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Introduction

Gravity at its most interesting is highly non-linear. One effective strategy to explore these non-

linearities is to consider small deformations of simple, highly symmetric solutions and proceed

perturbatively. This method is especially effective when a problem features several distinct

perturbative regimes. In such cases, the fully non-linear analysis, though indispensable

for quantitative results, often reduces to interpolating between these regimes where the

underlying physics is well understood.

The binary black hole problem is a prime example of observational interest [1-5]. Our

understanding of this problem largely comes from combining different approaches during



the inspiral, including perturbation theory around flat space [6-8] and a post-Newtonian
expansion [9], with perturbation theory around isolated black hole backgrounds to describe
the post-merger emission [10-14]. Numerical simulations then provide a way to interpolate
between these two regimes and build complete waveform models [15-18].

Capturing non-linear effects perturbatively is most straightforward when the linearized
problem is itself simple or under excellent control. On this account, the perturbation
theories on curved space that are best understood are those on Lorentzian symmetric spaces:
Minkowski [19, 20], Anti-de Sitter (AdS) [21-32], and de Sitter (dS) spacetimes [33, 34]. Cahen-
Wallach plane waves form another class of Lorentzian symmetric spaces [35]. More general
plane wave spacetimes, including the Cahen-Wallach family, also allow for a particularly
tractable linear perturbation theory [36-38].

By contrast, the linearized analysis on black hole backgrounds is already technically
challenging and rich in structure. As a result, progress on non-linear corrections has been
on-going for more than two decades [39-50]. The observational prospects for gravitational
waves drive most current advances including: the self-force program for extreme mass-
ratio inspirals [12, 13, 51-53], improved ringdown modeling close to the peak gravitational
wave strain [54-57] (see also [14] and references therein), and the excitation of quadratic
quasinormal modes (QQNMs) [58-69].

QQNMs represent the leading non-linear corrections to the quasinormal modes — the
characteristic resonances governing black hole relaxation to equilibrium. It has long been
known that, for asymptotically flat black holes, quasinormal modes are in close relation
with the bound null geodesics (the “lightring”), a correspondence which can be made precise
in the eikonal or high (real) frequency limit [11, 14, 70-74]. It is then a natural question
how this correspondence extends to QQNMs.

From the perspective of observations, the high-frequency limit provides a link between
dynamical gravitational wave emission during the ringdown and lightring measurements
through electromagnetic observations with the Event Horizon Telescope [75, 76] or the
proposed Black Hole Explorer [77, 78]. While typical binary mergers lack strong high-
frequency gravitational wave content [79], special configurations — such as hierarchical triples
— may enhance these features [80]. The remarkable effectiveness of the eikonal approximation
even for low-lying quasinormal modes motivates that certain qualitative features may persist
also for QQNMs in the sector relevant for gravitational wave observations.

More recently, it has been appreciated that a version of the eikonal limit and the
corresponding quasinormal modes can be captured by the physics of plane waves [81, 82].
The reason is that these plane waves appear in the limit of a geometry near null geodesics; a
construction formalized by Penrose [83]. In particular, the Penrose limit near the lightring of
a black hole maps the local curvature dynamics — directly tied to high-frequency quasinormal
modes — to the dynamics of perturbations around a plane wave.

Moreover, for equatorial lightrings, the plane waves capturing the eikonal quasinormal
modes are precisely in the class of Lorentzian symmetric spaces. It is thus reasonable to
expect that a perturbation theory can be developed comparable in detail to those on AdS and
dS backgrounds which, at least to some approximation, can be connected to an interesting
aspect of black hole mergers. It is this that we set out to do here more systematically.



Beyond QQNMs, plane wave spacetimes have proven useful in diverse contexts, suggesting
a broader value for a systematic perturbative framework. Such applications include vacuum
polarization in curved spacetime [84-86], the physics of tidal excitations of relativistic particles
or strings [87-90] as well as caustics and lensing phenomena [91-93].

Various applications in high energy physics, notably string theory on non-trivial back-
grounds [94-100] and specific limits of the AdS/CFT correspondence [101-104] already
implicitly contain a wealth of information on higher order gravitational interactions in plane
wave spacetimes, albeit in more specific contexts. Similarly, perturbative non-linearities have
been explored using scattering amplitude techniques in, for instance, [105-108]. However, at
least from the perspective of QQNMs these studies make some sub-optimal choices, such as
restricting to so-called “sandwich” plane waves and using a “coherent state” basis (instead
of a “number” basis), which prevent a direct application to the quasinormal mode problem,
although it would be interesting to revisit them with an eye on bringing them closer to
observational black hole physics.

Naturally, other simplified approaches to the problem of higher-order black hole per-
turbation theory have also been taken in the literature. For instance, re-expanding around
flat space after setting up an EMRI effective field theory framework [109-112], making
a flat space approximation to a near-horizon region [113-115], or restricting to the near-
horizon region of near-extremal Kerr [116]. The latter approaches in particular have much
in common with our Penrose limit perspective as they rely on the simplifications due to
an emergent symmetry while still capturing an asymptotic branch of quasinormal modes.
However, contrary to the near-horizon, near-extremal limit, the lightring Penrose limit can
be taken for arbitrary black holes.

In this work, we develop the framework to study second-order perturbations around
plane waves. In particular we propose a partial gauge and frame fixing based on the geometry
of algebraically type N spacetimes which we dub geodesic, parallel, and transverse (GPT)
gauge. This gauge and frame fixing guarantees that the amplitudes of QQNMs on the Weyl
scalar are physically meaningful, and invariant under the residual gauge freedom. We also
present a complementary approach for second-order perturbations restricted to homogeneous
plane waves, based on the construction of metric harmonics. Both frameworks are used to
study the excitation of QQNMs in homogeneous plane waves arising as Penrose limits of the
equatorial lightring of Kerr. We compute the ratio describing the excitability of QQNMs
for arbitrary mode-coupling combinations, including all overtone indices, and uncover a set
of selection rules, inherited from the algebraic properties of the background. Special cases
of these ratios have also been discussed recently in refs. [117, 118].

The remainder of the paper is structured as follows. First, in section 2, we review plane
wave spacetimes, and discuss how certain classes of plane waves emerge as approximate
descriptions of lightrings for black hole spacetimes. We emphasize that the approximation
in particular captures an eikonal branch of quasinormal modes. Next, in section 3 we
discuss perturbation theory up to second order, including a novel geometric gauge and
frame-fixing approach on plane waves. Then we further restrict to homogeneous plane waves,
specifically those describing equatorial lightring physics. We discuss mode solutions for
this case, establishing their relationship with the simple and inverted harmonic oscillator



in section 4, as well as discussing an alternative approach based on metric perturbations.
Finally, we discuss the excitation of QQNMs, first for a nonlinear scalar toy model, and
then for the full case of Einstein gravity in section 5.

Conventions. We use geometric units, G = ¢ = 1, and mostly follow the conventions
in the monograph by Penrose and Rindler [119]. In particular we follow a mostly minus
metric signature (+,—, —, —) but, contrary to [119], we take the Riemann tensor’s sign
given by [Vg, Vp]Ve = RapedVe. The latter choice ensures this sign convention matches
other well-established references (such as the original papers on the Newman-Penrose and
Geroch-Held-Penrose formalisms [120, 121]) and monographs (such as Wald’s [122] and
Chandrasekar’s books [123]).

