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1 Introduction and summary

Global symmetries play a critical role in analyzing physical systems, particularly in quantum
field theory (QFT). Alongside their ’t Hooft anomalies, they provide properties of a theory
that are intrinsic and invariant under renormalization group (RG) flow [1, 2]. Symmetries
organize the spectrum into representations, and impose constraints on correlation functions,
which are especially useful in strongly coupled theories. Importantly, as a theory evolves
along the RG flow, all operators allowed by the global symmetries may emerge through
quantum effects. As a result, a comprehensive classification of a model’s global symmetries
is instrumental in managing the RG flow, allowing the definition of order parameters that
describe the infrared (IR) or long-distance behaviour of specific ultraviolet (UV) theories.
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However, in a wealth of models, conventional symmetry concepts fall short of fully
capturing their IR characteristics. A notable example arises in Yang-Mills theories, where
confining and deconfining phases cannot be satisfactorily explained by traditional patterns
of symmetry preservation or breaking.

A crucial advancement in addressing this limitation was introduced in [3, 4], where the
concept of global symmetries was expanded to include topological operators. Within this
extended framework, the conventional notion of global symmetry corresponds to topological
operators of codimension-one in spacetime, referred to as 0-form symmetries. Importantly,
this reformulation enables the inclusion of topological operators supported on codimension
other than one. This concept, termed higher-form symmetry, generalizes global symmetries to
p-form symmetries, where the associated topological operators are supported on codimension-
(p + 1), i.e., on (d − p − 1)-dimensional submanifolds.

With this expanded notion, confining and deconfining phases of non-abelian gauge
theories can be characterized by electric and magnetic 1-form symmetries, where the relevant
order parameters are one-dimensional defect operators, commonly known as Wilson and
’t Hooft lines [5, 6].

The discussion above is naturally embedded within the broader context of superstring
theory and M-theory, particularly through approaches such as the AdS/CFT correspondence
and the geometric engineering program. In this work, we focus on the latter approach,
which we describe below.

M-theory, geometric engineering, and SymTFT. M-theory establishes a fundamental
framework for exploring the vast landscape of supersymmetric quantum field theories (SQFTs).
A highly effective approach to construct SQFTs is the geometric engineering program [7],
by placing M-theory on a product manifold Md × X11−d. This program establishes a
dictionary between the topology and geometry of compactification spaces and effective
lower-dimensional QFTs.

By requiring that the internal space has SU(n) or G2 holonomy ensures that the resulting
QFT in d-dimensions is supersymmetric. This relationship can be schematically represented as,

X11−d
geometric engineering−−−−−−−−−−−−−−→ T (d)

X11−d
∈ SQFTd , (1.1)

where X11−d admits a singular limit, in which it is described as the metric cone over the
so-called link L10−d of the singularity,

X11−d = Cone(L10−d) . (1.2)

To gain a broader view of the extensive work in the field of geometric engineering, we
refer to the following partial lists of works discussing M-theory on G2-manifolds [8–24] and
Calabi-Yau threefolds [25–46].

The generalized global symmetries and the associated anomalies of a given QFT T (d)

are captured by a bulk (d+ 1)-dimensional topological theory T̂ (d+1), supported on Yd+1 ∼=
[0,∞)×Md,1 commonly referred to as the Symmetry Topological Field Theory (SymTFT).
The physical theory is located at the boundary {0} ×Md.

1In the literature Yd+1 is usually taken as [0, 1] × Md, here we set the length of the interval to be infinite to
achieve a better match with the geometry. This does not affect the topological data.
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Figure 1. SymTFT from geometric engineering.

In geometric engineering, the SymTFT T̂ (d+1)
L10−d

is naturally derived from the link L10−d,
with the radial direction inherited from (1.2),

L10−d
geometric engineering−−−−−−−−−−−−−−−→ T̂ (d+1)

L10−d
∈ SymTFTd+1 . (1.3)

Equivalently, we may describe X11−d as an L10−d-fibration,

L10−d ↪→ X11−d ↠ [0,∞) . (1.4)

Integrating over the fibre, one is left with the physical theory T (d)
X11−d

localized at the tip of
the cone Md × {0}, coupled to a Symmetry Theory living on Yd+1. The boundary conditions
at infinity for the M-theory fields induce topological boundary conditions for the field content
of the SymTFT, and different choices of boundary conditions at infinity select distinct global
forms of T (d)

X11−d
[47, 48]. The setup is illustrated in figure 1.

The top-down approach to deriving the SymTFT from geometric engineering has been
successfully deployed in recent years [49–63].2 Our endeavour continues this line of research,
with the goal of systematically classifying and studying (−1)-form symmetries and their
anomalies, as explained hereafter.

(−1)-form symmetries. The idea that certain transformations in the space of couplings
are better described in the language of symmetries was pioneered in [71]. In a shift of
perspective, the topological terms in the action are thought of as the insertion of spacetime-
filling topological operators in the path integral. In this way, the corresponding couplings
are reinterpreted as scalar background gauge fields, for the symmetry generated by these
topological operators. This will be henceforth referred to as ‘(−1)-form symmetry’.

While not symmetries in the canonical sense, one gets a lot of mileage out of treating
(−1)-form symmetries as such. Their anomalies and dynamical applications have been
explored in [71–77], while implications for holography and the swampland program have
been considered in [78, 79].

The formalism to treat (−1)-form symmetries on equal footing as higher-form symmetries
was put on firm grounds in [80, 81]. One lesson from [81] is that one should distinguish
between two classes of (−1)-form symmetries.

2Other types of geometric compactifications have been used to deduce the SymTFT in [64–70].
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• Chern-Weil symmetries are continuous abelian (−1)-form symmetries, whose background
fields serve as couplings for characteristic classes in the theory. The prototypical
example is the Chern-Weil symmetry in 4d SU(N) Yang-Mills theories: the θYM-angle
accompanying the second Chern class 1

8π2F ∧ F of the gauge bundle is reinterpreted
as a gauge field for this symmetry, and the invariance under θYM 7→ θYM + 2πZ is
reinterpreted as invariance under large background gauge transformations.

• Finite (−1)-form symmetries are electric/magnetic dual to finite (d−1)-form symmetries.
Consider a parent theory with topological local operators, generating a (d− 1)-form
symmetry acting on domain walls. The various ways of gauging the latter are classified
by discrete θ-angles [82]. The dual symmetry emerging in the orbifold theory is a finite
(−1)-form symmetry, and the discrete θ-angle is identified with the discrete background
gauge field for this (−1)-form symmetry. Background gauge transformations permute
the different orbifolds. This latter effect is what makes (−1)-form symmetries pertinent
in the context of decomposition [83–89].

It is well understood that, to fully specify a theory, one needs to choose a polarization
for the mutually non-local defects [3], for each pair of p-form/(d− p− 2)-form symmetries.
The M-theory uplift of this statement was formulated in [90, 91]. However, the choice of
polarization for p = −1 has been mostly overlooked in the literature.3

1.1 Summary of results

BF terms from differential cohomology. We uncover a prescription to obtain the BF
terms from M-theory, for both discrete and continuous symmetries. Our result systematically
builds on [55] for finite symmetries, and extends the construction to continuous symmetries.

The derivation consists of refining the kinetic term G4 ∧G7 in the M-theory action to
a differential character. The precise way to do so is spelled out in subsection 2.1.2. Then,
from the reduction of this character along the various homology classes in the link, we
find all the BF terms:

• Reducing both pieces along n-torsional cycles in the link, we obtain the standard BF
terms of the form Bp+1 ⌣ δAd−p−1, where Bp+1 is the background gauge field for a
finite abelian p-form symmetry Z[p]

n , and Ad−p−1 is the background gauge field for the
magnetic dual symmetry.

• Reducing both pieces along free cycles, we obtain BF-like terms of the form Fp+2∧hd−p−1,
where Fp+2 is the curvature of a U(1)[p] p-form symmetry and hd−p−1 is a quantized
but not closed field. Additionally, from the Chern-Simons term in M-theory, we derive
a correction which combines with the BF-like term to give Fp+2 ∧ h̃d−p−1, where now
h̃d−p−1 is closed and with periods in 2πZ.

In other words, despite the different-looking form of the BF couplings for discrete and
continuous symmetries, we are able to deduce both of them at once, by proposing a refinement

3During the finishing of the draft, the authors noticed the appearance of [92], nonetheless the overlap is
minimal. In particular, that work does not apply to M-theory.
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of the kinetic action of M-theory to differential cohomology, and combining with the geometric
engineering dictionary.

The BF-like term we derive is consistent with the existing proposals for U(1) symme-
tries [93–95]. In particular, our derivation provides a top-down perspective on the BF-like
terms of [95]. Along the way, in subsection 2.2 we deal with subtle issues to extend the
prescriptions to M-theory compactifications.

Geometric engineering and (−1)-form symmetry. M-theory and superstring theory
branes provide natural mechanisms for constructing charged defects and topological symmetry
operators acting on them. Symmetry topological operators are obtained through one of
the following scenarios:

• Finite symmetries are generated by BPS branes that wrap torsional cycles in L10−d [96];

• Continuous symmetries are generated by non-BPS fluxbranes that wrap free cycles in
L10−d [97, 98].

These constructions are reviewed in detail in subsection 2.2, where we further clarify and
build upon the existing literature to deal with continuous abelian symmetries in M-theory.
One crucial development in subsection 2.2 (further elaborated upon in appendix C) is our
discussion on the role of P7-fluxbranes. These are certain non-BPS branes with seven-
dimensional worldvolume capturing the holonomy of P7, which can be defined to be the
projection of G7 + 1

2C3 ∧ G4 on the seven-dimensional manifold. Accounting for such a
combination of G7 and G4 is essential to ensure that the resulting defect is topological.

These considerations apply to (−1)-form symmetries as well. In M-theory,

• Finite (−1)-form symmetries are generated by M5-branes that fill the spacetime Md

and wrap torsional (6− d)-cycles in L10−d;

• Continuous (−1)-form symmetries are generated by P7-fluxbranes that fill the spacetime
Md and wrap free (7− d)-cycles in L10−d.

This leads us to conjecture that, for QFTs that can be realized via geometric engineering in
M-theory, finite (−1)-form symmetries only exist in d ≤ 5, while continuous ones exist in d ≤ 7.

Using Poincaré duality, we are led to predict the presence of (−1)-form symmetries in
the SymTFT based on the cohomology of the link:

• Finite (−1)-form symmetries if TorH4(L10−d,Z) supports non-trivial classes; the discrete
0-form gauge field is obtained by expanding the differential cohomology refinement of
G4 along such torsion 4-cocycles;

• Continuous (−1)-form symmetries if H3(L10−d,Z)free supports non-trivial classes; the
1-form curvature is obtained by expanding the differential cohomology refinement of G4
along such free 3-cocycles.

The derivation is spelled out in full generality in section 2. Our study of finite (−1)-form
symmetries from torsion cohomology yields a vast generalization and systematization of
the early work [99].
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For 5d theories, these conditions are satisfied, for instance, by the link Y N,0 of Calabi-
Yau threefolds obtained as orbifolds of the conifold. A more detailed discussion of this
example can be found in section 3. For 4d theories, one suitable example is the nearly-Kähler
manifold S3× S3, which serves as the link of the spin bundle over the 3-sphere [100]. Another
relevant case is the direct product space S1 × Y N,0. Both of these examples are studied
in detail in section 4.

(−1)-form symmetry of 5d SCFTs from threefold singularities. M-theory on a
canonical threefold singularity engineers a five-dimensional SCFT, whose global symmetries
have been studied using combinations of geometric and field theoretic methods [91, 101–106].
In subsection 3.1, building on [49], we systematically address the SymTFT of these theories.
We complement the existing literature in two ways:

• The SymTFT action we derive contains the BF terms for both discrete and continuous
symmetries.

• We pinpoint the role of (−1)-form symmetries.

Objects charged under the electric 1-form symmetry are engineered from M2-branes wrapping
non-compact primitive curves in the threefold. We observe that it is always possible to
wrap an M5-brane on the same non-compact curve, giving rise to a domain wall charged
under a 4-form symmetry.

We argue that, gauging a subgroup of the 4-form symmetry, the theory acquires new
discrete parameters, acted on by a finite (−1)-from symmetry. The geometric origin of these
defects and symmetries is provided in subsections 3.1.2–3.1.3.

Furthermore, we exemplify the computations in two explicit instances: orbifolds of the
conifold in subsection 3.2, and orbifolds of C3 in subsection 3.3.

G2-manifolds, (−1)-form symmetry and 4-groups. Modelling M-theory on non-
compact seven-dimensional manifolds with G2-holonomy results in effective four-dimensional
field theory with 4 real supercharges. Interactions by means of super-Yang-Mills (SYM)
theories are engineered through codimension-4 singularities [9, 15]. The resulting SYM
theories feature ADE-type gauge algebras that align with the ADE classification of the
surface singularities.

In subsection 4.3, we investigate the SymTFT that is associated with specific 4d N = 1
su(N) SYM theories constructed in [22]. The gauge theory arises through a quotient of
the asymptotically locally conical B7-space introduced in [107]. A detailed review of this
construction is provided in subsection 4.2.

Specifically, the su(N) SYM theories occupy a semi-classical branch of a broad moduli
space, with all theories on this moduli branch sharing the same SymTFT. Consequently, the
physical interpretation of the SymTFT symmetries and the non-trivially acting symmetries
vary with the branch of the moduli space.

In this work, we focus on the branch characterized by the seven-dimensional orbifold

X7 = (R4/ZN × S3)/Zp . (1.5)

Through a detailed SymTFT analysis, in subsection 4.3 we highlight the following key features:

– 6 –
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• We identify the subgroup of the electric 1-form symmetry read off from geometry that
acts effectively on the QFT.
The maximal 1-form symmetry from geometric engineering is ZpN . However, the
su(N) gauge algebra arises from the action of ZN , with Zp acting freely. Since the
electric 1-form symmetry depends on the actual subgroup producing the codimension-4
singularity, the electric 1-form symmetry in an electric polarization is indeed ZN , as
anticipated by gauge theoretic arguments [3]. Similarly, the argument applies to the
dual magnetic 1-form symmetry.

• We observe the existence of a universal, continuous 2-form symmetry.

• We uncover the existence of two continuous (−1)-form symmetries. In M-theory, these
symmetries are due to the link space being an orbifold of S3 × S3. On the branch of
interest, one of these symmetries is the expected Chern-Weil shifting the θYM-angle.
We thus discover a new Chern-Weil symmetry, stemming from the higher-dimensional
origin of the 4d theory.

• Furthermore, we show the existence of discrete (−1)-form symmetries. Our model
exhibits a discrete Zp (−1)-form symmetry, alongside the magnetic dual 3-form symme-
try. They provide additional discrete θ-angles, whose physical implication is further
discussed in subsection 4.4.

Simultaneous gauging of multiple symmetries may lead to higher-group structures; see
e.g. [108–115]. Our analysis reveals that this model exhibits a 4-group structure, which
emerges when the electric ZN 1-form symmetry, the discrete Zp 3-form symmetry, and a
discrete subgroup of the continuous 2-form symmetry are gauged concurrently. Notably, we
identify the same 4-group structure found in [116].

Additionally, we show that gauging only a discrete subgroup of the 2-form symmetry
imposes a constraint on the instanton number of the gauge theory. This reproduces the
modified instanton sum results presented in [116], building on earlier discussions in [117].

In this way, we establish a geometric engineering picture for the mechanism of [116].

2 SymTFT from M-theory

In our conventions, the integrand of M-theory is normalized to be exp
{
2πi

(
SM

CS + SM
kin

)}
.

2.1 Differential cohomology and M-theory

2.1.1 Basics of differential cohomology

It has long been understood that the proper language to formalize the M-theory action is
(generalized) differential cohomology [118]. In this subsection we briefly provide the necessary
tools in the theory of differential characters of Cheeger-Simons [119]. We collect further
details in appendix A.2, and, for a more comprehensive exposition, we refer to [120], and
to the reviews aimed at physicists in [121, section 2] and [122].

A useful slogan is that H̆p+2(M) classifies isomorphism classes of p-gerbes with (p+ 1)-
connection on M , for p ∈ Z≥−2.

– 7 –
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Differential characters. A differential character of degree p on M is a certain homomor-
phism Zp−1(M) −→ U(1) from the abelian group of (p − 1)-chain to U(1). Differential
characters of degree p form a group, called the Cheeger-Simons group H̆p(M). The product
operation

⋆ : H̆p(M)⊗ H̆q(M) −→ H̆p+q(M). (2.1)
endows H̆p(M) with the structure of a graded ring. More details are in appendix A.2.

The differential characters come equipped with two associated maps:

F : H̆p(M) −→ Ωp
Z(M), (2.2)

c : H̆p(M) −→ Hp(M,Z), (2.3)

called, respectively, field strength map and characteristic class map.
We adopt the notation of [49] and write F̆p for the differential character with field strength

F (F̆p) =
1
2πFp ∈ Ωp

closed(M). (2.4)

Besides, in our conventions, F (F̆p), c(F̆p) have integral periods, and the discrete gauge fields
have Z-periodicity.

Integration. There exists an integration map∫ H̆

M
: H̆dim(M)+1(M) −→ R/Z. (2.5)

The holonomy of F̆p ∈ H̆p(M) along a (p − 1)-chain Σp−1 is (the exponential of)

2πi
∫ H̆

Σp−1
F̆p ∈ 2πiR/Z. (2.6)

2.1.2 M-theory action in differential cohomology

We ought to consider the uplift to differential cohomology of the M-theory action.

Topological term in M-theory action. We define the topological Chern-Simons integrand
of M-theory to be the holonomy of the differential character

−1
6Ğ4 ⋆ Ğ4 ⋆ Ğ4 − Ğ4 ⋆ X̆8 ∈ H̆12(M11) (2.7)

along the fundamental cycle [M11]. Explicitly:4

2πiSM
CS := 2πi

∫ H̆

M11

[
−1
6Ğ4 ⋆ Ğ4 ⋆ Ğ4 − Ğ4 ⋆ X̆8

]
. (2.8)

Here G4 is the curvature of the M-theory 3-form gauge field C3 and

X8 =
1

192
[
p1(TM11)∧2 − 4p2(TM11)

]
(2.9)

with pi(TM11) the ith Pontryagin class of the tangent bundle to M11.
Throughout we will mainly focus on

SM
CS = −1

6

∫ H̆

M11
Ğ4 ⋆ Ğ4 ⋆ Ğ4. (2.10)

4Throughout the paper the normalization of the action is chosen so that the integrand of the partition
function is ∼ e2πiS .
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Kinetic term in M-theory action. In the democratic formalism (see appendix C for a
review), the bosonic part of the kinetic term for the 3-form gauge field in M-theory is written as

SM
kin = 1

(2π)2
∫

M11
G4 ∧G7, (2.11)

where the globally defined G7 is subject to the modified Bianchi identity

dG7 = −
1

2(2π)G4 ∧G4. (2.12)

The factors of 2π in (2.11) and (2.12) are often reabsorbed in a field redefinition, e.g. in [55,
appendix A2]. Throughout, we stick to the standard conventions that all field strengths
have periods in 2πZ.

To refine (2.11) in differential cohomology, we exploit that dG7 ̸= 0 defines a non-trivial,
closed 8-form (in particular, it is exact) to introduce a differential character ˘(dG7) ∈ H̆8(M11).

We define the uplift to differential cohomology of the M-theory kinetic term as the
holonomy of Ğ4 ⋆ ˘(dG7) ∈ H̆12(M11):

SM
kin =

∫ H̆

M11
Ğ4 ⋆ d̆G7, (2.13)

Promoting G7 to a differential character in H̆8(M11) is necessary to derive the BF terms
for discrete symmetries, which descend from torsional cycles in the geometry, and in addition,
it allows us to deal with both continuous and discrete symmetries at once.

SymTFT from geometric engineering. As explained in the introduction, we take M11 =
X11−d ×Md, with X11−d a conical singularity whose link is L10−d.

Inspired by [49, 53, 58], we consider the differential cohomology refinement of the
(bosonic part of the) M-theory action, and reduce it along L10−d. The reduction is achieved
via fibre-wise integration, cf. (1.4).

In this way, we derive the complete action of the SymTFT:

• Reducing (2.10) we derive the anomaly terms in the SymTFT action;

• Reducing (2.13) we derive the BF terms in the SymTFT action.

Our main focus is on X6 a canonical threefold singularity, and X7 a G2-manifold.

2.2 Branes, charged defects, and symmetry operators

In this section, we discuss the brane construction of the spacetime defects and symmetry
operators for both discrete and continuous symmetries, following [96, 97].

Charged defects. The defects of interest here are non-dynamical extended objects, and
therefore, the brane configurations that generate them must wrap non-compact cycles in
the resolved or deformed cone space X̃11−d.

The set of spacetime supersymmetric m-dimensional defects, denoted by Dm, consists of
BPS branes wrapping cycles of the link space L10−d and extending along the radial direction
of X̃11−d. Specifically [90, 91],

Dm :=
⋃

p=2,5
{Mp-branes on Hp−m(L10−d,Z)× [0,∞)}. (2.14)

– 9 –
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M2 M5
TorHk(L10−d,Z)× [0,∞) Electric (2− k)d defect Magnetic (5− k)d defect
TorH9−d−k(L10−d,Z) (5− k)-form sym. generator (2− k)-form sym. generator

Table 1. Branes wrapping torsional cycles give rise to finite symmetries.

Symmetry topological operators. The elements of (2.14) are natural objects to be
charged under higher-form symmetries, both discrete and continuous. These symmetries are
generated by (d −m − 1)-dimensional topological operators [4].

In geometric engineering, we construct these topological operators through (not necessarily
BPS) branes wrapping cycles in L10−d, and extending transversely to the radial direction of
the cone [96, 97]. Specifically, the set of all such (m′ + 1)-dimensional operators is

Um′+1 =
⋃
p

{p-branes wrapping Hp−m′(L10−d,Z) and transverse to [0,∞)} . (2.15)

A given symmetry operator U(Σm′+1) ∈ Um′+1 is determined by

• Brane type: whether the brane is BPS or not. In M-theory, BPS branes are the usual
M2 and M5-branes, while the non-BPS branes are fluxbranes in the sense of [97].

• Cycle type: whether the brane wraps a torsional cycle γp−m′ ∈ TorHp−m′(L10−d,Z), or
a free cycle γp−m′ ∈ Hp−m′(L10−d,Z)free.

For an m-dimensional defect in (2.14) to carry charge under U(Σm′+1), their linking
pairing must be non-trivial both in L10−d and in spacetime. For the spacetime part, it is
non-trivial only if m′ + m = d − 2 [4].

We now proceed to discuss the conditions in the link space, and construct the symmetry
operators using the framework of differential cohomology. For further discussion on the
concept of linking pairing and how it relates to our approach, we refer to appendix A.2.4.

2.2.1 Discrete symmetries from M-branes

We summarize the discussion of defects and symmetry operators for finite symmetries
in table 1.

Branes wrapping torsional cycles. Finite symmetries are generated by the sub-collection
of (2.15) with Mp-branes wrapping γk ∈ TorHk(L10−d,Z).

The differential cohomology integral (2.5) induces a perfect pairing

TorHk(L10−d,Z)× TorH11−k−d(L10−d,Z) −→ Q/Z , (2.16)

which, together with Poincaré duality, determines the linking pairing ℓL(γk, γk′) in L10−d,
as explained in appendix A.2.4. An immediate necessary conditions for ℓL(γk, γk′) ̸= 0 is
k′ = 9 − d − k.

Combining the requirements on codimension in spacetime and in the link, we have that
the p-brane that realizes the (p− k)-dimensional defect and the p′-brane which realizes the
(p′ + 1 − k′)-dimensional symmetry operator, must satisfy

(p+1)+ (p′+1) =
[
(p− k) + (p′ + 1− k′)

]
+
[
k + k′

]
+1 = [d− 1]+ [9− d] + 1 = 9. (2.17)
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The total dimension of the worldvolume of the two branes is of codimension 2, thus they are
electric/magnetic dual. Exchanging the role of M2-branes and M5-branes, thus exchanging
electric and magnetic gauge fields in 11d, corresponds to switch the roles of charged defects
and symmetry operators, as shown in table 1.

Finite symmetry generators from M-theory. To define the worldvolume effective action
of the symmetry operator, we promote the field strength sourced by the M2 or M5-brane
to a differential character, and compute its holonomy. Explicitly:

UM2 on γk(Σ3−k) = exp
{
2πi

∫ H̆

Σ3−k×γk

Ğ4

}
= exp

{
2πi

∫ H̆

Σ3−k×L10−d

P̆D(γk) ⋆ Ğ4

}
,

UM5 on γk(Σ6−k) = exp
{
2πi

∫ H̆

Σ̂7−k×γk

d̆G7

}
= exp

{
2πi

∫ H̆

Σ̂7−k×L10−d

P̆D(γk) ⋆ d̆G7

}
,

(2.18)

where PD(·) is the Poincaré duality isomorphism. In the second line, Σ̂7−k is any chain
with ∂Σ̂7−k = Σ6−k and, by the exactness of dG7, the result only depends on Σ6−k and
not on its extension Σ̂7−k.

Expanding the differential character in the basis of H̆•(L10−d), P̆D(γk)⋆ acts as a projector.
We exemplify the relation in the case TorHk(L10−d,Z) ∼= Zn, and refer to appendix A.3 for
more details and for the general case.

Writing schematically Ğ4 = B̆3−k ⋆ t̆k+1 + · · · and d̆G7 = δ̆A6−k ⋆ t̆k+1 + · · · , we get

UM2 on γk(Σ3−k) = exp
{
2πi

(∫ H̆

L10−d

P̆D(γk) ⋆ t̆k+1

)∫
Σ3−k

B3−k

}
,

UM5 on γk(Σ6−k) = exp
{
2πi

(∫ H̆

L10−d

P̆D(γk) ⋆ t̆k+1

)∫
Σ6−k

A6−k

}
.

(2.19)

Note that B3−k and A6−k are discrete Zn gauge field with Z-periodicity. Formally, the second
line of (2.19) looks analogous to expanding G7 along the torsional cycle γk; however, G7
does not admit a refinement in differential cohomology, necessary to integrate over torsional
classes, thus we had to pass through the exact 8-form dG7 to arrive at (2.19).

The integrals appearing in (2.19) are discussed extensively in appendix A.3. The outcome
of the pairing (2.16) between PD(γk) and tk+1 is (cf. appendix A.3)

∫ H̆

L10−d

P̆D(γk) ⋆ t̆k+1 =

−
1
n PD(γk) and tk+1 are Pontryagin dual,

0 otherwise.
(2.20)

In summary, we get the topological operators that generate the Zn symmetries:

U(Σ3−k) = exp
{
−2πi

n

∫
Σ3−k

B3−k

}
, U(Σ6−k) = exp

{
−2πi

n

∫
Σ6−k

A6−k

}
, (2.21)

where B3−k, A6−k are, respectively, electric and magnetic Zn gauge fields.
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2.2.2 Continuous abelian symmetries from fluxbranes

Branes wrapping free cycles. We now aim at constructing the topological operators
associated with U(1) symmetries. To achieve this goal, we wrap p-branes on free cycles in
the link space L10−d. In this case, the integral (2.5) in 11d induces a perfect pairing,

Hk(L10−d,Z)free ×H10−k−d(L10−d,Z)free −→ Z , (2.22)

leaving behind a differential character in H̆d+1(Md). Consequently, this leads to the relation

(p+1)+(p′+1) =
[
(p− k) + (p′ + 1− k′)

]
+
[
k + k′

]
+1 = [d−1]+[10−d]+1 = 10 , (2.23)

as opposed to (2.17). This dimension counting implies that the branes behind the defect and
the symmetry operator do not form an electric/magnetic dual pair.

