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1 Introduction

Primordial inflation stands out in the history of our Universe as a period of extreme conditions
during which quantum gravitational effects, although still small, need not be prohibitively
suppressed. This is due to gravitational particle production [1-3]: a vast ensemble of long-
wavelength inflationary gravitons is produced because of their non-conformal coupling to the
rapidly expanding and accelerating background [4]. Since gravitons couple universally to all
matter, this ensemble enhances graviton loop corrections. The magnitude of this enhancement
is controlled by the loop-counting parameter that can be as large as k?H? ~ 107! for
some models of inflation [5]. Although this effective coupling remains small enough for
loop corrections to be computed within the effective theory of quantum gravity [6-8], it is
nevertheless significantly larger than in post-inflationary epochs.



While realistic inflationary dynamics involves a slowly rolling scalar field that leads to a
quasi-exponential expansion, the idealization to exact exponential expansion usually provides
an excellent approximation. This corresponds to the de Sitter limit, which offers further
technical simplifications because it is a maximally symmetric space. The infrared effects
relevant for inflationary gravitons are well captured in this limit, which underscores the
importance of perturbative quantum gravity in de Sitter space. Here we compute the graviton
propagator (two-point function) in de Sitter space in a particularly simple one-parameter
gauge, which can be used as a basic ingredient in perturbative loop computations.

Long-wavelength inflationary gravitons, enhanced by tree-level gravitational particle
production, can communicate information about the accelerating background to the matter
fields with which they interact, and which would otherwise be insensitive to the expansion.
The effects of this interaction are captured perturbatively by one-loop self-masses and
self-energies [9-19],' which have thus far been computed mostly in the simple graviton
gauge [22, 23]. These 1l-particle-irreducible two-point functions appear in the quantum-
corrected equations of motion for matter fields. Solving these effective equations yields
quantum corrections to the classical behaviour of fields in de Sitter space [19, 24-36] (see
also [37-39] for works on graviton loop corrections in power-law inflation and slow-roll
inflation). These corrections can exhibit secular, i.e. time-dependent, behaviour, which
can increase their magnitude relative to naive dimensional analysis by up to two orders
of magnitude for minimal inflation, and even more for longer periods of inflation. This
secular growth is relevant to assessing the potential observability of quantum-gravitational
effects generated during inflation.

However, the reality of secular corrections has been debated in the literature [40-47], with
the main question being whether they are a gauge artifact. Although this issue has not yet
been settled by explicit computations, the only available one-loop computation [16, 29] in the
exact generally covariant graviton gauge [48-50] has demonstrated that the leading secular
correction is gauge dependent. When compared to the result [28] obtained in the simple
gauge, the two computations exhibit the same secular behaviour of the one-graviton-loop
correction to the dynamical photons in de Sitter, but the coefficients of the leading secular
logarithms differ. We note that this does not imply that the gauge-independent part of the
secular corrections must vanish. It is therefore important to understand how to determine
the physical corrections reliably.

In flat space quantum field theory, the question of gauge-independent observables is
resolved by the construction of the S-matrix, which is guaranteed to be gauge independent.
However, the S-matrix is not available in cosmology, and, moreover, it does not correspond to
the initial-value formulation of cosmological quantum field theory. Therefore, it is necessary
to construct one-loop quantum-gravitational observables in inflation and to test their gauge
dependence.

A program to address the gauge dependence of secular corrections to de Sitter-space
quantum-gravitational observables was initiated in [51]. It is based on the earlier works [6, 52—
54], which showed how to isolate from the S-matrix the leading infrared graviton-loop

!One-graviton-loop correction to the self-mass of a massless, conformally coupled scalar was also reported
in [20, 21] using the simple graviton gauge, but that result disagrees with [18].



corrections to exchange potentials in flat space. These corrections become gauge independent
once the graviton-loop contributions to the source and the observer are included, as they are
part of the flat-space S-matrix. In [51], it was shown that one can infer the gauge-independent
part of the self-mass by incorporating these corrections without taking the asymptotic-time
limits that enter the S-matrix definition. This approach allowed the derivation of the gauge-
independent one-loop-corrected effective field equation for the self-mass of the minimally
coupled massless scalar [51], and likewise for electromagnetism [55].

Demonstrating that this program also works in de Sitter space requires first proving that
the secular correction to the scalar exchange potential [56] obtained in the simple gauge is
gauge independent. This requires recalculating the correction in different graviton gauges
with arbitrary gauge-fixing parameters, in order to show that any dependence on these
parameters drops out from the final result. One possibility is to use the propagator from [57],
which was obtained in a generalization of the simple gauge containing two infinitesimal
gauge-fixing parameters. In this paper, we construct an alternative propagator suitable
for this purpose in a one-parameter family of non-covariant gauges, characterized by the
following gauge-fixing action:

1% Ao
W/] o Fu=9" [(vp —21,) 095, — %(v# - 2”#)59110] ;
(1.1)
which contains an arbitrary gauge-fixing parameter «. Here the graviton field is defined as the
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Sulhl = [ V=g [—

perturbation of the metric, g, = g, + £0g,,, around the de Sitter background, g, = GQUMV,
with x = /167Gy denoting the loop-counting parameter, and where n,, = ol 62 is a time-like
vector, nfn, = —H 2 with H the constant Hubble rate of de Sitter space. This gauge
constitutes a one-parameter generalization of the simple gauge, which corresponds to a = 1.

One could also consider redoing the computation in generally covariant gauges. However,
the loop computation in the one-parameter exact gauge [16] proved to be considerably
more difficult than the corresponding computation in the simple gauge [15]. Moreover, the
most general two-parameter generally covariant gauge propagator reported in [58] does not
reproduce the exact gauge propagator [48-50] in the appropriate limit, a problem that must be
resolved before further computations can be attempted. Experience with photon gauges [59-
62] also shows that appropriately chosen non-covariant gauges tend to be considerably simpler
than covariant ones. Since gauge choices are ultimately a matter of convenience, it is
advantageous to employ simpler non-covariant gauges. Indeed, the propagator constructed
here is considerably simpler than its generally covariant counterparts.

The purpose of this work is to construct the graviton two-point function in this one-
parameter extension of the simple gauge, providing the input required for subsequent loop
computations to be addressed in future work. The construction is presented in seven sections.
Section 2 gives the details of the canonical formulation of linearized gravitons in de Sitter
space, in both the gauge-invariant and gauge-fixed formulations. The latter formulation serves
as the starting point for quantization on an indefinite metric space of states appropriate
for multiplier gauges in section 3. The dynamics of the graviton field operator is solved in
section 5, relying on the results for scalar two-point functions collected in section 4. Section 6
presents the graviton two-point function, which is the main result of the paper. A brief



summary and discussion of the results are given in section 7, and further technical details
required to verify the main result are collected in the appendix.

2 Graviton in de Sitter

In this section we introduce the linearized graviton system in de Sitter and develop its canonical
(Hamiltonian) formulation. We first analyze the gauge-invariant theory, from which we obtain
the first-class constraints associated with linearized diffeomorphisms. We then introduce a one-
parameter family of non-covariant multiplier gauges and derive the corresponding gauge-fixed
canonical formulation, which will provide the basis for the quantization in the next section.

The dynamics of general relativity with a cosmological constant is encoded in the action

Seulo) = [ @70 v/=g 3[R~ (D~ 24]. (2.1)

where g is the determinant of the positive-signature metric g,,,,, A is the positive cosmological
constant, and k2 = 167G, is the rescaled Newton constant. The Ricci scalar R = "R,
is obtained by contracting the Ricci tensor R, = R’,,,, which in turn is obtained by
pov = Oyl — 0,6 + 11 TS, — Fﬁaffja, defined in terms
of the Christoffel symbols I'f}, = %go‘ﬁ (O#gl,ﬁ + 0y 9u8 — 859/“,).

The vacuum solution of this theory is the maximally symmetric de Sitter space, for which

contracting the Riemann tensor RF

all curvature tensors can be expressed in terms of the metric,

2A

Rul/pa = D— 1gu[pga}y7

Ry = Mgy R=DA. (2.2)

This spacetime is of particular interest in cosmology, since its exponentially expanding
Poincaré patch provides a good leading-order model for slow-roll inflation. The metric on
this patch is conveniently written in conformally flat form,

Gy = (12(7’])7’]’“,/, (23)

where 7, is the D-dimensional Minkowski metric, and the scale factor

a(n) = [L—H(n—n)] ", (2.4)

is a function of conformal time 7, which ranges over the interval n € (—oo,n9+ 1/H), with 7
denoting the time at which a(ny) = 1. Spatial slices are (D — 1)-dimensional Euclidean spaces.
The Hubble rate is related to the cosmological constant as H2 = A/(D — 1), and we often
express the expansion in terms of the conformal Hubble parameter H = Ha.

For our purposes it is convenient to define the linearized graviton field h,, as the
perturbation of a conformally rescaled de Sitter metric,

gp,l/ - a2 (7711,1/ + Hh/u/) ) (25>

where, henceforth, indices on h,,, are raised and lowered with the Minkowski metric. This
definition is just a conformal rescaling of the metric perturbation introduced in (1.1),



by = a*25gwj. Expanding the action (2.1) to second order in h,, yields the quadratic
action for the linearized theory (see e.g. [18]),

Sthyal = [ dPva®? [;(aﬂhy,))(muﬂ) — SO (@,h) + (0, h)(0"h)

_ %(aphw,)(aph“”) + %(D - Q)HhOMc?“h] . (2.6)

This action is invariant under the linearized gauge transformation

1 §
s = Ty + =5V oy = o + (7,00 = 0 G7) 25 (2.7)

for an arbitrary vector field §,. The nonstandard form of the transformation reflects the
metric split in (2.5), in which two powers of the scale factor have been factored out.

