the wall as an infinitesimally thin object is not always a good approximation. To
capture the collective effects of the plasma, one needs to take an approach different from
particle scattering. To do this, we consider the domain wall field φ to be a local perturbation
to the plasma which is itself in equilibrium. Furthermore, the motion of the wall is at
time scales much longer than the time scales for the plasma to respond, i.e., the inverse of
plasma frequency. To look at such a system, we use linear response theory. The idea behind
linear response theory is to understand how a system reacts in the presence of a weak local
perturbation. In the limit of weak perturbation, one can look at the change in observables at
a linear order. For example, in quantum field theory or thermal field theory, the observables
are nothing but averages of certain physical quantities. Hence, the linear response tells us
how these averages change to linear order in the weak perturbation. The machinery used to
study the finite-temperature linear response [75, 77, 78] is similar to the usual perturbation
theory in quantum field theory. In this case, we can take a thermally averaged equation of
motion of φ, where we average the plasma fields. In this treatment, as mentioned in the last
section, what we want is a linear response of the wall in a small frequency limit. In spirit,
this is similar to the calculation of the fluctuation-dissipation friction as discussed in [58].
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To calculate the linear response, first, we need to identify the interaction Hamiltonian
part that gives the information about how the scalar field φ interacts with the plasma.
Our calculations are motivated by the formalism used in [57]. However, after performing
the calculations, we will highlight some subtle differences between the system that we are
analyzing and the one studied in [57]. From eq. (1.3), one can derive that the Hamiltonian
density takes the form [55, 57],

H= 1
2(E

2+B2)+ ψ̄(iγi∂i+mf )ψ+eJµAµ+
f2a
2 ((∂tφ)2+(∂iφ)2+2m2

a(1−cosφ)). (2.1)

In this case, just by looking at the expression of the Hamiltonian, one might assume that
there is no interaction Hamiltonian present as it seems that the plasma Hamiltonian and
the ALP field Hamiltonian are completely separated with no interaction terms. This is
because the interaction term is of the form φF ∧ F = 4Ȧi(φϵ0ijk∂jAk). Terms of this form
modify the canonical conjugate momentum but cancel out when calculating the Hamiltonian.
Hence, if the Hamiltonian is written in the old canonical momenta (momenta in the absence
of the interaction), the form of the Hamiltonian is the same.12 In this case, one has to
note that the electric field “−E” is not the canonical conjugate momentum of “A”. Instead,
the conjugate momenta are,

Πi = −Ei +
α

π
Biφ. (2.2)

Substituting this back in the equation of the Hamiltonian gives:

Hint =
α

π
Π · B φ+ 1

2
(α
π

)2
B · B φ2 = −α

π
E · B φ+ 3

2
(α
π

)2
B · B φ2. (2.3)

In the calculations to follow, we take the leading order term, and hence

Hint = −α
π

E · B φ. (2.4)

This means we are looking at a thermal system with U(1) gauge fields and fermions charged
under that field along with an external perturbation mediated to the plasma by the interaction
in the equation above. In the linear response approach, we keep the scalar field φ to be a
background entity (i.e., not to be averaged over the thermal ensemble) as it is the perturbation
to the plasma. In this case, the thermally averaged equation of motion of the field φ is
given by, [57, 59],

∂2t φ = ∇2φ−m2
a sinφ+ α

8πf2a
⟨F ∧ F ⟩. (2.5)

The thermal average of the operator F ∧ F in the equation above is calculated in the full
system where there is the classical field φ along with the plasma. This can be expressed

12Consider a Lagrangian of the form L = L0 + q̇f(q), where L0 contains the usual kinetic term and potential
of the form V (q). Then, pnew = ∂q̇L = pold + f(q). The Hamiltonian is H = pnew q̇ − L = poldq̇ − L0 = H0.
But now, to quantize, one needs to express the H0 ≡ H0(pnew, q). The kinetic term hence will have the form
(pnew − f(q))2 = p2

new − 2pnewf(q) + f(q)2. Hence, considering f(q) is small (i.e., it has a coupling factor
which is small), then at leading order Hint = −poldf(q). From the Hamiltonian equations, one can see that
q̇ = ∂pnewH = pold. Hence, Hint = −q̇f(q). If we now take qi = Ai for i = 1, 2, 3, then, one can see that
Hint ∝ ϵ0ijkȦi∂jAk φ = F ∧ F φ.
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in terms of the thermal averages in the free plasma (i.e., the system with no field φ) up
to linear order in the coupling as

⟨E ·B⟩= ⟨EI ·BI⟩0+ i
α

π

∫ ∞

−∞
dt′ θ(t− t′)

∫
d3x′⟨[EI ·BI(t,x),EI ·BI(t′,x′)]⟩0φ(t′,x′). (2.6)

Refer to appendix (C.1) for the derivation. The first term in the equation above is zero
as a consequence of CP conservation when there is no interaction between the wall and
plasma. Hence, to leading order,

⟨E · B⟩ = i
α

π

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[EI · BI(t,x),EI · BI(t′,x′)]⟩0φ(t′,x′) . (2.7)

Note that the thermal average in the integral above is going to be some function of (t−t′,x−x′).
The averages in the integral are taken with respect to the density matrix of thermal QED in
the absence of a wall. This means that after simplification, the above equation should end up
as a function of φ, its derivatives, and some known plasma properties. Before going ahead
with the simplification of this expression, we make an important comment on the magnetic
fields. In the early universe, along with thermal magnetic fields, there could be long-range
coherent magnetic fields present. These long-range magnetic fields in the early universe are
envoked to explain the existence of the long-range magnetic fields that we observe today.

Hence, we decompose the magnetic field as,

B = Bbg + Bth, (2.8)

where Bbg is the long-range background magnetic field and Bth is the magnetic field in the
thermal radiation part. If we use this separation of the fields, in eq. (2.7), we can see that
we will get terms of the form (Bth,iBth,j), (Bbg,iBth,j), and (Bbg,iBbg,j). In the first term, we
take Bth as a thermal operator and calculate the full average using the techniques of real-time
thermal field theory. Now, consider the other two products.

Bbg,i(t,x)Bbg,j(t′,x′), Bth,i(t,x)Bbg,j(t′,x′), (2.9)

Simulations trying to understand these primordial magnetic fields show that the coherence
scale of these fields is larger than the thermal part and their spectrum is independent, for
example, refer to [79] and references within. To model this, we consider Bbg to be a Gaussian
random field and take the Gaussian random average over such field configuration. After
taking this Gaussian random average, the second term in the equation above of the form
(BthBbg) vanishes. The random field average then stores all the information about the fields
in their power spectrum. This means, we can write

Bbg,i(t,x)Bbg,j(t′,x′) → ⟨Bbg,i(t,x)Bbg,j(t′,x′)⟩gaussian = ξij(t− t′,x − x′) (2.10)

In the energy-momentum space, this looks like,

FT(ξij) = ⟨B̃bg,i(k)B̃bg,j(−k′)⟩gaussian = (2π)3δ(3)(k−k′)
(
δij−

kikj
k2

)
η(k), k = |k| (2.11)

The symbol FT in the equation above and everywhere else in the paper stands for Fourier
transform. The tensor structure is a consequence of the Maxwell’s equation ∇ · Bbg = 0.
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Lastly, we also consider that locally, the background magnetic fields are weaker than the
thermal fluctuation in fields as also seen in [79]. Due to this, one can immediately see that
any corrections to any propagators due to the background magnetic field will be subdominant
to the thermal ones and hence we ignore these corrections. Coming back to the thermal
average, this gives us two separate contributions in eq. (2.7) as follows,13

I1 = i
α

π

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[Ei(t,x), Ej(t′,x′)]⟩0ξij(t− t′,x − x′)φ(t′,x′) , (2.12)

and
I2 = i

α

π

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[E · Bth(t,x),E · Bth(t′,x′)]⟩0φ(t′,x′) . (2.13)

The quantity inside the integral is the thermal retarded Green’s function. Physically,
this tells us how a fluctuation of E · B in the past affects fluctuations at later times. As we
shall see, we can simplify the above integral further in the small frequency limit.

2.1 Average force on the wall

We have expressed the thermal average of E · B, where B was the sum of a background
magnetic field and the thermal magnetic field that we need to calculate. Before calculating
these integrals, let us first look at how to calculate the net effect of the thermal average on
the wall. As we saw in the last section, the thermal average can be expressed in terms of the
ALP field φ and some other functions yet to be calculated. Hence, we have everything in
terms of φ and one can solve the entire equation exactly. On the other hand, we can treat
this term as a force acting on the free wall. The motivation behind this is that the term is
(α/π)2 suppressed and hence will not affect the overall structure and behavior of the wall
at the leading order. Consider a general equation of the form,

∂2t φ = ∂2xφ− ∂V

∂φ
+ F (t, x) (2.14)

where F (t, x) comes from the ⟨F ∧ F ⟩ term. We are interested in extracting terms that have
an explicit dependence on velocity “v” (i.e. not just through the γ factor). Such terms can
be interpreted as friction in a conventional manner. To find these terms, we start by writing
the energy in the ALP field “a” (which is nothing by faφ):

E = f2aA

∫
dx

(1
2
(∂φ
∂t

)2
+ 1

2
(∂φ
∂x

)2
+ V (φ)

)
, (2.15)

where A is the area in the transverse direction of the wall considering the fact that φ is
dependent on a single coordinate. This approximation should be valid as long as the thickness
is small compared to the radius of the wall. The change in the energy with respect to
time, i.e., the power exchange is,

dE

dt
= f2aA

∫
dx
(∂φ
∂t

∂2φ

∂t2
+ ∂φ

∂x

∂2φ

∂t∂x
+ ∂V

∂φ

∂φ

∂t

)
. (2.16)

13We loose the subscript I henceforth in the calculations.
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We can then substitute the equation of motion of the field to get a function in terms of
F (t, x). This gives us,

dE

dt
= f2aA

∫
dx
(∂φ
∂t
F (t, x) + ∂φ

∂x

∂2φ

∂t∂x
+ ∂2φ

∂x2
∂φ

∂t

)
. (2.17)

The last two terms together are derivatives. Hence rearranging the equation gives,

dE

dt
= f2aA

∫
dx

(
∂φ

∂t
F (t, x) + ∂

∂x

(∂φ
∂x

∂φ

∂t

))
.