The implications of (2.23) are summarized as:

charged defect worldvolume of symmetry operator
M2 7d
M5 4d

Fluxbranes. Following [97], we discuss the generation of continuous symmetries using
fluxbranes. Importantly, we point out an issue in using the naive attempt to use G7-fluxbranes,
and show how to correctly identify the fluxbrane that produces a topological operator.

Let us focus on magnetic defects first, realized by M5-branes, which source G7. From (2.23)
and the Hodge duality relation G4 ∝ ∗G7, [123] argues that the brane we are after is interpreted
as a G4-fluxbrane. For our purposes, we only need to consider their topological aspects.
See [97] for more details on the fluxbrane realization of continuous abelian symmetries.

The symmetry topological operator derived from a G4-fluxbrane wrapping
γk ∈ Hk(L10−d,Z)free is:

UG4-flux along γk(Σ4−k) = exp
{

iφ
∫
Σ4−k×γk

G4
2π

}
= exp

{
i
φ

2π

∫
Σ4−k×L10−d

PD(γk) ∧G4

}
.

(2.24)
Here, the quantization of flux implies the identification φ ∼ φ+ 2π, in agreement with the
expectation that the symmetry is U(1).

Taking vk ∈ Hk(L10−d,Z)free and expanding G4 = F4−k ∧ vk + · · · , we obtain

UG4-flux along γk(Σ4−k) = exp
{

i
φ

2π

(∫
L10−d

PD(γk) ∧ vk

)∫
Σ4−k

F4−k

}

= exp
{

i
φ

2π

∫
Σ4−k

F4−k

}
.

(2.25)

In the second line we have assumed that the integral over L10−d is non-vanishing, and
normalized it to 1 without loss of generality.

One may attempt to propose a symmetry topological operator for the electric symmetry
as a G7-fluxbrane, linking with the M2-brane providing the charged defect. Tentatively,

UG7-flux along γk(Σ7−k)
naive∼ exp

{
i
φ

2π

∫
Σ7−k×γk

G7

}
. (2.26)
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defect M2 defect M2

topological
M5-brane

topological
P7-fluxbrane

Figure 2. Left: an M5-brane linking with an M2-brane in the link L10−d. This configuration is
relevant for finite symmetries. Right: a fluxbrane intersecting the same M2-brane in the link L10−d.
This configuration is relevant for U(1) symmetries.

However, G7 is not closed and, working with this naive attempt, the would-be operator
is not topological.

Therefore, we propose an enhanced formulation of this symmetry operator, by more
carefully tracking the effective action on the fluxbrane. In this way we address the issues.

Hopf-Wess-Zumino action. In M-theory, the relation (2.23) can be interpreted as the
intersection pairing between the Mp-branes and the corresponding Page charges [124]. For
the case where the defects are given by the M5-brane, its Page charge is given by the flux
of G4, which satisfies, dG4 = 0. Thus, the G4-fluxbrane is the brane that supports the
Page charge, in agreement with (2.25).

In the following, we construct the closed 7-form P7 whose fluxbranes generate U(1)
symmetries. To do that, we start from the topological action on M5-branes. Additional
discussion on the effective M-theory action in presence of M5-branes is deferred to appendix C.

The worldvolume theory on an M5-brane admits a self-dual 3-form, H3, which satis-
fies [125]

dH3 = ι∗M5G4 . (2.27)

Here, ιM5 : ΣM5
6 ↪→Md ×X11−d is the embedding of the M5-brane worldvolume ΣM5

6 into the
11d space, whereby ι∗M5G4 is the pullback of the M-theory G4 to the M5-brane worldvolume.

To write the full topological action on the fluxbrane, we ought to consider the coupling
between H3 and G4. This is implemented by the Hopf-Wess-Zumino (HWZ) action on a
seven-dimensional worldvolume.

To properly define this action, we embed the M5-brane worldvolume into Σ7, which
supports the G7-flux. Σ7 is obtained by extending the M5-brane worldvolume inside L10−d,
filling the transverse direction between the M5 and the defect M2-brane. In other words,
Σ7 is a 7-manifolds that is transverse to the radial direction [0,∞) of the SymTFT, links
with the worldvolume of the M2-brane in spacetime Md, and intersects transversely with
the worldvolume of the M2-brane in L10−d.

For comparison, in figure 2 we show an M5-brane linking with an M2-brane inside L10−d,
and a fluxbrane intersecting the M2-brane.
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If we denote ι7 : ΣM5
6 ↪→ Σ7 the embedding of the M5-brane worldvolume into Σ7,

we can define a map

ϕ∗ := ι7,∗ ◦ ι∗M5 : Ω•(Md ×X11−d) −→ Ω•(Σ7). (2.28)

This allows to formulate the HWZ action as [126, 127],

SHWZ = 1
2π

∫
Σ7
ϕ∗G7 +

1
4π ι7,∗H3 ∧ ϕ∗G4 . (2.29)

We can identify this action with the M2-brane Page charge [124].5 The integrand,

P7 := ϕ∗G7 +
1
4π ι7,∗H3 ∧ ϕ∗G4 , (2.30)

is both closed and quantized, i.e.

• dP7 = 0 by virtue of (2.12) and (2.27);

• the periods of P7 are in 2πZ.

More on Page charges. We have derived the Page charge P7 on the worldvolume of a
fluxbrane. Alternatively, one may introduce a differential form P7 directly on the eleven-
dimensional space, which is locally defined to be (see [131, section 5] for a more exhaustive
treatment)

P7 = G7 −
1

12πC3 ∧G4. (2.31)

This allows to write

SM
kin + SM

CS = 1
(2π)2

∫
M11

G4 ∧ P7, (2.32)

and the equations of motion guarantee the Bianchi identities dG4 = 0 = dP7.
In practice, we may work with P7 throughout, and the procedure works equally well

for the analysis of continuous symmetries. This Page charge has the advantage of being
defined directly in the 11d action; however, the latter form of the action only admits a trivial
refinement to differential cohomology, and is not suited for finite symmetries.

We instead follow the fluxbrane approach and work with P7, given in (2.30) in terms
of globally defined quantities supported on an extension of the fluxbrane worldvolume. It
is also worth mentioning that our approach allows for fields supported on the brane, as
discussed around (C.12).

Symmetry topological operator form P7-fluxbrane. We propose that the symmetry
topological operator for a U(1) symmetry is a fluxbrane for the class P7 in (2.29).

Thus, building on the structure of the HWZ action, we introduce the symmetry topological
operator

UP7-flux along γk(Σ7−k) = exp
{

i
φ

2π

∫
Σ7−k×γk

P7

}
= exp

{
i
φ

2π

∫
Σ7−k×L10−d

PD(γk) ∧ P7

}
.

(2.33)
5This identification has been considered previously in different contexts [128–130].
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Defect Symmetry operator
M2 P7-fluxbrane
M5 G4-fluxbrane

Table 2. Defects charged under continuous symmetries are realized by BPS Mp-branes. The symmetry
topological operators are realized by the fluxbranes for the corresponding Page charge.

Since P7 is closed and quantized, this ensures that the operator is topological; furthermore,
φ is a 2π-periodic parameter. Therefore, (2.33) generates a U(1) symmetry.

Taking vk ∈ Hk(L10−d,Z)free and expanding P7 = h̃7−k ∧ vk + · · · , we arrive at

UP7-flux along γk(Σ7−k) = exp
{

i
φ

2π

(∫
L10−d

PD(γk) ∧ vk

)∫
Σ7−k

h̃7−k

}

= exp
{

i
φ

2π

∫
Σ7−k

h̃7−k

}
,

(2.34)

where we have assumed that the integral over L10−d is non-vanishing, and normalized it
to 1 without loss of generality.

(2.34) gives an operator defined in the SymTFT, occupying a worldvolume Σ7−k

transverse to the radial direction. The field strength h̃7−k is closed and quantized. These
properties are inherited from the Page charge P7 as defined in (2.30).

Clearly, the expansion of P7 cannot be taken independently from that of G7 and G4, by
definition. Thus, writing G7 = h7−k ∧ vk + · · · , we have

h̃7−k = ϕ∗(h7−k + g7−k), (2.35)

where the second piece g7−k is the projection of (ιM5,∗H3)∧G4 along the directions transverse
to vk, which would become a wedge product of two differential forms after dimensional
reduction as well.

Exchanging M2 and M5. The main proposal of this subsection, summarized in table 2,
is that a defect engineered by an Mp-brane is acted upon by a topological operator defined
by the fluxbrane for the corresponding Page charge.

In an electric frame we have: M2-branes provide the charged defects; M5-branes source
the Page charges of the defect M2-branes; and the symmetry operator is the P7-fluxbrane.

Now, consider an electromagnetic transformation in M-theory, which corresponds to
exchanging M2 and M5-branes. This exchanges the roles of p and p′ in (2.23). We get a dual
frame with: M5-branes providing the charged defects; M2-brane sourcing the Page charges of
the defect M5-branes; and the symmetry operator being the P4-fluxbrane, with P4 = G4.

As a result, this duality transformation in 11d relates m-form and (d−m− 3)-form U(1)
symmetries. This should not be confused with the electric/magnetic duality in spacetime,
schematically,

U(1)[m] M2 ↔ M5−−−−−−−−→ U(1)[d−m−3]

U(1)[m] flat gauging−−−−−−−−→ Z[d−m−2]
(2.36)

where Z[d−m−2] in the second line is the character group of U(1)[m].
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2.2.3 Symmetry Theory for continuous abelian symmetries

From a field theory viewpoint, there are proposals for a SymTFT action of continuous
symmetries [93–95, 132]. Nonetheless, its M-theory origin has not yet been worked out.
We now proceed to fill this gap (see however the very recent [63] for related discussion in
Type II string theory).

Let us mention from the onset that our derivation is in line with the ‘Symmetry Theory’
of [95]. One important difference is that [95] considers Maxwell-type theories. M-theory
does not belong to this class, because of the Chern-Simons term. As a consequence, the
relation between the SymTFT action and the topological operator is less direct, albeit the
action we derive agrees with the prescription of [95]. We come back to this point at the
end of the current subsection.

Our proposal is as follows.

• We begin with −G4 ∧ ∗G4 and take a topological limit, in which we treat G4 and
G7 = −∗G4/(2π) as the electric and magnetic field strengths. Upon direct dimensional
reduction, this matches the BF terms of [95].

• We refine the action to differential cohomology, as prescribed in subsection 2.1.2.

We remark that the advantage of using differential characters is to unify the treatment
of finite and continuous symmetries.6 Had we only been interested in U(1) symmetries,
we would have obtained the identical BF couplings using G4 ∧G7. This is a by-product
of our refinement in subsection 2.1.2 and the basic properties of differential characters
(see appendix A.2).

• Once we insert an M5-brane or the associated fluxbrane, we cannot neglect the presence
of H3, supported on the worldvolume of the brane. Thus, when constructing defects
charged under U(1) symmetries, or the associated symmetry operators, we utilize P7
rather than G7.

This latter step is the main novelty and difference with respect to the Maxwell-type
theories discussed in [95], and also with respect to other proposals in [93, 94].

We thus obtain the following description of the Symmetry Theory of U(1) symmetries:

• The BF-terms are computed reducing (2.13) along free cycles in the link;

• The defect operator realized by an Mp-brane is the holonomy of the differential character
P̆p+2;

• The symmetry operator acting on an Mp-brane is given by the flux of the corresponding
page charge, i.e. P7-fluxbrane for an M2-brane defect and P4-fluxbrane for an M5-brane
defect (with P4 = G4).

We summarize our findings in table 3.
6These comment applies to Type II superstring theory as well [63], with the due changes.
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Defect brane Defect action Symmetry brane Symmetry operator action
M2

∫ H̆
ΣM2

3
Ğ4 P7-fluxbrane φ

2π

∫
Σ7
P7

M5
∫ H̆
ΣM5

6
P̆7 G4-fluxbrane φ

2π

∫
Σ4
G4

Table 3. Defects and symmetry operators for U(1) symmetries from M-theory.

Bulk operators. Let us fix vk ∈ Hk(L10−d,Z)free. We expand G4 = F4−k ∧ vk + · · · and
P7 = h̃7−k ∧ vk + · · · , omitting terms that yield a vanishing contribution. We also use the
relation between the expansion of P7 and that of G7, as in (2.35).

Wrapping an Mp-brane on PD(vk), we thus obtain the defect operators

M2: exp
{
2πi

∫ H̆

Σ3−k×PD(vk)
Ğ4

}
= exp

{
2πi

∫ H̆

Σ3−k

F̆4−k

}
,

M5: exp
{
2πi

∫ H̆

Σ6−k×PD(vk)
P̆7

}
= exp

{
2πi

∫ H̆

Σ6−k

ϕ∗
(
h̆7−k + ğ7−k

)}
.

(2.37)

The left-hand side is the refinement in differential cohomology of the non-globally defined
holonomies of gauge fields (and recall the 2π-normalization of (2.2), between differential
characters and field strengths). On the other hand, the symmetry operators are given by

acting on M2: exp
{

i
∫
Σ7−k

φ

2π ϕ∗ (h7−k + g7−k)
}
,

acting on M5: exp
{

i
∫
Σ4−k

φ

2π F4−k

}
.

(2.38)

These expressions are consistent with each other.

Completion of BF terms and comparison with topological operators. Note that,
from the above discussion and the relation between BF terms and topological operators in
known examples, one may expect a BF term of the form

1
2π

∫
Yd+1

F4−k ∧ (h7−k′ + g7−k′) (2.39)

in the SymTFT, with k + k′ = 10− d. However, reducing (2.13), we obtain the BF-like term

2π
∫ H̆

Md×X11−d

Ğ4 ⋆ d̆G7 =
1
2π

∫
Yd+1

F4−k ∧ hd−3+k. (2.40)

This is because the BF couplings are part of the action, and are computed in absence of
any brane insertion. Once we insert the fluxbrane, we cannot neglect H3 sourced on its
worldvolume. This gives the correction ϕ∗gd−3+k in the action of the symmetry operator,
not seen from the BF terms alone.

Nonetheless, reducing (2.10) along free cycles, we always obtain a term of the form

2π
2

∫ H̆

Yd+1
F̆4−k ⋆ Ğ

′
d−2+k = 1

2π

∫
Yd+1

F4−k ∧ g̃d−3+k, (2.41)
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where G′
d−2+k is the reduction of G4 ∧G4 along the (10− d− k) directions transverse to vk.

On the right-hand side, we have introduced g̃d−3+k subject to dg̃d−3+k = 1
2G

′
d−2+k, where

the factor 1/2 will typically cancel out in the examples due to the symmetry of the term
G4 ∧ G4. The pullback ϕ∗g̃d−3+k matches precisely with ϕ∗gd−3+k.

A simple computation shows that the generic term takes the form

Ğ′
d−2+k =

4∑
k1,k2=0

δk1+k2,10−d−kck1,k2F̆
′,1
4−k1

⋆ F̆ ′,2
4−k2

, (2.42)

with coefficient ck1,k2 = ±1 if any two among F̆4−k, F̆
′,1
4−k1

and F̆ ′,2
4−k2

are equal and ck1,k2 = ±2
otherwise, and sign depending on the values of k, k1, k2 and d. In all examples, we observe
that at most two of the three symmetries whose backgrounds are F̆4−k, F̆

′,1
4−k1

and F̆ ′,2
4−k2

act
non-trivially on the physical theory. Whenever this is the case, the coefficient of (2.41) is just
enough to combine it with the BF terms of the non-trivially acting symmetries. While we
lack a more comprehensive explanation, this procedure is suited to match the combined BF
terms and the symmetry topological operators in all cases considered in the present work.

To sum up, if we only look at the BF-like term derived from G4 ∧G7 in the action (2.13),
we would get F4−k ∧ hd−3+k. However, if we include a specific contribution from (2.10),
we get the expected BF term

1
2π

∫
Yd+1

F4−k ∧ (hd−3+k + g̃d−3+k) , (2.43)

with the pullback ϕ∗ (hd−3+k + g̃d−3+k) = h̃d−3+k to the worldvolume of the P7-fluxbrane
giving the correct topological operator. Observe that the combination in (2.43) corresponds
to the expansion of (2.31).

To be slightly more precise, we actually get a BF-like term

2π
∫ H̆

Yd+1
F̆4−k ∧ ˘̃

Hd−2+k, (2.44)

with d (hd−3+k + g̃d−3+k) = H̃d−2+k, which reduces to (2.43) using that it is the curvature
of the sum of two globally defined contributions.

3 Geometric engineering of (−1)-form symmetry in 5d SCFTs

Generalized symmetries of 5d SCFTs have been extensively studied in the literature [49,
91, 101, 102, 105]. In this section, we mostly retrieve known results in the formalism of
differential cohomology. The novelties consist in a unified derivation of all BF couplings,
as well as a concentrated focus on (−1)-form symmetries, their geometric classification and
the choices of polarization, that eluded prior scrutiny.

3.1 SymTFT of 5d SCFTs from M-theory

We start with a review of the derivation of generalized symmetries and SymTFTs in the 5d
SCFT T (5d)

X6
from M-theory on a canonical threefold singularity X6 [49].

We start with a sketch of the computation of [49], then go on and discuss two new features:
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• The BF couplings, including both discrete and continuous symmetries;

• The (−1)-form symmetries.

We explain how defects and topological operators are engineered by M2- and M5-branes
in subsection 3.1.2.

3.1.1 SymTFT from M-theory

Geometric data. The eleven-dimensional space is M11 = X6 × M5. The link L5 has
cohomology

H•(L5,Z) = Z ⊕ 0 ⊕
Zb2

⊕
TorH2(L5,Z)

⊕
Zb2

⊕
TorH3(L5,Z)

⊕ TorH2(L5,Z) ⊕ Z (3.1)

where b2 is the second Betti number. Here and in the following, we make repeated use of
the pair of isomorphisms (related by Poincaré duality)

TorHp(Ld,Z) ∼= TorHd−p+1(Ld,Z),
TorHp(Ld,Z) ∼= TorHd−p−1(Ld,Z),

(3.2)

to reduce to the independent torsion (co)homology groups. These relations stem from the
universal coefficient theorem, combined with Poincaré duality, and the fact that the torsion
groups we deal with are finite abelian groups, which can be identified with their Pontryagin
dual, via Hom(Zn,U(1)) ∼= Zn.

From the above, the link L5 has homology groups

H•(L5,Z) = Z ⊕ TorH2(L5,Z) ⊕
Zb2

⊕
TorH3(L5,Z)

⊕
Zb2

⊕
TorH2(L5,Z)

⊕ 0 ⊕ Z. (3.3)

Furthermore, we write without loss of generality

TorH2(L5,Z) = Zm1 ⊕ · · · ⊕ Zmµ

TorH3(L5,Z) = Zn1 ⊕ · · · ⊕ Zn
µ̃
.

(3.4)

We denote the generators of the free and torsion parts of Hk(L5,Z) by

k 0 1 2 3 4 5
Hk(L5,Z)free 1 vi

2 vi
3 vol5

TorHk(L5,Z) tα2 tβ3 tα4

i = 1, . . . , b2, α = 1, . . . , µ, β = 1, . . . , µ̃.

(3.5)

The generators of H•(L5,Z)free satisfy∫
L5
vi
2 ∧ v

j
3 = δij . (3.6)
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In this basis, we expand Ğ4 ∈ H̆4(M11) and d̆G7 ∈ H̆8(M11) as

Ğ4 = F̆4 ⋆ 1̆ +
µ∑

α=1
B̆α

2 ⋆ t̆
α
2 +

b2∑
i=1

F̆ i
2 ⋆ v̆

i
2 +

µ̃∑
β=1

B̆β
1 ⋆ t̆

β
3 +

b2∑
i=1

F̆ i
1 ⋆ v̆

i
3 +

µ∑
α=1

B̆α
0 ⋆ t̆

α
4 ,

d̆G7 = f̆8 ⋆ 1̆ +
µ∑

α=1
B̆α
6 ⋆ t̆

α
2 +

b2∑
i=1

f̆ i
6 ⋆ v̆

i
2 +

µ̃∑
β=1
B̆β
5 ⋆ t̆

β
3 +

b2∑
i=1

f̆ i
5 ⋆ v̆

i
3 +

µ∑
α=1
B̆α
4 ⋆ t̆

α
4 + f̆3 ⋆ v̆ol5.

(3.7)
From the exactness of dG7 we have

F (f̆•p+1) =
1
2πdh

•
p, c(f̆•p+1) = 0, F (B̆•p+1) = δA•

p, (3.8)

where in the latter expression, A•
p are identified with cochains and δ is the coboundary

operation.
To lighten the subsequent expressions, we define the matrices CS(5), C̃S(5) and κ(5)

with entries

(CS(5))αα′α′′ = 1
6

∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ t̆α

′′
2 ,

(C̃S(5))ββ′ =
∫ H̆

L5
t̆β3 ⋆ t̆

β′

3 ,

(κ(5))αα′ =
∫ H̆

L5
t̆α4 ⋆ t̆

α′
2 .

(3.9)

C̃S(5) is an anti-symmetric matrix, whereas CS(5) and κ(5) are symmetric. We also define

(η(5))αα′i =
1
2

∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ v̆i

2,

(η̃(5))βi =
∫ H̆

L5
t̆β3 ⋆ v̆

i
3,

(κ̃(5))αi =
∫ H̆

L5
t̆α4 ⋆ v̆

i
2.

(3.10)

The integrals are studied in appendix A.3.3. Moreover, we introduce the shorthand notation

CS(5) (x ⌣ y ⌣ w) :=
µ∑

α,α′,α′′=1
(CS(5))αα′α′′xα ⌣ yα′

⌣ wα′′
,

C̃S(5) (x ⌣ y) :=
∑

1≤β<β′≤µ̃

(C̃S(5))ββ′xβ ⌣ yβ′
,

κ(5) (x ⌣ y) :=
µ∑

α,α′=1
(κ(5))αα′xα ⌣ yα′

,

(3.11)

and likewise for κ̃(5)(x ⌣ v) and so on. Note the range of summation in right-hand side
of the second expression, by anti-symmetry.
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Mixed anomalies from M-theory. Fibre-wise integrating the M-theory topological ac-
tion (2.10) over L5, we get

SL5
twist =

∫ H̆

Y6

b2∑
i=1

F̆4 ⋆ F̆
i
2 ⋆ F̆

i
1

−
∫

Y6

{
F (F̆4)⌣

[
κ(5) (B0 ⌣ B2) + κ̃(5)

(
F (F̆2)⌣ B0

)]
+CS(5) (B2 ⌣ B2 ⌣ B2) + η(5)

(
F (F̆2)⌣ B2 ⌣ B2

)
+F (F̆4)⌣

[
−C̃S(5) (B1 ⌣ B1) + η̃(5)

(
F (F̆1)⌣ B1

)]}
.

(3.12)

When integrating over vol5 and vi
2 ∧ v

j
3, the sign convention (A.28) of the differential co-

homology integral must be used. For instance, the sign in front of the first term on the
right-hand side turns out to be −(−1)dim(L5) = +1.

The term Ğ4 ⋆ X̆8 was analyzed in [49, section 4] (leveraging a theorem of Wall [133])
and we refer to that discussion. The outcome is a shift [49, eq. (4.20)]

CS(5)αα′α′′ 7→ CS(5)αα′α′′ −
1
24δαα′δαα′′

∫ H̆

L5
t̆α2 ⋆ p̆1(TL5) (3.13)

in the coefficient of the cubic Bα
2 ⌣ Bα′

2 ⌣ Bα′′
2 term in (3.12).

BF terms from M-theory. We now plug the expansions (3.7) into the M-theory kinetic
action (2.13) and fibre-wise integrate over L5. Repeatedly using (3.8) and the properties of
topologically trivial differential characters from appendix A.2.3, we obtain:

SL5
BF =

∫
Y6

{
F4
2π ∧

h2
2π +

b2∑
i=1

[
F i
2

2π ∧
hi
4

2π + F i
1

2π ∧
hi
5

2π

]

+κ(5) (B0⌣δA5)+C̃S(5) (B1⌣δA4)+κ(5) (B2⌣δA3)
}

+
∫

Y6

{
κ̃(5)

(
F2
2π ⌣ δA3

)
+ η̃(5)

(
F1
2π ⌣ δA4

)
+ κ̃(5)

(
B0⌣

dh5
2π

)
+ η̃(5)

(
B1⌣

dh4
2π

)}
.

(3.14)
To get the first line, the property (3.6) has also been used, and moreover we have used that
d̆G7 is topologically trivial, to write

∫ H̆

Y6
F̆ •

p ⋆ f̆
•
7−p =

∫
Y6

F (F̆ •
p ) ∧

h•6−p

2π =
∫

Y6

F •
p

2π ∧
h•6−p

2π . (3.15)

The first line contains BF couplings for electric U(1) symmetries and their magnetic dual;
the second line contains BF couplings for finite electric/magnetic dual pairs; the last two lines
mix continuous and discrete symmetries and contain higher-derivative terms. Integrating by
parts, these latter terms vanish in the bulk of Y6, and only leave a boundary contribution,
that is not relevant for the SymTFT thus we drop it.
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M2 M5
TorH1(L5,Z)× [0,∞) Wilson line ♢ Domain wall ♠
TorH2(L5,Z)× [0,∞) Local operator ◦ 3d defect △
TorH3(L5,Z)× [0,∞) — ♣ Magnetic string ♡
TorH1(L5,Z) 2-form sym. generator ♡ (−1)-form sym. generator ♣
TorH2(L5,Z) 3-form sym. generator △ 0-form sym. generator ◦
TorH3(L5,Z) 4-form sym. generator ♠ 1-form sym. generator ♢

Table 4. Branes wrapping torsional cycles in L5 give rise to finite p-form symmetries. We mark with
equal symbol the charged defect and the corresponding symmetry generators.

We are left with the BF couplings

SL5
BF =

∫
Y6

F4
2π ∧

h2
2π +

b2∑
i=1

[
F i
2

2π ∧
hi
4

2π + F i
1

2π ∧
hi
5

2π

]
µ∑

α=1
[Bα

0 ⌣ δAα
5 +Bα

2 ⌣ δAα
3 ]−

∑
1≤β<β′≤µ̃

ℓβ,β′

gcd(nβ , nβ′)B
β
1 ⌣ δAβ′

4

 .
(3.16)

We have used the explicit coefficients computed in appendix A.3.3, and ℓβ,β′ ∈ Z.
As elucidated at the end of subsection 2.2.2 (see around (2.43)), the BF-like terms in

the first line combine nicely with the contribution from the first line of (3.12).