The equation of motion that follows from the gauge-invariant action (2.6) can be written
compactly as

L*"h,, =0, (2.8)

with the help of the modified Lichnerowicz operator,

LHee = yuvpowdy o D=2g %(D — 2)aP 2 | s\P o) — nro i) — (D - 1)7{77“”5553} :

(2.9)
whose double-derivative part inherits the tensor structure from its flat-space counterpart,

V,ul/pow)\ _ %npanw(,unu))\ - nw(pna)(,unu))\ + %nu(pno)unwk + %nuu (nw(pna))\ - npo'nw)\) ' (210)

The modified form of the operator in (2.9) is due to the conformal rescaling in the definition
of the graviton in (2.5).

To set up the canonical quantization, we first derive the Hamiltonian form of the gauge-
invariant action (2.6). We then extend this construction to a one-parameter family of
non-covariant multiplier gauges, obtaining the corresponding gauge-fixed Hamiltonian that
will underlie the quantized theory.

2.1 Gauge-invariant canonical formulation

To prepare the gauge-invariant action (2.6) for canonical analysis it is convenient to separate
temporal and spatial indices, thereby isolating the time-derivative structure. In terms of
this decomposition the action takes the form

o1
S[huu]Z/dDmD 2 {4 <8Ohij_28(ihj)0+5inh00) <8Ohij_28(ihj)0+5inh00>
1 1
— 7 (Bohii—=20,h0i+(D—1)Mhoo ) (b =20;h0;-+(D—1)Hhoo ) +5 (Difoo) (9hi; —Di1)
1 1 1 1
+2(aihik)(ajhjk)_2(8z‘hz‘j)(ajhkk)+4(akhii>(akhjj)_4(akhij)<8khij)} , o (2.11)

where the expression has been simplified using integration by parts.



The next step is to introduce the extended action, a first-order formulation that is on-shell
equivalent to (2.11) and well suited for identifying the constraint structure. This is done by
promoting all time derivatives in (2.11) to independent velocity fields,

aohoo — Vg » 60h01' — Vp; » a()hz] — 28(1hj)0 + 61]Hh00 — U; (212)

J
and introducing Lagrange multipliers 7, mo;, 7;; to enforce equivalence with the original
dynamics. The resulting extended action is
S [hoov00s T00s "oi» Vois Tois Pijs Vigs Tij]
1 1
D D-2
1 1 1 1
+§(3¢hik)(ajhjk)*5(3ihij)(ajhkk)+1(8khii)(3khjj)*1(3khz’j)(akhij)

+7T00 (80h00 —Uoo) +7T0i (80h0i —’Uol') +7T7,] ((%hlj — 28(lh])0+5”7-[h00 _U'LJ) } . (213)

To obtain the canonical action we first solve on-shell for as many velocity components as
possible, which in the case at hand are v;;. Varying the extended action with respect to v;; gives

vy 2¢ (vij = dijvr) — mi; =0, (2.14)
which is solved by
_ _ 6 Aﬂ-k:k:
vy =0y = 2a°"P <7Tij - 59_ 2> . (2.15)

Here and throughout this section we use Dirac’s notation, with ~ denoting weak (on-shell)
equalities and = denoting strong (off-shell) ones. Substituting v,; back into the extended
action yields the canonical action

8 [hoo, T00s hoi> Tois Pijs Tijs Vo0s voi] = S[Poos Yoos T005 hois Voi Tois hijs Uigs 5]
D
= /d x |:7T0080h00 + Woiaghm + Wijaohij —H — UOO(I)O - UOi(I)i:| . (216)
Here the canonical Hamiltonian density is

TiiTjj

_ o1

— 5 @RO )+ 5Oihs) Oylus) — (Ot Ouhy) + 4 (Oubi) D] (217

while the Lagrange multipliers vyy and vy, enforce the primary constraints

@0571'00%0, (I)ZETF(],LQ‘JO (218)
The conservation of primary constraints produces secondary constraints ¥, and ¥,,
aP=2 _,

The conservation of secondary constraints generates no further constraints. These primary and
secondary constraints together encode the linearized diffeomorphism symmetry of the theory.



2.2 Gauge-fixed canonical formulation

We now turn to the gauge-fixed formulation in the one-parameter family of non-covariant
gauges. The gauge-fixed action is obtained by adding a gauge-fixing functional to the
gauge-invariant action (2.6),

S*[h;w] = S[huu] + ng[h;w] . (2'20)

This addition breaks the gauge invariance of the theory. The specific choice of gauge-fixing
functional is, in principle, a matter of convenience. In what follows we adopt a one-parameter
generalization of the simple graviton gauge [22, 23] given in (1.1), which, for the graviton
field defined in (2.5) reads

— 1 o ke o
SgtlPyu] = / dPzaP? [—QQW%} , F=Dupeh” (2.21)
where the associated linear differential operator is
1
0
@,U»pa = 77,“(0 [80) + (D — 2)7‘[50):| — §npaa,u, . (222)

With this choice the gauge-fixed equations of motion take the form
1
D™ h,, =0, D7 = L7 4~ P, (2.23)

where the Lichnerowicz operator was defined in (2.9).

Setting o = 1 reproduces the simple gauge. In the canonical formulation this choice
for the gauge-fixing functional corresponds to fixing the Lagrange multipliers in (2.16) to
particular linear functions of the canonical variables (see, e.g., [63] for an analogous discussion
in the vector-field case). Starting from the action (2.20) we now derive the corresponding
gauge-fixed canonical formulation.

We begin by performing the spatio-temporal decomposition of the gauge-fixing term,

1 1
_ D, D-2 F g F . F
ng[hl“’] = /d xra |:2ad"0(f‘0 — QOZJ"lJ"Z s (224)
where
1 1
Fo = —iaohoo - 530%' + Oiho; — (D — 2)Hhy, (2.25)
1

To pass to the canonical description in the presence of gauge fixing, we introduce an extended
action by promoting specific time-derivative combinations to independent velocity fields,

80]7/00 + (D - 3)Hh00 — Voo » (227)
1



and introducing the corresponding Lagrange multipliers to enforce on-shell equivalence. The
extended action takes the form

5|1
S, [h00s V00s T00s Rois Vois Tois ij» Vij Tij] = /dDUC {aD 2 [4%'%' — Vil
1 1 1
+ §(aih00)(ajhij - aihjj) + 5(8ihik)(3jhjk) - 5(8ihij)(3jhkk)

1 1 1 2 UpiVoi
+ Z(akhii)(akhjj) - Z(akhz‘j)(akhij) + @(UOO + i) — % }

1
+ oo <aohoo + (D = 3)Hhgo — Uoo) + To; <30hOz‘ - 531' (hOO - hjj)

Varying with respect to the velocity fields yields the on-shell relations

oS 1 ,_

51)0*0 - EGD ? (w00 + i) =m0 = 0, (2.31)
oS 1 ,_

51)0: - _&aD s —mo; 0. (2.32)
oS 1 5 80

61}; = §CLD 2(7)2']' - 52]Ukk> -+ ﬁCLD 2(1)00 + Ukk) — 7Tij ~0. (233)

Owing to the gauge-fixing functional, it is now possible to solve for all velocity fields on-shell,

2a2—D
Voo Ton = 15— [w - (D —1-2(D - 2)a)7r00} , (2.34)
Vo ~ WOi = —O[CL27D7TOZ‘ y (235)
0,:(mog — 7
Vi RV = 20>~ P |:7Tz'j + W] (2.36)

Substituting these solutions as strong equalities back into the extended action gives the
gauge-fixed canonical action,

S* [h007 00> hOi’ T0i» hija 7Tij] = S* [h007 ﬁ007 00> hOi’ EOZ': T0i» hij7 ﬁijv ﬂ-ij]

= /dDLU |:7T0080h00 + 7T0i80h0i + szaoh” - %*i| y (237)

where the corresponding gauge-fixed Hamiltonian is

9-D USTYNT] 271'007'('2'2' D—1-— 2(D — 2)@ (6%
#H,=a [Wz’ﬂz’j D _12 D—_9 D_9 T00700 ~ 5 T0i70i
1
5|1 1
- (D - 3)7{71-00}7’00 + aD 2 |:2(87,h00) (azh]] - 8]h’bj) - §(azhzk’)(ajh]k)

+ %(aihij)(ajhkk) - %(&chii)(akhjj) + i(akhz’j)(akhij)] : (2.38)



The Poisson brackets are determined by the symplectic part of the canonical action and
are not affected by gauge fixing:

{h00(77» f)a 7[-00(777 iﬂ)} = 6D_1(£ - f/) y (239&)
{h’Oi(nv f)a 71'0]-(7’], f/)} = 5ij5D71(f - f/) ) (239b)
{hij(n, @), m(n, &)} = 600,671 (& — &), (2.39¢)

The equations of motion that follow from this canonical action are:

2a2—D
1 CLD_2 5
oToo ~ 5@'701‘ + (D — 3)Hmgy + Hrmy; + T(V hi; — 0;0;hi5) (2.41)
_ 1
aoh()i ~ — OJGQ D7T0i + 561 (hoo - hj]) + 8jh” — (D — Q)Hhoz 5 (242)
ao’ﬂ'ol' ~ 28‘771'1.7 + (D — 2)7‘[71'01' s (243)
O - _
Oohij ~ 20> P |5 + W} + 20 hjy0 — 6i5Hhoo (2.44)
D—2

a

> [—(aiaj — 65V hoo — 2040(ih ;i

5
Oomij = 0o — ?JakWOk +

+ 0,0, hig + 01 (040) — 61V ) gy + v%ij} . (2.45)

These can be written as Hamilton equations with the help of the Poisson brackets (2.39).