2 Plane waves

In this work we consider nonlinear fluctuations about a family of background spacetimes that
belong to the class of plane waves. In Brinkmann coordinates, the line element reads

ds® = —Aij(u):):iar:jdu2 + 2dudv — da® — dy2 , (2.1)

where 2%, 27 € {z,y} and A;; is an arbitrary symmetric matrix depending on the coordinate
u. A more general discussion of parallel, plane-fronted waves can be found in [124]. That
the spacetime metric (2.1) indeed describes a type of parallel, plane-fronted wave can be
seen as follows. First, the metric takes the form of flat space (in double null coordinates)
plus a gravitational deformation ~ du?. In addition, the null vector field /¢ = (9,)" is
covariantly-constant (or parallel),

Valy =0, (2.2)

so it is also a Killing vector field (V(4fy) = 0). This shows that the gravitational deformation
~ du? propagates at the speed of light along ¢¢. Finally, eq. (2.1) is plane-fronted in the
sense that transverse surfaces of constant u,v are flat. It should be stressed, though, that
the spacetimes (2.1) are not asymptotically flat, since the gravitational deformation extends
infinitely along ¢* (a discussion on the causal structure of pp-waves can be found in [125]).
The quadratic dependence in z and y of the deformation ~ du? is sometimes called the
plane-wave condition. It allows us to interpret the spacetime (2.1) quite literally as a two-
dimensional (potentially time-dependent) harmonic oscillator. This is seen easily in the case
that A;j(u) = A;; is a constant matrix. In that case, as it is also symmetric, without loss
of generality it can also be taken to be diagonal. Denoting the eigenvalues to be —Q? and
A2, the metric has the following (complex-valued) Killing vectors,

e:l:iQu Qzd g eiFAu
= — (&2 v + 0z) by =
at Non (£iQx ) + eI

These Killing vectors span the Heisenberg algebras of the simple and inverted harmonic

(:FAyav + ay) , 1= i0y . (23)

oscillators (reviewed in appendix A),

[a_,a4] =1, [b_,by] =11, (2.4)



where all other commutators vanish. In the case of arbitrary A;;(u) one loses the isometry
generated by 0, but it can be shown that (2.1) still enjoys a Heisenberg Killing algebra (see
e.g. [124]). We will distinguish three subcases within the geometry (2.1),

(i) General: 6 A;;(u) # 0 and A;j(u) # constant.
(ii) Vacuum: 6 A;;(u) =0,
(iii) Homogeneous: A;j(u) = constant.'

Whenever the vacuum condition holds, then eq. (2.1) is a Ricci-flat geometry for any u-
dependence of A;;(u). The homogeneous case will still be of interest even when it is not a
solution of vacuum Einstein’s equations, as it involves an additional Killing vector containing
the u-direction. However, it is the vacuum and homogeneous case with 9, a Killing vector
that will be of most relevance in this work.

In general, plane-wave spacetimes emerge naturally in several physical scenarios. Most
importantly for our purposes, the geometries (2.1) appear as Penrose limits [127] as re-
viewed next.

2.1 Penrose limits

In a precise sense, the spacetime in the neighborhood of a null geodesic v resembles a
gravitational plane wave. This observation follows after performing a specific “zoom-in” of
the spacetime close to -y, known as a Penrose limit [83]. This is introduced by first writing
the spacetime metric in Penrose coordinates (u,V,Y?) adapted to the geodesic,?
ds* = 2dudV + a(u, V,Y")dV? + 2b;(u, V, Y)dVAY" + gi;(u, V, Y )dY'dY7 (i,j =1,2),
(2.5)
where 9, = VV is tangent to a twist-free null geodesic congruence. The latter can always
be taken such that « corresponds to the curve (u,V = 0,Y? = 0). Next, the idea consists in
performing a “zoom-in” towards + while “blowing-up” the spacetime metric in such a way
that one recovers a finite, well-defined geometry. Precisely, this is realised by performing
an inhomogeneous, constant coordinate re-scaling

(u,V,Y?") = (u, N>V, AYY), AeR, (2.6)
and then taking the limit

ds? = lim A\"2ds® = 2dudV + g;;(u,0,0)dY"dY7 . (2.7)
A—0

We say that ds%, obtained this way, is the Penrose limit of the original metric ds? along

~. Given that the Ricci tensor is invariant under constant conformal transformations,

!Note that this class should more properly be referred to as symmetric (or Cahen-Wallach [35]), homogeneous
plane waves being slightly more general [126]. However, we believe that the analysis we do for this case would
generalize to the broader class of homogeneous plane waves, although at an algebraic cost which we avoid in
this work.

2Here we follow [127], where one can also find a description of the Penrose limit based on null Fermi
normal coordinates.



Rap(9) = Rap(A\?g), it is guaranteed that if ds? is Ricci-flat, then so are its Penrose limits
ds%. The coordinates (u, v, f”) are known as FEinstein-Rosen coordinates for the plane wave.
These have the advantage of exhibiting manifestly many of the symmetries of spacetime
but, in general, they are not globally defined. Instead, we choose to work in Brinkmann
coordinates (u,v,z"), which preserve v as the curve (u,v = 0,2 = 0), are global coordinates,
and cast the metric in the form of eq. (2.1) (see e.g. [126] for an explicit construction)

dsi = —A;; (u)a:iacjdu2 + 2dudv — da?® — dy? . (2.8)

Furthermore, it can be shown that in these coordinates the symmetric matrix A;;(u) is
given by [128]

Aij(u) = RabchfEiEjEﬁlr’wu) , (2.9)
where Rgpeq is the Riemann tensor of the original spacetime, and (ES, E2, Ef) is a null frame
where E¢ is tangent to a null congruence containing v and £, Ej* are parallelly-propagated
along E%. Equation (2.9) shows explicitly and covariantly the amount of information retained
about the original spacetime, which is the same tidal information as encoded in the null
geodesic deviation equation. In addition, it allows one to think of the Penrose limit formally
as a map (ds?,v) — A;j(u) and yields a powerful way of computing it (especially using
the 2-spinor formulation of (2.9), see [129, 130]). For example, the Penrose limit along an
equatorial null geodesic in a Kerr black hole reads [130] (see also [81, 85, 131, 132]),

_3]\41)2

2 _
ds® = r(u)?

(y2 — xz) du? + 2dudv — da® — dy? (2.10)

where M is the black hole mass, r(u) is a solution to the Kerr geodesic equation for the
radial coordinate, and b = L/F is the geodesic’s “impact parameter”, with E, L its conserved
energy and azimuthal angular momentum. In general, this is an inhomogeneous plane wave,
but it becomes homogeneous if one chooses the equatorial geodesic to be one of the lightrings,
where r(u) = constant. In that situation, the coordinates x and y can be thought of as
measuring the distance away from the original geodesic along the polar and radial directions,
respectively. This case is discussed in detail in section 4, and is of special importance due to

the correspondence between these lightrings and the eikonal regime of QNMs.

2.2 Geroch-Held-Penrose (GHP) description

According to Petrov’s classification, the plane wave spacetime (2.1) is of type N where the
unique principal null direction (PND) is defined by the parallel null vector 9,. Consequently,
the geometry (2.1) has a very simple description in terms of the Geroch-Held-Penrose (GHP)
formalism [121], which we review in appendix B. Indeed, in terms of the null frame

=0y, n_au-i—AijQ(u)a:ia:jav, m:(ax—i—i[“)y)/\/i, (2.11)

all spin coefficients and Weyl scalars vanish except for

/

K = 2\1/5(81, —i0,) (Aij(u)xixj) R - —%(ax — i,)? (Aij(u)xixj) , (2.12)



and their complex conjugates. In particular, this means that the directional GHP derivatives
are just the ordinary directional derivatives along the null frame (2.11),

b=4¢'V,, b =n'V,, 9=mV,, 0 =mV,. (2.13)
Using them, one can easily verify the GHP-covariant expressions,
b’ =0, by =0, 0k = -0y, (2.14)

which will be useful in the next sections. Other useful expressions that only hold in the
particular frame (2.11) are

P e (A i _ Y (4 )i 1 Lsiig
K = 55 (A”(u)a: x ) , Uy = —55 (AU (u)x'z ) , oK' = 55 Ajj(u), (2.15)
and the wave operator is
0=V, =2(p'b-00). (2.16)

As is often the case in algebraically special spacetimes, the fact that most GHP quantities
of the background vanish will drastically simplify the analysis of gravitational fluctuations.
This is therefore the approach to perturbation theory that we take next.

3 Perturbation theory

Throughout this section we will consider vacuum plane waves, thus setting 6% 4;;(u) = 0
in eq. (2.1). Our goal is to describe the propagation of linear and quadratic gravitational
fluctuations on such backgrounds. The approach presented here focuses on solving for the
fluctuations of the spacetime curvature, rather than the fluctuations of the metric itself, given
that these capture the physical degrees of freedom of the gravitational field. In section 4.2 we
will instead show how to address the problem from a pure metric perspective in the special
case of homogeneous background plane waves.

Morally, our formalism here can be seen as an adaptation of Teukolsky’s original deriva-
tion [133] in Kerr’s space, as well as the work on quadratic fluctuations by Campanelli
and Lousto [42]. However, the derivation proceeds in a different fashion, starting from
non-perturbative curvature wave equations and retaining GHP-covariance at each step in
the perturbative expansion. In addition, the gauge choices are adapted to the case of plane
waves, whose geometric properties often have no analogue in Kerr’s space.

