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1 Introduction

Quantum mechanics and special relativity form the cornerstones of modern physics. Until
recently, the measurement and manipulation of quantum mechanical systems have been
performed by specifically designed experiments and primarily in low-energy systems. In 2020,
it was shown that at the CERN Large Hadron Collider (LHC), the multipurpose detectors,
designed to study high-energy particles, could explicitly measure the entanglement between
the spin of a top quark and the spin of an anti-top quark [1]. Other work followed that showed
that in addition to entanglement, Bell nonlocality could be measured in the tt̄ system [2–10].
In fact, the sizable production rate of tt̄, its relatively large mass, its rapid decay, and its
simple quantum-mechanical description make it an ideal system for quantum information in
the LHC. Measurements of entanglement in this system have already been made by both
ATLAS [11] and CMS [12]. Interest has been growing to explore other quantum informational
quantities in tt̄ [13–18] and other final states [10, 19–51] at colliders.

In parallel with this exploration work, there have been important advances in optimizing
the methods for extracting quantum information from collider environments. One of these was
the identification of fictitious states [5, 33, 43] which are ubiquitous in colliders. Ideally, one
would reconstruct the underlying quantum state at colliders; however, because of averaging,
one actually reconstructs a fictitious state. These are still useful in most contexts and still
demonstrate the existence of entanglement and Bell nonlocality. An advantageous outcome
of the use of fictitious states is that one can select a spin quantization basis that optimizes
the signal size of the entanglement or Bell nonlocality [33, 43].
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A second important advance is the development of the kinematic method in reconstructing
the density matrix [46]. The majority of past work utilizes the decay method which requires
the qubit particles to decay. The angles of decay products are then used to reconstruct
the quantum density matrix because the decay product angles are correlated with the
qubit spins. This method requires a reasonable assumption of the spin properties of the
decaying particles. The kinematic method, in contrast, uses the reasonable assumption of
the production mechanism of qubit particles. This allows the quantum density matrix to
be reconstructed even when the qubit particles do not decay. In this work, we will compare
both methods and show that the kinematic method provides drastically smaller statistical
uncertainties. For the system we study, the use of the kinematic method is critical to
achieving discovery-level results.

With well-constrained kinematics and beam control of the initial states, e+e− colliders
offer another environment to study quantum information. There were early attempts to test
Bell nonlocality at LEP experiments [52–54]. Recent work has shown that Bell nonlocality is
potentially observable in flavor oscillations in Belle II [55]. More relevantly for this work, it
was demonstrated that the bipartite qubit system of τ+τ− exhibits both entanglement and
Bell nonlocality over a wide range of energies in the future e+e− colliders [56]. Other work
on the τ−τ+ final state includes refs. [7, 29, 32, 57] (see also ref. [58]).

In this paper, we set out to explore the sensitivity to measure quantum entanglement
and Bell nonlocality with the process e+e− → τ+τ− in the Beijing Spectrometer experiment
(BES-III) at the Beijing Electron-Positron Collider (BEPC-II). During the past three decades,
the BES experiments at the BEPC have made great achievements in τ -charm physics [59, 60].
The BES-III experiment has made record-setting measurements of the τ mass [61] and
the QCD R value [62], collected an enormous sample of ψ(2S) mesons [63], delivered rich
charm physics [60], and made important observations of exotic hadronic states [64, 65]. The
center-of-mass energies near and above the τ+τ− threshold and the anticipated large data
sample at energies between 4.0 and 5.6 GeV in the BES-III experiment strongly motivate
the exploration of quantum information in such a mature research program. Past work
identifying BEPC-II as a promising environment for quantum information includes a study
on hyperon decays [42] and charmed baryon decays [50].

Exploring the large data sample of τ+τ− in BES-III, we find that the reach for entangle-
ment ranges from a 1.5σ detection with a 5% systematic uncertainty to a 7% precision with
a 0.5% systematic uncertainty. This requires the use of the kinematic method mentioned
above. The current dataset does not have sensitivity to Bell nonlocality. In an upcoming
dataset at energies between 4.6 and 5.0 GeV, entanglement should be detected at > 5σ even
with systematic uncertainties as large as 5%. Bell nonlocality, on the other hand, should
be observable at > 5σ provided the systematic uncertainties are less than 2% and the use
of the kinematic method.

The remainder of the paper is organized as follows. We first outline the general features
of quantum information in the process e+e− → τ+τ− in section 2. We present details for
τ reconstruction and a proposed analysis in the BES-III experiments with the current and
anticipated energy plans at BEPC-II in section 3. We summarize our results and conclude
in section 4. Two appendices provide additional details.
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2 Quantum Tomography for e+e− → τ+τ−

2.1 Quantum information

In the Standard Model (SM) of particle physics, the process of e+e− → τ+τ− proceeds
with two diagrams, one with an s-channel photon and one with an s-channel Z boson. The
τ lepton is a spin-1/2 particle, corresponding to a qubit, such that the τ+τ− can form a
bipartite qubit system. For simplicity, we show most of our analytical expressions only with
the leading-photon contribution. However, for all numerical results, the Z boson is included.

As a quantum state, this τ+τ− system is fully described by a 4× 4 density matrix ρ. A
useful parametrization of this system is the Fano-Bloch decomposition [66]

ρ = 1
4

(
I2 ⊗ I2 +

∑
i

B+
i σi ⊗ I2 +

∑
j

B−
j I2 ⊗ σi +

∑
ij

Cijσi ⊗ σj

)
, (2.1)

where the sums run over i, j = 1, 2, 3. Above, I2 is the two-dimensional identity matrix and
σi are the Pauli matrices. The coefficient B+

i is the net polarization of the first qubit, B−
j is

the net polarization of the second qubit, and Cij is the spin correlation matrix. Invariance
under CP enforces B+ = B− and C = CT . Since the τ+τ− system is produced from the
electroweak interaction, the polarization in general is non-zero.

