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1 Introduction

Quantum cosmology is a fascinating subject, which aims at elucidating the beginning of our
universe. In early 80’s, two important ideas towards this goal were put forward. One is known
as the “tunneling from nothing” proposal by Vilenkin [1–3], which states that our universe is
born through quantum tunneling from an initial quantum state with no classical geometry.
The other is known as the “no boundary” proposal by Hartle and Hawking [4], which states
that the wave function of our universe should be given by path integral over Euclidean
geometries without a boundary corresponding to the initial time. Vilenkin’s proposal can
also be stated in the path integral formalism [2], in which one integrates over Lorentzian
geometries unlike Hartle-Hawking’s proposal. Despite their conceptual similarities, the two
proposals lead to quite different consequences. For instance, the wave functions obtained by
the Vilenkin and Hartle-Hawking proposals behave as e−12π2/ℓ2

PΛ and e12π2/ℓ2
PΛ, respectively,

where Λ is the cosmological constant and ℓP is the Planck length. This makes a big difference
when the cosmological constant is replaced by the potential of a dynamical field as in the
inflation models. See refs. [5, 6] for recent reviews on these proposals and related issues.
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The relationship between the two proposals can be most clearly seen [7] in the mini-
superspace model, which is obtained from the Einstein-Hilbert action by assuming that
the geometry to be integrated over is homogeneous and isotropic. After integrating out
the scale factor while fixing the time-reparametrization invariance by requiring the lapse
function to be time-independent, one is left with the integration over the lapse N . The
saddle points on the complex N plane that correspond to Vilenkin and Hartle-Hawking were
identified, and they actually correspond to different orientations of the Wick rotation; namely
the usual one t = −iτ for the Hartle-Hawking saddle and the opposite one t = iτ for the
Vilenkin saddle. Possible choice of the steepest descent contours that go through either
the Vilenkin or the Hartle-Hawking saddle was also discussed, but there was no principle
to choose a unique contour at that time.

Recently there has been major progress in defining the path integral for quantum gravity
based on the Picard-Lefschetz theory, which provides a general prescription for rendering an
oscillating integral into a sum over convergent integrals on the Lefschetz thimbles associated
with relevant saddle points. Using this theory, the real-time path integral can be made totally
well defined without making a Wick rotation into the imaginary time formalism. In particular,
this has a big impact on the formulation of quantum gravity since the Euclidean quantum
gravity is known to be pathological due to the unboundedness of the Einstein action as is
manifested by the conformal mode instability [8]. Such pathology is absent in Lorentzian
quantum gravity since the unboundedness simply implies increasingly violent phase rotations
of the integrand, which can be dealt with by the Picard-Lefschetz theory. Therefore, a
natural definition of the path integral for quantum gravity can be given by integrating over
the Lorentzian geometry as advocated in ref. [9]. In particular, this fixes the ambiguity1 in
choosing the integration contour in quantum cosmology completely.2

In fact, the steepest descent contour specified in this way passes through the Vilenkin
saddle when the Dirichlet boundary condition is imposed at the initial time. However,
it has been argued that the Vilenkin saddle suffers from the instability problem if one
incorporates the tensor modes and matter fields because of the “wrong” Wick rotation
mentioned above [17, 18]. (See also refs. [19–24].) Based on these observations, it has been
proposed [25, 26] to use the Robin boundary condition3 at the initial time, which interpolates
the Dirichlet and Neumann conditions while making the scale factor vanish on the average
at the initial time. In that case, the relevant saddle point has been shown to switch from
Vilenkin to Hartle-Hawking as the interpolating parameter of the Robin boundary condition is
changed. Thus the no-boundary proposal with the Hartle-Hawking saddle point was realized,
for the first time, within Lorentzian quantum gravity.

In this paper, we perform Monte Carlo calculations in quantum cosmology. In order to
overcome the sign problem that occurs for an oscillating integral, we apply the generalized

1In this paper, we are primarily concerned with the propagator (i.e., Green’s function), which is relevant
for dynamical (Lorentzian) processes. However, in the context of using the path integral for the purpose of
constructing the wave function as a solution to the Wheeler-DeWitt equation, there is no reason to prefer a
Lorentzian contour. Hence, the ambiguity still remains in that context [10–12].

2Recently there are interesting observations related to this issue from the viewpoint of the dS3/CFT2

correspondence [13–16].
3Historically, the Robin boundary condition was introduced in quantum cosmology earlier [19, 20] in order

to solve the instability problem of the Vilenkin saddle point.
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Lefschetz thimble method (GTM) [27], which ameliorates the sign problem by deforming the
integration contour similarly to the Picard-Lefschetz theory.4 A first step in that direction
has been taken recently5 using a simple Metropolis algorithm on the real axis [34]. Here we
use a far more efficient Hybrid Monte Carlo algorithm on the deformed contour [35], which is
crucial, in particular, in investigating interesting behaviors that appear in the case of Robin
boundary condition. We also use the preconditioned flow equation [36] to overcome some
technical problem that occurs when the number of time steps is increased. This technique
has been used recently in establishing a new picture of quantum tunneling based on the
real-time path integral formalism [37].

The primary aim of this work is to establish a calculation method for quantum cosmology
that enables us to perform fully nonperturbative calculations that goes beyond the saddle-
point approximation. Furthermore, while we restrict ourselves to the mini-superspace model
in this work, the established method is flexible enough to add matter fields and/or to enlarge
the mini-superspace by expanding fields in spherical harmonics and keeping a finite number of
them, which is important in investigating the possible instability problem with the Vilenkin
saddle mentioned above.

In particular, our numerical calculations confirm that the Vilenkin saddles become
relevant in the case of Dirichlet boundary condition. The emergence of the real time is
described by the Stokes phenomenon of the saddle points, which occurs as we increase the
scale factor at the final time. In the case of Robin boundary condition, the relevant saddle
point switches from Vilenkin to Hartle-Hawking as the interpolating parameter of the Robin
boundary condition is changed. These results are obtained in a regime in which perturbation
theory around saddle points breaks down as we show by explicit calculations.

We also clarify some fundamental issues in quantum cosmology, which have not been fully
discussed in the literature. In particular, we discuss some issues concerning the integration
domain of the lapse function. In fact, the whole real axis has to be chosen in order to obtain
solutions to the Wheeler-DeWitt equation, whereas the positive real axis has to be chosen in
order to calculate the Green functions of the Wheeler-DeWitt operator [38–40]. (See ref. [41]
for a recent discussion.) In the case of Robin boundary condition, however, it turns out
that there is a problem in choosing the positive real axis. This is due to the fact that the
origin N = 0 is mapped to a different point by the contour deformation unlike in the case of
Dirichlet boundary condition. Because of this, one obtains an unwanted contribution from
the arc that starts at the origin N = 0 when one deforms the integration contour using
Cauchy’s theorem. We determine the parameter regime in which this contribution dominates
over the contribution from the relevant saddle.

The rest of this paper is organized as follows. In section 2, we briefly review quantum
cosmology based on the mini-superspace model with the Dirichlet and Robin boundary
conditions. In section 3, we discuss the issue of the arc contribution that appears in the
case of Robin boundary condition. In section 4, we explain how we deal with this model
by Monte Carlo calculations using the GTM. In section 5, we present our results obtained

4The idea to perform Monte Carlo simulations on the Lefschetz thimble was put forward in refs. [28–31].
5This paper addressed the issue of the integration domain of the scale factor squared q(t) = a2(t), which

is taken to be the whole real axis in analytic calculations such as the one in ref. [7]. For other numerical
approaches to quantum gravity, see refs. [32, 33], for instance.
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by the Monte Carlo calculations. In section 6, we discuss how one can read off the real
geometry from the complex geometry obtained at the saddle point. Section 7 is devoted
to a summary and discussions. In appendix A, we explain the details of our calculation
method. In appendix B, we derive the effective action for the lapse function in the theory
with discrete time, which is used in perturbative calculations.