General relativity is the unique theory of gravity where the spacetime curvature (in 4
dimensions) is described (in vacuum) by only one fully-symmetric 2-spinor ¥ 4pcp. This is the
spinor analogue of Weyl’s tensor, and in vacuum it satisfies the non-linear wave equation [134]?

OV apcp — 697" 4 p¥ep)pr = 0. (3.1)

In the case of type N spacetimes such as parallel plane waves, and specifically eq. (2.1), the
second term vanishes WEF (A sYcpyer = 0, so the Weyl spinor satisfies the genuine linear

3We take a spinorial starting point as it simplifies the structure of the equations but no familiarity with
this formulation is needed in the remainder.



wave equation [JW4pcp = 0. In a general vacuum spacetime, the various projections of
eq. (3.1) into a spin dyad (o, :4) yield wave equations for the usual Weyl scalars {¥;}%_,,
(see appendix B for further details). In particular, we find

1. Equation for Wy:
OoVo + O1¥1 + 0¥ =0, (3.2)
with
Oy =p'p—00—pp—5pp +70+ 570 + 400’ — 4kk' — 10V,
O =4’k — 40’0 — 4(p — 29" )k + 4(7 — 27")0 + 100y, (3.3)
Oy = 4k0 — 4o — 1267 + 12p0.

In obtaining eq. (3.2), we first project eq. (3.1) on 040%0%0”, then commute GHP
operators so that non-primed ones act first, eliminate first derivatives of ¥y by using
Bianchi identities (B.16), and finally eliminate first derivatives of p and 7 by using the
Ricci-flatness equations (B.15).

2. Equation for Uy:
OyU4 + O1U3 + 0505 =0, (3.4)

with

O, =bb—00— (40 + )b — pb' + (47" + 7)0 + 70" + 4pp’ — 477’ — 2V,

O} = 4bk’ — 400" — 4(p — 2p)K' + 4(7' — 27)0’ + 10V3, (3.5)

O = 4r'd — 40P — 127" +12p'0".
Equation (3.4) can be obtained via a similar procedure, now projecting eq. (3.1) on
ABCP | or just by priming eq. (3.2). That O} is not manifestly the prime of Oy is
merely due to our convention of writing the non-primed GHP derivatives acting first.*

Equations (3.2) and (3.4) were first obtained from a different approach by Stewart and
Walker [135] and subsequently in ref. [136], where equations for the remaining Weyl scalars
were provided, too (these can also be obtained directly from a suitable projection of (3.1)).
These equations hold exactly on any Ricci-flat spacetime, and rely on neither symmetry
assumptions nor perturbative expansions.

Our goal is to solve these equations perturbatively, assuming that the spacetime consists
of a generic gravitational deformation of the vacuum plane wave (2.1). To that end, we
assume that any quantity @ admits a formal perturbative expansion

Q:QO+€Q+%E2Q+... (3.6)

Here Q° denotes the value of Q in the plane wave background, ¢ < 1 is a perturbative
book-keeping parameter (that we omit in general) and the over-dot notation stands for the
operators Q = dQ/de| o, Q = d? Q/de?|.—p, etc, and should not be confused with a total
space or time derivative of @. We will sometimes abuse the notation and write Q° = Q

if there is no risk of confusion.

“In equation (3.4) we are correcting a typo in the operator O} that appears in refs. [135] and [136].



For concreteness we will focus on eq. (3.2), and solve for ¥y to first and second order
in the perturbative expansion, ¥y and ¥g respectively. Taking into account that the only
non-vanishing GHP quantities of our background are ' and ¥4 given by (2.12), eq. (3.2)
expanded at first- and second-order readily gives

First order:  (b'b —3'3) ¥y =0, (3.7)
Second order:  (pb'p — 3'0) Vg =—2 (Oo\ilo + O, + @Qlifg) ) (3.8)

At first order, one encounters a decoupled equation for ¥o, which is analogous to Teukolsky’s
equation for Wy [133]. In the second-order equation, the only second-order quantity that
appears is W(, while the remaining terms are quadratic combinations of first-order quantities
that act as source terms for Wy. Such source terms contain the first variations of the
spin coefficients (&, p, etc), curvature scalars (\ilo, Uy, etc), as well as first variations of the
directional GHP derivatives (b, 9, etc) that we will introduce below as well-defined GHP
derivative operators. Hence, solving the second order problem for U, requires not only the
knowledge of ¥y at first order, but of several other GHP quantities at first order.

The structure of the remainder of this section is as follows. We start with a discussion
of gauge freedom at first and second order in perturbation theory in 3.1. In particular, we
will introduce a gauge that we refer to as the geodesic, parallel, and transverse gauge. Next,
in section 3.2 we show that the first order problem can be solved entirely only from the
knowledge of a solution to the scalar wave equation. This relies on metric reconstruction
techniques in algebraically special spaces [42, 49, 137-141]. In section 3.3 we discuss the
second-order problem, providing an explicit GHP-covariant expression for the source term
in eq. (3.8). The resulting equation at second order, valid for quadratic fluctuations about
the vacuum plane wave eq. (2.1), is one of our main results and is the basis of our analysis
of quadratic quasinormal modes in section 5.

3.1 Gauge considerations

In the GHP formulation of GR, the usual gauge symmetry due to spacetime diffeomorphisms
is enhanced to also account for Lorentz rotations of the null-tetrad. These factorize in
three distinct classes,

ClassI: £—=¥¢, n—n+am+am+aal, m—>m+al,
Class I. ¢ —{¢+bm+bm+bbn, n—n, m-—m+bn, (3.9)
Class I ¢ - A0, n—A'n, m—ePm, (with AeR,, #eR),

where class III corresponds to GHP transformations. Thus, the gauge parameters are a
vector field £* for diffeomorphisms, two complex functions a and b parametrising rotations
of class I and II, and two real functions A and 6 (with A # 0) parametrising class III frame
transformations. In general, all GHP quantities transform non-trivially under these gauge
symmetries (see e.g. [123]).



The gauge parameters that respect our choice of background variables and preserve the
perturbative scheme (3.6) are those admitting an expansion of the form

: 1 .. 1 A
E0=ef'+ —2+ ..., a=ea+ —€i+..., b=eb+—€eb+...,
2! 2! 2!
> 2 (3.10)
A=1+6A+562A+..., 9:e@+5620+...

At linear order, the gauge transformations of the fluctuations of the metric, GHP frame

and Weyl scalars read

hab — hab + 2V (&) (3.11)
ba 5 fa + Lo+ bmg + binig + Ay | (3.12)
Rl 7 Mg + £Na + amg + @mg — Ang (3.13)

Mg — Mg + ££~ma + aly + bng + i0mg , (3.14)
Wy s Uy + b0y (3.15)
Uy s Wy + L0y -2 (A + ié) Uy, (3.16)

where we have used that all Weyl scalars save for W4 vanish for the type N background, and,
in the case of symmetric plane waves, one additionally has £ 5\114 = 0.

The Weyl scalar Vg that we focus on in this work is fully gauge-invariant at first order
(so are WU and Wq). However, at second and higher orders it transform non-trivially under
the gauge symmetries (see e.g. [142] for a discussion of gauge-symmetry beyond linear order
in perturbation theory). At second order, we find

Bo s W + 2.£, 0 + 80T + 4(A + if) Ty . (3.17)

In particular, only first-order gauge parameters contribute to the transformation, but not
second-order ones (éa, d,...). This is due to the fact that ¥y is itself gauge-invariant. Our
approach to deal with gauge symmetry in this work consists in fixing partially the linear
gauge freedom, by imposing some conditions that are both physically and mathematically
well-defined. This ensures that several quantities we compute related to ¥y are physically
meaningful, and invariant under the residual gauge freedom. This applies specially to the
QQNM excitation ratios computed in section 5. The aim of this section is to introduce
our choice of linear gauge.

Consider a spacetime that is a vacuum deformation of our plane wave. We chose our
frame so that ¢ is tangent to a twist free geodesic null congruence, and n® and m® are

parallelly-propagated along ¢¢, that is,
lo=Vau, OV b0 =1"Vn®=0Vom®=0, (3.18)

where u is a function satisfying VuV,u = 0 (which implies ¢*V,¢, = 0 automatically).
Notice this frame can always be constructed, at least locally. Thus, eqs. (3.18) are exact
statements that are valid to all orders, in particular they hold for our background frame (2.11),
and imply the vanishing of several spin coefficients and their fluctuations. With this choice,

,10,



we will be able to impose three geometric conditions that define our linear gauge, up to certain
residual freedom. We describe them next, showing that each condition can always be met for
any solution to the linear equations, and identifying the remaining gauge transformations
that preserve them.