3.1.2 Defects and symmetry operators from M-theory

We summarize the brane realization of defects and symmetry topological operators in 5d
SCFTs in table 4. Here we focus on finite symmetries, and recall that

TorH•(L5,Z) = 0⊕ TorH1(L5,Z)⊕ TorH2(L5,Z)⊕ TorH3(L5,Z)⊕ 0⊕ 0
∼= 0⊕ TorH2(L5,Z)⊕ TorH3(L5,Z)⊕ TorH2(L5,Z)⊕ 0⊕ 0.

(3.17)

The discussion in the current subsection is similar to [91], and extends it to include 4-form
and (−1)-form symmetries. The electric/magnetic dual pairs as realized in M-theory are
shown in figure 3; to fully specify a theory, we ought to choose a polarization for each
one of the three pairs.

Discrete 1-/2-form symmetries. The 1-form and 2-form symmetries of 5d SCFTs have
been intensively studied [91, 101, 102, 105].

• Electric 1-form symmetry.

— The charged defects are Wilson lines, which are given by M2-branes wrapping
non-compact (relative) torsional 2-cycles in X6 which correspond to torsional
1-cycles in the link L5. If we consider M-theory on the resolved X̃6, which is a
gauge theory deformation of the SCFT, these line operators would correspond to
the gauge Wilson lines.
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1-form

2-form

0-form 3-form

(−1)-form

4-form
M2 M5

curves

Lagrangians

divisors

Figure 3. Electric/magnetic dual symmetries in 5d SCFTs. The charged defects are realized by
M2/M5-branes wrapping relative cycles in the Calabi-Yau.

— The symmetry generators originate from M5-branes wrapping a dual torsional
3-cycle in the link.

• Magnetic 2-form symmetry.

— The charged defects are magnetic strings, which are given by M5-branes wrapping
non-compact (relative) torsional 4-cycles in X6 which correspond to torsional
3-cycles in the link L5.

— The symmetry generators originate from M2-branes wrapping a dual torsional
1-cycle in the link.

The finite 1-form symmetry of T (5d)
X6

is understood, in a gauge theory deformation, as the
symmetry that acts non-trivially on Wilson loops modulo screening. Here the screening comes
from the worldline of electrically charged particles, originating from M2-branes wrapping a
compact 2-cycle in X̃6 and extending in the time direction in spacetime.

Discrete (−1)-/4-form symmetries.

• 4-form symmetry.

— The charged defects are (3+1)d domain walls, which are given by M5-branes
wrapping non-compact (relative) torsional 2-cycles in X6 which correspond to
torsional 1-cycles in the link L5.

— The symmetry generators originate from M2-branes wrapping a dual torsional
3-cycle in the link.

• (−1)-form symmetry.

— There are no charged defects under lower form symmetries. The would-be defect,
filling the empty slot in table 4, morally originates from M2-branes wrapping
relative holomorphic surfaces, and extending in a ‘(−1)d subspace’ of the spacetime.

— The topological operators originate from M5-branes wrapping a torsional 1-cycle
in the link, and filling the spacetime.
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We emphasize that discrete 4-form symmetries are classified in M-theory from the same
geometric objects that classify Wilson lines. The domain walls are screened by dynamical
(3 + 1)d objects from M5-branes wrapping compact curves, paralleling the 1-form symmetry
story but trading M2-branes for M5-branes.

Starting with an electric polarization and gauging such a 4-form symmetry, leads to a
theory with less domain walls, and a finite (−1)-form symmetry. The choice of family of
domain walls that survive the gauging is selected by the discrete torsion, and the (−1)-form
symmetry acts by shifting this choice. See [81, 85] for related discussion in QFT.

Discrete 0-/3-form symmetries. 0-form and 3-form symmetries are magnetic dual to
each other in 5d, and they were discussed in [38].

• Electric 0-form symmetry.

— The charged defects are local operators, and are realized from M2-branes wrapping
torsional 2-cycles in the link and extending in the radial direction, intersecting the
5d spacetime at a point.

— The symmetry generators originate from M5-branes wrapping a torsional 2-cycle
in the link, and filling a codimension-1 sub-manifold in spacetime.

• Magnetic 3-form symmetry.

— The charged 3d defects originate from M5-branes on non-compact Lagrangian
3-cycles in any resolution X̃6. Equivalently, the M5-branes wrap a torsional 2-
cycle in the link, extend in the radial direction and intersect the spacetime in
codimension-2.

— The topological operators originate from M2-branes wrapping a torsional 2-cycle
in the link, and extending along a 1d curve in spacetime.

3.1.3 (−1)-form symmetry, polarization, and geometry

Discrete (−1)-form symmetry and polarization. Considering again the SymTFT
action (3.12), we focus on the twist terms

−
∫

Y6

{
F (F4)⌣

[
κ(5) (B0 ⌣ B2) + κ̃(5) (F (F2)⌣ B0)

]
+ κ(5) (B0 ⌣ δA5)

}
, (3.18)

which provide the SymTFT for discrete (−1)-form symmetries. The full symmetry is
Z[−1]

m1 × · · · × Z[−1]
mµ

, and the discrete gauge fields are Bα
0 . In particular, the first summand

couples them to the background fields Bα′
2 for the electric 1-form symmetry.

From (3.14), the BF term B0 ⌣ δA5 provides the electric/magnetic coupling with the
discrete gauge fields Aα′

5 for the 4-form symmetries acting on domain walls, of which the
(−1)-form symmetries is the Pontryagin dual. We observe that

• The isomorphism TorH2(L5,Z) ∼= TorH4(L5,Z) implies that, upon expanding Ğ4, it
sources the equal discrete 1-form and (−1)-form symmetries;

• There is an exact parallel between the electric/magnetic BF couplings

κ(5) (B0 ⌣ δA5) and κ(5) (B2 ⌣ δA3) . (3.19)
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Allowed? M2 M5
TorH1(L5,Z)× [0,∞) ✓ ✓

TorH3(L5,Z)× [0,∞) ×
TorH1(L5,Z) × ×
TorH3(L5,Z) ✓ ✓

Table 5. Setup that allows branes on the maximal collection of primitive curves in the threefold
singularity. This setup realizes both the maximal possible 1-form and 4-form symmetries.

Continuous (−1)-form symmetry. In the SymTFT action (3.12)–(3.14), we also note
the presence of F i

1, providing the curvatures for U(1)b2 (−1)-form symmetries. On the
spacetime M5, these terms source the 0-form background fields, coupled to the 5-form classes
hi
5 ∈ H5(M5,Z).

The number of continuous (−1)-form symmetries is precisely equal to the flavor rank
of the 5d SCFT.

(−1)-form symmetry and geometry. In this subsection we combine the above obser-
vations with the brane analysis in subsection 3.1.2. The fact that 1-form and (−1)-form
symmetries are classified by the same geometric data is explained as follows.

Imagine we start with a global form of the 5d SCFT realizing the maximal possible
1-form symmetry as a global symmetry. This allows all possible ways of wrapping M2-branes
on TorH1(L5,Z) × [0,∞), which correspond to relative primitive curves in X6. Wrapping
M5-branes on the same maximal set of primitive curves in X6 engineers domain walls in
the 5d theory. The choice is tabulated in table 5. Then, we expect that all the (−1)-form
symmetries act trivially, while the maximal 4-form symmetry is realized.

Next, we gauge the 4-form symmetry. The gauging operation requires to choose a discrete
theta-angle7 which, in our setup, is identified with a discrete scalar gauge field B0. In the
modern language, to insert a discrete theta-angle means to stack the 5d SCFT with an SPT
phase in the gauging process [134, 135]. In the present context, the SPT phase is provided
by a topological M5-brane filling the spacetime, and wrapping the same torsional 1-cycles
in the link that classify the 1-form symmetry.

3.1.4 Continuous abelian symmetries from fluxbranes

The SymTFT derived from M-theory on the canonical threefold singularity X6 uncovered
the presence of the following continuous symmetries:

• A total of b2 U(1)[−1,i] (−1)-form symmetries, with curvatures F i
1;

• A total of b2 U(1)[0,i] 0-form symmetries, with curvatures F i
2; these match with the

maximal torus of the flavor symmetry;
7This is not to be confused with the discrete theta-angle in for instance 5d su(2)θ theories with θ = 0, π.

The latter corresponds to different geometries, whereas here we are discussing different polarizations of 5d
theories from M-theory on the same topology.
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M2 charged under
H0(L5,Z)free × [0,∞) Surface defect U(1)[2]

H2(L5,Z)free × [0,∞) Local operator U(1)[0,i]

H3(L5,Z)free × [0,∞) — U(1)[−1,i]

Table 6. Electric defects charged under continuous symmetries in 5d N = 1 SCFTs, and their
M-theory realization.

M5
H2(L5,Z)free × [0,∞) 3d defect
H3(L5,Z)free × [0,∞) Surface defect
H5(L5,Z)free × [0,∞) Local operator

Table 7. Magnetic defects charged under continuous symmetries in 5d N = 1 SCFTs, and their
M-theory realization.

• A universal U(1)[2] 2-form symmetry.

We now proceed to describe the realization of the charged defects and symmetry operators
from M-branes.

Defects charged under continuous symmetries. The defects charged under U(1) symme-
tries are constructed from M-branes wrapping homology classes in H•(L5,Z)free and extending
in the radial direction [0,∞). The electric defects are listed in table 6.

For completeness, we note that we can further construct magnetic defects using M5-
branes wrapping H•(L5,Z)free× [0,∞). We list these defects in table 7 but do not investigate
them further.8

Symmetry operators for continuous symmetries. We now derive, from M-theory
reduction, the topological operators that generate the symmetries listed in table 6. We find
perfect agreement with the expectations from the QFT analysis.

• Continuous electric (−1)-form symmetry.
The U(1)[−1,i] symmetries are generated by spacetime-filling topological operators.
These are realized from P7-fluxbranes wrapping free 2-cycles, which admit a basis{

PD(vi
3)
}

i=1,...,b2 . The operator representing eiφ ∈ U(1) is computed as:

exp
{

iφSP7-flux along PD(vi
3)
}
= exp

{
i
φ

2π

∫
PD(vi

3)×M5
P7

}

= exp

i
φ

2π

∫
L5×M5

vi
3 ∧

 b2∑
j=1

h̃j
5 ∧ v

j
2 + · · ·


= exp

{
i
φ

2π

∫
M5

ϕ∗
(
hi
5 + gi

5

)}
.

(3.20)

83d defects from M5-branes wrapping free cycles have been studied in selected 5d SCFTs in [136–139].
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In the second line, the ellipses omit the terms that eventually vanish, and in the third
line we have used (3.6). The first piece hi

5 comes from G7, and the correction gi
5 can be

written in terms of the fields h• in the expansion of H3 as

gi
5 =

1
4π
(
F4 ∧ hi

1 + h3 ∧ F i
2

)
, (3.21)

subject to dhi
1 = F i

2 and dh3 = F4. This correction term is consistent with the pullback
of
∫ H̆

Y6
F̆4 ⋆ F̆

i
2 from (2.43) to the worldvolume of the fluxbrane.

• Continuous electric 0-form symmetry.

The U(1)[0,i] symmetries are generated by P7-fluxbranes wrapping free 3-cycles, which
admit a basis

{
PD(vi

2)
}

i=1,...,b2 , and extending along a codimension-1 submanifold Σ4
in spacetime. The symmetry operator is:

exp
{

iφSP7-flux along PD(vi
2)(Σ4)

}
= exp

{
i
φ

2π

∫
PD(vi

2)×Σ4
P7

}

= exp

i
φ

2π

∫
L5×Σ4

vi
2 ∧

 b2∑
j=1

h̃j
4 ∧ v

j
3 + · · ·


= exp

{
i
φ

2π

∫
Σ4
ϕ∗
(
hi
4 + gi

4

)}
.

(3.22)

Again we omit terms that eventually vanish, and use (3.6). The correction term in this
case is written as

gi
4 =

1
4π
(
F4 ∧ hi

0 + h3 ∧ F i
1

)
. (3.23)

• Continuous electric 2-form symmetry.

The symmetry topological operator of the universal U(1)[2] electric 2-form symmetry
is engineered by a P7-fluxbrane wrapping the whole L5, and filling Σ2 ⊂ M5. The
symmetry operator is:

exp
{

iφSP7-flux along L5
}
= exp

{
i
φ

2π

∫
L5×Σ2

P7

}
= exp

{
i
φ

2π

∫
Σ2
ϕ∗ (h2 + g2)

}
.

(3.24)

This time neither H3 nor G4 admit an expansion in vol5, but their product yields a
correction term

g2 =
1
4π

∫
L5
H3 ∧G4

= 1
4π

b2∑
i,j=1

∫
L5

(
hi
1 ∧ vi

2 + hi
0 ∧ vi

3

)
∧
(
F j
2 ∧ v

j
2 + F j

1 ∧ v
j
3

)

= 1
4π

b2∑
i=1

(
hi
1 ∧ F i

1 + hi
0 ∧ F i

2

)
.

(3.25)
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• •

••

...

•

•

D4 D3

D1 D2•

••

E ≡ D1

E ′ ≡ −N(D1 +D4)

Figure 4. Toric diagram for the 5d N = 1 SCFT with su(N)0 gauge theory description.

3.2 SymTFT of 5d su(N) SYM from M-theory

We study the 5d N = 1 SCFT that flows to su(N) Yang-Mills theory on its Coulomb branch,
geometrically engineered from M-theory on a toric Calabi-Yau threefold.

3.2.1 Geometry and torsion cohomology

Toric geometric data. Let X̃6 be a toric crepant resolution of the threefold singularity.
It contains N − 1 compact toric divisors {Sj}j=1,...,N−1, and 4 non-compact toric 4-cycles
{D1, . . . , D4}.

As is well known, not all the toric divisors are independent, and they are subject to
three relations. We impose the three relations on the non-compact divisors, and take a
non-compact E together with the (N − 1) compact ones to be the independent ones. We
choose the free 4-cycle E to be the generator of the Cartan subalgebra of the flavor symmetry.
Our conventions for this toric geometry are illustrated in figure 4. The generators are chosen
to match the identification with the physical operators in [102].

Geometric data of the link. The link of the singularity is Y N,0, whose (co)homology is

H5−•(Y N,0,Z) = H•(Y N,0,Z) = Z ⊕ 0 ⊕
Z
⊕
ZN

⊕ Z ⊕ ZN ⊕ Z. (3.26)

The generators of H̆•(Y N,0) are denoted as 1̆, v̆2, t̆2, v̆3, t̆4, v̆ol5.
The 3-chain NPD(t2) in Y N,0 pulls back to a compact divisor E ′ in X̃6, which in our

conventions is

E ′ ≡ −N(D1 +D4) ∼=
N−1∑
j=1

jSj , (3.27)

with triple intersection number (E ′)3 ∈ Z. Furthermore we fix the generator t̆4 by duality,
as explained in appendix A.3.3, ∫ H̆

L5
t̆4 ⋆ t̆2 = −

1
N
. (3.28)
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Thus, its Poincaré dual 1-cycle satisfies the linking pairing

ℓY N,0 (NPD(t2), NPD(t4)) = −N, (3.29)

which agrees with [91, appendix B1].
From differential cohomology we also have

1
N3 ℓY N,0 (NPD(t2), NPD(t2), NPD(t2)) =

∫ H̆

Y N,0
t̆2 ⋆ t̆2 ⋆ t̆2 = −

1
N
⟨c(t2)⌣ c(t2),Σ′

4⟩

1
N2 ℓY N,0 (NPD(t2), NPD(t2),PD(v2)) =

∫ H̆

Y N,0
t̆2 ⋆ t̆2 ⋆ v̆2 = −

1
N
⟨c(t2)⌣ c(t2),Σ4⟩

(3.30)

for ∂Σ′
4 = NPD(t2), ∂Σ4 = PD(v2). We thus get the predictions

1
N2 (E

′)3 ∈ Z,
1
N

(E ′)2 · E ∈ Z. (3.31)

In fact, it turns out that [49, eq. (4.29)]

6CSY N,0 :=
∫ H̆

Y N,0
t̆2 ⋆ t̆2 ⋆ t̆2 =

(E ′)3
N3 = N − 1

2ηY N,0 :=
∫ H̆

Y N,0
t̆2 ⋆ t̆2 ⋆ v̆2 =

E ′ · E ′ · E
N2 = −N − 1

N
.

(3.32)

Moreover, since there is only one generator in TorH4(Y N,0,Z), we also have t̆2 ⋆ t̆2 ∈ Zt̆4; the
coefficient is fixed comparing (3.29) with (3.32). From self-consistency we get

κ̃Y N,0 :=
∫ H̆

Y N,0
t̆4 ⋆ v̆2 =

1
N
. (3.33)

Example: local P1 × P1. We cross-check our calculations in su(2) Yang-Mills theory,
engineered by the local del Pezzo surface P1 × P1. In appendix A.3.3, we compare the results
with the triple intersection numbers in [31, eq. (B.18)], finding perfect agreement.

3.2.2 SymTFT of 5d su(N)0 SYM

We expand

Ğ4 = F̆4 ⋆ 1̆ + B̆[1,e]
2 ⋆ t̆2 + F̆ [0,in]

2 ⋆ v̆2 + F̆ [−1]
1 ⋆ v̆3 +B[−1]

0 ⋆ t̆4,

d̆G7 = f̆8 ⋆ 1̆ + B̆6 ⋆ t̆2 + f̆6 ⋆ v̆2 + f̆5 ⋆ v̆3 + B̆4 ⋆ t̆4 + f̆3 ⋆ v̆ol5.
(3.34)

Mixed anomalies from M-theory. Plugging the form of Ğ4 above in the topological
M-theory action (2.10), and integrating along the link Y N,0, we get

SY N,0
twist =

∫
Y6

{
− (E ′)3

6N3 B
[1,e]
2 ⌣ B[1,e]

2 ⌣ B[1,e]
2 + 1

N
F (F̆4)⌣ B[1,e]

2 ⌣ B[−1]
0

− ((E ′)2 · E)
2N2 F (F̆ [0,in]

2 )⌣ B[1,e]
2 ⌣ B[1,e]

2

− κ̃Y N,0
F (F̆4)⌣ F (F̆ [0,in]

2 )⌣ B[−1]
0

}
+
∫ H̆

Y6
F̆4 ⋆ F̆

[0,in]
2 ⋆ F̆ [−1]

1 .

(3.35)

In this example, the additional piece (3.13) from
∫ H̆

L5
Ğ4 ⋆ X̆8 vanishes [49, eq. (4.30)]. From

here, we detect the following backgrounds.
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— Discrete gauge fields: B[1,e]
2 for the Z[1,e]

N electric 1-form symmetry; B[−1]
0 for a Z[−1]

N

(−1)-form symmetry.

— Continuous gauge fields: the curvature F [0,in]
2 of the U(1)[0,in] flavor symmetry acting

on the instantons; additionally, the curvatures F4 and F [−1]
1 of continuous 2-form and

(−1)-form symmetries, respectively.

Let us analyze the potential ’t Hooft anomalies.

• The first term yields a potential ’t Hooft anomaly for the electric 1-form symmetry
Z[1,e]

N , whose background gauge field is B[1,e]
2 . However, due to (3.32), the coefficient is

such that the 1-form symmetry is anomaly-free.

• The second term indicates a mixed ’t Hooft anomaly between the 1-form symmetry
and the finite (−1)-form symmetry.

• The third term couples the background gauge field for Z[1,e]
N with the field strength F [0,in]

2
of the continuous U(1)[0,in] instanton symmetry. From (3.32), the anomalous coupling
has coefficient −(E ′)2 · E/N2 = (N − 1)/N . This mixed ’t Hooft anomaly was first
analyzed from field theoretic methods in [140].

• The fourth term couples the instanton field strength with the discrete gauge field for
the (−1)-form symmetry.

The field strength F [−1]
1 only appears in this part of the SymTFT through the last term.

BF terms from M-theory. Inserting the expansions above into (2.13) we find:

SY N,0
BF =

∫ H̆

Y6

[
F̆ [0,in]
2 ⋆ f̆5 + F̆ [−1]

1 ⋆ f̆6 + F̆4 ⋆ f̆3
]
− 1
N

∫
Y6

[
B[1,e]

2 ⌣ a4 +B[−1]
0 ⌣ a6

]
+ κ̃Y N,0

∫
Y6

[
F (F̆ [0,in]

2 )⌣ a4 + F (f̆6)⌣ B[−1]
0

] (3.36)

up to integer shifts. Using that d̆G7 is topologically trivial by construction, this reduces to

SY N,0
BF =

∫
Y6

[
F [0,in]
2
2π ∧ h42π + F [−1]

1
2π ∧

h5
2π + F4

2π ∧
h2
2π

]
− 1
N

∫
Y6

[
B[1,e]

2 ⌣δA[2,m]
3 +B[−1]

0 ⌣δA[4]
5

]
+ κ̃Y N,0

∫
Y6

[
δB[−1]

0 ⌣
h5
2π + F [0,in]

2
2π ⌣ δA[2,m]

3

]
.

(3.37)
Focusing on the BF terms in the second line, we observe:

• The usual BF coupling − 1
NB

[1,e]
2 ⌣ δA[2,m]

3 of background gauge fields for the electric
1-form and magnetic 2-form symmetries;

• The analogous BF coupling − 1
NB

[−1]
0 ⌣ δA[4]

5 between the electric/magnetic pair of
(−1)-form and 4-form symmetries.

The last line contains higher-derivative terms mixing continuous and finite symmetries, and
can be ignored.

– 30 –



J
H
E
P
0
3
(
2
0
2
5
)
1
3
4

3.2.3 SymTFT of 5d su(N)k SYM from M-theory

For completeness, we repeat the analysis by adding a Chern-Simons term and studying 5d N =
1 su(N)k gauge theory. This theory is also geometrically engineered in toric geometry, and the
link of the singularity is Y N,k. This case has been studied in the literature [49, 57, 91, 101]
as well, thus we will be brief, and simply highlight the changes from the case k = 0.

Geometric data of the link. The link of the singularity is Y N,k, with (co)homology

H5−•(Y N,k) = H•(Y N,k) = Z ⊕ 0 ⊕
Z
⊕

Zgcd(N,k)

⊕ Z ⊕ Zgcd(N,k) ⊕ Z. (3.38)

A computation as above yields

6CSY N,k :=
∫ H̆

Y N,k
t̆2 ⋆ t̆2 ⋆ t̆2 =

(E ′)3
(gcd(N, k))3 ,

2ηY N,k :=
∫ H̆

Y N,k
t̆2 ⋆ t̆2 ⋆ v̆2 =

E ′ · E ′ · E
(gcd(N, k))2 ,

(3.39)

together with the predictions

1
(gcd(N, k))(E

′)3 ∈ Z,
1

gcd(N, k)(E
′)2 · E ∈ Z, (3.40)

in agreement with [49, eq. (4.29)].

Mixed anomalies from M-theory. Proceeding as in subsection 3.2.2, we compute SY N,k

CS .
The differences with the k = 0 theory are:

• The presence of a Chern-Simons level k breaks the finite 1-form and (−1)-form symme-
tries down to Zgcd(N,k), in agreement with the field theory result;

• The coupling B[1,e]
2 ⌣ B[1,e]

2 ⌣ B[1,e]
2 comes with coefficient CSY N,k

/∈ Z if k ̸= 0, whence
the 1-form symmetry is anomalous in this situation.

BF terms from M-theory. Continuing as in subsection 3.2.2 we easily find the BF
couplings. They are analogous as in the previous case, where now the electric/magnetic
pairs of 1-/2-form symmetries and (−1)-/4-form symmetries are broken to Zgcd(N,k) by the
presence of the Chern-Simons term.

3.3 SymTFT of 5d orbifold SCFTs

We now consider 5d SCFTs geometrically engineered placing M-theory on the orbifold
threefolds C3/Γ, where Γ is a finite subgroup of SU(3). The 1-/2-form symmetries of these
5d SCFTs have been thoroughly studied in [40, 41, 141]. We briefly complement the analysis
therein by pursuing the (−1)-form symmetries.
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Orbifold geometric data. We consider Γ ⊂ SU(3) acting on C3 such that the orbifold
C3/Γ is a canonical singularity; the possibilities have been classified in [142]. The link of
the singularity is

L5 = S5/Γ. (3.41)

Differently from the more familiar case of du Val singularities, whose links are smooth, the
action of Γ on S5 may have fixed point, thus L5 itself may contain singularities.

The study of the free part of the (co)homology of L5 will not add to the existing literature,
thus we henceforth restrict our attention to the torsion part, and refer to the general analysis
in subsection 3.1 for the treatment of the free part.

Geometric data of the link. If Γ acts freely on S5, the (co)homology of the link has

TorH5−•(S5/Γ,Z) = TorH•(S5/Γ,Z) = 0 ⊕ 0 ⊕ Γab ⊕ 0 ⊕ Γab ⊕ 0, (3.42)

where Γab is the abelianization of Γ. We have used the universal coefficient theorem to get
TorH3(S5/Γ,Z) as the Pontryagin dual of TorH1(S5/Γ,Z).

When the action of Γ on S5 has fixed points, let Γfixed ⊆ Γ be the normal subgroup
generated by the elements with fixed points, and Γ▷ := Γ/Γfixed. Then, thanks to a theorem
of [141, 143] argues that

H1(S5/Γ,Z) = Γab
▷
∼= Zm1 × · · · × Zmµ . (3.43)

By the universal coefficient theorem and Poincaré duality, we also have

TorH•(S5/Γ,Z) = 0 ⊕ 0 ⊕ Γab
▷ ⊕ 0 ⊕ Γab

▷ ⊕ 0. (3.44)

In conclusion, for our purposes we only need to consider Γ▷ ⊂ Γ, which acts freely.
The generators of H̆•(S5/Γ) are chosen according to subsection 3.1.

(−1)-form symmetry and polarization. Specializing the analysis of subsection 3.1 to
the present geometry, we deduce the following.

• The maximal electric 1-form symmetry is Z[1,e]
m1 × · · · × Z[1,e]

mµ
. For each such symmetry

we have a magnetic dual Z[2,m]
mα

, and a BF term of the form − 1
mα
Bα,[1,e]

2 ⌣ δAα,[2,m]
3 .

• For every electric 1-form symmetry, there is a (−1)-form symmetry Z[−1]
mα

, accompanied
by the dual 4-form symmetry Z[4]

mα
, with the analogous BF term.

The symmetry operators for the (−1)-form symmetries are realized by M5-branes
wrapping a cycle in TorH1(S5/Γ,Z), while the symmetry operators for the 4-form
symmetries are realized by M2-branes wrapping a cycle in TorH3(S5/Γ,Z).

Therefore, for every pair of electric 1-form/magnetic 2-form symmetries in [141], we should
include the (−1)/4-form pair. To fully specify the global form of the theory, one has to also
specify a polarization for the non-trivially acting subset of these symmetries.
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Type IIA on X6
at finite coupling

4d N = 2
KK theory

SymTFT of 4d N = 2
KK theory

M-theory on X6 5d N = 1

SymTFT of 5d N = 1

compactify
on S1

Link reduction

Geometric engineering

Link reduction

Geometric engineering

compactify
on S1

S1

reduction

Figure 5. Geometric engineering and SymTFT of 4d N = 2 KK theories via M-theory. The step →
has been carried out in subsection 3.1. In this section we perform the step →.

