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ABSTRACT: Axion inflation represents an intriguing source of gravitational waves (GWs) from
the early Universe. In a companion paper [1], we previously leveraged the gradient expansion
formalism (GEF) to investigate pure axion inflation (PAI), i.e., axion inflaton coupled to a
pure gauge sector. In this paper, we extend our analysis to fermionic axion inflation (FAI), i.e.,
we allow for the presence of fermions in the gauge sector. PAI predicts a strongly blue-tilted
GW spectrum; in our GEF benchmark study, all parameter regions leading to observable
GWs turned out to violate the upper limit on the number of extra relativistic degrees of
freedom, AN.g. As we demonstrate in this paper, the situation is different for FAI: Schwinger
pair creation of the charged fermions results in a damping of gauge-field production, which
attenuates the GW signal. As a result, the GW signal from FAI can fall into the sensitivity
reach of LISA and ET without violating the upper limit on ANgg. This result notably applies
to the arguably most realistic variant of Abelian axion inflation, in which the axion couples
to the hypercharge sector of the Standard Model. Besides, we discuss GW emission from
the fermion gas, which may further enhance the total GW signal but which also requires a
more quantitative investigation in future work. Additionally, we identify a new backreaction
regime in which fermion production moderates the axion-vector dynamics. In this regime,
the axion velocity and all energy-density components exhibit oscillations analogous to the
strong backreaction in PAI, but here, the oscillations occur around the slow-roll trajectory
and are damped by the presence of charged fermions. These observations define again an
interesting GEF benchmark for future lattice studies.
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1 Introduction

The theory of cosmic inflation [2-7] has been extremely successful in explaining the large-scale
homogeneity, isotropy, and spatial flatness of our present Universe as well as the origin of
the temperature anisotropies in the cosmic microwave background (CMB) [8-12]. However,
the simplest models of slow-roll inflation do not address how the inflaton field eventually
transfers its energy to a thermal plasma of Standard Model (SM) degrees of freedom. To
this end, one needs to introduce a coupling between the inflaton and the SM fields [13-15].
This coupling has to be strong enough in order to allow for an efficient reheating. On the
other hand, the radiative corrections to the inflaton potential due to these interactions can
easily spoil its flatness and destroy the slow-roll regime of inflation.

A model that proposes to address this issue is axion inflation [16-18]. In this model, the
inflaton is an axion-like pseudoscalar coupled to gauge fields via the topological Chern-Simons
term F), FM. This construction extends the idea of natural inflation [19] of equipping the
inflaton field with an approximate shift symmetry to ensure a naturally flat potential. In the
simplest realization of axion inflation, the inflaton field couples to an Abelian vector field,
but couplings to non-Abelian vector fields have also been proposed [20].

The Abelian axion inflation model succeeds in sourcing a strong gauge field via a well-
known tachyonic instability [16]. If there exist other matter fields that are charged under
the gauge group in question, e.g., like in the case of the SM U(1)y hypercharge group, the
nonperturbative phenomenon known as the Schwinger effect [21-23] implies that the strong



(hyper)electric and (hyper)magnetic fields will create particle-antiparticle pairs of all these
charged fields, i.e., every SM fermion field. Even though the Schwinger effect has not been
observed experimentally, calculations in de Sitter space [24-35] indicate that this effect should
also be relevant during a phase of accelerated expansion like inflation.

A refined version of axion inflation builds upon this notion by including this production
mechanism for charged fields [32, 33, 36—46]. Some references instead study the creation of
charge carriers for an inflaton field coupled kinetically to the gauge field [47-50]. In both
cases, charge carriers are produced in pairs and are thought to induce a conductive medium
permeating the inflationary Universe, thereby damping gauge-field production. This effect
invariably arises when the gauge bosons generated during inflation also couple to charge
carriers. Consequently, any modeling of the production of the hypercharge gauge field during
inflation necessarily needs to account for this Schwinger damping.

This article is the second in a two-part series investigating the gauge field generated during
Abelian axion inflation as a source for a stochastic gravitational-wave background (SGWB).
To achieve this, we employ the gradient expansion formalism (GEF) [36-38, 45, 51-53] to
determine the inflationary dynamics. Our first article [1] is dedicated to Abelian axion
inflation without additional charge carriers coupled to the gauge field, a model we dub pure
azion inflation (PAI). In this article, we include the effect of fermions in a model we refer to
as fermionic axion inflation (FAI). Specifically, we consider a realization of FAI in which the
inflaton couples to the SM hypercharge gauge field. Our aim is to determine the prospects
for detecting gauge-field-induced gravitational waves (GFIGW) with the Laser Interferometer
Space Antenna (LISA) [54, 55], the Einstein Telescope (ET) [56], or within existing pulsar
timing array data sets [57-61]. We confront these predictions with cosmological measurements,
namely constraints on inflationary models from the PLANCK satellite [62], and limits on the
amount of additional dark relativistic degrees of freedom, ANgg [63-65]. Additionally, we
account for the fact that the LIGO [66, 67] and Virgo [68] detector network did not observe
an SGWB in their third observing run [69].

In Part I [1], our analysis demonstrated the difficulties with generating an observable
SGWRB in the PAI model. We found that sourcing an SGWB with an appreciable amplitude
such as to be observable by ET or LISA required a precise compensation between an increase
in the axion-vector coupling strength and a corresponding decrease in the inflationary scale.
Furthermore, we encountered a tension between an observable SGWB originating from PAI
and constraints on ANeg. We identified that this conflict arises as a result of the explosive
production of gauge bosons backreacting onto the inflaton dynamics, which prolongs the
duration of inflation, thereby allowing for more gauge-field generation and an inevitable
overproduction of gravitational radiation. As these results are based on the GEF and thus
come with conceptual limitations (see below and ref. [1] for an extended discussion), they
do not represent a general no-go theorem. Instead, our GEF benchmark study of the PAI
model defines an interesting target for future numerical lattice studies.

In the present article, we find that the tension between AN.g and an observable GFIGW
signal that we had identified in the PAI model is absent for FAI coupled to the hypercharge
gauge field. Our results show that the strong (hyper)electromagnetic fields generated due to
the axion coupling also produce SM fermions in great abundance, thereby draining energy



from the gauge field. This dampening of the gauge field translates to the SGWB, which is
consequently only mildly blue-tilted, but is still loud enough such that it could be detected
by both LISA or ET. When these processes happen at a sufficiently high inflation scale,
we even find that the signal may explain the evidence for an SGWB that the NANOGrav
collaboration finds in their latest 15-year data set [57]. However, this interpretation is in
conflict with CMB constraints on the amplitude of scalar and tensor perturbations coming
from inflation. As a by-product of our analysis, we also show that the dampened production
of gauge bosons due to fermions does not mean that the gauge field cannot backreact onto
the inflaton dynamics. When the axion-vector coupling is large enough, backreaction can
still occur, however, in a much more temperate manner compared to PAI. We refer to this
novel regime of backreaction as fermion-tempered backreaction.

Evidently, fermions are crucial in FAI. They effectively suppress gauge-field production,
thereby opening up a new region of parameter space which is otherwise in conflict with
ANg constraints. However, in this study, we model their dynamics in terms of an effective
fermion current expressed in terms of the gauge field, instead of treating them as independent
degrees of freedom. Furthermore, we show by means of basic estimates that fermions could
contribute a sizeable fraction to the SGWB at high frequencies, which would affect the
detection prospects for the individual GW experiments considered in this work. Therefore,
our results motivate a more complete treatment of the contribution to the total GW signal
from the fermion gas in future work.

The structure of this article is as follows: in section 2, we review the FAI model.
Section 3 gives a brief summary of gauge-field induced-gravitational waves. Section 4 discusses
model constraints and GW detection characteristics. Then, we explore fermion-tempered
backreaction in section 5, before entering an in-depth discussion of the SGWB signal sourced
by FAI in section 6, where we assume both instantaneous reheating and the impact of a
lowered reheating temperature. In this last section, we also estimate the importance of the
fermions as a source for an SGWB contribution. Section 7 finishes with concluding remarks
and an outlook. In appendix A, we compare numerical results for the SGWB spectra obtained
in two different models of the Schwinger-induced damping.

Notation. Throughout this paper, we assume the background spacetime to be described
by the spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,

ds® = g, dztda” = dt* — a®(t)0;;dz'da’ = a?(n) (dn2 — 6ijda:ida;j) , (1.1)

with scale factor a, physical time ¢, conformal time 7, Greek indices for four-vectors, Latin
indices for Euclidean three-vectors, and metric signature (+, —, —, —). Unless stated otherwise,
f" denotes the derivative of f with respect to conformal time, while f denotes the derivative
with respect to physical time. We define the Levi-Civita symbol in four dimensions such
that 9123 = 1. All results are given in natural units, ¢ = & = 1, and in terms of the reduced

Planck mass, Mp = 1/v87 G ~ 2.435 x 10'8 GeV.

2 Fermionic axion inflation

The Lagrangian density for fermionic Abelian axion inflation describes the interactions
between a U(1) gauge field, A,, coupled via a Chern-Simons term to a pseudoscalar inflaton



field, ¢, and interacting with fields, x;, charged under its U(1) symmetry group,

1 1 1 .
EFAI = §guya,u¢all¢ - V((b) - ZFMV FH — ZI<¢)FNV P + ‘CX({Xl}v A#) . (21>

In this equation, V(¢) represents the inflaton potential, I(¢) is a generic axial coupling
function, and F),, = 9,A, — 8, A, is the field-strength tensor of the Abelian gauge field. The
dual of the field strength tensor is FH = ghvos Faﬂ/(QJfg), with g = det g, being the
determinant of the spacetime metric. The last term, £, is a gauge-invariant Lagrangian
density describing the interactions of the gauge field with the charge carriers y;.! As outlined
below, we treat the fermions effectively; thus, we do not further specify L,.