2 Brief review of quantum cosmology

In this section, we briefly review quantum cosmology based on the mini-superspace model,
in which the space-time is assumed to be homogeneous and isotropic. Here we also assume
that it has positive curvature. Then the metric can be parametrized as

ds2 = a2(η)(−N(η)2dη2 + dΩ3
2) , (2.1)

where we have defined the conformal time η, the scale factor a(η), the lapse function N(η) > 0
and the metric dΩ3

2 on a unit 3-sphere. Plugging this metric into the Einstein-Hilbert action
with the Gibbons-Hawking-York boundary term, we obtain6

SEH[a, N ] = 6π2
∫

dη

{
− 1

N2 aȧ2 + N(a2 − H2a4)
}

,

where H2 represents the cosmological constant Λ ≡ 3H2 using the notation in refs. [25, 26].
In order to solve this model analytically, we make a change of variables [7]

q(t) = a2(η) ,

dt = a2(η) dη , (2.2)

which brings the action into a quadratic form

SEH[q, N ] = 6π2
∫

dt

{
− 1

4N
q̇2 + N(1 − H2q)

}
(2.3)

with respect to q, where we have introduced q̇ = dq
dt and q̈ = d2q

dt2 . In terms of the new
variables, the metric (2.1) reads

ds2 = −N(t)2

q(t) dt2 + q(t) dΩ3
2 . (2.4)

Following ref. [7], we quantize this theory by the path integral in terms of the canonical
variables including the conjugate momenta p(t) and π(t) for q(t) and N(t), respectively.
After fixing the time-reparametrization invariance by using the constant-lapse gauge Ṅ = 0
and integrating out the associated Batalin-Fradkin-Vilkovisky ghosts as well as π(t), we
arrive at the partition function

Z =
∫

dN Dq Dp eiS , (2.5)

S[q, p, N ] =
∫

dt

[
q̇p + N

{ 1
6π2 p2 + 6π2(1 − H2q)

}]
. (2.6)

6Throughout this paper, we set ℏ = c = 8πGN = 1, which corresponds to setting the Planck length to
lP =

√
ℏGN

c3 = 1√
8π

.
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Here we note that H2 that appears in (2.6) can be pulled out of the action as

Z̃ =
∫

dÑ Dq̃ Dp eiS̃/H2
, (2.7)

S̃[q̃, p, Ñ ] =
∫

dt

[
˙̃qp + Ñ

{ 1
6π2 p2 + 6π2(1 − q̃)

}]
, (2.8)

by rescaling q̃(t) = H2q(t), Ñ = H2N . Thus we find that H2 plays the role of ℏ in quantum
mechanics, which controls the strength of quantum effects. In this section, we consider the
H2 → 0 limit with fixed q̃(t) = H2q(t), Ñ = H2N , which enables us to solve the theory (2.7)
by the saddle-point analysis. Remembering that we deal with the rescaled variables q̃ and
Ñ from now on, we omit the tildes to simplify the notation.

2.1 Dirichlet boundary condition

Integrating out p(t) in (2.7), we obtain the effective action for q(t) and N as

Seff [q, N ] = 6π2
∫

dt

{
− 1

4N
q̇2 + N(1 − q)

}
. (2.9)

Taking the variation of (2.9) with respect to q(t), we get

δSeff = 6π2
[∫ 1

0
dt

( 1
2N

q̈ − N

)
δq(t) − 1

2N

{
q̇(1)δq(1) − q̇(0)δq(0)

}]
, (2.10)

from which one obtains the classical equation of motion for q(t) as

q̈ = 2N2 (2.11)

and the requirement for the boundary conditions

q̇(1)δq(1) − q̇(0)δq(0) = 0 . (2.12)

Here we impose the Dirichlet boundary conditions

q(0) = qi , q(1) = qf (2.13)

on both ends, which satisfy (2.12). Solving the classical equation of motion for q(t) in (2.11)
with the boundary conditions (2.13), we obtain

q̄(t) = N2t2 + (−N2 + qf − qi) t + qi . (2.14)

The effective action for N after integrating out q(t) can be obtained in the H2 → 0 limit
by just substituting the classical solution q(t) = q̄(t) in the action (2.9) as7

Seff(N) = π2
{

N3

2 − 3N(qf + qi − 2) − 3
2N

(qf − qi)2
}

. (2.15)

7Note that the N -dependent factors arising from integrating out p(t) and q(t) need not be included in the
effective action (2.9) and (2.15) in the H2 → 0 limit considered here although it should be taken into account
in the full quantum calculations as we discuss in section 4.
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Figure 1. The flow diagram is shown in the case of Dirichlet boundary conditions qi = 0 at t = 0
and qf = 0.8 (Left), 10 (Right) at t = 1, respectively. Blue circles represent the saddle points
N̄1, N̄2, N̄3, N̄4, which correspond to (c1, c2) = (1, 1), (−1, 1), (−1,−1), (1,−1) in (2.18), respectively.
The blue crosses represent the singularities of the effective action. The black line represents the
original integration contour, while the red line represents the integration contour obtained by the
Picard-Lefschetz theory.

Taking the derivative of (2.15) with respect to N , we obtain the saddle-point equation

N4 − 2(qf + qi − 2)N2 + (qf − qi)2 = 0 , (2.16)

which can be factorized as{
N2 − 2

√
qi − 1N − (qf − qi)

}{
N2 + 2

√
qi − 1N − (qf − qi)

}
= 0 . (2.17)

Thus we obtain four solutions8

N̄ = c1
√

qf − 1 + c2
√

qi − 1 , (2.18)

where c1, c2 ∈ {1,−1}. Let us label them as N̄1, N̄2, N̄3, N̄4 corresponding to (c1, c2) = (1, 1),
(−1, 1), (−1,−1), (1,−1), respectively.

In what follows, we set qi = 0 in order to realize the “no boundary” proposal. Then
the saddle points become

N̄ = c1
√

qf − 1 + ic2 . (2.19)

Using N̄2 − 2ic2N̄ − qf = 0 in (2.14), the classical solution q̄(t) can be rewritten as

q̄(t) = N̄2t2 − 2ic2N̄t . (2.20)

8Here we define
√

qf − 1 ≡ i
√

1 − qf for qf < 1 and similarly for
√

qi − 1.
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The integration contour for the lapse function N can be obtained by the Picard-Lefschetz
theory, which amounts to deforming the original integration contour R+ in the complex
N plane using the flow equation9

∂N(τ)
∂τ

= i
∂Seff(N(τ))

∂N
, (2.21)

where N(τ) represents the lapse function at the flow time τ and Seff(N) represents the
effective action (2.15). The initial condition N(0) of the flow equation is given by some point
on the original integration contour R+. The deformed integration contour obtained in the
τ → ∞ limit passes through some saddle points, which are considered relevant.10

In figure 1, we plot the right-hand side of (2.21) as small arrows in the complex N plane.
The black line and the red line represent the original integration contour and the deformed
integration contour, respectively. For qf < 1 (Left), N̄1 and N̄2 are relevant with the latter
being the dominant one, whereas for qf > 1 (Right), N̄1 is the only relevant saddle.

All these relevant saddles are considered to be of the Vilenkin type since ImN̄ > 0, which
corresponds to the wrong Wick rotation. (See section 6 for the details.) Thus there is a
possibility of the instability problem when one goes beyond the mini-superspace model [17, 18].

2.2 Robin boundary condition

In order to make the saddle points of the Hartle-Hawking type relevant, it was proposed [25, 26]
to impose the Robin boundary condition at t = 0 as

3π2

N
q̇(0) + α + q(0)

β
= 0 , (2.22)

where α and β are complex parameters to be fixed later, while keeping the Dirichlet boundary
condition q(1) = qf at t = 1. Note that the Robin boundary condition (2.22) interpolates
the Dirichlet boundary condition (with q(0) = 0) at β = 0 and the Neumann boundary
condition (with q̇(0) = − N

3π2 α) at β = ∞.
In fact, when the Neumann boundary condition is used, it is known [7] that either

Vilenkin saddles or Hartle-Hawking saddles appear in the complex N plane depending on
the sign of the initial Euclidean momentum −i q̇(0) = i N

3π2 α. Furthermore, by choosing the
value of the initial Euclidean momentum appropriately, one can make the scale factor vanish
at the initial time for classical solutions. However, quantum fluctuations of the scale factor
diverge due to the uncertainty relation with fixed momentum. This is the motivation for
considering the Robin boundary condition.11

9This is nothing but the anti-holomorphic gradient flow equation (A.3) applied to a single variable N with
the action S(N) = −i Seff(N).

10See ref. [42] for a careful analysis in this regard from the viewpoint of the resurgence theory.
11In order to make the Robin boundary condition consistent with the variational principle, one needs to

add a boundary term (2.23) to the action by hand. This is allowed from the viewpoint of defining Green’s
function, which is taken throughout this paper. Note, however, that this is not allowed from the viewpoint of
defining the wave function satisfying the Wheeler-DeWitt equation based on the no-boundary proposal, which
requires the space-time manifold to have no boundary to the past.
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In order to obtain (2.22), we add a boundary term12 to the action (2.9) given by

S̃B = α q(0) + q(0)2

2β
. (2.23)

Taking the variation of (2.23) and combining it with (2.10), we obtain

−3π2

N
q̇(1)δq(1) +

(
3π2

N
q̇(0) + α + q(0)

β

)
δq(0) = 0 , (2.24)

which imposes (2.22) on the classical solution since q(0) is not fixed.
Similarly to the Dirichlet case, we first solve the classical equation of motion in (2.11)

with the boundary conditions (2.22) and q(1) = qf as

q̄(t) = N2t2 − αβ + qf − N2

3π2β − N
Nt + 3π2(qf − N2) + Nα

3π2β − N
β , (2.25)

and obtain the effective action

Seff(N) =
π2
{

N4−6N2(qf −2)−3q2
f

}
−β

{
6π2α

(
qf −N2)+12π4N

(
N2−3qf +3

)
+α2N

}
2(N−3π2β) .