4 Geometric engineering of (−1)-form in 4d SYM theories

4.1 SymTFT of 4d N = 2 KK theories from M-theory

One way to construct four-dimensional N = 2 gauge theories is via geometric engineering
from Type IIA string theory on a non-compact Calabi-Yau threefold X6 [7]. At finite string
coupling, Type IIA string theory is described by M-theory on a circle of finite radius. Hence,
upon further compactification on X6, one obtains a 5d theory on a circle, descending to
a 4d N = 2 KK theory.

We derive the SymTFT of 4d N = 2 KK theories engineered by M-theory on X6 × S1

from the circle compactification of the SymTFT derived in subsection 3.1. The strategy
is illustrated in figure 5.

4.1.1 SymTFT from circle reduction

The 11d geometry is X6 × S1 ×M4. The SymTFT living on Y6 ∼= [0,∞) × S1 ×M4 is a
specialization of the result in subsection 3.1. To reduce along the free cycle generated by [S1],
we denote by v the (pullback to S1 ×M4 of the) fundamental class of S1, and expand

F̆ ·
• = F̆ ·

• ⋆ 1̆ + Φ̆·
•−1 ⋆ v̆,

B̆·
• = B̆·

• ⋆ 1̆ + b̆·•−1 ⋆ v̆,

h̆·• = h̆·• ⋆ 1̆ + ϕ̆·•−1 ⋆ v̆,

Ă·
• = Ă·

• ⋆ 1̆ + ă·•−1 ⋆ v̆,

(4.1)

with a slight abuse of notation.
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Mixed anomalies from circle reduction. From (3.12), the SymTFT of the 4d N = 2
KK theory engineered by M-theory on X6 × S1 captures the following ’t Hooft anomalies:

SL5×S1

twist =
∫ H̆

Y5

b2∑
i=1

[
Φ̆3 ⋆ F̆

i
2 ⋆ F̆

i
1 + F̆4 ⋆ Φ̆i

1 ⋆ F̆
i
1 − F̆4 ⋆ F̆

i
2 ⋆ Φ̆i

0

]

−
∫

Y5

{
F (F̆4)⌣

[
κ(5) (B0 ⌣ b1) + κ̃(5)

(
F (Φ̆1)⌣ B0

)]
+ F (Φ̆3)⌣

[
κ(5) (B0 ⌣ B2) + κ̃(5)

(
F (F̆2)⌣ B0

)]
+ 3CS(5) (B2 ⌣ B2 ⌣ b1) + 2η(5)

(
F (F̆2)⌣ B2 ⌣ b1

)
+ η(5)

(
F (Φ̆1)⌣ B2 ⌣ B2

)
−

∑
1≤β ̸=β′≤µ̃

F (F̆4)⌣ C̃S(5)
(
Bβ

1 ⌣ bβ′

0

)
+ F (F̆4)⌣

[
η̃(5)

(
F (F̆1)⌣ b0

)
− η̃(5)

(
F (Φ̆0)⌣ B1

)]
+ F (Φ̆3)⌣

[
−C̃S(5) (B1 ⌣ B1) + η̃(5)

(
F (F̆1)⌣ B1

)]}
.

(4.2)

BF terms from circle reduction. Next, we obtain the BF terms of the 4d N = 2 KK
theory from the circle compactification of (3.14). We find:

SL5×S1

BF =
∫

Y5

Φ3
2π ∧

h2
2π + F4

2π ∧
ϕ1
2π +

b2∑
i=1

[
Φi
1

2π ∧
hi
4

2π + F i
2

2π ∧
ϕi
3

2π −
Φi
0

2π ∧
hi
5

2π + F i
1

2π ∧
ϕi
4

2π

]

+κ(5) (B0 ⌣ δa4) + C̃S(5) (B1 ⌣ δa3)− C̃S(5) (b0 ⌣ δA4)
+κ(5) (B2 ⌣ δa2) + κ(5) (b1 ⌣ δA3)

+κ̃(5)
(
F2
2π ⌣ δa2

)
+ κ̃(5)

(Φ1
2π ⌣ δA3

)
+ η̃(5)

(
F1
2π ⌣ δa3

)
+ η̃(5)

(Φ0
2π ⌣ δA4

)
+ κ̃(5)

(
δB0 ⌣

ϕ4
2π

)
+ η̃(5)

(
δB1 ⌣

ϕ3
2π

)
+ η̃(5)

(
δb0 ⌣

h4
2π

)}
.

(4.3)

4.1.2 (−1)-form symmetry and polarization

Our main focus is on the realization of (−1)-form symmetries through geometric engineering.
There are two sources of (−1)-form symmetries in the 4d KK theories:

• Those descending directly from (−1)-form symmetries in the 5d SCFT prior to circle
compactification;

• The reduction of 0-form symmetries in the 5d SCFT prior to circle compactification.

In the former case, 0-form gauge fields in 5d reduce to 0-form gauge fields in 4d, without
producing any new symmetry; in the latter case, the holonomy of the 1-form gauge field
around the circle provides a 4d 0-form gauge field.
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Discrete (−1)-form symmetry. The SymTFT of the 5d N = 1 SCFT geometrically
engineered by X6 contains a (−1)-form symmetry Z[−1]

m1 × · · · × Z[−1]
mµ

, together with a discrete
0-form symmetry Z[0]

n1 × · · · × Z[0]
n

µ̃
. The direct reduction of the first µ factors descends to

the finite (−1)-form symmetry of the 4d theory. The reduction of the latter µ̃ factors gives
both 0-form and (−1)-form symmetries in 4d.

In conclusion, the finite (−1)-form symmetry in a 4d N = 2 KK theory is

Z[−1]
m1 × · · · × Z[−1]

mµ︸ ︷︷ ︸
TorH1(L5,Z)

×Z[−1]
n1 × · · · × Z[−1]

n
µ̃︸ ︷︷ ︸

TorH2(L5,Z)

. (4.4)

Using (κ(5))αα′ = − 1
mα
δαα′ , we identify the BF couplings:

−
µ∑

α=1

1
mα

Bα
0 ⌣ δaα

4 , (4.5)

which are the direct dimensional reduction of the electric/magnetic coupling involving the
(−1)-form symmetry. Here, aα

4 are background gauge fields for a 3-form symmetry acting on
domain walls. As we predicted by general arguments, it carries the exact same BF coupling
as the background fields for the electric/magnetic 1-form symmetries Z[1,e]

mα
,Z[1,m]

mα
.

Additionally, we have the BF couplings for the new electric/magnetic pairs of (−1)-
/3-form symmetries:

−
∑

1≤β<β′≤µ̃

ℓβ,β′

gcd(nβ , nβ′)bβ
0 ⌣ δAβ′

4 (4.6)

for some integers ℓβ,β′ ∈ Z/gcd(nβ , nβ′)Z that depend on the choice of generators of
TorH3(L5,Z).

We can make a field redefinition of Aβ
4 involving ℓβ,β′Aβ′

4 only for β′ > β, to put the BF
term in a more canonical form. Note that the only other place where Aβ

4 appears is through
∑
β,i

(η̃(5))βi

∫
Y5

Φi
0

2π ⌣ δAβ
4 =

∑
β,i

(η̃(5))βi

∫
M4

Φi
0

2π ⌣ Aβ
4 ∈ Z, (4.7)

which plays no role in the SymTFT. Thus, the field redefinition that adjusts the BF coupling
between Z[−1]

nβ
and Z[3]

nβ′ does not affect the rest of BF couplings in the SymTFT. After this redef-
inition, the choice of polarization between these genuinely 4d (−1)-/3-form symmetries is only
non-trivial when the topology of X6 is such that there exist (nβ , nβ′) with gcd(nβ , nβ′) ̸= 1.

Continuous (−1)-form symmetry. We have found a total of U(1)b2 ×U(1)b2 = U(1)2b2

continuous (−1)-form symmetries, with background field strengths F i
1,Φi

1, i = 1, . . . , b2.
Half of these symmetries descend directly from the (−1)-form symmetry in 5d. On the

other hand, there are genuinely 4d lower form symmetries with curvature Φi
1 and coupling

b2∑
i=1

∫
Y5

Φi
1

2π ∧
hi
4

2π . (4.8)

These descend from the instanton 0-form symmetries in 5d, and we identify them with
Chern-Weyl symmetries.
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M2 M5
TorH1(L5,Z)× [0,∞) Wilson line ♢
TorH2(L5,Z)× [0,∞) local operator ◦ domain wall △
TorH3(L5,Z)× [0,∞) — ♣ surface defect ♯

TorH1(L5,Z)× S1 × [0,∞) local operator □ domain wall ♠
TorH2(L5,Z)× S1 × [0,∞) — ♭ surface defect ▽

TorH3(L5,Z)× S1 × [0,∞) ’t Hooft line ♡

TorH1(L5,Z) 1-form sym. generator ♡
TorH2(L5,Z) 2-form sym. generator ▽ (−1)-form sym. generator ♭

TorH3(L5,Z) 3-form sym. generator ♠ 0-form sym. generator □

TorH1(L5,Z)× S1 2-form sym. generator ♯ (−1)-form sym. generator ♣
TorH2(L5,Z)× S1 3-form sym. generator △ 0-form sym. generator ◦
TorH3(L5,Z)× S1 1-form sym. generator ♢

Table 8. Branes wrapping torsional cycles in L5 × S1 give rise to finite p-form symmetries. We mark
with equal symbol the charged defect and the corresponding symmetry generators.

4.1.3 Defects and symmetry operators from M-theory

Discrete symmetries. The M-theory setup allows for configurations of M2 and M5-branes
wrapping torsional cycles in L5× S1. We list all the allowed defects and symmetry generators
from M2 and M5-branes in table 8.

Continuous abelian symmetries. It is also possible to consider defects charged under
U(1) symmetries. We list the electric defects from M2-branes wrapping free cycles in
H•(L5 × S1,Z)free in table 9.

• We distinguish between the Chern-Weil symmetries U(1)[−1,i,CW], with curvature Φi
1 as

explained in subsection 4.1.2, and the ‘new’ (−1)-form symmetries inherited from 5d,
with curvature F i

1.

• The universal 2-form symmetry in 5d descends to a pair of universal 2-form and 1-form
symmetries in the 4d KK theory.

The symmetry generators are obtained from P7-fluxbranes. They descend from the direct
S1 reduction of the result in subsection 3.1.4, thus we do not repeat the derivation.

4.1.4 Example: SymTFT of 4d N = 2 su(N) SYM

To showcase the general derivation, we write down the SymTFT of the 4d N = 2 KK theory
from the circle compactification of 5d N = 1 su(N) Yang-Mills from subsection 3.2. The
link of the threefold singularity is L5 = Y N,0, with

TorH1(Y N,0,Z) ∼= ZN TorH2(Y N,0,Z) = ∅, TorH3(Y N,0,Z) ∼= ZN (4.9)
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M2 charged under
H0(L5,Z)free × [0,∞) Surface defect U(1)[2]

H2(L5,Z)free × [0,∞) Local operator U(1)[0,i]

H3(L5,Z)free × [0,∞) — U(1)[−1,i,new]

H0(L5,Z)free × S1 × [0,∞) Line defect U(1)[1]

H2(L5,Z)free × S1 × [0,∞) — U(1)[−1,i,CW]

H3(L5,Z)free × S1 × [0,∞)

Table 9. Electric defects charged under continuous symmetries in the 4d N = 2 KK theory, and
their M-theory realization.

and non-trivial coefficients

6CSY N,0 = N − 1, 2ηY N,0 = 1
N

mod 1, κ̃Y N,0 = 1
N

mod 1. (4.10)

Mixed anomalies. Focusing on the anomalous terms, we have:

SY N,0×S1

twist = 1
N

∫
Y5

[
1
2F (Φ[−1,CW]

1 )⌣ B[1,e]
2 ⌣ B[1,e]

2 + F (Φ3)⌣ B[1,e]
2 ⌣ B[−1]

0

+ F (F4)⌣ b1 ⌣ B[−1]
0 + F (F2)⌣ B[1,e]

2 ⌣ b1

−F (F4)⌣ F (Φ[−1,CW]
1 )⌣ B[−1]

0 −F (Φ3)⌣ F (F2)⌣ B[−1]
0

]

+
∫ H̆

Y5

[
F̆4 ⋆ Φ̆[−1,CW]

1 ⋆ F̆ [−1,new]
1

]
.

(4.11)

The first term contains the curvature Φ[−1,CW]
1 of a continuous U(1)[−1,CW] (−1)-form symmetry,

coupling to the background fields for the electric 1-form symmetry. We recognize in Φ[−1,CW]
1

the curvature of the 0-form gauge field, that is identified with the theta angle in the 4d
gauge theory. That is to say, Φ[−1,CW]

1 gives a background for the Chern-Weil symmetry.
This provides a top-down derivation of the mixed anomaly discussed in [81] (in a non-
supersymmetric setting).

On the contrary, F [−1,new]
1 provides a background for a ‘new’ U(1)[−1,new] (−1)-form

symmetry, inherited from the continuous (−1)-form symmetry of the 5d theory prior to
circle compactification.

BF couplings. Let us now work out the BF couplings. The circle reduction of (3.37), after
dropping the terms that play no role in our discussion, yields:

SY N,0×S1

BF =
∫

Y5

[
Φ[−1,CW]
1
2π ∧ h42π + F2

2π ∧
ϕ3
2π + F [−1,new]

1
2π ∧ ϕ42π + F4

2π ∧
ϕ1
2π + Φ3

2π ∧
h2
2π

]

− 1
N

∫
Y5

[
B[1,e]

2 ⌣ δA[1,m]
2 +B[−1]

0 ⌣ δA[3]
4 + b1 ⌣ δA3

]
.

(4.12)

• From the first line, we read off that
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— h4 combines with half of the last term in (4.11) to give, after projection onto the
physical boundary, the instanton current, which couples of the curvature Φ[−1,CW]

1
of the Chern-Weil (−1)-form symmetry;

— There is an additional 4-form which couples to the background for the ‘new’
continuous (−1)-form symmetry.

• From the second line, we have three standard BF coupling for the discrete elec-
tric/magnetic pairs, respectively the electric/magnetic 1-form symmetry, the (−1)-
/3-form symmetry and the 0-/2-form symmetry, all of which are ZN and all of which
have same coefficient −1/N .

4.2 Geometric engineering of 4d N = 1 SYM theories

This subsection is an interlude to describe the geometric engineering from M-theory on
G2-manifolds, and we come back to analysis of the SymTFT for the resulting 4d theory
in subsection 4.3.

Here, we closely follow the construction outlined in [22, 144] to geometrically engineer
four-dimensional N = 1 su(N) gauge theories and describe their associated moduli spaces.
We compactify M-theory on an orbifold with G2 holonomy, of the form X7 = B7/Γp,N,q,
whose link is

L6 = Link(X7) = (S3 × S3)/Γp,N,q. (4.13)

We now proceed to explain the ingredients in this formula and the ensuing geometric
engineering.

4.2.1 Abelian quotients of the B7 family

The B7 family and its symmetries. The B7 family is a 1-parameter family of G2-metrics
on R4× S3b with a co-homogeneity one metric. The seven-dimensional space is asymptotically
locally conical (ALC), smooth and simply connected. An explicit member of the family was
found in the physics literature [107] and later the full 1-parameter family of ALC metrics
was found in [145].

Writing R4 as the cone over9 S3f , we have R4×S3b ∼= [0,∞)×S31×S32/ ∼, where ∼ identifies
the cones obtained exchanging the two 3-spheres. Using quaternions qi ∈ H to write S3i as

S3i = {qi ∈ H | |qi| = 1} , (4.14)

the map is given by [146, section 2]

[0,∞)× S31 × S32/ ∼ −→ R4 × S3b
(t, q1, q2) 7→ (tq1, q1q̄2).

(4.15)

For our purposes, we thus have two pairs of 3-spheres: S31 × S32 and S3f × S3b, and these
two pairs are related by

ψ : (q1, q2) 7→ (q1, q1q̄2). (4.16)
9The notation S3

b, S3
f refers to the base and fibre of the spinor bundle over S3.
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In particular, S3f is identified right away with S31, whereas the map to S3b is non-trivial. Each
S3i has an action of SU(2)ℓ,i×SU(2)r,i, with the first (respectively second) SU(2) acting on the
left (respectively right); however, only the diagonal subgroup △SU(2)r ⊂ SU(2)r,1 × SU(2)r,2
preserves (4.16). We thus consider the action of (ω1, ω2, η) ∈ SU(2)ℓ,1 × SU(2)ℓ,2 × SU(2)r

on S31 × S32, and combine it with (4.16) to get:

ψ ((ω1, ω2, ξ) · (q1, q2)) = ψ (ω1q1ξ, ω2q2ξ) = (ω1q1ξ, ω1q1q̄2ω−1
2 ). (4.17)

Abelian quotients of B7. Let us consider the quotient taken in [22, 144], which is a
generalization of that taken in [146]. We study B7/Γp,N,q, with the abelian finite group
Γp,N,q characterized by

(i) a subgroup ZN ⊂ △U(1)r of the maximal torus of △SU(2)r;

(ii) a subgroup Zp ⊂ U(1)ℓ,2 of the maximal torus of SU(2)ℓ,2;

(iii) a character χq of Zp, which we classify by q ∈ Z/pZ.

Furthermore, we impose

gcd(p, q) = 1, gcd(p,N) = 1, N > p. (4.18)

The first condition guarantees that χq is either trivial (if q = 0) or generates the character
group Ẑp, while the second and third conditions are for ease of exposition.

We thus have a natural action of (δ, ξ) ∈ Zp×ZpN on S31×S32, which, under (4.16), becomes

ψ ((δ, ξ) · (q1, q2)) = ψ ((q1ξ, δq2ξ)) = (q1ξ, q1q̄2δ−1) = (ξq1, δ−1q1q̄2). (4.19)

Explicitly, the finite group Γp,N,q of order pN is [22, section 3.1]

Γp,N,q =
{
(δ, ξ) ∈ Zp × ZpN | ξN = χq(δ)

}
. (4.20)

We can now define the 7-manifold X7 := B7/Γp,N,q as the abelian quotient of the B7
manifold by this group. The link is

L6 = L6,(p,N,q) = (S3f × S3b)/Γp,N,q, (4.21)

with action of Γp,N,q induced from the action on B7, as given in (4.19).
The quotient structure, and hence the topology of L6,(p,N,q), depends on the choice of

χq, that is, on the value of the parameter q.

• q = 0. In this case, the constraint in (4.20) implies that ξ ∈ ZN belongs to the subgroup
of N th roots of unity in ZpN , and Γp,N,0 ∼= ZN × Zp. The action (4.19) on the two
3-spheres in this case factorizes into

L(p,N,0) ∼= (S3f /ZN )× (S3b/Zp) . (4.22)

The requirement gcd(N, p) = 1 ensures that the action is free, as discussed in [147–149].
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• q = 1. In this case, the constraint in (4.20) implies that ξN generates the Zp subgroup
of ZpN

∼= Zp×ZN (using (4.18)). Then, Γp,N,1 ∼= Zp×ZN , which by (4.19) acts as ZpN

on S3f and as Zp on S3b. We obtain

L6,(p,N,1) ∼= ((S3f /ZN )× S3b)/Zp
∼= (S3f /ZpN )× (S3b/Zp) , (4.23)

holding for the specific construction of the action (4.19) of Γp,N,1 subject to the
hypotheses (4.18).

• q > 1. This case is similar to q = 1. Thanks to the assumption (4.18), also in this case
ξN generates a Zp subgroup of ZpN , and the derivation parallels the case q = 1.

4.2.2 M-theory on B7/Γp,N,q

Recall that, by construction, the action (4.19) lifts to the B7 manifold, leading to the quotient
space X7 = B7/Γp,N,q. The physics of M-theory on B7/Γp,N,q has been analyzed explicitly
in [22, 144]. Here, we briefly review the key results and refer the reader to these original
works for further details.

• Let us first take M-theory on B7/Γp,N,0. In this case, the quotient group factorizes, as
shown around (4.22), and

B7/Γp,N,0 ∼= (C2/ZN )× (S3b/Zp). (4.24)

In the context of four-dimensional physics, the AN−1 singularity gives rise to an effective
7d su(N) gauge theory [15], further compactified on S3b/Zp down to 4d. As a by-product
of this twisted compactification, propagating degrees of freedom in 7d split into fields
that propagate in 4d, and fields that live on S3b/Zp and are massive from a 4d perspective.
The Zp quotient on S3b leads to the presence of holonomies for these su(N)-valued gauge
fields on S3b/Zp, which (from the 7d perspective) are Zp-invariant Wilson loops [22, 144].
Their effect is to break the gauge group in a manner that preserves the overall rank of
the theory,

su(N) → su(n0)⊕ su(n1)⊕ · · · ⊕ su(np−1)⊕ u(1)⊕s−1, (4.25)

where the integers {nj}j=0,1,··· ,p−1 and s should satisfy N =∑
j nj+s−1. This Higgsing

mechanism has been studied in detail in [22, 144, 147, 150, 151].

• For the case q ̸= 0 mod p discussed around (4.23), the Zp subgroup of ZpN acts freely
on C2/ZN , while ZN acts freely on S3b/Zp. Hence, the effective 7d gauge theory is again
su(N), transverse to the AN−1 singularity C2/ZN [22, section 4]. The Zp quotient on
S3b again leads to the presence of Wilson loops, which break the su(N) gauge group
into a product of smaller subgroups while preserving the rank.

The classical moduli space. In this work, we will not focus on the detailed moduli space
of the above gauge theory, as it does not play a crucial role in our analysis. Readers may
skip this part, but those interested are encouraged to consult [22, 144] for a more thorough
treatment. However, we provide a bird’s-eye view for completeness.
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Other regions in the moduli space can be reached through the G2-flop transition [11, 15].
For example, in the q = 0 case, the G2-flop results in R4/Zp×S3/ZN . Dimensionally reducing
along the Hopf fibre in S3/ZN , we arrive at Type IIA string theory on the six-dimensional
geometry that takes the form of a Zp quotient of the conifold Calabi-Yau threefold, as
discussed in [22, 144]. The particular Zp quotient of the conifold we described was originally
studied in [152, 153] and gives a family of hyperconifolds.

Since we are reducing from M-theory to Type IIA along a S1/ZN fibred over the S2-base
of the Hopf fibration, in the resulting Type IIA setup the geometry is accompanied by N

quanta of Ramond-Ramond (RR) 2-form flux through the S2 ⊂ T 1,1/Zp base of the conifold.
The presence of the 2-form flux will generate a superpotential for the low-energy 4d theory,
which ultimately breaks the supersymmetry down to N = 1. Indeed, this description provides
the physical interpretation of the topological condition presented in [146], where complete
G2-holonomy orbifolds arise as S1-bundles over Calabi-Yau 3-fold cones.

In the context of Type IIA superstring theory and its geometric engineering, the effective
physics description depends on the distribution of flux quanta within the geometry of the
singular hyperconifolds. In fact, for a particular flux distribution, the geometry may be
completely or partially resolved. In other words, the 2-form fluxes may prevent the different
CP1s from collapsing, determined by the form of the flux-induced superpotential and its
critical points.

For those cases where all the flux goes through the base 2-sphere, the hyperconifold under
consideration gets partially resolved. In this case, it can be described by Zp quotient of the
known resolved conifold O(−1)⊕O(−1) −→ CP1. For this case, the flux superpotential has
a critical point [22, 144], hence the 4d effective physics is given by su(p) N = 1 gauge theory.

Other branches of the moduli space arise from different flux distributions, that lead
to partial resolutions of the singular geometry. These branches are associated with critical
points of the flux superpotential [22, 144].

4.3 SymTFT of 4d N = 1 theories from M-theory on G2-manifolds

4.3.1 SymTFT of 4d su(N) SYM from M-theory

We construct the SymTFT that corresponds to the 4d N = 1 su(N) SYM theories geometri-
cally engineered by M-theory on X7 = B7/Γp,N,q. Throughout we stick to the hypotheses
of the previous subsection, in particular we repeatedly use (4.18).

Geometric data. The link of the G2-manifold X7 is denoted L6,(p,N,q) and given in (4.22)
if q = 0, and in (4.23) if q ̸= 0. In both cases the link is the product of two lens spaces. For
convenience, we provide a brief review of Künneth’s theorem in appendix A.1.

To realize discrete (−1)-form symmetries and their dual 3-form symmetries, we look
for torsional 2-cycles and 3-cycles in the link. The derivation of the torsion homology of
a direct product is reviewed in appendix A.1, with final result (A.4). Applied to the case
at hand, we get

TorH2
(
(S3f /Zn)× (S3b/Zp),Z

)
∼= Zgcd(n,p)

TorH3
(
(S3f /Zn)× (S3b/Zp),Z

)
∼= Zgcd(n,p)

(4.26)
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with n = N if q = 0, and n = pN if q ̸= 0. Note that, if q = 0, gcd(n, p) = gcd(N, p) = 1.

• q = 0. L6,(p,N,0) is given in (4.22), and in this case, both TorH3(L6,(p,N,0),Z) and its
dual TorH2(L6,(p,N,0),Z) trivialize. The homology groups at q = 0 are

H•(L6,(p,N,0),Z) = Z ⊕
ZN

⊕
Zp

⊕ 0 ⊕ Z⊕2 ⊕
ZN

⊕
Zp

⊕ 0 ⊕ Z . (4.27)

• q ̸= 0. L6,(p,N,q ̸=0) is given in (4.23), and it acquires additional torsional 2-cycles and
3-cycles. The homology groups are

H•(L6,(p,N,q ̸=0),Z) = Z ⊕
ZpN

⊕
Zp

⊕ Zgcd(pN,p) ⊕
Z⊕2

⊕
Zgcd(pN,p)

⊕
ZpN

⊕
Zp

⊕ 0 ⊕ Z . (4.28)

For the remainder of this section, we focus on this case and denote L6,(p,N,1) simply
as L6.

From (4.28) and gcd(pN, p) = p we immediately have

H•(L6,Z) = Z ⊕ 0 ⊕
ZpN

⊕
Zp

⊕
Z⊕2

⊕
Zp

⊕ Zp ⊕
ZpN

⊕
Zp

⊕ Z . (4.29)

Let us now fix the generators of the differential cohomology as follows.

— We let v̆olf3 (respectively v̆olb3) be the pullback to L6 of the generator of H̆3(S3f /ZpN )
(respectively of H̆3(S3b/Zp)).

— Besides, we denote by tf2 ∈ H2(S3f /ZpN ,Z) the Poincaré dual to the torsional Hopf fibre
in the lens space, and likewise for tb2 . Then, we abuse of notation and denote by t̆f2
(respectively t̆b2) their pullback to L6, which we take as generators of H̆2(L6).

— We get the generators of H̆5(L6) to be v̆olf3 × t̆b2 and v̆olb3 × t̆f2, where the product × on
a product manifold is reviewed in appendix A.2.3.