We note that, when working with multiplier gauges, the gauge-fixed action does not
generate the first-class constraints (2.18) and (2.19) that are present in the gauge-invariant
action. These constraints must therefore be imposed in addition to the gauge-fixed action:

CLD_2

(DO = 700 » @Z = T4 » \IIO = T (VQh” — 818]]7/”) + Hﬂ'ii ) \IIZ = 28]77'1] . (246)

It is sufficient to impose these constraints at the level of initial conditions, since they satisfy
a closed system of equations of motion:

1
(9()(1)0 ~ \IIO + (D — 3)7’[@0 + §6Z®Z s
1 1
80\I/i ~ VQQ)Z .
These relations guarantee the conservation of the constraints. Consequently, they form a
closed first-class algebra also in the gauge-fixed canonical formulation. In the next section

we quantize this gauge-fixed canonical system, and in subsequent sections we construct the
graviton two-point function.



3 Graviton quantization

In this section, we quantize the linearized graviton field in the multiplier gauge, starting from
the canonical formulation of the previous section. We promote the fields and their conjugate
momenta to operators, replace the classical Poisson brackets by equal-time commutation
relations, and implement the constraints as conditions on the space of states. This establishes
the operator algebra and mode decomposition needed later for the construction of the
graviton two-point function.

We thus promote the classical fields and conjugate momenta to Hermitian operators,

Py — by T — T s (3.1)

and replace their Poisson brackets by equal-time canonical commutation relations,

[hoo(n, %), oo (n, 2")] = 6P~ 1 (& — 77), (3.2a)
[301;(77, T), 700, Z")] = 0y i Nz -7, (3.2b)
(hij(n, @), 7 (0, 3")] = 63400 1671 (& — 7). (3.2¢)

These field operators satisfy the same equations of motion (2.40)—(2.45) as their classical
counterparts. First-class constraints (2.46) are promoted to Hermitian constraint operators
by substitutions in (3.1).

The constraints (2.46) of the theory are implemented as a requirement on the space of
state vectors. It would be inconsistent with the canonical commutation relations to demand
that Hermitian constraint operators annihilate the state. For this reason, constraints are
implemented at the level of matrix elements, by demanding that matrix elements of polyno-
mials of the Hermitian constraint operators vanish between physical states. In particular, for
the Gaussian states we consider, it is sufficient here to require that all two-point functions
of Hermitian constraint operators vanish,

(Q|®,(2)2,(2)]|Q) =0,  (Q,(2)¥,")|Q) =0, (Q¥,(2)¥,(=)|Q) =0, (3.3)

for all physical states |2). This requirement is implemented as a condition on the state
vectors by demanding that four particular non-Hermitian linear combinations of the constraint
operators annihilate the physical state (see [63] for a detailed discussion in the vector field
case). The structure of the state space satisfying these conditions becomes most transparent
after decomposing the fields into scalar, vector, and tensor components and transforming to
momentum space. We now turn to these decompositions before completing the description
of the quantized theory.

3.1 Scalar-vector-tensor decomposition

To separate physical and gauge degrees of freedom, it is convenient to decompose spatial
tensors into their scalar, vector, and tensor parts with respect to spatial rotations. This is
achieved by introducing transverse and longitudinal projectors,

0,0, 0,0,
Pij;:(sij_ VQJ’ IPiLj: VQJ?

(3.4)

,10,



which are idempotent and mutually orthogonal,

TT _ T L

L _ L TmL _ LT _
gtk = Lik gtk = Lik o Pk = PP =0, (3.5)
so that any spatial tensor can be decomposed uniquely into scalar, vector, and tensor pieces.

With these projectors, we decompose the canonical variables into their scalar, vector,
and tensor parts. The decomposition is defined by

R N A 0; ~ N A A A 2 N .

A g A A Al A PiTjﬂi" LT A2 A

7T00 = Hl 5 7T0i = —8ZH2 + HZ s 7Tij = D — 2 + ]P)Zj]:[ll — 3(11_[]) + Hl] . (36b)
Here the vectors are transverse,

and the tensors are transverse and traceless,
o1, =0, Il =0, T,=0, I, =0. (3.8)

As we show below, this decomposition renders both the canonical structure and the dynamics
block-diagonal. The transverse-traceless tensor modes already carry the physical graviton
degrees of freedom, while the scalar and vector modes are further constrained by the quantum
conditions (3.3).

Scalar sector. From the definitions above, we can express the four scalar variables and
their canonical momenta in terms of the original canonical variables,

~

A A A A~ A ]P)Z;hzj A L A
S1 = hgo , Sy = O;ho; S3 = D_2’ Sy = Pijhyj, (3.9)
A R 9, R R R R
Hl = T00 » H2 = _vigﬂ-()i 5 H3 = ]P’ZWZ] 5 H4 = IP)'L?’]TZJ . (310)
The nonvanishing canonical commutators in this basis are
[S(n, ©),11;(n, 7")] = 6;,0° 17— 7", I,J=1,2,34. (3.11)



This sector contains eight first-order equations of motion, one for each scalar variable and
its conjugate momentum:

2a27D

S = 5 [— (D —1—2(D - 2)a)II, + 10, + ﬁ4} —(D-3)HS,,  (3.12)
e loop A 2 2 D—-2 p oo2s

oolly = =5 V2L, + ’H[(D — )L, + 10, + H4] + = aP IV, (3.13)
~ ~ 1 ~ ~ N N

8052 = ()[(127DV2H2 + §V2 |:S]_ — (_D — 2)53 + S4:| — (D — 2)HS2 s (314.)

dolly = (D — 2)HII, — 211, , (3.15)
~ QaZ*D ~ N A

8053 — D — 2 (Hl — H4) - %Sl 5 (316)
~ D -2 ~ ~ ~

Oplly = —5—=v* [Hz +aP2(8 — (D - 3)83)} : (3.17)
. 2a 2 D N . N N

oSy = o [Hl Iy + (D — 3)H4] 28, —HS, (3.18)
, 1

(901_14 == —§V2H2 . (319)

Vector sector. The two transverse vectors and their conjugate momenta, expressed in
terms of the original canonical variables, are

0,

A, A~ A ~ A k ~
Vit = PLhg; I} = P, , Vi = PLogh 12 = —21?5-@79,“ (3.20)
so that the nonvanishing commutators in this sector read
(Vi (n,2),11] (n,2")] = 6,,P56P (7 — 7), I,J=1,2. (3.21)

The four first-order equations of motion in this sector are:

Vit = —ad® PII} + V2 — (D — 2)HV}', (3.22)
All} = —VI? 4 (D — 2)HIL} (3.23)
V2 = —a> PV + V2V, (3.24)
AI? = —11} . (3.25)
Tensor sector. Finally, the transverse-traceless tensor modes are expressed as
PP PLPT,
= T gkl | p - T kl
Ty = |Pey — D—Q] i 1L |:Pk( i D—Q] T s (3.26)
and they satisfy the following non-vanishing commutation relation
. . PLPT
(350 7). Tl (0, )] = | BB, — 575 677! (@ — 7). (3.27)
Jo D -2
In this sector the equations of motion take the form
a 2-DP aP2 o
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Constraints. The scalar-vector-tensor decomposition in (3.6) induces an analogous decom-
position of the Hermitian constraint operators,

(§0 = KI ) (i)l = _87,K2 + Kzl ) liJO = IA{37 \ijz = 282K4 - VZKiQa (329)

so that only scalar and vector components appear. The scalar components are
D -2
oD-2

Kl :ﬂ17 IA{ZZ]._AIQ, K3: V2§3+H(ﬂ3+ﬂ4), [A{4:1A_.[4, (330)

and the vector components are

K} =11}, K? =112, (3.31)
The equations of motion for these combinations split into the scalar sector,
~ N 1 N N
oK, = (D - 3)HK, — 5VZKQ + Ky, (3.32)
oKy = (D — 2)%1?(2 - 2Ky, (3.33)
Ky = V2K, + = (D IHVIK, + HK; — V2K, (3.34)
80R4 - —§V2K2, (335)

and the vector sector,

oK} = (D —2)HK} — V?K?, dok? = —K}. (3.36)
These relations will be used to track the time evolution of the constraint operators once we
move to Fourier space and impose the quantum conditions (3.3) on a mode-by-mode basis.
3.2 Fourier space

Because the background is spatially homogeneous and isotropic, it is natural to work in Fourier
space. Each comoving wavevector k then evolves independently, and both the canonical
structure and the constraint conditions can be implemented mode by mode in the tensor,
vector, and scalar sectors.