As can be seen by the appearance of Pauli matrices in eq. (2.1), it is necessary to
choose a basis with which to quantize the spin. The beam basis {x̂, ŷ, ẑ} is a common choice
where ẑ points along the e− momentum direction and x̂ and ŷ span the transverse plane.
Another common choice is the helicity basis {k̂, r̂, n̂} where k̂ points along the direction of
motion of the τ−, r̂ = (ẑ − k̂ cos θ)/ sin θ, and n̂ = r̂ × k̂. In this work, we use the diagonal
basis [33, 43] which is defined as the basis that makes the spin correlations maximal. We
will define this basis in section 3.2.

In the diagonal basis, there is a useful low-energy parameterization of the density matrix.
We first define the mixed state ρmixed and pure state ρpure by

ρmixed = 1
2 |↑↑⟩ ⟨↑↑|+ 1

2 |↓↓⟩ ⟨↓↓| , (2.2)

ρpure = |ψ+⟩ ⟨ψ+| , |ψ+⟩ = 1√
2
(|↑↑⟩+ |↓↓⟩), (2.3)

where ↑ (↓) is the + (−) eigenvalue of the ê3 direction in the diagonal basis. The general
density matrix of the system is then

ρ = (1− λ)ρmixed + λρpure, λ = β2 sin2 θ

2− β2 sin2 θ
, (2.4)

where β is the velocity in the center-of-mass frame of the τ , and θ is the scattering angle in
the center-of-mass frame, with respect to the beam. Beyond the existing result for θ = π/2
in ref. [7], we extend eq. (2.4) over the full phase space.

A quantum state ρ is separable when it has the following decomposition.

ρ =
∑
i

piρA,i ⊗ ρB,i,
∑
i

pi = 1, (2.5)
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where ρA,i is a 2 × 2 matrix that describes subsystem A and ρB,i is a 2 × 2 matrix that
describes subsystem B. If a state is not separable, it is entangled. Entangled states exhibit
a degree of correlation that is not attainable in classical systems [67].

One measure of entanglement is the concurrence, which for a bipartite qubit system is [68]

C(ρ) = max(0, λ1 − λ2 − λ3 − λ4), (2.6)

where λi are the eigenvalues, ordered from largest to smallest, of the auxiliary matrix R

R =
√√

ρρ̃
√
ρ, ρ̃ = (σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2). (2.7)

Separable states have C(ρ) = 0, while entangled states have 0 < C(ρ) ≤ 1. A higher value
of C(ρ) indicates a more entangled state.

At center-of-mass energies,
√
s, relevant for BEPC-II, the polarization components B+

i

and B−
j scale as s/m2

Z ∼ 10−4 so we can safely neglect these and use the simplified formula

C(ρ) = 1
2 (C11 + C33 − C22 − 1) . (2.8)

Bell’s inequality is an equation that distinguishes Bell local quantum states from Bell nonlocal
quantum states. Bell nonlocal states exhibit a particular strong quantum correlation that
enables quantum teleportion [69] among many other phenemona.

For a bipartite qubit system, Bell’s inequality is the Clauser-Horne-Shimony-Holt (CHSH)
inequality [70]

|⟨⃗a1 · σ⃗ ⊗ b⃗1 · σ⃗⟩ − ⟨⃗a1 · σ⃗ ⊗ b⃗2 · σ⃗⟩+ ⟨⃗a2 · σ⃗ ⊗ b⃗1 · σ⃗⟩+ ⟨⃗a2 · σ⃗ ⊗ b⃗2 · σ⃗⟩| ≤ 2. (2.9)

The three-vectors a⃗1, a⃗2, b⃗1, and b⃗2 are the measurement axes or “detector settings.” In
a traditional low-energy experiment the first term of eq. (2.9) corresponds to running the
experiment with the detector for the first qubit with setting a⃗1 and the detector for the
second qubit with setting b⃗1. Data is then taken separately for each term with the appropriate
detector settings.

In the collider environment, each term corresponds to a spin measurement with the
quantization axis specified by the appropriate vectors: a⃗1, a⃗2, b⃗1, and b⃗2. Each term of
eq. (2.9) is a simultaneous spin measurement of each qubit which corresponds to an entry
(or linear combination of entries) of the spin correlation matrix.

We label the left-hand side of eq. (2.9) as the Bell variable B

B(⃗a1, a⃗2, b⃗1, b⃗2) = |⟨⃗a1 · σ⃗⊗ b⃗1 · σ⃗⟩− ⟨⃗a1 · σ⃗⊗ b⃗2 · σ⃗⟩+ ⟨⃗a2 · σ⃗⊗ b⃗1 · σ⃗⟩+ ⟨⃗a2 · σ⃗⊗ b⃗2 · σ⃗⟩|. (2.10)

The CHSH inequality becomes B(⃗a1, a⃗2, b⃗1, b⃗2) < 2. In order to identify a quantum state
as Bell nonlocal, a⃗1, a⃗2, b⃗1, and b⃗2 should be chosen to maximize B. The optimal value
is given by [2, 71]

Bmax = 2
√
m1 +m2, (2.11)

where m1 and m2 are the largest and second largest eigenvalues, respectively, of CTC. The
violation of Bell’s inequality corresponds to Bmax > 2.

– 4 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
7

It is often simpler to work with a linear approximation of Bmax that is [3]

Blin = maxij
√
2 |Cii ± Cjj |, (i, j = 1, 2, 3). (2.12)

In this work, we use B = Bmax.
From eq. (2.4), we can gain some intuitive understanding of the expected results of the

system. At threshold β → 0, the τ+τ− state consists mainly of ρmixed which is separable, thus
the τ+τ− state is neither entangled nor Bell nonlocal. As β → 1, the τ+τ− state approaches
ρpure, which is a Bell state and consequently has maximal entanglement and maximal Bell
nonlocality. The energies of BEPC-II do not extend far above the τ+τ− threshold, which
leads to a small signal both of concurrence and of Bell nonlocality. Their detectability depends
on the uncertainties of the measurements, which will be calculated in section 3.