The final term is a pure boundary term. This term can be thought of as the power loss
through the boundary of the system. As long as the boundary is far compared to where φ
is localized, this power loss is zero. Hence, what we have is,

dE

dt
= f2aA

∫
dx

∂φ

∂t
F (t, x). (2.18)

If the wall is moving with velocity v, then, for the zero mode (or the collective coordinate
of the wall), we can write ∂

∂t = −v ∂
∂x . Then,

dE

dt
= −vf2aA

∫
dx

∂φ

∂x
F (t, x). (2.19)

Hence, the force acting on the wall is,

Favg = −f2aA
∫
dx

∂φ

∂x
F (t, x) (2.20)

giving the pressure

P = Favg
A

= −f2a
∫
dx

∂φ

∂x
F (t, x). (2.21)

We know that ∂xφ is a locally peaked function. This function appropriately acts as a weight
function to be multiplied by the force to calculate the average force.14 A limiting case to
see is that if the wall is extremely thin, one can approximate ∂xφ ≈ δ(x − x0) at some
time t. In this case, the force is nothing but F (t, x0), as expected. An important feature of
the friction pressure above is that it is proportional to the zero modes (∂φ/∂x) of the wall.
This feature is one of the common behaviors we have with the expression in [58]. A similar
expression is also found in literature which tries to compute friction on a phase transition
bubble such as [80, 81]. With eq. (2.21) in mind, we return to the thermal averages to find
the final expression for friction pressure.

3 Calculating the averaged correlation functions

In this section, the aim is to simplify the two thermal average integrals we have in eqs. (2.12)
and (2.13). We drop the overall (α/π) factor from these equations while simplifying them
and include it in the end for notational convenience.

14One can note that this expression exactly matches the thermally averaged Lorentz force mentioned in
section (1.4).
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3.1 Case 1: coherent background magnetic fields

Let us first look at the simpler case of coherent, non-thermal, background magnetic fields.
In this case, the equation at hand is,

I1 = i

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[Ei(t,x), Ej(t′,x′)]⟩0ξij(t− t′,x − x′)φ(t′,x′) . (3.1)

One can write the retarded Green’s function of the electric fields (i.e. θ(t−t′)[Ei(t,x), Ej(t′,x′)])
in terms of its Fourier transform. Further, a linear approximation of this Fourier transform
simplifies the integral and can be written as,

I1 = −
∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)

{
k2

2m2
D + k2

PLij ξij(0,x − x′)φ(t,x′)

+ m2
Dπk

(2m2
D + k2)2P

L
ij∂t(ξijφ(t,x′))

}
+ ξii(0,0)φ(t,x).

(3.2)

where mD = eT/
√
6. We have performed a linear approximation because the time scale for

wall motion (i.e. (γma)−1) is much longer than the time scales at which thermal effects such
as fluctuations and screening occur. Hence, when understanding the response of the plasma
on the wall at the time scales at which wall motion happens, we take the small frequency limit
(or, equivalently, the long-time response). We will comment on the last term in the equation
above at the end. We direct the reader to appendix (D.1) for details of this simplification.

Next, we can integrate with respect to ω and integrate with respect to t′ to obtain

I ′
1 = −

∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)

{
k2

2m2
D + k2

PLij ξij(0,x − x′)φ(t,x′)

+ m2
Dπk

(2m2
D + k2)2P

L
ij∂t(ξijφ(t,x′))

}
.

(3.3)

To proceed, we assume that the rate at which the background field is changing is much
slower than any other physical process, i.e., the wall motion and of course, the local thermal
processes. Hence, we can take out ξij outside the time derivative. This gives us,

I ′
1 = −

∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)

{
k2

2m2
D + k2

PLij ξij(0,x − x′)φ(t,x′)

+ m2
Dπk

(2m2
D + k2)2P

L
ij ξij∂t(φ(t,x′))

}
.

(3.4)

Here, the prime notation (i.e., I ′
1) is just to remind that we are simplifying only the integrals

in I1 and will be including the final term in eq. (3.2) at the end. The above integral can
be rewritten as

I ′
1 = I1,1 + I1,2 (3.5)

where I1,1 and I1,2 are in the first and the second integral respectively in eq. (3.4). These
integrals can be written in a simpler manner as,

I1,2 =
m2
D

3π ∂t∂
2
x⊥
φ(t, x⊥)

∫ ∞

0
dk

k

(2m2
D + k2)2 η(k). (3.6)
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and,

I1,1 =
1

3π3∂
2
x⊥
φ(t, x⊥)

∫ ∞

0

k2

2m2
D + k2

η(k). (3.7)

Here, η(k) is as defined in eq. (2.11). We direct the reader to appendix (D.2) for further details.
Note that when finding the effective force on the wall, as shown in section 2.1, we need

to integrate the above quantities with respect to x⊥ along with the weight function (∂φ/∂x).
One can check that the odd derivatives of the function φ are even whereas the even derivatives
are odd functions of x⊥. In this case, the integral containing I1,1 vanishes as it is an odd
function whereas ∂xφ is an even function. Hence, the term of interest in this case is eq. (3.6).
Finally, we need to discuss the final term in eq. (2.12) which arises from the δ-function in
eq. (D.2). Including all the multiplicative factors of α and fa gives the contribution,(α

π

)2 1
f2a
ξii(0,0)φ(t, x). (3.8)

From the tensor structure, we can see that,

ξii(0,0) = 2
∫

d3k

(2π)3 η(k)

This is nothing but the Gaussian average ⟨B2
bg⟩gaussian which is the local energy density stored

in the background magnetic field. Following [79], we are considering the limit where this
energy density is small compared to the thermal energy density, i.e. ⟨B2

bg⟩gaussian ≲ T 4. One
can think of this latter expression as a correction to the mass which is small compared to m2

a.
This can be seen as follows: the ratio of m2

a to the coefficient in the equation above,
(α
π

)2 ξii(0,0)
m2
af

2
a

<
(α
π

)2T 4

Λ4 (3.9)

where Λ is the scale of domain wall formation. This statement assumes the fact the axion
potential is derived from a confinement mechanism.15 Hence, we are interested in temperature
T ≲ Λ which immediately implies that the ratio above is small.

We now return to simplifying eq. (3.6). If we substituting the wall profile in that
equation, we get

∂t∂
2
x⊥
φ(t, x⊥) = −4(γma)3v

( 8e5y
(1 + e2y)3 − 8e3y

(1 + e2y)2 + ey

1 + e2y

)
, y = γma(x− vt) .

(3.10)
To calculate the force, we need to integrate the product of the above function with (∂φ/∂x).
This product is plotted below in figure 4. The result of this integration is negative. There
are two further negative signs, one coming from “−v” (time derivative of the field) and the
second is the negative sign in eq. (2.21) which cancel each other. The overall force is negative
and hence a frictional force. The magnitude of this force (per unit area) is

Pbg =
(α
π

)2 1
18πm

2
D(γma)3

∫ ∞

0
dk

k

(2m2
D + k2)2 η(k). (3.11)

15As discussed in the introduction, the potential comes when the axion couples to a gauge group with the
term aTr[G ∧G] in the UV.
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Figure 4. The frictional pressure density given by the integrand of eq. (2.21) when F (t, x) is the
contribution from long-range coherent magnetic fields, as in (3.10). This is plotted against γmax.
The distribution is scaled by a constant factor and is plotted at t = 0. Choosing a different time just
shifts the plot along the x axis.

The expression depends on the power spectrum of the background magnetic fields. Let us
look at a simple toy case where

η(k) = c0T
2δ(k − k0), (3.12)

where k0 ≪ eT and c0 is a constant. Here the reason for choosing k0 ≪ eT is motivated
by [79] where it is shown that the coherence length of these magnetic fields is very large
compared to the thermal scales. This choice of η(k) means that there is roughly one dominant
spatial mode in the power spectrum of the coherent magnetic fields. The pre-factor T 2 is
chosen to satisfy the dimensionality of η(k) and seems to be a natural choice to compare to
the results from the thermal fluctuation part. Further, we consider c0 to be a small number,
again taking motivation from [79] where numerical simulations suggest that the power stored
in the background magnetic fields is an order of magnitude smaller than the energy stored
in the thermal magnetic fields. In this case,

Pbg =
(α
π

)2 1
18πc0m

2
D(γma)3T 2 k0

(2m2
D + k20)2

. (3.13)

Here, we recall that the Debye mass is mD = eT/
√
6. In the limit where k0 ≪ eT , i.e., the

magnetic field is coherent at scales larger than the Debye length, this gives

Pbg = αc0
1

288π4 (γma)3k0. (3.14)

As we will see, this is less than the contribution from thermal magnetic fields Bth. This
pressure roughly becomes equal to the thermal part (as we shall see in later sections) when
the coherence length of the magnetic field is of the order of the Debye length.

3.2 Case 2: thermal magnetic fields

Now that we have simplified the expression for the contribution from a background magnetic
field, we move on to the thermal magnetic field contribution. In this section, we calculate
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the integral corresponding to the thermal part of the magnetic field given by:

I2 = i

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[E · Bth(t,x),E · Bth(t′,x′)]⟩0φ(t′,x′) . (3.15)

To simplify this, let us define the Retarded Green’s function

GRth(t− t′,x − x′) = iθ(t− t′)⟨[E · Bth(t,x),E · Bth(t′,x′)]⟩0. (3.16)

Then in this notation, the integral of interest takes the form

I2 =
∫
dt′
∫
d3x′GRth φ(t′,x′).

We can express the retarded Green’s function in terms of its Fourier transform. This can
be written as

I2 =
∫ ∞

−∞
dt′
∫
d3x′

∫ ∞

−∞

dω

2π

∫
d3k

(2π)3 e
−iω(t−t′)eik·(x−x′)G̃Rth(ω,k)φ(t′,x′). (3.17)

As before, we expand the Fourier transform of the retarded Green’s function around ω = 0.
The integral becomes

I2 =
∫ ∞

−∞
dt′
∫
d3x′

∫ ∞

−∞

dω

2π

∫
d3k

(2π)3 e
−iω(t−t′)eik·(x−x′)

(
G̃Rth(0,k) + ω

∂G̃Rth
∂ω

(0,k)
)
φ(t′,x′).

(3.18)
Taking the inverse Fourier transform with respect to ω and then integrating with respect
to t′, we get

I2 =
∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)

{
G̃Rth(0,k)φ(t,x′) + i

∂G̃Rth
∂ω

(0,k)∂tφ(t,x′)
}
. (3.19)

As we saw in the earlier calculation, the friction comes from that part of the integral that has
a time derivative acting on the wall field φ. The first term in the equation above is like we
had in section (3), a thermal correction to the mass and is very small below the confinement
scale of the gauge group that gives the ALP scalar field the periodic potential. That said,
we concentrate on the second term of the integral. This can be simplified as

I2,2 = − 1
2T

∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)ρ0(0,k)∂tφ(t,x′), (3.20)

where
ρ0(ω,k) = FT

(
⟨E · Bth(t,x) E · Bth(t′,x′)⟩0

)
. (3.21)

Refer to appendix (C.2) for the derivation. Here, ρ0 is the Fourier transform of the correlation
between two thermal fluctuations. One can get a physical intuition of the equation above
by rewriting it as:

I2,2 = − 1
2T

∫
d3x′∂tφ(t,x′)

∫
dt′′⟨E · Bth(t′′,x − x′) E · Bth(0, 0)⟩0.