Tensor sector. In the tensor sector we expand the transverse-traceless operators in a basis
of polarization tensors for each comoving wavevector k. The two field operators are written as

D(D—-3)
e — \/i dD_lk iﬁ“j’ 2 = A -
Tij(nvx) — "D—2 D—1 e b Z 5ij(07 k)ﬁ(ﬁv k)7 (3'37>
a 2 (7T) 2 o=1
T
~ a2 d 'k - RN -
HZ(777J_::) = — elkﬂ: Ei'(ga k) 0(777]?), (338>
' V2 emt Z ’

where the symmetric transverse-traceless polarization tensors satisfy

gii(0, E) =0, k; %‘(Uv E) =0, [51']'(0'7 E)]* = %’(07 —E) ) (3.39a)
D(D 3) o .
L ; e PLBIPL(R)
40, R)es (0, F) = 0 ; (0, B)ea(o, B) = P ()P, () - 5 —5—
(3.39Db)
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where Pfj(lg) = 0;; — kik;/ k? is the momentum-space transverse projector. The momentum-

space operators are Hermitian in the sense that ’ﬁr(n, k) = T.(n,—k) and ﬁl(n,lz) =
75(7 (n, —k), and satisfy the following non-vanishing commutation relation

(750, %), Por (0, k)] = 650 6P (k + E). (3.40)

The momentum-space equations of motion are

O | R X -1 A
To =P+ (D =2)HT,, P, = —kT, — 5 (D= 2)HP, . (3.41)

Thus each tensor polarization behaves as an oscillator with a time-dependent mass; this
sector encodes the physical graviton degrees of freedom.

Vector sector. In the vector sector, the two transverse modes for each comoving wavevector k
are expanded in a basis of polarization vectors, yielding two canonical pairs per polarization.
The corresponding operator expansions are

dD 1k2 - o .

Vi, &) = a5 / BB g S (0, B (0, B (3.42)
dD 1k - N -

1 (n, &) = a5 / BT G N e (0, B)YPr o (1. F) (3.43)

where I = 1,2, with coefficients g; = 1 and g, = k£ chosen so that all Fourier amplitudes
carry the same dimension. The transverse polarization vectors satisfy

kiei(o,k)=0, ei(o, k) = e;(0,—k) (3.44a)
D—2

ei(0, k)i (0" k) = 6,00, ef(o,k)ej(0, k) = PL(K). (3.44b)
o=1

A -,

Hermiticity implies )}}L,U(n, k) = 1}17(,(77, —k) and }g(n, k) = 75170(7], —k). The momentum-

)

space commutation relations are

A

[)}170(777 ];“:)) PJ,U’(nv EI)] = 5IJ500’ iéDil(E + El) : (345)

The equations of motion in Fourier space take the form

V1o = —0Pyy + RV — (D~ 2HD, (3.46)
0Py = KPag + 5(D — 2Py, (3.47)
OVag = Py — kV1 s + %(D — )MV, (3.48)
O Pyy = —kP s — %(D — 2 HPy, . (3.49)

These relations describe the coupled evolution of the two transverse vector modes for each lg,
whose contributions to physical correlators are further restricted by the vector constraints.
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For the constraints in the vector sector we expand them in Fourier space as

D—

dD lk -
KL (,7) = o™ / e g Z (0, F)Rp (1, ) (3.50)
2 —
such that the equations of motion read
. . 1 . . - 1 -
30/C170. = kKjgp + i(D - 2)7'UC170— 9 (9OIC270. == —lel,U - i(D - 2)HK27U . (351)

These match eqgs. (3.47) and (3.49), which is expected given that by definition we have
lCI o= 75] o*

)

Scalar sector. In the scalar sector, the four canonical scalar pairs are expanded in Fourier
modes as

aP— 1k

81(m,7) = a5 / B GET f o S(n, ), (3.52)
dD 1l<:

I, (n, & —a/ ”“Efl x Pr(n, k), (3.53)

where I = 1,2,3,4, and where f; = f3 = f; = 1 and fy = k, chosen so that the momentum-
space operators have the same dimension. Hermiticity of the momentum-space operators
implies S}L(n, k) = 8;(n,—k) and 75}(77, k) = P;(n,—k). The non-vanishing commutators
in momentum space are

A

[S1(n,K). Py(n. k)] = 61,067 (k + K, (3.54)

while the equations of motion are:

R 2 D—4

XS = 55 [_ (D—1-2(D—2)a)P, +Ps + PZJ - 7%81 : (3.55)
o ka D—4. . 1 D=2 ,4

OyPy = 57’2 +H [ 5 P+ Ps+ 7)4] - Tk283, (3.56)
R . kra . a1 D-2_ .,

00Ss = —aPp — 5 [31 (D —2)8 + 54} - = HS,, (3.57)
A A D - 2 Fa

807)2 == —2]{37)4 + THPQ ) (358)
. 2 . . D-2_ .,

8083 = m(Pl - P4) - Hsl + T,HSE% (359>
R D—-2f - a4 R

0Py = =5 [Py + HPy + 12 (S1 — (D = 3)8y)] | (3.60)
. 2 (A o . . . D-2_ .,

081 =5 [731 —P3+ (D - 3)7>4} +2kS, —HS + ——HSy, (3.61)
. k. D-2_ .

60P4 == §P2 - THP4 (362)

For each E, the scalar sector forms a closed system of coupled first-order equations whose
physical content will be determined by the scalar constraints.
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We next introduce the Fourier transforms of the scalar constraint operators,

. . D_2 dP 'k g . -
KI(T],.’I}):CL 2 ()ﬁel IKIXIC[(’O,]{J), I:1,2,3,4, (363)
2m) 2

where ¢; = ¢, = 1, and ¢35 = 1/¢y = k. In terms of the canonical momenta and scalar
fields the constraint modes are

- D -2 H

T I e e N PR YY)
and the corresponding equations of motion follow directly from the scalar dynamics,

9K, = S(KJQ +2K3) + %(D — 4)YHK, , (3.65)

oKy = —2kK, + %(D — 2)HK,, (3.66)

K5 = —k(Ky — Ky) — %(D —3)HK, — %(D — HK;, (3.67)

0Ky = glég — %(D — DHK, . (3.68)

We have thus expressed all canonical variables and scalar constraint operators in terms of
tensor, vector, and scalar mode operators in Fourier space, together with their linear evolution
equations. In the subsequent sections we solve the mode equations for the physical tensor sector
and the gauge-dependent scalar and vector sectors, impose the constraint conditions (3.3)
in momentum space, and construct the corresponding graviton two-point function. This is
facilitated by the results for scalar fields in de Sitter space, which we recall next.

4 Scalar mode functions and propagators

Before turning to the dynamics of the tensor, vector, and scalar mode operators introduced in
the previous section, and before constructing the graviton two-point function, it is useful to
recall several standard results for scalar fields in de Sitter space. In this section we summarize
the mode functions and two-point functions of free scalars with various effective masses. These
results will serve as building blocks for the corresponding graviton expressions that follow.

4.1 Scalar mode functions

Scalar mode functions appear throughout de Sitter-space calculations, and it is useful to
recall their basic properties. They satisfy the differential equation

[8§+k2+ <i—A2> HQ]% =0, (4.1)

where A is a parameter associated with the effective scalar field mass as

M3 = KD;l)Z - )\2] H?. (4.2)

The general solution takes the form of a linear combination
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where the positive-frequency Chernikov-Tagirov-Bunch-Davies (CTBD) mode function [64, 65]

i —1 k/'
atn k) = TV 2 (1)) (4.4

with Hﬁ\l)(z) the Hankel function of the first kind. In the limit of vanishing Hubble parameter
the CTBD mode reduces to the flat-space positive-frequency mode function according to

1S

Un(n, k) =27 u(n, k) {1 - (1 = /\2> L (’)(HQ)] , (4.5)
4 2k
where u(n, k) = e~ /y/2k is the standard flat-space positive-frequency mode. These scalar
mode functions will play an important role in expressing the corresponding graviton solutions
and two-point functions in subsequent sections.
Recurrence relations for Hankel functions [66, 67] imply corresponding relations among
CTBD mode functions, namely

1 1
[ao + <2 + A> 7—[] Uy = —ikUxi1 [60 + (2 — A) H] Uy =—ikUy—1,  (4.6)

which provide a convenient way of shifting mode indices up or down. An immediate conse-

quence is a compact expression for the Wronskian normalization,

1

= (4.7)

Re[Ux(n, K)U 11 (1, )]

The relations (4.6), together with the homogeneous mode equation (4.1), also yield the useful
identity for a sourced mode equation,

1 U
[ag + k2 4 ( — >\2> HQ] (“) = 2ikU, . (4.8)
4 H
Another useful identity relates bilinears of CTBD modes evaluated at different times,
2 * * *
5 [P+ M 00+ HH | [UA01, U (0 K) | = Unas (. R)US 2 O ) = Us 4 1, ) UR (0 )

(4.9)
Taken together, these relations streamline later computations by reducing derivative structures
and allowing systematic index shifts in products of mode functions.
4.2 Scalar propagator
The two-point function in de Sitter space for a scalar field with an effective mass (4.3) satisfies
_ SabiéD(ﬂs )
V=

where 1 = ¢g""V V,, is the covariant d’Alembertian operator, and where a,b = =+ are the

(D - Mf)i[aAb]/\(a:; ') 5% = diag(1,~1),  (4.10)

Schwinger-Keldysh polarity labels appropriate for nonequilibrium quantum field theory (see,
e.g., [71, 72]). The positive-frequency Wightman function admits the mode-sum representation

T _D-2 dD_lk lE Zoz! %
i["AY] (252") = (ad’)” 2 /(27r)1316 @\ (n, k) UL (1 k) (4.11)
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where U, satisfies eq. (4.1), and where henceforth a = a(n) and o’ = a(n), with analogous
conventions for all primed and unprimed quantities inside two-point functions. Implicit
in (4.11) is the usual ie prescription, implemented as n — n — ie/2 and n' — ' + ic/2, that
renders the result an analytic function whose distributional limit defines the two-point function.