(2.26)

It turns out that (2.26) can be rewritten as

Seff(N) = π2
{

X3

2 − 3X(qf + A − 2) − 3
2X

(qf − A)2
}

+ const. , (2.27)

where we have defined X ≡ N − 3π2β and A ≡ 9π4β2 − αβ. Since this has the same form
as (2.15) up to the irrelevant constant term with the correspondence X ↔ N and A ↔ qi,
we can readily obtain four saddle points as

N̄ = c1
√

qf − 1 + c2

√
9π4β2 − αβ − 1 + 3π2β , (2.28)

where c1, c2 ∈ {1,−1}. Note that these saddle points reduce to those of the Dirichlet
boundary conditions (2.18) with qi = 0 for β = 0. Here we define

√
9π4β2 − αβ − 1 by

analytic continuation with respect to β. As in the Dirichlet case, let us label them as
N̄1, N̄2, N̄3, N̄4 corresponding to (c1, c2) = (1, 1), (−1, 1), (−1,−1), (1,−1), respectively.

In order to realize the “no boundary” proposal, we set α = −6π2i from now on for the
reason which will be clear shortly.13 Plugging α = −6π2i in (2.28), we get

N̄ = c1
√

qf − 1 + c2(i + 3π2β) + 3π2β , (2.29)
12This boundary term cannot be derived from a covariant term. See ref. [26] for an alternative boundary

condition, which is compatible with a covariant boundary term. See also refs. [43, 44] for applications of the
Robin boundary condition to the Gauss-Bonnet gravity.

13Similarly, if one chooses the opposite sign α = 6π2i, one finds that the four saddle points become
N̄1,2 = i ±

√
qf − 1 and N̄3,4 = −i ∓

√
qf − 1 + 6π2β. Thus the saddle points N̄1,2 are the same as in the

Dirichlet case, and in particular, they satisfy N̄2 − 2iN̄ − qf = 0. Using this in (2.25) with α = 6π2i, we
obtain q̄(t) = N̄2t2 − 2iN̄t, which is the same as (2.20) with c2 = 1. Thus, with this choice α = 6π2i,
we can make q̄(0) = 0 for N̄1 and N̄2 for arbitrary β. For the saddle points N̄3 and N̄4, one obtains
q̄(t) = N̄2t2 + 2(i + 6π2β)N̄t + 12π2β(−i + 3π2β), which do not satisfy q̄(0) = 0 except for β = 0, i

3π2 .
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Figure 2. The flow diagram is shown similarly to figure 1 in the case of Robin boundary condition (2.22)
at t = 0 with α = −6π2i and β = −0.3iβ̃c, while imposing the Dirichlet boundary condition qf = 0.8
(Left) and qf = 10 (Right), respectively, at t = 1.

Figure 3. The flow diagram is shown similarly to figure 1 in the case of Robin boundary condition (2.22)
at t = 0 with α = −6π2i and β = −1.2iβ̃c, while imposing the Dirichlet boundary condition qf = 0.8
(Left) and qf = 10 (Right), respectively, at t = 1.
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which implies that

N̄1,2 = i ±
√

qf − 1 + 6π2β , (2.30)
N̄3,4 = −i ∓

√
qf − 1 . (2.31)

Thus the saddle points N̄3,4 are the same as in the Dirichlet case, and in particular, they
satisfy N̄2 + 2iN̄ − qf = 0. Using this in (2.25) with α = −6π2i, we obtain

q̄(t) = N̄2t2 + 2iN̄t , (2.32)

which is the same as (2.20) with c2 = −1. Thus, with this choice α = −6π2i, we can make
q̄(0) = 0 for N̄3,4 for arbitrary β [25, 26]. Similarly, for the saddle points N̄1,2, we obtain

q̄(t) = N̄2t2 − 2(i + 6π2β)N̄t + 12π2β(i + 3π2β) , (2.33)

which do not satisfy q̄(0) = 0 except for β = 0, − i
3π2 .

Below we focus on β = −iβ̃ with β̃ ∈ R+, which shifts the saddle points N̄1 and N̄2
downwards in the complex N plane as we increase β̃ while N̄3 and N̄4 remain the same, as
one can see from (2.30) and (2.31). Note, in particular, that N̄1 and N̄2 go below N̄4 and
N̄3, respectively, in the complex plane at the critical value β̃c ≡ 1

3π2 .
Let us first discuss the case β̃ < β̃c. In figure 2, we show the flow diagram for the

application of the Picard-Lefschetz theory to (2.26). For both qf = 0.8 (Left) and qf = 10
(Right), the relevant saddle point is N̄1, which is of the Vilenkin type.14

Next we consider the case β̃ > β̃c. The flow diagram is shown in figure 3. For both qf < 1
(Left) and qf > 1 (Right), the relevant saddle point is N̄4, which is of the Hartle-Hawking
type, and the corresponding scale factor satisfies q̄(0) = 0 due to the chosen α = −6π2i.

Thus the use of Robin boundary condition has enabled the realization of the no-boundary
proposal with the Hartle-Hawking saddle points for the first time [25, 26] within Lorentzian
quantum gravity. However, there is an issue when one deforms the contour since the end
point N = 0 of the integration region flows to another point, say N = N (0), unlike the case
of Dirichlet boundary condition, where the end point N = 0 coincides with the singularity
and hence does not flow. (See figure 1.) This implies that the integration over the “arc”
between N = 0 and N = N (0) has to be taken into account in the path integral when
one applies Cauchy’s theorem.

3 The arc problem for Robin boundary condition

In this section, we discuss the issue concerning the arc contribution that appears in the
case of Robin boundary condition. In particular, we determine the region of qf in which
the arc contribution dominates over the contribution from the thimble going through the
relevant saddle point in the H2 → 0 limit.

Let us note that the effective action (2.26) appears in the partition function as Z =∫
dNeiSeff/H2 . Since the relative weight Z(N) ≡ |eiSeff(N)/H2 | for each N decreases along the
14As we discuss in section 3, for β̃ ≤ β̃c/2, there is a region qc(β̃) ≤ qf ≤ 1 in which the relevant saddle

points are N̄1 and N̄2.
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Figure 4. The shaded region represents the region of qf and β̃ in which the arc contribution that
appears in the case of Robin boundary condition dominates over the contribution from the thimble
going through the relevant saddle point. The dots represent the parameter sets used for our simulations
in section 5, which correspond to figure 2 (Right) and figure 3 (Right), respectively.

flow from N = 0, the integral along the arc can be evaluated by the value at N = 0 as

Z(0) = exp
{
−qf(qf − 12π2β̃)

2β̃H2 + O(1)
}

(3.1)

in the H2 → 0 limit. On the other hand, substituting N = 0 in the classical solution (2.25),
one obtains q̄(t) = qf , which implies that there is no time-evolution. Thus the dominance
of the arc contribution poses a serious problem in quantum cosmology.

Let us first consider the case β̃ > β̃c. The relevant saddle point is N̄4. Plugging (2.31)
in the effective action (2.26), we obtain

Z(N̄4) =

 exp
{

4π2

H2 + O(1)
}

for qf > 1 ,

exp
{

4π2

H2

(
1 − (1 − qf)3/2

)
+ O(1)

}
for qf < 1 .

(3.2)

The condition for the dominance of the arc contribution is given by Z(0) > Z(N̄4). For
qf > 1, we obtain

qf < qc(β̃) ≡ 6π2β̃ + 2π
√

β̃(9π2β̃ − 2) . (3.3)

Note that qc(β̃) > qc(β̃c) = 2(1 + 1√
3) for β̃ > β̃c. For qf < 1, we obtain

β̃ >
q2

f
4π2 (−2 + 2

√
1 − qf + 3qf − 2

√
qf − 1qf)

. (3.4)
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Since the right-hand side, which we denote as f(qf), decreases monotonically for 0 < qf < 1,
its maximum is given by limqf→0 f(qf) = 1

3π2 = β̃c. Hence, this inequality is always satisfied.
Combining these two results, we conclude that the contribution of the arc dominates for
qf < qc(β̃) in the H2 → 0 limit.

