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ABSTRACT: Complexity is a fundamental characteristic of states within a quantum system.
Its use is however mostly limited to bosonic systems, inhibiting its present applicability to
supersymmetric theories. This is also relevant to its application to the AdS/CFT correspon-
dence. To address this limitation, we extend the framework of spread complexity beyond
bosonic systems to include fermionic and supercoherent states. This offers a gateway to
compute spread complexity analytically for any semiclassical system governed by a Hamil-
tonian associated with a Lie (super)algebra. This requires extending the Krylov chain to
a Krylov path in a higher-dimensional lattice. A detailed analysis of supercoherent states
within the super Heisenberg-Weyl and OSp(2|1) algebras elucidates distinct contributions
from bosonic and fermionic degrees of freedom to the complexity. This generalisation allows
us to access the semiclassical regime of the planar limit of the holographic correspondence.
We then compute the spread complexity of large charge superstring states on the gravity
side, which are equivalent to the dual gauge states. The resulting complexity leads to Krylov
paths capturing the geometry in which the string propagates.
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1 Introduction

The notion of complexity has gained growing attention in recent years within the high-energy
theory community. Initially proposed as capturing the growth of the Einstein-Rosen bridge
for AdS black holes [1], complexity has grown to become a promising tool to probe a system’s
dynamics. In particular Krylov complexity, and more recently spread complexity, were
used to investigate quantum chaos in [2] and [3], respectively. The scope of applicability



of complexity in the Krylov space extends from quantum field theories [4-8] to the study
of quantum phase transitions [9-11].

A logical and necessary development is to understand the role of complexity in superstring
theory and most notably in the AdS/CFT correspondence which requires to take into account
both bosonic and fermionic contributions. This is what we set out to investigate in the
present article. Spread complexity, which was first defined in [3], measures the growth of a
state under Schrodinger time evolution. Often, the numerical challenge posed by the Lanczos
algorithm, which is a key component in obtaining spread complexity, is a major hurdle towards
extracting the spread complexity of any chosen quantum system. However, in [12] it was
already observed that for a particular class of states, namely coherent states, spread complexity
can be computed purely analytically, removing in this case the need to apply the Lanczos
algorithm. By identifying the Hamiltonian with the operator driving the coherent state, the
authors of [12] identified the Krylov basis with states in a highest weight representation.

Coherent states, being the most “classical” quantum states, are prevalent when studying
the semiclassical properties of quantum systems. In string theory and holography, coherent
states are known to capture e.g. D-brane physics, Lin-Lunin-Maldacena (LLM) geometries [13,
14], and the motion of strings with large quantum charges — the latter is a central topic
in the second part of this article. Crucially, in its current formulation, spread complexity
is too limited to address most of these holographic scenarios. More specifically, the Hilbert
space of states driven by a Hamiltonian is well-approximated in the semi-classical limit by
a basis of coherent states.

In this paper, we construct a direct generalisation of spread complexity, taking the
initial state as the coherent state itself. This state is driven by the relevant semiclassical
expectation value of the Hamiltonian, which generically is not linear in the algebra generators.
Extracting the spread complexity of a given operator requires significantly extending the
present formulation of spread complexity. Indeed, although spread complexity is by now
thoroughly understood for coherent states with rank-one Lie algebras, in general holography
necessitates the addition of fermionic generators and understanding coherent states associated
to semisimple Lie groups. We study precisely this extension. Our main aim is to obtain
spread complexity for superstring states and their duals in the semiclassical section of the
planar limit of holography.

The AdS/CFT correspondence offers a unique opportunity to probe gauge and gravity
theory simultaneously. In particular in the so-called planar limit [15], by taking N —
o0, the correspondence becomes especially amenable since both sides are integrable. In
the planar limit, the relevant processes are dominated by planar Feynman diagrams that
correspond to single-trace operators in the gauge theory. In [16], the authors made the
crucial observation that in this limit, when restricting to scalar operators, the one-loop
planar dilatation operator can be identified with an integrable spin chain. The task of
determining the anomalous dimensions is then tremendously simplified by using integrability
techniques, in particular applying the Bethe ansatz. In many cases however, one has to rely
additionally on supersymmetry, i.e. BPS states or the corresponding Berenstein-Maldacena-
Nastase (BMN) limit [17], in order to make explicit computations and probe the ramifications
of the holographic correspondence.



In [18] it was realised that a further simplification occurs when taking an additional
semiclassical limit offering a unique match between the strings propagating in AdSs x S°
with the anomalous dimensions of the corresponding Super Yang-Mills (SYM) operators.
These expectations are strikingly met in [19-21]. Taking the semiclassical limit establishes
a direct map between near-BPS states on the two sides of the duality. Specifically, this
regime relates the phase space action of point-like string states carrying large quantum
numbers (“fast string”) to the coherent state representation of the spin chain describing
SYM. This correspondence does not only relate states on the gauge with states on the
gravity side, but identifies the non-linear sigma-model action capturing the dynamics on both
sides. In other words, it relates not only between the dimension of the SYM operator and
energy of string states but establishes a direct relation between the collection of coherent
states on the SYM side and string profiles on the gravity side. By this direct matching
of Lagrangians on both sides, the energies of a large class of string solutions match with
the corresponding anomalous dimensions of gauge theory operators, without the need to
compute these case-by-case. By now this duality relation has been thoroughly tested, see
the reviews [22-24] for an exhaustive bibliography on the subject.

A key challenge is to identify a measure of complexity that is compatible with holography.
Indeed, although multiple definitions of complexity have been put forward in recent years,
both on the field theory and gravity sides, whether and how the different definitions match
across the correspondence is an active area of research [1, 25-42]. Here, by specialising to
the particular sector of the holographic correspondence described above, we simultaneously
compute spread complexity for strings propagating in AdSs x S° as well as their dual states,
described as ferromagnetic excitation of the spin chain. It is in this regime of the holographic
correspondence that we extend the framework of spread complexity and apply it to string
states and their duals in the semiclassical limit of planar holography. For the first time, this
allows us to access spread complexity of string states.

To set the stage, we begin by considering purely fermionic coherent states, demonstrating
how statistics drastically affects the usual picture one is used to in spread complexity. Turning
first to the fermionic Heisenberg-Weyl coherent state, leads, unsurprisingly to a finite rather
than semi-infinite chain. This innocent fact however turns out to be one of the building blocks
for the interpretation of spread complexity in more complicated setups. After considering the
simple case of a single fermion, we discuss multi-fermion coherent states, a relevant ingredient
when interpreting purely fermionic string states.

The situation rapidly becomes more involved, once setups containing fermions and bosons
are considered. In this situation the Krylov chain picture developed in [2] needs to be refined.
Indeed, we argue that the Krylov chain should be thought of as carving a Krylov path
through a higher-dimensional lattice with bosonic and fermionic directions. While its bosonic
directions are semi-infinite, the fermionic directions are finite. Furthermore, the Krylov path
is generated by an emergent dynamical rank one algebra giving the Krylov path its ‘direction’.
Such emergent algebras of rank one governing Krylov evolution has been observed already
in [36, 38, 43], yet not explained. See also [43-45] for related studies of Krylov complexity
for coherent state for a variety of algebras. Our studies in this paper allow us to pinpoint
precisely by what mechanism these dynamical spread algebras arise. Concretely, we study



two examples: firstly, a coherent state generated from one free boson and one free fermion.
Secondly, the more complicated setup of a supercoherent state governed by the supergroup
OSp(2|1). Choosing this supergroup is natural, because its bosonic subgroup s[(2) has been
studied thoroughly in the literature, see for instance [12].

The example of the supergroup OSp(2|1) also gives us an opportunity of presenting a
spread driven by a fermionic operator, which does not give rise to finite-dimensional Krylov
space. This runs counter to the expectations one might naively gather from considering
free fermion modes only. We show that an evolution driven by a supercharge leads to an
infinite-dimensional Krylov space. The reason for this is as simple as it is profound, namely
that supercharges square into translations.

With these tools and insights at hand, we turn to compute spread complexity in the
planar sector of the holographic correspondence, applying the semiclassical limit. As described
earlier, in this limit, both sectors share the same dynamics, and a single computation yields
a complexity that applies to both the string and gauge sectors simultaneously.

The crucial observation is that spread complexity is best approached from the gauge
side, where the Hilbert space of states admits a coherent state description. One essential
difference compared to spread complexity in traditional coherent states is that the initial
state is no longer a single lowest-weight state but a product state of many coherent states.
Remarkably, string states propagating on different submanifolds of AdS5 x S® lead to Lanczos
coefficients corresponding to effective SL(2) or SU(2) coherent states. While surprising at
first sight, this result aligns with the expectations built in the previous sections: a Krylov
path through a higher-dimensional space emerges.

The key feature now is that, since the Hamiltonian is a spin chain Hamiltonian. This has
two implications. Firstly, the evolution through the phase space of the coherent states follows
now a different one-dimensional trajectory, fixing a different time-dependence than before.
Secondly, taking the continuum limit the spin chain acquires a spatial coordinate. That the
spread complexity depends now on space and time reflects the worldsheet dependence of the
string states. Taking the string picture at face value, yet another pattern emerges: the spread
complexity is bounded because the string’s motion is restricted to a compact submanifold,
even when embedded in the non-compact space of AdSs x S°.

In section 2 we briefly review the salient feature of spread complexity together with
two simple of crucial examples for what is to follow. In section 3, we lay out how spread
complexity generalises to coherent states associated to Lie group of higher rank and their
super-extensions. We close this section by reviewing the semiclassical approximation by mean
of the coherent state path integral, and explain its role in the current extension of spread
complexity. In section 4, we analytically compute the spread complexity for coherent states
generated from fermionic generators. Here we need to distinguish two cases: one where
the coefficients are pure c-numbers or when they are allowed to be Grassmann-valued. We
then show how to generalise this analysis to multiple fermions. In section 5, we consider
cases that include both bosonic and fermionic generators: supercoherent states. The key
example is the OSp(2|1)-algebra, which we discuss in detail. Finally in section 6, we apply
the machinery to holographic spin chains and compute the spread complexity for rotating
strings in different subsectors of the symmetry algebra.



2 Review of spread complexity

The notion of spread complexity was introduced in [3] and quantifies the spread of a quantum
state through Hilbert space upon evolution with an operator of choice, which we now review.
Consider a quantum system with Hilbert space H governed by the Hamiltonian H and
consider state evolution in the Schrédinger picture, i.e. [1(t)) = e~#¢[¢)(0)). The evolved

state is a linear combination of

), Hly), H|Y), ..., (2.1)

where [1(0)) is denoted as |1)). The D-dimensional subspace K C H spanned by the terms
in (2.1) is coined the Krylov space. Orthogonalising these states using the Lanczos algorithm,
the resulting basis is called the Krylov basis and was shown in [3] to select the complexity
with minimal cost. We denote this basis by |K,). The algorithm also produces a set of
coefficients (@, by,), which, as we see shortly, characterise the time evolution of the initial
state through Hilbert space, as measured by the Krylov basis. Expanding the Schrédinger
state [1(t)) in terms of the Krylov basis yields

D-1
(1) = Y n(t)Kn), (2.2)
n=0

and substituting (2.2) into the Schrédinger equation, we obtain!

Zat¢n(t) = an¢n(t) + bn—&—lwn—&-l(t) + bn¢n—1(t) . (2'3>

The initial condition is v, (0) = d,0 by definition. Crucially for what is to come, we see that
the weights 1, of each Krylov basis element |K,,) can be interpreted as a wave-function with
support on a semi-infinite chain, see figure 1. How far, on average, the state |¢) reaches
into the chain — or equivalently how many Krylov basis elements it has spread over — is
defined as its spread complexity,

D—-1

Ct) =D nlvn(®)*. (2.4)

n=0

The complexity can be viewed as expectation value of a spread operator K = ", n|K,) (K],
ie. C(t) = (¢¥(t)| K |3(t)). Note that any monotonous function f(n) provides a good weight
for |1, (¢)|? in this sum. It is customary to employ the simplest choice f(n) = n.
Unfortunately, the Lanczos algorithm is infamously unstable, prone to a quick build-up of
numerical errors. In several cases this problem can be circumvented altogether. Most notably
this occurs when the states under consideration are coherent states where the Hamiltonian
is identified with the Hamiltonian driving the semiclassical evolution in phase space. This
is discussed in depth in section 3.3. Coherent states driven by operators lying in linear

!The closely related Krylov complexity, which describes operator, rather than state, growth, follows
precisely the same procedure. The Heisenberg, rather than Schrodinger, evolution implies however that
the equations will differ by a number of crucial signs, leading to a complexity which is quantitatively and
qualitatively different.
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Figure 1. The Lanczos algorithm constructs a Krylov basis which leads to an auxiliary semi-infinite
chain reflecting the gradual spread of the initial state over the Hilbert space.

algebras of rank 1 were in fact already studied in [12]. For such systems, the Lanczos
coefficients and spread complexity can be computed analytically. These examples however
remained somewhat artificial, as they do not directly correspond to physical systems.? Indeed,
taking the semiclassical approximation reviewed in subsection 6, the resulting system rarely
displays a Hamiltonian which is a simple linear combination of algebra generators. In fact,
a well-known example, and the one studied here, are spin chains leading the semiclassical
dynamics governed by a Hamiltonian valued in the tensor product of the algebra, generically
of rank higher than one.