2.2 τ+τ− production in e+e− collisions

The spin correlation matrix for the unpolarized process e+e− → τ+τ− is given by [40]

C11 = 1
c0
(F [0]

(
β2 − (β2 − 2) cos2 θ

)
+ 2F [1] cos θ + F [2](1 + cos2 θ)), (2.13a)

C13 = 1
c0
(−2F [0]

√
1− β2 sin θ cos θ − F [1]

√
1− β2 sin θ), (2.13b)

C22 = 1
c0
(−F [0]β2 sin2 θ + F [2] sin2 θ), (2.13c)

C33 = 1
c0
(F [0](2− β2) sin2 θ − F [2] sin2 θ). (2.13d)

Furthermore, C31 = C13 and C12 = C21 = C23 = C32 = 0. The other factors are

c0 = F [0](β2 cos2 θ − β2 + 2) + 2F [1] cos θ + F [2](1 + cos2 θ), (2.14)

F [0] = 48
(
Q2
τQ

2
e + 2Re 4QτQegVτgVem

2
τ

c2
Ws

2
W
(
4m2

τ − (1− β2)m2
Z
) + 16g2

Vτm
4
τ

(
g2

Ve + g2
Ae
)∣∣c2

Ws
2
W
(
4m2

τ − (1− β2)m2
Z
)∣∣2
)
,

(2.15)

F [1] = 192gAτgAem
2
τβ

(
16gVτgVem

2
τ∣∣c2

Ws
2
W
(
4m2

τ − (1− β2)m2
Z
)∣∣2 + 2Re QτQe

c2
Ws

2
W
(
4m2

τ − (1− β2)m2
Z
)),

(2.16)

F [2] = 768g2
Aτm

4
τβ

2 (g2
Ve + g2

Ae
)∣∣c2

Ws
2
W
(
4m2

τ − (1− β2)m2
Z
)∣∣2 , (2.17)

where sW and cW are the sine and cosine of the weak mixing angle, respectively. The couplings
are Qτ = Qe = −1, gV τ = gV e = I3/2−Qes

2
W = −0.019, and gAτ = gAe = I3/2 = −0.25.

At low energies
√
s ≪ mZ , the spin correlation matrix simplifies to [32]

Cij =
1

2− β2 sin2 θ


(
2− β2) sin2 θ 0

√
1− β2 sin (2θ)

0 −β2 sin2 θ 0√
1− β2 sin (2θ) 0 β2 +

(
2− β2) cos2 θ


ij

. (2.18)

This leads to the concurrence C(ρ) in eq. (2.8) as

C(ρ) = β2 sin2 θ

2− β2 sin2 θ
. (2.19)
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The Bell variable B(ρ) is

B(ρ) = 2

√√√√1 +
(

β2 sin2 θ

2− β2 sin2 θ

)2

. (2.20)

One may observe there is a simple relation between the mixing parameter λ from eq. (2.4)
and the concurrence, C(ρ) = λ, and Bell variable, B(ρ) = 2

√
1 + λ2. For states that are

parametrized in a simple way by forms similar to eq. (2.4), there often exist simple relations
between various quantum properties.

2.3 Decays of the τ

To obtain the density matrix of the τ+τ− state, it is necessary to reconstruct τ . For the
kinematic method, we only need to know the speed β and the scattering polar angle θ of
the τ . For the decay method, we additionally need to measure the decay angle of one of the
decay products in the τ rest frame, which is a proxy for the spin of the τ .

Consider the differential decay of τ in its rest frame [72–75]

1
Γ

dΓ
d cos θd

= 1
2 (1 + Pκ cos θd) . (2.21)

The angle θd is between the selected decay product and the polarization axis of τ in the
rest frame of the τ and P is the polarization, ranging from 0 to 1, of the sample of τs. The
parameter κ is the spin analyzing power and ranges from 0 to ±1. A value of κ = 0 indicates
that there is no correlation between the spin of τ and the direction of the decay product
chosen, while a value of κ = ±1 indicates the maximum correlation or anti-correlation.

Eq. (2.21) is also the angular distribution of the decay product of a polarized τ , which
provides us with a method of computing it in Monte Carlo simulation. For our study, we
generated a sample of polarized particles τ with the package TauDecay in MadGraph 5 [76, 77].
The spin analyzing power is extracted from the distribution of eq. (2.21) by κ = 3 ⟨cos θd⟩ /P .
For the decay to ρ, we generate events of τ− → ντρ

− → ντπ
0π− and choose events with π0 and

π− whose invariant mass is mπ0π− = 775.11± 0.34MeV to reconstruct the ρ− invariant mass.
In table 1, we list some of the potentially relevant decay channels of the τ together with

the associated spin analyzing power. Although due to the nature of the τ ’s interactions, all
decays have an invisible ντ in the final state, there are still enough constraints to reconstruct
the four-vectors of each neutrino in some channels [56, 78]. At a glance, we see that the
two most promising decay channels are τ− → ντπ

− which has a branching fraction of 11%
and a spin analyzing power of 1.00 and τ− → ντρ

− → ντπ
−π0 with a branching fraction

of 25% and a spin analyzing power of 0.45.
In section 3.2, we will perform a simple analysis using two methods. The first is the decay

method which utilizes spin correlations [1]. Consider the double differential cross section
describing the angular distribution of one decay product of τ− and one from τ+.

1
σ

d2σ

d cos θA,id cos θB,j
= 1

4
(
1 + κAB

+
i cos θA,i + κBB

−
j cos θB,j + κAκBCij cos θA,i cos θB,j

)
.

(2.22)
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Decay channel Branching fraction (%) Spin analyzing power
ντπ

− π− 10.8 −1.00
ντρ

− ρ− 25.2 0.45
ντπ

−π+π− π+ 9.3 0.15
ντπ

−π+π− π− 9.3 0.04
ντµ

−ν̄µ µ− 17.4 0.34
ντe

−ν̄e e− 17.8 0.34

Table 1. The branching fractions and spin analyzing powers of the leading τ decay modes.