By varying the action Spa; = [ d4x¢?g Lrar with respect to the metric, one derives
the energy-momentum tensor for this system, which decomposes into three contributions
corresponding to the inflaton field, the gauge field, and the charge carriers:

1 1
T =0,00,6+ F,"Fay = g (50000760 V() = {Fus ) 4 (1) (22)

where (Ty),,, is the contribution to the energy-momentum tensor from the charge carriers.
Assuming the background spacetime to be homogeneous and isotropic, T} can be separated
into a background contribution, T#, and a perturbation, 6T,

TH =TF46TH, TF=(TH), O0TF=TH—(TH). (2.3)
The average (-) depends on the system in question; in our case, it means taking the quantum
expectation value with respect to the Bunch-Davies vacuum. The background energy-
momentum tensor can be viewed as describing an ideal fluid, whose subcomponents constitute
a homogeneous energy density, p, and pressure, p,

1, 1 1, 1 1
p=5¢" V() + (B + BY) +p,  p=5¢" V(o) + (E*+ BY) + 2pc. (24)
To arrive at these expressions, we assumed that spatial gradients in the inflaton field are
negligible such that only the inflaton zero mode contributes to the background expansion,
@(t) = (¢(t,)). Furthermore, we suppose that all charge carriers are massless, thus p, = p,/3.
For convenience, we also defined electric and magnetic fields, E and B, via

FOi

= G/Ei, E] = —GQEijkBk . (25)

!These charge carriers can be of arbitrary spin, including scalars, fermions, or vector bosons. However,
in the particular case of the SM hypercharge gauge group U(1)y, which is of primary interest for us in this
paper, fermions are the most relevant charge carriers. More specifically, we assume that the SM Higgs field is
stabilized at its origin during axion inflation, e.g., via a nonminimal coupling to the Ricci scalar. In this case,
electroweak symmetry is unbroken, all SM fermions are massless, but the SM Higgs field itself is heavy and
hence less susceptible to Schwinger pair production. We thus restrict ourselves to fermionic charge carriers in
our analysis and refer to our model as fermionic axion inflation for precisely this reason.



These background quantities evolve according to the following coupled equations of motion,

b+3Hp+Vy(g) = 3 1o(¢) (B B+ B-E), (2.6a)
divE=0, divB=0, (2.6b)
E+2HE — %rotB +14(p)pB+J =0, (2.6¢)
B+2HB + %rotE =0, (2.6d)
H? = 3]\'041%, (2.6¢)
py +4Hp, = (J - E). (2.6f)

The evolution equation for the energy density of the charge carriers, p,, follows from covariant
energy conservation at the background level. Furthermore, we define the four-current
Jt = —0L,/0A, = (pe,J /a), with J the induced current and net charge p.. We set p. = 0,
since the Schwinger effect produces particles and antiparticles in equal shares.

The effective description in terms of a charged current J requires further attention.
Assuming constant and (anti-)collinear classical electric and magnetic fields in an idealized
de Sitter background, the effective current induced via Schwinger pair creation for a single
particle species of charge e|@Q| and mass m is derived to be [32, 33]

3 ! 2
Q B/ ™
Jop| = (c]@]) E||B. m|Be —— | . 2.7
‘ SE| 67T2H’ C|| C|¢ |E/C| exXp 6|QHE/C| ( )

By the subscript ‘c’, we indicate that the electric and magnetic fields above are classical and

constant and are a priori different from E and B appearing in eq. (2.6). Quantities marked
with a prime (') are given in a frame where E. and B, are (anti-)collinear. The function
¥ (x) is given by cothx or 1/(2sinhz) for Dirac fermions or complex scalars, respectively.
To use this non-trivial result to effectively model J, we follow considerations outlined in
our previous work [45].

Consider that, during axion inflation, quantum gauge-field modes are enhanced, and
classicalize once their wavelengths are of the same order as the Hubble horizon. Then, we
may suppose that classical electric and magnetic fields with strengths (E2)'/2 and (B?)'/2,
respectively, permeate a single Hubble patch at every moment in time. Because these classical
fields are also the reason for the Schwinger pair creation of charged particles, their presence
also implies the existence of an effective conductive medium. Mathematically, the effect of
this medium can be quantified in terms of a conductivity ¢ that relates the induced current
either to (E%)Y/2 or to (B%)Y/? via a generalized form of Ohm’s law, i.e.,

| Jsel

|7 sgl
<E/2>1/2 2 1/2 (28)

<B/2>1/2 ’

O'/E: O',B:

However, the collinearity of the electric and magnetic fields renders the precise definition
of o a priori ambiguous. In the above equation, Jgg should be understood as computed



from eq. (2.7) in terms of (E'*) and (B’?). Since the quantum electric and magnetic fields
also feel this conductivity, these considerations motivate a first definition of the quantum
induced current J entering in our EOMs:

J=o0ogE +0pB. (2.9)

That we consider both magnetic and electric conductivities in this definition is a consequence
of the fact that the electric and magnetic fields are not necessarily collinear in the comoving
frame in which eq. (2.9) applies. The conductivities 05,5 may be derived by boosting to
the collinear frame, computing the conductivities from eq. (2.7), and boosting back to the
comoving frame. This procedure yields

E?> - (B} +X
e (-

7

(B*) —
(E?) +

E? 4+ %
op :Sign(<E.B))\/ éB%iZ;Si’ (2.11)

where ¥ = \/[<E2) —(B*)]2+4(E - B)?. The J; encompass the contributions to o5 of
the individual charged fermions and scalars, x;, with respective masses m; and charges Q);

~ _ (€Qi)’|(E- B)| (B%) — (E*) + % mmg /2
Si = 5 Yi | 3 3 exp | — 5 5 .
6mH /% (E°) —(B") + X elQi|((E?) — (B?) + X)1/2
(2.12)
The Ohmic form of the Schwinger-induced current in eq. (2.9) implies that all gauge-field

modes are equally affected by the conductive medium. However, as we argued in ref. [45], this
description cannot reflect the realistic physical situation. In this simple picture, gauge-field
modes with wavelengths much shorter than the typical separation of charge carriers in the
conductive medium would feel its effect just as much as modes with far greater wavelengths.
To mitigate the severity of this assumption, we account for an additional scale dependence
in eq. (2.9) by making the following modification,

J(t,x) = 13/d3y (eu()E(t,y) + o5(t)B(t, y))/dSk@(t, ke @y - (2.13)

(2m)
By convoluting the original current J with a heuristic function [d3k©(t, k)e** we gain
the flexibility to reflect the spectral dependence of the conductive medium by appropriately
choosing O(t, k). In ref. [45], we discussed a well-motivated choice for this spectral dependence.
This relies on identifying a characteristic momentum scale, kg(t), which reflects the typical
particle-antiparticle separation following their creation. This scale may be estimated from
the strength of the electric field at time t, kg/a o |E.|'/2. We give more details on this
choice for ©(t, k) in appendix A.

It is instructive to study the impact of the conductive medium in Fourier space. To this
end, consider the gauge field A, in radiation gauge (divA = 0, Ag = 0),

3 . .
A= [ (Q‘jr)’; > (ex(k)Ax(n, k), (R)e™™ + €5 (k) A3 (n, k)al (k)e ™), (2.14)



in a helicity basis with polarization vectors €)(k) obeying
k-(-:)\(k):o, ikXG)\(k):)\ke/\(k),
ex(k) - ex (k) = oy, ex(k) = e_r(k) = ex(—k), (2.15)

and creation and annihilation operators &i(k) and a, (k) satisfying

[y (k), al, (k)] = o6 (k =K', [ay (k) ay (k)] = [a(k),al, (k)] =0.  (2.16)

From Ampere’s law in eq. (2.6¢) and the induced current J in eq. (2.13), one may derive
an evolution equation for the mode functions A,(¢,k),

(5)2_A5(25H+"B@(t7k)) AN(tk)=0,  (2.17)

Ay(t,k)+(H+0ogO(t,k)) Ax(t,k)+

which reduces to the evolution equation in the PAI model for og,;p = 0. Here, as usual,
¢ = I4(p)¢/(2H) denotes the instability parameter or gauge-field production parameter
of axion inflation, which, in the absence of fermions, determines the threshold momentum
below which gauge-field modes experience the tachyonic enhancement. Qualitatively, the
physical interpretation of this equation matches the one of PAI: gauge-field production is
a consequence of the non-zero inflaton velocity, ¢, which triggers a tachyonic instability in
eq. (2.17) for one of the gauge-field helicities, A = +1, depending on the sign of ¢». However,
the Schwinger effect reduces the efficiency of gauge-field production, as op takes an opposite
sign to &, yielding an impeded effective instability parameter g = £ + op/(2H). Meanwhile,
the electric conductivity o dampens the gauge-field modes by adding to Hubble friction. The
role of the heuristic spectral function O(t, k) is also apparent in eq. (2.17): it determines the
range of gauge-field momenta k that are subject to the influence of the purely time-dependent
damping terms og/p.