3 (Super-)coherent states and semiclassics

The string and gauge side of the AdSsx CFT4-holographic correspondence is characterised
by the PSU(2,2|4) supergroup. In order to compute the spread complexity of string states
the planar sector of holography first necessitates understanding the Hilbert space of states
spanned by coherent states associated with this Lie group and its super subgroup. Indeed, to
generalise spread complexity for these semiclassical string states, we are faced with

i. displacement operators taking values in a Lie group of rank larger than 1,
1. displacement operators taking values in a super Lie group.

In this section, we review, in turn, the construction of the associated coherent states and
their Hilbert spaces. Along the way, we explain the critical ingredients to compute spread
complexity for these states.

3.1 Lie group-valued coherent states

We first review the construction of coherent states for Lie group, as introduced by Perelomov
and Gilmore [46—48]. Consider a Lie group G, together with a unitary, irreducible repre-
sentation p acting on states [¢0) € H. For a chosen state |1)p) the set of coherent states is
determined by the data {p, [¢0)} with vectors |¢) € H such that |¢) = p(g) [¢o) for g € G.
By restricting to connected and simply connected Lie groups, coherent states take on the form

9 (€) —eXP< > &T, )WJO , (3.1)

where {7T),} are generators of the Lie algebra g of G and ¢, are a priori complex parameters.

Observe that D(§) = eiZH g“T“, referred to as the displacement operator or displacer in the

2Note that in [9], the authors also considered a spin chain, but a clever transformation reduced the
semiclassical Hamiltonian to a linear combination of algebra generators. In general such a transformation is
not available.



following, is unitary once one specialises to real parameters £,. Denote by G, the stabiliser
subgroup, which consists of elements g € Gy, C G such that p(g) [1o) = €% [t)y) remains
invariant up to a phase ¢ € [0,27). In particular, the set of coherent states is given by
the elements of the coset space G/Gy,.

A particular example of such coherent states is realised when the exponent of the
displacement operator is chosen to be the Hamiltonian of a system, automatically identifying
¢ with the time parameter ¢. It is precisely this example that has been the object of study in
e.g. [3, 12, 44, 49], in the context of spread complexity. For many purposes, however, the
displacement operator is not generated by the Hamiltonian of the system. In addition, the Lie
algebra generator {T},} has so far only been considered to be valued in bosonic Lie algebras
of rank one. As we will see, generalising beyond this simple setting requires a revision of
the current formalism of Krylov complexity.

Assuming the Lie algebra is semisimple, the algebra generators can always be organised
into ladder operators E, and commuting elements H;.?> Fixing a Lie algebra g and a highest
weight representation py, we declare its corresponding lowest* weight state |A), annihilated
by any lowering ladder operator, as base |1)y) for a Lie group valued coherent state

[A(E)) = exp (iZSaEa HZ&E) |A) [A0)) = [A) . (3.2)

The non-trivial individual states that make up the coherent state in (3.2) are precisely the
descendant states generated by the action of the raising operators. In other words, the coherent
state is being built up by adding contributions from increasing powers of the raising operators,
which “climb” the weight lattice of the highest weight representation pp step by step.

Let us now illustrate how spread complexity is computed, reviewing two known examples
of coherent states associated with the Heisenberg-Weyl and sl(2) Lie algebras. They play a
central role in the following sections. Indeed, both are identified below as ‘atomic components’
of spread complexity of more general Lie groups and in particular that of string states.

A simple example: HW-coherent state. The spread complexity for Heisenberg-Weyl
coherent states has been computed already in [12], which we now review.

The starting point are the usual creation and annihilation operators of the harmonic
oscillator aTB and ap with non-trivial commutator [aB,aJ]rg] = 1. The number operator
Np = aEaB acts on the n-th number state |n) by extracting the occupation number of

bosonic particles, Np|n) = ng|n). Creators and annihilators act on the number states via
abln) = Vg +1n+1), apln)=ngln—1). (3.3)

A coherent state |£) of the bosonic oscillator is defined as eigenstate of the annihilation
operator. Such are constructed by applying the displacement operator

DIE) = exp (cal — 6an) 4

3In representation theory, ladder operators are called roots E, and the commuting elements are known as
Cartan elements H; of the algebra. We do not use this nomenclature in this paper.
4Picking the lowest weight state is convenient when matching states with the Krylov basis.



to the ground state,

& = Do) = o2y Loy (3.5)
n=0 n!
where the time-dependence & = iat is determined by the equations of motion of the semi-
classical approximation. The probability of occupying the n** Krylov state is

po = (g 2 = el (3.6)

The complexity for the coherent state as,
C(t) = (€N &) = ¢ = a*t?, (3.7)
where the number operator has been identified with the spread complexity operator, K = Np.

A further simple example: SL(2)-coherent state. Although the simplicity of the HW-
coherent state is particularly appealing to illustrate the machinery of the spread complexity,
it misses a property of most algebras we will consider in the what follows: semi-simplicity.
Semisimple algebras are characterised by a particularly simple structure: in the Chevalley
basis, the algebra essentially breaks down into n copies of sl(2) knitted together by the
particular root structure. The spread complexity for the sl(2) was first computed in [3],
which we now review for later reference.

The sl(2)-algebra is defined by three generators satisfying the commutation relations
[Lo,L+1) = FLx1, [L1,L_1] = 2Ly. Taking the displacement operator of the coherent
state to be

D(a, ) = expi(a(L—1 + L1) + vLo)t] (3.8)

and identifying its exponent with the Hamiltonian. We pick a highest-weight irreducible
representation of sl(2, C) labelled by h, then act on it with D(«, ), the Krylov basis is
L™ |h) 'F(2h +m)

_ _ m 2 _

T m W

where the norm of a vector is denoted by |||v)|| = \/(v|v). The probability that a coherent
state resides in the m' basis vector is [50]

2 2

o F(Qh—i—m) cosh2<at —4’L2>—4702

pm(t) = mIT(2h) AN
cosh? <at 17> -

(3.10)

The resulting complexity can be computed to take the form [3]

c(t) = h| Lo — h =2 e fan1— 2 3.11
()—(Oé,’}/, ‘ 0— |04a’>’>>—1_ism o —@ . ()
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Note that the spread complexity can be periodic or exponentially growing, depending on the
values of the parameters « and . In particular, we do not wish to give them a particular
interpretation. In fact, let us remark that at this point the particular chosen time dependence
of the parameters, may seem ad-hoc; we address this matter in detail in subsection 3.3.

3.2 Super Lie group-valued coherent states and their complexity

Besides bosonic degrees of freedom, most systems, be it in particle physics, string theory or
condensed matter, require fermionic degrees of freedom. This leads to the natural emergence
of superalgebra symmetries. Before discussing how fermionic degrees affect spread complexity,
we first review superalgebras and their supercoherent states.

Super Lie algebras generalise Lie algebras to include a Zs-gradation, called Grassmann
parity. The gradation indicates the bosonic (even gradation) or fermionic (odd gradation)
character of the generators, which is also reflected in Hilbert space

H — %even @ HOdd . (3.12)

Even elements close under the commutator, while odd elements produce an even element
under the anticommutator. The commutator of an even element with an odd element is
odd. Semiclassical superalgebras accordingly admit an analogue to the Cartan basis® and the
previous discussion carries over apart from some critical changes which we now detail.

We thus consider coherent states whose displacement operator is superalgebra-valued,
acting on a ground state |A) with definite Grassmann parity,

[A(€, Q) = exp (z Y baBa+i) CaGa+ iZfiHZ) IA), (3.13)
« A 7

where we denoted odd (or fermionic) generators by G 4. In addition, the corresponding
coefficients (4 are now Grassmann-valued, so that this displacement operator is Grassmann
even. Therefore, |¥(¢,()) inherits is Grassmann parity from |A).

Let us discuss how to treat Grassmann numbers when calculating spread complexity
with coherent states (3.13). Grassmann numbers play a crucial role in formulating theories
with fermionic statistics and extracting physical predictions. Indeed, all observables have
even statistics. As we will see below, the presence of Grassmann parameters propagates,
naively, all the way into physical quantities such as probabilities and complexities. Thus, we
require a method to extract a bosonic number from elements in a Grassmann algebra, say
A = z+ ylo + xCo + woo where z,y,z,w € C, ( is a Grassmann odd unit vector in the

5See [51] for a pedagogical review on Chevalley basis and root system for superalgebras.



Figure 2. The time evolution in the spread complexity is fixed by solving the semi-classical path
in phase space of the coherent state. On the left the path in phase space for the linear SL(2,R)
Hamiltonian. Choosing a different Hamiltonian, for the same set of coherent states, leads to a different
path in phase space. Such a hypothetical path is sketched on the right. Although described by the
same set of coherent states, the resulting complexity is distinct due to a different time evolution.

algebra and ( is its complex conjugate. We achieve this via Grassmann integration®
(A)gea = / dGodCo e© A =z +w, (3.14)

where the subscript stands for ‘semiclassical average’, which effectively condenses the purely
fermionic degrees of freedom. This averaging protocol has the physically desirable properties
of removing all fermionic statistics

(2)sea = 2 <50C0>SCa = - <Co§o>sca =1, <§o>sca = (C0)sea = 0- (3.15)

This averaging is illustrated on page 4.1 for the free fermion in order to extract probabilities
and spread complexities. Concretely, the spread complexity is

C(6.G) = [ dGoddo % (A€ O K IAE)) | (3.16)
where ( is a fermionic label and K the Krylov operator.

3.3 Coherent state path integral and semiclassical approximation

We now turn to the question alluded to earlier: how the time-dependence of spread complexity
is fixed for a given Hamiltonian evolution. Here we review how this is answered by fixing
the phases space trajectory travelled by the initial state under the action of the Hamiltonian

SWhen applying semiclassical methods to systems with fermionic degrees of freedom, it is often convenient
to represent the fermions using Grassmann-valued functions. These variables conveniently encode the correct
anticommutation relations, for instance in coherent state or superfield formalisms. However, since physical
observables must be real and bosonic, any Grassmann-valued expression must ultimately be averaged over.
This is achieved by taking expectation values which project onto the physical content of the theory. In other
words

=1 (=) =0,

as expected from the standard coherent state path integral formalism. The bilinear ¢ is bosonic and admits a
non-zero expectation value, while linear terms vanish due to the Grassmann parity.

,10,



function. In addition, we clarify how Grassmann parameters, which are necessary when
working with unitary supergroup displacement operators, are handled to extract physical
probabilities and quantities.

Coherent-state path integrals were first introduced by Klauder in [52] (see also [53, 54] for
pedagogical introduction and derivations). In this semiclassical approximation, one expands
the action around the classical path by specialising to a coherent state representation of the
degrees of freedom. The aim is to compute a transition amplitude 7 between a coherent
state |W(&;)) at an initial time ¢; and a second coherent state |W(&2)) at time ¢f for a system
governed by a Hamiltonian H, which is given by [52]

T = /D\l! e (3.17)

with the action given by

S = /ttf dt L = /ttf at((w|a]w) — (v|H|)). (3.18)

The semiclassical equations of motion follow from the usual Euler-Lagrange equations from
the Lagrangian L or by evaluating the Poisson brackets in the Hamiltonian picture, see
section VI of [12] for details. Averaging the quantum Hamiltonian H over the coherent state
basis H = (V|H|V) yields a Hamilton function. Solving the equations of motion derived
from the effective action in eq. (3.18), pins down the evolution of the coherent states in
terms of their parameters, i.e. they determine £ = £(¢) in eq. (3.2) where ¢ is the ‘time’
for the Hamiltonian function H.

Turning back to the SL(2)-coherent state reviewed in section 2, the phase space of the
coherent state is described by the complex number parameter ¢ which in turn is a point in
the hyperbolic disc G/Gy, = SL(2)/U(1), where we have denoted the lowest weight state by
o. Writing € = tanh(p/2)e?, where p € R, and ¢ € [0,2n) describe the radius and angle of
the disc, respectively, the semiclassical equations of motion for the linear Hamiltonian

Hsror) = &(L1+ L-1), (3.19)

admits the solution ¢ = 7/2 and p = 2«at. In terms of a trajectory in the phase space of
the coherent state, this corresponds to a path along a “great circle” of the hyperbolic disk
at a fixed angle, see figure 2.

As already mentioned in the introduction, the linear Hamiltonian in e.g. (3.19) is but
one possible system for which the SL(2)-coherent states describe the semiclassics. Notable
examples, which we discuss in the last section, are spin chains. These, generically more
involved, Hamiltonians drive a different semiclassical path in the phase space of the pertinent
coherent states. More concretely, they lead to a different functional dependence £ = &(¢)
and different complexities.

4 Spread complexity with fermions

In this section we consider coherent states generated by the fermionic generalisation of the
Heisenberg-Weyl algebra. With the ingredient introduced in the previous section, we consider
the first step towards spread complexity of superstring states in the planar limit: computing
spread complexity in fermionic coherent states.
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4.1 Fermionic Heisenberg-Weyl algebra

In view of introducing fermionic coherent states, we now consider oscillators where the
creation and annihilation operator satisfy the anti-commutation relations

{ap,ak} =1, {ap,ap} = {a},ak} =0. (4.1)

As is well known, the eigenstates of its number operator can only be 0 or 1: Npgln) =

a];;ap|n> = n|n) where n € {0,1}. While for bosons, an n-particle state takes on the

form |np) = %(ag)”]m. For fermions, an n-particle state takes on the form |ng) =
n:

(ar)i(ar)} - (ar)}]0).
The fermionic coherent states for the free fermionic oscillator or Clifford algebra is then

the state generated from the displacement operator acting on the vacuum’

(€al, — apé)"

n!