The complex conjugate of (4.11) is the negative-frequency Wightman func-
tion, i[*A~], (z;2") = {i[~A*], (x; 2')}*. All remaining Schwinger-Keldysh two-point func-
tions follow from the Wightman ones. The Feynman propagator, i.e. the time-ordered
two-point function, is

i[A] (5a)) = 60— ) i[ A% (@:a) + 60 —m)i[*A] (@a),  (412)

while its complex conjugate, i[’A’]/\(a:; x') = {i[*A*])\(x; x')}*, is the Dyson propagator.
These scalar two-point functions, evaluated for various values of A, will serve as essential
building blocks in the construction of the graviton propagator.

The mode-sum representation in eq. (4.11) is finite for the CTBD choice of mode function
when the effective mass-squared parameter ME is positive. For massless or tachyonic values
of the effective mass-squared, however, the mode sum develops an infrared divergence [68].
In such cases the Bogolyubov coefficients appearing in the general solution of eq. (4.3)
must be adjusted so that the resulting mode sum is infrared convergent. The precise
implementation of this procedure is not essential for our purposes; to leading order it can
be modeled by introducing an infrared cutoff ky < H,, which regulates the contribution
of super-horizon modes.

With this prescription, the scalar two-point functions in de Sitter space take the fol-
lowing form:

i[aAb]A(x; &) = Fy(Yap) + AFx (Yap, u,0) - (4.13)

The de Sitter invariance of the first contribution is manifested through its dependence on
the de Sitter-invariant length function

J . \2 RN L \2
vy = H2ad [|lF-3" P~ (n—o—ie)*| .y, = H2ad[|lF-7" |2~ (In—n'|~i=)*] , (4.14)

with y, = y*, and y__ = y7,. In contrast, the de Sitter-breaking part is characterized
by its dependence on

u = In(ad’), v=1In(a/d). (4.15)

Henceforth, we omit explicitly indicating the Schwinger-Keldysh indices on y that determine
its ie-prescription, as they will be clear from context.

The de Sitter invariant part of (4.13) is expressed in terms of a hypergeometric func-
tion [69],

):HD—2F(D21+A)F(D21—A)2F1<{D—1 D—1_)\},{D}71_y>,

F + A,
s r(2) 2 2
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which has a useful power-series representation,
_HD‘QF(Dgz){<y>—Dz‘2+ r (45"
(4m) 7 4 T(1+x

[T (E+A4n) T (3-A4n) y\n-2* T
XZ[ i(%m)éﬂ)! (5)

Faly)

n=0

The de Sitter-breaking contribution, which arises for tachyonic effective masses [70] and also
in the massless case [69], is given by the multiple series

HP-2  TO)T(2)) Ny
Af/\ (y7 u, U) = — Cnke
47T)§I‘( ) T (5+2) n=0 kzozzg
L T TSN "
oz i G)] k-0l @y
with coefficients
S r (254 T

Crkt = . 4.19
MR =k =0T (2 k) T+ 1 - AT —k—£+1-N) (4.19)

The recurrence relations (4.6) between mode functions imply the following reflection
identities for the scalar two-point functions:

[80+ <1)2—1 +>\> 7—[} i[PAP] (z;2") = — [8()+ (DQ_?’—A) H’} i[*AP], (2),  (4.20a)

[80+ <D2_1 —A) H} i[*AP], (z52)) = — [a()+ <D2_3+)\> 74 i[*AP],_ (z;2").  (4.20b)

In addition, the mode-function identity (4.9) possesses a useful position-space analogue,

o [H00-+ 70+ (0 = 01207 (i) =2, i)

V2 (z;2'), (4.21)

A+1
which enables the evaluation of the inverse Laplace operator acting on a particular combination
of temporal derivatives of a scalar two-point function.

5 Graviton field dynamics and state

In this section we solve the momentum-space equations of motion: (3.41) for the tensor
sector, (3.46)—(3.49) for the vector sector, and (3.55)—(3.62) for the scalar sector, together
with the equations of motion for the constraint operators in the latter two sectors. The
solutions are expressed in terms of the scalar mode functions presented in the previous section,
which provide the time-dependent structure common to all three sectors. We also specify the
quantum state for each sector, thereby completing the definition of the framework necessary
for computing the graviton two-point function in the subsequent section.
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5.1 Tensor sector

The two tensor equations of motion combine into a single homogeneous second-order equation
that determines the field,

[a& + k24 <i - 1/2> %2} 7, =0, (5.1)

with
V= —. (5.2)

The corresponding momentum field is then obtained from

N 1 A

P, = |0y + 5V H|T, . (5.3)
We can recognize the second-order equation (5.1) as the scalar mode equation (4.1), while

the associated first-order equation is essentially a recurrence relation (4.6). Therefore, the
solutions for the tensor sector field operators are

T, (n,k) = U, (. k) br (0, k) + Uy (1, k) bl (0, —F) , (5:4)
750(7% E) = _ikUu—l(n7 k) I;T(O—v E) + ikU:—l(n7 k) I;J;(O—v _E) . (55)

The time-independent operators in the solutions above are constants of integration. Their
commutation relations follow from (3.40), and they obey the standard commutation relations
for creation and annihilation operators,

[br(0, ), bl (0", K")] = 0,60 6P (E— k). (5.6)

They therefore provide the natural operators with which to define the Fock space of tensor-
sector states, whose vacuum is the CTBD analogue specified by

by (0, K)|Q) =0, vk, o . (5.7)
This is the tensor-sector state assumed in the computation of two-point functions.

5.2 Vector sector

In the vector sector the two constraint equations (3.51) decouple from the dynamical ones, so
it is convenient to solve them first. They combine into a single homogeneous second-order
equation for the first constraint operator,

1 .
{a& + K+ <4 — 1/2> ”HQ]ICLU =0, (5.8)
and its solution determines the second constraint through

. 1 1 .
]C27a. = % |:80 + <2 - l/> H:| ICI,O’ . (59)
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Using the results collected in section 4.1, we can immediately write down the corresponding
mode expansions,

K10 (0, k) = kU, (n, k)b (0, k) + kU (0, k)b (0, k) , (5.10)
i

Koo (n,k) = —ikU,_1(n,k)bp(0, k) + ikU;_1 (1, k)bh (0, —F) . (5.11)

These solutions for the constraints then immediately determine the two canonical momenta
of the vector sector, 75170 = 16170 and 75270 = 16270.

The remaining two equations (3.46) and (3.48) of the vector sector combine into a single
second-order equation sourced by the solutions for the constraints,

]. A A
[88 + k% + (4 - 1/2) 7—[2] Voo =—(1-a)kK,,, (5.12)

while the remaining field is determined from

. 1 1 . Ky,
Vl,a = _E [80 + <2 - I/> ,H:| nga + Z . (513)

The corresponding solutions take the form

f}2 cr( E) U, (777k)b (G k)+U:(777k)8TH(av_E)+U2(777]€)8P(07 E)—i_ (nak)BL( 7_]2)7 (5 14)
Vl 0’( E) - ZUV 1(777 k)i) (07 E)_ZU:—I(nv k>BL(U7 _E)—i_ivl (777 k)BP(Ua k) _“’T(Th k)BTP(O-a _k) )
(5.15)
where the particular mode functions satisfy
1
{03 + k2 + <4 - 1/2> 7—[2] vy = —(1 — a)k?U,,, (5.16)
1 1
v = ]{|:80+ (2—7/) H:|U2—UV1. (517)

The particular mode functions are obtained by using the identity in (4.8) together with
the recurrence relations (4.6),

(I =)k H 1-(1-aw
1—a)ik 7—[ 1-(1-a)

The homogeneous components of these solutions are fixed by imposing the Wronskian-like
normalization condition

Re(U:v1 n U;:lvz) —0, (5.20)

and by requiring a regular flat-space limit inferred from (4.5),

vy 2070 21+ a) — 201 — )iy — o) uln. b), (5.21)
o 207% 2 (1 4 @) — 2(1 — a)ik(n — o) uln, k). (5.22)
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Having computed the field operators of the vector sector, we can now infer the commutation
relations for the time-independent operators. The only nonvanishing ones are

A

(b, (0, k), b5 (0", k)] = [bp(0, k), bl (0", k")] = 8,4 6071k — K), (5.23)

which shows that these operators are not of canonical creation/annihilation type. This
does not pose a problem; on the contrary, their form is convenient for constructing the
representation of the state space [63].

Any physical state must be annihilated by a time-independent, non-Hermitian linear
combination of the vector-sector constraints. The choice of this linear combination is
not unique, and is instead dictated by convenience. A convenient choice is obtained by
appealing to the flat-space limit in which manifest Lorentz invariance requires the state to be
annihilated by the positive-frequency part of l@lp. Using the flat-space limit of the scalar
mode functions (4.5), this condition is readily seen to be

bp(a,k)|Q) =0, vk, o . (5.24)

This is precisely the choice made in Gupta’s quantization of the graviton field [73], based
on the method originally developed for the electromagnetic field [74, 75], and it generalizes
naturally to de Sitter space.