— Finally, we have the generators t̆4 ∈ H̆4(L6) and t̆3 ∈ H̆3(L6), where the latter cannot
be expressed in terms of t̆•2, while the former may be chosen to be t̆4 = t̆f2 × t̆b2 (see
appendix A.2.3).

Thus, the complete set of generators of H̆•(L6) is:{
1̆
}
, 0,

{
t̆f2, t̆

b
2

}
,
{
v̆olf3, v̆ol

b
3 , t̆3

}
, {t̆4},

{
v̆olf3 × t̆b2 , v̆ol

b
3 × t̆f2

}
,
{
v̆olf3 × v̆olb3

}
. (4.30)
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In this basis, we expand Ğ4 ∈ H̆4(M11) and d̆G7 ∈ H̆8(M11) as

Ğ4 = F̆4 ⋆ 1̆ +
∑

α=f,b
B̆α

2 ⋆ t̆
α
2 +

∑
i=f,b

F̆ i
1 ⋆ v̆ol

̸=i
3 + B̆1 ⋆ t̆3 + B̆0 ⋆ t̆4

d̆G7 = f̆8 ⋆ 1̆ +
∑

α=f,b
B̆α
6 ⋆ t̆

α
2 +

∑
i=f,b

f̆ i
5 ⋆ v̆ol

i
3 + B̆5 ⋆ t̆3 + B̆4 ⋆ t̆4

+
∑

α=f,b
B̆α
3 ⋆ (t̆α2 × v̆ol ̸=α

3 ) + f̆2 ⋆ v̆ol
f
3 × v̆olb3

(4.31)

and, from the exactness of dG7 we have

F (f̆•p+1) =
1
2πdh

•
p, c(f̆•p+1) = 0, F (B̆•p+1) = δA•

p. (4.32)

To lighten the notation, we use vol ̸=i
3 to indicate volb3 if i = f and volf3 if i = b. Besides,

we define the shorthand notation

CS(3)α :=

CS(3)ZpN
if α = f

CS(3)Zp
if α = b

(4.33)

with the right-hand side defined in (A.51) and studied in appendix A.3.2.

Mixed anomalies from M-theory. To find the potential mixed anomalies of the 4d N = 1
theory, we plug the form (4.31) of Ğ4 in the topological M-theory action (2.10).

Following the discussion in appendix A.2.4, we observe that non-trivial linking pairings
can arise between the following cohomology classes: (i) between classes in TorH3(L6,Z) and
TorH4(L6,Z); or (ii) between classes in TorH2(L6,Z) and TorH5(L6,Z). Additionally, there
is a non-trivial term coming from the direct reduction along classes in H3(L6,Z)free.

By direct computation we arrive at

S
(S3

f ×S3
b)/Γp,N,q

twist =1
p

∫
Y5

[
B1 ⌣ Bf

2 ⌣ Bb
2 +B0 ⌣ B1 ⌣

F4
2π

]
−
∑

α=f,b
CS(3)α

∫
Y5
Bα

2 ⌣ Bα
2 ⌣

Fα
1

2π +
∫ H̆

Y5
F̆4 ⋆ F̆

f
1 ⋆ F̆

b
1 .

(4.34)

The pertinent integrals over the link L6 have been computed in appendix A.3.4, and we
used the analysis therein to simplify the expression. Plugging the value of CS(3)α obtained
in appendix A.3.2, (4.34) equals

S
(S3

f ×S3
b)/Γp,N,q

twist = 1
p

∫
Y5

[
B1 ⌣ Bf

2 ⌣ Bb
2 +B0 ⌣ B1 ⌣

F4
2π

+ (p− 1)
2 Bb

2 ⌣ Bb
2 ⌣

F b
1

2π + (pN − 1)
2N Bf

2 ⌣ Bf
2 ⌣

F f
1

2π

]

+
∫ H̆

Y5
F̆4 ⋆ F̆

f
1 ⋆ F̆

b
1 .

(4.35)
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Since the precise coefficient of the last term in (4.35) will be crucial in subsection 4.4, we
spell the derivation out in more detail, referring to appendix A.2 for the properties of the
integration

∫ H̆ . From the expansion (4.31) we get:

− 1
6

∫ H̆

M4×X7

3
1

 ·
2
1

 · [(F̆4 × 1̆
)
⋆
(
F̆ f
1 × v̆olf3

)
⋆
(
F̆ b
1 × v̆olb3

)]

= (−1)2
∫ H̆

M4×X7

[(
v̆olf3 ⋆ v̆ol

b
3

)
× F̆4 ⋆ F̆

f
1 ⋆ F̆

b
1

]
= (−1)dim(S3×S3)

∫ H̆

Y5
F̆4 ⋆ F̆

f
1 ⋆ F̆

b
1 ,

(4.36)

where in the second line we get a minus sign from reordering odd-degree forms, and in the
last line we have used (A.28).

Moreover, we expect no contribution from
∫ H̆ Ğ4 ⋆ X̆8 to (4.35). This is because

T (S3f × S3b) ∼= π∗f (TS3f )⊕ π∗b(TS3b) (4.37)

implies
p̆
(
T (S3f × S3b)

)
= π∗f p̆

(
TS3f

)
⋆ π∗bp̆

(
TS3b

)
, (4.38)

and each S3 does not support non-trivial Pontryagin classes. Thus, the contribution from
X̆8 vanishes in this case.

From the summands in (4.35), we identify the following background fields:

• F4 is the field strength of a universal U(1)[2] 2-form symmetry. This universal 2-form
symmetry exists for all physical theories realized on the semi-classical branches of the
moduli space.

• Bf
2 is the discrete gauge field of the finite abelian 1-form symmetry Z[1]

pN , while Bb
2 is

the discrete gauge field of the finite abelian 1-form symmetry Z[1]
p .

• There is a finite Z[0]
p 0-form symmetry with background gauge field B1.

• There is a finite Z[−1]
p (−1)-form symmetry with background gauge field B0.

• Additionally, there are two continuous (−1)-form symmetries U(1)[−1,i] with background
curvature F i

1; these will be discussed in detail below in subsection 4.3.2.

BF terms from M-theory. Inserting the expressions for Ğ4 and d̆G7 in (4.31) into the
differential cohomology refinement of the M-theory kinetic term (2.13), we find the BF terms:

S
(S3

f ×S3
b)/Γp,N,q

BF =
∫

Y5

[
− 1

gcd(pN, p)B1 ⌣ F (B4)−
1

gcd(pN, p)B0 ⌣ F (B5)

+
∑

α=f,b
2CS(3)α Bα

2 ⌣ F (Bα
3 )
]

+
∫ H̆

Y5

F̆4 ⋆ f̆2 +
∑

i=f,b
F̆ i
1 ⋆ f̆

i
5

 ,
(4.39)
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where again we have relied on the integrals computed in appendix A.3.4. From the exactness
of dG7, we use (4.32) and, for the second line, we use the properties of topologically trivial
differential characters reviewed in appendix A.2. After simplifications, we obtain

S
(S3

f ×S3
b)/Γp,N,q

BF = − 1
p

∫
Y5

[
B1⌣δA3+B0⌣δA4+(p−1)Bb

2 ⌣δAb
2+

(pN−1)
N

Bf
2⌣δAf

2

]

+
∫

Y5

F4
2π ∧

h1
2π +

∑
i=f,b

F i
1

2π ∧
hi
4

2π

 . (4.40)

In the first two lines, we have the standard electric/magnetic BF couplings for finite abelian
symmetries:

• There are two discrete electric 1-form symmetries, Z[1]
pN and Z[1]

p , with background
fields Bα

2 , which are coupled to the background fields Aα
2 for the magnetic dual 1-form

symmetries;

• The background field B1 for the 0-form symmetry Z[0]
p is coupled to the background

field A3 for the magnetic dual 2-form symmetry;

• The background field B0 for the finite (−1)-form symmetry Z[−1]
p is coupled to the

background field A4 for the magnetic dual 3-form symmetry acting on domain walls.

Furthermore, we find the SymTFT BF couplings for continuous symmetries. These are
given in the last line of (4.40), and read:

• There are two Chern-Weil symmetries U(1)[−1,i], whose curvatures F i
1 couple to the

magnetic hi
4;

• We also find a BF coupling for the universal U(1)[2] 2-form symmetry and its magnetic
dual h1.

The latter BF terms are in agreement with the form in the literature [95]. A lightning review
is provided in appendix B (cf. around (B.9)). Further comments regarding the symmetry
generators are given in subsection 4.3.4.

The case p = 1. Let us briefly comment on the SymTFT when p = 1. In such case, the setup
reduces to M-theory on (C2/ZN )× S3 studied in [8]. The SymTFT dramatically simplifies:

S
(S3/ZN )×S3

SymTFT = N − 1
2N

∫
Y5
Bf

2 ⌣ Bf
2 ⌣

F f
1

2π +
∫ H̆

Y5
F̆4 ⋆ F̆

f
1 ⋆ F̆

b
1

+ 1
N

∫
Y5
Bf

2 ⌣ δAf
2 +

∫
Y5

F4
2π ∧

h1
2π +

∑
i=f,b

F i
1

2π ∧
hi
4

2π

 , (4.41)

where the first and second lines are the remnants of, respectively, (4.35) and (4.40).
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4.3.2 (−1)-form symmetry and polarization

Discrete (−1)-form symmetry and polarization. We have found that the 4d N = 1
theory engineered by M-theory on X7 = B7/Γp,N,q has a finite (−1)-form symmetry Z[−1]

p if
q ̸= 0 mod p. As expected, the background gauge field for this symmetry is coupled through
a BF term (4.40) to the gauge field for the electric/magnetic dual 3-form symmetry. The
latter acts on domain walls in the 4d theory. Gauging it with a discrete theta-angle, we
obtain the dual (−1)-form symmetry, and the 2π-periodicity of this discrete theta-angle is
due to the invariance under large background gauge transformations. This is a 4d analogue
of the 2d analysis of [81].

Continuous (−1)-form symmetry. We recognize two continuous (−1)-form symmetries
U(1)[−1,i]. They are identified through the anomalous coupling to the electric 1-form fields
Bi

2 in the second line of (4.35). One of them, F f
1 for this branch of the moduli space, will

couple to the instanton current of the su(N) theory, providing the expected Chern-Weil
(−1)-form symmetry.

Periodicity of the θYM-angle. The above mixed anomalies captured by the action SM
CS

use solely the (co)homology of the link space

L6,(p,N,q) = (S3f /ZpN )× (S3b/Zp) ,

which is common to all theories connected through the moduli space. However, in general the
various terms in SM

CS are only relevant on specific branches, depending on the local effective
physics. On the branch of interest, characterized by the B7/Γp,N,q geometry, the effective
lower-dimensional theory is given by su(N) gauge theory, possibly broken as in (4.25). These
gauge theories contain a topological theta-term, whose coupling we denote θYM.

Let us focus on the semi-classical branch of the moduli space, where the low-energy
effective theory consists of SU(N) N = 1 Yang-Mills theory. The electric 1-form symmetry
is Z[1]

N , with background gauge field Be
2. When a non-trivial Be

2 is activated, the partition
functions of the theory at θYM + 2π and θYM differs [4, 72, 134, 154, 155], schematically:

Z[θYM + 2π,Be
2]

Z[θYM, Be
2]

= exp
{
2πi

N − 1
N

∫
M4
P(Be

2)
}
. (4.42)

Here,
P : H2(M4,Z/NZ) −→ H4(M4,Z/2NZ) (4.43)

is the Pontryagin square operation. In the present case, P(Be
2) mod N reduces to Be

2 ⌣ Be
2.10

Equation (4.42) indicates a breakdown of the 2π-periodicity of θYM, signalling a mixed anomaly
between the Chern-Weil (−1)-form symmetry and the electric 1-form symmetry Z[1]

N .
The anomalous behaviour (4.42) can be corrected by inflow via the term [72, eq. (2.5)]

N − 1
2N

F e
1

2π ⌣ P(Be
2) , (4.44)

where the coupling θYM is promoted to a periodic scalar, and F e
1 is the curvature of θYM.

10More precisely, it holds that 1
2 Be

2 ⌣ Be
2 ∈ H4(M4,Z/2NZ). If N is odd, P(Be

2) = Be
2 ⌣ Be

2 ∈
H4(M4,Z/NZ), whereas if N is even, the explicit form uses the cup and cup-1 products. We neglect these
subtleties and simply use that P(Be

2) mod N equals Be
2 ⌣ Be

2 for both odd and even N .
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In fact, we have already found this term among the mixed anomalies captured by our
SymTFT action SM

CS, in the last term of the second line of (4.35), with the identification

Bf
2 = pBe

2, (4.45)

which reduces the Z[1]
pN gauge field to a Z[1]

N one, and with identification of the Chern-Weil
U(1)[−1,CW] symmetry with the geometric U(1)[−1,f] symmetry, as already discussed.

In conclusion, our geometric derivation reproduces the expected features of the 4d
N = 1 θYM-term.

SymTFT, physical theory and branches. At this stage, we emphasize that the 1-form
symmetry is expected to vary as one transitions between branches of the moduli space.

For instance, on the branch of the moduli space where the SU(N) gauge theory is realized,
the Zp ⊂ ZpN does not produce singularities [22]. Thus, we expect the defects charged under
it to be uncharged under the SU(N) gauge group, decoupling from the dynamics, and leaving
ZpN/Zp

∼= Z[1,e]
N as the effectively-acting 1-form symmetry of the low-energy theory.

This geometric engineering argument matches the field-theoretic remarks in the previous
paragraph.

Geometrically, this means that the symmetries uncovered in our SymTFT analysis need
not act effectively on the low-energy effective theory, and the symmetries actually realized in
the theory depend on additional data of the M-theory compactification.

In general, the electric and magnetic 1-form symmetry on any branch can be at most
ZpN⊕Zp. The precise structure of the 1-form symmetry within any given branch is determined
by the specific details of the effective physics on that branch.

For branches admitting a non-abelian gauge theory interpretation, the discrete electric
1-form symmetry typically reduces to a subgroup,

Z[1,e]
M ⊂ Z[1]

pN ⊕ Z[1]
p , (4.46)

which is identified with the centre of the gauge group [3].

4.3.3 Defects and symmetry operators from branes

Charged defects and symmetry topological operators in the 4d N = 1 theories engineered
from M-theory on the G2-manifold X7 = B7/Γp,N,q arise from BPS M-brane wrapped on
representative of homology classes in the link L6, specified in (4.28). In this subsection we
focus on finite symmetries, and discuss continuous abelian symmetries in the next subsection.

In table 10, we summarize the brane realization of charged and topological defects
wrapping torsional cycles in L6. The former extend in the radial direction [0,∞), as opposed
to the latter. The defects listed in table 10 exhibit non-trivial linking pairing with the
corresponding symmetry operators under which they are charged.

The electric/magnetic dual pairs as realized in M-theory are recalled in figure 6; to fully
specify a theory, we ought to choose a polarization for each one of the three pairs.
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M2 M5
TorH1(L6,Z)× [0,∞) Wilson line ♢
TorH2(L6,Z)× [0,∞) Local operator ◦ Domain wall ♠
TorH3(L6,Z)× [0,∞) — ♣ Surface defect △
TorH4(L6,Z)× [0,∞) ‘t Hooft line ♡
TorH1(L6,Z) 1-form sym. generator ♡
TorH2(L6,Z) 2-form sym. generator △ (−1)-form sym. generator ♣
TorH3(L6,Z) 3-form sym. generator ♠ 0-form sym. generator ◦
TorH4(L6,Z) 1-form sym. generator ♢

Table 10. Branes wrapping torsional cycles in L6 = (S3
f /ZpN )× (S3

b/Zp) give rise to finite symmetries.
We mark with equal symbol the charged defect and the corresponding symmetry generators.

1-form

1-form

0-form

2-form(−1)-form

3-form

M2 M5

2-cycles

3-cycles

4-cycles

5-cycles

Figure 6. Electric/magnetic dual symmetries in 4d theories. The charged defects are realized by
M2/M5-branes wrapping cycles in the internal G2-manifold.

Discrete electric/magnetic 1-form symmetries. In 4d, each finite electric 1-form
symmetry is accompanied by its magnetic dual 1-form symmetry. In the present situation,
with M-theory compactified on X7 = B7/Γp,N,q, we have TorH1(L6,Z) ∼= Zn ⊕ Zp, thus
providing two distinct electric 1-form symmetries Z[1]

n ,Z[1]
p , with n = N if q = 0 mod p and

n = pN if q ̸= 0 mod p. The Pontryagin dual torsion homology groups TorH4(L6,Z) ∼=
Ẑn ⊕ Ẑp

∼= Zn ⊕ Zp provide the magnetic dual 1-form symmetries.

• Electric 1-form symmetry.

— The charged defects are Wilson lines. They are realized from M2-branes, arranged
to wrap a torsional 1-cycles in the link, and extending in the radial direction.
There are two generators for torsion classes, namely the Hopf fibres of S3f /Zn and
S3b/Zp. Thus, M2-branes wrapping these distinct cycles give rise to Wilson lines
with different charges under two different 1-form symmetries.

— The symmetry generators originate from M5-branes wrapping a dual torsional
4-cycle in the link, and intersecting the spacetime along a two-dimensional sub-
manifold.
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• Magnetic 1-form symmetry.

— The charged defects are ‘t Hooft lines. They are realized from M5-branes wrapping
a torsional 4-cycle in the link and extending along the radial direction. There are
two generators of torsional 4-cycles, thus the M5-brane can wrap one of the two
lens spaces entirely, together with the Hopf fibre of the second lens space. The
two choices give rise to ‘t Hooft loops charged under distinct magnetic 1-form
symmetries.

— The symmetry generators originate from M2-branes wrapping a dual torsional
1-cycle in the link, and intersecting the spacetime along a two-dimensional sub-
manifold.

We derive the expression from the topological symmetry operators, generating these elec-
tric/magnetic 1-form symmetry, from the differential cohomology refinement of the action
on the corresponding M-brane wrapping a torsional cycle.

• The symmetry generators of the electric 1-form symmetries are supported on surfaces
Σ2 in spacetime, and come from an M5-brane wrapping PD(tα2 ) ∈ TorH4(L6,Z), where
tα2 is a generator of the Poincaré dual cohomology class. The M5-brane sources G7,
which we refine into a differential character d̆G7 as explained in subsection 2.1.2. We
thus compute

exp
{
2πiSM5 on PD(tα

2 )
CS (Σ2)

}
= exp

{
2πi

∫ H̆

L6×Σ2
t̆α2 ⋆ d̆G7

}

= exp

2πi
∫ H̆

L6×Σ2
t̆α2 ⋆

 ∑
α′=f,b

B̆α′
3 ⋆ t̆α

′
2 × v̆ol ̸=α′

3 + · · ·


= exp

{
2πi(2CS(3)α )

∫
Σ2
Aα

2

}
(4.47)

where, in the second line, we have plugged (4.31) and omitted the terms that eventually
drop out. In the last line, the coefficient reads 2CS(3)α = n−1

n if α = f and p−1
p if α = b,

as obtained from the integrals in appendix A.3.4. We have thus found the expected
form, with the symmetry operator given by the holonomy of the gauge field for the
gauged dual symmetry. This result is also consistent with the BF term found above.

• The symmetry generators of the magnetic 1-form symmetries are supported on surfaces
Σ̌2 in spacetime, and come from an M2-brane wrapping a Hopf link of either lens space,
corresponding to a generator of TorH1(L6,Z). The Poincaré dual cohomology classes
are t̆α2 × v̆ol ̸=α

3 . The M2-brane sources G4, which we refine into a differential character
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Ğ4 as explained in subsection 2.1.2, and compute

exp
{
2πiSM2 on PD(tα

2 ⌣vol ̸=α
3 )

CS (Σ̌2)
}
= exp

{
2πi

∫ H̆

L6×Σ̌2
(t̆α2 × v̆ol ̸=α

3 ) ⋆ Ğ4

}

= exp

2πi
∫ H̆

L6×Σ̌2
(t̆α2 × v̆ol ̸=α

3 ) ⋆

 ∑
α′=f,b

B̆α′
2 ⋆ t̆α

′
2 + · · ·


= exp

{
2πi(2CS(3)α )

∫
Σ̌2
Bα

2

}
(4.48)

where again, in the second line we have used (4.31) and omitted the terms that eventually
drop out. As expected, we find the symmetry operator to be given by the holonomy of
the gauge field for the gauged dual symmetry; in this case, the gauge field Bα

2 for the
gauged electric 1-form symmetry.

In both cases discussed above, the exact structure of the 1-form symmetry depends
on the specific semi-classical branch under consideration, as outlined in the discussion
surrounding (4.46).

Discrete (−1)/3-form symmetries. It is possible to have infinite-tension domain wall
defects, that are charged under a 3-form symmetry in 4d. Gauging this symmetry, we obtain
a dual finite (−1)-form symmetry [80, 81, 85]. In general one must choose a polarization
for this electric/magnetic dual pair.

In the present case, these symmetries only exists if q ̸= 1, in which case the symmetry
groups are Zgcd(pN,p) = Zp.

• 3-form symmetry.

— The charged defects are domain walls. They are realized from M5-branes wrapping
a torsional 2-cycle in the link, and extending in the radial direction, intersecting
the spacetime along a (2 + 1)d submanifold.

— The symmetry generators are point-like in spacetime, and originate from M2-branes
wrapping a dual torsional 3-cycle in the link.

• (−1)-form symmetry.

— There are no (−1)-form objects charged under this symmetry. They would morally
correspond to M2-branes wrapping a torsional 3-cycles in the link, and extending
in the radial direction.

— The symmetry generators are spacetime-filling topological operators. They origi-
nate from M5-branes wrapping a dual torsional 2-cycle in the link.

As for the electric/magnetic 1-form symmetries, we find the symmetry generators from a
refinement of the M-brane action to differential cohomology.
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• The symmetry generators of the 3-form symmetry are supported on points ℘ ∈M4 in
spacetime, and come from an M2-brane wrapping PD(t3) ∈ TorH3(L6,Z), where t3 is a
generator of the Poincaré dual cohomology class. We thus compute

exp
{
2πiSM2 on PD(t3)

CS (℘)
}
= exp

{
2πi

∫ H̆

L6×{℘}
t̆3 ⋆ Ğ4

}

= exp

2πi
∫ H̆

L6×{℘}
t̆3 ⋆

 ∑
α′=f,b

B̆0 ⋆ t̆4 + · · ·


= exp

{
−2πi

p
ev℘B0

}
.

(4.49)

In the second line, we have omitted the terms that eventually lead to vanishing contri-
butions. In the last line, the coefficient −1

p stems from the integrals in appendix A.3.4,
and ev℘B0 = B0(℘) in the evaluation map at the point ℘ ∈M4.
The symmetry operator derived from M-theory takes the expected form, and is given
by the exponential insertion of a scalar gauge field for the gauged (−1)-form symmetry.

• The symmetry generator of the (−1)-form symmetries is supported on the whole
spacetime M4. It comes from an M5-brane wrapping the generator of TorH2(L6,Z),
whose Poincaré dual cohomology class is tf2 ⌣ tb2 . We compute

exp
{
2πiSM5 on PD(tf

2⌣tb
2)

CS

}
= exp

{
2πi

∫ H̆

L6×M4
(t̆f2 × t̆b2) ⋆ d̆G7

}

= exp
{
2πi

∫ H̆

L6×M4
(t̆f2 × t̆b2) ⋆

[
B̆5 ⋆ t̆3 + · · ·

]}

= exp
{
−2πi

p

∫
M4

A4

}
(4.50)

where again, in the second line we have omitted the terms that eventually drop out. In
the last line, the coefficient comes from the same integral as before.
As expected, we find the symmetry operator to be given by the integration of the gauge
field A4 for the gauged dual symmetry Z[3]

p over the full spacetime. This result is also
consistent with the BF term found above.

As with the 1-form symmetries, the (−1)-form and 3-form symmetries are common to
all branches of the moduli space, but we expect only a subset of them to act effectively,
depending on the branch under consideration. Their origin is rooted in Künneth’s theorem,
reviewed in appendix A.1.

Discrete 0/2-form symmetries. According to table 10, it is also possible to engineer
defects charged under 0-/2-form symmetries. They stem from M2- and M5-branes wrapping
cycles in exchanged fashion compared to the (−1)-/3-form symmetry pair. Analogous to the
(−1)-/3-form symmetries, the 0-/2-form symmetries only exists if q ̸= 0.

• Electric 0-form symmetry.

— The charged defects originate from M2-branes wrapping a torsional 2-cycle in the
link, and extending in the radial direction, intersecting the spacetime at a point.
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— The symmetry generators originate from M5-branes wrapping a dual torsional
3-cycle in the link, and filling a codimension-1 submanifold in spacetime.

• Magnetic 2-form symmetry.

— The charged defects are surface defects. They are realized from M5-branes wrapping
a torsional 3-cycle in the link, and extending in the radial direction, intersecting
the spacetime along a 2d submanifold.

— The symmetry generators originate from M2-branes wrapping a dual torsional
2-cycle in the link, and running along a loop in spacetime.

Once again we compute the symmetry operators from the M-brane action, and find perfect
agreement with the expected form of an electric/magnetic dual pair.

• The generator of the 0-form symmetry is supported on codimension-1 submanifolds
Σ3 ⊂ M4, and come from an M5-brane wrapping PD(t3) ∈ TorH3(L6,Z). We thus
compute

exp
{
2πiSM5 on PD(t3)

CS (Σ3)
}
= exp

{
2πi

∫ H̆

L6×Σ3
t̆3 ⋆ d̆G7

}

= exp
{
2πi

∫ H̆

L6×Σ3
t̆3 ⋆

[
B̆4 ⋆ t̆4 + · · ·

]}

= exp
{
−2πi

p

∫
Σ3
A3

}
.

(4.51)

The symmetry operator derived from M-theory takes the expected form, given by the
holonomy of the discrete gauge field A3 for the gauged dual 2-form symmetry.

• The generator of the magnetic 2-form symmetry is supported on a loop Σ1 ⊂M4. It
comes from an M2-brane wrapping the generator of TorH2(L6,Z), whose Poincaré dual
cohomology class is tf2 ⌣ tb2 . We compute

exp
{
2πiSM2 on PD(tf

2⌣tb
2)

CS (Σ1)
}
= exp

{
2πi

∫ H̆

L6×Σ1
(t̆f2 × t̆b2) ⋆ Ğ4

}

= exp
{
2πi

∫ H̆

L6×Σ1
(t̆f2 × t̆b2) ⋆

[
B̆1 ⋆ t̆3 + · · ·

]}

= exp
{
−2πi

p

∮
Σ1
B1

}
.

(4.52)

The last line is the holonomy of the gauge field B1 for the gauged dual 0-form symme-
try Z[0]

p .

4.3.4 Continuous abelian symmetries from fluxbranes

The SymTFT derived from M-theory on B7/Γp,N,q uncovered the presence of two U(1)[−1,i]

(−1)-form symmetries, and of a U(1)[2] 2-form symmetry. We now proceed to realize them
from M-branes.
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M2 charged under
H0(L6,Z)free × [0,∞) Surface defect U(1)[2]

H3(L6,Z)free × [0,∞) — U(1)[−1,f] ×U(1)[−1,b]

Table 11. Electric defects charged under continuous symmetries and their M-theory realization.