It is important to note the ramifications for the dynamics and phenomenology of axion
inflation because of the inhibited gauge-field generation due to the Schwinger effect. The
main difference regarding the dynamical evolution is a decrease in (E - B) such that the
backreaction onto the inflaton via the friction term on the right-hand side in eq. (2.6a) is
diminished. For a particular benchmark point, ref. [42] demonstrated that a PAI system
experiences a phase of strong gauge-field backreaction while a comparable FAI system did
not. To understand the implication of this, consider that strong backreaction results in an
increased duration of inflation by drawing kinetic energy from the inflaton field and instead
allowing for more gauge-field production, which ultimately ends inflation via V(¢) ~ ppur
instead of V() ~ ¢?. Therefore, decreasing the impact of backreaction implies that, in
FAI, inflation ends on the slow-roll trajectory with a subdominant energy density in pgy.
This implies that an extended phase of reheating may still take place after the end of axion
inflation. A second implication of absent backreaction regards axion inhomogeneities, which
we have neglected throughout the derivation presented above. In PAI, these inhomogeneities
become large during a phase of strong gauge-field backreaction and can alter the dynamical
evolution of the inflaton-gauge-field system [70-73]. At present, this means that studies of
PAT that neglect these inhomogeneities, like the GEF, can only qualitatively capture the



phase of strong backreaction [70, 71]. To obtain the full dynamics of PAI, lattice simulations
are necessary. However, as we expect an overall reduced dynamical impact of the gauge field
during FAI, it is conceivable that also fewer axion inhomogeneities are sourced.

In this regard, we would like to mention the recent work [46], which studies the same
physical model by solving the corresponding equations of motion on a lattice using the
PENcIL CODE [74]. The impact of the Schwinger effect is incorporated by employing the
same Ohmic form of the Schwinger current (2.9) with the conductivities given in (2.11). One
important difference between their lattice implementation and the approach used in the
present work concerns the treatment of Schwinger damping of the gauge-field modes. Here,
we account for the damping only of those modes whose wavelengths exceed the Schwinger
pair-production length scale. In contrast, ref. [46] applies the same damping to all gauge-field
modes, independently of their momentum, since it is not feasible to perform efficient mode
selection in position space on a lattice. With this assumption, the authors of ref. [46] carried
out a numerical analysis at three benchmark points in parameter space (specifically, for the
axion mass m = 5.2 x 107 Mp and axion-vector coupling 3 = 12, 15, and 18).2 They found
excellent agreement between the fully inhomogeneous simulations and the homogeneous setup
where axion gradients were manually switched off. This outcome confirms our expectations
discussed above, at least within the parameter region explored in ref. [46]. Qualitatively, we
see no reason for axion gradients to become important at larger coupling values unless the
backreaction eventually becomes significant. In section 5, we identify and investigate the
properties of this new regime of fermion-tempered backreaction, still within the homogeneous
approximation. These results provide a GEF benchmark for this region of parameter space,
and they should be validated by future lattice simulations.

Generally speaking, lattice simulations have two main advantages compared to semian-
alytical methods: (i) they can naturally incorporate axion inhomogeneities, and (ii) they
allow one to study gauge-field and fermion production after the end of inflation, during the
preheating stage. On the other hand, semianalytical approaches such as the GEF offer several
important advantages: (a) they are not limited in dynamical range or simulation duration;
(b) they allow one to treat different gauge-field modes differently (for example, to include
selective damping or to isolate partial contributions to the energy densities); (c) they are
significantly faster and enable parameter scans over wide regions of the model space, rather
than exploring only isolated benchmark points. Moreover, lattice methods often rely on the
output of semianalytical homogeneous approaches for calibration purposes and for obtaining
accurate initial conditions for the simulation. Therefore, we believe that combining our GEF
results with future lattice simulations will lead to a highly synergistic outcome.

Qualitatively, the obstructed gauge-field production also inhibits the subsequent sourcing
of GFIGWs. On the other hand, the energy from the gauge field is instead transferred to the
charge carriers, as may be seen from eq. (2.6f). Previous studies found this production of
charge carriers to be efficient enough such that p, surpasses pgy at the end of inflation [1, 37].
If the fluid associated with these charge carriers is anisotropic, it will add a second induced
component to the GW spectrum.

®Note that a direct comparison of our results and the ones of ref. [46] is impossible since we are considering
higher values of the coupling constants, 5 > 20 which are needed to obtain a sufficiently strong GW signal.



3 Tensor power spectrum and gravitational waves

We study the production of tensor perturbations by working with a first-order perturbed
TT

FLRW metric, tracking only the transverse and traceless tensor perturbations, h;;",

ds* = a*(n) (dn2 - [51‘3‘ + hiTjT} da:idxj) . (3.1)

We describe these perturbations as a quantum field, which we can express in Fourier space
using a circular polarisation basis such that

WIT(n, x) = &k (&(k)&(kz)ﬁ( k:)e““'uhc) (3.2)
ij T 27)3/2 Nt % 7 YR .C. |, .

where the polarization vectors €*(k) are defined as in eq. (2.15). The Fourier amplitudes,
iAL,\(n,k), evolve according to
- - . 2 i d3z -
" / 2 _ 217 —ik-
)\+2Hh/\+k h)\fﬁlga H)‘(k)/(27'(‘)3/20-7a76 2 iL” (33)
where H = da’/a is the comoving Hubble rate, ng =é )\(k)e]; (k) is the projector onto the
helicity basis and o;; is the anisotropic stress of the perturbed energy-momentum tensor 67}

J
In the case of FAI, we derive the anisotropic stress from eq. (2.2), finding

0 = i(]ﬁaj(ﬁ — (EiEj + BiBj) + szj . (3.4)

Assuming axion inhomogeneities to be small, we may neglect the first term. The second
term, the anisotropic stress due to the gauge field, is sourced by the tachyonic instability
in eq. (2.17), and is analogous to the one obtained in PAI. The final term, O'ZXJ-, reflects the
anisotropic stress of the charged fields ;. As before, we keep this term generic, as we are
treating all charged fields effectively without resolving their dynamics.

From here, we proceed as in our preceding article, ref. [1], writing the solution to eq. (3.3) in

terms of a homogeneous (vacuum) and a particular (induced) solution, hy = Mlp (@‘)’\ac + ﬂi)fld).
In the case of FAI, the induced contribution further separates into two parts, ﬁijld = ﬁSF + @i\(,

one induced by the gauge field, the other by the charged fields. Defining the tensor power
spectrum for the polarization A = £1 as

~

2
. T
(. K)o (0, K) = 8 (e + K)o 5 Pra(k) (3.5)
the total tensor power spectrum, Pr(k) = > \4; Pra(k), receives three contributions,

Pr(k) = Pye(k) + P (k) + P(k), (3.6)

assuming that there are no cross-terms between @g\;F and @X. This separation is expected
from Wick’s theorem, as both the charged fields and the gauge field are expressed in terms of
their own set of annihilation and creation operators. We presented a more detailed derivation

of the first two contributions in Part I, ref. [1], the result of which is
3

Pre(n, k) = Whﬁg
P

(n, k)|?, (3.72)



;3 d3p k-p\2 K _k-p)
PG (n, k) = / (1 + Aa) 14 Ag 2P (3.7b)
/\;1 2m2 M3 ) (2m)3 aﬁz:ﬂ kp kq

Gk 77’ 2

[A;(T, P)Aj(7.4) + aB pg Aa(7,p) As(r,q)|

Here, the gauge-field modes A, (¢, k) are solutions to eq. (2.17), Gk(n, 7) is the retarded Green
function to the differential operator D = (8%/9n?) + 2H(9/9n) + k?, and ¢ = |k — p|. A
detailed computation of the y-induced contribution, P(k), is beyond the scope of the current
paper. Therefore, we will simply keep this term generic, opting for a simple scaling argument
to estimate its importance in the later part of this article.

From the tensor power spectrum, one can directly compute the GW energy density per
logarithmic frequency interval in units of the critical energy density,

1 dpaw(f) 12
3H2MZ dlnf  3H?
0P 0

Qaw(f) = 1 Taw (F)I*Pr(tout (ky), kf), k= 2maof, (3.8)

where Hy = h x 100kms~! Mpc~! is the Hubble constant and the transfer function Tqw
describes the evolution of a GW mode with momentum k; from horizon re-entry when
k¢ ~ H(nin) (after horizon exit during inflation when ky ~ H(nout)) until today [76],

1 Taw (f)|* ~

H2Q, 9.(T)) <g*,s<To>>4/3 9 ( feq

2
8772f2 g*(TO) g*,s(Tf) L+ ) ’ﬂeh(f)’z . (39)
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The functions ¢.(T") and g, s(T") represent the effective number of relativistic degrees of
freedom in the SM thermal plasma at temperature 7' contributing to the energy density
and entropy, respectively. The temperature Ty corresponds to the time when k; re-entered
the horizon and Ty ~ 2.73K is the temperature of the CMB photons today. €2, is the
fractional energy density in radiation today, h?€Q, = 4.2 x 107°. The fourth factor describes
the transition from radiation to matter domination, with foq = 2.1 x 107 Hz the frequency
corresponding to matter-radiation equality. The last factor, |Ten(f)|?, affects modes which
re-enter the horizon during a period of reheating before the onset of radiation domination.
In our previous article, ref. [1], we assumed instantaneous reheating, thus |Ten(f)|> = 1.
However, as discussed in the previous section, FAI leaves more room for a period of reheating,
which can impact the GW spectrum via this transfer function.