€) = D(€)|0) = efor—ar€joy = 3

n

10, (4.2)

where we have defined the displacement operator D(§) = exp (5@} —a Ff_) and £ is a complex
(Grassmann even or odd) number and the bar denotes its complex conjugate. We will focus
on each possibility in turn.

Grassmann even parameter. Here, we consider the simplest case where, due to the
statistics of the states, we lose the infinite nature of the usual semi-infinite chain seen in
section 2.

The starting point is the coherent state and its displacement operator in eq. (4.2). When
¢ is Grassmannian even, there is actually a nice closed way to sum this series since the
fermionic operators are nilpotent. The result is

D(&) = cos || + sin |§\(eid’a17 — e*"‘ﬁap) , (4.3)

where [¢| = \/ZE and ¢ is in & = |¢|e’®. Note that the coherent state for the fermionic
oscillator coherent state is dramatically different from the bosonic one (not surprisingly)
consisting of just two states rather than an infinite sum of states.

From this explicit form for the displacement operator the fermionic coherent states for
the free fermionic oscillator becomes

€)= D(€) |0) = cos [€][0) + € sin [¢][1). (4.4)

In terms of spread complexity, we can identify in a similar way as in [12] we can identify
¢ = iat, where t is time and « is a constant. Note that this is a finite sum and implies that
the Krylov space is spanned by just two basis elements: |0) and |1), i.e. a fermion or no
fermion. Any operator in this space is a finite linear combination

1

[B(1) = D en(t)[Km) = 0o(1)[0) + @1(1)]1) . (4.5)

m=0

"Note that sometimes the coherent state is defined as |6) = e 0%k |0) , and since ar|0) = 0 it follows that
ar|0) = 0|6).
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Figure 3. Spread complexity for bosonic states, for example the s[(2,R) coherent state, leads to
an effective semi-infinite chain. For purely fermionic states, the chain becomes finites, reflecting the
statistic of those states.

This has to be contrasted with e.g. the infinite sum for the s[(2, R)-coherent state in eq. (41)
of [12]. As a result, we no longer have a semi-infinite chain, see figure 1, but a chain consisting
of just two nodes, depicted in figure 3.

Thus the complexity for the fermionic coherent state, is given by

1
. 2
C(t) = (W) Np [0 () = > mlom(t)|* = sin(at)?. (4.6)
m=0
As expected, the Krylov complexity, or expectation value for the position of the fermion in
the ‘chain’, is periodic due to the chain’s finiteness. We point out that by picking |1) as
ground state for the evolution, we find C(t) = cos?(at) as spread complexity.

Grassmann odd parameter. We now turn to the case where the variable in the displace-
ment operator in eq. (4.3) is taken to be Grassmann odd and denote it by (. We thus consider
now the anti-hermitian® displacement operator and coherent state

0= D©)10) = eCer 0y = (1= 3¢) o)+ 1) (17)

The displacement operator can be easily shown to verify D(¢)T = D(()™' = D(—(¢). The
wave functions associated to two states of the Hilbert space follow immediately,

o= (00 = (1-58). =0 =¢. (1)

We observe that their absolute values, |p;|?, depend on the Grassmann variables ¢. In
appendix C we show that ( = ia(pt, where (p is again a unit Grassmann vector and « € R.
As discussed in subsection 3.2, the probabilities are then defined by averaging over the
Grassmann parameters,

(1—a??), fori=0,

o (4.9)

pi = /dCodC_o 00 gy ? = .
, fori=1,

where the subscript ¢ = 0, 1 indicates the ground state or the one-fermion state, respectively.

These probabilities are bosonic numbers, which add up to one, as desired. Note however that

the evolution is ill-defined once |at| > 1, since the probabilities become unphysical in this case.
The complexity is computed similarly by semiclassical averaging

sca

C= / dCodGo e (¢ Nir [¢) = (at)? (GoGo) = a2 (4.10)

8Tt is convenient to define the complex conjugation of multiple Grassmann variables as follows (¢1¢2) = (26
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Observe that this result is the same as (3.7), except for the important fact that |at| < 1. When
|at| = 1 the system has finished its evolution from the initial state |0) to the other remaining
state |1) and remains there. We see that the spread complexity is bounded. This behaviour,
has already been observed for bosonic systems with finite-dimensional Krylov subspace K.

4.2 Superposition of fermionic HW algebras

We extend our analysis of the complexity associated with single-fermionic coherent states to
include multi-fermionic coherent states. This extension aims to investigate the impact of a
higher-dimensional Hilbert space on complexity, when only fermionic states are considered.
Additionally, multi-fermionic coherent states naturally arise in the path-integral formulation
used to quantise fermionic fields. In the case of a fermionic system with chiral fermions in
a finite size interval [—L/2, L/2], the momentum k satisfies [55] k = 22 for n € Z. For a
single fermion, the mode decomposition is given as

1/2 . L/ .
Y(z) = ( ) Z e L " (ap)n, (ap), = (27rL)_1/2/ i dr e T (z).  (4.11)

n=-—00 —L/2
These fermionic creation and annihilation operators (a F)L and (ap)g for momenta modes
k satisfy the following anticommutation relation, {(ar)g, (aF)ZT} = Opy-

Grassmann even parameters. A class of N-mode fermionic coherent states in terms of
these operators are defined as [56],

&) = ® (cos €10} + e sin [&[|1)x ) (4.12)

k=1

here the variables & are taken to be complex Grassmann even numbers. In this definition of
the N-mode fermionic coherent state, the displacement operator is the product of IV single
fermionic displacement operators (4.3) corresponding to individual momenta modes.

Next, to elevate the multi-mode displacement operator to a time evolution operator, we
take & = iayt as before, where o, is a mode-dependent displacement parameter. Starting
from the all-mode vacuum state |0), the state at time ¢ is given by:

o}, ) = @ coslant]) (10} + € tan(axt])[1)x)
k (4.13)
= QA (10)x + 7kl 1))
k

where we define A\, = cos(|agt|) and n = ¢ tan(|ayt|) for simplicity in the calculations.

The Krylov basis vectors in this case are constructed starting from the all-mode vacuum
|0) via the action of c}; operators for different values of k. The total number of fermions
in a given Krylov basis vector quantifies how ‘far’ it has evolved from |0). For instance,
both |100...) and |0100...) are one step away from the initial state |0). Similarly, [101...)
and |0111...) represent two and three steps, respectively. This evolution can be understood
through the N-fermion displacement operator, @2, D(&;) where D(&;) = exp (&a} —&a F),
applied to the N-fermion vacuum state.
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For the simplest case where & = & for all i, the Krylov basis forms a uniform linear
superposition of fermion number states with a fixed number of fermions. In more generic
cases, the Krylov basis represents a non-uniform superposition, which is computationally
challenging to determine for arbitrary & values.

Nevertheless, for general values of &;, we can compute the complexity of spreading of
the time-evolved state in the Fock basis of the system, weighting the probabilities by the
total number of fermions present in each state. It is important to note that the Fock basis or
its uniform superposition is not equivalent to the Krylov basis of the system, except for the
specific case §; = £ for all i. However, this complexity of spreading in the Fock basis is an
interesting quantity in its own right and serves as an upper bound on the spread complexity
of the system [3], the reason being simply that the Fock basis is much larger than the Krylov
basis can be. For a given set of occupation numbers {ny}, we label each Krylov basis vector
as [{ng}, N), where N is the total number of fermions in the state.

For the single-mode case, the multi-fermion coherent state in eq. (4.13) reduces to eq. (4.4)
and complexity becomes, C = \2|n|? = sin (at)?. Going one step further, in the notation
used above, the double-mode coherent state is given by

|a1, Ozg,t) = ()\1)\2) (|OO> + 771|110> + 772|012> + 7]1?72|1112>) (4.14)

The (normalised) wavefunctions, for say ¢ out of N fermions, are thus of the form

Pogey(t (H >\k> mo e (4.15)

where we have defined {e} = {e14,€2y,...,€en0}, where each ¢, € {0,1} and tracks the
occupancy of a fermionic state in the i*" entry of tensor product state. Note that 3 € =1
The associated probabilities in the Fock basis of the system are simply

Dy {E} (H >\2> 2e ?\?N’e . (4.16)
Their complexity of spreading for £ = 2 in the Fock basis is

Cr(t) = (AX2)*(Im|* + [m2l® + 2|mn2|?)

(4.17)
=1—cos[(a; — az)t]cos[(a1 + a2)t] .

This is oscillatory behaviour but depending on the relative values of oy, and ay,, the behaviour
can be widely different. Following this prescription, for an n-mode fermionic coherent state,
where we consider n different momenta modes for the fermions, we obtain the complexity
in the Fock basis as

N N N 2
CF<t): Z|nz|2+ Z 2|77277j| +...+ Z N‘Hﬁij|2 (H/M)
ij=1 i1yin,in=1  j=I1 i=1
(>7) (i1>12>...>1iN)
N N 2
= (Ztan|a |2+ Z 2|Htan|a1]t|\2+ A+ Z N|Htan|aijt|2> (Hcos|ait|>
i1,i2=1 j=1 i1yt N=1 7j=1 =1
(i1>i2) (11>...>in)
=c1(t)+ca(t)+...+en(t). (4.18)
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Figure 4. The left panel shows the plot of complexity contributions of spreading in the Fock basis
for fixed total fermion number states normalised by the dimension of the Hilbert space. In the left
panel, warmer colours indicate contributions from states with lower fermion numbers, while colder
colours correspond to contributions from states with higher fermion numbers. At early times, the
dynamics is dominated by states with smaller fermion numbers, whereas at later times, states with
larger fermion numbers become dominant. The total complexity, shown on the right, is the envelope
obtained by summing all contributions. On the right, the total normalised complexity of spreading in
the Fock basis for the overall system for a 15-mode fermionic coherent state where the coefficients
{ay} are randomly chosen in the range [0, 1]. This illustrates how the total complexity of the system
in the Fock basis arises as a cumulative contribution from individual fermion number states.

In the final line, we define the contribution of a sector with fixed particle number m to the
total complexity of spreading in the Fock basis

N 2

m N
em(t) = Z m| H tan |oyt||? (H cos |ozit|> . (4.19)
=1 i=1

i1yeeyim=1

(il >...>im)
The final form of (4.18) cannot be simplified further for a general set of {ay} coefficients.
One possible simplification is if all the o = « for all values of k. In this case, the last form
of complexity simplifies completely and becomes

Cr(t) = 2V 2N2(N + 1) sin?(at) . (4.20)

In this case, complexity contributions from all the different components have the same fre-
quency with time and they oscillate together. For this choice of parameters, the corresponding
spread complexity is just a uniform linear of the fermion number states with the same number
of total occupancy, and that differs from (4.20) by a constant factor,

Crlt) = éNQ(N F1)(2N + 1) sin?(t) (4.21)

A more general and physically interesting case arises when the coefficients {ay} are
all distinct and randomly chosen from a given interval. This corresponds to displacing
the vacuum state differently for each momentum mode. For this setup, the complexity
of spreading in the Fock basis normalised by the Hilbert space dimension is illustrated in
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figure 4. In this scenario, we observe that the spread complexity of the collection of fermions
does not exhibit oscillatory behaviour, although individual fixed-fermion-number components
display oscillations and distinct peaks. As shown in the left panel of figure 4, the complexity
contributions from states with smaller total fermion numbers dominate at early times, while
those from states with larger total fermion numbers become significant at later stages of
evolution. The total spread complexity thus represents a collective behaviour arising from
the contributions of the spread complexity associated with states of different total fermion
number, as depicted in the right panel of figure 4. It is worth mentioning that the technical
details discussed in this section will play a crucial role in evaluating the spread complexity of
rotating strings in purely fermionic subsector of the PSU(1|1).

Grassmann odd parameters. For products of displacement operators with Grassmann
odd variables, i.e. of type (4.7),

N
D(&) |0) = H e(aF)LCk_Ck(aF)k 0) | (4.22)
k=1
with anticommuting modes {(ar), (a F)IT} = 0y the situation is much simpler. Indeed, due
to Grassmann oddness of the (i, the individual displacement operators commute. Taking the
complexity operator Np = SN (Ng)y, the total complexity is C = Y28 _; Cx(t), where each
individual mode contributes a complexity Ci(t) = ait?, cf. eq. (4.10).