1. Geodesic condition: our first gauge choice is to set
ly=0. (3.19)

That this is always possible can be seen as follows. Linearising the first equation
in (3.18), we find £, = V41, and this can be set to zero through a diffeomorphism with
&, = —u (where &, = £%€,). Notice that the choice (3.19) is equivalent to taking the
function u, which satisfies V*uV,u = 0 nonperturbatively, as a coordinate. This fact
motivates calling eq. (3.19) the geodesic condition.

The gauge parameters that leave (3.19) invariant satisfy
0= £¢lo + by + bmg + Al (3.20)
and projecting this equation along the null frame, we find
Ol =0, b=mV, (g) . A=-n"v, (g},) : (3.21)

That is, the generators of class IT and class I1I rotations b and A cannot act independently,
but only together with a diffeomorphism whose component &, is v-independent. Finally,
we remark that in this gauge hy, = —(g*luly) = 0.

2. Transverse condition: the next gauge choice is
(he, =0. (3.22)

To show that this gauge can always be achieved, consider acting on any solution hgp
with a diffeomorphism whose component &, is constant, while the remaining components
are generic and denoted &7 = {fu,ﬁx,fy} This satisfies (3.21) so it preserves (3.19).
Then, imposing that the transformed metric satisfies (3.22) one immediately finds

0="~0%hgp + QV(afb)) — &= —/hvjd'l), with I = {u,z,y}. (3.23)

In obtaining this, it is useful to notice that in our coordinates I'f, = 0, and that
since (3.19) holds then h,, = 0. Now, imposing that the gauge parameters leave
invariant (3.19) (so 8,&, = 0) and (3.22), it readily follows that

é[ = —Uajév + C[ s 8UC‘1 = 0, with [ = {u, Z, y} y (3.24)

where C; are v-independent functions that arise as integration constants. Thus, the
diffeomorphisms allowed by (3.19) and (3.22) are entirely fixed by the v-independent
functions &, and Cj through (3.24), although we notice that in general &7 can exhibit a
linear dependence on v. We also remark that in this gauge (/%) = (gab&,) "= —hf, = 0.
For a discussion on the transverse gauge condition in more general (type II) spaces we
refer the reader to [143].

— 11 —



3. Parallel condition: the final requirement follows by consistency with our non-perturbative
choice eq. (3.18), that the frame is parallelly propagated along ¢,. At linear order, that
statement reads

(8VXa) = VX, = T Xl = 0, (3.25)

where we used that (/)" = 0 and defined
. 1
Fabc = §gad (vbhcd + vchbd — thbc) , Xa = {éa, Na, ma} . (3.26)

Assuming that the geodesic and transverse conditions (egs. (3.19) and (3.22)) hold, it
can be verified by direct computation that

n® = = (=hpnt® + hpmm® + hpmm®) |
(3.27)

— N | =

m® = — (=hpmt® + hpmm® + hypmm®)

[\

is parallely propagated along £%, i.e., it satisifies eq. (3.25), and it is also a well-defined
perturbed GHP frame since it satisfies

hap = 2 (€atny = ey — Mgy ) - (3.28)

We notice that this frame can also be obtained by applying to the frame in ref. [42]
a linear class II rotation with parameter @ = (1/2)hy,. Finally, requiring that the
gauge parameters leave invariant the parallel condition eq. (3.25) only imposes two new
constraints,

Dy = 0,0 =0, (3.29)
as can be readily checked.

In sum, we have found that at linear order it is always possible to impose the geodesic,
parallel and transverse conditions (equations (3.19), (3.22) and (3.25) respectively), and we
should call this the geodesic, parallel and transverse (GPT) gauge. We have also shown that
the gauge parameters generating the residual gauge freedom are fixed by the v-independent
(but otherwise arbitrary) functions &,, Cr, @, , through equations (3.21) and (3.24).

The fact that the GPT gauge is based on a frame parallelly-propagated along a null
geodesic ensures that the associated curvature scalars are physically meaningful (the choice
of a non-inertial null frame could induce unphysical features on the corresponding Weyl
scalars). In addition, although the GPT gauge still allows a significant amount of gauge
freedom, we will see that the corresponding transformation of Wy (given in (3.17)) leaves

invariant the observables we will focus on in section 5.

3.2 First-order perturbations

In this section we construct a complete linear solution in the GPT gauge. The metric
perturbation is obtained by adapting to type N spaces the reconstruction procedure derived
in ref. [138] for the type D case (given that the techniques are very similar to the original
reference, we give the details in appendix C and here we simply report the result). However, our
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approach to handle variations of GHP quantities differs from previous approaches (e.g. [42]),
so we elaborate more on them here. In addition, we provide a simple new expression relating
the fluctuations of the Weyl scalars, which can be seen as a generalisation to our type-N
spaces of the Teukolsky-Starobinsky identities.

As explained in the appendix C, given a GHP scalar Uy = (—4,0) that satisfies the
massless wave equation

(b —33) =0, (3.30)

one can generate a solution for the metric perturbation in the transverse gauge (3.22) by
simply acting on WUy with differential operators. We refer to Wy as the Hertz potential.
In turn, from the reconstructed metric perturbation and benefiting from the work done in
section 3.1, the complete solution for the GHP quantities in the GPT gauge can be obtained
in terms of Wy. For general plane waves, eq. (3.30) does not generically admit analytic
solutions in Brinkmann coordinates,® but it does in the homogeneous waves as discussed
in section 4. However, the reconstruction procedure works regardless of the nature of the
solution to eq. (3.30). We list the solution next, where the quantities that vanish are omitted:

o Metric perturbation:

ha = — Lol (32\11[{ + 6/2‘11[{) + 2£(amb)b5\PH + 2€(amb)b5/@]{

, L (3.31)
—mempb” Vi — mampp™ Vi,
which satisfies the transverse condition £*h,, = 0.
o Frame perturbations:
1 1 — —
g = 5(8(162\1/1{ - mabé\I'H) tec., the= Q(eapafq;H - mabQ\IfH) . (3.32)

which follow by plugging (3.31) into eq. (3.27), and is automatically in the geodesic
and parallel gauge.

e Properly-weighted spin coefficients:
1 5= 1 - 1 .- 1 _
&= 55’3%, o= 56%%’ &= —§p3qu, i = —58/132\111{, (3.33)

which follow by simply perturbing their definitions (see appendix B) and plugging (3.31)
and (3.32) in the resulting expressions. We also used the equation satisfied by the Hertz
potential (3.30) in order to simplify expressions and show that several perturbations of
spin coefficients vanish. As expected, £ = p = 0, signaling that ¢ remains a geodesic,
twist-free congruence in the perturbed spacetime.

e GHP connection 1-form:
S 1 12105 1 /W21 =
Ga = =3 (0%p%n ) bo + 3 (D) i, (3.34)

which again follows by perturbing the definition of w, (see appendix B) and using (3.31)
and (3.32).

5Specifically, they would rely on the solutions of an arbitrary second order linear ordinary differential
equation.
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o Weyl Scalars:
. 1 _
W, = by, (3.35)

obtained again by perturbing their definitions in appendix B and using (3.31) and (3.32).
In order to present the Weyl scalars in this simple form, we also used the Hertz potential
equation (3.30).

Before considering second order perturbations, here we highlight two aspects of our
approach. First, from the compact expression (3.35) one immediately obtains a version of
the Teukolsky-Starobinsky identities on our type NN spacetimes:

bm6/4fm\ijn — b47n5/n¢l4_m7 (0 S m,n S 4) ) (336>

which relate the perturbations of the various Weyl scalars among themselves. Although these
expressions have been obtained by working in the GPT gauge, we remark that the only ones
that are not gauge-invariant in general are those involving {¥3, ¥4} (see eqs. (3.15)—(3.16)).