Reheating implies that frequencies experience an additional redshift due to this non-
standard phase of cosmological expansion. This is evident when expanding the relationship

ky = 2mag f, between a frequency f and the corresponding comoving momentum £ f,3

1/3
ky _ _kf Gemd@en _ Ky N, < 9*,S(To)> 1o (3.10)

= - )
2mag 2TGend Areh G0 2T Gend g*,S(Treh) Tren

3We fix the normalization of the scale factor during the early stages of inflation. In this convention, the
present-day value of the scale factor ag is not fixed to a certain value (e.g., ap = 1), but depends on the details
of the expansion history. For our purposes, this convention proves advantageous, since it allows us to use the
wavenumber ky as a clock variable during inflation that is independent of the details of reheating.
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where aeng denotes the end of inflation, which is followed by Nyeh, = In(ayeh/adend) e-folds of
reheating until radiation domination sets in at a temperature 7..,. By modeling reheating
as an expansion phase governed by a non-interacting fluid with equation of state wyen, the
duration of reheating, Ny, may be related to the reheating temperature, Tion, via

1 90 Mp H?
Nyep = In | 5———ed— ). (3:11)
3(1 + wyeh) g g*(Treh)Teh

T

Assuming a standard reheating mechanism where the dominant energy density is in inflaton
oscillations around its potential minimum, reheating will manifest itself as a period of
’2

early matter domination, wy, = 0. For this case, the transfer function |7en(f)|* has been

computed in refs. [77, 78],

e(fend - f)
1-0.22 (ﬁ)”’ 10.65 (ﬁ)z ’

| Teen () = (3.12)

with the frequencies feng and fren corresponding to the end of inflation and the end of
reheating, respectively. As evident from egs. (3.10) and (3.12), reheating affects the GW
spectrum by further redshifting all frequencies with respect to instantaneous reheating, while
also suppressing the GW spectrum at high frequencies, f > fien, by a factor f=2.

4 Model specifications and constraints

For the remainder of this article, we focus on the scenario where the gauge field A, in
eq. (2.1) is the SM hypercharge field. The charge carriers x; therefore correspond to the
fermions of the SM, which we assume to be massless; see the discussion in Footnote 1. These
assumptions are expressed in the individual fermion contributions g§; to the conductivities
og/p in eq. (2.11), which sum up to

« _ ~9W?(E-B)| (B?) — (E?) + %
Zi:dl =C 6rH 5 coth W\/(E2> “BYty ) (4.1)

with C = 41/12, equal to half the sum of the cubes of hypercharges of all SM fermions. The
coupling ¢'(u) is the running hypercharge gauge coupling at one-loop order,

41 my —1/2
/ o / 2
g (n) =g (mz) <1 +g'(mz)” s In u) : (4.2)
with the Z-boson mass, my ~ 91.2GeV, ¢’(mz) ~ 0.35 and the characteristic energy scale of

pair creation p = p]{j/l\i. For brevity, we will refer to this realization of FAI as FAIgy.*

“Reference [79] argues that gauge-field modes can efficiently interact with each other via fermions and
thus thermalize already when the instability parameter satisfies |¢| = 2.9 for Standard Model couplings.

Te~, enhanced

This argument is based on a computation of the rate for the Breit—Wheeler process vy — e
by the large occupation numbers of the gauge-field modes. Although we agree that the computation itself
may be correct, we believe that its interpretation is misleading. Gauge-field modes with large occupation
numbers correspond to a superhorizon classical gauge field rather than on-shell photons, and the computed
rate effectively describes the Schwinger pair-production process. Indeed, our numerical solutions confirm that
Schwinger pair production becomes efficient when |€es| is greater than 3. Note also that the inverse process

+

eTe” — vy is not efficient and does not lead to thermalization, since fermionic states cannot achieve large

occupation numbers. Therefore, throughout this work, we assume that the gauge field does not thermalize.
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Just as in the analysis of PAI in Part I [1], we work with a linear axion-vector coupling,
I(¢) = (B/Mp) ¢ and assume a simple quadratic scalar potential V(¢) = m2¢?/2. As we
argued in Part I, this quadratic potential is representative of a larger class of inflationary
models, whose late-time attractor is nearly quadratic below some threshold field value gy, .
Inflation simulated on a quadratic potential yields representative GW spectra for frequencies
f 2 finr, where fip, is the frequency corresponding to modes which exit the horizon when
© = @thr- Assuming that the inflaton trajectory for ¢ < o, is approximately given by the
slow-roll attractor of chaotic inflation, one may deduce the relationship

fthr> < m Treh) :|
1.541 m _9AN, 4,
g ) Tiotesn | 3 Gey BRI, (43)

which is the generalization of eq. (4.5) in ref. [1] that allows for a period of reheating with

V(pwmr) ~ m* M [20 — 4.61ogy (

wreh = 0. We use this relationship to determine bounds on m by using the measured value of
the amplitude of scalar perturbations, Ag = 2.1 x 1079 [63, 80], bounds on the tensor-to-scalar
ratio, r < 0.03, [80, 81], and non-Gaussianity at CMB scales, [{cmp| < 2.5 [82-85],

3
V(otnr) S 57r2ASrM4 <9.3x 1071003 (4.4a)
V(pm) < 4872 Ag ‘&;\;IB’M‘l <6.2x 1070ME /8% (4.4b)

The second bound is only more constraining for 8 ~ 80 — 100 (which we never reach in the
present study), so we focus entirely on the first bound. Modeling V (¢¢n,) as in eq. (4.3), we
can observe that the constraint on m is marginally relaxed when reducing fi, with variations
ranging from m < (3.1 — 3.4) x 107Mp for fin, = 10712 — 1079 Hz and instantaneous
reheating. A lower reheating temperature also only mildly affects the bounds: even for
Tren =~ 1 MeV, we only find m < (3.9 —4.4) x 107 Mp for fi, = 1072 — 1072 Hz. The largest
effect can be obtained by allowing for an extremely prolonged duration of inflation due to
backreaction. For example, for ANgr = 20 and varying fi,, = 1072 — 10~ Hz, one obtains
m < (4.1 —4.8) x 1075 Mp assuming instantaneous reheating, and m < 6.4 x 1075 — 107> Mp
for Tien >~ 1 MeV. Evidently, only when allowing for a low reheating temperature and many
e-folds of backreaction can the bound on m be substantially relaxed. In practice, we will
indicate bounds for ANgr = 0 in our results while still studying inflaton masses as high as
5 x 107°Mp due to the uncertainties involved in these estimates.

On the side of GWs, we follow the same prescription as in our companion paper. The
integrated GW energy density is constrained by Big Bang nucleosynthesis (BBN) and CMB
measurements of the effective number of relativistic degrees of freedom beyond those of the
SM. We denote this excess above NSM [86] as

ANeg = Nog — NSM, NSM = 3.0440 £ 0.0002 . (4.5)

€
In principle, we use a conservative limit AN.g < 0.5 as suggested in ref. [87], accounting for
the uncertainty of combined BBN and CMB constraints [62, 64, 65]. In practice, however, we
find this limit to be irrelevant in this study, as the corresponding bound on h?Qaw(f),

fend d
/ —thQGW( f) <5.6 x 10 5ANg, (4.6)
BBN f

is never violated.
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We estimate the detection prospects for a GW signal by a given GW observatory using
the signal-to-nose ratio (SNR) [88-90],

Fnae . o\ 1/2
S/N: <ndettobs/f ‘ df <m> ) . (47)

The detector sets the frequency band, [fmin, fmax|, and if the SGWB search is based on an
auto-correlation or a cross-correlation measurement, nget = 1 or 2. For detectors that are
not yet operational, we set the observation time to t,,s = 1yr.

In our analysis, we account for three different experiments, each representative of current
or next-generation detectors in their respective frequency band. As before, we use ET for
the frequency band 1Hz — 10kHz, and LISA for the frequency band 10 pnHz — 1 Hz [54-56].
Different from our previous analysis of the PAI model, we find that GW signals can have a
sizable amplitude in the PTA frequency band, 1nHz — 100nHz. Correspondingly, we also
estimate the potential for a GFIGW observation by the NANOGrav collaboration in their
15-year data set [57], henceforth referred to as NG15. To compute the SNR for this data
set, we work with the total observing time span covered by it, tops = 16.03 yrs. Additionally,
we consider any sensitivity by the LIGO-Virgo network as a constraint, given that it did
not observe an SGWB in its third observing run [69]. We shall refer to these constraints as
HLVO3 corresponding to Hanford (H), Livingston (L), and Virgo (V). These detectors cover
a frequency band 10 Hz — 50kHz [66-68]. For ET and LISA, we use the strain noise spectra
Onoise collected in ref. [91]. For the HLVO3 constraints, we work with the characteristic
HLV strain noise spectra available at ref. [92]. For NG15, we take the noise spectrum yoise
provided by the NANOGrav collaboration [93, 94]. This collection of noise spectra also allows
us to compute power-law-integrated sensitivity (PLIS) curves [95] for HLVO3, ET, LISA,
and NG15, which we show in figures 3, 5, and 7.