5 Spread complexity with bosons and fermions

In this section we proceed to extend the notion of spread complexity to superalgebras. To
begin, we treat the supersymmetric harmonic oscillator, see subsection 5.1. While simple,
it already features all crucial aspects appearing when studying systems described by both
bosonic and fermionic generators. These new features are however more pronounced in more
involved superalgebras, prompting us to turn to the superalgebra osp(2|1) in a second step;
see subsection 5.2. These novelties are

o The initial state |1g) is now free to spread through a higher-dimensional lattice instead
of a chain. When viewed through the lens of the superalgebra, this lattice is the weight
lattice corresponding to the Hilbert space H of a representation of the superalgebra.
Therefore, the dimension of the lattice r equals the rank of the algebra. In this section,
the weight lattices take the shape of several semi-infinite ladders, so that r = 2.

e When driven by a Hamiltonian, the state |ig) follows its Krylov chain. Viewed from the
perspective of the weight lattice, the Krylov chain describes a one-dimensional Krylov
path or spread path through said lattice. This is a vector space embedding K — H. We
stress that this path is always one-dimensional, though exploring Hilbert space through
linear combination of Fock space states, see figure 5.

e The Krylov subspace K C H is generated by a single creation operator, usually a linear
combination of several superalgebra generators. It naturally singles out an annihilator
and a spread complexity operator. Together these three operators furnish a dynamical
algebra of rank one dictating the spread of [ig) through K C H.
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Figure 5. The lattice points represent a basis of the Hilbert space H, and a locus is read out by
position operators X. An initial vector [1ho) can be any superposition of these lattice points. Picking
|1bo) to be the basis vector in the lower left corner, say, the evolution driven by a displacement operator
D leads through superpositions of basis vectors, i.e the Krylov path K (dashed line). This path is an
embedding of the Krylov chain into the total Hilbert space K < H.

In this novel situation we may ask how |t¢g) spreads through the lattice, thereby probing
the form of the embedding I <— H. In analogy with spread complexity, where the Krylov
operator is the position operator on the Krylov chain, we define position operators X =
(X1,...,X,) on the lattice. Their expectation values measure the spread, or the average
position, of a coherent state’s Krylov path with respect to the directions of the lattice,
prompting us to define lattice complexities

CP(E,C,A) = ] [ déodo € (e,0)1 % 16 0 (5.1)

Note this is an r-dimensional vector of complexities. Furthermore, an absolute value is
imposed to counter the orientation of the lattice, which may lead to a negative expectation
value. For simplicity, we restrict to commuting position operators, [X;, X;] = 0. Furthermore,
in order for the lattice complexities to satisfy C'(0,0,A) = 0, we choose position operators
satisfying X |A) = 0. This requirement places the initial state |A) at the origin of the lattice.

5.1 Super-Heisenberg-Weyl algebra

We consider the supersymmetric extension of the Heisenberg-Weyl algebra given by the
annihilation and creation operators ap, a%, ar, alrp satisfying the (anti-)commutation relations
lap, ag] =1, and {ap,a}} = 1. These operators act on a (product) super Hilbert space
H = Hp ® Hp factors, with elements which we denote by |n,v) = |n) ® |v), where the
first entry indicates the bosonic occupancy n = 0,1,2,... and the fermionic v = 0,1. This
infinite-dimensional Hilbert space is spanned by |n,v) = (ag)”(a})” In,v)/+v/n! and forms
an orthonormal basis, which forms the lattice depicted on the left of figure 6. We call
the states with ¥ = 0 bosonic and those with ¥ = 1 fermionic. Annihilators and creators

move us through the lattice,

apln,v) = vnln—1,v), aln,v) = vVn+1|n+1,v) (5.2)
ap|n,v) = 8,1|n,0) al|n, v) = 6,00, 1), (5.3)

with |0,0) as ground state of the super Hilbert space.
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Figure 6. Left: the basis vectors |n,v) of H construct a ladder with position operators Np, Ng.
Bosonic basis vectors are depicted as circles and fermionic ones as squares. Right: picking |¢o) = |0, 0),
the Krylov basis of an evolution driven by (5.4) is a bosonic Fock space, whose occupation basis
is a linear superposition of bosonic and fermionic basis vectors. The n'* Krylov basis vector is a
superposition of the n*® fermionic and n + 15¢ bosonic lattice point.

For a unitary representation of the supergroup, a coherent state is easily constructed
using the displacement operator

D(&,¢) = exp(éaly — Lap + Cafo + Car). (54)

Clearly, due to the commutation relations, this displacement operator neatly factorises into
one displacement operator for bosonic and one for the fermionic degrees of freedom. Following
this observation, we now adapt the procedures on page 7 and page 13 to construct a coherent
state and expand it in the lattice basis |n,v),

(e 9] n

£:6) = D& 10,0) = exp(-Ie*/2) 3= “= (1= 5OIn, 0) +¢n 1) . (55)
n=0 VT

When ¢ = 0, this state reduces to the bosonic Heisenberg-Weyl algebra coherent state in

eq. (3.5) and for £ = 0, it reduces to (4.7).

It is tempting to declare this lattice as the Krylov space K. This is, however, premature.
Indeed, the basis |n,v) is not the Krylov basis as seen by running the first iteration of the
Lanczos algorithm: we see that |K7) o (‘faTB + CaTF) |0,0), which is a linear combination of
points on the lattice in figure 6; the Krylov basis is introduced below. It is important to realise
that the coherent state (5.5) knows about the evolution driven by é’ag —fap + Ca} + Cap
regardless of which basis it expressed in. As explained above, working the lattice basis
|n,v) allows us to probe how the Krylov chain is embedded into the lattice, i.e. it informs
us about the Krylov path.

Following the standard prescription, wave functions are read off from (5.5),

le|? l€|2

e 2 _ . B e
1560, e = e ) = 2

These are not the Krylov wavefunctions since they are associated with the individual lattice

o 0(€,¢) = (n,0l¢,¢) = ¢. (5.6)

points in figure 6 rather than points on the chain. To proceed, we bear in mind that £ = £(¢),
where the time parameter ¢ controlling the spread through the Krylov chain is discussed
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below; similarly we have ¢ = f(t){p, with {y a unit Grassmann odd element and f(t) a
c-valued function of time.
As discussed in subsection 3.2, the probabilities are conventionally found by p, = |¢n|?

)

require semiclassical averaging over the Grassmann parameters,

EOE —OF (1 — |£(1)]2), for v =0.

LEOP e | £(1)]2, oyt 07

zmwz/aﬁé@w#={
As above, for these expressions to be probabilities, 0 < |f(¢)|*> < 1 must be respected. These
pr indicate the probability that the state |ig) sits at the basis vector |n,r) during the course
of its evolution driven by (5.4). In geometric terms, this is the probability that the Krylov
path passes through |n,v) at time t.

The position operator X measuring spread of the Krylov path along the horizontal
direction in figure 6 is Np, whereas for the vertical direction it is Np. Their respective
lattice complexities (5.1) quantify the spread induced by (5.4) through the lattice spanned
by the basis |n,v),

CE(t.s) = [ dGoddo 0% (6,01 Nil€,6) = (53)

@), fori=B,
If(D)2, fori=F.

While the N; are Krylov operators for the displacement operators in (3.4) and in (4.2),
respectively, here they are not. Here they do not quantify spread through the Krylov chain
itself, but indicate the spread of the chain relative to the lattice directions.

The Krylov basis and its complexity. We now turn to the spread complexity through the
Krylov chain. In order to find the Krylov basis, note that by using the bosonic Heisenberg-
Weyl operators

T T e
A-faptlar g fap QAR g (5.9)

NG C Jeer i

the displacement operator (5.4) is recast as

D(&,¢) = exp [\/§_§+§C (AT—A)] : (5.10)

This is precisely the bosonic HW displacement operator (3.4) with € = & — /€€ + (¢, In
other words, the Krylov basis |K}) for the super-HW coherent states coincides with the Fock
space of bosonic HW-states for the mode A. Note that the individual Krylov basis elements are
superpositions of the ladder basis vectors |n, ). Hence, the Krylov chain lies along a Krylov
path through the super-HW lattice in the left panel of figure 6, which is parametrised by (&, ().
Given this insight, every aspect of the spread complexity follows in analogy with the
discussion on page 7. The probabilities associated with each Krylov basis vector are

_ - \Nk
" f<>(ff+<<)> _ eor €O o( ko
“< R - i (1o (1)) - G

sca
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The complexity is then readily adapted from (3.7)

Caw(t) = (&+CC) = KE@OP + (1) = (at)?, (5.12)

sca

where |f(#)|?> < 1 as above and a € R. The functions &, f need to be chosen such that the
spread complexity Cpw o t2 and £(0) = f(0) = 0. An example is [£]? = (at)? — sin?(at)
and |f(t)|?> = sin?(at).

Summarising this section, we stress that it is possible to map the evolution driven by (3.4)
containing bosonic and fermionic degrees of freedom into an effective bosonic HW system
studied on page 7. The corresponding Krylov chain follows a path through the lattice spanned
by the basis vectors of H = Hp ® Hp. In the following, we turn to a more complicated
example, where we re-encounter this structure.

5.2 OSp(2|1) or N =1 SL(2)

The simplest supersymmetric extension of s[(2) is osp(2|1)-algebra. Besides the sl(2) genera-
tors Lo, Ly it contains two fermionic generators G/, satisfying the graded commutation

relations
[L+1, L_l] = 2L0 s [Lil, Lo] = :|:L:t1 > (513&)
[L:t, G:Fl/Q] = ZIIGil/Q 5 {G1/27 G—l/2} = 2L0 5 (513b>
1
{Gi1)2:Gi1po} =2L41, [Lo, Gx1/2] = F5 G172 (5.13¢)

We also require an analogue of the fermion number operator, which counts the number of
applications of the supercharge. This charge is called J in this text and has the desired
property of disregarding the s[(2) subalgebra and accounting for the supercharge with one
(negative) unit

(Lo, J] =0, [Li1,J] =0, [J,G11p2]=—Gi1y9 (5.14)

It can be motivated rigorously by looking at osp(2|1) as subalgebra of 0sp(2|2), where J
generates a U(1) R-symmetry; see appendix B.1 for details. Due to Gil/z = Ly, the
generator J only has two distinct eigenvalues.

Since sl(2) forms a subalgebra of 0sp(2|1), we can obtain an intuition for the structure
of the representations of 0sp(1|2). A special feature encountered here, and generally arising
for extended symmetries, is that various SL(2,R) representations are strung together into
extended multiplets — in our case superalgebra multiplets. Indeed, the fermionic supercharges
G 41/2 simply connect two s[(2) lowest weight representations generated by L_1, thereby
providing a Zs-graded Hilbert space

HP O =25 6 910D, (5.15)
The subspace "HZ[@) is built on an osp(2|1) lowest weight state |h) defined by

Lih) =0, Giplh)=0, Lolh)=hh), J|h)=2h|h), (5.16)
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Figure 7. A highest weight representation of OSp(1]2) couples two highest weight representations
of SL(2,R) — its bosonic subgroup — by virtue of the (fermionic) supercharges. The horizontal
direction indicates the bosonic sub-representations, whereas the vertical direction accounts for the
fermion number. Note that the fermionic action is not nilpotent; rather Gil 2= L.

and has the same Grassmann parity as |h). The subspace ’Hz[fl) /2 is reached by applying

a supersymmetry transformation
G,1/2]h> =V2h|h+1/2), (5.17)

where the normalised? state |h + 1/2) has Grassmann parity opposite to |h) and is the
ground state of the s[(2) highest weight representation Hzlfl) /20 @S Seen by LiG_y/2|h) = 0;
it is no osp(2|1) lowest weight state however. Observe that sl(2) evolution as triggered
by (3.8) does not mix the subspaces 7—[2{(2) and Hfl[fl) /20 which is reserved for evolution by
the supercharges G./s.

In this subsection, we study spread through the representation space (5.15). The quantum
numbers of the commuting operators (Lg,J) naturally organise this Hilbert space into a
lattice depicted in figure 7. Moreover, they serve naturally as position operators X;. While
Ly counts progression in the horizontal direction of this figure, J only detects spread in its
vertical direction. We first study spread with a purely bosonic operator in subsection 5.2.1

and, thereafter, by a fermionic operator in subsection 5.2.2.

5.2.1 Unitary OSp(2|1) supercoherent state

In this subsection, we study OSp(1]2) displacement operators as found for instance in [57].
For our purposes, it suffices to settle on the particular unitary choice:
+ (G

D(&,¢) = exp [EL_l — &L+ (G_ } : (5.18)

[NIES

1
2

with Grassmann odd ¢ and (, we are nevertheless able to describe the spread. In contrast
to subsection 5.1, we start in this section with the dynamical algebra leading to the Krylov
basis and Krylov operator, and discuss the lattice complexities afterward.