Defects charged under continuous symmetries. The defects charged under U(1) sym-
metries, in the present setup, are constructed from M-branes wrapping homology classes
in H•(L6,Z)free and extending in the radial direction [0,∞). The electric defects are listed
in table 11.

For completeness, we note that we can further construct surface defects from M5-branes
wrapping H3(L6,Z)free × [0,∞), and extending in (1 + 1)d in spacetime.

Symmetry operators for continuous symmetries. Now we investigate the symmetry
operators for continuous U(1)[p] p-form symmetries using fluxbranes wrapping free cycles
of the homology groups given in (4.28).

We recall from the analysis in subsection 2.2.2 that the topological operators is obtained
from P7-fluxbranes. Throughout we use the conventions that P7 = ∑

k h̃7−k ∧ vk with
h̃7−k = ϕ∗(h7−k + g7−k). Thus, it includes the holonomy of h7−k, stemming from the G7-flux,
together with a correction g7−k, stemming from the HWZ action on the brane, which ensures
the topological invariance of the resulting operator.

• Continuous (−1)-form symmetry.
The two continuous U(1)[−1,i] (−1)-form symmetries are generated from P7-fluxbranes
wrapping either generator in H3(L6,Z)free. With our choices, the latter homology classes
are those of the lens spaces themselves. The spacetime-filling topological symmetry
operators representing the action of the group element eiφ ∈ U(1)[−1,i] is calculated as

exp
{

iφSP7-flux along Li
3
}
= exp

{
i
φ

2π

∫
L6×M4

vol ̸=i
3 ∧ P7

}

= exp

i
φ

2π

∫
L6×M4

vol ̸=i
3 ∧

 ∑
j=f,b

h̃j
4 ∧ volj3 + · · ·


= exp

{
i
φ

2π

∫
M4

ϕ∗
(
hi
4 + gi

4

)}
.

(4.53)

We have denoted Lb
3 any representative in the class [S3b/Zp] = PD(volf3); and likewise

for Lf
3.

The correction gi
4 is given by the projection of H3 ∧ G4 on the subspace transverse

to voli3:
gi
4 =

1
4π

∫
Li

3

H3 ∧G4

= 1
4π

∫
Li

3

h3 +
∑

j=f,b
hj
0vol

j
3

 ∧
F4 +

∑
j=f,b

F j
1vol

j
3


= 1

4π
(
h3 ∧ F i

1 + hi
0F4

)
,

(4.54)
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where we recall that dh3 = F4 and dhi
0 = F i

1.

Thus, denoting for shortness

h̃i
4 := hi

4 +
1
4π
(
h3 ∧ F i

1 + hi
0F4

)
, (4.55)

we find that the insertion of h̃i
4 integrated over the full spacetime generates a U(1)[−1,i]

(−1)-form symmetry. In particular, on the semi-classical branch of the moduli space that
realizes a su(N) gauge theory, we identify U(1)[−1,f] = U(1)[−1,CW] with the Chern-Weil
(−1)-form symmetry that shifts the θYM-term, and

h̃f4
2π ←→ 1

8π2 tr{F ∧ F} . (4.56)

We thus establish a correspondence between h̃f
4

2π and the second Chern class of the
SU(N) gauge bundle, supported by the two crucial properties:

— Flatness: the flatness condition on h̃i
4 aligns with the Bianchi identity satisfied by

the second Chern class.

— Quantization: the integral of both sides of (4.56) over the spacetime is an integer.

• Continuous 2-form symmetry.

The symmetry topological operator of the universal U(1)[2] electric 2-form symmetry is
engineered by a P7-fluxbrane wrapping the whole six-dimensional link space L6. For the
generator representing the action of eiφ ∈ U(1)[2], and extending along a loop Σ1 ⊂M4,
we have

exp
{

iφSP7-flux along L6
}
= exp

{
i
φ

2π

∫
L6×Σ1

P7

}
= exp

{
i
φ

2π

∫
L6×Σ1

[
h̃1 ∧ volf3 ∧ volb3 + · · ·

]}
= exp

{
i
φ

2π

∮
Σ1
ϕ∗(h1 + g1)

}
.

(4.57)

In this case h̃1 = ϕ∗(h1 + g1) with correction term

g1 =
1
4π

∫
L6
H3 ∧G4 =

1
4π
(
hf0F b

1 + hb0F f
1

)
(4.58)

subject to dhi
0 = F i

1, hence 2πdg1 = F f
1 ∧ F b

1 .

Continuous (−1)-form symmetry and instanton number. Plugging the identifications
above into the BF couplings for the continuous symmetries, we arrive at the precise identifica-
tion of the coupling in the QFT action that gives rise to the (−1)-form symmetry. Additional
discussion on how we can project the SymTFT onto the physical theory is presented in
appendix B, see also subsection 4.4 for an application.
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Using the fact that F f
1 is the curvature for the (−1)-form symmetry that sources the θYM-

angle, as we have seen in subsection 4.3.2, together with (4.56), we obtain the identification:

∫
Y5
F f
1 ∧

h̃f4
2π

project to physical boundary−−−−−−−−−−−−−−−−−−−−→ θYM
8π2

∫
M4

tr{F ∧ F} . (4.59)

Here we are slightly abusing of notation by letting h̃f4 be defined on the whole Y5.
On the other hand, combining the contribution F f

1 ∧
hf

4
2π in (4.40) with the last term

in (4.35), we get a closed and quantized h̃f4 whose pullback to the topological operators
matches h̃f4 in (4.56).

In conclusion, we have the identification (4.59), substantiated both from the point of
view of the topological operators generating the symmetry, and from the SymTFT action.
The symmetry U(1)[−1,f] = U(1)[−1,CW] discussed here and derived from M-theory, corresponds
precisely to the Chern-Weil (−1)-form symmetry provided in [75].

In conclusion: we have successfully provided an M-theory engineering of the U(1)[−1,f] =
U(1)[−1,CW] symmetry, together with its SymTFT and topological operators.

4.4 Application: 4-group structure

The goal of this section is to demonstrate a non-trivial application of the SymTFT derived
in subsection 4.3, which arises from the presence of discrete (−1)-form symmetry and its
dual 3-form symmetry. Specifically, we will apply the framework discussed in appendix B
to project the SymTFT to the physical boundary, thereby obtaining a TQFT that couples
to the su(N) gauge theory on the semi-classical branch of B7/Γp,N,q.

We will show that the resulting TQFT aligns with the one found in [116], leading to
interesting physical implications. The key point is a mixed anomaly between (−1)-form and 3-
form symmetries, detected by the SymTFT action via the third term in (4.61) below. Gauging
a discrete subgroup of the (−1)-form symmetry leads to a higher-group structure [116]. Here
we derive this outcome from our results together with the technology of appendix B.

SymTFT action. We consider the semi-classical branch defined by the B7/Γp,N,q ̸=0 geometry,
where the effective theory is an su(N) gauge theory.

The SymTFT, as presented in (4.35)–(4.40), contains the following terms relevant to
our discussion:

S
4d su(N)
SymTFT = 1

(2π)2
∫

Y5

[
F4 ∧ h̃1 + F f

1 ∧ h̃f4
]
+
∫

Y5

[
1
p
B0 ⌣ δA4 −

1
2N

F f
1

2π ⌣ Be
2 ⌣ Be

2

]
.

(4.60)
In this action, the first two terms are BF terms involving the continuous 2-form and (−1)-form
symmetries, respectively, while the third term is a BF term coupling a discrete (−1)-form
symmetry and its dual 3-form. The appearance of h̃• has been extensively discussed in
subsection 4.3.4. In the last term, Be

2 is the gauge field for the Z[1,e]
N electric 1-form symmetry,

discussed in subsection 4.3.2. Here the coefficient − 1
N is equivalent to the one in (4.44),

modulo integer shifts.
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Field redefinition. To ease the comparison with the existing literature, we make a field
redefinition to pass from the differential cohomology normalization to a normalization of
discrete gauge fields more common in the physics literature.

U(1)-gauge fields require no change; however, for finite symmetries, we trade the Zn-gauge
fields B• with U(1)-gauge fields B̃• as reviewed in appendix B.1.1. The new normalization is
obtained replacing B• 7→ n

2π B̃•. Dropping the tilde to reduce clutter, the field redefinition
leads us to the new form of (4.60):

S
4d su(N)
SymTFT = 1

(2π)2
∫

Y5

[
F4 ∧ h̃1 + F f

1 ∧ h̃f4 + pB0 ⌣ δA4 −
N

4πF
f
1 ⌣ Be

2 ⌣ Be
2

]
. (4.61)

With this form of the SymTFT action, we are ready to analyze its physical properties
and implications.

Projecting the SymTFT on the physical theory. We now examine the physical impli-
cations of the SymTFT action given in (4.61). This is achieved by projecting the SymTFT
to the physical boundary. This step involves deriving the effective physical theory by gaug-
ing specific symmetries and making precise identifications. To accomplish this, we apply
the boundary projection operator δ̃, which is introduced in appendix B.2, see especially
around (B.17). In particular, this procedure draws upon key transformations and constraints
elucidated in (B.21) and (B.22).

We proceed step-by-step with this process:

• Gauging the electric 1-form symmetry.
We gauge the 1-form symmetry Z[1,e]

N by integrating over its background 2-form gauge
field Be

2, which is promoted to a dynamical one b2 according to

δ̃(Be
2 ⌣ Be

2) = b2 ∧ b2 . (4.62)

It is known in the literature (see e.g. [154, section 2], [72, section 2], or [81, section 3])
that, when gauging the electric 1-form symmetry, one uplifts the SU(N)-gauge curvature
F

SU(N)
2 to a U(N)-gauge curvature F̃U(N)

2 . This can be achieved by demanding

F
SU(N)
2 7→ F̃

U(N)
2 − b2 , (4.63)

with the condition
tr
{
F̃

U(N)
2

}
= N b2 . (4.64)

We drop the superscript distinguishing the relevant gauge group in what follows.
Moreover, as already derived in subsection 4.3.2, we identify h̃4 with the generator of
the U(1) (−1)-form Chern-Weil symmetry. In particular, we impose

δ̃

(
h̃4
2π

)
= 1

8π2 tr
{
F̃2 ∧ F̃2

}
. (4.65)

Furthermore, by utilizing the discussion in subsection 4.3.2, the θYM-term for the
Yang-Mills theory is introduced, along with a Lagrange multiplier, as

δ̃(F1) = θYM + χ(1) , (4.66)

where we have shifted the fixed value of θYM by a background field χ(1).
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• Gauging the continuous 2-form symmetry.
The gauge field for the symmetry U(1)[2] is introduced by setting locally:

δ̃(F4) = dc3 . (4.67)

Here, c3 is the dynamical 3-form gauge field of the 2-form symmetry. Furthermore, we
gauge only a Z[2]

K subgroup of U(1)[2] by imposing

Kdc3 = 0 . (4.68)

This condition ensures the discrete structure of the symmetry.
Additionally, we introduce a discrete θ-term for the topological top form dc3, as discussed
around (B.22). To incorporate it, we set

δ̃(h̃1) = θ(2) + K χ(2) , (4.69)

with χ(2) acting as a Lagrange multiplier enforcing the condition Kdc3 = 0.

• Gauging the finite 3-form symmetry.
The Z[3]

p 3-form symmetry is gauged by taking

δ̃(A4) = a4. (4.70)

Additionally, the field B0 is identified with the boundary degrees of freedom as,

δ̃(pB0) = θ(3) + pχ(3) . (4.71)

The first summand introduces a θ-term for the a4 top form, while the second is a
Lagrange multiplier, which enforces the quantization of the periods of a4.

At this point, we arrive at the following topological action within the 4d action of the
dynamical gauge theory:

2πSP SU(N)/(Z[2]
K ⋊Z[3]

p )
TQFT =

∫
M4

[
θYM
8π2 tr

{(
F̃ − b2

)2}
+ θ(2)

2π dc3 +
θ(3)

2π a4
]

+
∫

M4

[ 1
8π2χ

(1) ∧ tr
{(
F̃ − b2

)2}K
2πχ

(2) ∧ dc3 +
p

2π χ
(3) ∧ a4

]
.

(4.72)
In the above, the first term is the usual θYM-term. The interpretation of the other terms
stems from the above discussion. In the following, we will further constrain this action by
demanding gauge invariance, uncovering interesting physical implications.

Gauge invariance. Demanding the invariance of the action (4.72) under large gauge
transformations imposes additional constraints.

The first term is by construction invariant under 1-form gauge transformations. Invariance
under large gauge transformations of c3 and a4 typically imposes additional restrictions on the
parameters, imposing discrete values for the θ-angles. However, in the present situation, we
are gauging two discrete groups simultaneously, and they may combine in higher structures.
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If we select the gauged subgroup Z[2]
K ⊂ U(1)[2] to have

K = p, (4.73)

we find a non-trivial solution to the requirement of invariance of (4.72) under large gauge
transformations c3 7→ c3 + Λ3. Letting a4 transform non-trivially:

a4 7→ a4 + dΛ3, (4.74)

we get the constraints

θ(2) = − θ(3)

χ(2) = −χ(3).
(4.75)

To lighten the notation we simply write θ for θ(2) from now on.
At this point, the TQFT action is given by

2πSP SU(N)/(Z[2]
K ⋊Z[3]

p )
TQFT =

∫
M4

[
θYM
8π2 tr

{(
F̃ − b2

)2}
+ θ

2π (dc3 − a4)
]

+
∫

M4

[ 1
8π2χ

(1) ∧ tr
{(
F̃ − b2

)2}
+ p

2π χ
(3) ∧ (a4 − dc3)

]
.

(4.76)

Higher-group structure. Further constraints are found by considering the equations of
motion of the Lagrange multipliers. The equation of motion of χ(1) implies

1
8π2

∫
tr
{
F̃ 2
}

= N

8π2
∫
b2 ∧ b2 ∈

1
N

Z . (4.77)

This is avoidable by imposing χ(1) = 0 from the onset, which trivially solves the issue. This
is the solution typically considered in the literature.

In the present situation, thanks to the simultaneous gauging of discrete 2-form and 3-form
symmetries, we now proceed to show that there is another, non-trivial solution, given by

χ(1) = χ(3) (4.78)

and allowing for modifications of the a4 gauge field (reminiscent of the Green-Schwartz
mechanism). This latter choice leads to interesting physical implications. In the following
we fix χ(1) = χ(3) =: χ.

The relevant part of (4.76) subject to this condition is∫
M4

χ ∧
[ 1
8π2 tr

{
F̃ 2
}
− N

8π2 b2 ∧ b2 + p

2π (−dc3 + a4)
]
. (4.79)

Recall that usually the discreteness of a4 is imposed with an auxiliary field a3 with pa4 = da3
(locally). Next, we relax this relation and instead we consider

pa4 = da3 +
N

4πb2 ∧ b2 . (4.80)
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This leads to express (4.76) as

2πSP SU(N)/(Z[2]
K ⋊Z[3]

p )
TQFT =

∫
M4

[
θYM
8π2 tr

{
F̃ 2
}
+ θ

2π

(
dc3−

1
p
da3

)]
+
∫

M4

1
8π2

(
θYM+ θ

p

)
b2∧b2

+
∫

M4
χ∧

[ 1
8π2 tr

{
F̃ 2
}
− p

2πdc3+
1
2π da3

]
.

(4.81)
We observe that, in this formulation, the action is invariant under the large Λ3 gauge
transformation by construction. However, now a4 remains invariant under 1-form large gauge
transformations b2 7→ b2 + Λ2 only if we impose

a3 7→ a3 −
N

2πb2 ∧ Λ1 −
N

4πΛ1 ∧ dΛ1 (4.82)

with dΛ1 = Λ2. This transformation indicates a higher-group structure between the gauged 1-
form and 3-form symmetries. This is to be combined with the non-trivial transformation (4.74)
of a3 under the 2-form large gauge transformation. Altogether, we have the following 4-group
structure (

Z[1,e]
N × Z[2]

p

)
×̃ Z[3]

p . (4.83)

This higher group structure was analyzed in [116]. The dynamical gauge theory La-
grangian, along with the TQFT action in (4.81), were referred to as the generalized SU(N)
super Yang-Mills (SYM) theory. Here, we review the main physical implication of the 4-group
structure in (4.83) as discussed in [116].

• Existence of pN vacua:
The generalized SU(N) SYM theories have pN vacua rather than the N vacua of the
usual SU(N) SYM theory. These extended vacua can be seen due to the existence of
p non-dynamical UV domain-walls (DWs) that separate between the N vacua of the
usual SU(N) gauge theory. Hence, there are pN vacua. In fact, our top-down analysis
shows that such non-dynamical UV DWs exist and can be identified with the Zp DWs
found in table 10.

• Periodicity of θYM:
Using the equation of motion of the χ field in (4.81), one shows that the combination
(θ + p θYM) should be 2π-periodic. It then follows that

θ ∼ θ + 2π, θYM ∼ θYM + 2π
p
. (4.84)

Next, we consider the physical implication of gauging the Z[2]
p ⊂ U(1)[2] 2-form symmetry

while turning-off the discrete 1-form and 3-form symmetries.

Modified instanton sum. Let us now turn off the 4-group structure discussed above,
retaining only the c3 gauge field associated with the 2-form symmetry. In this case, our
TQFT action simplifies to

2πSSU(N)/Z[2]
p

TQFT =
∫

M4

[
θYM
8π2 tr{F ∧ F}+ θ

2πdc3
]
+
∫

M4
χ ∧

[ 1
8π2 tr{F ∧ F} −

p

2π dc3
]
.

(4.85)
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The equation of motion of the χ field imposes the following constraint:
1

8π2 tr{F ∧ F} =
p

2π dc3 . (4.86)

Integrating both sides over spacetime gives a constraint on the instanton number, forcing it
to be a multiple of the integer p. This modified instanton sum was first proposed in [117],
building on earlier 2d examples with gauged 1-form symmetry [156–158], and further explored
in [116]. For more detailed discussions, we refer the reader to these works, as our focus here
is on the implications of the above TQFT.

Besides, from a calculation analogous to the one above, one shows that the periodicity
of the Yang-Mills θYM-angle is 2π/p.

5 Conclusions and outlook

In this paper, we investigated the appearance of (−1)-form symmetries and their mixed ’t
Hooft anomalies in supersymmetric field theories from the geometric engineering of M-theory
on a cone (with singularity at the tip), and computed their SymTFT actions.

For discrete (−1)-form symmetries, the 0-form gauge fields arise from the reduction of
differential cohomology class Ğ4 over torsional cycles on the link of the cone. For continuous
(−1)-form symmetries, the 1-form field strengths arise from the reduction of Ğ4 over free
cycles on the link of the cone. In particular, we propose that the topological operators
generating continuous symmetries come from the M-theory action ∼

∫
P7, where P7 is the

Page charge sourced by a (6+1)d fluxbrane.
This treatment is crucial to obtain well-posed topological operators, and expands on

the existing proposals, which are not suited to encompass Chern-Simons terms as the one
in the M-theory action.

From the dimensional reduction of M-theory topological term
∫
C3∧G4∧G4, we computed

the anomaly (twist) terms of the SymTFT action including the gauge fields for (−1)-form
symmetries. From the BF-like term G4 ∧G7 we derived the BF terms for both continuous
and discrete symmetries. In particular, a combination of such the BF term for the continuous
symmetries of the form

∫
Yd+1

F ∧ h together with a contribution from the twist term, of the
form

∫
Yd+1

F ∧ g̃, matches the action on the topological operator.
We applied the methods to a number of examples. First, for 5d N = 1 SCFTs from

M-theory on Calabi-Yau threefold singularities X6, we discussed the presence of discrete
and continuous (−1)-form symmetries which do not have a conventional gauge theory
interpretation.

We have also studied the SymTFT for 4d theories involving (−1)-form symmetries.
We discussed 4d N = 2 su(N) gauge theories from M-theory on X6 × S1, as well as 4d
N = 1 su(N) gauge theories from M-theory on spaces with G2 holonomy, i.e. the orbifold
X7 = B7/Γp,N,q whose link is the quotient space (S3 × S3)/Γp,N,q. In these models, we found
the mixed anomaly term F1∧B2∧B2 involving the (−1)-form symmetry field strength F1 and
the background gauge field B2 for 1-form symmetries. For the 4d N = 1 theory engineered
from X7 = B7/Γp,N,q, interestingly we found that parts of the 5d SymTFT action can be
reduced to topological terms in 4d, and we observed the presence of a 4-group symmetry
similar to the algebraic structure in the gauge theory with modified instanton sum [116].
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Our extensive and systematic analysis opens up a number of avenues for future research
directions:

• It would be desirable to extend our results from orbifolds with G2 holonomy, analyzing
orbifolds with non-abelian finite quotient groups. The methods we developed herein
would shed light on their associated p-form symmetries, with special focus on the
structure of (−1)-form symmetries within these setups.

• It is natural to extend our list of examples to incorporate the SymTFT of lower-
dimensional theories, emphasizing the role of (−1)-form symmetries. This involves
studying 3d theories with four or eight supercharges and their dimensional reductions
to 2d, integrating perspectives from both field theory and geometric engineering within
M-theory and superstring frameworks.

• Our developments can be adapted to the construction of (−1)-form symmetries within
the framework of AdS/CFT (following [53]), with the aim to uncover their holographic
origins and dual implications.

• Our progress in understanding the BF terms and topological operators for U(1) sym-
metries to incorporate the effect of the Chern-Simons term in M-theory begs for a more
exhaustive treatment. It would be interesting to investigate SymTFTs obtained as the
topological limit of a Maxwell-Chern-Simons action, particularly their implications for
generalized symmetries and topological phases.

• Perhaps the investigation of P7-fluxbranes carried over in this work and their role as
generators of U(1) symmetries, may serve to explore the origins of the R-symmetry
within the context of geometric engineering in M-theory.
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A Torsion classes and differential cohomology

A.1 Künneth’s theorem for principal ideal domains

Let Z be a principal ideal domain, and H•(L,Z) be the homology of the topological space L
with coefficients in Z. We will be interested in the case Z = Z, the ring of integers.
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Künneth’s theorem states that, for any two topological spaces L,L′, and k ∈ Z, there
exists a short exact sequence

0 −→
⊕

i+j=k

Hi(L,Z)⊗Z Hj(L′,Z) −→ Hk(L× L′,Z)

−→
⊕

i+j=k−1
TorZ

1
(
Hi(L,Z), Hj(L′,Z)

)
−→ 0,

(A.1)

and furthermore the sequence splits. In this expression, TorZ
1 is the first Tor-functor. In

particular, it vanishes whenever either of the two arguments is a free Z-module.
For our purposes, the theorem means that Künneth’s formula receives a correction by

torsion classes whenever we take the product of two manifolds both supporting torsion
(co)homology classes. The (co)homological grading of these torsion terms is shifted by one
compared to the ‘classical’ Künneth formula with coefficients in a field. For instance, if both
L and L′ have torsional 1-cycles, L × L′ will have torsional 2- and 3-cycles.

Tor. To explain the Tor-functor, let A be a right Z-module and B be a left Z-module.
TorZ

k (A,B) is computed as follows. Pick any projective resolution

· · · −→ P2 −→ P1 −→ P0 −→ A −→ 0, (A.2)

eliminate A and form a new complex by tensoring with B over Z:

· · · −→ P2 ⊗Z B −→ P1 ⊗Z B −→ P0 ⊗Z B −→ 0. (A.3)

Then, TorZ
k (A,B) is by definition the kth homology of this complex (note that the grading

increases from right to left).
The following is well-known, but we sketch the proof for completeness.

Lemma A.1.1. In the setup above, set Z = Z and A = Zm,B = Zn. It holds that

TorZ1 (Zm,Zn) = Zgcd(n,m). (A.4)

Proof. To be more careful, we will distinguish the multiplicative group Zn of nth roots of
unity, and denote Z/nZ the additive group of n elements defined mod n.

We start by writing the short exact sequence

0 −→ Z m·−−−→ Z ↠ Z/mZ −→ 0, (A.5)

with the first map given by multiplication by m. This provides us with a resolution of Z/mZ
by the two-term complex

[Z m·−−−→ Z]. (A.6)

Tensoring with Z/nZ over the integers and using Z⊗Z (Z/nZ) ∼= Z/nZ, we arrive at

Z/nZ m·−−−→ Z/nZ. (A.7)

We are ultimately interested in multiplicative groups, instead of additive. The desired complex
is obtained from the above by the exponential map

exp
(2πi
n
·
)
: Z/nZ −→ Zn, α 7→ e2πiα/n. (A.8)
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Observe that, exponentiating the complex, the multiplication map m· lifts to a map of groups:

m̂ : Zn −→ Zn, u 7→ um, (A.9)

for u a nth root of unity. By definition, TorZ1 (Zn,Zm) is computed applying the homology
functor H1 to the resulting complex

Zn
m̂−−→ Zm. (A.10)

Clearly, inside the left-most term in the complex, the image of the previous boundary map is
trivial; the only remaining task is thus to compute ker(m̂). The kernel of (A.9) consists of
nth roots of unity that are also mth roots of unity. In multiplicative notation:

ker ((A.9)) = {u ∈ Zn : um = 1} ∼= Zgcd(n,m) (A.11)

(seen as a subgroup of Zn). We conclude that TorZ1 (Zm,Zn) = Zgcd(n,m) .

A.2 Differential cohomology summary

For introductions on differential cohomology, see e.g. [118, section 3], [121, section 2], or
the review [122]. For a more exhaustive mathematical treatment, we refer to [120] or the
review [159].

A.2.1 Cheeger-Simons characters

Definition A.2.1 ([119]). Let M be a smooth manifold, and Zk(M) the group of smooth
k-cycles in M . A differential character of degree p on M is a homomorphism of abelian
groups

χ : Zp−1(M) −→ U(1) (A.12)
such that ∃! closed differential p-form Fχ ∈ 2πΩp

Z(M) such that

χ(∂Σ) = exp
(

i
∫
Σ
Fχ
)

(A.13)

for every p-chain Σ ∈ Cp(M). The group of differential characters of degree p is called
Cheeger-Simons group H̆p(M).11

The field strength map (2.2) acts as χ 7→ F (χ) = 1
2πF

χ. We adopt the notation of [49]
and denote the character χ of degree p and with field strength F

2π by F̆p.
The Cheeger-Simons group H̆p(M) is completely characterized by the diagram [160]

H̆p(M)

Ωp
Z(M)

0

0

Hp−1(M,R/Z)

F

Hp(M,Z)

0

0

Ωp−1(M)/Ωp−1
Z (M)

c

(A.14)
11These conventions on the grading are by now standard (see e.g. [120, 121, 159]), but they are shifted by 1

with respect to the seminal paper [119].
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where Hp−1(M,R/Z) classifies gauge-equivalence classes of flat (p− 1)-form gauge fields, and
Ωp−1(M)/Ωp−1

Z (M) classifies topologically trivial (p − 1)-form gauge fields.

Integration. Given a fibration M ↪→ M ↠ B whose fibres are smooth manifolds of
dimM = d < p, we define an integration map:∫ H̆

M/B
: H̆p(M) −→ H̆p−d(B). (A.15)

In particular, using H̆1(pt) ∼= R/Z, we have the integration
∫ H̆

M introduced in (2.5).