A thermal fluctuation, including particles, collective excitations, and quasi-particles has a
lifetime. Hence, a fluctuation of E · B that happens at t = 0 will be strongly correlated for
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some small time to the other local fluctuations. Further, the correlation of the two thermal
fluctuations depends on their spatial separation. As the electric fields are screened at the
Debye scale, one can see that the fluctuations at longer distances will be weakly correlated.
On the other hand, fluctuations at scales smaller than the Debye length will tend to have
a stronger correlation. Thermal fluctuations also decay which can be because of collisions
or other damping thermal processes in plasma. Qualitatively speaking, the second term in
the integral will depend on these thermal quantities.

To simplify I2,2, we use the flat wall approximation where we choose the normal coordinate
to the wall to be the z direction without loss of generality. This gives us

I2,2 = − 1
2T

∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′)ρ0(0,k)∂tφ(t, z′). (3.22)

Integrating with respect to (x′, y′) followed by integration with respect to (kx, ky) simplifies
the integral to

I2,2 = − 1
2T

∫
dz′

∫
dkz
2π e

ikz(z−z′)ρ0(0, kz)∂tφ(t, z′). (3.23)

Now, the task is to find ρ0(0, kz) which we get from calculating:

ρ0(ω,k) =
1
64FT

(
ϵµνστ ϵαβγδ⟨∂µAν∂σAτ∂′αAβ∂′γAδ⟩

)
, (3.24)

where we have expressed E · Bth in a covariant way. Now, if we substitute

F (t, x) = −
(α
π

)2 1
f2a

I2,2, (3.25)

in eq. (2.21), where I2,2 is given by eq. (3.23), we see that there is a negative sign coming
from ∂tφ = −v∂z′φ. We therefore have

P = − 1
2T
(α
π

)2
v

∫ ∞

−∞

dkz
2π g

2(kz)ρ0(0, kz). (3.26)

Here, g(kz) is the Fourier transform of ∂zφ and we shall see that ρ0(0, k) is a positive function
of k. Hence the integral is positive and the entire expression is negative signaling that this
is indeed an opposing force. Keeping this in mind, from now on, we talk only about the
magnitude of P . Hence, we have

P = 1
2T
(α
π

)2
v

∫ ∞

−∞

dkz
2π g

2(kz)ρ0(0, kz). (3.27)

In the approximation that the wall is locally flat where we can use eq. (1.8), the Fourier
transform looks like

g(kz) = 2πSech
( kzπ

2γma

)
. (3.28)

This gives

P =
(α
π

)2πv
T

∫ ∞

−∞
dkz Sech2

( kzπ

2γma

)
ρ0(0, kz). (3.29)
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Hence, the final expression depends on the spectral function ρ0(0, k). This function basically
encodes information about the plasma back-reaction on the wall. The details of calculating
this function are given in appendix E. The expression of ρ0(0, k) where k = (0, 0, k) is given by

ρ0(0, k) =
1

256π3k
2
∫ π

0
dθ sin θ

∫ ∞

0
dp p2

∫ ∞

−∞
dp0

(
2 cos2 θp20∆T (p)∆T (k − p)

+ sin2 θ(p20 − p2)(∆T (p)∆L(k − p) + ∆T (k − p)∆L(p))
) (3.30)

In the remaining part of this section, we are going to see how we get pressure for different
choices of the ∆(p) propagator. In particular, the function ∆(p) depends on the thermal
corrections through the spectral function of the photon.

3.2.1 Purely U(1) fields

Let us first look at the easiest case where we have bare photon propagators. This is a warm-up
example and we will do a more realistic case later. Looking at this simple case serves a dual
purpose: (a) It gives us an idea of how the friction calculation is done and (b) this calculation
will also show why the order in which effects are averaged is important. In a more realistic
case, one needs to understand the effects of fermion thermal loops that give photons a thermal
mass and an associated damping factor. The bare photon propagators take the form:

∆T (p) = ∆L(p) = ∆(p) = (1 + f(p0))ρ(p0) = (2π)(Θ(p0) + nB(p0))δ(p20 − p2). (3.31)

Here, f(p0) = 1/(exp(βp0)− 1), Θ is the Heaviside function and ρ(p) is the spectral density
of the photon.16 As mentioned before, this is nothing but the D21 type propagator in the
real-time thermal field theory [75].17 Using this, we can write

ρ0(0, k) =
1

128π3k
2
∫ π

0
dθ sin θ

∫ ∞

0
dp p2

∫ ∞

−∞
dp0∆(p)∆(k − p)

(
p20 − p2 sin2 θ

)
(3.32)

Note that kµ = (0, 0, 0, k). Keeping this in mind, the expression can be simplified as follows:

∆(k)∆(k − p) = (2π)2δ(p20 − p2)δ(p20 − (p2 + k2 − 2pk cos θ))(nB(p0) + nB(p0)2) (3.33)

First we integrate with respect to p0 which removes the δ(p20 − p2) function. This gives

ρ0(0, k) =
1

32πk
2
∫ π

0
dθ sin θ

∫ ∞

0
dpp3 cos2 θ(nB(p) + nB(p)2)δ(k2 − 2pk cos θ). (3.34)

Substituting cos θ = x, the above equation simplifies to

ρ0(0, k) =
1

32πk
2
∫ ∞

0
dpp3

∫ 1

−1
dx x2(nB(p) + nB(p)2)δ(k2 − 2pkx). (3.35)

16Not to be confused with ρ0 which is given in eq. (3.30). More comments on this function will be made in
the next subsection.

17The D21 type propagators are also referred as D>(t − t′ − iσ) propagators where σ ∈ [0, β] is the
displacement of the contour along which the path integral is done in the Schwinger-Keldysh formalism. Here,
as we want the Fourier transform FT(⟨A(t)A(t′)⟩), this corresponds to FT(D>(t− t′)) and hence σ = 0 is the
right choice.
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As long as |k/2p| < 1, this integral is not zero as the δ function would have it’s peak in the
range [−1, 1]. So, this tells us that for any function f(x) and a non-zero k∫ 1

−1
dxf(x)δ(k2 − 2pkx) = f

(
k

2p

) 1
2|k|pΘ

(
p− |k|

2

)
(3.36)

Using this we get

ρ0(0, k) =
1

256πk
2|k|

∫ ∞

|k|/2
dp(nB(p) + nB(p)2). (3.37)

Substituting
nB(x) =

1
eβ|x| − 1

, β = T−1 (3.38)

we arrive at

ρ0(0, k) =
1

256πk
2|k| 1

β(eβ|k|/2 − 1)
. (3.39)

If we look at the Fourier transform g(k) in figure 5, it looks like a Gaussian function peaked
at zero with a width. The width is proportional to γma. So a simple approximation is to
replace |k| ≈ γma in the above equation. This can also be seen in figure 6. Hence, we can
simplify the exponential function in ρ0(0, k) in the limit βγma ≲ 1 as follows

ρ0(0, k) =
1

128πT
2k2. (3.40)

In this limit, using (3.29), we get

P =
(α
π

)2 Tv
128

∫ ∞

−∞
dk k2Sech2

( kπ

2γma

)
. (3.41)

By rearranging a few terms, this integral simplifies to

P =
(α
π

)2 1
192πTv(γma)3. (3.42)

One interesting feature of this expression is that it matches the thin wall answer up to
the γ3 factor. The reason for this is as follows: when only considering purely U(1) gauge
fields and no fermions, there is no interaction between the particles in the plasma.18 So the
mean free path is infinite. In fact, there is no thermal scale smaller than the wall thickness.
Hence, the correct thing to do here is to integrate the wall effects first and then take the
thermal average. In this way, we have already made the wall thin. On the other hand, the
above calculations take into account the length contraction of the wall in the plasma frame.
This is a relevant effect to consider when there are interactions in the plasma and makes
sense only when the wall thickness is not the smallest scale. Hence, the γ3 factor here is
an excess factor. The remaining expression of the friction pressure matches the parametric
dependence on ma and T as one gets from the thin wall calculation. This parametric form is
solely dependent on the nature of interaction and at small velocities (γ ∼ 1), in the absence
of any thermal scales like the Debye length and mean-free path, the linear response method
coincides with the particle scattering as shown in [82].

18Here, what we mean is that if there was no wall, there would not be any collisions is the plasma as there
is no self-interaction in a pure U(1) gauge theory.
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Figure 5. Fourier transform of (∂φ/∂x), i.e, g(k). This configuration has a characteristic width that
is proportional to γma.

Figure 6. Comparision between the full integral performed numerically and the approximation in
the limit βγma < 1. We can see that the approximation is of the same order as the full numerical
integral when γma < T .

3.2.2 Effects of Fermions charged under the U(1) in the plasma

When evaluating ρ0(0, k) above, we ignored the fact that there are fermions charged under the
U(1) photon in the plasma. Let us now take one step forward and account for the fermions.
These affect the D21 propagators such that instead of δ(p20 − p2) in eq. (3.31), one has to
use the thermally corrected ρT/L(p) (the spectral function) derived from the imaginary part
of the thermally corrected retarded propagators [83]. To elaborate, the spectral function
of a free photon used in (3.31) takes the form

ρ(p0, p) = (2π)sgn(p0)δ(p20 − p2) .

This is nothing but the imaginary part of the retarded Green’s function that takes the form

GR(p0, p) ∼
1

p20 − p2 + ip0ϵ

Note that ρ satisfies a couple of general properties: (a) it is an odd function of p0, (b) it
satisfies positivity condition, i.e., sgn(p0)ρ > 0 [75]. Due to the thermal corrections, the
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retarded propagator picks up non-trivial terms in the denominator, changing the structure of
ρ. For gauge fields, the thermal corrections due to fermions are different for the transverse
and longitudinal components and are momentum-dependent. The exact equations of these
corrections can be found in [75, 77, 83]. Using these corrections, one can get a full frequency-
momentum dependent expression for ρ. These equations are complicated to simplify. Using
these exact equations will make it difficult to extract the analytical behavior of the friction.
Instead of solving the exact problem, we model this problem by taking two toy examples.