°The inner product for osp(2|1) is inherited from its bosonic subalgebra s[(2). For instance,
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As above, we identify a dynamical spread algebra by a clever rewriting of the exponent
in the displacement operator (5.18),

M, — Z§L1 CG1/2 M- €L 1+ CG1yo (5.19)
VIER +¢¢ VIER +¢¢
£¢ £C
Moy = Lo+ I G2 — 2\b|2G 1/2 (5.20)

with s[(2) commutators [My, M11] = FMy, [My, M_1] = 2Mjy. In their terms the displace-

ment operator (5.18) assumes the form (3.8) with at — 1/|¢|2 4+ (¢ and v — 0.
Starting from the lowest weight state |h), the Krylov basis

M™, |h)

I'(2h +n)
[EADI

T (5.21)

| Kn) = |M™ |h)|]? = n!

is constructed. It is easily seen by spelling out M"; in terms of L_; and G_y/, that |Kp)

combines the n'" state in 7-[2[(2) with the n — 15¢ state in /Hhil)/Q’ as depicted in figure 8. As
with the super HW system studied above, these superpositions describe a Krylov path which
the Krylov chain takes through the weight lattice (5.15). Observe that the Krylov space
spans a strict subspace of the 0sp(2|1) representation, K C H°%G),

The progression through the Krylov basis (5.21) is given by the analogue of (3.11), where

we require to additionally perform a semiclassical averaging as in (3.16),
M,
) = ({6, 1| Mo = B, R)

- <2hsinh2 (\/m? T <<)> — 2nsinh(1€(1)]) + hlE(H)| simh (2] F(1)2

(5.22)

From comparing the penultimate expression in (5.22) with (3.11) we find the temporal
dependence <|£|2 + QTC> = €2 + |f|> = (at)? for a € R. Note that Co(sp(2)\1) > Cyi(2) With
equality only for f = 0 or £ = 0. We see momentarily that the choice of f is constrained.

Lattice complexities. Again, we investigate how the progression though the Krylov
chain (5.21) is measured with respect to the weight lattice of the highest weight representation,
i.e. as embedded into the total Hilbert space (5.15). As the lattice (5.15) is labelled by (Lo, J),
these operators function naturally as position operators X. As motivated below (5.1), we
subtract their eigenvalue on the initial state |k), i.e. X = (Lo — h,.J — 2h). The computation
of their lattice complexities (5.1) is relegated to appendix B.2 and only its results are reported
here. The spread in the horizontal direction of figure 7 is

€0 6:0) = | [ dcodlo €% (6, ¢.bl Lo~ . )
(5.23)

= ‘thinhQ(lf\) + @(Cosh(\él) — cosh(2[¢]) + [¢] sinh(2[¢]) £ (2)]*

where ¢ = f(t)(p was chosen. By considering ( = 0 we clearly recover an SL(2,R) spread

Cé}ﬁ)(z,R) (€) = 2hsinh?(|¢]). Observe that the last term is proportional to the additional term
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Figure 8. The n'" Krylov basis vector |K,) combines the n'!' state in HZ[(Q), drawn by circles, with
the n — 15¢ state in Hz[fl)/zv drawn by squares. The initial vector |Kj) has no partner. It is clear that
K C Hzﬁp(m). The specific linear combinations of circles and squares formed by M, carve a Krylov

path through the weight lattice of 'H;ﬁp@ll).

in (5.22). However, the overall structure of the additional terms is different. Using that
¢ = f(t)¢p, the spread in the vertical direction of the lattice in figure 7 is,

cosh([¢]) —1

Cot(al1) = ] / dGodCo e (€,¢,h] T — 2R ¢, ¢, )| = PUH2) = 4 BE F@)7
(5.24)
PH1/2) is defined in (B.9) and is the probability of residing in the sector Hf:fl) Jo- Since this

takes a value between zero and one, we find a necessary constraint on the choice of f,

0< |f|2 < |£|2
= 1= Yh(cosh(le] - 1))

(5.25)

Remark: the purely Grassmann case. It is interesting to consider the evolution for a
pure supercharge transformation. To do so we simply have to set £ = 0 in the displacement
operator in eq. (5.18). This has the vacuum state evolve to

IB) = ¢, hY = 10,¢, h) = eSG-1/248G2 |y = (1= hCC) [BY + CG_y o |R) - (5.26)

This evolution truncates after hitting only one state besides the vacuum state. Of course this
happens due to the Grassmann oddness of ¢, since G+ /2 are not nilpotent. Its complexities
are computed easily

€120 5 00C0) = [ dGodGo e (¢.hI o ~ G, ) = BIF (), (5.27)
€0 (0. £0)G0) = | [ dGodGoc® (¢.h T = 201G 1) =2l @OF . (528)

This is now evidently similar to the simpler construction in subsection 4.1. The reason is
clear: the fact that ¢ is Grassmann odd stifles the evolution after only two Krylov steps.
It is therefore interesting to study a case where the supercharges are accompanied by a
Grassmann even parameter. This is the subject of the next subsection. We find that the
changes are drastic.
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5.2.2 Supercharge induced spread

The ingredients setting apart the osp(2|1) algebra from its bosonic subalgebra s[(2) are the
supercharges G411 /. It is thus interesting to study the spread they induce through the Hilbert

osp(2]1) .

space H,, in (5.15). To study the evolution driven by a supercharge in isolation, we

pick the Hermitian combination
L=ao(G 12+ Gyy2), (5.29)

with a Grassmann even parameter a € R. As a result, this operator is total Grassmann odd
object now, and therefore its exponential e is not an element of the supergroup OSp(2|1)
— in contrast to the situation in subsection 5.2.1. The coherent state approach used in this
paper thus not straightforwardly applicable. In this subsection, we show that this evolution
can nevertheless be studied by use of the Lanczos algorithm. As with the simple case studied
on page 12 the Krylov basis alternates between Grassmann even and odd vectors.

The Lanczos algorithm is reviewed in appendix A and performed for initial state | Ky) = |h)
and the operator (5.29) in appendix A.3. Denoting the norm of a vector in Hilbert space
by |[|[v)]] = /{v[v), the emerging pattern for the Krylov basis is

G" s ) _ e

=2 "1 (5.30)
N

’Kn> = W,

Evidently these states are all orthogonal since they lie in distinct energy eigenspaces, each

shifted from their neighbour in half-integer steps. The Lanczos coefficients b, trade the
normalisation of the preceding Krylov basis element |K,_1) for that of |K,). In contrast
to the evolution studied in the previous subsection, the Krylov space generated from (5.29)
exhausts the entire highest weight representation (5.15), that is, £ = ”H;ﬁp@ll), and the
Krylov path is depicted in figure 9.

Indeed, for even n, the state |K,,) shares the Grassmann parity of |h) and belongs to the
even graded part of the Hilbert space 7—[2[(2), while for odd n it has opposite Grassman parity
and lies in H;[fl) /o The Lanczos coefficients in (5.30) also mirror the Zg gradation of (5.15).
As derived in appendix A.3, they differ for even n = 2k and odd n = 2k + 1,

H -1/2 ) H b H kl—i/_%’ H av2h + k 5.31
Hszl/; » H U1 = HG2k/2|h H +k. (5.31)

Such Lanczos coefficients have been encountered before in [58], where the Krylov complexity
associated with Laguerre polynomials was evaluated. While their analysis is purely mathemat-
ical, our current discussion presents an explicit realisation of their analysis. Physical models
to which the present discussion can be applied are easily found: for instance in the tri-critical
Ising model, which features N’ = 1 superconformal symmetry. Adapting the parameters of the
complexity presented [58] for the coefficients in (5.31), we can directly quote the complexity,

(6] 2 —_ 9
csio = ;) - 4(42}; _11) [1 —e R (; — 2 %; (at)2>] (5.32)
too (at)? 4h —1 N -
= o Tagho [1 “TGR_m) (at)? 4h] : (5.33)
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L,

Figure 9. The operator evolves the system in a ‘zig-zag’ motion, following the solide line, alternating

between Grassmann even and odd states following the solid lines, which indicate the Krylov path. In

this case the Krylov space exhausts the entire weight lattice, K = stp(ml).

where o F5 is a generalised hypergeometric function. The second line exhibits the late-time
behaviour of the complexity.

As already explained in [58], the complexity oscillates at early times about 2, and
asymptotes toward this behaviour at late times. Recalling the purely fermionic HW coherent
state in section 4.1, where the Grassmann even parameter gave rise to an oscillatory spread,
whereas a Grassmann odd parameter gave rise to a spreading proportional to 2, we find
that the spread complexity (5.32) describes a hybrid thereof.

Before closing this section, note that upon squaring the operator in eq. (5.29) we find

L% =a*(L_y+ L1) +2%Lg, (5.34)

where (5.13) has been employed. This is purely bosonic and of the form used in the sl(2)

displacement operator (3.8). For the complexity (3.11), this situation presents a singular

limit, where exponential growth of (3.11) truncates to quadratic growth. Having £2? evolve
s((2)

the ground states of H, "’ and Hz[fl) /2 respectively, leads to a spread complexity

CE (t) = 2ha™t®,  CE, (1) = 2(h +1/2)a’t?. (5.35)

Hence, these complexities have the same late time scaling as the complexity given in (5.33).'°

6 Spread complexity for semiclassical strings in AdSs x S°

We now turn to the main result of this paper: computing the spread complexity for semi-
classical string states, and their holographic duals, in the planar limit of the AdS5/CFTy-
correspondence.

In this section we briefly remind the reader of some crucial ingredients mapping coherent
states on the gauge and string theory sides. We then go on to compute spread complexity of
so-called rotating strings in different parts of the AdS5 x S°-geometry.!!

10We restrict here to unitary representations for which k > 0. For non-unitary representations, we see that
the scaling can be larger in (5.33).

"Note that similar spin chains have studied by [59], though in a different context. In that paper the
authors discusses operator Krylov complexity in Heisenberg and related spin chains, here we consider spread
complexity in the continuum limit of the semiclassical regime of such spin chains, eventually leading the their
corresponding string states.
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In each case, by determining the trajectory in phase space through the equations arising
from the continuum limit of the pertinent spin chain Hamiltonian, we identify the time
and space dependence of the coherent state. With this in hand, we compute the return
amplitude and subsequently extract the Lanczos coefficients, as reviewed in appendix A.
Here, the pattern observed in section 5 emerges once again: spread complexity manifests
itself effectively as a one-dimensional Krylov path.

6.1 The coherent states — large charge string states correspondence

In the planar limit of the AdS/CFT correspondence, the operator of interest on the gauge
theory side are single trace operators built from scalars in A/ =4 SYM. The total symmetry
group of N’ =4 SYM theory combines the conformal symmetry, the supersymmetery and the
R-symmetry into the superconformal group PSU(2,2|4). This theory admits six scalars ®¢,
a=1,...,6, which are often packaged into three complex scalars X = ®! +i®2 Y = ®34id*
and Z = ® + i®%. Restricting for now to two complex scalars for simplicity, the generic
single trace operator takes the form

0.0y =Tr(ZZXZXX - ZX), (6.1)

where J1 and Jy labels the numbers of appearances in the trace of X’s and Z’s, respectively.
The free theory conformal dimension of this operator is Ay = J; 4+ Jo, while the 1-loop
anomalous dimension is captured by the (1-loop) dilatation operator.!> More generally,
starting from A = 4 SYM theory, one can consider single trace operators associated to the
N = 1 superfields which take on the schematic form

O = tr(XIxY Ty 2Tz Frpley (6.2)

where besides the three scalars of the matter supermultiplets one also includes two spinor
components 1); of the gaugino supermultiplet. These form an SU(2|3)-subsector of the SYM
theory [61, 62].

In [60], the one-loop dilatation operator was famously identified as an integrable spin
chain Hamiltonian, reducing the computation of the 1-loop anomalous dimensions in the
scalar sector to that of diagonalising the spin chain Hamiltonian using the Bethe Ansatz.
Focussing first on the subsector su(2) C psu(2,2/4), the anomalous dimensions at one-loop
are determined by diagonalising the operator

L

A
Dgy(2) = 3.2 > (1= Pegy1), (6.3)
k=1

where \ is 't Hooft coupling. It is well-known that this is the Hamiltonian for a periodic spin
chain with L sites, as evident after rewriting it in terms of spin operators

B N
Hxxx = Dgy(2) = 3.2 > 5~ 20k Ok41) (6.4)
k=1

12 Although in general, interactions in the gauge theory lead to mixing with non-scalar operators. at one
loop mixing this does not occur [60] and one can restricted to operators within a certain “closed” sector.
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where &, is a vector of the three Pauli matrices o for each site k. This is the Hamiltonian
of the well-known XXX-spin chain. In this picture, the single trace operator (6.1) becomes
an excited state above the ferromagnetic ground state. For example identifying X as spin
up and Z as spin down, the Z-inserting are excitations/impurities onto the ground state
of all spin-up states. It is insightful for later to re-express this Hamiltonian in terms of
the raising and lowering generators

L
Hxxx = 8%2 > [2((J+)k(c7—)k+1 + (J—)k(J+)k+1) + (Jo)k(Jo)k} : (6.5)

where o4 = (6” £ i0Y) and 0* = Jy. The general dilatation operator in the su(m|n) sector is

m—-n-—1 1
Dsu(min) = ﬂ_g Z o AZQAB TA)k(TB)r+1 | » (6.6)
B

where T4 are the generators of the superalgebra su(m|n), the subscript indicates they are
attached to a fixed site on the chain and gap = Str(T4Tg) is the Killing-metric on the
Lie superalgebra.

In [19], the author showed that the spin chain Hamiltonian plays an even deeper role in
the AdS/CFT correspondence. Taking an appropriate semiclassical limit, the spin state of
the spin chain can be described by coherent states, one at each site of the chain. Taking a
continuum limit of the spin chain Hamiltonian in the coherent state representation, these
can be identified with semiclassical fast spinning string states on the gravity side. In this
semiclassical regime the state at site k of the spin chain is described by

|qu> = Nk exp(Dk(z"k))\Ak> N (67)

where N, is the normalisation factor and Dy(Z) is the displacement operator constructing
the coherent state for the Lie algebra symmetry g of the spin chain under consideration.
That is, on the gauge side, we can use coherent states to model the spin states at each site,
such that the total state for the whole spin chain is

L

12) = Q) |2k) » (6.8)

k=1

where Zj is a vector of phase space parameters of the k-coherent state given in eq. (6.7).