The second aspect to highlight is that we work in terms of perturbations of the GHP
connection w, instead of using spin coefficients without proper GHP weight. By doing so one
can introduce the following GHP derivative operators acting on scalar quantities 1 = (p,q) as

by = 60 — pl@isan — ql*@an, b'n = 10 — pnian — qnwen (3.37)
O = 10an — pm®wan — gmian, 0 = m 0an — pnien — @M W, '
which satisfy Leibniz’s rule relative to the variation operator,
(Dn)' = Dj+Dn, where D= {b,p,5,d}. (3.38)

These operators have definite weights, although only relative to e-independent (but otherwise
generic) GHP transformations, where e is the expansion parameter. Indeed, while the
connection form w, does not have a well defined GHP weight, the perturbation to the
connection has w, = (0,0). Thus,

bn=(p+1,q+1), bn=(p—1.q-1), M=(p+lq-1), Fn=(p-1lg+1). (339

This allows us to preserve GHP-covariance at each step when perturbing our equations, what
is particularly useful in obtaining the first and second variations of equation (3.2).

3.3 Second-order perturbations

With the solution and operators introduced in section 3.2, it is straightforward to obtain the
second variation of eq. (3.2). In particular, the second-order source term (the right-hand-side
in eq. (3.8)) can be written immediately in a GHP-covariant guise, by using eq. (3.37) and
Leibniz’s rule. If, in addition, this is evaluated on the first-order solution of section 3.2, it
only depends on the Hertz potential and its derivatives. We find

(b/b — 6/6) ‘;.[-/0 =-2 (Oo\ifo + 01\111 + (;)2\1/2) = 8+ + S , (340)

— 14 —



where

25y = D0y ) (021 ) +4(b°0n ) (07 ) +6(b%0 s ) (b1 )
+ 4(133\1/ H) (6’2p3\if H) + (bQ\iJ H) (6’2134@ H) ~ 2(6’13@ H) (a’pf’\ix H)

- 6(6’p3@H)2 - 8(a’p2\i/H) (a’p‘@H) : (3.41)
25 = (quJ H) (a%‘*i: H) T (62\11 H) (pﬁif H) - 2(6}3\11 H) (ap% H) . (3.42)

It is useful to distinguish these two terms depending on whether they involves products of
Uy with itself (in S;), or combinations of ¥y with ¥z (in S_). These will lead to source
terms which oscillate with different frequencies, so we refer to these as the ++ and the +—
channels. The master equation (3.40) describes generic second order curvature fluctuations on
a non-homogeneous plane wave background, in terms of the Hertz potential which generates
the first order metric fluctuations. We note that, when written in coordinates, our source
term reduces to previous results in the literature [117], although this agreement was not
entirely expected given that frame gauges are different.

4 Homogeneous plane waves

The previous discussion and results are valid for the general vacuum plane waves (2.1),
which have arbitrary symmetric A;;(u) of vanishing trace. From now on we will restrict
to homogeneous plane waves of the form

ds? = — (A2y2 _ 9%2) du? + 2dudv — dz? — dy?, (4.1)

for which the analysis simplifies. However, as noted in section 2.1, such spacetimes still
capture physical regimes of great interest — they emerge as the Penrose limit along the
equatorial LRs of a Kerr black hole.

In more detail, the LR Penrose limit of a Kerr black hole with mass M and dimensionless
angular momentum a/M yields the metric (4.1) with A = , and®

12M (12, = 2Mry . + a?)

Q :A =
e

2
Tpr = 2M [1 + cos (3 arccos(:Fa/M)ﬂ ,

(4.2)
where 7}, . are the prograde and retrograde radii of the equatorial LRs. We notice that the
vacuum condition A = Q holds in (4.2), since the Penrose limit of a Ricci-flat solution like
Kerr is Ricci-flat, too. However, below we will retain some more generality by allowing A # 2
and assume A, ) > 0, unless stated otherwise.

5Remark that, from the perspective of the plane wave (4.1), one can always scale u — cu and v — v/c.
From the perspective of the Penrose limit, this would amount to choosing a different affine time parameter.
The choice (4.2) chooses this affine time to relate directly to the asymptotic Killing time with respect to which
the quasinormal modes in the black hole spacetime are defined, to straightforwardly compare.

,15,



4.1 Scalar wave equation

The wave equation in a general plane wave J® = 0 is simply given by
20y — Dy — Oy + Ajjz' ! @ 4 = 0. (4.3)
Thus, if A;jz'z? = A%y? — Q%22 we can find solutions of the form
P = PuUTPUX ()Y (1)), (4.4)

for (at this point) arbitrary values of p,, p,. Solutions of the form (4.4) are just one of several
ways to separate the wave equation on plane wave spacetimes. Notably, a separation in Rosen
coordinates (2.7) is also possible, which has a slightly different flavor. However, it will be
solutions of the form (4.4) that most explicitly have a close connection to quasinormal modes.
Plugging in the ansatz (4.4) leads to two separated equations

X" —p%QQl‘QX = (C — pupy) X,

(4.5)
Y+ P%AQ?/QY = _(C + pupv)y )

where C' is a separation constant. We immediately recognize the equations for the simple
and inverted harmonic oscillators (SHO and IHO, respectively), with an extra term. We
comment on the well-known algebraic relation between modes on symmetric plane waves
and the SHO and THO below. For now, we simply remark that the general solution can
be written in terms of parabolic cylindric functions.

If we see these plane waves as corresponding to the Penrose limit of a LR, then the
x direction corresponds to the periodic # direction, whereas the y direction is the radial
direction with respect to the black hole. In [81] it was argued that mode solutions that are
regular (bounded) along the x direction, and purely outgoing (and in fact asymptotically
divergent) along the y direction oscillate at the same quasinormal frequencies as eikonal
QNMs in Kerr. This is the class of solutions we will be focusing on. To that aim, let us
first introduce the following family of off-shell modes,

) . 22 . 2
& (Pupvnany) = ezupu+zvpv*|pv|97*zvay7j\/’(pv’nI7ny)Hnm (,/’pU’Qx) Hny (\/z’vay) , (4.6)

with n;,n, non-negative integers, H,, , (§) denote Hermite polynomials, and we choose
normalization factors j\/‘(pmnx’ny) given by

2"w+1"y7rr (1_2"9”> r (1_2ny) , Ng, Ny even,
N - 2"w+’lly7myr (172””’> L(1—-%), ng even, n, odd, 7
emem) T (1= 5T (452 ng odd, n, even, 0
ml“(l—%)f‘(l—%y), N,y odd.

This normalization guarantees that when evaluated at the location of the central geodesic
x =y = 0, corresponding to the original geodesic whenever the plane wave spacetime is a
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Penrose limit, the mode is normalized to 1 when it is non-vanishing. If instead the mode
vanishes there, the constant guarantees that its x- and y-derivatives at * = y = 0 are given by
a natural dimensionful quantity, independent of the mode number (1/]p,[Q for the z-direction
and /ip, A for the y-direction). The modes (4.6) are eigenfunctions of the wave operator,

1 1

s0, solutions to the free wave equation (or similarly the equation for the Hertz potential (3.30))
are simply eigenfunctions corresponding to the zero eigenvalue. This imposes a quantization
condition for p,:

pu = sgn(py)§ (nz + ;) + A (ny + ;) : (4.9)

Since we are assuming 2, A > 0, these modes are purely outgoing in the y-direction and decay
exponentially along w, while their real frequencies p, can have arbitrary sign.

The quantization condition allows us to establish a dictionary between the modes of a
plane wave which emerges as the Penrose limit of the equatorial LR of a Kerr black hole, with
the high frequency or eikonal limit of the black hole QNMs. Indeed, let p, = mf2, , correspond
to the azimuthal harmonic number, and let n, = ¢ —|m|, n, = n. Here, ¢ is the polar spherical
harmonic index, and n is used to denote the overtone index. Using this dictionary, and
plugging in the value of  and A given in eq. (4.2), we find that p, = wpm, becomes the
subleading correction to the frequency of QNMs in the eikonal or high frequency regime [81].