Toy model 1. The thermal corrections give rise to a photon mass. This comes from the
fact that the long-range force law for the photon is exponentially suppressed [75, 77]. This
thermal mass is exactly mD = λ−1

D . Hence, we first19 consider a toy model where

ρ(p)T/L = (2π)sgn(p0)δ(p20 − p2 −m2
D), mD ∼ λ−1

d ∼ eT. (3.43)

This might not be the most accurate choice to get the exact numerical factors but, qualitatively,
it is a reasonable approximation to give photons a temperature-dependent mass. Then,
similar to the earlier case, one gets

ρ0(0, k) =
1

32πk
2
∫ π

0
dθ sin θ

∫ ∞

0
dp

p2√
p2 +m2

D

(p2 cos2 θ +m2
D)(nB(p) + nB(p)2)

δ(k2 − 2pk cos θ).
(3.44)

This simplifies to

ρ0(0, k) =
1

64πk
2
(
k2

4 +m2
D

) 1
|k|

∫ ∞

|k|/2
dp

p√
p2 +m2

D

(nB(p) + nB(p)2) (3.45)

with
nB(p) =

1
eβ
√
p2+m2

D − 1
, β = T−1. (3.46)

As we saw earlier, integrating ρ0(0, k) with the Fourier transform of ∂zφ is equivalent to
replacing each |k| with γma (up to small numerical factors). Hence, we can look at the
behavior of the integral in different regimes

• mD = 0 :
This case is purely photon radiation without HTL corrections as we saw before. This
gives

ρ0(0, k) =
1

256πk
2 |k|
β(eβ|k|/2 − 1)

(3.47)

• mD ̸= 0, with γma < mD :
In this case

ρ0(0, k) ≈
1

64π |k|m
2
D

∫ ∞

0
dp

p√
p2 +m2

D

(nB(p) + nB(p)2) (3.48)

19This model is actually a limiting case of the toy example to follow. Specifically, this is the small damping
rate limit (i.e. Γ → 0) of the toy model we show next.
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We can write∫ ∞

0
dp

p√
p2 +m2

D

(nB(p) + nB(p)2)

= 1
β

∫ ∞

0
dx

x√
x2 + β2m2

D

( 1
e
√
x2+β2m2

D − 1
+ 1

(e
√
x2+β2m2

D − 1)2

) (3.49)

Now, βmD ∼ e ∼ 0.3 and the integral is∫ ∞

0
dx

x√
x2 + β2m2

D

( 1
e
√
x2+β2m2

D − 1
+ 1

(e
√
x2+β2m2

D − 1)2

)
≈ 2.85.

This gives us
ρ0(0, k) ≈

3
64π |k|e

2T 3. (3.50)

Hence, up to a numerical constant

P ∝
(α
π

)2
α(γma)2T 2v. (3.51)

This is different from the expression for pressure in the thin wall case (1.13). The
difference is because this toy model captures collective effects rather than just particle
scattering.

• mD ̸= 0 with mD ≲ γma :,
This case is similar to that of mD ≈ 0 as only the very high momenta contribute to
the integral. This can be interpreted as the self-crossing time is fast compared to the
response time of the charged particles in the plasma to neutralize the effect of the wall.
Hence, the only effect on the wall is the purely high momentum modes of the photons
which act like almost free photons.

Toy model 2 — Including the decay width. In the calculations above, we considered
the collective modes to be some particles with mass mD. This assumption included the fact
that the thermal corrections are real. But this is a very crude approximation because thermal
corrections do have an imaginary part [59, 75]. The imaginary part is usually interpreted
as the decay width of the modes which says that excited modes are not stable and will
eventually decay. Now, the approximation we made is a good approximation as long as the
wall self-crossing time ∼ (γma)−1 is small compared to the decay time of the collective modes
Γ−1. In general, the spectral function takes the form

ρ(p0, p) ∼
f2(p0, p)

(p20 − p2 − f1(p0, p))2 + f22 (p0, p)
.

Here, f1 and f2 contain the information about the thermally corrected part. As mentioned
before, using the exact functions will make it difficult to take out any analytical information
from the expression. Hence, we use a very similar toy model as follows.
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Consider a scalar field ψ which has a damping factor associated with it.20 Then, the
classical equation of motion looks like,

(□+m2
0 + Γ∂t)ψ = 0. (3.52)

The Green’s function of this field ψ takes the form,

Gψ(ω,k) ∼
1

ω2 − k2 −m2
0 + iΓω . (3.53)

The spectral function is ρ = − 1
π Im(Gψ) and hence takes the form

ρψ(ω, k) =
1
π

Γω
(ω2 − k2 −m2

0)2 + Γ2ω2 . (3.54)

This is also a typical type of functional form a spectral function takes in a thermal bath
during the thermalization process and is also called an Ornstein-Zernike approximation [84].
Note that if the particle would have been stable or metastable for a long time compared
to any other physical process we are interested in then one can approximate Γ → 0. In
this case, the limit we recover is

lim
Γ→0

ρψ(ω, k) = sgn(ω)δ(ω2 − k2 −m2
0), (3.55)

which has the form of an ‘on-shell’ condition. Various studies have been done to understand
the damping factor of collective excitations in plasma both in QED and QCD.21 In QCD,
the damping factor associated with the gluons is proportional to g2T (or, αsT ) and is large.
On the other hand, the damping factor associated with soft photons (modes with p ≲ eT ) is
of the order e4T ∼ α2T [85]. Further, even for hard photons (p ∼ T ), at leading order, the
rate is proportional to α2T [67, 86]. Apart from that the photons also undergo collisional
damping at a rate proportional to α2T ln(1/e) [87]. This is again different in the case of
QED and QCD as mentioned in the reference. Hence, we model the spectral function in
such a way that it captures these scales in a very simplistic manner. This can be done by
thinking of the thermal effects on the photon as collective excitation with a decay width
Γ ∼ α2T . If we use this approximation to describe decaying collective modes, this translates
to writing the propagator as

∆(p) = (2π)(θ(p0) + nB(p0))
1
π

2Γ|p0|
(p20 − p2 −m2

D)2 + 4Γ2p20
. (3.56)

Again, we emphasize the fact that this is a toy model of the spectral function ρ motivated
by physical reasoning that we are using to get an analytical understaning of the nature
of friction one would get in different regimes. Now, substituting this type of propagator

20Here, we are considering Γ < m. This is true in a thermal plasma where the damping rate is much smaller
than the plasma frequency.

21The modes that follow bosonic distribution are usually called collective excitations and those that follow
fermionic distribution are called quasi-particles in the literature.
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in the equation gives

ρ0(0, k) =
1

32πk
2
∫
d3p

∫ ∞

−∞
dp0(p20 − p2 sin2 θ)(nB(p0) + nB(p0)2)

× 1
π

2Γ|p0|
(p20 − p2 −m2

D)2 + 4Γ2p20
× 1
π

2Γ|p0|
(p20 − p2 − k2 + 2pk cos θ −m2

D)2 + 4Γ2p20
(3.57)

This can be simplified as

ρ0(0, k) ≈
1

32π2k
2
∫
d3p(p2 cos2 θ +m2

D)
(
nB(

√
p2 +m2

D) + n2B(
√
p2 +m2

D)
)

× 1√
p2 +m2

D

2Γ
√
p2 +m2

D

(k2 − 2pk cos θ)2 + 4Γ2(p2 +m2
D)
.

(3.58)

Let us now integrate with respect to θ, the angular coordinate.22 Then, we can write

ρ0(0, k) ≈
1
8πk

2Γ
∫ ∞

0
dp p2(nB(p) + nB(p)2)(p2J2 +m2

DJ1). (3.59)

Here, the integrals J1 and J2 are mentioned below in the footnote with parameter values
a = k2, b = 2pk, c = 4Γ2(p2 +m2

D).23 Now, we can expand J1 and J2 in the limit where√
c > |a± b|. This expansion will capture the leading contribution when k ∼ γma is small

compared to both Γ and mD. In this limit

J1 =
2
c
= 1

2Γ2(p2 +m2
D)

J2 =
2a2
cb2

= 1
8

k2

p2(p2 +m2
D)Γ2

(3.60)

The quantity J2 is very small in the limit in which we have expanded these integrals when
the wall is extremely thick. Hence, we can write the integral as

ρ0(0, k) ≈
k2m2

D

16πΓ

∫ ∞

0
dp

p2

p2 +m2
D

(nB(p) + nB(p)2). (3.61)

The final integral is just a number proportional to T up to a numerical factor which is
roughly 3 as shown earlier:

ρ0(0, k) ≈ α
3
4Γk

2T 3. (3.62)

22For integrating with respect to θ one can substitute cos θ = x. On this substitution, one ends up with the
integrals of the form:

J1 =
∫ 1

−1
dx

1
(a−bx)2+c =

1
b
√
c

(
arctan

(
b−a√
c

)
+arctan

(
b+a√
c

))
J2 =

∫ 1

−1
dx

x2

(a−bx)2+c =
1

b3√c

[
(a2−c)

(
arctan

(
b−a√
c

)
+arctan

(
b+a√
c

))
+
√
c
(
2b+a ln

( (a−b)2+c
(a+b)2+c

))]
.

23In eq. (3.59), nB(p) is actually nB(
√
p2 +m2

D) but in the expression we write just nB(p) for a convenient
notation.
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From this, the pressure expression can be derived as

P ∝
(α
π

)2
α(γma)2T 2v

(γma

Γ
)
. (3.63)

In the limit where Γ ≪ k, i.e., γma is large, in the leading order, one can take c → 0 and
one recovers toy model 1.

Note that this model works according to our physical intuition. If k ∼ γma is very small
compared to any of the thermal scales, which include the Debye length and the decay rate
of the collective modes, then the integral in eq. (3.30) should be roughly k independent at
leading order, which is exactly what we get with this toy spectral function.24

4 Comparison with Hubble friction

In the previous section, we have estimated the frictional pressure on domain walls due to the
Chern-Simons interaction term using a simple toy model. There are two types of domain
walls that are of interest in cosmology: (i) superhorizon walls which typically form cosmic
networks and (ii) sub-horizon walls which can be either topologically closed surfaces or have
an axion string boundary. Chern-Simons friction can be important for the evolution of both
classes of domain walls. In the latter case, it has been demonstrated that collapsing walls
attain a terminal velocity even in the absence of friction. We do not expect friction to change
this qualitative conclusion but it may affect quantitative details such as the energy loss,
terminal velocity, etc. These questions have to be studied with numerical simulations and we
will not pursue this direction here. Instead, we will focus on analysing superhorizon walls.