Similar analysis can be done for β̃ < β̃c. At the critical point β̃ = β̃c, the relevant saddle
point for qf > 1 switches from N̄4 to N̄1. Therefore, the condition of our interest becomes
Z(0) > Z(N̄1), which gives qf < qc(β̃) ≡ 6π2β̃ + 2π

√
β̃(2 − 27π2β̃ + 108π4β̃2 − 108π6β̃3) for

β̃ ≥ β̃c/2. At β̃ = β̃c/2, one finds that the relevant saddle point N̄1 lies on the real axis and
the above expression gives qc(β̃c/2) = 1. Therefore, one has to consider the qf < 1 region for
β̃ < β̃c/2. In this case, the arc contribution dominates when N̄2 lies on the lower half-plane
as one can see from figure 2 (Left), which gives qf < qc(β̃) ≡ 12π2β̃(1 − 3π2β̃).

Thus we obtain figure 4, where we show the parameter region in which the arc problem
occurs. For instance, in figure 2 (β̃ = 0.3β̃c) and figure 3 (β̃ = 1.2β̃c), the arc problem occurs
on the left (qf = 0.8), but not on the right (qf = 10).

4 Applying the GTM to quantum cosmology

Since the integrand of the partition function (2.7) of quantum cosmology is a pure phase
factor, it is difficult to apply ordinary Monte Carlo methods due to the sign problem. In
this section, we explain how to apply the GTM, which is a promising method to overcome
the sign problem. See appendix A for a brief review of the GTM.

4.1 Discretized model for the Dirichlet boundary condition

Let us first discuss how to discretize the mini-superspace model in the case of Dirichlet
boundary conditions. We start from the partition function (2.7) with the Dirichlet boundary
conditions q(0) = 0 and q(1) = qf .

We discretize the time coordinate t with the step size ϵ satisfying nϵ = 1 and define
qk = q(kϵ), where k = 0, · · · , n, and pk = p((k− 1

2)ϵ), where k = 1, · · · , n. Then the partition
function can be written as15

Z =
∫

dN

∫ n−1∏
k=1

dqk

∫ n∏
k=1

dpk eiS/H2
,

S =
n∑

k=1
ϵ

[(qk − qk−1) pk

ϵ
+ N

6π2

{
p2

k + 36π4
(

1 − qk + qk−1
2

)}]
, (4.1)

where we impose the Dirichlet boundary conditions q0 = 0 and qn = qf . Integrating out
pk, we get the effective theory for qk and N as

Z =
∫

dN N−n/2
∫ n−1∏

k=1
dqk eiSeff/H2

, (4.2)

Seff = 6π2ϵ
n∑

k=1

{
− 1

4N

(
qk − qk−1

ϵ

)2
+ N

(
1 − qk + qk−1

2

)}
, (4.3)

omitting an overall constant factor.
15The integration measure for qk and pk is taken to be shift symmetric following ref. [7], which is based on

the standard canonical quantization procedure regarding qk and pk as the canonically conjugate variables.
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Taking the derivative of the effective action Seff with respect to qk, we obtain

1
ϵ

(
qk+1 − qk

ϵ
− qk − qk−1

ϵ

)
= 2N2 for k = 1, · · · , n − 1 , (4.4)

which becomes the classical equation of motion (2.11) for q(t) in the ϵ → 0 limit correctly.
Note that N = 0 is a singularity of the effective action (2.15) after integrating out q(t),

which remains to be the case also for the discretized model; see (B.3). Therefore, one cannot
cross N = 0 during the simulation16 based on the HMC algorithm, which is used in this
work. (See appendix A for the details.) Namely, if the initial value of N is chosen to be
positive, it remains to be always positive. Thus the integration domain of N is practically
restricted to the N > 0 region.

4.2 Discretized model for the Robin boundary condition

As for the case of Robin boundary condition, we derive the explicit form of the partition
function starting from the path integral formalism in the phase space qk and pk generalizing
the derivation given in ref. [7] for Dirichlet and Neumann boundary conditions.

Let us consider the partition function (2.7) with the action (2.8) plus the boundary
term (2.23) as

Z =
∫

dN

∫
Dq

∫
Dp eiS/H2

, (4.5)

S[p, q, N ] =
∫

dt

[
q̇p + N

6π2 {p2 + 36π4(1 − q)}
]

+
(

αq(0) + q(0)2

2β

)
, (4.6)

where we impose the Dirichlet boundary condition q(1) = qf at the final time.
As we did in the previous section, we discretize the time coordinate t and obtain

Z =
∫

dN

∫ n−1∏
k=0

dqk

∫ n∏
k=1

dpk eiS/H2
, (4.7)

S =
n∑

k=1
ϵ

[(qk −qk−1)pk

ϵ
+ N

6π2

{
p2

k +36π4
(

1− qk +qk−1
2

)}]
+
(

αq0 + q2
0

2β

)
, (4.8)

where we impose the Dirichlet boundary condition qn = qf at the final time. Integrating
out pk, we obtain

Z =
∫

dN N−n/2
∫ n−1∏

k=0
dqk eiSeff/H2

, (4.9)

Seff = 6π2ϵ
n∑

k=1

{
− 1

4N

(
qk − qk−1

ϵ

)2
+ N

(
1 − qk + qk−1

2

)}
+
(

αq0 + q2
0

2β

)
, (4.10)

omitting an overall constant factor.
16In the GTM, we deform the integration contour into the complex plane by solving the gradient flow (A.3).

When we say that N cannot cross N = 0, we actually mean the value of N before the flow.

– 13 –



J
H
E
P
0
5
(
2
0
2
5
)
1
4
2

Taking the derivative of the effective action Seff with respect to qk (k = 1, · · · , n − 1),
we obtain the classical equation of motion (4.4) as before. Taking the derivative of Seff
with respect to q0, we obtain

3π2

N

(
q1 − q0

ϵ
− N2ϵ

)
+ α + q0

β
= 0 . (4.11)

Let us note here that
q1 − q0

ϵ
≃ q′

(
ϵ

2

)
= q′(0) + ϵ

2 q′′(0) = q′(0) + N2ϵ . (4.12)

Thus, in the ϵ → 0 limit, (4.11) reduces to the Robin boundary condition (2.22), which is
imposed on the classical solution. As we explained in section 2.2, we set α = −6π2i and
β = −iβ̃ with β̃ ∈ R+.

Let us note here that the action (4.10) is singular at N = 0, which causes a problem if
the value of N before the flow in the GTM comes close to N = 0. In the case of Dirichlet
boundary condition discussed in section 4.1, the point N = 0 is also a singularity of the
effective action (2.15) (See figure 1.), and hence it is not approached during the simulation.
In the case of Robin boundary condition, however, the singularity of the effective action (2.26)
is shifted to Nsing = −3π2iβ̃ (See figures 2 and 3.), and hence N = 0 may be approached.
In fact, this problem does not occur in practice for qf > qc(β̃), where qc(β̃) is obtained in
section 3, since in that region the contribution from the arc is suppressed compared with the
contribution from the thimble that goes through the relevant saddle point. Therefore the
simulation is restricted practically to the N > 0 region before the flow, and one cannot cross
N = 0 and go into the N < 0 region. The situation is similar to the case of Dirichlet boundary
condition. Hence the calculation corresponds to integrating over the thimble associated with
the relevant saddle with ReN̄ > 0 without including the arc contribution, which is a good
approximation as far as qf ≫ qc(β̃). We restrict ourselves to this case in our simulation.

In refs. [25, 26], it was proposed to extend the integration contour to the whole real axis
so that there is no contribution from the arc in the whole parameter region. If one wishes to
perform Monte Carlo simulation in this case, one needs to be able to go across the singular
point N = 0 in the action during the simulation. This is possible by shifting the integration
contour of N in the direction of the flow as N 7→ N + iδ with some small real constant δ. In
addition to this issue, for qf > qc(β̃), the probability of approaching the region ReN ∼ 0 is
suppressed according to the discussion in section 3. Therefore, in order to be able to sample
configurations in the ReN > 0 and ReN < 0 regions with equal weight, one needs to use a
more sophisticated version of the GTM that makes it possible to sample configurations from
multiple thimbles [45, 46]. We leave these cases for future investigations.