A more algebraic approach to the modes (4.6) starts from the observation that, in
homogeneous plane waves, the isometry algebra generators are

eiiQu eiAu
atL = +iQady +0y) , by = Ayo, +0y), 1=1i0,, Hqp = Fi0,.
=55 ( ), bt NI (FAy y) oA =F
(4.10)
These span the harmonic oscillator algebra
[a_,ay] =1, [Hqo,as]=2Qay, [b_,by| =11, [Hp,by]= FiAby. (4.11)

This implies in particular that a1+ and by act, through the Lie derivative, as “raising” and
“lowering” operators for the n, and n, modes (4.6). Specifically, defining the number operators
Ny = —£4, £y and Ny = iLy, £y, these modes are such that

N"E@(puapvanzvny) — _£a+ £a7q)(pu7pv7nzany) — nxpv@(puvpvyna:vny) ,

Nyq)(p“’p”’"””’”y) =iLy, £y DPuwPoney) — nypvq)(p“’p“’”’“”ny) , (4.12)
£, DPupvnzny) - iy ®PuPomay) ’

"68 (I)(puvpvynac,ny) — ipUQ)(pu,pv:nac’ny) .

v

Up to the normalization, for p, > 0, they could have thus been generated by acting with
Lay
fact a4 that acts as a lowering operator while a_ is the raising operator.

and £, on the fundamental (Gaussian) mode o Pu:pv,0.0)  However, for p, < 0, it is in
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This algebraic approach to the mode functions (4.6) is of course well-known, so we will not
go into further details here. However, before using these modes, together with the simple form
of the wave operator acting on them (4.8), to go to higher order in perturbation theory by
solving the master equation (3.40), we will discuss how the same algebraic approach can just
as well be used to approach the metric perturbations head-on. We should point out here that
in a different (“coherent state” as opposed to “number”) basis, not particularly well-suited
to the description of quasinormal-modes, tensor harmonics on plane wave spacetimes have
also been described for instance in [37, 105].

The above discussion is strictly only valid for the symmetric plane waves (4.1), which are
a special case of homogeneous plane waves of special interest in relation to the Penrose limit of
equatorial lightrings. However, any homogeneous plane wave has an additional Killing vector
involving (though not necessarily identically to) 9, to extend the Heisenberg algebra (4.11)
common to all plane waves. Thus, while not as simple as (4.12), we expect that the above
discussion as well as the remainder of this section can be generalized beyond the symmetric
plane waves to homogeneous plane waves. See also [126, 144, 145].

4.2 Metric perturbations

Just as the scalar wave equation reduced to an algebraic expression when acting on the
modes satisfying (4.12), the linearized Einstein equations around a homogeneous plane

wave will turn out to reduce to algebraic equations in terms of (symmetric) tensor modes

pBupenem) which satisfy”

Nxhgy,pv,nm,ny) = Lo, Lo h&z;/u,pu,nx,ny) — nxpvh,(j;/u,pv7nxany) ,
Nyhffl’}upv’nwny) — i£b+ £b7 hELI:/u:PU :nac,ny) — nypvhfﬁjupv’nxyny) ,
£, hEwPomem) — jp pEwponem)

sPvsNx, N — 9 sPvsNx, N
£8vh££;u DPv,Nx y) — ,vah/(f;ju Pv,Nx y) .

(4.13)

For each set of mode numbers (py,py, z, ny), there will be ten independent such modes.

Four of those, generated by similarly constructed vector modes V“(p wiPeia y)

Nxvu(pu:pv:nzvny) — _£a+ £a7 Vu(pu:pv:nzvny) — nmpvvlfpuvpvynz:ny) ,
Nyvu(puapmnz 7ny) — Z’£b+ "Eb_ Vu(puapmnz 7ny) — nypvvu(puapmnz 7ny) ,
"Eau Vu(puapvanz 7ny) — 'L.puV;Epuypv 7nz7ny) ,

"Eav Vu(pu ;Pv,Na 7ny) — va V/Epuvpv 7nm7n’y) ,

(4.14)

are pure gauge. Four more will be eliminated by the vacuum Einstein equations, and the
final two dynamical, gravitational degrees of freedom turn out to be generated by the Hertz
potential method (3.31), when taking the Hertz potentials to be proportional to the scalar
modes §PuPvneny),

"Although here we can proceed formally with A # €2, we remark that gravitational fluctuations are only
sensible if the background is on-shell, A = Q.
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4.2.1 First-order perturbations

The diagonalization of £y, and £p, is readily achieved. Therefore, motivated additionally
by our expectations from the scalar modes, define

. . Q A
V;Epu7pv,nz7ny,1) — elupu-x-wpue—%ﬁ i Eu= QV(pu7pv7nz,ny, (z,y),

(4.15)

hlgzayu,pv,nx,ny,IJ) _ eiupu-x-ivpve—%ﬁ eyl 2h(pu:pv7nx7ny7f=]) (z,y).
We expect to find four independent vector modes, which we therefore label by an additional
index I € {n,¢,z,y} as well as the labels of the representation (py,py,ns,ny) defined by
the (vector version of the) relations (4.14). Similarly, we expect ten independent tensor
modes for each (py, py, Nz, ny), such that in eq. (4.15) we have added a symmetric 1J label
to the tensor modes.

There are two complementary approaches that are useful for constructing modes satisfying
egs. (4.14) and (4.13). The first is to start by finding the “ground states” or fundamental
modes and subsequently raising the mode number using the properties of the algebra (4.11).
The second approach simply relies on solving the differential equations implied by (4.14)
and (4.13). In order to do this explicitly for the different vector and tensor modes, it is
useful to decompose in components with respect the frame (n, ¢, F () E(y)), where in terms
of the principal null frame (2.11)

E® = —(m4+m)=8,, EY=_—"2(m—m)=29,. (4.16)

Explicitly, we decompose
Vi = Viny + Vil = V,E — V,E®) (4.17)

and so on. Note in particular the sign choices.

To cross-check, we have applied both the algebraic and differential equations methods.
However, as both methods are straightforward we do not enter into further details about
these derivations. Instead, we simply quote the result

~M(Puvi"vv”$v”vv") =Ny nanyn) Hn, (\/mx) H,, ( z’vay) Ly,
Jwpe ey ) SN, ( P Qm> H, ( z’vay>Eff)
fzm( 2, nr—l( |Dw| Q:L')+Hn +1(\/mx>)Hny( ipUAy)Eﬂ,
Fapona ) A/(pv,nz,ny,an( |po] x) ( ipy y)E(y)
\/zA/Tvanz(\/mx)< 2n, ny,l( ipy A )+Hny+1< ivay))fm
Ve e ) Nty Ho, (VIpoI2 ) Ha, (Vi)
—z'\/z'A/TmHnl( Ipvlﬂa?)( 2ny H 1( ZpUAy>+Hny+1(my)) EY
—iv/Q/Alp [ Ha, (VipoAy) (=20, nzfl( VIpel )+ Hy, 1 (VipoI22 ) ) B

+212 (2pupo+pi(A*y?—Q%2%)) H, ( \pu\Qx) ( ipuAA )EM- (4.18)

Here we have kept the normalizations ./\/( ) arbitrary for now.

Do Nz, Ny N
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The mode V PwPv:nznyd) ig clearly the most complicated, it is also the only one which can
contribute to ¢V, # 0. Conveniently, it turns out that this mode is pure gauge (for p, # 0)

V(p“ Doz, Ny, l) 'N’(Pv NNy L)
n

= - 8 @(Pu,[)v,nzyny) . 419
zva(pmnx,ny) M< ) ( )

As a result, in the above formulation, it is particularly convenient to impose the gauge
"V, = 0. For a explicit expression of the tensor modes, see (E.1) in appendix E.

The reason for introducing modes satisfying (4.13) is that they do not mix under the
linearized wave equation and, moreover, render them algebraic. Consider for the vector

example the Maxwell equations®

Flgﬁuypvynzyny) — vuAl(/pUapv,nzyny) _ VVAl(Lpuypvyn17ny) , vﬂFlsguypv7nzyny) — 0 , (420)

where we take APwPvmem) to be a sum of the modes (4.14) with constant coefficients A for
the relevant mode labeled by I € {n,¢,z,y}. Just like the scalar wave equation, the Maxwell
equations (4.20) impose the mass-shell or dispersion relation (4.9) (p, # 0)

1 1
Py = sgn(py)2 (nw + 2> +1iA <ny + 2) . (4.21)

In addition, they eliminate one further (“longitudinal”) combination of the vector modes.
We are left with the expected two physical “transverse” electromagnetic polarizations for
each set of spacetime mode numbers:

Alspuapmnxvny) — Axvu(puvpmn:cmyw) _|_Ayvu(pu7pv,n:cﬂyvy) . (422)

These two physical degrees of freedom can be generated by a Hertz potential ® g satisfying
the massless scalar wave equation as in the gravitational case.

The tensor version goes through identically. For brevity, we refer to appendix E for the
explicit expressions. In particular, the full ten-dimensional set of symmetric tensor modes is
given in (E.1), up to the pure gauge modes which we define implicitly in terms of the vector
modes in (E.2). We label them A" ™) with 1.7 € {n,¢,2,y}.