The angle θA,i is the angle of the τ− decay product in the τ− rest frame relative to the axis
i which is the spin quantization axis. The angle θB,j is the angle of the τ+ decay product
in the τ+ rest frame relative to the axis j which is the spin quantization axis. Each decay
product has its associated spin analyzing power κA or κB. Finally, the coefficients B+

i , B−
j ,

and Cij are the same Fano coefficients as in eq. (2.1).
Integrating over various angles of eq. (2.22) isolates the Fano coefficients:

1
σ

dσ

d cos θA,i
= 1

2
(
1 + κAB

+
i cos θA,i

)
, (2.23a)

1
σ

dσ

d cos θB,j
= 1

2
(
1 + κBB

−
j cos θB,j

)
, (2.23b)

1
σ

dσ

d cos θA,i cos θB,j
= −1

2 (1 + κAκBCij cos θA,i cos θB,j) log | cos θA,i cos θB,j |. (2.23c)

Each Fano coefficient can be extracted from the measured distributions either by fitting,
taking the asymmetry, or by taking the mean. For instance, using the mean, the coefficients
are extracted via:

B+
i = 3⟨cos θA,i⟩

κA
, B−

j = 3⟨cos θB,j⟩
κB

, Cij =
9⟨cos θA,i cos θB,j⟩

κAκB
. (2.24)

Alternatively, the coefficients can be extracted using the asymmetry of the distribution since
for each distribution in eq. (2.23) the distribution is odd with respect to the differential
variable. The asymmetry A(x) for a variable x is given by

A(x) = N(x > 0)−N(x < 0)
N(x > 0) +N(x < 0) , (2.25)

where N(x > 0) is the number of events with x > 0 and N(x < 0) is the number of events
with x < 0. With the asymmetry, the coefficients are

B+
i = 2

κA
A(cos θA,i), B−

j = 2
κB

A(cos θB,j), Cij =
4

κAκB
A(cos θA,i cos θB,j). (2.26)

3 τ+τ− at the BEPC

3.1 Center-of-mass energies

The Beijing Electron-Positron Collider II is an e+e− collider that has been operating since 2009.
Events are detected with the Beijing Spectrometer [59, 60]. The experiment has produced

– 7 –
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outstanding results on τ physics and charm physics and has operated at center-of-mass
energies ranging from

√
s = 2.0−4.94GeV with an integrated luminosity of 35 fb−1 [60].

The BEPC-II is an excellent environment to measure final states with τs because the
collider operates near the τ+τ− threshold, the backgrounds are very low, and the energy spread
of the beam — which is the dominant systematic uncertainty — is very small, typically of the
order 1−2MeV. BES-III has made a measurement of τ mass using 24 pb−1 of data divided
between four scan points near the pair production threshold with a statistical uncertainty
of 0.1MeV and a systematic uncertainty of 0.1MeV [61].

The largest dataset of τ+τ− events comes from producing the ψ(2S) resonance which
subsequently decays into τ+τ−. The ψ(2S) meson is a cc̄ state with the quantum numbers
JPC = 1−−. Its mass is 3686.097MeV [79] and its branching fraction into τ+τ− is 0.31% [80].
The resulting τs have a velocity of β = 0.26. The number of ψ(2S) events collected is
Nψ(2S) = 2.7× 109 leading to Nψ(2S)→τ+τ− = 3.5× 106 events [63]. The existing dataset is:

• ψ(2S) dataset with
√
s = 3.686GeV, Nψ(2S)→τ+τ− = 3.5 × 106, corresponding to

β = 0.26.

The BEPC-II collider plans to upgrade their center-of-mass energy capabilities to
√
s =

5.6GeV and collect a significant amount of data between the energies of 4.0GeV and 5.6GeV.
We consider two operational scenarios for our projections.

• 5.6 GeV dataset with
√
s = 5.6GeV, L = 20 fb−1, corresponding to β = 0.77.

• 4.0−5.6 GeV dataset with
√
s = 4.0−5.6GeV, with data taken at 20 different equally

spaced center-of-mass energies with a cumulative integrated luminosity of L = 20 fb−1,
corresponding β = 0.46−0.77.

3.2 Analysis

In this section, we present two simple analyses to measure entanglement and Bell nonlocality
in e+e− → τ+τ− at BEPC-II. In both analyses, the only selection cut we use is on the
angle of the reconstructed τs.

The first analysis uses the decay method. In this method, we first select a particular
decay of τ . We consider the τ− → ντπ

− decay because it has the maximal spin analyzing
power, however, any reconstructable decay channel can be used or multiple channels can
even be combined. We then reconstruct the rest frame of each τ . The procedure involves
with imposing the energy-momentum conservation between the initial e+e− state and the
final τ+τ− state, plus four more on-mass-shell conditions for mτ and mν , as outlined in
refs. [56, 78]. Next, we boost to the rest frame of the τ− and measure the angle of the π−
with respect to the axes of the diagonal basis.

The simplest way to use this basis is to start from the helicity basis, defined with respect
to the τ− momentum direction k⃗, and then make an event-dependent rotation by ξ in the
scattering plane, as shown in figure 1. In the low-energy limit, the angle is given by

tan ξ =
√
1− β2 tan θ, (3.1)

– 8 –
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Figure 1. The diagonal basis of the τ−τ+ system near threshold. It is related to the helicity basis
by a rotation of ξ.

where β =
√
1− 4m2

τ/s is the speed of the τ in the center-of-mass frame. The same
procedure is applied to τ+ to find the decay angle of π+.

With the decay angles of π− and π− measured in the correct rest frames, we have
measurements of the distributions of eq. (2.23). The coefficients parameterizing the density
matrix are extracted using eq. (2.26). Having reconstructed the density matrix, we have
characterized the τ+τ− quantum state and we can measure the concurrence with eq. (2.8)
and the Bell nonlocality with eq. (2.11).

The second analysis uses the kinematic method. With this method, we utilize the results
of section 2.2 which show that the density matrix can be written as a function of the τ

velocity β and the scattering angle of the τ relative to the beam θ. In order to find β and θ,
we need to reconstruct the four-momentum of τ±, but we do not need the decay angles. We
assume that we only use the τ− → ντπ

− decay channel, as discussed earlier in this section.
Although the kinematic method does not reconstruct spin proxies, a set of spin quantization
axes is still chosen since this defines the parameterization, eq. (2.1), of the density matrix.