A.2.2 Differential characters and higher-form symmetries

Given a (p − 2)-gerbe on M with (p − 1)-connection Ap−1, the periods of the connection
define a map

Zp−1(M) −→ U(1), Σp−1 7→ exp
(
2πi

∫
Σp−1

Ap−1

)
. (A.16)

The field strength and characteristic class are obtained in the usual way. We thus see that
differential characters of degree p classify (p−2)-gerbes with (p−1)-connection. In particular,
when p = 2, we have that H̆2(M) is a model for line bundles with connection on M , providing
a refinement of H2(M,Z) as a model for line bundles on M .

Holonomy. The holonomy (A.16) lifts to differential cohomology. The holonomy of a
differential character F̆p ∈ H̆p(M) along Σp−1 ∈ Zp−1(M) is

Σp−1 7→ exp
(
2πi

∫ H̆

Σp−1
F̆p

)
. (A.17)

Consider a torsional cycle Σp−1 ∈ TorHp−1(M,Z), and let n ∈ N be the minimal integer
such that nΣp−1 ≡ 0. One can choose a p-chain Yp ∈ Cp(M,Z) such that ∂Yp = nΣp−1. Then
the holonomy of F̆p ∈ H̆p(M) along the torsional cycle is [120, Remark 16]

exp
[
2πi
n

(∫
Yp

Fp

2π − ⟨c(F̆p), Yp⟩
)]

. (A.18)

Here ⟨·, ·⟩ is the Kronecker pairing between cohomology and homology, and we are abusing of
notation by using the same symbol when Yp is a chain but not a homology class (see [120,
section 5.1] for the precise definition).

A.2.3 Products in differential cohomology

Internal product. There exists an internal product operation ⋆ that induces a graded
ring structure on H̆•(M):

⋆ : H̆p(M)⊗ H̆q(M) −→ H̆p+q(M). (A.19)

It descends to the wedge product ∧ in Ω•(M) under the field strength map, and to the cup
product ⌣ in H•(M,Z) under the characteristic class map.
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Useful properties that we use in the main text are:

(i) The product operation satisfies

F̆p ⋆ Ğq = (−1)pqĞq ⋆ F̆p (A.20)

for any two classes F̆p ∈ H̆p(M), Ğq ∈ H̆q(M). In particular, it follows that:

1
2
(
F̆p ⋆ Ğq + Ğq ⋆ F̆p

)
=

0 if p, q ∈ 1 + 2Z
F̆p ⋆ Ğq if p ∈ 2Z or q ∈ 2Z.

(A.21)

(ii) When F̆p is topologically trivial, with F (F̆p) = 1
2πdAp−1, then F̆p ⋆ Ğq is also topologi-

cally trivial, with

F (F̆p ⋆ Ğq) = d
(
Ap−1
2π ∧ Gq

2π

)
. (A.22)

(iii) The holonomy of F̆p ⋆ F̆p along a (2p − 1)-cycle Σ2p−1 is locally represented by the
Chern-Simons functional

exp
(
2πi

∫
Σ2p−1

F̆p ⋆ F̆p

)
locally= exp

(
i
∫
Σ2p−1

Ap−1 ∧
Fp

2π

)
, (A.23)

but the left-hand side is globally defined, as opposed to the right-hand side.

External product. Consider the product manifold L ×M , with projections

L
π←−− L×M π′

−−→M. (A.24)

The internal product ⋆ induces an external product

× : H̆p(L)⊗ H̆q(M) −→ H̆p+q(L×M) (A.25)

via
F̆p × Ğq := (π∗F̆p) ⋆ (π′∗Ğq). (A.26)

Proposition A.2.2 (see e.g. [120, Lemma 30]). Let L,M be closed oriented manifolds. The
integration defines a pairing

∫ H̆

L×M
: H̆p(L)⊗ H̆q(M) −→ R/Z (A.27)

with

∫ H̆

L×M
F̆p × Ğq =


(∫

M c(Ğq)
) ∫ H̆

L F̆p if p = dimL+ 1 and q = dimM
(−1)p

(∫
L c(F̆p)

) ∫ H̆
M Ğq if p = dimL and q = dimM + 1

0 otherwise.

(A.28)
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In particular note that, if e.g. p = dimL+ 1, F̆p is necessarily topologically trivial for
dimensional reasons, thus there exists a gauge field Ap−1 such that∫ H̆

L
F̆p =

∫
L
Ap−1 mod 1. (A.29)

Additionally, one can show the following.

Proposition A.2.3. Let Lp−1 be closed and oriented, and Yq be a manifold with boundary.
Take F̆p ∈ H̆p(Lp−1), Ğq ∈ H̆q(Yq), and moreover assume that Ğq is topologically trivial,
F (Ğq) = 1

2πdBq−1. Then∫ H̆

Lp−1×Yq

F̆p × Ğq =
(∫

∂Yq

Bq−1

)∫ H̆

Lp−1
F̆p. (A.30)

Proof. The statement follows immediately adapting the proof of [120, Lemma 30] to chains
with boundaries. Since it is not stated explicitly there, we report the proof for completeness.

We start by the fact that necessarily F (F̆p) = 1
2πdAp−1. We have∫ H̆

Lp−1×Yq

F̆p × Ğq =
∫ H̆

Lp−1×Yq

(
π∗dĂp−1

)
⋆
(
π′∗Ğq

)
=
∫ H̆

Lp−1×Yq

d
(
π∗Ăp−1 ⋆ π

′∗Ğq

)
(A.31)

where, for the second equality, we use the fact that Ğq is closed and the compatibility [120,
eq. (54)]. The right-hand side is the holonomy of a topologically trivial differential character
on Lp−1 × Yq, hence∫ H̆

Lp−1×Yq

F̆p × Ğq =
∫

Lp−1×Yq

π∗
Ap−1
2π ∧ π′∗F (Gq)

=
(∫

Lp−1

1
2πAp−1

)(∫
Yq

1
2πGq

)
.

(A.32)

To conclude the proof we plug in the hypothesis Gq = dBq−1 and get∫ H̆

Lp−1×Yq

F̆p × Ğq =
(

1
2π

∫
Lp−1

Ap−1

)(
1
2π

∫
∂Yq

Bq−1

)
. (A.33)

Slant product. The slant product is defined at the level of (co)chains as the pairing

Cp+q(L× L′)⊗ Cq(L′) −→ Cp(L). (A.34)

It lifts to a pairing in differential cohomology [118], see also [58] for its applications to
geometric engineering.

A.2.4 Holonomy versus higher linking

In the main text we ought to evaluate integrals in differential cohomology. In this appendix
we compare our approach, based on computing holonomies of Cheeger-Simons characters,
with the method of [57], which uses higher linking pairing.

This subsection is meant for the interested reader, to serve as a dictionary between
distinct but equivalent approaches, and is not necessary for our derivation.
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Holonomy versus higher linking: free cycles. Let vp, v
′
q ∈ H•(L,Z)free. By Poincaré

duality, we have ∫ H̆

L
v̆p ⋆ v̆

′
q = ℓL

(
PD(vp),PD(v′q)

)
. (A.35)

The result vanishes unless p+ q = dim(L) + 1, which we assume is the case. The right-hand
side is computed by taking a (d− p+ 1)-chain (i.e. a q-chain) Σq with ∂Σq = PD(vp), and
counting the number points at which PD(v′q) intersects Σq,

ℓL
(
PD(vp),PD(v′q)

)
= |Σp ∩ PD(v′q)|. (A.36)

The intersection number should be counted with sign, consistent with the rule |Σp∩PD(v′q)| =
(−1)pq|Σ′

q ∩ PD(vp)|.

Holonomy versus higher linking: torsion cycles. Let us now discuss the situation with
torsion cocycles tp, t′q ∈ TorH•(L,Z). By Poincaré duality, we have∫ H̆

L
t̆p ⋆ t̆

′
q = ℓL

(
PD(tp),PD(t′q)

)
. (A.37)

To compute the right-hand side, [57] introduces a q-chain Σq and a p-chain Σ′
p with

∂Σq = nPD(tp), ∂Σ′
p = mPD(t′q). (A.38)

Here we are using dim(L) + 1 = p + q for the dimensions. Letting ωp−1 = PD(Σq) and
ω′

q−1 = PD(Σ′
p) , one has [57]

ℓL
(
PD(tp),PD(t′q)

)
= 1
nm

∫
L
ωp−1 ∧ dω′

q−1 =
1
nm
|Σq ∩ ∂Σ′

p|. (A.39)

We emphasize a few aspects of this formula:

• The intersection is well-posed if dim(Σq) + dim(Σ′
p) − 1 = dim(L), that is to say

p+ q = dim(L) + 1, which agrees with the condition from the differential cohomology
integration (A.37).

• The final result involves counting intersection points between chains. Therefore, while
∂Σ′

p = mPD(t′q) corresponds to a trivial homology class, it nevertheless intersects Σq at
an integer number of points.

• There is an implicit choice of sign to be made, to make the counting of points unam-
biguous. Integrating by parts in (A.39), we have the self-consistency condition (cf. [48,
eq. (2.34)])

|Σq ∩ ∂Σ′
p| = (−1)pq|Σ′

p ∩ ∂Σq|. (A.40)

• The linking number actually depends on the choice of representative chain, not just on
the homology class. Shifting PD(tp) 7→ PD(tp) + ∂(λq), the right-hand side of (A.39) is
modified by

1
nm
|Σq ∩ ∂Σ′

p| 7→
1
nm
|Σq ∩ ∂Σ′

p|+
1
m
|λq ∩ ∂Σ′

p|. (A.41)

This parallels the differential cohomology statement that different discrete gauge fields
in the differential character t̆p have different holonomy, whereby giving a different result.

– 67 –



J
H
E
P
0
3
(
2
0
2
5
)
1
3
4

• For p, q such that (A.37) is non-vanishing, we have the Pontryagin duality

TorHq(L,Z) = Hom (TorHp(L,Z),U(1)) . (A.42)

We write TorHp(L,Z) =⊕µ
α=1 Zmα , which, using the canonical isomorphism Ẑm

∼= Zm,
implies

TorHq(L,Z) =
µ⊕

α=1
Zmα . (A.43)

There are two cases for (A.39):

(i) If n = mα = m corresponds to the same direct summand, then
1
n2
|Σq ∩ ∂Σ′

p| ∈
1
n
Z; (A.44)

(ii) If n = mα,m = m ̸=α correspond to disjoint summands, then we can select the
generators in such a way that (A.39) vanishes.

Holonomy versus higher linking: mixing torsion and free cycles. Repeating the
argument with tp ∈ TorHp(L,Z), vq ∈ Hq(L,Z)free, we set ∂Σq = nPD(tp) and compute∫ H̆

L
t̆p ⋆ v̆q =

∫ H̆

PD(vq)
t̆p = 1

n
|Σq ∩ PD(vq)|. (A.45)

A.3 Integrals of torsion cocycles

In this appendix, we compute the holonomy of torsion classes in H̆•(L) for various closed
manifolds L of interest in the main text.

A.3.1 Torsion classes and tensor products

Let t̆p, t̆′q be the lift to H̆•(L) of torsion classes, with p + q = dim(L) + 1. Denote for
simplicity the torsion cohomology groups generated by tp and t′q by, respectively, Zn and
Zm. The holonomy of t̆p ⋆ t̆′q is

exp
(
2πi

∫ H̆

L
t̆p ⋆ t̆

′
q

)
. (A.46)

Lemma A.3.1. In the setup above,

gcd(n,m)t̆p ⋆ t̆′q ≡ 0 in H̆p+q(L). (A.47)

Proof. First, we observe that, since ntp ≡ 0 and mtq ≡ 0, then nt̆p ⋆ t̆
′
q ≡ 0 ≡ mt̆p ⋆ t̆′q.

Write n = gn′,m = gm′ with gcd(n′,m′) = 1, and assume without loss of generality that
m′ > n′. We write m′ = µn′ + ν, 0 < ν < n′. Then,

0 ≡ gm′(t̆p ⋆ t̆′q) = gm′(t̆p ⋆ t̆′q)− µgn′(t̆p ⋆ t̆′q) = gν(t̆p ⋆ t̆′q). (A.48)

We can now write n′ = µ′ν +m′′ and, repeating the argument with the due changes, we have

0 ≡ gn′(t̆p ⋆ t̆q) = gm′′(t̆p ⋆ t̆′q), (A.49)

for some integer 0 < m′′ < ν < n′ < m′. Iterating, we eventually arrive at rest 1 and hence
g · 1 · (t̆p ⋆ t̆′q) ≡ 0 in cohomology.
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Γ An−1 Deven Dodd E6 E7 E8

Γab Zn Z2 ⊕ Z2 Z4 Z3 Z2 1

Table 12. ADE groups and their abelianization.

We thus have that t̆p ⋆ t̆′q is gcd(n,m)-torsional, and its holonomy takes values in the
multiplicative group Zgcd(n,m).

A.3.2 Torsion cohomology of lens spaces

Let Γ a finite ADE group, and consider S3/Γ. The (co)homology groups are:

H3−•(S3/Γ,Z) ∼= H•(S3/Γ,Z) = Z ⊕ 0 ⊕ Γab ⊕ Z, (A.50)

where Γab := Γ/[Γ,Γ] is the abelianization of Γ, listed in table 12.
Let t2 denote the torsional generator of H2(S3/Γ,Z); its Poincaré dual PD(t2) is a

homology class with representative S1/Γ, the Hopf fibre acted on by Γ. We introduce the
shorthand notation

CS(3)Γ := 1
2

∫ H̆

S3/Γ
t̆2 ⋆ t̆2. (A.51)

The integral was evaluated in [48] and [49, section 3.3], with result

−CS(3)Γ =



n−1
2n Γ = An−1
2n+1

8 Γ = D2n+1
5
3 Γ = E6
3
4 Γ = E7

(A.52)

Motivation. The only reason to include the present example in this appendix is to compare
our approach with other methods used in the literature, showing perfect agreement in this
well studied example. Along the way, this example allows us to explain some subtleties
concerning the importance of the choice of generator in the computation of the coefficients
in the SymTFT action.

Derivation via holonomy. We now produce a different derivation of this result, using
the holonomy of differential characters. This make manifest the machinery introduced so
far. We focus for concreteness on Γ = An−1.

To compute the integral (A.51), we evaluate the holonomy of the differential character
t̆2 ⋆ t̆2 ∈ H̆4(S3/Zn) on the 3-cycle [S3/Zn]. The character t̆2 ⋆ t̆2 is necessarily flat for
dimensional reasons, therefore

∫ H̆

S3/Zn

t̆2 ⋆ t̆2 = −
1
n
⟨c(t̆2 ⋆ t̆2),Σ4⟩, (A.53)
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where ⟨·, ·⟩ denotes the perfect pairing between chains and cochains, and Σ4 is a 4-chain
with ∂Σ4 = S3/Zn. Explicitly:

⟨c(t̆2 ⋆ t̆2),Σ4⟩ =
∫
Σ4
c(t̆2)⌣ c(t̆2)

=
∫
Σ2

F (t̆2) =
∮

nPD(t2)
u1,

(A.54)

where ∂Σ2 = nPD(t2). The second equality uses Poincaré duality and, in the last equality, u1
is a properly quantized 1-form gauge field associated to t̆2. By the quantization condition,
we have that the integral takes values in Z/nZ. The actual value depends on the choice
of u1, each choice corresponding to a different generator of Zn, and hence to a different
generator of the electric 1-form symmetry. Inserting this back into (A.53) and comparing
with (A.51), we obtain

CS(3)An−1
= − 1

2n

∫
Σ2

F (t̆2) = −
1
2n

∮
nPD(t2)

u1. (A.55)

The choice of generator of H̆2(S3/Zn) with holonomy exp(2πi(n− 1)/n) reproduces the
result of [49].

Derivation via linking pairing. For the sake of comparison, we show the agreement of our
derivation using differential cohomology, with a derivation along the lines of [57, appendix A].

First, one writes

1
2

∫ H̆

S3/Zn

t̆2 ⋆ t̆2 =
1
2ℓS3/Zn

(PD(t2),PD(t2)) =
1

2n2 |nPD(t2) ∩ Σ2| mod 1, (A.56)

for any ∂Σ2 = nPD(t2). The second equality has been reviewed in appendix A.2.4. Besides,
we are making explicit that only the mod 1 part of the result matters (as it ultimately
appears in an exponential, multiplied by 2πi). To count the number of intersection points,
we use that PD(t2) is the Zn-quotient of the Hopf fibre of S3. We thus evaluate the linking
number by considering a Hopf link, fill in a disk with boundary one of the circles, and
count the intersection points.

The outcome is ±n, with sign depending on the orientation convention. It turns out that

— The orientation implicitly chosen in [57, section 4.1] gives +n; however

— To match with the result of [49, section 3.3] and [161, section 4], we must choose a
generator with opposite orientation, thus getting an intersection number of −n.

Derivation via pullback and intersection. Let us quickly review how the result was
obtained in [49], referring to the literature for more details. The linking number (A.56)
was computed in [49, eq. (3.26)]:

1
2ℓS3/Zn

(PD(t2),PD(t2)) =
1
2

(
1
n

n−1∑
i=1

iSi

)
·
X̃4

 1
n

n−1∑
j=1

jSj

 . (A.57)
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On the right-hand side,

X̃4 −→ C2/Zn (A.58)

is the minimal crepant resolution, with exceptional divisors Si, and the pullback of PD(t2)
to X̃4 has been identified with 1/n times the central generator ∑i iSi. Using

Si ·X̃4
Sj = δj,i+1 + δj,i−1 − 2δj,i, (A.59)

we obtain

CS(3)An−1
= 1

2n2

[
n−2∑
i=1

i(i+ 1) +
n−1∑
i=2

i(i− 1)− 2
n−1∑
i=1

i2
]
= −n− 1

2n (A.60)

as claimed.
It is important to stress that the identification of the pullback of PD(t2) to X̃4 with

1
n

∑
i Si corresponds to fix a choice of generator of the torsion group Zn. Physically, this

choice is motivated in [49] to match with the generator of the electric 1-form symmetry
usually considered in the physics literature.

A.3.3 Torsion cohomology of links of Calabi-Yau threefolds

Torsion cocycles. We compute the integrals (3.9), which we report here for ease of the reader:

(CS(5))αα′α′′ = 1
6

∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ t̆α

′′
2

(C̃S(5))ββ′ =
∫ H̆

L5
t̆β3 ⋆ t̆

β′

3 ,

(κ(5))αα′ =
∫ H̆

L5
t̆α4 ⋆ t̆

α′
2 .

(A.61)

The computation of C̃S(5) is similar to appendix A.3.2. First, we note that

nβt
β
3 ≡ 0 and nβ′tβ

′

3 ≡ 0 =⇒ gcd(nβ , nβ′)tβ3 ⌣ tβ
′

3 ≡ 0. (A.62)

Then, the holonomy of t̆β3 ⋆ t̆
β′

3 along [L5] is given by

(C̃S(5))ββ′ = ℓL5

(
PD(tβ3 ),PD(tβ

′

3 )
)

= − 1
gcd(nβ , nβ′)⟨c(t̆

β
3 )⌣ c(t̆β

′

3 ),Σ6⟩ ∈
1

gcd(nβ , nβ′)Z,
(A.63)

When β′ = β, the integral vanishes by anti-symmetry. When β′ ̸= β, the computation of this
integral boils down to the correct identification of generators of H̆3(L5) with the physical
generators. Using that the pullback of PD(tβ3 ) to X̃6 is a Lagrangian, we can write

(C̃S(5))ββ′ = − ℓβ,β′

gcd(nβ , nβ′) , (A.64)

for some integers ℓβ,β′ ∈ Z computed by counting intersection numbers of (suitably identified)
Lagrangian 3-cycles in X̃6.
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To evaluate the matrix κ(5) we use that the holonomy of t̆α4 ⋆ t̆α
′

2 along [L5] reduces to

(κ(5))αα′ = − 1
mα
⟨c(t̆α′

2 ),Σα
2 ⟩ (A.65)

where ∂Σα
2 = mαPD(tα4 ). We choose dual bases such that the pairing yields δα,α′ , whence

(κ(5))αα′ = − 1
mα

δα,α′ . (A.66)

Finally, we evaluate CS(5). The computation using differential cohomology shows that
the holonomy of t̆α2 ⋆ t̆α

′
2 ⋆ t̆α

′′
2 is∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ t̆α

′′
2 = − 1

mα
⟨c(t̆α′

2 )⌣ c(t̆α′′
2 ),Σα

4 ⟩ ∈
1
mα

Z

= − 1
mα′
⟨c(t̆α2 )⌣ c(t̆α′′

2 ),Σα′
4 ⟩ ∈

1
mα′

Z

= − 1
mα′′
⟨c(t̆α2 )⌣ c(t̆α2 ),Σα′′

4 ⟩ ∈
1

mα′′
Z.

(A.67)

The equality of the three expression implies that, in fact,∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ t̆α

′′
2 ∈

1
gcd(mα,mα′ ,mα′′)Z. (A.68)

We then use that tα′
2 ⌣ tα

′′
2 can be expanded into the basis of TorH4(L5,Z), as

tα
′

2 ⌣ tα
′′

2 =
µ∑

γ=1
κ̂γα′α′′tγ4 . (A.69)

The left-hand side takes values in Z/gcd(mα′ ,mα′′)Z, whereas each term in the right-hand
side is valued in Z/mγZ. The coefficient should thus vanish unless gcd(mα′ ,mα′′) divides
mγ , in which case

κ̂γα′α′′ ∈ mγ

gcd(mγ ,mα′ ,mα′′)Z. (A.70)

Plugging back into (3.9), we compute

6(CS(5))αα′α′′ =
µ∑

γ=1
κ̂γα′α′′

∫ H̆

L5
t̆α2 ⋆ t̆

γ
4

=
µ∑

γ=1
κ̂γα′α′′(κ(5))γα = − 1

mα
κ̂αα′α′′ .

(A.71)

The right-hand side takes values in [1/gcd(mα,mα′ ,mα′′)]Z, as claimed.
In turn, the coefficients can be computed in a crepant resolution X̃6 −→ X6, as the

triple intersection numbers of the divisors E ′α, which are the pullback to X̃6 of the 3-chains
mαPD(tα2 ) in L5. In other words,

(CS(5))αα′α′′ = 1
6mαmα′mα′′

E ′α ·X̃6
E ′α′ ·

X̃6
E ′α′′ . (A.72)
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Mixed torsion and free cocycles. Besides the above coefficients, we need to evaluate

(η(5))αα′i =
1
2

∫ H̆

L5
t̆α2 ⋆ t̆

α′
2 ⋆ v̆i

2

(η̃(5))βi =
∫ H̆

L5
t̆β3 ⋆ v̆

i
3,

(κ̃(5))αi =
∫ H̆

L5
t̆α4 ⋆ v̆

i
2,

(η̂(5))αij =
∫ H̆

L5
t̆α2 ⋆ v̆

i
2 ⋆ v̆

j
2.

(A.73)

A change of generators of H2(L5,Z)free shifts

η̂
(5)
αij 7→ η̂

(5)
αij +

µ∑
α′=1

mα′
j η

(5)
αα′i +

µ∑
α′,α′′=1

mα′
j m

α′′
i CS(5)αα′α′′ (A.74)

for an arbitrary matrix of integers, mα
i ∈ Z. Following [49, section 4], we conveniently fix

the generators so that η̂(5)αij is set to zero.
We have

(κ̃(5))αi =
∫ H̆

L5
t̆α4 ⋆ v̆

i
2 = −

1
mα
⟨c(t̆α4 ),Σi

4⟩ =
1
mα
|mαPD(tα4 ) ∩ Σ4| (A.75)

for any 4-chain with ∂Σi
4 = PD(vi

2). In turn, given a resolution X̃6 −→ X6, mαPD(tα2 )
pulls back to a non-compact 2-cycle and PD(vi

2) pulls back to a non-compact 4-cycle Ei,
which generates a Cartan factor U(1)i of the flavor symmetry group. Additionally, we
have the relation

(η(5))α′α′′i =
1
2

µ∑
α=1

(
E ′α ·X̃6

E ′α′ ·X̃6
E ′α′′

)
mα′mα′′︸ ︷︷ ︸

∈Z

(κ̃(5))αi . (A.76)

Free cocycles trivialize. There are additional terms, that we are omitting from the
derivation of the action in subsection 3.1.1. Reductions only along free cycles in the link
would contribute an integer to the action after the integration, thus being trivial. For example,

∑
1≤i<j≤b2

(∫ H̆

L5
v̆i
3 ⋆ v̆

j
3

)∫
Y6

F (F̆4) ∧F (F̆ i
1) ∧F (F̆ j

1 )

=
∑

1≤i<j≤b2

ℓL5

(
PD(vi

3),PD(vj
3)
)

︸ ︷︷ ︸
∈Z

∫
Y6

F (F̆4) ∧F (F̆1) ∧F (F̆1)︸ ︷︷ ︸
∈Z

,
(A.77)

where we use that the linking in L5 of the 2-cycles Poincaré dual to v•3 is an integer, and the
integral of the field strengths is also integer (with our normalization for the map F ).
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Example: local P1 × P1. Let us exemplify the calculation in the simplest example of
5d N = 1 su(2) Yang-Mills theory. This will serve as a cross-check of our computations
in differential cohomology.

su(2) Yang-Mills theory is geometrically engineered from M-theory on the local del
Pezzo surface P1 × P1, and has been extensively studied in the literature. We refer to [31,
section 4.1] for a detailed analysis of the toric geometric data. In the conventions therein,
the generator of the U(1)[0,in] instanton flavor symmetry is (D1 −D2), but it does not satisfy
our assumption on v2 in subsection A.3.3. We therefore choose a different generator, by
shifting v̆2 + t̆2 7→ v̆2, corresponding to

E = D1, E ′ = 2D1 − 2D2. (A.78)

Furthermore, demanding (3.29) we have that NPD(t4) pulls back to the curve D1 ·D2. The
triple intersection numbers involving three Di in this geometry have been computed in [31,
eq. (B.18)]. Applying those formulas, we get:

6CSY 2,0 = (D1 +D2)3 = −1 ≡ 2− 1 mod 2

2ηY 2,0 = D1 · (D1 +D2)2 = −
1
2

κ̃Y 2,0 = D1 ·D2 · (D1 +D2) =
1
2

(A.79)

in perfect agreement with the general formulas (3.32) specialized to N = 2.