Superhorizon walls already experience friction due to the expansion of the universe.
This Hubble friction can be seen from the axion equation of motion in an FLRW metric
which contains a term of the form

3H∂φ

∂t
(4.1)

which gives a frictional pressure

PH ∼ (γma)f2a
T 2

Mpl
v. (4.2)

Our goal will be to compare PH to the Chern-Simons friction and determine which one
dominates as a function of axion parameters and temperature. In particular, the temperature
plays an important in determining thermal scales and the functional form of the thermal
friction. To apply our results from the last section, we assume that ma < T and focus
on thermal friction given by:

P ∼
(α
π

)2{αm2
aT

2v, α2T < ma <
√
αT (4.3)

m3
aTv, ma >

√
αT (4.4)

24The second thing to note here is that the extra α in the expression for pressure comes from mD ∼ eT , the
Debye scale. This is a property of the plasma and hence we have mentioned it separately rather than writing
a α3 term.
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In writing the above expressions, we have ignored factors of γ. This is justified fol-
lowing [55, 68] where it was demonstrated that superhorizon walls are not ultra-relativistic
and hence have γ ∼ 1.

The condition that thermal friction dominates is given by:

g2aγγ ≳


1

αmaMPl
, α2T < ma <

√
αT (4.5)

T

m2
aMPl

, ma >
√
αT (4.6)

The second expression depends on the temperature explicitly so it cannot be shown on
the (gaγγ ,ma)-plot. However, note that in our problem the temperature is required to satisfy

T ≲
√
mafa =

√
αma

πgaγγ
. (4.7)

for the axion mass terms, necessary for the formation of domain walls, to be generated from
the confinement of a non-Abelian group. In this case, the condition

gaγγ >
1

M
2/5
pl m

3/5
a

(α
π

)1/5
. (4.8)

guarantees that (4.6) is satisfied. We will use this stronger condition instead since it can
be illustrated easily on the axion parameter space.

We have shown these conditions in the axion exclusion plot in figure 7. The relevant
regions are above the orange and green lines and they have the following meaning.

1. The region above the orange line satisfies inequality (4.5). This is an exact line in the
sense that the inequality is temperature-independent. Hence, as long as the plasma
friction takes the functional form in (4.3), it dominates over Hubble friction in this
region.

2. The region above the green line satisfies the inequality (4.8). As explained above, this
is stronger than (4.6). What this line says is that if the plasma takes the functional
form (4.4), then, for the axion parameters above the green line, it is guaranteed that
the plasma friction is dominant. Below the green line, the plasma friction can still
dominate but one has to check this using the inequality (4.6).

The above analysis tells us that there are regions in the axion parameter space where, as
long as ma ≲ T , the plasma friction dominates over Hubble friction and can be important
for domain wall evolution. There is plenty of opportunity for this to happen in the early
universe. In particular, domain walls form at temperatures Tform ∼

√
mafa and need to

annihilate before Tdom given by [68]:

Tdom =
(
16Gσ

(√
10

8πGg∗

))1/2

≃ 7
√

fa
MPl

Tform (4.9)

where we have used σ = 8maf
2
a and g∗ ∼ 10. As such, domain wall evolution can take

place over temperatures spanning roughly log
√
fa/MPl orders of magnitude. This large scale
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Figure 7. For superhorizon walls where mildly relativistic velocities are expected (γ ∼ 1), regions
above the orange and green lines indicate axion parameters where thermal friction dominates Hubble
friction. (Detailed explanation is given in the text.) The region below the blue line corresponds
ma < e

√
mafa, with e = 0.3. The region below the sky-blue colored line satisfies 10 MeV <

√
mafa.

In this region of parameter space, domain walls could have formed and annihilated before BBN.
We remind the reader that this plot comes with the following caveats: (i) the axion couples only
to the SM thermal plasma and not to extra or hidden degrees of freedom which might have very
different properties (temperature, interaction strength, etc); (ii) the expressions for friction we used
are not justified for QCD axion domain walls which have further substructure due to the axion mixing
with π0, η, η′; and, (iii) the SM magnetic field is dominated by the usual thermal contribution and
there is does not exist ano additional large, coherent, long-range magnetic field (a possibility that is
phenomenologically allowed). Figure generated using the open source data and code [88].

separation means that domain walls can have rich dynamics in the early universe where
thermal friction plays a crucial role. A complete understanding of these effects requires
numerical simulations that include thermal effects calculated in this work. Finally, we stress
that axions coming from GUTs and heterotic theory compactifications lie to the right of the
QCD axion line where plasma friction can play an important role [31, 89].

5 Summary and comments

In this work, we discussed the method of using linear response to calculate plasma friction on
the axion domain walls. In particular, we were interested in the effect of the Chern-Simons
interaction term. We started by describing some standard ALP domain wall preliminaries
and also summarized some crucial aspects of calculating friction that have been discussed in
the literature. Following this, we proceeded to work out the friction from the linear response
perspective, which captures the collective processes in plasma happening faster and at smaller
scales compared to the wall motion and size. In doing this, we found that the friction can
be written in terms of the spectral functions of the thermal operators. Furthermore, this
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method allowed us to calculate the friction in the case of background magnetic fields. To
extract analytical expressions, we considered simple toy models for the spectral function
that capture important properties of this function. Finally, we compared this friction to
the Hubble friction and qualitatively commented on how including the full time-dependent
plasma friction can lead to rich wall dynamics. In the calculation above, we considered the
case where N = 1 in the axion wall potential eq. (1.2). For N > 1, one can always do field
redefinitions to rewrite the axion field, so that in this case, the final effect is that there is
an overall 1/N2 factor that multiplies the friction.

The main result of this work is summarized in figure 3 where we show that it is essential to
include collective thermal processes to get the correct functional dependence for the frictional
force on a wall thicker than the Debye length (eT )−1. For thinner walls, we correct previous
expressions in the literature. This thermal contribution can dominate Hubble friction for
domain walls of heavy axion (i.e. with masses larger than about a GeV) as we discussed in
section 4 though, as mentioned in the caption to figure 7, a broader range of axion masses
allow for large friction effects if we relax the assumptions, including, e.g, long range coherent
magnetic fields. We will return to this and related issues in a companion paper.

Notwithstanding these generalised early cosmology scenarios, we note that heavy axions
have anyway been argued to provide natural candidate solutions to the strong CP problem
in grand unification scenarios [90] and also in more general settings like [91]. Domain
walls of heavy axions have been invoked in [92], for example, as a mechanism to produce
QCD axion dark matter and gravitational wave signals within reach of detectors such as
NANOGrav [93, 94]. The idea behind this mechanism is to introduce a mixing between the
QCD axion and the heavy axion which leads to the formation of QCD axion domain walls
that overlap with the heavy axion domain walls. The collapse of the heavy axion domain
wall also causes the QCD axion domain wall to collapse, producing a relic density of QCD
axion dark matter as well as gravitational wave signals. This can happen even if the QCD
axion has pre-inflationary initial conditions. More generally, domain walls of heavy axions
can form in the early universe and for masses and couplings in the allowed region of figure 7
we get gravitational wave signals that peak at frequencies anywhere between 10−14 to 10−2

Hz corresponding to the annihilation of these walls and these gravitational waves constitute
potential targets for detectors (see for example [95] for a survey of these detectors and signals).

There are various simple extensions of the scenario we described above, of which we
mention two. First, one can consider a monodromic axion coupling [96] whereby the axion
couples to the U(1) gauge fields via a more general function:

L ⊃ h(a)
16π2FF̃ (5.1)

where h(a) has a monodromic property: h(a+ 2π) = h(a) + 2πn for some integer n. With
this coupling, our treatment above is slightly modified and the pressure on the domain wall
is obtained by changing the kernel in eq. (3.27). Specifically, one has to replace the function
g(kz) (i.e. the Fourier transform of ∂φ/∂z) by the Fourier transform of ∂h/∂z.

Another simple extension of the above result involves considering a non-Abelian deconfined
thermal plasma coupled to the wall (instead of the Abelian case we studied in this paper).
This system is similar to [57]. The thermal effects in a non-Abelian plasma are quite different
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compared to the Abelian case. In the non-Abelian case, the damping of collective modes
is anomalously large [67, 75] which changes our treatment above. Furthermore, as shown
in [57, 97], there are non-perturbative “sphaleron” processes that contribute to the friction.
In particular, the friction is proportional to the sphaleron rate Γsph which is given by:

Γsph ∝ α4
sT

4. (5.2)

This then gives the frictional pressure on the ALP domain wall to be,

P ∼ α4
s(γma)T 3v, (5.3)

The above contribution accounts for thermal gluons only and including the fermions charged
under these gluons further modifies the result. In this case, the friction becomes proportional
to the chirality flipping rate Γch which, in turn is related to Γsph. More details on this can
be found in [57, 97] and references within.

In section 4 we studied the effect of thermal friction on super-horizon walls and neglected
subhorizon closed walls which are also affected by this friction. This system is more com-
plicated. As shown in [98, 99], the dynamics of closed spherical walls is different and these
can reach high γ factors. In this case, the inclusion of thermal friction is important for
understanding wall evolution. For example, it affects primordial black hole formation [27].
A simple case to study initially is the effect of long-range magnetic fields on such closed
walls in the absence of a plasma. This can be followed by a full thermal treatment. This
system can be realized if the axion is coupled to a hidden sector including heavy charged
matter that is annihilated to leave only large-scale coherent electromagnetic fields. This is a
phenomenologically rich system which we return to in our companion paper.

One further aspect to study is how axion particles produce friction on ALP domain
walls. For sine-Gordon models this vanishes as shown in [56, 100]. However, the presence
of non-renormalizable terms (e.g. Planck-suppressed operators that arise in a UV quantum
gravity to forbid global symmetries) causes a tilt in the potential of the walls. As argued
in [19, 54], this tilt mechanism can be an effective way to solve the QCD axion domain
wall problem which also gives new bounds on the QCD axion. These arguments are quite
general and are applicable to an ALP as well. If such terms are included, then, ALPs in
the environment will change mass across the domain wall and give rise to a different kind
of friction, similar to the one discussed recently in [61]. To calculate this friction, one also
has to study the abundance of ALP particles which depends on their production mechanism.
This is one of the open directions to pursue.

Our results were derived for an axion domain wall neglecting mixing with QCD mesons
(such as π0, η, η′) or analogous effects from hidden groups. A more realistic scenario includes
these mixing effects, in the presence of which, the wall has structure on different length
scales. Typically, these meson domain walls are thinner (see e.g. [55]) and one may be able to
naively compute friction on them using thin-wall methods and add that contribution to the
Chern-Simons friction calculated in this paper. Lastly, we stress that degrees of freedom on
the domain wall can also play a crucial role and provide new scattering channels that impact
the friction these walls experience. These world-volume field theories can be interesting to
study in their own right. For instance, they can certainly include theories as complicated as
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the FQHE, and there can also be inhomogeneous or even tachyonic (e.g. [101]) field theories
that require new techniques to analyse.