Next, we discuss the practical aspects of the analysis. For the decay method to sensibly
extract the spin correlation coefficients from eq. (2.23), the distributions cannot be distorted.
Object selection, such as cuts on energy or transverse momentum introduces distortions.
Therefore, it is important to use the minimal possible object selection or to apply unfolding
or an equivalent correction to remove the impact of such selections. In the final state of
ντπ

−ν̄τπ
+ that we consider, the only visible particles are the two pions. Figure 2 (left)

shows the energy spectrum of pions while figure 2 (right) shows the angular distribution,
where θ is with respect to the beam. Other BES-III studies have restricted charged tracks
to | cos θ| < 0.93 [61, 63]. We assume no object selection, but a reconstruction efficiency of
ϵreco = 0.9, which is in line with previous BES-III work [63].

Cuts in the phase space of the scattering angle and collision energy do not distort
distributions but simply define the quantum state that we are probing. We wish to isolate a
quantum state that exhibits as many quantum properties as possible. Figure 3 (left) shows
the concurrence as a function of the scattering angle while figure 3 (right) shows the Bell
variable as a function of scattering angle. The quantum behavior is the largest at θ = π/2
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Figure 2. The energy spectrum (left) and angular distribution (right) of π± from the decays
τ− → ντπ

− and τ+ → ν̄τπ
+.
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Figure 3. The concurrence (left) and Bell variable (right) as a function of scattering angle θ at the
center-of-mass energies of

√
s = mψ(2S) = 3.7GeV,

√
s = 4.0GeV, and

√
s = 5.6GeV.

which corresponds to τs that travel outwards perpendicular to the beam. Therefore, making a
cut around the maximal angle, θ = π/2, leads to a quantum state that is closest to a Bell state.
We thus select events that have reconstructed τs in an angular window of size ∆θ around π/2

π

2 − ∆θ
2 < θτ <

π

2 + ∆θ
2 . (3.2)

The value of ∆θ can be optimized to achieve the optimal sensitivity based on the luminosity
of the dataset. A lower value of ∆θ selects a state closer to a Bell state, but with lower
statistics. We note that ∆θ may take a different value, and thus result in a different number of
reconstructed events N , for the decay and kinematic methods to achieve their corresponding
optimal sensitivity.

3.3 Current dataset

With the decay method, we measure the distributions of eq. (2.23) using the cut ∆θ described
in section 3.2. The values of B+

i , B−
j , and Cij are extracted by the asymmetries in eq. (2.26).

The statistical uncertainty on Fano coefficients using the asymmetry is

∆B+
i, stat =

4√
N
, ∆B−

j, stat =
4√
N
, ∆Cij, stat =

4√
N
, (3.3)
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Figure 4. The significance of the concurrence (left) and Bell variable (right) with the decay method as a
function of the size of the angular window ∆θ at the center-of-mass energies of

√
s = mψ(2S) = 3.7GeV,√

s = 4.0GeV, and
√
s = 5.6GeV using the decay method with the νπ decay channel and the

integrated luminosity L = 20 fb−1 for
√
s = 4.0GeV and

√
s = 5.6GeV and Nψ(2S)→τ+τ− = 3.5× 106

for
√
s = mψ(2S). The systematic uncertainty ∆sys is not included.

where N is the number of reconstructed events in the analysis and the numeric factor of
4 is from eq. (2.26).

With the kinematic method, the statistical uncertainty is determined by the distribution
of the quantity, with respect to the variables θ and β. For example, ∆C11 is determined
by the standard deviation of the C11 entry of eq. (2.18). This uncertainty will also scale
with 1/

√
N like eq. (3.3), but the pre-factor bounded to be less than 1 [46], and in practice

is often more than an order of magnitude smaller.
These statistical uncertainties are propagated to uncertainties on C and B. The final

significance S is calculated as

S(C) = C√
(∆Cstat)2 + (∆Csys)2

, S(B) = B − 2√
(∆Bstat)2 + (∆Bsys)2

, (3.4)

where ∆Csys and ∆Bsys are the systematic uncertainties, which we generically refer to
as ∆sys. When it is relevant, we use the shorthand ∆Ctot =

√
(∆Cstat)2 + (∆Csys)2 and

∆Btot =
√
(∆Bstat)2 + (∆Bsys)2.

The BEPC-II is a very clean experimental environment leading to systematic uncertainties
that are controlled down to the sub-percent level for the τ+τ− cross section [63, 81, 82] and
the τ mass [61, 83]. The energy scale is the leading uncertainty in a number of analyses and is
known to 0.1MeV [83]. In other analyses, the overall systematic uncertainty is at the one to a
few percent level [84, 85]. We therefore choose to show our results for the following benchmark
values of the systematic uncertainty as a percentage of the number of reconstructed events

∆sys = {0.5%, 1%, 2%, 5%}, (3.5)

which range from slightly optimistic to realistic to conservative. In the following, we use
2% as our default value to quote results.

In figure 4, the significances S(C) and S(B) are shown with the decay method as a
function of the angular window cut ∆θ with a systematic uncertainty of 2%. Operation at
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Method ∆sys C ∆Ctot S(C) ∆θ B − 2 ∆Btot S(B) ∆θ

Decay

0 0.029 0.020 1.42 100◦ 0.0011 0.41 0.0026 2.3◦
0.5% 0.029 0.021 1.42 100◦ 0.0011 0.41 0.0026 2.3◦
1% 0.029 0.021 1.40 100◦ 0.0011 0.41 0.0026 2.3◦
2% 0.029 0.022 1.33 100◦ 0.0011 0.42 0.0026 2.3◦
5% 0.029 0.029 1.02 100◦ 0.0011 0.42 0.0025 2.2◦

Kinem.