The construction of the vector sector space of states is completed by defining the vacuum-
like state }Q> to satisfy

by (0, )|Q) =0, vk, o . (5.25)

The remainder of the state space is then generated by acting with the two remaining time-
independent operators. This construction yields an indefinite inner-product space; however,
this is not a physical feature, since the physical states are required to satisfy the subsidiary
condition (5.24), which selects a subspace with positive-definite inner product. In computing
two-point functions we will assume a state obeying both (5.24) and (5.25).

5.3 Scalar sector

The four constraint equations (3.65)—(3.68) decouple from the remaining four equations of
motion in the scalar sector. They combine into two homogeneous second-order equations,

[63 + k2 + <i —(v— 1)2> 7—[2] K,=0, (5.26a)
[a& + k2 + (i - 1/2) 7—[2] Ky=0, (5.26b)

which determine two of the fields, while the remaining two are obtained from

.1 1 . Ky
Bo=—Llon+ (L-0)nule (5.27b
CTH R O R 2 270)
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The two second-order equations (5.26) are in the form of the scalar mode equation (4.1),
while egs. (5.27) are in the form of recurrence relations (4.6), so that we can immediately
write the solutions:

-

K1 (0.k) = ikU, 1 (n, k)éy (k) — kU (n, k)el (=) . (5.28)

Kaln, B) = kU, (0, K)ea(R) + KU (n, WY} (-F) (5.29)

(0, F) = KU, o, 190 () + KUZ o R (~F) — SUL (0, K)ea(R) — STz (n, )R-,
(5.30)

A - ik - ik -

KalnB) = S0, (0, R)ea) — S0 (0 W (F) . (5.31)

According to their definition (3.64), these expressions automatically determine three of the
three canonical momenta,

751 == ’61 5 752 = ICQ , 754 = 164 5 (532)
while the remaining equation we can consider to determine 33 in terms of 733,

8= (D‘_?m [;ag iy /64)} . (5.33)

From the remaining four equations we can form two second-order equations, sourced

by the previously obtained constraint solutions,

[83 + k2 + (i —(v— 2)2> 7{"] Sy = —2(1 - a)k(Ky + 2K3) (5.34)
[8(2) + k2 + (i —(v— 1)2> ’H2] Sy =—2(1-a)k(Ky—Ky) . (5.35)

Once these are solved the third canonical momentum can be written as

A

Py = D2_2[80+ <;+(u—2)> H:|31 +[D=1-2(D - 2)a]K; — Ky, (5.36)

which simultaneously fixes 33 through (5.33). This in turn fixes the last scalar,
N 2 1 A N A 2a0 A

The solutions for the five remaining fields are parametrized by the initial conditions of
the two second-order equations (5.34) and (5.35),

$10. ) = U0, k)ds (R) + U (n,K)d] (=)0 () () (n, ) (), (5.39)
83(n.K)=iU, 1 (n.k)dy (1%’) zU: 1(n.k)d} ()

iy (n,k) | 261 (F) — &a(R) | —iws (n, k) | 26] (<)~} (=) (5.39)
PynFy =252 ik, 1<n,k>d1<E>+z’kUs,1<n,k)cﬁ<—E>—ikw3<n,k>él<l¥>

ik K)e](~F)] ~ S0, (n. )2 () + S UL (1. )2 (), (5.40)
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[ Ues () By =02 00 R} ()] 55 [0 R s )0 ) )
g U aln)+ s )| 4B~ | 5250820~ )] el -

(5.41)
| 2, 10| ()= |5~ P20 )
xdj (~k) 20, (1.k)da (k) ~2U; (1,k)dh(~F)

:
— 2w, (1,K) |21 (R)—(R) | —2wi (n, ) | 26] (—F) e (—F)|
- [ar 00+ E=2 By )42, 0.0) 2002000, 0 4 ()

- [witn=E=2 P g+ 207 200202000500 |-, (502

and expressed in terms of the particular mode functions w;—w,. The first two particular
mode functions satisfy sourced second-order equations,

[83 + k2 + (i — (v — 2)) ?—[2] wy = —4(1 — a)k*U,_,,

(5.43)
1
[83 + k% + (4 — (v — 1)) Hz] wy = (1 — )k*U,_4, (5.44)
whose solutions determine the two remaining particular mode functions,
i 1 D -3

) 1 1-2

(5.46)
The second-order equations for the particular mode functions are solved using the iden-

tity (4.8), and the resulting expressions are simplified through the recurrence relations (4.6):
2(1 — a)ik H [D—3
wy = (H) |:Ul/—3 - HUV—Q} - _m —2(1-a)(3 - V)} U2,

(1 - )ik H 1[D—-3
— _ = _ | ET2 49
w2 o |V gl — gD 2 T

(I1—-a)(1l— V):| U,_1 = —iw;), , (5.48)
w =S o, Ry ] 2wy,

(5.47)

(5.49)

The homogeneous parts of these solutions are fixed by requiring a regular flat-space limit,
and by imposing the normalization condition

Re(U;_lwl . 4U:_2w2) —0. (5.50)
Naturally, different choices of integration constants are possible; these choices manifest

themselves in the commutation relations obtained next. As expected, however, the final
two-point functions remain invariant under such redefinitions.
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Inverting the field-operator solutions to extract the corresponding initial-condition op-
erators is a tedious exercise, but it yields the full algebra of commutators. Among these,
the non-vanishing ones are

[ (R), e} (k)] = [ex(R), d} (k)] = ="' (E — &), (5.51)
[da(R), & (R] = [e2 (B), db(R")] = 36" (R (5.52)
[dao(R), eh(k")] = [ex(R), db(K")] = 6771 (k — k), (5.53)
[da(k), dh(k")] = —a 6”71k~ E'). (5.54)

It is convenient to redefine the momentum-space operators so that these commutation relations
become block diagonal and take the same structure as in the vector sector (5.23). This is
achieved by replacing cil and 32 with

N A o

éy(k) = —dy(k), éy(k) = do(k) + %dl(g) + §A2(E) - (5.55)

In terms of these new operators, the nonvanishing commutators become

. (5.56)

The vanishing of the two-point functions of the scalar-sector constraints is ensured by
requiring that two independent non-Hermitian linear combinations of the four Hermitian
constraints (5.28)—(5.31) annihilate the physical state. As in the vector sector, the choice of
these combinations is not unique. A convenient choice is obtained by examining the flat-space
limit. In Minkowski space, Lorentz invariance of the graviton two-point function is maintained
provided the positive-frequency parts of the first two scalar constraints,

R dD_lk . R dD_lk‘ .
Minkowski: K" :/(Dlu(n’k)él(k)7 Ky :/(le_lu(ﬁak)@(k),

2r) = ) 2
(5.57)
are required to annihilate the physical state,
Minkowski : K{P(@)|Q) =0, K$P(@)|Q) =0, VT, (5.58)

in accordance with the Gupta-Bleuler construction [73]. Taking this limit therefore implies
that the constraints are implemented in a manifestly Lorentz-invariant manner whenever

& (k)|Q) =0, &y (k)|) =0, vk . (5.59)

We adopt this same condition in de Sitter space.
To complete the construction of the indefinite-metric state space, one must also specify
the vacuum-like state. Following the vector-sector analysis, we define it by

—

& (k)|Q) =0, &y (k)|Q) =0, vk (5.60)
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so that all other states are generated by acting with the conjugate operators. Using the
transformation (5.55), this condition is equivalent to

dy(k)|Q) =0, dy(K)|©2) =0, (5.61)

and we assume that the state satisfies both (5.59) and (5.61) in the computation of the
two-point function in the next section.

6 Graviton two-point function

In this section we present the positive-frequency Wightman two-point function
i[H;A;U] (v;2) = <Q‘huy(x)hpg(x/)‘9> (6.1)
for the graviton in de Sitter space, evaluated in the one-parameter gauge specified in (2.21).

6.1 Generalities

Apart from the Wightman function (6.1), perturbative computations in nonequilibrium
quantum field theory (see e.g. [71, 72]) require three additional two-point functions. The first
is the negative-frequency Wightman function, which is simply the complex conjugate of (6.1),

po
expectation value of the time-ordered product of field operators, and expressible in terms

z[ P7AYS ](m, x') = {z[ p;Ajw] (a'; :L')}* The second is the Feynman propagator, defined as the

of Wightman functions and temporal step functions,

[ pe] (@s2") = 0(n — ') iAo ] (w5 2") + 00" — n) il A 6] (z27) . (6.2)
Its complex conjugate defines the Dyson propagator, i[,,A, | (x;2") = {i[ 4AL, ] (2'; ac)}*

Operator equations of motion (2.40)—(2.45) can be written in a more compact second-
order form,

DMvh,, =0, (6.3)

where the kinetic operator was given in (2.23). Consequently, the same equation of motion
is inherited by two-point functions,
i0P (x —
Dw)\;w i [uzAga] (1’; .TI) — Sab(séw(s;\) ( = )

In addition to this equation, the two-point function must satisfy a number of state-

(6.4)

independent subsidiary conditions (3.3). These are essentially equivalent to the Ward
identities, which are known to hold in the simple-gauge limit o = 1 [76]. The primary
constraint operators can be written in a covariantized form,

D-2

b, = —,"h,,, (6.5)

(07

with the operator on the right-hand side defined in (2.22). Consequently, the first condition
in (3.3) can be expressed as two linear derivative operators acting on the propagator,

i0P(x — 2')

V=9

DD [, o] (w327) = —a 5™, (6.6)
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The remaining conditions in (3.3) are then satisfied automatically, provided that the equation
of motion (6.3) and the subsidiary condition in (6.6) hold. Equations (6.4) and (6.6) therefore
provide powerful consistency checks for the result derived at the end of this section, and
the verification is given in the appendix.