We hope that our work and the discussion above shows that domain walls have very rich
phenomenological aspects to be studied in relation to early universe physics. These depend
on various factors including temperature, wall motion, type of interaction (e.g. Abelian vs.
non-Abelian) and many more. In conclusion, there are likely many phenomenological insights
hidden within the intricate details of domain wall dynamics that warrant further exploration.
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A Thin wall friction — leading approximation

In this section, we derive the thin wall particle scattering friction for photons. Initially,
consider a particle with mass m following the Bose-Einstein statistics and scattering off
the wall. Consider that the reflection coefficient corresponding to this scattering is given
by R(p). Along with this, consider that the wall is like a flat sheet in the x − y plane
and moving in the positive z direction. Then, in the wall frame, the pressure exerted by
particles on the two sides of the wall is,

PR = 2
∫

d2p

(2π)2
∫ 0

−∞

dpz
2π R(pz)

p2z
E

1
eγβ(E+vpz) − 1

PL = 2
∫

d2p

(2π)2
∫ ∞

0

dpz
2π R(pz)

p2z
E

1
eγβ(E+vpz) − 1

(A.1)

Now, we take the difference between these two. Note that R(pz) = R(−pz). This will give

P = PR − PL = 2
∫

d2p

(2π)2
∫ ∞

0

dpz
2π

p2z
E
R(pz)

( 1
eγβ(E−vpz) − 1

− 1
eγβ(E+vpz) − 1

)
. (A.2)

To evaluate this integral, we can first integrate the px, py momenta. In the equation above,

E =
√
ρ2 + p2z +m2, ρ =

√
p2x + p2y. (A.3)
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By appropriately changing the variables, the above integral can be written as,

P = 2
(2π)2

∫ ∞

0
dpz p

2
zR(pz)

∫ ∞

0
dρ

{
ρ√

p2z + ρ2 +m2

×
( 1
eγβ(

√
p2

z+ρ2+m2−vpz) − 1
− 1
eγβ(

√
p2

z+ρ2+m2+vpz) − 1

)}
.

(A.4)

Substituting
√
ρ2 + p2z +m2 = x simplifies the integral above to,

P = 2
(2π)2

∫ ∞

0
dpz p

2
zR(pz)

∫ ∞
√
p2

z+m2
dx
( 1
eγβ(x−vpz) − 1

− 1
eγβ(x+vpz) − 1

)
. (A.5)

We can do the integrals individually. Let us first look at the first term in the integral:∫ ∞
√
pz+m2

dx
1

eγβ(x−vpz) − 1
=
∫ ∞
√
pz+m2−vpz

dx
1

eγβy − 1 = 1
βγ

∫ ∞

γβ(
√
p2

z+m2−vpz)
dx

1
ey − 1

= 1
βγ

(
βγ(

√
p2z +m2 − vpz)− ln(eβγ(

√
p2

z+m2−vpz) − 1)
)

(A.6)

Similarly doing the other integral and taking the difference gives,

P = 2
(2π)2βγ

∫ ∞

0
dpz p

2
zR(pz)

(
ln
(
eγβ(Ez+vpz) − 1
eγβ(Ez−vpz) − 1

)
− 2γβvpz

)
, Ez =

√
p2z +m2

(A.7)
Let us now look at the reflection coefficient. The WKB approximation can be done

by writing the equations of motion of the vector potential in the presence of a wall and
treating the vector potential as a wave function. We direct the readers to [55] for more
details. This equation takes the form,

ω2A± =
(
− d2

dz2
± α

π
ω
dφ

dz

)
A±. (A.8)

Substituting the free wall solution gives in the equation above will give

dφ

dz
= 2ma

cosh(maz)
.

Solving this equation analytically in closed form is not possible. We can estimate the order
of friction by modeling the wall by replacing this potential by,

V (z) =

 2πma 0 < z < m−1
a

0 |z| > m−1
a .

(A.9)

This potential gives introduces a wall of the thickness m−1
a . The height of the wall is

chosen such that the area under the curve is preserved. This is an exactly solved problem
in non-relativistic quantum mechanics, see for example [102]. The reflection coefficient for
this then takes the form,

R = (k21 − k22)2 sin2(k2/ma)
(k21 − k22)2 sin2(k2/ma) + 4k21k22

, k1 = ω, k2 =
√
ω2 − 2αmaω. (A.10)
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If ω2 < 2αmaω, one can still analytically continue the formula given above. This can then
be written as,

R =


α2 sin2(

√
x2−2αx)

α2 sin2(
√
x2−2αx)+(x2−2αx) x > 2α

α2 sinh2(
√

2αx−x2)
α2 sinh2(

√
2αx−x2)+(2αx−x2) x < 2α

, x = ω

ma
(A.11)

Then, it the limit ω < ma, the reflection coefficient in the leading order is,

R ≈ α2. (A.12)

In the limit ω > ma, the reflection coefficient is suppressed. If we substitute this in eq. (1.11),
the integral simplifies to,

P ∼ 2α2

(2π)2
1
βγ

∫ ma

0
dp p2R(p)

(
log

(
f(−v)
f(v)

)
− 2βγvp

)
. (A.13)

When γma < T , the above integral can be further simplified by taking the leading order
expansion in γma/T . This gives us,

P ∼ 1
2
(α
π

)2 1
γ
m3
aT log

(1 + v

1− v

)
∼
(α
π

)2 1
γ
m3
aTv (A.14)

We direct the readers to [69, 103] for a detailed treatment of a similar model. For QCD axion
domain wall, as described in [55], the reflection coefficient takes the form,

R(p) ≈ α2maδ(p−ma). (A.15)

If one uses this reflection coefficient, one still ends up with the same expression for pressure
as above in the leading order.

B Comments on friction due ALPs in the environment

One important point to mention when discussing the friction experienced by domain walls is
the friction of ALP particles with their domain walls. These ALP particles are usually cold
ALP particles (non-thermal) sitting in the environment and are produced by some different
mechanisms such as emission from axion strings. This has been studied in [55, 56, 100]. The
analysis can be done in a similar fashion by finding the effective potential that the free ALPs
in the environment experience in the vicinity of the wall. This can be done by expanding the
Lagrangian of the field with φ = φ0 + δφ, with φ0 being the domain wall solution. In this
case, by substituting this expression in the Lagrangian, the equation of motion for the δφ is,

∂µ∂
µδφ = −m2

aδφ cos(φ0). (B.1)

We can consider the wall in the x− y plane. The friction due to free ALPs in the environment
can then be calculated by looking at the scattering of δφ in the z direction. This can be
done with WKB analysis. Hence, we can express the δφ in the ansatz given by,

δφ = χ(z)e−iωt+ikxx+ikyy (B.2)
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If we work in the frame of the wall, and substitute eq. (1.6) in eq. (B.1), we arrive at,

χ′′(z) + k2zχ(z)− U(z)χ(z) = 0 , (B.3)

where,

k2z = ω2 −m2
a − k2x − k2y,

U(z) = − 2
cosh2(maz)

, .
(B.4)

The reflection coefficient for a general potential of the form U(x) = U0 cosh−2(αx) has been
worked out in detail in [102]. Substituting the above equations in the result from [102] gives
a vanishing reflection coefficient. This is a consequence of the fact that the Sine-Gordon
model is an Integrable model [104].

One may think that in this case, there is no friction from the ALPs sitting around in
the environment. This is true for ALP models that use the Sine-Gordon model. Further,
this comes out to be true for domain walls formed out of the Z2 symmetry vacuum [56, 100].
However as shown in [55, 105],25 a more realistic model in the case of QCD axion is not a
pure Sine-Gordon model, but a slight deviation from it.26 Even though there is a deviation
from the exact Sine-Gordon model, the effective potential that the ALPs in the environment
experience is qualitatively the same. In such a case, the WKB analysis shows that the
reflection coefficient drops down exponentially as a function of γ, the relative boost factor
with the ALP wall and particle. As the authors of [55] mention, there is a large population of
cold ALPs (non-thermal) sitting in the environment, and these can have significant frictional
force. But this is true only when the wall is non-relativistic. Even a γ factor of the order 10 can
make this friction negligible [68].27 Especially, when the walls are closed and have a spherical
topology and are completely contained in the horizon, the tension force of the wall eventually
dominates and these configurations become highly relativistic. Hence, the relative γ factor of
the ALPs in the environment with the wall increases, and this friction becomes negligible.

C Useful thermal field theory results

In this appendix we re-derive the linear response relations and the general expressions
for retarded Green’s functions in terms of the Spectral Density Function for the sake of
completeness. Similar derivations can be found in canonical texts and references dealing
with thermal field theory such as [75, 77, 78].

C.1 Average in the linear response limit

Consider a general Hamiltonian of the form,

H = H0 +Hint. (C.1)
25Also, one can refer to appendix of [68] to see the thin wall approach where the reflection coefficient is

calculated using the WKB approach.
26This is due to the fact that the up and down quarks have different masses that leads to neutral pion

axion mixing leading to a coupled differential equation for the two fields. If one substitutes mu = md in the
potential derived in [105], one recovers Sine-Gordon potential.

27Please Refer to appendix B.1 of [68].
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Figure 8. Effective potential experienced by ALPs in the environment around the domain wall, U(z)
as a function of maz. This is qualitatively similar to the effective potential derived in [55].