A.3.4 Torsion cohomology of products of lens spaces

Consider L6 = L3,f × L3,b, together with the natural projections

L3,f
πf←−− L3,f × L3,b

πb−−−→ L3,b, (A.80)

where
L3,f = S3f /Zn, L3,b = S3b/Zp. (A.81)

The differential cohomology of the lens spaces has been reviewed in appendix A.3.2. The
(co)homology of L3,f ×L3,b is computed via Künneth’s theorem, as reviewed in appendix A.1.
We obtain:

H•(L3,f × L3,b,Z) = Z ⊕ 0 ⊕
Zn

⊕
Zp

⊕
Z⊕2

⊕
Zgcd(n,p)

⊕ Zgcd(n,p) ⊕
Zn

⊕
Zp

⊕ Z . (A.82)

The generators are chosen according to subsection 4.3. We denote tα2 , volα3 the generators
of TorH2(L3,α,Z) and H2(L3,α,Z)free, for α = f,b. This implies that:

• The generators of H̆2(L3,f × L3,b) are {π∗αt̆α2 , α = f, b};

• The generators of H̆3(L3,f × L3,b) are {t̆3} ∪ {π∗αv̆ol
α
3 , α = f, b};

• The generator of H̆4(L3,f × L3,b) is t̆f2 × t̆b2 = (π∗f t̆f2) ⋆ (π∗bt̆b2);
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• The generators of H̆5(L3,f × L3,b) are t̆f2 × v̆olb3 = (π∗f t̆f2) ⋆ (π∗bv̆ol
b
3) and t̆b2 × v̆olf3 =

(π∗bt̆b2) ⋆ (π∗f v̆ol
f
3);

• The generator of H̆6(L3,f × L3,b) is v̆olf3 × v̆olb3 = (π∗f v̆ol
f
3) ⋆ (π∗bv̆ol

b
3).

Torsion cocycles. Using only torsion cocycles, we form the classes (t̆α2 × t̆α
′

2 )⋆ t̆3 ∈ H̆7(L3,f×
L3,b). Integrating them against the fundamental cycle we wish to compute

2−δα,α′
∫ H̆

L3,f×L3,b
(t̆α2 × t̆α

′
2 ) ⋆ t̆3. (A.83)

Using Pontryagin duality between TorH3(L3,f ×L3,b,Z) and TorH4(L3,f ×L3,b,Z), we choose
the generator t̆3 such that ∫ H̆

L3,f×L3,b
(t̆f2 × t̆b2) ⋆ t̆3 = −

1
gcd(n, p) (A.84)

when α ̸= α′, analogous to (A.65) for L5. In turn, when α = α′ = f we have

1
2

∫ H̆

L3,f×L3,b
(t̆f2 × t̆f2) ⋆ t̆3 = CS(3)Zn

(∫
L3,b

πb,∗t3

)
= 0, (A.85)

and likewise when α = α′ = b. Here, CS(3)Γ was defined in (A.51), and the vanishing is due
to the integral of the pushforward of t3 to either lens space.

Mixed torsion and free cocycles. Mixing t̆·2 and v̆ol·3 we have the integrals∫ H̆

L3,f×L3,b
t̆α2 × t̆α

′
2 × v̆olα

′′

3 =
∫ H̆

L3,f×L3,b
(π∗αt̆α2 ) ⋆ (π∗α′ t̆α

′
2 ) ⋆ (π∗α′′ v̆olα

′′

3 ), (A.86)

which evaluate to:

∫ H̆

L3,f×L3,b
t̆α2 × t̆α

′
2 × v̆olα

′′

3 =


2CS(3)Zn

α = α′ = f and α′′ = b
2CS(3)Zp

α = α′ = b and α′′ = f
0 α = α′′ or α′ = α′′.

(A.87)

CS(3)Γ was defined and computed in appendix A.3.2 and, choosing generators consistent with
the conventions of [49], we have 2CS(3)Zn

= 1−n
n . No other classes in H̆7(L3,f × L3,b).

B From SymTFT to QFT

In this section, we aim to discuss a general approach for constructing the topological sectors of
QFTs from the bulk SymTFT theory. This is achieved by introducing a boundary projection
operator that maps SymTFT fields to the physical theory using the so-called sandwich
construction. Such topological sectors may combine with specific dynamical degrees of
freedom within the physical theory, leading either to non-trivial topological constraints or, in
other cases, to enriched symmetry structures, such as higher-group symmetries.

For further insights into generalized symmetries, we refer readers to the recent compre-
hensive lectures on this topic in [162–167].
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SymTFT

TB SBphysical
boundary

topological
boundary
conditionsdefect• •

topological
operator

Figure 7. Visual representation of the SymTFT. The physical theory is located at the orange
boundary. The symmetry boundary, is shown in blue. The black line, stretched in the radial direction,
corresponds to a defect in the physical theory. A topological symmetry operator acting on the defect
is drawn in purple.

B.1 SymTFT review

The bulk SymTFT theory is a topological theory in (d + 1) dimensions that encodes and
describes the symmetries, in the generalized sense, of a d-dimensional physical theory T (d).
In particular, it captures the discrete and continuous p-form group symmetries and their ’t
Hooft anomalies. Schematically, we can write the bulk topological action as

SSymTFT = SBF + Stwist . (B.1)

Here,

• The action SBF contains the BF terms of p-form discrete global symmetries as well as
the BF-like terms for the continuous global ones.

— The BF terms for the discrete symmetries are constructed from two different fields,
which provides a background for an electric/magnetic dual pair of symmetries,
which the boundary physical theory can not admit at the same time.

— For the continuous one, the story is a bit more complicated. One proposal [95]
yields BF-like term that couples two field strengths. Alternative proposals [93, 94]
suggest that the field strength of a U(1)-bundle is coupled to an R-gauge field.

• The twist terms Stwist encode the information about (mixed) ’t Hooft anomalies after
choosing a fixed topological boundary condition. One important consequence of the
latter part of the action is providing obstructions to gauging the higher-form global
symmetries.

In this work, we find BF-like terms consistent with [95] from M-theory. The recent
work [63] sheds light on the top-down derivation of the BF terms of [93, 94] in the setting
of Type II string theory.

– 76 –



J
H
E
P
0
3
(
2
0
2
5
)
1
3
4

The sandwich construction. The relationship between the (d+ 1)-dimensional SymTFT
and the physical d-dimensional theory T (d) can be understood through what is known as
the sandwich construction [168]. In this framework, we realize the physical theory T (d)

and its associated symmetries by compactifying the SymTFT on an interval. The setup
is illustrated in figure 7.

This construction involves the following triplet,

(SymTFT, TB, SB) . (B.2)

Here, we have

• SymTFT: a TQFT living on a (d+ 1) dimensional manifold Yd+1 ∼=Md × [0, 1]. The
radial direction of Yd+1 can be seen as Euclidean time. Assuming the Euclidean
signature on Md, then one can naturally construct the Hilbert space of the SymTFT.

• Physical boundary (dynamical boundary) TB: it is the boundary of the SymTFT where
the physical theory T (d), which is non-topological, is realized.

• Symmetry boundary (topological boundary) SB: it is the boundary with topological
boundary conditions for the fields of the SymTFT. This side of the SymTFT depends
only on the symmetry structure and it is independent on the dynamics of the physical
theory T (d).

B.1.1 SymTFT BF terms review

U(1) gauge fields for discrete symmetries. To ease the comparison with some of
the physics literature, we pass to a different normalization of the gauge fields for finite
(p − 1)-form symmetries Z[p−1]

n ⊂ U(1)[p−1].
One natural normalization for a Zn gauge field is such that its periods take value in

Z/nZ, and this is the normalization we worked with throughout the main text. Alternatively,
one may replace a discrete gauge field Bp by a pair of U(1) gauge fields(

B̃p, B̃
aux
p−1

)
subject to nB̃p = F̃ aux

p . (B.3)

Here F̃ aux
p is the curvature of B̃aux

p−1. The condition can be imposed using a Lagrange
multiplier in the path integral.

The data (B.3) specifies a p-connection on a p-gerbe over spacetime, see e.g. [122] for
a review and for the relation with differential cohomology. Integrating the condition over
any p-cycle Σp, we get the quantization condition∫

Σp

B̃p ∈
2π
n
Z. (B.4)

In practice, this means that we replace everywhere in the SymTFT a Zn gauge field Bp

with its U(1) avatar n
2π B̃p.
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Discrete symmetries. Consider a discrete Z[p−1]
n symmetry, and its magnetic dual Z[d−p−1]

n .
In the just-described formalism, the backgrounds for these symmetries are given by U(1)
gauge fields B̃p and Ãd−p, respectively. The SymTFT action contains the BF term

2πiSZ[p−1]
n

BF = in
2π

∫
Yd+1

B̃p ∧ f̃d−p+1, (B.5)

with f̃d−p+1 = dÃd−p locally. Out of these gauge fields, we can construct the following
symmetry operators in Yd+1:

Uq(Σd−p) := e
iq
∫

Σd−p
Ãd−p

, Vq̌(Σ̌p) := e
iq̌
∫

Σ̌p
B̃p
. (B.6)

From (B.4), these are gauge-invariant only if q, q̌,∈ Z, and moreover only their value mod
n matters, thus q, q̌,∈ Z/nZ.

These operators are non-trivially linked, hence their expectation value in the bulk is
given as [169] 〈

Uq(Σd−p)Vq̌(Σ′
p)
〉
∼ exp

{
2πi

qq̌

n
ℓYd+1(Σd−p, Σ̌p)

}
, (B.7)

with ℓYd+1(·, ·) the linking pairing in Yd+1.
The defects and operators on the physical boundary can be obtained from the bulk

symmetry operators by imposing Dirichlet or Neumann boundary conditions on the gauge
fields B̃p, Ãd−p. In particular, the Dirichlet boundary condition on B̃p trivializes the operators
Vq̌, while the Neumann boundary condition on Ãd−p lets the operators Uq survive and
generate the Z[p]

n symmetry of the QFT on the physical boundary. For visualization, compare
with figure 7.

Continuous symmetries. The SymTFT of continuous symmetries was analyzed in detail
in [93–95]. Here, we review the basic structure of the SymTFT action for such symmetries.

Let us consider a (p− 2)-form U(1)[p−2] global symmetry. The main difference to keep
in mind is that the magnetic dual is still a (d− p)-form symmetry for dimensional reasons,
but the Pontryagin dual group is

Û(1) = Hom (U(1),Z) ∼= Z. (B.8)

The SymTFT action contains the BF term [93–95]:

2πiSU(1)[p−2]

BF = i
2π

∫
Yd+1

Fp ∧ hd−p+1 , (B.9)

Here, Fp is the field strength of the U(1)[p−2] gauge field Ap−1, i.e. Fp = dAp−1 locally. The
interpretation of hd−p+1 is more subtle.

• In [93, 94], it is proposed that hd−p+1 is an R-gauge field (connection on a principal
R-bundle), with an additional condition imposed on the quantization of periods.

• In [95], it is proposed that hd−p+1 is a curvature, thus automatically closed and quantized,
albeit not immediately related to the gauge field for the dual symmetry Z[d−p].
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• In our work, the top-down approach will naturally lead us along the lines of the proposal
in [95]. The hd−p+1 we get from the BF term alone is quantized, however, it is not
closed. As explained in subsection 2.2, the SymTFT action we find contains indeed an
additional term that, combined with hd−p−1, forms a closed and quantized h̃d−p+1.

From the above action, we can construct the following extended operators,

Unaive
φ (Σd−p) := e

i φ
2π

∫
Σd−p

hd−p
, Wq̌(Σ̌p) := e

iq̌
∫

Σ̌p
Ap (B.10)

which are the direct analogue of (B.6). Here, q̌ ∈ Z is not restricted and is regarded as the
symmetry parameter for Z[d−p−1], and φ ∈ [0, 2π).

As explained in subsection 2.2 and further elaborated upon in appendix C, the naive
definition Unaive

φ is not the correct one, and we ought to use

Uφ(Σd−p) := e
i φ

2π

∫
Σd−p

h̃d−p
, Wq̌(Σ̌p) := e

iq̌
∫

Σ̌p
Ap
. (B.11)

These operators have the following expectation value,〈
Uφ(Σd−p)Wq̌(Σ̌p)

〉
= exp

{
iφq̌ ℓYd+1(Σd−p, Σ̌p)

}
, (B.12)

from where we learn that the operators Uφ acts as the symmetry generator for the continuous
(p − 2)-form symmetry U(1)[p−2].

Note that for Uφ and Wq̌ to be both topological, the flatness conditions dh̃d−p = 0 and
dAp = 0 should be imposed. Namely, the SymTFT describes the gauging of U(1)[p−2] with
flat gauge fields, and this is the only way to obtain a dual Z[d−p] symmetry afterwards.

B.2 From SymTFT data to global forms

Here, we introduce the operator that projects the SymTFT fields and action to the physical
theory. In the sandwich construction, this projection corresponds to collapsing the interval
direction and pushing the symmetry boundary all the way to the physical boundary TB.

We begin by discussing the gauging of discrete symmetries. Following this, we introduce
the projection operator explicitly. Finally, we focus on gauging continuous symmetries, with
special attention to top-forms.

B.2.1 Sandwich of finite symmetries review

Gauging discrete symmetries. On the symmetry boundary SB, we impose a Dirichlet
boundary condition on B̃p and a Neumann boundary condition on Ãd−p. From (B.6), this
means that Vq̌ is trivialized at the boundary, while Uq is not.

The transformation between the boundary conditions(
B̃p : Dirichlet, Ãd−p : Neumann

)
←→

(
B̃p : Neumann, Ãd−p : Dirichlet

)
(B.13)

is achieved by a Fourier transform. In doing so, we use the standard canonical quantization
as we view B̃p, Ãd−p as canonically conjugate variables. With the notation as in table 13
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Boundary state B̃p Ãd−p

|Db.c.⟩ Dirichlet Neumann
|Nb.c.⟩ Neumann Dirichlet

Table 13. Boundary conditions for the backgrounds for finite electric/magnetic dual pairs.

⟨TB| |Db.c.⟩ZT (d) = = ⟨TB|Db.c.⟩

Figure 8. Partition function of the global form of the physical theory T (d) that realizes the electric
p-form symmetry Z[p−1]

n as a global symmetry.

for the boundary states, it reads schematically

|Nb.c.⟩ ∼
∑

B̃p∈Hp(Md, 2π
n
(Z/nZ))

e
in
2π

∫
Ãd−p ∧ B̃p |Db.c.⟩ ,

|Db.c.⟩ ∼
∑

Ãd−p∈Hd−p(Md, 2π
n
(Z/nZ))

e−
in
2π

∫
Ãd−p ∧ B̃p |Nb.c.⟩ .

(B.14)

By the sandwich construction, imposing |Db.c.⟩ on SB corresponds to select the global
form of the physical theory that realizes Z[p−1]

n as a global symmetry. The partition function is:

ZT (d) [B̃p] = ⟨TB|Db.c.⟩, (B.15)

whose sandwich realization is illustrated in figure 8. Here we write explicitly the dependence
on the background for the global symmetry.

Assume that there is no obstruction from the twist part to gauge the (p − 1)-form
symmetry. In a sandwich construction, if we exchange the boundary conditions for the
fields, we effectively gauge the symmetry Z[p−1]

n and realize the magnetic dual Z[d−p−1]
n as

a global symmetry:

⟨TB|Nb.c.⟩ ∼
∑

B̃p∈Hp(Md, 2π
n
(Z/nZ))

e
in
2π

∫
Ãd−p ∧ B̃p ⟨TB|Db.c.⟩

=
∑

B̃p∈Hp(Md, 2π
n
(Z/nZ))

e
in
2π

∫
Ãd−p ∧ B̃p ZT

[
B̃p

]
= Z(T /Z[p−1]

n )

[
Ãd−p

]
.

(B.16)

B.2.2 Boundary projection operator

We will adopt the (by now standard) notation:
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• Upper-case Latin letters are background fields for global symmetries. Thus, upper-case
letters indicate fields subject to Dirichlet boundary conditions on SB.

• Lower-case Latin letters denote dynamical fields for gauged symmetries. This means
that, in the path integral, we sum over backgrounds for the corresponding gauged
symmetry. Thus, lower-case letters indicate fields subject to Neumann boundary
conditions on SB.

To make explicit the different choices of Dirichlet and Neumann boundary condition, we
introduce an operator δ̃ that represent the choices that have been made upon the interval
compactification. We will refer to this operator as the boundary projection operator. In
particular, the operator projects the gauge fields from the SymTFT to the physical boundary,
subject to the prescribed boundary conditions at the symmetry boundary. Schematically,
δ̃ acts on a gauge field Ap on Yd according to12

δ̃(Ap) =

Ap|Md
Dirichlet,

ap|Md
Neumann.

(B.17)

The operator δ̃ plays a useful role in mapping the SymTFT gauge fields, or field strengths,
to topological terms within the physical QFT, such as Chern classes of the gauge bundle,
expressed directly in terms of the dynamical fields of the QFT.

Now, let us go back to the example in (B.5). If the global form of the physical theory
realizes the electric (p− 1)-form global symmetry Z[p−1]

n , we apply the projection operator
δ̃ and get

δ̃

(
in
2π

∫
Yd+1

Bp ∧ dAd−p

)
= in

2π

∫
∂Yd+1

δ̃ (Bp) ∧ δ̃ (dAd−p)

= in
2π

∫
Md

Bp ∧ ad−p .

(B.18)

Using (B.3), this action equals

i
2π

∫
Md

Bp ∧ faux
d−p, (B.19)

with a U(1) gauge field such that, locally, daaux
d−p−1 = faux

d−p.

B.2.3 Sandwich of continuous symmetries

Gauging continuous symmetries. The same construction can be applied to continuous
abelian higher-form symmetries. We adopt analogous conventions to those around (B.17) but,
in this case, we work with the field strengths rather than gauge fields, denoted F•, G•, H•.

12One may try to formalize this operation by declaring that δ̃ is a map from the moduli stack of p-connections
on a BpU(1) p-gerbe on Yd to the analogous stack for Md, whose image is a (possibly reducible) 0-dimensional
subscheme. We refrain from a rigorous definition and treat δ̃ as a book-keeping device.
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Consider a physical theory that realizes a U(1)[p−2] (p−2)-form symmetry, with background
field strength Fp. Then,

δ̃

(
i
2π

∫
Yd+1

Fp ∧Hd−p+1

)
= i

2π

∫
Md

δ̃ (Fp) ∧ δ̃ (Hd−p+1)

= i
2π

∫
Md

Fp ∧ hd−p .

(B.20)

Assuming that there is no obstruction from the twist part of the SymTFT action, we now
gauge the (p − 2)-form symmetry. The projection operator δ̃ yields

δ̃

(
i

2π

∫
Yd+1

Fp ∧Hd−p+1

)
= i

2π

∫
Md

δ̃ (Fp) ∧ δ̃ (Hd−p+1)

= i
2π

∫
Md

fp ∧Hd−p ,

(B.21)

where locally fp = dcp−1 for a dynamical U(1)[p−2] gauge field cp−1, and the background
Hd−p comes from ungauging hd−p. If we wish to gauge only a subgroup Z[p−2]

n ⊂ U(1)[p−2],
we have from the previous discussion that nfp = 0, which can be enforced in practice by
modifying δ̃ (Hd−p+1) = nHd−p.

Top forms in even dimensions. Top forms in even dimensions can be coupled with a
2π-periodic parameter θ. Such terms are usually included for the top Chern class, but in fact
they exist more generally and we will introduce a θ-parameter for every linearly independent
cohomology class of top degree.

Importantly, such 2π-periodic parameters are not exclusive to topological classes; they
may also accompany gauged top-form fields, both discrete and continuous. That is, whenever
a theory possesses a non-anomalous (d−1)-form symmetry, it can be gauged while introducing
a 2π-periodic parameter θtop accompanying the top-form gauge field.

We incorporate the θ-terms using the operator δ̃,

δ̃

(
i
2π

∫
Yd+1

F1 ∧Hd

)
= i

2π

∫
Md

δ̃ (F1) ∧ δ̃ (Hd)

= i
2π

∫
Md

θ ∧ δ̃ (Hd) .
(B.22)

In this way, θ is recognized as the background gauge field of a U(1)[−1] symmetry, with
curvature 1-form F1. The realization of δ̃ (Hd) on the physical boundary depends on the
particular theory being considered. In the example discussed in subsection 4.3 it was identified
with the second Chern class of the gauge bundle.

C M-theory action in presence of M-branes

The low-energy limit of M-theory is captured by the 11d N = 1 supergravity, whose massless
field content includes the graviton, the 3-form field C3, and the gravitino. In the context
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of our discussion, we will focus exclusively on C3. Thus, the relevant terms of the 11d
supergravity action are given by [170],

2κ211d S
M
eff = −1

2

∫
G4 ∧ ∗G4 −

1
6

∫
C3 ∧G4 ∧G4 (C.1)

where G4 = dC3 is the field strength associated with the C3 gauge field.
The Bianchi identity and the equation of motion for the C3-field are, respectively,

dG4 = 0

d ∗G4 = 1
2 G4 ∧G4 .

(C.2)

To match with the conventions of the main text, one works in units such that

2κ211d = (2π)2 (C.3)

and defines G7 = − ∗G4/(2π). The equations of motion (C.2) in this formalism read

dG4 = 0

dG7 = − 1
2(2π) G4 ∧G4 .

(C.4)

These are equivalently obtained replacing (C.1) with

SM
top =

∫
M11

[ 1
2πG4 ∧G7 −

1
6(2π)2C3 ∧G4 ∧G4

]
. (C.5)

The curvatures are quantized to have periods in 2πZ and, at this stage, we have recovered
the formulation in subsection 2.1.2, with

SM
top = 2π

(
SM

kin + SM
CS

)
. (C.6)

Locally, a valid solution to (C.4) is

G4 = dC3 ,

G7 = dC6 −
1
4π C3 ∧G4 .

(C.7)

The presence of the C3-field, along with its magnetic dual C6, allows for solitonic BPS brane
solutions in the form of M2-branes and M5-branes. From (C.7), two key observations arise:

• The 11d supergravity action is written only in terms of electric C3 gauge field degrees
of freedom.

• The M5-brane is a dyonic object which carries both a magnetic and an electric charges.
It couples minimally to the C6 gauge field and couples non-minimally to C3 [171, 172].
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Derivation via regularization. For completeness, let us briefly mention an alternative
approach to derive (C.5) from (C.1). A version of this adapted to Type II superstring theory
was used in the recent [92], and we highlight similarities and difference.

The Hodge ∗ in 11d involves the metric of a non-compact manifold M11. One may
regularize it with a volume cutoff Λ, and rescale ∗G4 7→ Λ ∗G4 in (C.1). We then introduce
G7 as an auxiliary field and make a Hubbard-Stratonovich transformation to write

SM
top = 1

2π

∫
M11

[
G4 ∧G7 −

1
6(2π)2C3 ∧G4 ∧G4 −

1
2ΛG7 ∧ ∗G7

]
. (C.8)

Integrating out G7 we recover (C.1). Sending the regulator Λ→∞ at this stage, we formally
recover (C.5).

Despite arriving at the same action, the approach we follow and this alternative derivation
are different at quantum level. The main reason is that, in this latter approach, G7 is treated
as a field, not a field strength.

• By construction, in this formulation one path integrates (C.8) over G7 and C3, which
would be an unusual feature of M-theory, as opposed to (C.5) which is path integrated
over C3 and C6.

• In our formulation, we recover the Bianchi identity dG4 = 0 from the variation of C6,
whereas in this alternative approach, the field is G7, and its variation would impose
G4 = 0 in absence of sources.

• A priori, the periods of G7 do not satisfy a quantization condition in this alternative
formulation.

Coupling of M5-brane in M-theory. With the inclusion of an M5-brane, the equations
governing the G-fluxes in (C.4) are altered to account for the source terms localized on the
brane. If the M5-brane is taken to be supported along ΣM5

6 , it sources a current jM5
6 with

∗jM5
6 ∈ 2πZ PD11(ΣM5

6 ), (C.9)

where PD11 is the Poincaré duality map in 11d. That is to say, ∗jM5
6 has a δ-function support

transverse to the M5-brane worldvolume. The equations (C.4) are modified into

dG4 = 2πPD11(ΣM5
6 ),

dG7 = − 1
2(2π)G4 ∧G4 + 1

2H3 ∧ PD11(ΣM5
6 ) .

(C.10)

As already discussed in subsection 2.2.2, the 3-form H3 is constrained to the worldvolume
of the M5-brane, and it is related to the pullback of the G4 as

dH3 = ι∗M5G4 (C.11)

where ιM5 : ΣM5
6 ↪→ M11 is the embedding of the M5-brane worldvolume. Locally, H3

takes the form

H3 = dB2 + ι∗M5C3 . (C.12)
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Here, B2 is the gauge field that couples to the strings on the worldvolume theory on the
M5-branes, arising from M2-brane intersections with the M5-brane.

In the presence of an M5-brane, the local solution given in (C.7) becomes invalid,
necessitating a modification to account for the source term. This is a general feature, first
observed by Dirac in [173], and subsequently worked out in detail in [171, 172] for M-theory.
Building on these references, the local solutions for G4 and G7 must be adjusted as follows,

G4 7→ Ĝ4 = G4 + ∗K7 ,

G7 7→ Ĝ7 = G7 +
1

2(2π)H3 ∧ ∗K7 .
(C.13)

Here, K7 is defined to satisfy

d ∗K7 = ∗jM5
6 = 2πPD11(ΣM5

6 ). (C.14)

After integration by parts and Poincaré duality, it is given by

1
2πK7 = ∗PD11(Σ7), (C.15)

for any Σ7 with ∂Σ7 = ΣM5
6 . This is a higher-dimensional analogue of Dirac’s string [173]

which, in our settings, constitutes a fluxbrane as explained in subsection 2.2.2.
With the new solutions Ĝ4, Ĝ7, the kinetic term becomes∫

M11
G4 ∧G7 7→

∫
M11

Ĝ4 ∧ Ĝ7 . (C.16)

Note that, for the Chern-Simons term, we continue to use the original (un-hatted) variables
as detailed in [171, 172]. An immediate computation using (C.13) with (C.15) gives∫

M11
Ĝ4 ∧ Ĝ7 =

∫
M11

G4 ∧G7 +
∫
Σ7

[
ϕ∗G7 +

1
4π ι7,∗(H3) ∧ ϕ∗G4

]
(C.17)

where ι7,∗(H3) is the push-forward of H3 via ι7 : ΣM5
6 ↪→ Σ7, and ϕ∗G• pulls back G• to Σ7.

Thus, we observe from this perspective that the Hopf-Wess-Zumino topological action
is recovered on the P7-fluxbrane, as also shown in (2.29).

Before concluding, let us mention three remarks on the derivation.

— From (C.12), we observe that H3 on the worldvolume of the fluxbranes, used to
construct the symmetry topological operator, is essentially the pullback of the C3 field
from M-theory without activating the local B2 gauge field on the worldvolume. In
this configuration, the fluxbranes facilitate the construction of invertible topological
operators. If a non-trivial B2 gauge field is turned on, the symmetry topological operator
may instead generate a non-invertible symmetry, as path integration over B2 becomes
necessary.

— Note that this framework allows for the consideration of multiple M5-brane insertions,
supported on ⋃i Σ

M5,i
6 , sourcing a current of the form

∗jM5
6 = 2π

∑
i

niPD11(ΣM5,i
6 ). (C.18)
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— Finally, the refinement of this derivation to differential cohomology is straightforward.
It is given by:

2π
∫

M11

˘̂
G4 ⋆ d̆Ĝ7 = 2π

∫
M11

Ğ4 ⋆ d̆G7 +
∫
Σ7

[
ϕ∗G7 +

1
4π ι7,∗(H3) ∧ ϕ∗G4

]
. (C.19)
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