We solve the dynamics of inflation using the gradient expansion formalism (GEF). For
more details on the GEF, see appendix A of Part I [1] and our previous works on FAI [42, 45].
We initialize the system on the slow-roll attractor, ¢(0) = 15.55Mp and ¢(0) = —+/2/3 mMp
assuming zero gauge-field and fermion energy densities, ppam(0) = py(0) = 0. The SGWB
spectra are computed based on the background evolution determined by the GEF. First,
we determine the gauge-field spectra by solving eq. (2.17). This computation is performed
using our newly available Gradient Expansion Formalism Factory (GEFF) [75], available
at https://github.com/richard-von-eckardstein/GEFF. Then, we use these mode
functions to compute the induced tensor power spectrum, eq. (3.7). More details on this
computation are also given in Part I, appendix B.

To completely determine the modeling of FAI in our effective scheme, we need to define
the heuristic scale dependence ©O(t, k) of the induced current J in eq. (2.13). In ref. [45], we
presented two particular choices, one which is physically well motivated, and an approximation
of the same that allows for easier numerical implementation. In section 6, we explore the
SGWB production in the parameter space spanned by our model parameters g and m. To
make such a scan feasible, we opt for the simpler, approximate implementation of ©(t, k).
We discuss both the modeling of (¢, k), as well as the impact of this approximate model
in appendix A. We find that the approximate modeling applied in the main body of the
text does not affect our conclusions.
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5 Fermion-tempered backreaction

Before we delve into our main results, i.e., estimating the detectability of GFIGWs from FAIgy,
we want to comment on a novel dynamical regime of FAI, which we dub fermion-tempered
backreaction. As the name suggests, the mechanism behind fermion-tempered backreaction
is linked to the damping of the gauge field by the conductive medium.

To understand the new backreaction regime, we first need to consider the usual backreac-
tion during PAI It typically proceeds via the gauge-friction term I 4(E - B) becoming large
compared to Hubble friction, as quantified by the backreaction parameter

[Lo(9)(E - B)|

BH (5:1)

oKG =
As this friction reduces the inflaton velocity, which itself is responsible for gauge-field
production, the entire system enters an oscillatory stage of deceleration and acceleration of
the axion field with a retarded response by the gauge field to the change in velocity [52, 96].
During this process, the kinetic energy in the inflaton is reduced, and the energy density
stored in the gauge field ends inflation by becoming dominant enough to stop the accelerated
expansion.

Now consider the added impact of fermions. Once the gauge-friction term becomes
relevant, the system will attempt to enter strong backreaction. However, upon completing the
first cycle of oscillations in ¢, gauge-field production is enhanced, but so are the conductivity
terms o/ pg. Their effect is to dampen the gauge field, thus limiting the amount of friction
generated for the axion. This stabilizes the oscillations of the system such that the kinetic
energy is not completely drained from the axion. Instead, it performs an oscillatory motion
around the original slow-roll trajectory, which increases the duration of inflation due to this
stuttering motion, but without an explosive production of gauge bosons.

An example of these dynamics is given in figure 1. There, we show the evolution of the
energy densities p; for the individual fluids in FAIgy for 8 = 59 and m = 2.5 x 107> Mp.
Initially, the inflaton velocity starts feeling (E - B), inducing small oscillations due to the
retarded response between the two fluids. However, every local maximum in the gauge-field
abundance is mimicked by a rise in fermion production, as seen by comparing p, to pr and
pB. The damping of pg and pp due to these fermions adds to the already reduced production
of gauge quanta following the oscillating inflaton velocity. This results in a loss of friction
for the inflaton, allowing it to accelerate and repeat this cycle. The lower panel in figure 1
supports this interpretation. There, we show the evolution of the backreaction parameter,
0kq. Clearly, whenever dxg becomes close to unity, the friction term is immediately depleted,
leading to temperate oscillations in all fluids.

6 Gravitational waves from FAI

To examine the detection prospects of GFIGWs from FAlgy, we perform a linear parameter
scan in 3 and log;, Mﬂp' Unlike the analysis of PAI in Part I, we find no need to perform this
parameter scan in rotated coordinates. The reason for rotating the parameter space in the
first analysis was that, in the PAI model, the strength of gauge-field backreaction scales as

— 14 —



—_
(a=)
[

Energy densities:

— Viy) PE
12— s

—_
o
|
—_
!

Px

Energy density p/piot
=
|

S
cl,o
TOTJR[UL JO U]

1074
1 U,
v /F_/__/—\/\,
e}
0.1 ' . . . :
—20 —15 —10 ) 0 15} 10

e-folds AN

Figure 1. The evolution of FAIgy for 8 =59 and m = 2.5 x 107° Mp. The upper panel shows the
evolution of the energy densities V(p) (gray), %<p2 (green), pg (red), pp (blue), and p, (magenta)
normalized to the total energy density pior = 3H?>M3. The lower panel shows the corresponding
evolution of the backreaction parameter dxc defined in eq. (5.1). The horizontal axis indicates e-folds
with respect to the expected end of slow-roll inflation at AN = 0. The evolution of this system is
representative for fermion-tempered backreaction.

~ Mﬁploﬁﬁ with some coefficient x > 1. Thus, an increase in 5 needs to be compensated by a
decrease in log Mﬂp according to the slope k, which we determined heuristically in Part I.
However, these considerations no longer hold for FAI since the overall gauge-field amplitude
is suppressed as a consequence of fermion production. Hence, also backreaction is inhibited,
altering the direct dependence between § and m. In fact, the well-known analytical formula
for the induced tensor power spectrum of PAI, P%g\ oc H* exp (47€), no longer applies to
FAI due to this dampened production. The generic scaling of P%f‘i with H* ~ m? still holds,
however, as it is a consequence of eq. (3.7), and is independent of the precise mode functions
Ax(t, k). Conversely, the instability parameter ¢ is inhibited by gauge-field production (see
section 2). Consequently, we expect that increasing the inflaton mass enhances 79%1&, while
an increase of 8 has a reduced effect compared to the PAI case.

Following these considerations, the results in this section are based on a parameter scan
over inflaton masses ranging between 10~7° — 107°5 Mp and § between 20 — 60.

6.1 Instantaneous reheating

Let us first focus on the observational prospects for detecting GFIGWs from FAIgy; assuming
instantaneous reheating. For a discussion of a lowered reheating temperature, Tien, see
section 6.2. Our findings are summarized in figure 2, where we indicate regions with
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Figure 2. Regions with S/N > 1 for ET (red), LISA (green), and NG15 (orange) and instantaneous
reheating. PLANCK constraints on the inflaton mass are shown as a purple shaded region. In
dashed black, we show contour lines for ANgR, the prolonged duration of inflation due to gauge-field
backreaction. The benchmark points marked in cyan, violet, and magenta correspond to the GW
spectra shown in figure 3. For § 2 45, we find a viable region for a detection by ET or LISA, while an
FAT interpretation of the NG15 signal appears to be excluded by PLANCK.

S/N > 1 for ET, LISA, and NG15 in red, green, and orange, respectively, together with
m < 3.1 x 1075Mp, the CMB bound, as a purple shaded region. Evidently, for 3 > 30, FAIgy
supports a sufficiently strong gauge field such that the resulting GWs would be detectable
by both LISA and ET. In fact, we find a large overlap between regions of S/N > 1 for ET
and LISA, indicating that the GW amplitude spans a large frequency range. For § 2 54
and m > 2 x 107°Mp, the signal can even extend down to the nanohertz regime, such that
it is potentially observed by NG15. However, to support large enough amplitudes in Qgw,
the inflaton mass needs to be sufficiently high. Hence, a large part of the LISA and ET
region of interest is in tension with the CMB bound on m, but a small viable region still
remains for 5 2 45. The region of interest for NG15 is clearly excluded by this bound. In
contrast to the CMB bounds, we find that neither AN, nor HLVO3 impose any constraint
in the region of parameter space that we analyze.

Alongside the SNR regions in figure 2, we also indicate the relevance of gauge-field back-
reaction by showing contour lines for the extended duration of inflation due to backreaction,
ANpRr. As expected, larger masses and couplings increase the relevance of backreaction.
However, in stark contrast to our findings for PAI, strong backreaction is not required to
reach S/N > 1. This is clearly a result of efficient fermion damping prohibiting backreaction
even when increasing the inflaton mass. However, even when backreaction effects do arise,
their impact during FAI is manifestly different. For PAI, we found that strong backreaction
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Figure 3. GW spectra for the benchmark points 8 = 59 with m = 1.5 x 107°Mp (cyan), m = 2.5 x
1075Mp (violet), and m = 2.5 x 107> Mp (magenta). PLIS curves are shown for ET, LISA, and NG15
with the same colors as in figure 2. In addition, we indicate constraints from HLVO3 in blue and from
PLANCK (see text for more details) in purple. Clearly, all spectra avoid ANeg constraints. However,
the magenta spectrum is in clear conflict with the PLANCK observations.

inevitably leads to an overproduction of GWs in tension with AN.g < 0.5. However, these
constraints are entirely irrelevant for FAIgy, even for an extremely increased duration of
inflation, ANgr 2 15. This is a consequence of the fermion-tempered backreaction that we
discussed in section 5. It allows for a delayed end of inflation without being accompanied
by a drastic production of gauge bosons.

The region of interest for NG15 notably coincides with ANggr 2 10. Given that the CMB
bound, eq. (4.4), depends on ANpg, one may wonder if this backreaction sufficiently weakens
the constraints on m, such that the NG15 region of interest would become viable. However,
even for ANpr = 20, the bound is still far too constraining; m < 4 x 1075 Mp.