Here, H0 is the Hamiltonian without any perturbation, and Hint is the perturbation part.
Consider an operator O(t,x). Then the average of this operator is given by,

⟨O(t,x)⟩ = Tr(O(t,x)ρ) = Tr(OI(t,x)ρI), (C.2)

where ρ is the density matrix of the full system. The second equality comes from the
fact that the transformation from the Heisenberg picture to the interaction picture is a
unitary transformation that leaves the trace invariant. In the interaction picture, the density
matrix satisfies,

dρI
dt

= −i[(Hint)I , ρI ]. (C.3)

Hence, in the linear limit, this gives us,

ρI(t) = ρI(t0)− i

∫ t

t0
dt′[(Hint)I(t′), ρI(t0)] +O(2). (C.4)

In the above equation t0 is the time when the interaction Hamiltonian is turned on. One
can take the limit t0 → −∞. Also, ρI(t0) = ρ0(t0), where ρ0 is the density matrix calculated
with respect to H0 at time t0. This gives us,

ρI(t) = ρ0 − i

∫ ∞

−∞
dt′θ(t− t′)[(Hint)I(t′), ρ0]. (C.5)

Using this, we get,

⟨O(t,x)⟩ = ⟨OI(t,x)⟩0 − i

∫ ∞

−∞
dt′θ(t− t′)⟨[OI(t,x), (Hint)I(t′)]⟩0, (C.6)

where, the average is taken with respect to the ρ0 matrix.
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C.2 Retarded Green’s function

Consider an operator O(t,x). The retarded Green’s function of this operator is given by,

GR(t− t′,x − x′) = iθ(t− t′)⟨[O(t,x),O(t′,x′)]⟩. (C.7)

We define the Fourier transform of the left-hand side expression as,

GR(t− t,x − x′) =
∫ ∞

−∞

dω

2π e
−iω(t−t′)

∫
d3k

(2π)3 e
ik·(x−x′)G̃R(ω,k). (C.8)

On the other hand, we can derive the same by expressing the right-hand side of eq. (C.7).
We can express the thermal average as follows,

⟨O(t,x)O(t′,x′)⟩ =
∑
n,m

⟨n|O(t,x)|m⟩⟨m|O(t′,x′)|n⟩e−βEn . (C.9)

We can use the spatial translation operator P and the Hamiltonian as follows,

O(t, x) = eiHt−iP·xO(0, 0)e−iHt+iP·x.

This when substituted in the equation above gives us,

⟨O(t,x)O(t′,x′)⟩ =
∑
n,m

e−i(Em−En)(t−t′)+i(km−kn)·(x−x′)e−βEn |⟨n|O(0, 0)|m⟩|2 (C.10)

Similarly, we can exchange (t′,x′) ↔ (t,x)

⟨O(t,x)O(t′,x′)⟩ =
∑
n,m

e−i(Em−En)(t−t′)+i(km−kn)·(x−x′)e−βEm |⟨m|O(0, 0)|n⟩|2 (C.11)

Taking the difference then gives us,

⟨[O(t,x),O(t′,x′)]⟩ =
∑
n,m

e−i(Em−En)(t−t′)+i(km−kn)·(x−x′)e−βEn

×(1− e−β(Em−En))|⟨m|O(0, 0)|n⟩|2
(C.12)

We define Em − En = ω. This gives us,

⟨[O(t,x),O(t′,x′)]⟩ =
∑
n,m

e−iω(t−t
′)+i(km−kn)·(x−x′)e−βEn

×(1− e−βω)|⟨m|O(0, 0)|n⟩|2
(C.13)

Hence, this tells us that the Fourier transform of the commutator is

FT
(
⟨[O(t,x),O(t′,x′)]⟩

)
= (1− e−βω)FT

(
⟨O(t,x)O(t′,x′)⟩

)
. (C.14)

Let us denote,

FT
(
⟨O(t,x)O(t′,x′)⟩

)
= ρ0(ω,k). (C.15)

Furthermore, we can write the Heaviside function θ(t − t′) as,

θ(t− t′) = i

2π

∫ ∞

−∞

dω

ω + iε
e−iω(t−t

′). (C.16)
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Using this, we can write the r.h.s. of eq. (C.7) as,

−
∫ ∞

−∞

dω

2π
e−iω(t−t

′)

ω + iε

∫ ∞

−∞

dω′

2π e
−iω′(t−t′)

∫
eik·(x−x′) d

3k

(2π)3 (1− e−βω
′)ρ0(ω′,k). (C.17)

Rearranging this gives us,

−
∫ ∞

−∞

dω

2π e
−iω(t−t′)

∫
eik·(x−x′) d

3k

(2π)3
∫ ∞

−∞

dω′

2π
1

ω − ω′ + iε
(1− e−βω

′)ρ0(ω′,k). (C.18)

Comparing eq. (C.8) and eq. (C.18) gives us,

G̃R(ω,k) = −
∫ ∞

−∞

dω′

2π
1

ω − ω′ + iε
(1− e−βω

′)ρ0(ω′,k). (C.19)

using the identity,

1
∆± iε

= P
( 1
∆
)
∓ iπδ(∆),

gives us,

G̃R(ω,k) = i

2(1− e−βω)ρ0(ω,k)− P
∫ ∞

−∞

dω′

2π
1

ω − ω′ (1− e−βω
′)ρ0(ω′,k) (C.20)

From this, we can write,

G̃R(0,k) = P
∫ ∞

−∞

dω′

2π
1
ω′ (1− e−βω

′)ρ0(ω′,k), . (C.21)

and
∂G̃R

∂ω
(0,k) = i

2T ρ0(0,k). (C.22)

In the above equation, we have used the fact that the spectral density function ρ(ω,k) =
(1 − e−βω)ρ0(ω,k) is an odd function of ω [75].

D Simplification of integral I1

D.1 Breaking the integral in two parts

Let us start with the integral (dropping the α/π factor)

I1 = i

∫ ∞

−∞
dt′θ(t− t′)

∫
d3x′⟨[Ei(t,x), Ej(t′,x′)]⟩0ξij(t− t′,x − x′)φ(t′,x′) . (D.1)

One can express the commutator in terms of the vector potential as follows [77],

⟨[Ei(t,x), Ej(t′,x′)]⟩0θ(t− t′) = ∂i∂
′
j(⟨[A0(t,x), A0(t′x′)]⟩θ(t− t′))

− ∂i∂
′
0(⟨[A0(t,x), Aj(t′x′)]⟩θ(t− t′))

− ∂0∂
′
j(⟨[Ai(t,x), A0(t′x′)]⟩θ(t− t′))

+ ∂0∂
′
0(⟨[Ai(t,x), Aj(t′x′)]⟩θ(t− t′))

− iδijδ
3(x − x′)δ(t− t′)

(D.2)
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Let us include the δ function at the end. In the standard notation of [77] where,

DR
ij = iθ(t− t′)⟨[Ai(t,x), Aj(t′,x′)]⟩0, (D.3)

we can express the quantity of interest as,

Gij(t− t′,x − x′) = ∂i∂
′
jD

R
00 − ∂i∂

′
0D

R
0j − ∂0∂

′jDR
i0 + ∂0∂

′
0D

R
ij (D.4)

In the Temporal Gauge, the only non-vanishing propagator is Dij , hence, this reduces our
expression to,

Gij(t− t′,x − x′) = ∂0∂
′
0D

R
ij (D.5)

In the Fourier modes, this looks like,

G̃ij(ω,k) = ω2D̃R
ij(ω,k). (D.6)

We have a standard expression for D̃R
ij given by [77]

D̃R
ij(ω,k) = −

( 1
ω2 − k2 − F

PLij +
1

ω2 − k2 −G
P Tij

)
(D.7)

where, |k| = k, and

PLij =
ω2 − k2

ω2
kikj
k2

P Tij = δij −
kikj
k2

F = −2m
2(ω2 − k2)

k2

(
1− ω

k
Q0
(ω
k

))
G = m2

(ω
k

)[ω
k
+
(
1−

(ω
k

)2)
Q0
(ω
k

)]
Q0
(ω
k

)
= 1

2 ln
(ω + k

ω − k

)
− iπ

2 θ(k
2 − ω2)

(D.8)

The propagator can be expressed in other gauges but as shown in [77], will leave us with the
same result. Here, the quantity m is related to the plasma temperature as m = eT/

√
6.

As we are interested in the regime where we expand near ω = 0, in this limit, the
terms that are relevant to us are:

Re(G̃ij)(0, k) = − k2

2m2 + k2
(D.9)

and,

Im
(∂G̃ij
∂ω

(0, k)
)
= m2πk

(2m2 + k2)2 (D.10)

The imaginary part of G̃ij(ω,k) and the real part of ∂ωG̃ij(ω,k) vanishes in the limit ω → 0.
If these parts were non-zero, they would correspond to microscopic oscillations of the axion
profile. However, as we look at the coherent state, these microscopic oscillations are of less
importance when looking at macroscopic motion. The integral then looks like,

I1 =
∫ ∞

−∞
dt′
∫
d3x′

∫ ∞

−∞

dω

2π

∫
d3k

(2π)3 e
−iω(t−t′)+ik·(x−x′)

(
− k2

2m2 + k2

+ iω
m2πk

(2m2 + k2)2
)
PLij ξijφ(t′,x′).

(D.11)
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D.2 Simplifying the two parts

Let us now first concentrate on the second integral, i.e.,

I1,2 = −
∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′) m2πk

(2m2 + k2)2P
L
ij ξij∂t(φ(t,x′)). (D.12)

We consider that the wall’s radius of curvature is large compared to its thickness. This is a
valid assumption to make as usually, the walls are of the horizon size or a few orders smaller,
which is still much larger than the thickness. This allows us to treat the wall flat locally.
We consider that φ is a function of x⊥. In this case,

I1,2 = −m2π

∫
d3x′

∫
d3k

(2π)3 e
ik·(x−x′) k

(2m2 + k2)2 ξij(0, |x − x′|)PLij∂t(φ(t, x′⊥)). (D.13)

Let us Fourier transform both ξij and ∂tφ. This is given by,

I1,2 = −m2π

∫
d3x′

∫
d3k

(2π)3
∫

d3p

(2π)3 e
i(k+p)·(x−x′) k

(2m2 + k2)2 η(p)
(
δij −

pipj
p2

)kikj
k2

×
∫ ∞

−∞

dp2
2π e

ip2(x′⊥−vt)g(p2)

(D.14)

Here we have considered that the wall depends on a single coordinate given by x′⊥. As
mentioned before, the tensor structure of ξij comes from the ∇ · Bbg = 0 condition. The
tensor structure is,(

δij −
pipj
p2

)kikj
k2

= 1− (p · k)2
p2k2

= 1−
(p⊥k⊥ + p∥ · k∥)2

(p2⊥ + p2∥)(k2⊥ + k2∥)
(D.15)

The coordinates parallel to the wall are denoted by x′∥. We can integrate with respect to
them. This gives, (2π)2δ(2)(k∥ + p∥). This can then be integrated with respect to d2p∥.
This then leaves us with,

I1,2 = −m2π

∫
dx′⊥

∫
d3k

(2π)3
∫
dp⊥
2π ei(k⊥+p⊥)·(x⊥−x′⊥) k

(2m2 + k2)2 η(
√
p2⊥ + k2∥)

×
(
1−

(p⊥k⊥ − k2∥)2

(k2∥ + p2⊥)(k2∥ + k2⊥)

)∫ ∞

−∞

dp2
2π e

ip2(x′⊥−vt)g(p2)
(D.16)

Now, one can integrate with respect to x′⊥. This will gives 2πδ(k⊥ + p⊥ − p2). This object
can then be integrated with respect to p2 variable. This gives,