Following the steps reviewed in section 3.3, the path integral approach leads to a
semiclassical action of the form given in eq. (3.18). Subsequently, taking the long wave length
limit, the discrete number of sites become a continuum space coordinate . The action then
becomes a (Landau Lifshitz) sigma model, up to corrections 1/L where L is the length of
the chain. In this continuum limit, which corresponds holographically to the BMN limit, the
SYM operators with large charge can be identified with the propagation of a closed string. In
this identification, spin chain coherent excitations precisely capture the string profile where
the symmetry group taken as a target space, and vice-versa.
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6.2 Generalising spread complexity to semiclassical spin chains

Before moving on to the computation of spread complexities, let us pause to stress the
new and distinct features of spread complexity when applied to this semiclassical sector
of the holographic correspondence.

o In contrast to section 4 and 5, the initial state (on each site of the spin chain) from
which we compute spread complexity is no longer the vacuum state or equivalently the
lowest weight state. Instead, the initial state will be a coherent state — one for each
site on the chain. Since each site on the chain carries an individual coherent state, the
initial state is a tensor product of L independent coherent states as given in eq. (6.8).

¢ In addition, we no longer evolve the initial state using the exponent of the displacement
operators. The semiclassical evolution is dictated by the spin chain Hamiltonian, with
symmetry corresponding to the coherent state and vice-versa. Since the Hamiltonian
is quadratic in the generators, the resulting semiclassical equations are now a set of
second order differential equations. Inspecting the spin chain Hamiltonian in eq. (6.5),
we see that it acts linearly in the generator on the k" and (k + 1) individually. The
critical observation is that here though the action in each entry are coupled: raising in
one entry while lowering in its neighbour, and vice-versa.

o Finally, instead of a single state, we consider a set of L states evolving with nearest-
neighbour interactions, which, in the continuum limit, introduces additional space
dependence. In particular, the resulting complexity does generically not only carry a
time-dependence but also a non-trivial space-dependence. The situation is sketched in
figure 10. In fact, we shall also encounter spread complexities which are constant in
time, but admit a non-trivial spatial profile.

All these new elements lead to a much richer set of solutions, leading to multiple possible
trajectories in phase space with a larger set of semiclassical trajectories for each individual
spin chain site, see figure 2.

6.3 Spread complexity of the rotating string

A set of key solutions in the semiclassical regime of the planar sector of holography are
so-called rotating strings. These are nearly point-like strings spinning at large momentum
in a submanifold of AdSs x S°, and thus corresponding to a different subgroup of the
supergroup PSU(2,2[4). In this section, we compute spread complexity via the pertinent
survival amplitude!® for different (super) string states or, equivalently, for a set of long
operators, i.e. captured by spin chains of different closed subsectors of the symmetry group
psu(2,2[4) of the AdSs x S5-correspondence.

Remarkably, despite the differences summarised in section 6.2 with respect to cases
studied so-far in the literature and above, spread complexity materialises itself again in
terms of an effective SL(2) or SU(2)-algebra. Indeed, we consistently extract the Lanczos

13In appendix A, we review how the Lanczos coefficients and the spread complexity are obtained from
the moments.
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Figure 10. An approximate illustration of semiclassical spin chain. In the semiclassical limit, the
spins at each single site of the lattice are approximated by a coherent state. Taking the continuum
limit, the resulting equations of motion lead to a one-dimensional trajectory in the coherent state’s
the phase space. For simplicity, we only depict the coherent states at the original spin chain site, but
one should imagine a continuum of coherent states along the length of the spin chain.

coefficients for rotating strings in, respectively, the compact and non-compact subsectors
of the psu(2,2[4)-symmetry algebra. The important observation is that this result is far
from implying that the associated spread complexity trivially reduces to that SL(2) or
SU(2)-coherent states of [12]. Since the dynamics is driven by the corresponding spin chain
Hamiltonian, the time-dependence of the complexity is captured by an entirely new trajectory
in the phase space of the coherent state. This in particular, leads to complexities which take
the functional form of an s[(2) or su(2) complexity — we refer to this as an ‘atomic pattern’
— but different time-evolutions than spread complexities obtained in [12].

Turning finally, to a fermionic sector, we arrive at a similar conclusion: spread complexity
again follows an atomic pattern, now one that closely follows the spread complexity of
multi-fermion states uncovered in section 4. In addition, for all the considered cases, the
emergent spatial dependence, inherited from taking the continuum limit of the spin chain
sites, leads to a spatial profile to the time-dependent spread complexity.

SU(2)-subsector. The simplest closed subsector consists out of the SU(2) XXX or Heisen-
berg spin chain. The corresponding strings are positioned in the centre of AdSs while rotating
on S® within two out of three planes, that is they have angular momenta Si,S2 =0, J3 =
0,J1,J2 # 0 in the notation of [63]. For completeness let us state the SU(2)-coherent state

I'(2j+1) o
2,5) = (1 + |2%) Z @) —n it 1) 3, —j +n) (6.9)
; ; I'(2j5+1) o
_ 23 ing n _
cos(0/2) 7;)(3 tan(6/2) \/n!F(2j — |7, —j +n), (6.10)

where we do the reparametrisation z = ¢ tan (/2). The total spin chain coherent state
is of course the L-tensor product |{(zx,jx)} ;) = ®k_ |2k, jk). In order to identify a
valid trajectory in phase space, we turn to the continuum equations of motion. They take
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the form [19]

sin(0)9,0 + \jo, (sin? 00,¢) = 0,

B , (6.11)
sin(0)0rp + \jOz60 — Ajsin6 cos 0(0,¢)* =0,

where A = ﬁ and are additionally subjected to the periodic boundary conditions ¢(o =
J,t) = ¢(c = 0,t) and 0(c = J,t) = 0(c = 0,1).

Using the Ansatz 0,¢ = 0, the author of [19] found rotating string solutions satisfying the
zero momentum constraint imposed by the cyclicity of the trace in (6.1). From the equations
in (6.11), one obtains that 9;0 = 0 and 0?¢ = w. From the latter one assumes in addition
that 9;¢ = w, the angle dependence on o is captured by the equation

920 = —A%, sin . (6.12)
This integrates to 0,0 = ++v/a + bcos @, where a is an integration constant and b = 2w/\.
One can distinguish two cases [19], leading to circular and folded rotating strings respectively.
Either a > |b|, and the angle # is unconstrained or when b > |a|, implying that for the
value 0y = arccos(—%) the square root vanishes. The latter leads to a point-like string state
oscillating between —6y < 6 < 6q.

We can choose ¢ = wt and 6; = 6(0) with a o-dependent profile. The corresponding
coherent state for the j = 1/2-representation is

1 1
1/2)t) = —————— nwt tan(6(0)/2)"(1/2,—1/2 . 6.13
(2:1/2),8) = sy 2 " tan(O(0)/2)"11/2, ~1/2+ m) (6.13)
n=0
The state of the spin chain with L number of sites at time t is a tensor product of L
copies of (6.13). To calculate the complexity of the time evolution associated with the state
®FE_ |2k, 1/2,t), we compute the autocorrelation function, S(£)= ({(zx,jr) ey t1{ (2k,jx) oo 1,0)
and obtain the following Lanczos coefficients by the moment recursion method,

L in (0
an =w(1—2cos?(0(c)/2))(n—L/2)— 7‘” by = “Smg(c’)) n(n+L—1) (6.14)
This set of Lanczos coefficients can be mapped to the set of Lanczos coefficients of single SU(2)
coherent state by the following parametrisation, a = M, Jou = %,
v = w(l — 2cos?(0;(¢)/2)) and § = —&2. This allows us to recast the Lanczos coeffi-
cients in the form,
an = '7(_j5u(2) +n)+0, bp= a\/n(—n + 2j5u(2) +1) (6.15)

and obtain the corresponding spread complexity as,

cito) = —2 sn? fan14 25 ) = — L Gn?(wt/2) (6.16)
’ 1+ % 402 csc?(0(o)) ’ '

where /1 + % = csc(f;(0)) for the Lanczos coefficients of (6.14). This expression, charac-
terising the spread complexity of a string state, carries now a worldsheet dependence. In
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particular, the spread complexity is now a time-dependent function, measuring the spread in
the corresponding Hilbert space, with an additional spatial profile. The resulting complexity
is oscillatory with respect to time where the period of oscillation is governed by the choice of
the initial value of the ; parameter. This comes as no surprise since the number of states
on each sites is finite. To be in the continuum limit, we take the length of the chain L
to be sufficiently large but finite. This expression then quantifies the spread complexity
for both a string state propagating in S C S° as well as that for single trace operators
as in eq. (6.1), up to 1/L-corrections.

SU(3) subsector. The next simplest case, is to consider the states for the subalgebra su(3)
of psu(2,2|4) [63, 64]. This sector corresponds on the gauge side to single trace operator
with all three scalars included. Let us immediately restrict to the relevant case, i.e. j = 1/2.
Then the SU(3)-coherent state reads

[n) = cos Be|1) + cos 1) sin fe~*?|2) + sin 1) sin He?|3) . (6.17)

Rotating string solutions correspond to the ansatz [64]

9:907 ¢:¢07 80‘(10:(13 aGQS:Ea (618)
where m and n are integers, this solves the equations of motion with angular momentum
. A Ji J2 Js
=—=|l|=-—= —| = 1
= — - =2q) | = — = —| = 2
b=y @ = =20) (- )+ 0% 2w, (620
where the different constants are related to the fixed angles 6y and ¥y via
i _T_ ﬁ = cos(2ty) , % = sin? 6y . (6.21)

In other words the coherent state is
|2) = cos Bpe? 17Tt 1)+ cos g sin Bge ~ 97T |2) 4-sin o)y sin hoe LT |3) . (6.22)

To quantify the complexity associated with the time evolution of the state (6.22), we compute
the autocorrelation function S(¢) and derive the corresponding Lanczos coefficients using
the moment recursion method as follows:

an = (n—L/2)20f(0,8), by=/n(L —n+1)wg(d,) (6.23)

where the functions f(6,1) and g(6,1) are respectively given by (cos?(6) — sin?(6) cos(2¢))
and sin?(0) cos?(¢)) (—2sin?(6) cos(2¢) + cos(26) + 3). Note that, the return amplitude
S(t) = (n(t)|n(0)) is independent of o, and so is the corresponding complexity. These

Lanczos coefficients can be mapped to those of the SU(2) coherent state using the parametri-
sation a = w+\/g(0,v), Jeu2) = L/2, v = 2wf(0,9), and § = 0. Under this parametrisation,
the Lanczos coeflicients become

an = ’Y(_jsu(Q) + n), by, = O‘\/n(_n + 2j5u(2) + 1)' (6'24>
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The corresponding spread complexity is expressed as

23 ¥? . L 2
C(t)= 1+4a22 sin (at\/1+4a2) = [ fwer sin (wt\/g 0,1) > (6.25)

(97111)

The resulting complexity again exhibits oscillatory behaviour in time, with the oscillation
period governed by the ratio f(6,1)?/g(0,1). Here, L, the length of the spin chain plays the
role of the total spin of the system and determines the dimension of the Krylov space. Note
that once again the Krylov space is finite, truncating at a dimension of L + 1.

SU(1,1) or SL(2)-subsector. The SL(2)-subsector leads again to a dilatation operator
that corresponds to the Hamiltonian of the Heisenberg spin chain with spin states valued in
5[(2). On the gauge side, this sector consists out of single trace operators for a single scalar
field but including derivatives. In the string side, the resulting strings states are excitations
along AdSs-part of the geometry. We refer the reader to [63, 65, 66] for details. The spins
are now valued in s[(2) and in the coherent state representation

R 1 L(m +25)\"? e PN

they are parametrised by a two-dimensional hyperboloid. In what follows, we fix the spin to
live in the infinite dimensional j = 1/2-representation of s[(2). In the continuum limit one
again obtains equations of motion which are simply those of the SU(2)-sector but adequately
analytically continued [65]

)\
sinh p Oyp — ﬁ ( Dy sinh? ) =0,

: 1 (6.27)
sinh p 0¢p + Iz [63;) 3 sinh(2p) (80@2} =0

where A = A/(472). This corresponds to fast spinning string propagating on a torus Sé X Sé
where the first circle lives in AdSs and the second in S°.