5 Results of the simulations

In this section, we present the results of our simulation. In particular, we compare the cases
of the Dirichlet and Robin boundary conditions at the initial time, and discuss how the
relevant saddle point changes from that of the Vilenkin type to that of the Hartle-Hawking
type in the case of Robin boundary condition as we change the parameter β. For all the
simulations in this work, the number of steps in time is chosen to be n = 10. We have verified
that the result does not change significantly by increasing n to 20.
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Figure 5. Simulation results are shown in the case of Dirichlet boundary condition for H2 = 1 with
qf = 0.8 (Top) and qf = 10 (Bottom). (Left) The expectation values ⟨q(t)⟩ are plotted for the real
(circles) and imaginary (triangles) parts separately. The classical solutions are shown for comparison
by the solid and dashed lines for the real and imaginary parts, respectively. (Right) The gray dots
represent the values of N in the complex plane for each configuration obtained after the gradient
flow. The blue circle represents ⟨N⟩, which is obtained by taking an average with a reweighting
factor (A.6), whereas the red circle represents the saddle point N̄2 in the Top-Right panel and N̄1
in the Bottom-Right panel, given by (2.19) with (c1, c2) = (−1, 1) and (1, 1), respectively. The error
bars for the expectation values are omitted when they are smaller than the data points.

5.1 Dirichlet boundary condition

First let us discuss the case of Dirichlet boundary condition. In figure 5 we plot the expectation
values ⟨q(t)⟩ for t = kϵ (k = 1, · · · , n − 1) and ⟨N⟩ obtained for H2 = 1 with qf = 0.8 (Top)
and qf = 10 (Bottom), which correspond to the left and right panels of figure 1, respectively.
We find good agreement with the results17 of the saddle-point analysis (2.19) and (2.20)
despite the fact that the chosen H2 = 1 is not small enough to suppress quantum corrections
as we discuss in section 5.3.

In particular, when qf < 1 (the upper panels), ⟨N⟩ is purely imaginary and ⟨q(t)⟩ is purely
real, indicating that the geometry dominating the path integral in this case is Euclidean,
and it is actually a part of a hemisphere as we discuss in section 6. The fact Im⟨N⟩ > 0
implies that the relevant saddle is that of the Vilenkin type as expected. On the other hand,
when qf > 1 (the lower panels), the real part of ⟨N⟩ becomes positive and ⟨q(t)⟩ acquires an
imaginary part. Thus the dominant geometry becomes complex in this case. However, this
is simply due to the chosen gauge dN(t)/dt = 0 for the time-reparametrization invariance,
and it actually represents a part of de Sitter space capped off by a Euclidean hemisphere
as we discuss in section 6. Thus the origin of real time can be identified with the Stokes

17Let us recall that there are two relevant saddle points in the qf < 1 case represented by (c1, c2) = (±1, 1)
in (2.19). Our results agree well with the results obtained for the dominant saddle point c1 = −1 as expected.
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Figure 6. Similar plots to figure 5 in the case of Robin boundary condition for H2 = 1 and qf = 10
with β̃ = 0.3β̃c (Top) and β̃ = 1.2β̃c (Bottom). The red point represents N̄1 in the Top-Right panel
and N̄4 in the Bottom-Right panel, given by (2.30) and (2.31), respectively.

phenomenon at the critical value qf = 1 as emphasized in ref. [47]; the relevant saddle points
N̄1 and N̄2 on the imaginary axis for qf < 1 merge into one at N̄1 = N̄2 = i for qf = 1 and
split into two for qf > 1 acquiring the real part as we have seen in figure 1.

In the right panels, the gray dots represent the values of N calculated for sampled
configurations after the gradient flow in the GTM. Note that they are not necessarily
distributed around the expectation value ⟨N⟩, which is obtained by taking an average with
a reweighting factor (A.16).

5.2 Robin boundary condition

Next we show our results in the case of Robin boundary condition. In figure 6 (Top), we plot
our results for H2 = 1 with β̃ = 0.3β̃c and qf = 10, which corresponds to figure 2 (Right). We
find good agreement with the results obtained by the saddle-point analysis (2.30) and (2.33).
The results are similar to the corresponding results for the Dirichlet boundary condition
shown in the lower panel of figure 5 as expected. In particular, Im⟨N⟩ > 0 implies that
the relevant saddle is that of the Vilenkin type in this case. Note also that ⟨q(0)⟩ ̸= 0 due
to our choice α = −6π2i. (See eq. (2.33).)

In figure 6 (Bottom), we show our results for H2 = 1 with β̃ = 1.2β̃c and qf = 10, which
corresponds to figure 3 (Right). We find good agreement with the results obtained by the
saddle-point analysis (2.31) and (2.32). In particular, Im⟨N⟩ < 0 implies that the relevant
saddle is that of the Hartle-Hawking type. Note also that ⟨q(0)⟩ ≈ 0, which confirms that
the “no boundary” proposal is realized in the sense of expectation values due to the choice
α = −6π2i. On the other hand, the real part of ⟨N⟩ becomes positive and ⟨q(t)⟩ acquires an
imaginary part. We will see in section 6 that the real geometry one can read off in this case
is a part of de Sitter space capped off by a Euclidean hemisphere as in the Dirichlet case
although one has to make a Wick rotation in the opposite orientation.
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Figure 7. The Monte Carlo history of the smallest qk = q(kϵ) before the gradient flow in the GTM
is shown. The horizontal axis refers to the number of sampled configurations. In the upper panels, we
show the history of q1 in the Dirichlet case for H2 = 1 with qf = 0.8 (Left) and qf = 10 (Right). In
the lower panels, we show the history of q0 in the Robin case for H2 = 1 and qf = 10 with β̃ = 0.3β̃c
(Left) and β̃ = 1.2β̃c (Right).

In passing, let us also comment on the issue raised in ref. [34] concerning the change of
variables (2.2). In order for the variable q(t) to correspond to the scale factor squared, it is
necessary that the path integral over q(t) is restricted to the q(t) ≥ 0 region. In figure 7,
we present the history of the smallest qk = q(kϵ) [k = 1 for the Dirichlet case and k = 0
for the Robin case] before the gradient flow in the GTM. We find that only positive qk

appears during the simulation despite the fact that ⟨qk⟩ is close to zero when the no-boundary
proposal is realized. Thus the results obtained by our simulation correspond practically to
restricting the path integral to the q(t) ≥ 0 region.18

5.3 Comparison with the perturbative expansion in H2

In all the simulation results obtained above with H2 = 1, the expectation values turned out to
be close to the results of the saddle-point analysis. In this section, we calculate the quantum
corrections to the saddle-point results by the perturbative expansion with respect to H2 and
demonstrate that the perturbation theory breaks down at H2 ∼ 0.1. This implies that the
simulation point H2 = 1 actually lies in the nonperturbative regime, where perturbation
theory is not applicable. We also perform additional simulations with H2 = 0.3, 0.1, 0.03

18Even if this turns out not to be the case, for instance in the case of large H2, we can make a change
of variables q(t) = eσ(t) with σ(t) ∈ R and adopt a shift-invariant measure for σ(t), which would exclude
the q(t) < 0 region completely. Exploring such a model, which is inequivalent to the original one, is left for
future investigations.
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Figure 8. The expectation value ⟨N⟩ is plotted against H2 for the real part (Left) and the imaginary
part (Right), respectively, in the case of Robin boundary condition for various H2 = 0.03, 0.1, 0.3, 1
with β̃ = 1.2β̃c and qf = 10. The lines represent the results (5.6) obtained by perturbation theory up
to the p -th order (p = 1, · · · , 5) in H2 with ϵ = 0.1.

in order to see the consistency with the perturbation theory. Here we focus on the case of
Robin boundary condition with β̃ = 1.2β̃c and qf = 10.

Since our simulation uses ϵ = 0.1 for discretizing the time t, we have to consider the
perturbative expansion in H2 for finite ϵ in order to make a precise comparison. For that
we start from the discretized partition function (4.9). Integrating out qk, we arrive at (See
appendix B for derivation.)