0.5% 0.037 0.0025 > 5σ, 7% 0 0.0013 0.010 0.13 0
1% 0.037 0.0050 > 5σ, 14% 0 0.0013 0.020 0.067 0
2% 0.037 0.010 3.70 0 0.0013 0.040 0.033 0
5% 0.037 0.025 1.46 0 0.0013 0.10 0.013 0

Table 2. The significance of observing entanglement and Bell nonlocality in the current ψ(2S) dataset
for the benchmark values of the systematic uncertanties ∆sys, with the efficiency and cuts specified in
section 3.2. When the optimal angular window is smaller than 5◦, we use the non-optimal value of 5◦.
When the significance is greater than 5σ we show the expected precision of the measurement S−1.

a higher center-of-mass energy is desirable to improve the observation because the τ+τ−

state at higher energies is closer to a Bell state.
The results for the significances S(C) and S(B) in the current dataset, at the ψ(2S)

resonance, are shown in table 2. In the columns labeled ∆θ, we show the value of ∆θ that
would optimize the significance of the associated quantity. However, in the significance
calculation, we set a minimum angular window of 5◦. Since the kinematic method measures
elements of the spin correlation matrix event-by-event, the number of reconstructed events
needed for a measurement can be very small resulting in a very small statistical uncertainty.
This is why the angular window optimization often leads to a very small preferred angular
window size. Furthermore, when the significance is above 5σ, we show the predicted precision,
corresponding to 1/S, achievable in the measurement.

The first set of rows shows the results of the decay method for various systematic
uncertainties. The optimal angular window cut for concurrence is quite loose at ∆θ = 100◦
and leads to approximately N ≈ 281, 000 reconstructed events. The concurrence is dominated
by statistics, as evidenced by the weak dependence of ∆Ctot on ∆sys. Unfortunately, the
signal of quantum entanglement is very weak and cannot be identified C > 0, using the decay
method. Bell nonlocality, B > 2, is even more difficult to establish.

The last set of rows in table 2 shows the results using the kinematic method for various
systematic uncertainties. The kinematic approach benefits from the less demanding recon-
struction of the τ+τ− events and from the more detailed form of kinematic distributions,
eq. (2.18). The number of reconstructed events for the angular window cut of 5◦, is N ≈ 1, 590.
Here, the systematic uncertainty plays a decisive role in the predicted sensitivity. For a
systematic uncertainty of 2%, a concurrence C > 0 would be observed at 3.7σ. To reach 5σ
the systematic uncertainty needs to be controlled to 1% or better. Even with the kinematic
method, the Bell nonlocality is still difficult to observe.
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Method ∆sys C ∆C S(C) ∆θ B − 2 ∆B S(B) ∆θ

Decay

0 0.33 0.039 > 5σ, 12% 93◦ 0.14 0.031 4.5 27◦
0.5% 0.33 0.039 > 5σ, 12% 93◦ 0.14 0.039 4.3 25◦
1% 0.33 0.039 > 5σ, 12% 93◦ 0.15 0.034 3.8 23◦
2% 0.33 0.040 > 5σ, 12% 93◦ 0.16 0.054 2.9 19◦
5% 0.33 0.044 > 5σ, 14% 93◦ 0.17 0.11 1.5 12◦

Kinem.

0.5% 0.43 0.0029 > 5σ, 0.68% 0◦ 0.17 0.0094 > 5σ, 5% 0◦
1% 0.43 0.0058 > 5σ, 1.4% 0◦ 0.17 0.019 > 5σ, 11% 0◦
2% 0.43 0.012 > 5σ, 2.7% 0◦ 0.17 0.037 4.7 0◦
5% 0.43 0.029 > 5σ, 6.7% 0◦ 0.17 0.094 1.8 0◦

Table 3. The significance of observing entanglement and Bell nonlocality in the future 5.6GeV dataset
for the benchmark values of the systematic uncertanties ∆sys, with the efficiency and cuts specified in
section 3.2. When the optimal angular window is smaller than 10◦, we use the non-optimal value of
10◦. When the significance is greater than 5σ we show the expected precision of the measurement S−1.

Method ∆sys C ∆C S(C) ∆θ B − 2 ∆B S(B) ∆θ

Decay

0 0.21 0.034 > 5σ, 16% 96◦ 0.058 0.026 2.3 17◦
0.5% 0.21 0.035 > 5σ, 16% 95◦ 0.060 0.028 2.1 16◦
1% 0.21 0.035 > 5σ, 16% 95◦ 0.062 0.034 1.9 15◦
2% 0.21 0.036 > 5σ, 17% 94◦ 0.066 0.050 1.3 12◦
5% 0.22 0.043 > 5σ, 20% 86◦ 0.070 0.10 0.67 7◦

Kinem.

0 0.26 0.0010 > 5σ, 0.39% 45◦ 0.062 0.00018 > 5σ, 0.29% 15◦
0.5% 0.26 0.0029 > 5σ, 1.1% 39◦ 0.073 0.0097 > 5σ, 13% 1.2◦
1% 0.26 0.0054 > 5σ, 2.0% 31◦ 0.073 0.019 3.8 0.77◦
2% 0.27 0.011 > 5σ, 4.0% 21◦ 0.073 0.039 1.9 0.49◦
5% 0.27 0.027 > 5σ, 9.9% 12◦ 0.073 0.097 0.75 0.26◦

Table 4. The significance of observing entanglement and Bell nonlocality in the future 4.0−5.6GeV
dataset for the benchmark values of the systematic uncertanties ∆sys, with the efficiency and cuts
specified in section 3.2. When the optimal angular window is smaller than 10◦, we use the non-
optimal value of 10◦. When the significance is greater than 5σ we show the expected precision of the
measurement S−1.

3.4 Future projections

In the immediate future, BEPC-II will continue its impressive physics mission and will
upgrade its center-of-mass energy capabilities [60]. The BES-III experiment will collect a
significant amount of data between the energies of 4.0GeV and 5.6GeV. We consider two
operational scenarios as listed in section 3.1 for our projections.

At higher center-of-mass energies, above the τ+τ− threshold, the mixed state of τ+τ−

becomes more entangled, as discussed in section 2.1. We show our results for the two energy-
operation scenarios in tables 3 and 4, for both the decay and the kinematic methods, with
different assumptions for the systematic uncertainties.
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Figure 5. The optimal significance of observing entanglement (left) and Bell inequality violation
(right) as a function of integrated luminosity at 5.6 GeV and 4.0−5.6GeV using the decay method in
the νπ channel and ∆sys = 2%. The angular window cut is optimized at L = 20 fb−1 and used for all
luminosity values.