A simple solution of (6.27) corresponding to a rotating string [65] is to take d,¢ = 0.
This implies that d,p = 0 and 92¢ = 0, implying that 8,¢ = w and p = p(o) determined by

A
wsinh p 4 ﬁaﬁ (6.28)

which when integrated once leads to

dsp = 4\/q—bcoshp, a=cst, b=2L%/X, (6.29)

such that a > b. This solution corresponds to a string, with profile p(o), rotating at constant
angular velocity along an S of AdSs.
Correspondingly we obtain a coherent state whose complexity is o-dependent

Lo 1 T(m+2)\"? ;.. o\ . .
KiaP> h(p<a>)”(n(ﬂr<2j>)) i (5) s o
m=0 cosh ( =5~ )
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To determine the complexity associated with the time evolution of the probability distribu-
tion (6.30), we evaluate the autocorrelation function S(t) and calculate the corresponding
Lanczos coefficients using the moment recursion method as follows

an = —wcosh(p(o)) (n + §> + k?w’ b, = wsinhQ(p(U)) nin+L—1). (6.31)

These Lanczos coefficients can be related to those of the SL(2,R) coherent state using the

parametrisation a = wsinh(p(0))/2, h = L/2, v = —wcosh(p(0)), and § = kw/2. With this
parametrisation, the Lanczos coeflicients take the form

an =y(h+n)+4, by = a\/m. (6.32)

Using the results of [3], the corresponding spread complexity is then given by

2h ) L . 9
C(t,o) = L sinh (at“l 4a2) = ach(p(0))? sin” (wt) , (6.33)

4a2

where /1 — % = i csch(p(o)) corresponds to the Lanczos coefficients in (6.31). The resulting
complexity oscillates in time, with the oscillation period determined by csch(p(o)) and the
oscillation amplitude scales with the chain length L.

It is interesting to observe that we obtain an oscillatory complexity in an infinite-
dimensional representation. Geometrically, this is understood easily. The string propagates
in a compact subspace, namely S' x S! inside a non-compact space, namely AdS5 x S°.

PSU(1|1)-subsector. We now consider a case that includes fermionic degrees of freedom and
captures the anomalous dimension of operators of the form associated to the operators (6.2).
The simplest (all-loop) closed subsector is PSU(1|1) C SU(2|3) ¢ PSU(2,2|1) [61, 67],
which corresponds to operators with a single scalar and fermionic component tr(X Ik ),
corresponding to a special case of the SU(2|3)-single trace operators in eq. (6.2). The equations
of motion for this subsector, resulting from the semiclassical approximation and subsequent
continuum limit, were obtained and studied in [68] and [69]. The PSU(1|1)-coherent state
is given by

m) = (1= 5¢°¢) o) + . (634

where |0) is the bosonic “vacuum state” and |f) is when the state carries the single fermionic
state. In a similar way as before, in the continuum limit yields the action

o d L o A .
S = —/dt [z(n|dt|n> + <n|H|n)} _ —g/do—dt [zg OC+ 5g0C00C| - (6:35)
This is the action of a (14 1)-dimensional non-relativistic fermion whose equation of motion is
L2

10 = —Tagg. (6.36)
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Since the spin chain is periodic, we impose the boundary condition ((27,t) = +((0,t),
leading to the solution

C(o,t) = (o Z (Ane_’k%t cos(kno) + Bye~kat sin(/ina)) , (6.37)

n

where k,, = n for periodic boundary conditions, k, =n + % for anti-periodic ones and where
k2 = L?k2/) and (o is a unit Grassmann odd vector. Choosing that at time ¢t = 0 and,
without loss of generality at o = 0 the coherent state lives in the purely bosonic ground
state fixes A, = 0 for all n and thus we proceed with

= (o Z e that sin(kno) . (6.38)

To find the Krylov basis, first, we notice that the Hamiltonian in the action (6.35) is
Grassmann even and thus cannot change the grading of the state it is acting upon. The
coherent state (6.34) for a single lattice site is in a two-dimensional space, and as the
initial state is the first Krylov basis vector, the other Krylov basis vector is trivially fixed
and is proportional to the only orthogonal vector in that two-dimensional space with the
same grading.

Under the action of the Hamiltonian in the semiclassical action (6.35), the coherent
state (6.34) for a single lattice site thus spans a two-dimensional space. Taking as before
the coherent state as the initial state or first Krylov basis vector by determining the only
other Krylov basis vector of the same grading. In conclusion, the two normalised Krylov
basis vectors are

Ko = (1= 560) W+ ¢lp). 1K) = <<<1>m (Ccm—cn). (639

where is the semiclassical averaging over fermionic degree of freedom (—) as defined
n (3.14).

Turning back to the general solution in eq. (6.38), first, we note that the sum converges

sca’

neither for periodic nor anti-periodic boundary conditions. On the other hand, each individual
summand in (6.38) is also a valid solution of (6.36) with appropriate boundary conditions,
hence we truncate the series to a finite sum.

The simplest choice of solution is a single summand, namely (o, t) = (e~ " tsin(kp,0)
but this choice renders the term ((o,t)¢(0,t) time-independent and it is straightforward to
check that in this case, the coherent state does not span a non-trivial Krylov subspace: the
dynamics never spans the Krylov space further than the initial state.

The simplest, non-trivial choice for ((o,t) has two summands,

= (o Z et in (Kno) . (6.40)
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This choice results in the following Krylov basis vectors,

2

Koy _% 2 2
0 =11 Zsm Kn,; O |b) + Co ZSID(HnjU) lf)

= (6.41)

K1) = Goo (Zsm Fin, 0 ) [b) = Colf) -

For the time evolved initial coherent state of (6.34), we get the spread complexity,

C(t) = <|<K1\n( >sca (Z sin (kin, 0 ) (Zsm K, O 1—2cos(k21t)]> . (6.42)

This expression can then be generalised to the L lattice sites. However, as was discussed
in 4.2, the Krylov basis for a general set of displacement parameters is analytically intractable.
Instead, one possibility is to specialise to the case where all the different lattice sites have
the same parametrisation in the displacement parameter. Indeed, then, as was shown in 4.2,
the Krylov basis is the uniform linear combination of all permutations of k£ number of |K7)
states and L — k number of |Kj) states is the kth Krylov basis vector. The resulting spread
complexity is given by,

C(t) = o~ 1" + 2¢gG7|" + -+ + Nlop|” Z Klog o1l (6.43)
k=0
where we define ¢¢(t) = (Ko|n(t)) and ¢1(t) = (Ki|n(t)).

Although the calculations in this subsection are similar in nature to those for the single-
and multi-fermion cases discussed in section 4, we emphasize several key distinctions, which
are outlined in 6.2. Nonetheless, we see here the same pattern again: the spread complexity
localises into an atomic Krylov path, now dictated by the multi-fermionic HW coherent
state discussion in section 4.2.

7 Conclusions and future directions

In this paper, we extended the concept of spread complexity beyond bosonic systems to
include fermionic and supercoherent states. Our central motivation is to generalise the
formulation of spread complexity to supersymmetric systems and, in particular, to the
AdS/CFT correspondence. Our strategy is to specialise to a sector of holography where we
have full control, enabling an analytic extraction of the spread complexity. Semiclassically,
many physical systems are well-approximated in the coherent state path integral formulation.
By leveraging the associated algebraic structure, we have computed spread complexity
analytically in several systems governed by (super-)groups.

One of the crucial insights is that the Krylov chain has to be generalised to a Krylov
path in a higher dimensional lattice from the Lie and super-Lie algebras. This lattice is
defined by the weights of the relevant highest weight representation. In particular, the Krylov
path explains the appearance of “emergent dynamical SL(2)”-structures, previously observed
in [36]. We explicitly show this structure in semiclassical systems governed by coherent states.
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Within our framework we compute spread complexity for generic semiclassical Hamil-
tonian systems. From this point of view, choosing a different Hamiltonian also realises a
different trajectory in the phase space of coherent states. Besides identifying the Krylov path,
a second crucial ingredient is the trajectory in the phase space of the coherent states. This
determines the time dependence of the spread complexity. Note, even though several systems
may be governed by the same dynamical sl(2) or su(2) spread complexity, their specific
Hamiltonians may determine a completely different time dependence and hence complexity.
This is mirrored in our results in spread complexity for string states in section 6.

Furthermore, we extended spread complexity to fermionic and multifermionic coherent
states [56, 70]. Our results highlight key differences in their dynamics compared to bosonic
systems. Single fermion systems, constrained by their finite-dimensional Krylov subspace,
exhibit bounded and periodic complexities, reflecting the limited dimensionality of their
Hilbert space. In contrast, multifermion systems present a richer structure due to their
extended Hilbert space, resulting in more intricate time evolution shaped by contributions
from states with varying total fermion numbers. Constructing the Krylov basis for arbitrary
parameterisations of the displacement operator poses significant challenges. To circumvent
this, we evaluated the spread complexity for the specific case where all displacement operators
share a uniform parameterisation and find an oscillatory complexity. For the general case,
we derive an upper bound for the spread complexity, calculated in the Fock basis of the
multifermion system. We achieve this by taking randomly chosen coefficients for displacement
parameters. The resulting collective behaviour of this multifermion system demonstrates
a non-oscillatory upper bound of the spread complexity, driven by the combined effects of
individual mode contributions.

We then consider superalgebras and their associated coherent states. We provided explicit
realisations of Krylov paths through a lattice, whose directions are quantified by bosonic and
fermionic degrees of freedom. Evolution through these lattices are generated by displacement
operators which combine bosonic and fermionic ladder operators. We argued that spread
can be quantified in two ways:

1) The conventional spread complexity C accounts for the spread through the Krylov basis.
The Krylov basis and Krylov operator emerge from a dynamical algebra characterising
the displacement operator which drives the evolution.

2) Viewing the Krylov chain as a path through the lattice, we can use the lattice basis
vectors to quantify spread with respect to the lattice itself.

The examples we considered are the super HW algebra and osp(2|1) superalgebra. When
choosing the Grassmann parity of the exponents in the displacement operators to be even,
we can apply general considerations for coherent states following from supergroup analyses.
We furthermore looked at evolution driven by a Grassmann odd Hamiltonian given by the
supercharge. Interestingly, we were able to relate its spread to complexities derived from
Laguerre polynomials, which had been derived on mathematical grounds in [58]. Our analysis
provides a link to a physical realisation thereof in supersymmetric systems.

In the last part, building on these insights, we considered superstring states and their
dual operators in the semiclassical regime of planar holography. In this regime of the
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correspondence, the dynamics of the string states and dual operators are equivalent. In
particular, the computed complexities are valid on both sides of the duality. Working with
the continuum limit of the spin chain implies in particular that spread complexity depends
not only on time but also on space. Taking as initial state a coherent state on every site
of the spin chain and driving their evolution with the spin chain Hamiltonian, for different
subsectors of PSU(2,2|4), we obtain the corresponding spread complexities. Holographically,
this corresponds to superstring states propagating on submanifolds of AdSs x S°.

Despite being far remote from the examples considered in earlier section, the spread
complexity assumes once more the atomic form of an s[(2) or su(2) spread complexities.
Crucially however, the spin chain Hamiltonian realises different trajectories in the corre-
sponding coherent state phase spaces, thus leading to spread complexities with different
time and space dependences.

The results we obtain suggest that spread complexity captures the geometry in which
the string propagates. In particular, bounded complexities reflect compactness of the target

space submanifold explored by the string, even when embedded in the non-compact part
of AdSs x S°.

Future directions. In this article, we have only scratched the surface of a wide range
of applications and exploration of spread complexity to semiclassical systems harbouring
fermions and bosons. Below we list a number of them.

+ Beyond rotating strings and one-loop. Although we have limited the discussion to
rotating strings, it is well known that the coherent state — propagating string duality
admits a wide variety of solutions, including e.g. pulsating, spiky strings or magnons. In
addition, these solutions often survive integrable or non-integrable deformation, either
induced by including higher-derivative interactions [20, 71] or deformation of the target
space [72, 73]. It would be interesting to compute spread complexity for these example
and assess whether spread complexity could be used to differentiate between chaos
and integrability in this semiclassical limit of holography. It would be interesting to
contrast this with integrable-chaotic transitions [59] witnessed by Krylov complexity
for operators in the spin chain or extend a similar analysis to such transitions in SYK
type-models [74-77]. Finally, one could explore the application of this framework to
states near the BPS bound in A/ = 4 SYM, constructed via finite- /N truncations of the
dilatation operator within closed subsectors, as discussed for specific low-dimensional
cases in [78, 79].

e« Topology and Lin-Lunin-Maldacena geometries. Another sector of the holo-
graphic correspondence, which is amenable in the semiclassical limit, is given by
Lin-Lunin-Maldacena geometries [13]. Indeed, in the half-BPS sector, these smooth
geometries are semiclassically dual to coherent state in the dual CFT. Lin-Lunin-
Maldacena geometries form a rich family of supergravity solutions featuring different
topological structures [80]. Using the framework above, a coherent state of a graviton
can be used to probe the topology of the gravity background. We plan to report on
this soon.
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o Fractional statistics and anyonic chains. The physical world is not limited to states
of even or odd statistics but is known to include states of fractional statistics. Here
again, our approach offers a clear path to elucidate the generalise spread complexity to
systems with fractional symmetry and anyonic states. Notable examples are the anyonic
Hubbard model [81] or the effective description of double-scaled SYK [82], which could
present a rich framework for investigating the effects of anyonic commutation relations

on complexity measures.