Z =
∫

dN eiSeff [N ]/H2
, (5.1)

Seff [N ] = −π2

2

(
ϵ2N3 + β

(
6π2α

(
qf − N2)+ 12π4N

(
N2 − 3qf + 3

)
+ α2N

)
π2 (N − 3π2β)

−
N4 − 6N2(qf − 2) − 3q2

f

N − 3π2β

)
+ i

2H2 log
(
N − 3π2β

)
, (5.2)

up to an irrelevant constant. Thus the finite ϵ effect appears only in the first term.
We obtain the solution to the saddle-point equation derived from (5.2) in the form

of the H2 expansion as

N (0) = N̄
(ϵ)
4 +

∞∑
p=1

ap H2p , (5.3)
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around the relevant saddle point N̄
(ϵ)
4 corresponding to N̄4 = −i +

√
qf − 1 in (2.31) in the

ϵ → 0 limit. Then we substitute N = N (0) + φ in the action and calculate

⟨φ⟩ = 1
Z

∫ ∞

−∞
dφ eiSeff [N(0)+φ]/H2 (5.4)

perturbatively, which yields

⟨N⟩ = N (0) + ⟨φ⟩ = N̄
(ϵ)
4 +

∞∑
p=1

ãp H2p . (5.5)

For ϵ = 0.1 with β̃ = 1.2β̃c and qf = 10, we obtain

Re⟨N⟩ = 2.95266 + 0.099668H2 − 0.340375H4 + 0.555885H6 + 11.1378H8 − 172.735H10 ,

Im⟨N⟩ = −1.04925 + 0.115002H2 + 0.0718019H4 − 1.82104H6 + 11.4782H8 + 47.0957H10 ,

(5.6)

up to the fifth order in H2.
In figure 8, we plot the expectation value ⟨N⟩ for H2 = 0.03, 0.1, 0.3, 1. Our results

are in good agreement with the perturbative result (5.6) for H2 ≲ 0.1, which confirms the
validity of our simulations. On the other hand, for H2 ≳ 0.1, the perturbative results show
diverging behaviors as the order p is increased, which implies that the perturbation theory
breaks down around H2 ∼ 0.1. Thus H2 = 1 used in our simulation for figures 5 and 6 lies
in a regime in which perturbation theory is no more applicable.19 This demonstrates the
capability of our method to perform full quantum calculations in quantum cosmology.

6 Extracting real geometry from complex geometry

In this section, we discuss the metric of the space-time (2.4) for the relevant saddle points.
As we have seen in sections 2.1 and 2.2, for qf < 1, N̄ becomes purely imaginary and the
metric becomes real with the Euclidean signature. On the other hand, for qf > 1, N̄ and
hence the metric becomes complex. This has something to do with the way we fix the “gauge”
for the time-reparametrization invariance of the action (2.3). Here we discuss how to read
off the real geometry from the complex geometry at the saddle point, refining the previous
discussions on this issue. (See section III of ref. [26], for instance.)

Note first that the action (2.3) is invariant under the time-reparametrization given by

q(t) 7→ q̃(t) , N(t) 7→ Ñ(t) , (6.1)

where q̃(t) and Ñ(t) are defined by

q̃(f(t)) = q(t) , Ñ(f(t))df(t)
dt

= N(t) , (6.2)

19The analysis in this section corresponds to our Monte Carlo results in the Bottom-Right panel of figure 6,
which are obtained for the Robin boundary condition at the initial time with H2 = 1, qf = 10 and β̃ = 1.2β̃c.
Note, however, that the red circle in figure 6 represents the saddle point for ϵ = 0 unlike the saddle point N̄

(ϵ)
4

used in figure 8. The smallness of quantum corrections even in the nonperturbative regime may be attributed
to the simplicity of this model, where quantum corrections are caused only by fluctuations of the lapse N .
Note also that the radius of convergence for the expansion (5.6) with respect to 1/H2 is likely to be zero based
on the ratio test, which is not surprising for perturbative expansions.
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for an arbitrary real function f(t) with df(t)/dt > 0 so that Ñ(t) ≥ 0. We also require that
f(0) = 0 and f(1) = 1 so that the end points remain the same. We have gauge-fixed this
symmetry with the condition dN(t)/dt = 0, which resulted in the gauge-fixed action (2.6).

When we search for saddle points of the action (2.3), we have to complexify q(t) and
N(t). Correspondingly, let us complexify the time-coordinate t 7→ τ(t) ∈ C, where τ(0) = τi
and τ(1) = τf . This defines a contour in the complex-τ plane with the end points τi and
τf , which may be regarded as a generalization of the Wick rotation. In fact, the value of
the action is invariant under the replacement

t 7→ τ , q(t) 7→ q̃(τ) , N(t) 7→ Ñ(τ) , (6.3)

where q̃(τ) and Ñ(τ) are defined by

q̃(τ(t)) = q(t) , Ñ(τ(t))dτ

dt
= N(t) . (6.4)

Note that this is not a symmetry unlike the time-reparametrization20 since the form of the
action is changed by deforming the integration contour t 7→ τ . In particular, one can make
the lapse function Ñ(τ) = 1 by choosing τ(t) to be the solution to dτ/dt = N(t).

Next we point out that the value of the action in the deformed theory is invariant
under the change of the τ -integration contour with the end points τi and τf fixed due to
Cauchy’s theorem as far as q(τ) and N(τ) are defined by analytic continuation. Note that
this invariance is different from the invariance under (6.3) for a different choice of τ(t) with
the same end points.

Finally we use the deformation (6.3) backwards to get back to the original real-time
theory. Using this chain of transformations, one can transform a saddle-point configuration
into an equivalent configuration, which cannot be obtained in the dN(t)/dt = 0 gauge. In
particular, this enables us to read off the real geometry from the complex geometry at the
saddle point as we see below.

Let us first discuss the case of Dirichlet boundary condition. The relevant saddle points
N̄ are given by (2.19) with c2 = 1, which is of the Vilenkin type; namely ImN̄ > 0, with
c1 = ±1 for qf < 1 and c1 = 1 for qf > 1. The classical solution q̄(t) for the scale factor
is given by (2.20). Below we restrict ourselves to the dominant saddle point (c1 = 1) with
ImN̄ < 1 for qf < 1.

Let us first make a generalized Wick rotation

τ = N̄t , (6.5)

which transforms the saddle-point configuration into

¯̃q(τ) = q̄

(
τ

N̄

)
= τ2 − 2iτ , (6.6)

¯̃N(τ) = 1
N̄

N̄

(
τ

N̄

)
= 1 , (6.7)

where we have used (6.4). Thus the lapse function becomes unity.
20The deformed theory still has a symmetry under the time-reparametrization, which amounts to the

replacement τ(t) 7→ τ(f(t)) in (6.4).
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Next we change the τ -integration contour as

τ(t) =

 it for 0 ≤ t ≤ |ImN̄ | ,

i + (t − 1) for 1 < t ≤ 1 + ReN̄ ,
(6.8)

which makes the classical solution ¯̃q(τ) real

¯̃q(τ(t)) =

−t2 + 2t for 0 ≤ t ≤ |ImN̄ | ,

t2 − 2t + 2 for 1 < t ≤ 1 + ReN̄ ,
(6.9)

along the new contour. For qf < 1, we have |ImN̄ | < 1, ReN̄ = 0 and the second lines
in (6.8) and (6.9) do not exist, whereas for qf > 1, we have |ImN̄ | = 1, ReN̄ > 0 and
the second lines exist.

Finally we use the deformation (6.3) backwards to get back to the original real-time
theory. The saddle-point configuration one obtains in this way21 is q̄(t) = ¯̃q(τ(t)), which
is given by (6.9), with the lapse function given by

N̄(t) =

 i for 0 ≤ t ≤ |ImN̄ | ,

1 for 1 < t ≤ 1 + ReN̄ ,
(6.10)

where we have used (6.4) again. Note that (6.10) cannot be obtained in the dN(t)/dt = 0
gauge. The first line in (6.10) corresponds the Euclidean regime, where the lapse function
becomes purely imaginary, while the second line in (6.10), which exists for qf > 1, corresponds
to the Lorentzian regime, where the lapse function becomes real. Thus we can read off the
real geometry at the saddle point, which consists of the Euclidean regime at early times
and the Lorentzian regime at later times.

Let us define the proper time τp by making a time-reparametrization as

dt

dτp
=
√

q̄(t) (6.11)

so that the metric of the space-time (2.4) becomes

ds2 = ±dτ2
p + q̄(t(τp)) dΩ3

2 , (6.12)

where the symbol ± should be (+) for the Euclidean regime and (−) for the Lorentzian
regime. By solving the differential equation (6.11), we obtain

t(τp) =

 1 − cos τp for 0 ≤ τp ≤ cos−1(1 − |ImN̄ |) ,

1 + sinh(τp − π
2 ) for π

2 < τp ≤ π
2 + sinh−1(ReN̄) ,

(6.13)

which makes the classical solution q̄(t(τp)) as

q̄(t(τp)) =

 sin2 τp for 0 ≤ τp ≤ cos−1(1 − |ImN̄ |) ,

cosh2(τp − π
2 ) for π

2 < τp ≤ π
2 + sinh−1(ReN̄) .