I1,2 = −m2π

∫
d3k

(2π)3
∫
dp⊥
2π ei(k⊥+p⊥)·(x⊥−vt) k

(2m2 + k2)2 η(
√
p2⊥ + k2∥)

×
(
1−

(p⊥k⊥ − k2∥)2

(k2∥ + p2⊥)(k2∥ + k2⊥)

)
g(k⊥ + p⊥)

(D.17)

We can simplify the bracket inside the integral as:

1−
(p⊥k⊥ − k2∥)2

(k2∥ + p2⊥)(k2∥ + k2⊥)
=

k2∥(p⊥ + k⊥)2

(k2∥ + p2⊥)(k2∥ + k2⊥)
(D.18)
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Hence, the integral looks like,

I1,2 = −m2π

∫
d3k

(2π)3
∫
dp⊥
2π ei(k⊥+p⊥)·(x⊥−vt) k

(2m2 + k2)2 η(
√
p2⊥ + k2∥)

×
(

k2∥(p⊥ + k⊥)2

(k2∥ + p2⊥)(k2∥ + k2⊥)

)
g(k⊥ + p⊥)

(D.19)

One can substitute p⊥ + k⊥ = q. This gives,

I1,2 = −m2π

∫
d3k

(2π)3
∫
dq

2πe
iq(x⊥−vt) k

(2m2 + k2)2 η(
√
(q − k2⊥ + k2∥)

×
(

k2∥q
2

(k2∥ + (q − k⊥)2)(k2∥ + k2⊥)

)
g(q)

(D.20)

Rearranging this gives us,

I1,2 = −m2π

∫
dq

2πe
iq(x⊥−vt)g(q)q2

∫
d3k

(2π)3
k

(2m2 + k2)2 η(
√
(q − k⊥)2 + k2∥)

×
(

k2∥
(k2∥ + (q − k⊥)2)(k2∥ + k2⊥)

) (D.21)

Now, we can shift the vector k → k + qk̂⊥. This will leave the measure invariant. This
will give us,

I1,2 = −m2π

∫
dq

2πe
iq(x⊥−vt)g(q)q2

∫
d3k

(2π)3
1

(2m2 + k2∥ + (k⊥ + q)2)2 η(k)

×

 k2∥

k2
√
(k2∥ + (k⊥ + q)2)

 (D.22)

Here, k∥ = k sin θ, k⊥ = k cos θ. Substituting this gives us,

I1,2 = − 1
4π2m

2π

∫
dq

2πe
iq(x⊥−vt)g(q)q2

∫ ∞

0
dk

∫ π

0
dθ

sin θ
(2m2 + k2 sin2 θ + (k cos θ + q)2)2

× η(k)

 k2 sin2 θ√
(k2 sin2 θ + (k cos θ + q)2)


(D.23)

Further, if write cos θ = y, then,

I1,2 = − 1
4π2m

2π

∫
dq

2πe
iq(x⊥−vt)g(q)q2

∫ ∞

0
dkk2η(k)

×
∫ 1

−1
dx

1− x2

(2m2 + k2 + q2 + 2kqx)2
1√

k2 + q2 + 2kqx

(D.24)
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The integral with respect to x is done by Mathematica,∫ 1

−1
dx

1− x2

(2m2 + k2 + q2 + 2kqx)2
1√

k2 + q2 + 2kqx
=

1
8(
√
2m)3k3q3

(
√
2m((

√
(k − q)2 −

√
(k + q)2)(3(

√
2m)2 + k2 + q2)

+ 2kq(
√
(k − q)2 +

√
(k + q)2)) + 3(

√
2m)4 − (k2 − q2)2

+ 2(
√
2m)2(k2 + q2)

(
arccot

( √
2m√

(k + q)2

)
− arccot

( √
2m√

(k − q)2

)))
(D.25)

Note that the function g(q), i.e., the Fourier transform of ∂tφ peaks around q = 0. It has a
characteristic width of γma. The Linear response with initial simplification of expanding the
electric field correlator around ω = 0 is correct when γma < eT . Otherwise, for a relativistic
wall, the self-crossing time is approximately around (γma)−1 ∼ (eT )−1 where the ω = 0
approximation is not a good one. In the limit where γma < eT , the leading order contribution
of the integral in q can be calculated by setting (D.25) near q = 0. This is given by,

4
3

1
k(2m2 + k2)2 (D.26)

Hence, what we have is,

I1,2 = − 1
3π2m

2π

∫
dq

2πe
iq(x⊥−vt)g(q)q2

∫ ∞

0
dk

k

(2m2 + k2)2 η(k) (D.27)

The q integral is nothing by,∫
dq

2πe
iq(x⊥−vt)g(q)q2 = −∂2x⊥∂tφ(t, x⊥) (D.28)

Hence, we get,

I1,2 =
m2

3π ∂t∂
2
x⊥
φ(t, x⊥)

∫ ∞

0
dk

k

(2m2 + k2)2 η(k). (D.29)

The same procedure can be repeated for the first term in eq. (3.4). This simplifies the
equation to,

I1,1 =
1

3π3∂
2
x⊥
φ(t, x⊥)

∫ ∞

0

k2

2m2 + k2
η(k). (D.30)

E Calculating the spectral density

Let us start with the equation at hand,

I3 = ϵµνστ ϵαβγδ⟨∂µAν∂σAτ∂′αAβ∂′γAδ⟩ = ϵµνστ ϵαβγδ
∫ ∏ d4pi

(2π)4 e
−i(ω1+ω2)tei(p1+p2)·x)

×e−i(ω3+ω4)t′ei(p3+p4)·x)(p1)µ(p2)σ(p3)α(p4)γ⟨Ãν(p1)Ãτ (p2)Ãβ(p3)Ãδ(p4)⟩
(E.1)
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We look at the tree level diagram without considering any fermion loops between the four-
photon operators. We can contract the fields in two ways: {(ν, β), (τ, δ)}, {(ν, δ), (τ, β)}.
The remaining contraction vanishes due to the ϵ-tensor sitting outside the integral. We write:

⟨Ãν(p1)Ãβ(p3)⟩ = (2π)4δ(4)(p1 + p3)(P Tνβ∆T (p1) + PLνβ∆L(p1)) (E.2)

Here, P T/L are the transverse and longitudinal projection operators respectively and ∆T/L

are the longitudinal and transverse propagators. Note that these are not time-ordered
thermal averages. Hence, in the standard thermal field theory notation, these are D21 type
propagators [75]. We can substitute this in the equation above. This will give us,

I3 = ϵµνστ ϵαβγδ
∫ ∏ d4pi

(2π)4 e
−i(ω1+ω2)tei(p1+p2)·x)e−i(ω3+ω4)t′ei(p3+p4)·x)(p1)µ(p2)σ(p3)α(p4)γ

× (2π)8(P Tνβ∆T (p1) + PLνβ∆L(p1))(P Tτδ∆T (p2) + PLτδ∆L(p2))
(δ(4)(p1 + p3)δ(4)(p2 + p4)− δ(4)(p1 + p4)δ(4)(p2 + p3))

(E.3)

The negative sign in the last bracket comes from exchanging β, δ in the ϵ tensor. This
then gives us,

I3 = ϵµνστ ϵαβγδ
∫ ∏ d4pi

(2π)4 e
−i(ω1+ω2)(t−t′)ei(p1+p2)·(x−x′)

× (P Tνβ∆T (p1) + PLνβ∆L(p1))(P Tτδ∆T (p2) + PLτδ∆L(p2))
((p1)µ(p2)σ(p1)α(p2)γ − (p1)µ(p2)σ(p2)α(p1)γ)

(E.4)

The term in the bracket can be rearranged using the property of ϵ tensor to get,

I3 =2ϵµνστ ϵαβγδ
∫ ∏ d4pi

(2π)4 e
−i(ω1+ω2)(t−t′)ei(p1+p2)·(x−x′)

× (P Tνβ∆T (p1) + PLνβ∆L(p1))(P Tτδ∆T (p2) + PLτδ∆L(p2))
((p1)µ(p2)σ(p1)α(p2)γ)

(E.5)

We can now define p1 + p2 = k. This gives us,

I3 =2ϵµνστ ϵαβγδ
∫

d4k

(2π)4 e
−iω(t−t′)eik·(x−x′)

∫
d4p1
(2π)4

× (P Tνβ∆T (p1) + PLνβ∆L(p1))(P Tτδ∆T (k − p1) + PLτδ∆L(k − p1))
((p1)µ(k − p1)σ(p1)α(k − p1)γ)

(E.6)

One can think of this as the following diagram, where one operator injects momentum k and
the other one collects it. This tells us that the quantity we want is,

ρ0(ω,k) =
1
32ϵ

µνστ ϵαβγδ
∫

d4p1
(2π)4 × (P Tνβ∆T (p1) + PLνβ∆L(p1))

(P Tτδ∆T (k − p1) + PLτδ∆L(k − p1))((p1)µ(k)σ(p1)α(k)γ)
(E.7)
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Figure 9. The correlator can be thought of as an exchange at one point where the operator takes
momentum k from the corresponding mode of the wall and the other operator collects it. Note that
as mentioned in the text, these are the D12 correlators.

Now, we can choose a gauge to work with. The choice of gauge only affects the projectors
and not the ∆ propagators. Let us work in the Coulomb Gauge. In this gauge, the projection
tensors take the form,

P Tij = δij −
pipj
p2

, PLµν = p20 − p2

p2
uµuν , p = |p| (E.8)

where uµ is frame four velocity. Here, we are considering everything in the plasma frame
which is at rest hence u = (1, 0, 0, 0). From the structure of these, we can directly see that
∆L(p)2 terms won’t contribute. For the transverse part to be non-zero, ν, β, τ, δ ∈ {1, 2}.
This means µ = α = 0. Hence, what we get is,

ϵντ03ϵβδ03
(
δνβ −

pνpβ
p2

)(
δτδ −

pτpδ
p2

)
p20∆T (p)∆T (k − p) (E.9)

This is nothing but,

2
(
1− p21 + p22

p2

)
p20∆T (p)∆T (k − p) = 2 cos2 θp20∆T (p)∆T (k − p) (E.10)

Similarly, the ∆T∆L also has a non-zero coefficient. It is given by,

ϵµν03ϵαβ03
(
δνβ −

pνpβ
p2

)
pµpα = (p21 + p22) = p2 sin2 θ (E.11)

So, the integral looks like:

ρ0(0,k)=
1
32k

2
∫

d4p

(2π)4
(
2cos2 θp20∆T (p)2+sin2 θ(p20−p2)

(
∆T (p)∆L(k−p)+∆T (k−p)∆L(p)

))
(E.12)

We can integrate with respect to the azimuthal angle to get an additional factor of 2π
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