In figure 2, we highlight three benchmark points for 8 = 59 with m = 1.5 x 10~5Mp,
2.5 x 107Mp and 2.5 x 107°Mp in cyan, violet, and magenta, respectively. The full GW
spectra for these points are presented in figure 3 alongside the PLIS curves for ET, LISA, and
NG15. In addition, we show constraints from HLVO3 in terms of its PLIS curve. Constraints
from PLANCK on the tensor-to-scalar ratio are also indicated. We do so in a particular
way that requires further explanation: as discussed in section 4, we only demand that the
inflaton potential be of the form V (¢) = m?¢?/2 for field values below some threshold value,
© < @ihr, while at field values above this threshold, the inflaton potential is free to receive
model-dependent corrections. The upper limits on V(pgy) in eq. (4.4) notably apply to
this more flexible model, in which V(¢) = m?¢?/2 for ¢ < ¢, and V(¢) = Voup(g) for
© > inr, where Vonp(¢) represents a monotonically increasing continuation of the quadratic
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potential at small values, but which is otherwise arbitrary. In figure 3, on the other hand,
we need to make a choice for Voump(¢). For definiteness, we simply assume that, for the
purposes of drawing GW spectra at all frequencies in figure 3, the potential is of the form
V(¢) = m2¢?/2 at all field values, including field values above @, (frequencies below fip,).
This particular model may be referred to as the m?¢?-equivalent of the actual, more flexible
model that we assume in our discussion of parameter space in figure 2. The CMB constraints
in figure 3 therefore should be interpreted as follows: if an m2¢2-equivalent GW spectrum
does or does not violate the CMB bound shown in figure 3, the corresponding more flexible
model does or does not violate the observational constraints on Ag, r, and |£cumB|, respectively.
This construction has several consequences. First of all, the CMB limit in figure 3 is not a
model-independent sensitivity curve on the same footing as the PLIS curves in the plot. By
construction, it represents a specific constraint that only applies to the GW spectra in the
m?2¢?-equivalent model. Second, these m?¢?-equivalent GW spectra do not need to satisfy the
observational limit on the amplitude of the tensor power spectrum, rAg < 0.03 x 2.1 x 107?;
this bound applies to the GW spectra in our actual, more flexible model, in which Voyp(¢)
is left unspecified. To determine the upper (“would-be”) limit on rAg in the m2¢?-equivalent
model, we work with eq. (4.4) together with eq. (4.3) evaluated for instantaneous reheating
and fir = 10712 Hz. The resulting excluded region is then constructed by assuming a flat
tensor power spectrum up to feys = 7.7 x 10717 Hz, which we plug into eq. (3.8).

Comparing figure 3 to its counterpart In Part I [1], figure 3, confirms our previous
description of the differences between PAI and FAI. For PAI, we found peaked spectra with
a strongly blue tilted GW spectrum, surpassing the vacuum contribution by many orders of
magnitude. For FAIgy on the other hand, GFIGWs are abundant enough to be observable
by ET, LISA, or even NG15, but never in threat of violating bounds on ANeg. Instead of the
drastic amplification of GWs due to strong backreaction, a temperate amplitude in GFIGWs
is sustained over many orders of magnitude in frequency. A first initial burst in gauge-field
production lifts the spectrum above the vacuum contribution, where it then remains with
only a mild blue tilt. This is clearly a consequence of the dampened efficiency of gauge-field
production due to Schwinger pair creation.

The two lower-mass spectra, m = 1.5 x 1075Mp and 2.5 x 10~6Mp, are nearly identical,
except for the increase in amplitude for the higher-mass spectrum. For f > 10~!! Hz, the
spectrum rises with a mild blue tilt, h2Qqw oc fO! (except for a small decrease due to the
change in g, g around the quantum chromodynamics (QCD) crossover at f ~ 1072 Hz). The
spectra not only reach the sensitivity curves for ET and LISA, but are also safe regarding CMB
constraints at f ~ fous. The GFIGW contribution only becomes important at f ~ 10712 Hz
and the vacuum contribution is not in tension with the upper limit on the tensor-to-scalar
ratio, 7 < 0.03, as indicated by the purple shaded region in figure 2.

The spectrum at high mass, m = 2.5 x 107°Mp, corresponds to the evolution of the
energy density shown in figure 1. It evidently is the product of a background evolution with
significant gauge-field backreaction. This observation allows us to explain all the apparent
differences between this spectrum and the ones for m = 1.5 x 1075Mp and 2.5 x 10~ Mp.
Firstly, note the drastic increase to the duration of inflation, ANgr =~ 14, as inferred from
figures 1 and 2. It implies that the GW frequency is redshifted by a factor of 10°, explaining
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why the rise in this GW spectrum happens at much lower frequencies than for the other
two spectra. Secondly, we can see novel oscillations in h2Qqw at high frequencies mimicking
those of the gauge-field energy densities in figure 1.

The rise in the GFIGW amplitude for m = 2.5 x 107°Mp around fcyp clearly is in
conflict with PLANCK constraints. However, we want to stress that this parameter point was
simulated assuming a perfectly quadratic inflaton potential at all field values. If we were to
flatten the inflaton potential at early times, one would expect gauge-field production to set in
later due to the lower inflaton velocity on the flatter sections. Consequently, the production
of GFIGWs would be observed at higher frequencies. Of course, this would not save the
GW spectrum presented here from being ruled out, as even the vacuum contribution for this
spectrum is too high, which can be both read off from figure 2 and figure 3, remembering our
special construction of the CMB exclusion contour in figure 3. Still, this model dependence
is worth remembering when viewing these GW spectra.

However, even when disregarding PLANCK constraints, the spectrum for m = 2.5 x
10~5Mp would still not be suitable for explaining the NG15 data, although it reaches a
sufficient amplitude. The NG15 data favors a steeper spectral index, h?Qqw o f°~7, with
v = 3.2+ 0.6 (median and 90% credible interval) [57]. Clearly, the spectrum we show falls
short of this spectral slope with h2Qgw o %% around the relevant frequencies. In fact, the
background slope of our spectrum is so small that the changes in the effective number of
relativistic degrees of freedom around the QCD phase transition even lead to momentary
drops of the spectral index below zero (i.e., v > 0), which is disfavored by the NG15 data.

In summary, we find that, while PAI is primarily constrained by AN.g due to the sudden
and drastic transition into the strong-backreaction regime, this is no longer true for FAI. The
additional friction from Schwinger pair production tempers these violent processes, allowing
for observable signals by both ET and LISA. However, these same damping effects also
imply that a larger Hubble rate at production is required in order to supply the necessary
amplitude in GWs. Therefore, we find that the most relevant constraints on the SGWB from
FAI come from the PLANCK measurements of Ag and the limit on r, in contrast to PAI,
where the most stringent constraints came from ANg.

6.2 Varying the reheating temperature

To elaborate on our findings in the previous section, we include a simple modeling of
reheating effects, assuming a reheating phase of early matter domination, i.e., wyn = 0.
We treat the reheating temperature, Tien, as a free parameter, which we can lower down
to Treh ~ Typy ~ 1 MeV. Of course, this is a generous assumption and the precise initial
conditions present at the end of inflation are relevant here. For certain parameter regions of
FAlIgy, especially for high couplings 8 and masses m, we find that a large fraction of energy
is already stored in SM fermions and U(1)y gauge bosons. Therefore, one would assume
that the duration of reheating may not be an arbitrary parameter. However, for illustrating
the effect of reheating, it is easiest to treat all parameter points on equal footing, instead
of setting a lower threshold on T, on a point-by-point basis.

In figure 4, we show the change in the S/N > 1 regions for LISA, ET, and NG15
when lowering the reheating temperature to The, = 109 GeV, 10° GeV, 10% GeV, and 1 GeV.
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Figure 4. Regions with S/N > 1 for ET (red), LISA (green), and NG15 (orange) including
variations in the reheating temperature, T}e,. From left to right and top to bottom, Tyep, is 10° GeV,
109 GeV, 103 GeV, and 1 GeV as indicated in the lower left corner of each panel. For reference, the
contours of S/N > 1 assuming instantaneous reheating (i.e., the ones in figure 2) are shown as
dashed-dotted lines. A lower Tye, first increases the sensitivity of a detector, until it falls below the
temperature corresponding to the frequency band of the detector. For points marked in yellow, g = 44,
m = 3.2 x 107 Mp, and blue, B = 53, m = 2.5 x 1075 Mp, we show h2Qqw(f) in figure 5.

For comparison, we also show the results of figure 2 in dashed-dotted lines. Evidently,
lowering the reheating temperature enlarges the SNR regions before they vanish entirely.
This is easily understood: lowering Ty, corresponds to redshifting the blue-tilted spectrum.
Correspondingly, a higher amplitude in h?Qqw can be achieved for lower frequencies. However,
a lowered reheating temperature also implies a drop-off at the frequency corresponding to
Tren- Therefore, once the reheating temperature drops below temperatures corresponding
to the frequency band of a detector, the detector loses all sensitivity. This happens first
for ET, with the lower frequency roughly corresponding to T' ~ 4 x 107 GeV. Then, LISA
loses sensitivity around 1" ~ 400 GeV. For NG15, we do not observe this in figure 4 as its
critical temperature is 7" ~ 100 MeV, i.e., below Ti., = 1 GeV, the lowest temperature we
consider in figure 4. We also indicate the mild drift in the PLANCK limits on the inflaton
mass, eq. (4.4), for ANggr = 0 as indicated by the respective label.