6.2 Evaluating mode sums

The components of the graviton two-point function can be expressed in terms of the two-point
functions of the scalar, vector, and tensor sectors,

[Ad) (w:2') = (918 (2) 8 (21)]2), 6.7)
i[adi)(3:0') = 25(0]8,(0)8,(]0) 69
i[ 58] (:2") = PI{QSs(2) S, (2)]Q) + B (] Su(2) 81 (2)|€2) (6.9)
i iy ] (w32") = g’;g’}z( Sy (2) 85 (2')|Q) + (Q VL () VL () |02) (6.10)
i[5AG] i) = B 3;<mss 5,()10) + B 2 (0]8,()8(2)])

+ ﬁéf? QI Vi (2)Vi ()| €2) (6.11)

i[A0] (z:2') = PEPL(Q]S5(2) S5(2")|2) + PP (Q] S3(2)Sa()]02)
+PLP5<QIS4 <w'>\ﬂ>+PLP (084 () wm

627 J)vl2 kal/)

o) |Q) +(Q|T;;(2) T (2)|Q) . (6.12)

The remaining components follow from [, AL ] (25 2") = {i[ 00, ] (2'; z)}", as implied by
the definition (6.1). We first compute all sectorial two-point functions and then assemble
them to obtain the full graviton two-point function.

6.2.1 Tensor sector two-point functions

There is only a single two-point function in the tensor sector, which is readily evaluated
using the results of section 5.1,

. PLPT
() i (a')| Q) = 2| L P M i[~AY] (212), (6.13)

<Q L _9

where we have recognized the mode-sum representation (4.11) of the scalar two-point function.
This expression contains inverse Laplacians inside the transverse projection operators, which
act on the scalar two-point function, i.e. the scalar two-point function is integrated against the
Green’s function of the Laplace operator. Although this action can be worked out explicitly,
the resulting expressions are rather cumbersome [61]. Fortunately, in the present gauge the
inverse Laplacians either cancel or simplify once the contributions of all sectors are assembled
into the graviton two-point function. Thus no explicit evaluation of inverse Laplacians is
required here or in the vector and scalar sectors.
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6.2.2 Vector sector two-point functions

Two-point functions in the vector sector can all be written as mode sums,

. . o2 [ APk paa
(QV (2)V (2)|Q) = P (aa’)” 2 /(27T)D1 eF T Y (0 k), (6.14)

where the integrands are

}/11(777 77/7 k) = Ul/—l(nv k)UT (77/7 k) + U1 (777 k)U;—l(n/a k;) ’ (615)
Yar (1,7 k) = =ik U, (1, k)07 (0, k) + va(n, )OS+ 0, B)] (6.16)
Yoo 1,1 K) = K2 [U, (0, k)3, k) + valn, K)US (', K) (6.17)

with Yo (0,7, k) = [Yia(n',m, k)] *. These expressions follow from substituting the momentum-
space solutions (5.14) and (5.15) into the position-space operators (3.42), evaluating the
expectation value using the state conditions (5.24) and (5.25), applying the commutation
relations (5.23), and finally making use of the polarization sum (3.44b) to identify the
transverse projector.

Substituting the explicit particular solutions (5.18) and (5.19), and using the recurrence
relations (4.6) wherever appropriate, yields compact expressions for the vector sector two-point
functions, in terms of operators acting on scalar two-point functions:

<Q‘V ‘Q> {—1 ;HH’ [7—[ Oy + Hoy + (D — 3)7—(7—['} }i[‘A*]V_l(:r;x'),
(6.18)
<Q‘V2 ‘Q> = 2HH’P£V2{HZ[ A+]V(l‘;l‘/) - ”H'i[‘Aﬂy_l(:U;x')} , (6.19)

(QVP () VP (")) = { [ STETL [H By + HO + (D — 1)%%’} }v%[w]y(z;x/).
(6.20)

6.2.3 Scalar sector two-point functions

Scalar-sector correlators are again most conveniently expressed as mode integrals. Using the
results of section 5.3, for each pair of fields S 1 and S 7 We may write

5 5 N O A A
(Q]S1()5;(")|Q) = (ad’)~ = /(%)D_l em T 71 (' k) (6.21)

where the integrands take the form

le(nvn,a k) = —UllfQ(na k?)wf(ﬁ,, k) —wy (77’ k‘)U;q(U,a k) ) (622)
ik " "
Zor (1,1 k) = 5 [ Uy s (. Ky (k) = (. K)US o )| (6.23)
H * * 2 *
Z31(77 77 k) k |:w3(77ak)quZ(nlak)_'_qul(n?k)wl (77/7]‘@’)} +ﬁqu2(n7k‘)Uy72(n,7k)a
(6.24)
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Zan(n, ) = [y (n, )+ 4wy (0,1 | U3 o0 )+ [ U, o (n, ) = U, (0, ) | (0 )

P2y kst k) KU o )]
+2| U, a(n k)= (1=20)U, (n, k) | U (o ) (6.25)
222(777?7/, k)= —akQUH(n, k)U:—l(nlv k), (6.26)
Zaa (1.0 K) = [0y, K 0 K) =, KOS o )
b [Ualn. B) =0, (0, 1) U ). (6.27)
Zus ol K) = [y (0 U o ) 40, R0 )] — P22 g by o )
AU, (1, ) w3 o )| 3k [ U, o 01,0) = U, () | U (0 ), (6.28)
Zusn.l K=~ T [0,y (0, Ky o K)o U o )
g [P U200V (0 R) =AU (1K) —o(o ). (6:29)
Zus(non k) =~ L=, ks oK), KU O ) (6.30)
P o k) (0O 0 R 2 0, ) U o) )
B WU K+ 20 [, o0, K) — (12000, ()| U 0 )
s [0 YU 0 1)~ U KU a0 )+ U1, YU o )
Z44(77777/a k) = _4U1/(777 k)wz (77/’ k) —4’[1)4(77, k)U:(U/7 k)_4aU1/(777 k)U:(U/7 k)
+ |:Uu(n7k)_UV—2(n7k)_(D_k?)Z/HUV—l(nak)] X |:wi<(n/7k)
P 0 -+ 4w 0 1) 205 (0 )21 200050 B)
0+ P2 Py )4 0 0.0) 20, o(0.0) 2012000, 0.5
<oz -var i+ P2 ). (6:31)

Finally, the remaining combinations follow from the symmetry relation Z;;(n,n',k) =

[ZJI(U/7 ;s k)] "

Using the explicit solutions for the scalar-sector particular mode functions given in (5.47)—
(5.49), together with the recurrence relations (4.6), we can express all scalar-sector two-point
functions directly in terms of scalar Wightman functions. The resulting expressions are:

(2] (2)8) ()] 2) = { 2(5_23) +2(717_;‘) | Mo+ HOp+ (D=3 HH| }i[Aﬂ @),

(6.32)
VHH[AT], (ma)~Hi[ AT, (wa) ], (6.33)

_1—a

(9]3a(@)81 ()| 2) =50
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2

(2 83(2)81(2")[Q) = (2] 34(2)81 (")) = 5 i["A*], _y(a52”)
SO A, (et -Hi[ A7, ().
(Q 5’2(33)5’2(33’)’9>:aV2 [FAT] ) (asa), (6.34)
(Q]S3(2)Sy(2")|Q) = H/ [H do+HIy+(D— 1)%%’} i[~A*]_ (ma), (6.35)
<Q\54(x)32(m’)m>:;_;jv?{m[-N]V_l(x;a:')—m[-N]V_Q(x;m’)}
+w_2;,){(,10‘)[7{ B+ H+(D— 1)7{;4 [FA*](ma),  (6.36)
(9]35(2)83(")|2) = 575 [1-(D-2) (1-0)
%[H Ot A+ (D-DHHJi[-A*],_ (@), (6.37)
(©2184(2) S5(a)| Q) =— 22 A, )+ 5 [1-(D-2)(1-0)]
[ 'S+ HO+(D— 1)%%’} [FA*] (wa), (6.38)
(3:(2)84()[2) = 55 [1-(D-2)(1-0)
= [H@0+H ao+(D_1)H7{'}i[—N]V_l(x;x')

+2<g ;’ (;;f) [H&5+H’ao+(p—1)HH’D¢[N}V(x;x/). (6.39)

6.2.4 Consolidating graviton two-point function

Combining the results for sectorial two-point functions, we obtain the results for the full
components of the graviton two-point function,

i[OBAa’O](m;x’):Q{g s [H O+ M+ (D 3)%%’}}¢[A+]V_2(x;x’), (6.40)
i[oAL] (@:a') = ;Hofa{ﬁ' 8], y(wa)~Hi[ AT, ()}, (6.41)
[00)07) = 20 [, fasal) 200

x{?—lz[*Aﬂ 1(:6;x’)—?—[’i[*AJFL_Q(a:;:c’)}, (6.42)

i[5AG] (252') = {—adik 217”‘;“, P [ H' 00+ Hj+ (D~ 1)%%’}}@[&}”_1@@’), (6.43)