Analogously to the Maxwell equations for the vector modes, the Einstein equations
impose eq. (4.21) and eliminate all but two gravitational polarizations. These polarizations
are captured exactly by one scalar Hertz potential and its conjugate mode. It is of course
precisely this description in terms of scalar Hertz potentials, and closely related Weyl scalars
that were used in the GHP formulation in section 3.2. We find that the GHP formulation
is ultimately more efficient to discuss the non-linearities. Nevertheless, let us conclude
our discussion of a more directly metric-based approach by discussing non-linearities in

this formulation.

4.2.2 Second-order perturbations

The crux of perturbation theory on homogeneous plane waves at non-linear orders is that it
trivializes as soon as the source terms can be decomposed into modes such as (4.6), (4.14),

8We use A instead of V to emphasize the difference between electromagnetic gauge potentials, for which
we impose equations of motion, and general vector fields V' for which we do not.
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or (4.13). While this is true regardless of whether we are dealing with scalars, vectors, or
tensors, the actual decomposition naturally becomes more difficult at higher spin. However,
if the source is again in the form of a sum of eigenfunctions of the wave operator, solutions
to the inhomogeneous equation become readily available. For the scalar wave equation, the
above claim is immediate. Consider

l:\(b — S@(puvp'vvnﬁﬁny) , (4.23)

for some constant S. Then using (4.8), a particular solution is given by

(puvpvynz:n )
o = 5¢ ’ . (4.24)

2py lsgn(pv)Q (nx + %) +iA (ny + %) - pu]

In the next section, we will discuss how a source of the form (4.23), or in general a linear
combination of such sources, can be found for a toy example and the master equation (3.40).
Consider instead the sourced Maxwell equations

VH (Vudy =V, Ay) = ADY PupenangD) (4.25)
where A() are constants and [ € {x,9,]|} runs over the three divergence free combinations”
of the modes, which in particular for a non-resonant source (meaning p, does not satisfy

eq. (4.21))

V(puupmnxvnyvll) — V(Pu,}?mnxynmn) _ Py V(Pu,pv :nxunyue) , 426
a a 2pu— (2ny+1)iA—(2n,+1)Q # (4.26)

where we have assumed that /\/'(pv Mgy, m) = ./\/’(pmnw’nyl) in eq. (4.14). Up to the decomposition
of the right-hand side into the mode sum, eq. (4.25) is the form that second-and higher order
perturbation equations will take. The solution to (4.25) is given by

(f) (puvpu:nzanyaf) _ R (pu:pv:nzvny’é)
A A V’u' C(pu 7pv7nz:ny71) VN’
l,L =

, (4.27)
2py [sgn(pv)(l (nm + %) +iA (ny + %) — pu]

which is a simple generalization of the scalar case (4.24). The second term in (4.27) comes from

the gauge ambiguity in inverting the wave equation. To stay in our preferred gauge despite the

Nz, My, b)

9. b M M M M 9. ?n l7n 9
appearance of the V“(p b modes in divergence free combination Vﬁfp wponatll) g the

source, we would simply choose ¢ to cancel that component while ¢ =

DPu,Pv,Nax, Ny 7[) DPuPv,Nax Ny ’y)

Clpu,poinamye) — 0- For the case of electromagnetic perturbations, one may imagine non-

linearities arising from an effective Heisenberg-Euler Lagrangian but our ultimate interest is
of course in tensor perturbations and General Relavity, which we discuss next.

9We need the right-hand side to be a conserved current, or more directly, because of the divergence of the
left-hand side [V, V,|F"" = 2R, F*" = 0.
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For the linearized Einstein equation'? with a single mode source no new complications
arise with respect to the Maxwell example. That is, the solution to

G[hlﬂj] — A(K)hl(gluvpvvnmvnyvk), (428)
where G is the linearized Einstein tensor, is given by

2 (k)h(PVuapvynx,nyvf()
hyw = — A K

. (4.29)
2Py [sgn(pv)Q (nx + ) + A (ny ) pu]

Here we have left implicit a further projection associated to the gauge choice, resulting from
the fact that divergence free modes labeled by K, which are the allowed sources to (4.28)
as in the Maxwell example, are not in our chosen gauge. In conclusion, as advertised, the
core problem is to find the mode decomposition of any given source. Subsequently, the
solution of the wave equation is trivial.

As a simple illustration consider the example of two linear n, = n, = 0, p, > 0, on-shell
gravitational modes sourcing a second order mode

h/“/ = Z (hgf) hfg/’l(f):pg)l))ovo"‘r) h(l)h(pu )pv ’O 0, X)) , (430)
i1€{a,b}

where, for the sake of this example, pi(,a)7 pg,b) > 0 and eq. (4.21) is satisfied. In addition, for
clarity, we introduce the following (divergence free) combinations of the tensor harmonics
starting from the definitions in (4.13)

h(pu ,pv),nz,ny,+) — h(pu 7pv)’namny:xx) _ hl(ﬁju:pvvnz:nyvyy)
(4) (i)

2ny +1)Q —i(2ny, + 1A P—
+( ) m( s £ D8l o ) (4.31)

(4) (i)
h(pu 25 nainy,x) _ QhI(Lpu Do ,nz,ny,xy)7

which, combined with (4.21), solve the homogeneous, linearized Einstein equations.

Now, by a direct computation one can find the second order Einstein tensor G to be
as given in (E.11) in appendix E. However, more important than the explicit expression is
that it is decomposed solely in terms of modes h(p wPr00) (ith ng = ny = 0. As a result
£G7G = £b7G = 0. To see that this must have been the case, note that G is built as a
linear combination of terms including products of g, hyu,, and its covariant derivatives.
Now for isometries &, [£¢,V,] = 0. Therefore, together with £, hy, = £4_hyu, = 0 for
the parent mode, by our choice of the linear perturbations (E.10), it indeed follows that
£, G = £, G = 0. In turn, this implies that G satisfies the conditions of (4.13) with
ny = ny = 0. Thus, it can be decomposed in such modes as shown explicitly in (E.11).
Finally, after performing this decomposition into the n, = n, = 0 modes (E.1), the second
order metric perturbations are immediately found using (4.29).

10While not necessary in general, when discussing the Einstein equations, we will always set A = € in order
for the vacuum Einstein equation of the background to be satisfied.
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While a similar direct computation is still possible for more complicated modes, it
naturally becomes more tedious. Therefore, we avoid working with the linearized Einstein
equations and tensor harmonics E in favor of the master equation (3.40) of the GHP
formulation and scalar harmonics (4.6).

5 Quadratic quasinormal modes (QQNMs)

Linear perturbations on certain homogeneous plane waves can be neatly related to the
high-frequency regime of the QNMs of a Kerr BH, through the Penrose limit identification.
This motivates exploring a similar connection between second order perturbations on the
plane wave and black hole QQNMs. The particular solution to the second order Teukolsky
equation on the plane wave will contain source-driven modes, which oscillate with frequencies
that correspond to the sum or the difference of the frequencies of linear QNMs. Recent
works [117, 118] have taken some first steps towards analyzing these QQNMs and relate them
to the QQNMs of Kerr BHs, albeit restricting to modes with n, = n, = 0, and only those
generated by the Sy term. In this section, we will discuss the QQNMs on the plane wave
arising from all possible mode combinations, and identifying general selection rules. In order
to do so, we first introduce the solutions of a scalar toy model that showcases most of the
technical difficulties in a simpler setting, and then discuss our results in the gravitational case.

5.1 Scalar QQNMs

Before addressing the full gravitational case, it is illustrative to consider as a toy model a
nonlinear wave equation for a scalar field. We consider the cubic self-interaction leading
to the equation of motion

0® +®? =0, (5.1)

where we look for solutions of the form ® = e¢® + %62&). The leading order solution corresponds
to modes of the homogeneous plane wave, as discussed before. Generically, we can assume
the leading order solution to be a superposition of two modes (as defined in (4.6))

. a a a b b b

b (5.2)

where, when not listed, it is implied that p, is fixed by (4.21), as required to be a leading
order solutions to the wave equation (we also note that a,b are merely labels, and not
indices running in any set).