To elaborate on these results, we again indicate two qualitatively different benchmark
points in figure 4, 3 = 44, m = 3.2 x 107%Mp, and 3 = 53, m = 2.5 x 107> Mp, for which
we show the effect of reheating on h2Qqw(f) in figure 5. For each parameter point, the
spectrum for instantaneous reheating is depicted in solid black, while the colored dashed
curves show the effect of lowering Ty..,,. PLIS curves are given exactly as in figure 3. We again
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Figure 5. GW spectra for 3 = 44, m = 3.2 x 107°Mp (upper panel) and 3 = 53, m = 2.5 x 107> Mp
(lower panel) including their variations when lowering the reheating temperature. The black solid
spectra correspond to instantaneous reheating, while the color of the dashed spectra correspond to
Tren = 10° GeV, 106 GeV, 103 GeV, 1GeV, and 1 MeV, respectively; see the color bar on the right.
PLIS curves and PLANCK constraints are shown with the same color code as in figure 3.

compute the PLANCK bound as in figure 3, but assuming the lowest reheating temperature
for which we show spectra, T.., = 1 MeV. The spectra match our expectations: a lower
reheating temperature redshifts the spectrum, first increasing the sensitivity of a detector,
before the spectral peak is redshifted out of its frequency band for a low enough Tiep.

6.3 Estimating the fermionic contribution to the SGWB

Up until now we have exclusively considered GWs sourced by gauge bosons. However, figure 1
indicates that more energy density may be stored in fermions than the gauge field at the end
of inflation. If this fermion gas is sufficiently anisotropic, one would expect that it contributes
correspondingly to the total amplitude of the GW spectrum.

A computation of this additional contribution, on equal footing to the one for the gauge
field, is beyond the scope of this article. However, we can make an educated estimate of
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its relevance,
P 2 GF
OGw ~ Be (X> Qcw - (6.1)
PEM

Here, O,y is the contribution from fermions to the GW spectrum, while 985&] is that of
the gauge field, which we compute from eq. (3.7). We assume that the overall spectral
dependence for the fermion contribution matches that of the gauge field, simply relating
the two contributions via their respective energy densities. This reflects the fact that we
model the conducting fermionic medium as direct functions of the gauge-field expectatin
values, (E?), (B?), and (E - B). The coefficient (3, describes how inherently anisotropic
(quadrupolar and beyond) the fermion energy density is, i.e., its ability to source GWs.

Next, we try to estimate (3, from the microphysics hidden behind p,. In ref. [32], it
was computed that the electric and magnetic field source two distinct fermion populations.
Firstly, chiral fermions are directly produced from the electric field via the chiral anomaly.
These fermions quickly thermalize due to internal scattering, which we take to imply that
they quickly become isotropic and are thus irrelevant for GWs. However, a second population
of left-right symmetric fermions occupies higher Landau levels due to the presence of the
magnetic field. For these fermions, scattering is negligible, and they do not thermalize.
Reference [32] estimated that this second population is dominant in p,, finding that the chiral
fermions only make up a small fraction of around 1072 — 1073, We take this to imply that,
in principle, a large fraction of p, may be anisotropic. We will thus assume an optimistic
value, #, = 1 for our estimates.

In figure 6, we show the relevance of the fermionic contribution by showing how the
SNR-regions for LISA, ET, and NG15 are affected when adding the estimate for hQQéW
from eq. (6.1) to R2QELE, from eq. (3.7). All results are computed assuming instantaneous
reheating. The S/N > 1 regions enveloped by dotted lines indicate the result with h2QéW
included, while the dashed-dotted lines are computed from hQQg\FN alone. Besides LISA, ET,
and NG15, also HLVO3 now shows sensitivity to h?Qaw.

LISA and ET become considerably more sensitive to the GW signal from FAI, especially
for large coupling, 8. The explanation is obvious: stronger gauge-field production yields
stronger fermion production. Interestingly, we find that the sensitivity region for NG15 has
not been significantly increased. We attribute this to the observation that fermion production
occurs towards the end of inflation, as suggested by figure 1. Therefore, at low frequencies,
hQQéW does not dominate over hQQggv, and the fermions do not add to the signal in the
nanohertz band. The fact that the fermions contribute primarily at high frequencies also
explains the appearance of an S/N > 1 region for HLVO3: because hQQéW is more blue-tilted
than hQQSEV, h?Qaw gains in amplitude at higher frequencies. Based on our simple estimates
alone, including hQQéW thus further weakens the FAT interpretation of the NG15 signal, as
the HLVO3 region largely overlaps with the one for NG15.

These simple estimates clearly highlight the importance of a more refined computation
of the fermionic GW contribution, h*Qgy, seeing as it may be dominant over Qggv at high
frequencies. A precise computation including the spectral information on the fermions is,
however, beyond the scope of this analysis.
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Figure 6. Sensitivity regions when estimating the additional contribution to h?Qgw due to the
fermion gas. The regions with S/N > 1 are shown for ET (red), LISA (green), NG15 (orange),
and HLVO3 (blue). These results are computed assuming instantaneous reheating. The fermion
contribution may boost the detectability region for ET and LISA, thus dominating over the GFIGW
contribution at high frequencies. At low frequencies, the exra contribution matters little, as evident
from the NG15 region being nearly insensitive to the additional source. More so, the enhanced signal
at high frequencies implies that HLVO3 is in conflict with a FAI interpretation of the NG15 signal.
These results are a simple estimate assuming an optimistically large anisotropic fermion fraction.

7 Conclusion and outlook

Axion inflation is a promising model of inflation that attempts to reconcile the flatness of the
inflaton potential with non-trivial couplings of the inflaton to gauge fields. In the simplest
models, an Abelian gauge field couples to the inflaton via a shift-symmetric interaction,
¢FF. This results in abundant gauge-field production that may in turn source a stochastic
gravitational-wave background (SGWB). Models of fermionic axion inflation (FAI) extend
the field content of axion inflation by charged matter fields. These charged particles are
generated via the Schwinger effect as a consequence of the strong electric and magnetic fields
sourced by the axion. The resulting conductive medium of charge carriers then dampens
the production of the gauge field.

In this article, we investigated the imprint of this non-trivial interplay between the
inflaton, the gauge field, and fermions onto the SGWB sourced by the gauge field during
axion inflation. To this end, we considered a particularly well-motivated realization of the
FAI model in which the axion couples to the Abelian U(1)y hypercharge field. Therefore, the
fermions produced by the Schwinger effect are those of the Standard Model (SM). This article
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is the second part following a preceding analysis of gravitational-wave (GW) production
during pure Abelian axion inflation (PAI) [1].

To estimate the phenomenological viability of the resulting SGWB signal, we considered
its detectability by current and next-generation GW observatories. This includes experiments
spanning a large frequency range, the Laser Interferometer Space Antenna (LISA), the
Einstein Telescope (ET) as well as the latest data set of the NANOGrav collaboration
(NG15), representative of the sensitivity of pulsar timing array observations. The constraints
on the signal come from the non-observation of an SGWB in the third observing run of
the LIGO-Virgo network (HLVO3), PLANCK measurements, and bounds on the effective
number of dark relativistic degrees of freedom, ANg.

We studied the production of GWs from FAI assuming a linear coupling between the
inflaton and the gauge field, (8/Mp)¢FF, and assuming a simple quadratic potential for the
inflaton. In the two-dimensional parameter space spanned by the inflaton-gauge-field coupling
strength, £, and the inflaton mass, m, we find large regions where an appreciable amount
of gauge-field-induced gravitational waves (GFIGWs) may be produced during FAI coupled
to the SM. Especially for couplings 5 2 45 and inflaton masses below the PLANCK bound,
m < 3.1 x 107Mp, an SGWB with sufficient amplitude can be generated such that it would
be observable by both LISA and ET, thus marking a particular region of interest. To reach
the sensitivity range of NG15, larger couplings, 3 > 54, and larger masses, m > 2 x 107> Mp,
are required, in tension with existing PLANCK data. However, even when disregarding the
bound on the inflaton mass, the spectral slope of spectra reaching NG15 sensitivity are too
shallow to be consistent with NG15; h?Qaw oc f0-06.

We also analyzed the effect of a lowered reheating temperature, Tiep, finding qualitative
agreement with the results for instantaneous reheating. Unsurprisingly, when the reheating
temperature is lowered below the corresponding frequency range of a detector, the detector
loses sensitivity. This occurs for ET at Tyen ~ 4 x 107 GeV, then for LISA at Ty ~ 400 GeV
and again for NG15 at Tiep ~ 100 MeV.

Finally, we estimated the additional contribution to the SGWB that is sourced by the
SM fermions produced during FAI. We find that this novel component to the GW spectrum
could enhance the signal at high frequencies, as the fermion energy density surpasses that of
the gauge field towards the end of inflation. This implies an increased sensitivity of LISA
and ET to GWs from FAI. At the same time, this additional component of the SGWB puts
further stress on the interpretation of the NG15 signal as coming from FAI. We find that, as
the SGWB signal rises more steeply at high frequencies due to the fermionic contribution,
most signals that would explain the NG15 data should also have been detected in HLVO3.
Therefore, the region of parameter space with an appreciable signal-to-noise ratio for NG15
is in tension with the non-detection of an SGWB by HLVO3. These results rely on a simple
estimate (see eq. (3.4) of the SGWB signal with an optimistic assumption on the anisotropy
of the fermionic gas. The relevance of the fermionic contribution based on these simple
estimates clearly highlights the importance of a proper computation of this novel SGWB
component. We leave this for future work.