(6.14)

21The range of time t is t =∈ [0, T ], where T = ReN̄ + ImN̄ . In order to adjust the range to the original
theory, one can rescale the time as t 7→ t̃ = t/T .
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Thus for qf < 1, the geometry of the saddle-point configuration is a part of a hemisphere,
whereas for qf > 1, it becomes a part of the de Sitter space capped off by a hemisphere.

In the case of Robin boundary condition for β̃ > β̃c, the relevant saddle point is given
by N̄4 in (2.31), which is of the Hartle-Hawking type (ImN̄ < 0). The classical solution
q̄(t) for the scale factor is given by (2.32). We make a generalized Wick rotation (6.5), and
change the τ -integration contour as

τ =

−it for 0 ≤ t ≤ |ImN̄ | ,

−i + (t − 1) for 1 < t ≤ 1 + ReN̄ ,
(6.15)

which makes the classical solution ¯̃q(τ) in the same form (6.9) as in the Dirichlet case. Thus
the only difference from the case of Dirichlet boundary condition is the orientation of the
Wick rotation as one can see from (6.8) and (6.15).

While we have shown clearly how to extract real geometries from the complex saddle
points in the case at hand, the saddle point geometries in more general setups are inherently
complex and cannot be always rendered real as described here. The complex nature of
such saddle points has been explored in the recent literature, notably in ref. [48] and more
specifically in refs. [49, 50] in the context of the no-boundary proposal.

7 Summary and discussions

In this paper we have discussed how to perform Monte Carlo calculations in quantum
cosmology, which enable us to go beyond the previous studies based on the mini-superspace and
saddle-point approximations. In particular, we have adopted the recent proposal for defining
quantum gravity using the path integral over the space-time metric with the Lorentzian
signature, where the oscillating integral is made well-defined by the Picard-Lefschetz theory.
While the oscillating integral is difficult to deal with by standard Monte Carlo methods due
to the sign problem, we overcome this problem by applying the GTM, which deforms the
integration contour similarly to the Picard-Lefschetz theory. As a first step, we have applied
this method to the mini-superspace model.

As for the initial condition, we have followed the no-boundary proposal, which corresponds
to requiring that the scale factor should vanish at the initial time. This can be realized
either by the Dirichlet or the Robin boundary condition, where in the latter case one has to
generalize the no-boundary proposal to the vanishing expectation value of the scale factor
at the initial time. In either case, the system undergoes quantum tunneling at early times,
which is represented by the purely imaginary expectation values of the lapse function.22

The overall sign of the purely imaginary lapse function then tells us whether the relevant
saddle point is of the Vilenkin type or of the Hartle-Hawking type. This is important since
the different orientation of the Wick rotation may affect the stability of the tensor modes
and matter fields [17, 18].

As expected from the semi-classical analysis, we find that the relevant saddle points
are of the Vilenkin type for the Dirichlet boundary condition, whereas they become the

22This is analogous to ordinary quantum systems, where quantum tunneling is represented by complex
trajectories in the real-time path integral [37].
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saddle points of the Hartle-Hawking type for the Robin boundary condition if the parameter
β̃ is greater than the critical value. We pointed out, however, that in the case of Robin
boundary condition, there is a problem in choosing the integration domain of the lapse
function to be the positive real axis since the expectation value of the lapse function tends to
vanish unless the scale factor at the final time is large enough. While this can be avoided
by extending the integration domain to the whole real axis, it remains to be seen whether
this is an acceptable resolution to this issue.

After the quantum tunneling, the real time emerges as one can see from the expectation
value of the lapse function that acquires a real part. This happens due to the Stokes
phenomenon, in which two saddle points on the imaginary axis merge and split into two in
the real direction. Our simulation yields full quantum results, which are consistent with this
picture. The complex nature of the lapse function after the quantum tunneling is simply due
to the chosen gauge fixing for the time-reparametrization invariance, in which we require
that the lapse function be constant in time. We discussed how to obtain an equivalent
saddle point configuration with the lapse function that is purely imaginary at early times
and purely real at late times.

The saddle-point analysis of the previous work is justified when the cosmological constant
Λ = 3H2 is small. We have evaluated the expectation value of the lapse function by the H2

expansion up to the fifth order and find that the perturbative regime is around H2 ≲ 0.1.
This suggests that the perturbative expansion is not valid any more with our choice H2 = 1
for the simulation although the expectation value of the lapse function and hence that of
the scale factor turned out to be close to the semi-classical results.

With this capability to perform full quantum calculations, we can investigate various
problems in quantum cosmology such as the instability issue of the Vilenkin saddle point
by adding the tensor modes and matter fields in the system, which is straightforward. It
would be also interesting to perform simulations with different gauge fixing for the time-
reparametrization invariance so that one can obtain a real geometry directly as the expectation
value. Last but not the least, we consider that quantum cosmology should eventually have a
UV completion in string theory. In particular, the simulation results of a nonperturbative
formulation of string theory, based on the type IIB matrix model [51], suggest the existence
of the transition from Euclidean to Lorentzian geometry at early times [52–54]. In this
formulation, there is no need to specify the initial condition since even the time as well as
the space emerges dynamically. By comparing with the results obtained in this way, it may
be possible to determine the initial boundary condition to be used in quantum cosmology.
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A Brief review of the GTM

In this section, we briefly review the GTM [27], which is used in our work in order to overcome
the sign problem that occurs in performing Monte Carlo simulations in quantum cosmology.
Let us consider a general model

Z =
∫
Rn

dx e−S(x) (A.1)

with S ∈ C and x ∈ Rn and define the expectation value of an observable O(x) as

⟨O(x)⟩ = 1
Z

∫
Rn

dx e−S(x)O(x) . (A.2)

Since the phase of the complex weight e−S(x) oscillates as a function of x, it is difficult to
evaluate the expectation value (A.2) by ordinary Monte Carlo methods for a large system
size n, which is nothing but the sign problem.

The basic idea of the GTM is to deform the integration contour in such a way that the
phase of the integrand does not oscillate much even for large n. This can be achieved by
using the so-called anti-holomorphic gradient flow equation

∂zk(x, τ)
∂τ

= ∂S(z(x, τ))
∂zk

, (A.3)

which defines a one-to-one map from z(x, 0) ≡ x ∈ Rn to z(x, τ) ∈ Cn. Due to Cauchy’s
theorem, the integrals (A.1) and (A.2) remain unaltered under the deformation of the
integration contour from Rn to the n-dimensional real manifold Mτ = {z(x, τ)|x ∈ Rn}
embedded in Cn, which implies

⟨O(x)⟩ =
∫

Mτ
dz e−S(z)O(z)∫

Mτ
dz e−S(z) . (A.4)

Note here that dz e−S(z) can be decomposed as

dz e−S(z) = |dz|eiϕ(z) e−ReS(z)e−iImS(z)

= |dz| e−ReS(z)eiθ(z) , (A.5)

where ϕ(z) is the phase of dz and eiθ(z) ≡ eiϕ(z)e−iImS(z). Thus the expectation value can be
evaluated by Monte Carlo simulation using the reweighting formula as

⟨O(x)⟩ = ⟨eiθ(z)O(z)⟩τ

⟨eiθ(z)⟩τ
, (A.6)

where the expectation value ⟨ · ⟩τ is defined with respect to the partition function

Zτ =
∫

Mτ

|dz| e−ReS(z) . (A.7)

The crucial property of the flow equation (A.3) that enables us to overcome the sign
problem is that

∂S(z(x, τ))
∂τ

= ∂S(z(x, τ))
∂zk

∂zk(x, τ)
∂τ

=
∣∣∣∣∂S(z(x, τ))

∂zk

∣∣∣∣2 ≥ 0 , (A.8)
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which implies that the real part of the action increases along the flow while the imaginary
part of the action remains constant. Therefore, most of the points x ∈ Rn flow to some points
z(x, τ) ∈ Cn, for which ReS(z) is large, and do not contribute to the integral (A.7). The
only exceptions are the points x ∈ Rn that flow towards some fix points defined by ∂S(z)

∂zk
= 0

since ReS(z) will not increase much while the points are flowing towards the fixed point. In
the τ → ∞ limit, in particular, Mτ converges to a set of Lefschetz thimbles associated with
the fixed points and ImS(z) is constant on each thimble.23 In practice, one can just make
the flow time τ large enough to make the sign problem under control.

Extra care is needed if multiple thimbles exist since the potential barrier between the
regions associated with each thimble tends to diverge as the flow time τ increases, which causes
the ergodicity problem at large τ . In order to overcome this problem, one can integrate over
the flow time τ by treating it as one of the dynamical variables in the simulation [45]. This is
not done in the present work since we can perform meaningful calculations by restricting
ourselves to the region associated with one single thimble. As we mentioned at the end of
section 4.2, however, if one wishes to sample configurations from both the N > 0 and N < 0
regions, one needs to implement the integration over the flow time.