¢« Higher rank algebras and Krylov path. A crucial new element in many of our
examples was to consider Lie algebras of rank larger than one. In those examples,
we elucidated how spread complexity systematically reduces to an effective rank-one
Lie algebra. The latter has a simple physical interpretation: it generates the Krylov
path following the Hamiltonian time evolution of the initial state through the Hilbert
space parametrised by the weight lattice. These insights deserve a systematic study,
enabling us to tackle spread complexity in systems such as, e.g., higher-dimensional
CFTs which could then be compared to the results of [83]. The techniques developed
in [84] may even allow to extend spread complexity to conformal blocks, and eventually
full correlators, at least in two and four Euclidean dimensions. More fundamentally, this
may enlighten the particular role of the emergent SL(2,R) and SU(2) guiding spread
complexity trajectories remains an area of fundamental interest.
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A Lanczos algorithm and return amplitude

In this appendix we succinctly review to methods to obtain the Lanczos coefficients, via the
Lanczos algorithm and the return amplitude. In addition, we provide details on applying
the Lanczos algorithm to the fermionic Hamiltonian in subsection 5.2.2.
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A.1 The conventional Lanczos algorithm

Using the natural inner product on #H, we can orthonormalize (2.1) through the Lanczos
algorithm:

1. boE

=

2. |Ko) = [(0)), a0 = (Ko|H|Ko)

w

. Forn > 1: ’An> = (H — an_l)‘Kn_1> — bn—l‘Kn—2>
4. Set by, = /(A,|An)
5. If b, = 0 stop; otherwise set |K,,) = i|An>7 an = (K,|H|K,), and repeat step 3.

If D is finite, then this Lanczos algorithm ends with bp = 0. The resulting orthonormal

basis \Knﬁ:—ol is called the Krylov basis.

A.2 The Lanczos coefficients from the return amplitude

An alternative way to calculate spread complexity is by the moment recurrence method.
For a given return amplitude, S(t) = (¢(¢)]1(0)), the n-th moment of the return amplitude
can be derived by taking the n-th derivative of S(t) and evaluating it in the limit ¢ — 0.
This procedure is formalised as follows [2, 3, 85]
n
unzﬁg%%ﬁuy (A1)
The zeroth moment, py = S(0), corresponds to the value of the return amplitude at the
initial time. By construction, the return amplitude is normalised such that S(0) = 1, leading
to pp = 1. Using these moments, the Lanczos coefficients, a, and b,, can be computed
through a recursive algorithm [86]. The algorithm involves defining intermediate quantities
M,(Cn) and Lén), and proceeds as follows

B B M(nfl)
My =L LY S
MY
MO gD
L = s k2
Mnn Mnn 1

Finally, the Lanczos coefficients are determined as

by = VM a, =L (A.2)

After obtaining the Lanczos coefficients, one can solve Schrodinger’s equation in the Krylov
space (2.3) and obtain the Krylov space wave functions and the corresponding complexity.
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A.3 Lanczos algorithm for supercharge evolution

In this appendix, we perform Lanczos algorithm for the fermionic operator in eq. (5.29).
Let |Ky) = |h) be the state to be evolved. We employ the following notation for the

norm of a vector in Hilbert space |||v)| = v/(v|v). Keep in mind that GT:tl/Z = G+1/2- The
first iteration of the Lanczos algorithm gives
|A1) = L |h) = QG—1/2 |h) (A.3)
2
bt = 0| Gy |B)|| = 20%h (A.4)
1 1
K1) = ~G1pp|h) = 7 Go12|h) (A.5)
by HG—l/Q WH

The second iteration gives

(6%
|Ag) = HG1/2|h>HG2_1/2 |h) (A.6)
B = aZHGQ‘WWHz — 202h (A7)
|61z 110
) = G2y Iy = o L ) (A5)
2 | L1 |R)|

where G2_1 /2= L_4 has been used. By running more iterations the following pattern emerges
for the Krylov basis

G™y )y [h) HGﬁl/Z WH
I n = Q
|emsje ) |

[ Kn) = =
G2 1]
Evidently these states are all orthogonal since they lie in distinct energy eigenspaces, each

(A.9)

shifted from their neighbor in half-integer steps. The Lanczos coefficients b,, trade the
normalisation of the preceding Krylov basis element |K,_1) for that of |K,), as they should.
In order to evaluate the Lanczos coefficients in (A.9) in generality, we require the norms

2
HG711/2 |h>H = (h| G19G" s |h). For even integers n = 2k this is easily achieved by virtue

n 2 || 2k 2k 2 _ T2k + k)
[ aye ]| = [l &2e )| = 200 [ = =5 (A-10)
A little sidestep is necessary for odd n = 2k + 1. The state
G_1j2|h) =nl|h+1/2) (A.11)

has some normalisation n € C that we need to compute. The state |h + 1/2) is taken to
have unit norm, just as |h). Then

2 !
|Gora )| = (WG /2, G_1 o} [B) = 20 = [, (A12)
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hence we can take n = v2h € R,

Note that this state is still an SL(2,RR) lowest weight state, L1G_y/2|h) = 0. The norm
for odd n = 2k + 1 is thus

T(2h+k+1)

G sy )| = 2025y 1h+ 172 = 0 oy

(A.14)

In conclusion, the Lanczos coefficients are for even n = 2k and odd n = 2k + 1, respectively

2k+1
GZy )y [k —1/2

as discussed in the main text.

B Additional material on osp(2|1)

In this appendix, we provide additional details on the material presented in section 5.2.

B.1 On the presence of the R-charge J

The presence of the ‘fermion number’ operator J for our discussion in subsection 5.2 can
be made precise by considering the larger supergroup osp(2|2) D osp(2|1) generated by the
eight elements (Lo, L11,J, G%) where a = 4+ and r = £1/2. Its Cartan subalgebra consists
of the two bosonic operators (Lg,J) and is thus of rank two. The former operator is an
s[(2) charge as before, and the latter is responsible for a U(1) R-Symmetry. The fermionic
charges G? string sl(2) representations together.

These 0sp(2|2) representations are in general larger than the one studied in (5.15).
Ground states of highest weight representations are annihilated by L; and Gli/2. There is a
special type of representation however, called ‘atypical’ or ‘(anti-)chiral’, whose ground state
is annihilated additionally by GJ_F1 /2 (G~ /2). Hence only one supercharge operator, namely
G—, /2 (G’ir1 /2) acts non-trivially on this ground state. It follows that chiral representations
look precisely like (5.15). Furthermore, only the operators Lo, L+1,G /2 and J act non-
trivially on this representation. By identifying G, /2 G11/2 we return to the situation
studied in this section, with the additional R charge J in hand. It has the desired properties
14

)

of disregarding the s[(2) subalgebra and counting the supercharge with one (negative'*) unit

(Lo, J] =0, [Li1,J]=0, [J,Gi1s2] =—Gi1y9 (B.1)

It can thus only detect spread in the vertical direction of figure 7 and acts on the ground
state of (5.15) by J|h) = 2h|h).

14Had we picked an anti-chiral representation, the R-charge would count the supercharge with a positive unit.
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B.2 o0sp(2|1) spread through weight lattice spanned by (Lg,J)

In order to study the spread induced by an osp(2|1) displacement operator in the weight
lattice of (5.15), we have to express the coherent state (5.18) in the eigenbasis of (Lg,.J)
given in (3.9). This is done by factorising the state as follows [57]

D(f7 C) = exp kL—l —_ ng + CG,% + 5G%} — 65L7166G_1/267L166G1/26QL0 (B2)

The parameters on the right-hand side are expanded in terms of the Grassmann numbers (

1 Je] tamh(jg]) + cosh L ([€]) — 1~

= (1 alCC)_icoshz(m) (1 2 |€|2 CC) (B.Sa)
¢ |¢] - sinh(le]) -

8= o 1 (¢ = 5 e + mgma (B.3b)

B - tanh(|¢]) 1 _

=+ = R g (1 i ) € (B-30)

and the functions €(, (), v(§, ¢) are not needed, but can nevertheless be found in [57]. For
¢ =0, the SL(2,R) displacement operator in [12] is recovered. Observe that the displacement
operator in the supersymmetric Heisenberg-Weyl algebra of subsection 5.1 factorises neatly
into bosonic and fermionic components. This is in contrast to the current example, where the
bosonic and fermionic parameters mix when factorising the displacement operator as evident
from (B.3). This is the source of interesting spread through Hilbert space in this case.
We now evolve the OSp(2|1) lowest weight vector |h) by the displacement operator (B.2),

€,¢, ) := D(&,¢) |h) = eePl-1e2G-1/2 |p)

= f: (0h 1hom) + i 1+ 1/2,m)) (B.4)

where we have used G_y /3 [h) = V2h |h +1/2), L™ |h) = "'FF(Z# |h,n), with normalised

states (h, n|h’,m) = 61 n h1m and the nilpotency of the Grassmann odd elements ¢? = ¢? = 0.
It is important to stress that the basis |h, n) is not the Krylov basis, and thus the wave functions

LEAE) o) _ gy [LRE140) (B.5)

(h) — ,ahgn
on” = N T En) n nIT(2h)

are neither the Krylov wave functions. They still encode probabilities however. To see this
we first evaluate their absolute values

()2 _ 200k 120 |1 _ BiBo+ By =] L'(2h +n)
9717 = 1ol [1 (2a1h AT ) CC} T (2h) (B.6a)
- T'(2h
’¢(h+1/2)‘ 2a0h’ﬂ0’2n (,50‘2 ‘51’2) CC (n' ;’(;}j)‘ n) (B6b)

As discussed in section 3.2, due to the presence of the Grassmann odd contributions, these
are only ‘pre-probabilities’. Note however that their series

3 o2 = 4hC°ShT‘§|L>_1<<, §|¢;h+1/2>|2=4h°‘”h(,§‘2)_1<< (B.7)
n=0 n=0
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already sum up to one. To construct proper probabilities, we must average over the Grassmann
odd parameters as in (3.14). Eventually we are interested in scenarios where ¢ = f(t)(y for
some function f(¢) € C, and ¢ is a Grassmann-valued unit vector, so that

h) / dGodGoe®|p( 2, pltl/D) — / dodGoe®o%| g1/ (B.8)

which yield the same expressions as in (B.6) with (¢ replaced by |f(¢)|?. It is convenient to

12 o 7512

define the probabilities of being in the sector Hh or H, /2 respectively,

o0
P(h) _ Z pglh) ’ h+1/2 Z P! (h+1/2) (Bg)
which yield the same expressions as in (B.7) with (¢ replaced by |f(t)|>.
As discussed in subsection 3.2, in order to compute the complexity we require the symbol

o

(6 o hlEC = 3 (e + (i n) 1)

n=0
= 2hsinh?([¢]) + (COSh(Iél) cosh(2[¢]) + [¢] sinh(2¢])) ¢

(B.10)

\5!2

The spread complexity is then extracted upon semiclassical averaging using (3.14), which
we do upon choosing ¢ = f(t)(p, leading to the complexity

Cipai (€)= [ dadlo e (6,6, bl Lol C.h)
(B.11)

=2hsinh2(\§!)+@(cosh(\§l)—Cosh(Qlf\)Hé\Sinh(2|€!))!f(t)\2-

Once more, had we only considered an SL(2,R) evolution, i.e. with ( = 0, the second term
would have been missing and we had recovered the expected result CéL)(Q R) (€) = 2hsinh?(|¢]).
This result is reported in equation (5.23) of the main text.

The symbol of J is

(€,¢ h| T —2h|€, ¢ h) Z |p{h 1722 (B.12)

Using ¢ = f(t)Co, the prescription (3.16) provides the complexity quantifying spread in the
vertical direction of the lattice in figure 7,

cosh([¢]) — 1
Copapy = PP/ = 4hW|f(t)lz (B.13)
1(2)

We find that it is measured by the probability of residing in the sector H; 41/
defined in (B.9). This result is reported in equation (5.24) of the main text.

which is

C Fermionic equations of motion

In this appendix we construct a semiclassical theory for fermionic theories, whose equations
of motion indicate how Grassmannian parameters evolve.
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C.1 Single fermion displacement operator with Grassmann odd parameter

Given the coherent states (4.7) we can generate a semiclassical theory in the following way.
First we construct the symbols

(Blar|0) =0,  (6lak|6) =0 (C.1)
Using these and a Grassmannian variable 7, a Hamilton function can be constructed,
H = (9] aln + 7ar |0) = O + 76 (C.2)

A symplectic form is furthermore generated from the return amplitude |pg|? = | (0|6) |? =
(1 — 00) as follows. First, Grassmannian differentials are introduced

§=d0dy S=d00, (C.3)
The symplectic form is then

w =16 A dlog || = —i6 A dBO = +idf A dO(Dgh) = id A db (C.4)

where log<1 + §0) = 66 has been used. In contrast to bosonic symplectic forms, fermionic
ones are symmetric as opposed to antisymmetric, i.e. df A df = df A df since interchanging
the differentials picks up one sign from the wedge product, but also one from interchanging
Grassmannian variables. Thus as a matrix in df and df the symplectic form is represented
by a Pauli matrix, w = io,, so that its inverse is w™! = —io,.

Poisson brackets are given by {F,G} = w*(9,F)(0,G). The equation of motion is thus
0 ={0,H} =w"(95H) =n (C5)

and a similar equation for the complex conjugate 6.

The solution is clearly 8 = int + ¢, where ( is a Grassmannian constant. For evolution
with the displacement operator D(6(t)) = exp (aFG - éa};), we require that D(6(0)) =1 so
that |# = 0) = |0). This fixes ( = 0. Furthermore, 7 is proportional to a unit Grassmannian
vector (y, i.e. 1 = alp. We arrive at 0 = ia(t as claimed in the main text.
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