First, at
√
s = 5.6GeV, we obtain N ≈ 1040−2300 events for the decay method with

angular window cuts of ∆θ = 12◦−27◦, and N ≈ 860 events for the kinematic method
with angular window cuts of ∆θ = 10◦. As shown in table 3, the concurrence reaches
C = 0.33−0.43 corresponding to a substantially more entangled state than what is produced
in the current ψ(2S) dataset. Consequently, the observation of entanglement is well above
5σ. Accordingly, we present the expected precision on a measurement of the concurrence.
We see that one would be able to reach 12% accuracy from the decay method and about 3%
from the kinematic method with ∆sys = 2%. As for Bell nonlocality, the decay method would
lead to an observation of 2.9σ and the kinematic method would lead to an observation of
4.7σ. If the systematics can be reduced to ∆sys < 2% then 5σ is achievable.

For an alternative operational scenario in which the luminosity is distributed over many
energy points, as shown in table 4, the concurrence reaches C = 0.21−0.27, which is still quite
sizable and allows for a 5σ observation with either method. The expected precision reaches
17% accuracy from the decay method and 4% from the kinematic method with ∆sys = 2%.
For the Bell nonlocality, a sensitivity of 2σ is achievable. To reach an observation of 5σ,
the systematic uncertainty needs to be 0.5% or better.

Finally, in figure 5 we show the significance of concurrence (left) and Bell nonlocality
(right) for the two energy operation scenarios as a function of luminosity using the decay
method with ∆sys = 2%. The angular window cut is optimized for 20 fb−1 and not re-
optimized at different luminosity values. The concurrence benefits from additional data while
the Bell variable is nearly systematics dominated already with 20 fb−1. The measurements
would be significantly improved using the kinematic method, as shown in table 3 and table 4,
for concurrence and for Bell nonlocality with low systematic uncertainty. With the kinematic
method, the precision is systematics dominated and consequently nearly independent of
the integrated luminosity. The concurrence would reach a precision of 3% and 4% in the
operational scenarios of 5.6 GeV and 4.0−5.6GeV, respectively. The significance of Bell
nonlocality would reach 4.7σ and 1.9σ, respectively, for the two operational scenarios.
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4 Summary and conclusions

There has been growing interest in studying the quantum tomography of quantum systems in
high-energy collider experiments. In this work, we propose measuring quantum entanglement
and Bell nonlocality in the τ+τ− state near and above its kinematic threshold at BEPC-II.
We first laid out the procedure for quantum tomography of the τ+τ− system produced in
general e+e− collisions and subsequent decays. We introduced quantum quantities such
as the concurrence and the Bell variable and discussed two approaches to construct them,
namely the decay method and the kinematic method.

The experimental program of BES-III is highly acomplished and mature. They have
extensive experience and expertise in final states involving τ leptons and have already
published a wide range of measurements, many of which have systematic uncertainties below
1%. We found that in the existing dataset, consisting of ψ(2S) → τ+τ−, entanglement is
observable when systematic uncertainties are at or below 1%.

In the upcoming run between 4.0 GeV and 5.6 GeV, we presented two energy-operation
scenarios. While the higher-energy operation would be more beneficial for the observation
of quantum effects, both cases will significantly improve the quantum tomography of the
τ+τ− state. Entanglement is not only observable in this situation, but can be measured
with a precision of 4% or better.

Bell nonlocality is also potentially observable but requires a bit more control over
systematic uncertainties. If the full dataset is collected at 5.6 GeV, then the control below
2% is sufficient for a 5σ observation and if the data are distributed between 4.0 GeV and
5.6 GeV, then the control down to 0.5% is needed.

BES-III already has an impressive physics program covering a wide array of topics. In
this work, we have shown that they can extend their program to quantum information with a
few straightforward measurements. The entry point into quantum information typically starts
with measuring entanglement and Bell nonlocality. Since quantum tomography is possible,
many other quantum quantities can also be explored, such as quantum discord, steering,
or negative conditional entropy. These measurements would be a challenge at BEPC-II,
since the τ+τ− quantum state has a substantial separable component when operating at
an energy not far above the threshold.
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A Phenomenological description of ψ(2S)

The ψ(2S) is a vector meson resonance of cc̄ with the same JPC quantum numbers as the
photon. We therefore include both mediators to produce the τ+τ− state as shown in figure 6.
In addition to the mass and total width, as well-measured parameters mV = 3686.097MeV

– 15 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
7

𝛾, 𝜓(2𝑆)

𝑒−

𝑒+ 𝜏+

𝜏−

Figure 6. The Feynman diagram of the process e+e− → τ+τ− near ψ(2S) resonance.

and ΓV = 293 keV [80], we introduce its vector couplings to leptons

Lint ⊃ gV,τV
µτ̄ γµτ + gV,µV

µµ̄γµµ+ gV,eV
µēγµe. (A.1)

The total cross section near the ψ(2S) resonance is thus expressed as

σ(e+e− → τ+τ−) = s

12π

∣∣∣∣∣ gV,τgV,e(
s−m2

V

)
+ imV ΓV

+ e2

s

∣∣∣∣∣
2√

1− 4m2
τ

s

(
1 + 2m2

τ

s

)
. (A.2)

The peak cross section of this process near the ψ(2S) resonance measured in BES-III is
52 nb [86] which lets us obtain the product of couplings gV,τgV,e = 3.1× 10−5. Following the
vector meson dominance model [87], assuming that gV,τ = gV,e leads to calculated branching
fraction of BF(ψ(2S) → e+e−) = 1% and BF(ψ(2S) → τ+τ−) = 0.4% which are consistent
with the measured values at the 20% level [80]. This parametrization can be used to describe
τ+τ− production, even off the ψ(2S) resonance.