The results for FAI are in stark contrast to the results for PAI in our companion paper [1].
In our GEF benchmark study, we found that an observable signal for PAI was in tension
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with bounds on ANeg, while a signal from FAI is primarily constrained by the maximal
inflation scale inferred from the PLANCK data. The reason for this difference is in the
uninhibited production of gauge bosons during PAI, which implies that strong backreaction
effects can trigger a dynamical instability in the dynamics of the inflaton, leading to an
explosive production of gauge bosons and GWs. The damping effect of the fermionic medium
in FATI tempers these effects, allowing for the generation of a moderately blue-tilted GW
spectrum. We find that, in the most interesting region of parameter space, the SGWB
amplitude grows as oc fO! around the LISA and ET frequency bands. While this damping
does not imply the absence of backreaction, it does moderate it, resulting in a qualitatively
new backreaction regime that we call fermion-tempered backreaction.

Both of our analyses were performed using the gradient expansion formalism (GEF). In
our previous paper, we discussed at length the limitations of this method when studying the
dynamical evolution of PAI. These limitations concern the generation of axion gradients
sourced by the gauge field. The effect of this additional dynamical degree of freedom has
so far only been successfully captured on the lattice. However, the dampened production
of gauge bosons during FAI implies that this effect could be less significant, as recently
indicated by lattice simulations [46]. Therefore, the GEF appears to be ideally suited for
studying the dynamics of FAIL

In summary, in this article, we studied the prospects of detecting GWs originating from
the production of SM particles during axion inflation. We find that a GW signal sourced
by U(1)y hypercharge bosons generated via their coupling to the axion-inflaton field would
be detectable by both LISA and ET. We also estimated, for the first time, the additional
contribution to the GW spectrum sourced by the fermions produced during FAI, finding
it to make a relevant contribution at high frequencies.

We hope that our results are going to encourage other researchers to further pursue
the study of fermion generation in the early Universe, in particular during axion inflation.
Our results highlight the importance of accounting for the non-trivial interplay between the
fermions and the gauge field in this model to make accurate phenomenological predictions.
The fact that an SGWB sourced by SM fields during inflation may be detected by next-
generation GW observatories underpins the relevance of improving various aspects of the
computation that we have performed here. First, one should strive towards computing fermion
backreaction onto the gauge field from first principles in place of the effective modeling that we
applied in this article. Second, the importance of axion inhomogeneities should be reassessed
for the model of FAI to ensure that their impact can indeed be neglected. In particular,
we hope our results will spark the interest of researchers to validate this assumption using
lattice techniques. Third, in this article, our focus has only been on the gauge field as a
source for an SGWB. We already pointed out that the fermions themselves could give a
relevant contribution to the SGWB. However, these same fields can also source scalar metric
perturbations, which in turn can induce an additional SGWB component at second order
in perturbation theory. This third major source could then further affect the spectra that
we have shown here. At the present stage, we are not aware of any computations of the
scalar power spectrum for FAI, in particular not one that also accounts for fermions as a
source of density fluctuations. Overall, FAI is a rich research field with the potential of many
important improvements to be made in future work.
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A Alternative modeling of fermionic scale dependence

In this appendix, we discuss the modeling of the function (¢, k) in eq. (2.13) by means of
which we account for the scale dependence of Schwinger damping in the mode equations for
the gauge field. We compare two models suggested in ref. [45], which we call ky-damping
and kg-damping, respectively. In the main body of the text, we relied on ky-damping, even
though this model is an approximation of the more well-motivated kg-damping model. In the
following, we will first introduce both models and then discuss how our results in the main
text change when replacing ky-damping by ks-damping on the basis of the benchmark points
shown in figure 3, i.e., 3 =59 and m = 1.5 x 1075Mp, 2.5 x 10~ Mp, and 2.5 x 1075 Mp.

A.1 Scale-dependent damping with ky or kg

In the ks-damping model, the function O(t, k) is given by
O(t, k) = 0(ks(t) — k)0 (ks(t) — a(t)H(t)) . (A1)

Here, the wavenumber kg(t) characterizes the typical particle-antiparticle separation following
their creation. Hence, the first factor in eq. (A.1) ensures that gauge-field modes with k > kg
are not affected by the conductive medium, while the second factor prohibits super-Hubble
particle creation.

The scale kg can be determined from a kinematic analysis. For FAIgy, one has [45]

1/4
(B%) — (BY) + (B>~ B> + {(E-B)’| . (A.2)

However, as explained in ref. [45], the kg-damping model is more challenging to implement in
the GEF. In particular, in the present analysis, we found it to be unsuitable for a parameter
scan like the one in section 6. The challenge arises as there is a second important scale
affecting gauge-field evolution besides the damping scale kg: the instability scale &y, which
determines if a gauge-field mode A, (t, k) is tachyonically amplified. It is given by [45]

©
kyn(t) = max {a(t’)H(t’) (léeffl + /&% + 5% + sE>} : sp = UQLH . (A.3)
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Since ky, and kg are evidently different, when modeling ©(¢, k) as in eq. (A.1), one consistently
needs to distinguish between gauge-field modes that have already experienced the tachyonic
instability before feeling the presence of the damping conductive medium, and those modes
that are damped before being tachyonically amplified. Therefore, the GEF modeling becomes
significantly more involved, as we have explained in detail in ref. [45].

To facilitate the numerical implementation of O(¢, k), one can make the approximate
identification ki ~ kg, such that®

O(t, k) = 0(kn(t) — k)0(ks(t) — a(t) H(t)). (A.4)

This second choice is what we refer to as the ky-damping model.

Just comparing eqs. (A.2) and (A.3), it may not be evident why this identification is
justified. One approach is to verify the assumption a posteriori. However, given that both
quantities scale with aH, it is not surprising that one will find them to differ only by an
O(1) factor, which is insignificant when considering the exponential growth of the scale
factor during inflation.

A.2 Comparison between k- and kg-damping

In order to justify that we rely on the simpler ky-damping model in the main body of the
text, we now study how our main results are affected by this choice.

First, we re-analyze the onset of the regime of fermion-tempered backreaction by comparing
the results for the benchmark point 8 = 59 and m = 2.5 x 107> Mp as given in figure 1. The
updated version of this plot can be seen in figure 7, where we overlay the previous results for
kn-damping (solid lines) with those for kg-damping (dotted lines). Notably, the backreaction
qualitatively remains the same: an oscillation of the inflaton’s kinetic energy around the
slow-roll attractor accompanied by oscillations in p, and pgpv. However, we do see that
backreaction sets in marginally earlier in the kg-damping model. We can understand this
by considering that ks < ky at early times, and, hence, some gauge modes Ay (¢, k) will be
tachyonically amplified without immediately feeling the damping effect due to the fermion
fluid. This implies that the integrated gauge field can start to affect the inflaton dynamics
earlier. At the same time, the end of inflation occurs marginally earlier in the kg-damping
model (the vertical dotted line at AN ~ 13). We may interpret this by considering that,
once kg > ky, some gauge modes will be damped even before feeling the enhancing effect
of the rolling inflaton field. Overall, we are reassured in the fact that fermion-tempered
backreaction is not qualitatively affected by our modeling of ©O(t, k).

Next, we show how the SGWB spectra in figure 3 are affected by our modeling of ©(¢, k).
We show the updated version of this plot in figure 8. Again, we overlay the original result for
kn-damping (dashed lines) with those for ks-damping (dotted lines). Again, we find good
qualitative agreement for the GW spectra corresponding to the benchmark points § = 59 and
m = 1.5 x 107°Mp (cyan), 2.5 x 10~5Mp (violet). In both models, they reach roughly the
same amplitude, cover the same frequency range, are detectable by the same observatories,

5Note that only in the first Heaviside function ky, is identified with ks. The second, k-independent Heaviside
function affects all gauge modes A (t, k) equally. Thus, we do not gain anything in terms of the numerical
implementation by approximating ks ~ ki for this second term.
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Figure 7. Same as in figure 1, but we overlay the previous results for kp-damping (solid lines) with
those for ks-damping (dotted lines).

and feature the same spectral slope. For the kg-damping model, the amplitudes of the
spectra are marginally decreased, and the growth is marginally less stable, including some
small oscillations. For 8 = 59 and m = 2.5 x 107> Mp we also find qualitative agreement
between the results for ky-damping and ks-damping. Both spectra reach NG15 sensitivity,
but are ruled out by PLANCK. However, as one can anticipate based on our results in
figure 7, the spectra for ks-damping feature strong oscillations already at lower frequencies.
Also, one can see the slight reduction of redshift due to ANggr from the later rise in the
GFIGW component at low frequencies for the ks-damping model. Again, the results are
in overall good qualitative agreement, and we find that the results are consistent with the
interpretation given in the main body of the text.

The fact that the two models for ©(t, k) give such similar results can also be understood
quantitatively. We find that, once kg > ky, they only ever differ at most by a factor of two,
while both scales vary exponentially with time. Therefore, it does not matter much if one
distinguishes between kg or ky, when modeling the scale dependence of the Schwinger induced
current in eq. (2.13). The agreement between the two models is especially satisfactory given
that we treat the fermions effectively instead of relying on a first-principles computation.
These encouraging observations notwithstanding, we also argue that it would be interesting
to investigate the new regime of fermion-tempered backreaction on the lattice in order to
resolve the remaining conceptual uncertainties inherent to our approach.
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