Monte Carlo simulation of the model (A.7) can be performed by the HMC algorithm,
which uses a fictitious Hamilton dynamics to update the configuration z(x, τ ). There are two
different approaches in defining the fictitious Hamilton dynamics. One is to define a fictitious
Hamilton dynamics of z constrained on the n-dimensional real manifold Mτ embedded in
Cn [35]. The other is to define a fictitious Hamilton dynamics of x ∈ Rn [46]. Let us refer to
these approaches as the on-thimble approach and the on-axis approach, respectively, following
ref. [36], where pros and cons of each approach are discussed in detail. Here we use the
on-thimble approach, which has an advantage that the modulus of the Jacobian for the
change of variables associated with the flow is included in the HMC procedure unlike the
on-axes approach. The only drawback of the on-thimble approach is that one has to deal
with a constrained Hamilton dynamics so that the fictitious time-evolution is constrained
to the n-dimensional real manifold Mτ embedded in Cn.

The procedure of the HMC algorithm on the deformed contour Mτ can be summarized
as follows [31, 35].

1. Starting from a configuration z(x, τ) ∈ Mτ , we generate p̃ ∈ Cn with a Gaussian
distribution ∝ exp(−p̃2/2).

2. We project p̃ onto the tangent space of Mτ at z(x, τ) as

p = J(x, τ) Re(J−1(x, τ)p̃) (A.9)

with the Jacobian

Jkl(x, τ) = ∂zk(x, τ)
∂xl

. (A.10)

23See ref. [31] for discussions on the residual sign problem coming from the integration measure represented
by ϕ(z) in (A.5).
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3. With the z and p given above, we search for u, λ ∈ Rn satisfying

zk(x+u,τ)−zk(x,τ)−pk∆s+ ∆s2

2
∂ReS(z(x,τ))

∂zk
+iJkl(z(x,τ))λl = 0 , (A.11)

where ∆s is the step size. Then set x′ = x + u.

4. Define

p̃′k = 1
∆s

(zk(x′, τ) − zk(x, τ)) − ∆s

2
∂ReS(z(x′, τ))

∂zk
(A.12)

and project p̃′ onto the tangent space of Mτ at z(x′, τ) as

p′ = J(x′, τ) Re(J−1(x′, τ)p̃′) . (A.13)

5. We repeat the steps 3 to 4 for a fixed number of times, which we denote as ns.

6. We update the configuration from z(x, τ ) to z(x′, τ) with the probability min
(
1, e−∆H

)
,

where ∆H is the change of Hamiltonian defined as

∆H = H(z(x′, τ),p′)−H(z(x,τ),p) , where H(z,p) = 1
2 p2+ReS(z) . (A.14)

This is the usual Metropolis test in the HMC algorithm, which is needed to guarantee
the detailed balance.

The two parameters ∆s and ns in the HMC algorithm can be optimized in the standard
manner. First we optimize the step size ∆s for fixed sf ≡ ns∆s by maximizing the product
∆s · Pacc(∆s), where Pacc(∆s) is the acceptance rate of the Metropolis test. Then the total
time sf of the fictitious Hamilton dynamics is optimized by minimizing the computational
time needed to obtain a decorrelated configuration. In table 1, we show the parameters
used in our simulations.

Simulation results presented in section 5 have been obtained by solving the fictitious
Hamilton dynamics 100,000 times and saving the configuration every ten times. As in any
Monte Carlo methods, once we generate a set of configurations {z(j)}j=1,...,Nconf , we can
estimate the expectation value as

⟨f(z)⟩τ ≈ 1
Nconf

Nconf∑
j=1

f(z(j)) ≡ f(z) . (A.15)

Plugging (A.15) into (A.6), one finds

⟨O(z)⟩ ≈ eiθ(z)O(z)
eiθ(z)

. (A.16)

Thus one can obtain the expectation value through (A.16) up to some statistical error,
which is of the order of O(1/

√
Nconf) if the sampled configurations are separated well enough

compared with the autocorrelation time. We estimate the statistical error using the jackknife
method, which takes into account the correlation among the sampled configurations.
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b.c. H2 qf β̃/β̃c τ nτ sf ns

D 1 0.8 — 4 40 0.1 15
D 1 10 — 4 40 0.38 10
R 1 10 0.3 4 40 0.39 10
R 1 10 1.2 6 60 0.4 10
R 0.3 10 1.2 5 50 0.25 10
R 0.1 10 1.2 5 50 0.25 20
R 0.03 10 1.2 5 70 0.2 30

Table 1. The parameters for the HMC simulation by the GTM are presented. The D and R in the
first column represent the Dirichlet and Robin boundary conditions, respectively, at the initial time.
In the fifth and sixth columns, we show the parameters used in solving the flow equation, where τ

represents the total flow time and nτ represents the number of steps. In the last two columns, we show
the parameters used in the HMC algorithm, where sf = ns∆s represents the total time of the fictitious
Hamilton dynamics and ns represents the number of steps used in solving the Hamilton equation.

Next we discuss a technical problem with the flow equation (A.3), which was pointed
out recently in ref. [36]. For that, let us define the Hessian of the action as

Hkl = ∂2S(z)
∂zk∂zl

, (A.17)

and consider the singular value decomposition of the symmetric matrix H,

H = UT D U , (A.18)

where U is a unitary matrix and D = diag(d1, . . . , dn) is a real positive diagonal matrix.
Then, the stiffness of the system can be defined as η(H) = dn

d1
. High stiffness makes the effect

of the flow equation very different for each mode, which causes difficulty in the simulation.24

In order to solve this problem, we have used a new technique [36], which introduces
a “preconditioner” in the flow equation as

∂

∂τ
zk(x, τ) = Akl

∂S(z(x, τ))
∂zl

, (A.19)

where A should be a positive-definite hermitian matrix in order to keep the crucial prop-
erty (A.8) of the flow equation intact. Making use of this freedom, we can optimize the
stiffness (η(ĀH) = 1) by choosing

A(z, z̄) = U †D−1U = (H̄(z̄)H(z))−
1
2 . (A.20)

When we solve the flow equation numerically, we discretize the flow equation using the
so-called “Runge-Kutta 4” method.

24This problem occurs, in particular, when we choose the parameter β̃ in the Robin boundary condition at
the initial time to be β̃ > β̃c.
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B Derivation of the effective action at finite ϵ

In this section, we derive the effective action (5.2) for the lapse function N at finite ϵ, which
is used in obtaining the perturbative expansion (5.6). It is useful to consider first the case
of Dirichlet boundary condition with q(0) = qi left arbitrary.

Let us start from the discretized partition function (4.2). Solving the classical equation
of motion (4.4) with the boundary condition q0 = qi and qn = qf , we get

qk = qi + k(k + 1)ϵ2N2 + C
k

n
, where C = qf − qi − n(n + 1)ϵ2N2 . (B.1)

We can integrate out qk (k = 1, · · · , (n − 1)) by just performing the Gaussian integral, which
amounts to plugging the classical solution in the action and getting the factors (

√
N)n−1.

Thus we obtain

Z =
∫

dN N−1/2 eiS
(D)
eff /H2

, (B.2)

S
(D)
eff = −π2

2

{
ϵ2N3 − N3 + 6N(qf + qi − 2) + 3

N
(qf − qi)2

}
, (B.3)

up to an irrelevant constant. The finite ϵ effect appears only as an O(ϵ2) term in the effective
action (B.3), and we retrieve (2.15) in the ϵ → 0 limit.

In the case of Robin boundary condition, we start from the discretized partition func-
tion (4.10). The integration over qk except for q0 can be readily done as in the Dirichlet case.
Thus we are left with the integration over q0 = qi given by

Z =
∫

dN N−1/2
∫

dqi e
i{S

(D)
eff +(αqi+ 1

2β
(qi)2}/H2

. (B.4)

Extracting the terms that depend on qi, we get

Seff = N − 3π2β

2βN
(qi)2 +

{
3π2

N
(qf − N2) + α

}
qi . (B.5)

The Gaussian integral over qi yields an extra factor
√

N/(N − 3π2β). Thus we arrive at

Z =
∫

dN (N−3π2β)−1/2eiS
(R)
eff /H2

, (B.6)

S
(R)
eff =−π2

2

ϵ2N3+
βN

{
3π2

N (qf−N2)+α
}2

π2(N−3π2β) −
{

N3−6N(qf−2)− 3
N

(qf)2
} , (B.7)

which leads to (5.2). In the ϵ → 0 limit, we retrieve the result (2.26) in the continuum.
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