B Fictitious states and results in the beam basis

In colliders, when an event-dependent basis is used, instead of reconstructing the Fano
coefficients from eq. (2.1), the averaged Fano coefficients are reconstructed [5]. This is due to
the angular integration — including events in the analysis that have different values of ϕ —
which is nearly always the case in collider experiments. The use of averaged Fano coefficients
also causes the results to depend on the spin quantization basis used. A reconstructed
quantum state that is basis-dependent is called a fictitious state [5, 33, 43].

The helicity basis, used in our main analysis, is an event-dependent basis because
the quantization axes are set by the τ momentum direction k̂, which is different for each
event. Fortunately, it has been shown that if concurrence or Bell nonlocality is non-zero
in a fictitious state, then there exists a substate that also has non-zero concurrence or Bell
nonlocality [5, 33, 43]. With appropriate cuts, a corresponding genuine quantum state can
be shown to be entangled or Bell nonlocal.

In this appendix, we provide results for the future 5.6 GeV dataset in the beam basis
which is a fixed basis for lepton colliders. When this basis is used, the reconstructed density
matrix represents a genuine quantum state. The resulting significance is inferior to that
using the helicity basis.

For a single point in phase space (θ, ϕ) the Fano coefficients, Cbeam
ij and Bbeam,±

i , in
the beam basis can be obtained from the Fano coefficients in the helicity basis, Chelicity

ij and

– 16 –



J
H
E
P
1
0
(
2
0
2
5
)
2
1
7

Bhelicity,±
i , by event-dependent rotation R(θ, ϕ).

Cbeam
ij = RT (θ, ϕ)ikChelicity

kl R(θ, ϕ)lj , Bfixed,±
i = RT (θ, ϕ)ijBhelicity,±

j . (B.1)

In practice, we typically study the states averaged over the azimuthal angle ϕ. In the helicity
basis this averaging leads to a fictitious state, but in the beam basis this averaging retains a
quantum state. In the beam basis averaged over ϕ, the Fano coefficients take the form

Cij =

C1 0 0
0 C1 0
0 0 C3


ij

, B+
i = B−

i =

 0
0
B3


i

. (B.2)

The corresponding value of the concurrence is

C =

 0, if C3 > C1 +B2
3/(C1 + 1),

1
4(1 + 2C1 − C3)− 1

2

√
(1 + C3)2 − 4B2

3 , if C3 < C1 +B2
3/(C1 + 1).

(B.3)

The Bell variable is

B =

 2
√
C2

1 + C2
3 , if |C3| > |C1|,

2
√
2|C1|, if |C3| < |C1|.

(B.4)

These can be converted from the helicity basis, for example from eq. (2.13), according to

C1 = 1
2(C

helicity
11 cos2 θ + Chelicity

33 sin2 θ − 2Chelicity
13 cos θ sin θ + Chelicity

22 ), (B.5a)

C3 = Chelicity
11 sin2 θ + Chelicity

33 cos2 θ + 2Chelicity
13 cos θ sin θ, (B.5b)

B3 = Bhelicity
1 sin θ +Bhelicity

3 cos θ. (B.5c)

The beam basis is described by {C1, C3, B3} and the helicity basis is described by
{
Chelicity

11 ,

Chelicity
13 , Chelicity

22 , Chelicity
33 , Bhelicity

1 , Bhelicity
3

}
.

For energies within reach of BEPC-II, C3 > C1 +B2
3/(C1 + 1) for any scattering angle

θ, which means that the concurrence is 0, and the τ+τ− state is separable. The situation
is the same for Bell nonlocality. Figure 7 shows the Bell variable, in the beam basis, as a
function of the scattering angle θ at the center-of-mass energy of

√
s = 5.6 GeV. For all

values of θ the τ+τ− state is Bell local.
Since entanglement and Bell nonlocality is observable in the helicity basis, in section 3,

there exists a quantum state which is entangled and Bell nonlocal [33, 43]. While in the
beam basis, choosing the phase space which integrates over the full azimuthal region leads to
a separable state, restricting the phase space to a smaller region in the azimuthal angle ϕτ
can enhance some of the quantum substates that are entangled and Bell nonlocal.

In particular, we perform an angular window cut in the azimuthal direction of the τ

0 < ϕτ <
π

4 . (B.6)

We show the results at 5.6 GeV using this azimuthal cut and additionally optimizing the ∆θ,
as in eq. (3.2), in table 5. Using the decay method the results are quite a bit worse than
the results in the helicity basis in table 3. With the kinematic method, on the other hand,
the results are still worse than in the helicity basis, but only slightly.
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Figure 7. The Bell variable in the beam basis as a function of scattering angle θ at the center-of-mass
energy of

√
s = 5.6 GeV. A value of B > 2 indicates Bell nonlocality.

Method ∆sys C ∆C S(C) ∆θ B − 2 ∆B S(B) ∆θ

Decay

0 0.20 0.016 > 5σ, 7.7% 98◦ 0.11 0.089 1.22 50◦
0.5% 0.20 0.016 > 5σ, 7.8% 97◦ 0.11 0.090 1.21 49◦
1% 0.21 0.017 > 5σ, 8.1% 92◦ 0.11 0.093 1.19 48◦
2% 0.22 0.020 > 5σ, 9.1% 80◦ 0.11 0.10 1.11 45◦
5% 0.24 0.033 > 5σ, 14% 55◦ 0.12 0.15 0.84 35◦

Kinem.

0.5% 0.27 0.0027 > 5σ, 0.99% 0 0.14 0.0097 > 5σ, 6.8% 0
1% 0.27 0.0054 > 5σ, 2.0% 0 0.14 0.019 > 5σ, 14% 0
2% 0.27 0.011 > 5σ, 4.0% 0 0.14 0.039 3.66 0
5% 0.27 0.027 > 5σ, 9.9% 0 0.14 0.097 1.46 0

Table 5. The significance of observing entanglement and Bell nonlocality using the fixed beam basis
with azimuthal cut 0 < ϕτ < π/4 in the future 5.6GeV dataset for the benchmark values of the
systematic uncertanties ∆sys, with the efficiency and cuts specified in section 3.2. When the optimal
angular window ∆θ is smaller than 10◦, we use the non-optimal value of 10◦. When the significance is
greater than 5σ we show the expected precision of the measurement.
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