1— 08,0,

i[5 @) = ==L [H@O+Hao+(D 1)%%’] [~A*]_ (a52)
(D—3)(1—a) 80,0,

T vi
—Q 3183’ Toa L ’ ToA /

+ B A A ) —i[ A, )
;{7_25 @9; ){Hz[ Aﬂy(w;x')—?—l'i[‘A*]V_l(w;x')}, (6.44)

(z52)

E [ H G0+ HOG+ (DDA |i[-A7],
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2(1—a) %95k

i[00] (:a) = [0+ 105+ (D=1 |i[ A7), (wsa)

HH V2

TR [1—(1)—2)(1—@)] 0100 [H'a +HO, +(D—1)%H'}i[u+] (z;2')

D—2 V2 0T v—110
50

+2 [5%5]), 5 Z]'[‘A*]V(w;a:'). (6.45)

Using the identity in (4.21), all inverse Laplacians appearing in components (6.44) and (6.45)
can be removed, giving

i[580) (;2") = (Dlg)%,éwé?k{ i["a7], (@) —i[-AT] (wa) }
+ 17{_7%k<'3j>{%i[‘ﬁ+}y(x; )= Hi[AT](a; m/)} : (6.46)
i8] (") 22[%5]')1 Zék;} A @a) + 5 _233j((5l];l_3)i[A+]V_2(x;x')
+ ma(ifsj)(k%{i A7),y (@) = i[ AT, (w52 }
+ 2((5 3;5 du{i[ A%, (wsa)) —i[-A7], y(wa')} (6.47)

Thus, the graviton two-point function can be written entirely in terms of scalar propagators
with different effective masses, acted on by at most two derivatives. The remaining two-point
functions follow directly after assigning the appropriate Schwinger-Keldysh polarities to
the scalar propagators.

The entire set of two-point function components can be written in a significantly more
compact form,

i[#f}Azg] (x;2") = i[#‘;‘,T;’U] (x;2") + (1 — a) x i[#ﬁ‘,@:,’o] (x;2), (6.48)

where the first contribution corresponds to the simple gauge graviton propagator [22, 23],
obtained by setting @ = 1,

i@ — — ﬁ Vﬁ o | -Ta o a
i[5 Y po] (z52) =2 {%Mu)a - Du p3} i Ab}u(x;xl) - 45?#” )(p 50) ] Ab] (@)
2 n 050 050 TaAb o
BT [+ (D = 3)608Y) [0 + (D — 3)8208]i[2A%],_, (3").

(6.49)

The second contribution in (6.48) inherits its structure from the linearized gauge trans-
formation (2.7),?

/
; b A Ayt [ A](xx)
i[,208 ) (252) = [82,0,) — 0] [5,00) — ntm] “27 a0 (650)
2This form can also be written more compactly using covariant derivatives:
T a 1 Ao /
i[,50p0] (z52") = HQ(T)va(u i[NEG] (x52) .
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where the vector two-point function on which the derivatives act takes the form

i[22X](z;2)) = ad’ [%{i[aA}’]y(:ﬁ;m’) —i[*AP] (= x')}

- B (i), e -0, )] o

Verifying that these expressions correctly reproduce the components (6.40)—(6.45) requires act-

ing with the derivatives, applying the reflection identities (4.20), and using the identity (4.21).
The relations (6.48)—(6.51) constitute the main results of this work.

7 Discussion

In this work we have employed canonical methods to construct a graviton propagator in de
Sitter space for a one-parameter family of simple non-covariant gauges defined in (1.1). A
key advantage of the resulting expression, given at the end of section 6, is its tractable and
compact structure: the full propagator is expressed in terms of a small number of scalar
propagators with at most two derivatives acting on them. Moreover, all scalar propagators
that appear admit power-series representations that terminate in D = 4, as follows from (4.17).
This makes the expression particularly convenient for practical loop computations and for
transparent analyses of gauge dependence in proposed observables, such as in [56].

It is instructive to compare our result with the two-parameter family of gauges introduced
in [57], defined by the gauge-fixing action

12
ng[h;u/] _ /de aD72 [_W} ,
(1+da)

1

F, — " [aphw (D = DHE oy, — (1 +08)0,

The propagator in that work was obtained perturbatively, to linear order in the infinitesimal

(7.1)

variations da and 0. Our closed-form result exactly reproduces the 68 = 0 limit of [57],
demonstrating that the dependence of the propagator on « in this two-parameter family
is in fact exactly linear. This extends and sharpens the understanding of the structure of
this gauge family well beyond the infinitesimal regime.

We have also verified explicitly that the propagator constructed here satisfies the correct
equation of motion and obeys the full Ward-Takahashi identity, as shown in the appendix.
In addition, the propagator reduces to the standard Lorentz-invariant form in the flat-space
limit. These checks confirm the internal consistency of the construction and show that the
one-parameter generalization preserves the expected gauge structure.

The simplicity of the resulting propagator and the presence of a free gauge-fixing parameter
make it a promising tool for a variety of applications, including loop computations, analyses
of infrared behaviour, and systematic studies of gauge dependence in cosmological graviton
observables. Indeed, one such application utilizing this propagator — demonstrating the
gauge independence of the observable introduced in [56] — is already in progress [78].
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A Checking propagator solution

A.1 Flat space limit

In the flat-space limit, H — 0, the de Sitter space scalar field propagators with various
effective masses give
T D—2

(5 )sz =iA*®(z —2'), (A.1)
D g \ 22
Amz (Ax2,) 2

) [aAb] )\(a:; x') H=0

while the particular difference of the two scalar propagators gives

1 (.ra Ta H—0 9. ra
ﬁ{z[ AP] (@) =i Ab]/\_l(m;:tl)} T —ANOTZIAT (r — ). (A.2)
These relations allow us to take the flat-space limit of the propagator in (6.48), obtaining

T a U OuMy(095) ] .« a
Z[MVASU] (2;2") =2 [np(uny)a — ﬁ —-2(1 - a)m(a)g(p)] iA(z —12). (A.3)

This expression matches Capper’s graviton propagator in [77] for 5 = 1, as expected.

A.2 Ward-Takahashi identity

To verify the double Ward-Takahashi identity (6.6), we first act the operator (2.22) on each
of the two terms in the propagator (6.48). Acting this operator on (6.49) and performing
the required contractions gives

9,518 ) 0) =2 [T By + | i[28°), (a:)

1
D30

- 2{5g5?p50) T80 [ao +(D- 2)74 }z’[aAb] (@)
- DQ o [T+ (D= 303002 |90 + (D = 9| [*A%], ,@ia).  (A4)

Using the reflection identities for spatial and temporal derivatives (4.20), we convert all
unprimed derivatives into primed ones and simplify the expression to

D 1[0 (32") = =20, 00y i [*A®] (2 2") + 26 [5?pa;) — np(f%’} i[*PAP] _(zaf).
(A.5)
This agrees with eqgs. (35a) and (35b) of [76] once the different normalizations are taken

into account.
Acting the same operator on the remaining part of the two-point function in (6.48) yields
1
D, i[,208,] (x50') = 02| 00,00) 1,0 H | |07 — (D—4) My |

GEOTEALt
x{i[aAb] (z;2") —i[2PA®] (w'x’)}—;ﬁ [8' — 0 7-[’]
v\ v—2\"" (D_]_)H’H/ w(p|“o) o)

X [82—(D—4)H30+(D—2)’H2} {i[aAb] o (@) =i [2AP] H(x;g;')}. (A.6)
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Applying the equations of motion for the scalar propagators (4.10) to eliminate the unprimed
derivatives and using the reflection identities (4.20) to convert the remaining ones into primed
derivatives, we find that this expression evaluates to minus the right-hand side of eq. (A.5):

D [H‘;‘,@;’g] (x;2)) = =DM i [H‘;‘,T:,’g] (x;2). (A.7)
Consequently, for the full two-point function we obtain
DM [;‘VA;J] (r;2") = a x @w“”i[uayT;’J] (z;2"). (A.8)
Acting with the second linear differential operator on this expression gives
DD [MiAEU] (z;2") :a{—nw\ {8’2—(D—2)’H’06} i [aAb} V(x;w’)
+8069 [a’z_(p_2m'ag—(p_2)%'2} i[2AP] V_l(:v;x')} . (A9)

Finally, applying the equations of motion for the scalar propagators (4.10) produces the
double Ward-Takahashi identity (6.6).

A.3 Equation of motion
The simple gauge propagator (6.49) satisfies the equation of motion (6.4) with a = 1 [22],

i sD /
wAUY aw\ , D—2 prl ayd ol — (weN) i0 (.73—.%')
L @2 i TR ] (3301) = 6705 — =

o (A.10)
Together with (A.7), this implies that the part of the full propagator (6.48) proportional

to (1 — ) must be a homogeneous solution of the Lichnerowicz operator,
LM 300 |(z;2") = 0. (A.11)

This indeed follows from the fact that the Lichnerowicz operator annihilates the tensor
structure appearing in (6.50),

L [5&% - nw&g%] =0, (A.12)

and ensures that the full propagator satisfies the equation of motion (6.4) in the one-parameter
simple gauge.
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