The next-to-leading order, which is the first order sensitive to the nonlinearity, satisfies
the equation

. 2 b) _(B) . (b)y\ 2 b) _(b) (b
06 = —2.42 (q;(pia),néa),n;a))) — 243 (q)(pfj 'l ))> _ 4AaAb(1>(p§a),néa),néa))q)(pfj ' )

= Saa + Sbb + 2Sab .
(5.3)

The particular solution can be decomposed in three pieces b = <'I->aa + fi)bb + 2<i>ab where
Ob;; = Syyfor I, .J = a,b. It turns out that the source term can be generally written in terms
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of a linear combination of infinitely many eigenfunctions of the wave operator ®PuPvney) a9

(1)+n(J)
S[J = Z Z In ny)A[AJq)(p;’p/”’n;’n;!) s I, J = a, b, (5.4)
ny=0 n,=0

(1)

where pl, = py

+pi” and pl, = pi"’ + pi”), and

(ngmy) _

Sry —21,7,,

A e pv d.’IJ / [1..(J / —(Ip, |+ 5 ) Qa2
I,= Q”xn’ '\f ( |pv |Q:L‘> (J) < |p1(1 )|Q$) Hné ( |p4]|QZL‘> e (\pv\Jr 2 )Q ’
ViphQd ”
Zy= / RALC LU ( il )Qy) e (\/ipff])ﬂy> Hn;< ip;%) =W’

2%/ '\f

(5.5)
where A = ]pg)] + \pz(,J | — |p),| is only non-zero whenever sagn(pv ) # 81gn(p1(, )) and we
will comment on the Z, integration contour C' later. As discussed in the previous section,
by performing this decomposition in eigenfunctions of [, the solution to the second order
equation becomes trivial, since ® can then be written as a superposition of eigenfunctions.
We translate the difficulty from solving an inhomogeneous differential equation, to expanding

the source term in terms of the <I>(p2“p/v’”§“"§/), i.e., computing the integrals Z, ,,.
The structure of these integrals shows why the sum in eq. (5.4) only includes a finite
amount of terms in the y direction, whereas it includes (in general) an infinite amount of

terms in the z-direction — if n’y > n( ) + ng, ) then Z, = 0, since it is the projection of a
lower degree polynomial onto a higher order degree Hermite polynomial. Moreover, as it
is exactly this polynomial decomposition we need, we can avoid the subtleties in choosing
the appropriate integration contour in (5.5), by defining 7, in terms of this polynomial
decomposition. We cannot use such a finite polynomial decomposition for the z-integral Z,
in general, but here the integral over the real line is always absolutely convergent.

The application of various identities of Hermite polynomials would allow us to write the

integrals in (5.5) more explicitly. Alternatively, we can observe that

1+ (—1)" 1+k
/dmxke_”2 = +(2)a_1J2rkI‘ (—;) . (5.6)

Thus, we can expand the integrands in (5.5) in terms of expressions of the form (5.6),
and solve it analytically, once we know the Taylor coefficients of the product of Hermite
polynomials. Abstractly we can write

(I ()

Zzi 1+ (—1)>+ p(ltatB+y
2nxn 'f X (I) X (J) BXTLZ,'Y 2 2

a=0 f=07=0

Iy =

J 1 Pl
(

Pyl + A/2)et Pttt
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”z(/l) n;‘]) ny,

B 1 1+ (=1)otB+y l+a+pB+y
Iy_Qn;ngj!\/ﬁZZZX (1) o Xyl gy < 5 F( 5 >

msgn(py,) a=0 B=0y=0

y (ps)(p5")? (5.7)
(pl)ots '

where X, are simply the coefficients of the Hermite polynomials, i.e., Hy(z) = Y Xn’ka;k.

We will not make much use of more explicit, analytical results for these integrals but, as

an illustration, we present some of these in appendix D. Whenever A = 0 (which is the

case for the S, Spp terms, and for Sy, whenever p,(f‘) and pg,b) have the same sign), the sum

only contains a finite amount of terms in the z direction as well. We will come back to

the physical interpretation of this issue in terms of overtone excitations when discussing

the gravitational case. However, another point of view from the perspective of the Hermite

polynomials is that one can formally absorb a change in sign in p, in the mode number

condition (4.12) and the quantization condition (4.21) by analytically continuing in z and

. While generalization of Hermite polynomials with non-integer n, can be made sense

of they are no longer polynomials. In any case, once the 55 J/” 2 have been determined, for
instance using (5.5) and (5.7), the second order perturbatlon is found to be

by = > Rg’;zJ" A Ay Puplnzny)

n'.,n!

z: Tty
(nl, ) (5.8)
(nhnl) sty "
IxJ o / / s on! / ! on! ’
[P, +2n,) + ip, 2 (1 + 20y ) — 2p,p,
where the denominator in RS emy) is just the eigenvalue of the wave operator corresponding
to ®PuPuemy)  Notice that there are no resonances at second order. A resonance would

occur if p; satisfies the on-shell condition (4.9), which would make the denominator in (5.8)

vanish. However, since p], = pq(f) + p&b), the resonance condition would correspond to

1 1 1 1
sen(pl) (n;%—z) +i (n;+2> =sgn(p{®) ( (@) ¢ 2) +sgn(p?) (n(b)+2> +i (n?sa)+nz(/b)+1>,

(5.9)
which has no solution for any combination of positive integers nﬁ,fgf’), n, - Above we have
introduced the nonlinear ratios Rg - y) It is important to emphasize that these ratios are
dependent on the normalization of the mode functions ®®PwPe:%=mv) If one were to choose
a different normalization for the modes ®*, the ratios are also transformed,

= o

= @ = R = %Rfm 2 (5.10)
However, despite this arbitrariness they still encode physically meaningful information. For
example, consider a single parent mode &, = &, = ADPv"=m) that does not vanish at

the central geodesic v (the LR from the Penrose limit perspective). Then, the quantity

<'I'>aa\,Y / (‘Dah) which is independent of any normalisation choice, is given by

2 ,2
Paaly_ Z Rafa "y (5.11)

(®al,)" i,
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as follows from (5.8) (notice self-couplings only connect to even modes). We note that this
can be extended straightforwardly to more general parent mode configurations.

Further care is needed whenever p, = 0. This can occur whenever pSﬁ) =0or péb) =0,
or whenever pSﬁ) = —pSf’) = p,. The first case is trivial, and never appears by our choice of
linear modes. The second case is potentially interesting, as it corresponds to two oscillatory
modes, whose non-linear combination is a non-oscillatory mode. This is clear since the source

term does not depend on v, and is a purely damped contribution in the w direction

_ (a), (b) _ 2 / N
Sab —e ZQ(Tby +ny +1)ue ‘pv‘Q$ Hngsa) ( ‘pU‘QI') Hnggb) (\/ pU‘QZL‘)

(5.12)
XH”LG) (x/ipUQy) Hn;b) (\/ —ipvQy) .
In this sense, these modes could be related to a nonlinear memory effect [146, 147]. If the
source term does not depend on v, then the particular solution to the sourced wave equation
does not depend on v either. While the wave equation is readily solved, the solutions take
on a very different character than the quadratic quasinormal modes, which are our main
interest in the remainder. Moreover, they can take us out of the Penrose limit approximation
(contribute at a higher eikonal order [148, 149]) and are best understood as renormalizing the
background spacetime within a class of spacetimes which retain 9, as an isometry. We leave
a more complete discussion of these contributions to future work. In addition, the existence
of such perturbations indicates that there are likely driven quasi-resonances at third-order
in perturbation theory, which would also be interesting to investigate further.

5.2 Gravitational QQNMs

The gravitational case shares many similarities with the scalar toy model discussed above.
In precise terms we consider a linear fluctuation of ¥(, which is the superposition of two
distinct modes

By = A,® 0y L g @0 i) (5.13)

Whenever pSﬁ/ ) # 0, such perturbation is generated by the Hertz potential

(2) 4Aa(f)(p§a),n§ca),néa)) 2 jb(i)(pib)mgcb)m;b)) , (5.14)
a
(v")
by virtue of eq. (3.35).

The second order Teukolsky equation for Wy is, in terms of the Hertz potential

Uy =0l ol —

00 =2(Sy +S8.), (5.15)

with Sy defined in eqgs. (3.41)-(3.42), and the factor of 2 appears since Oy = p'p — 8/d = 300
Now, writing \I/g) = e*ipg’l)”wg), and making use of the fact that b\Ilg) = —z'pg,l)‘llg), with
I = a,b, we can rewrite the equation as

D=3 (8}+57)).
IJ—=ab
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1 ..M, (D) _ _
S;’J:_iel(pv +py v [_2((pgl))5pgj)+4(pq(jl))4(pq()J))2+3(p1(]I))2(pq()J))2)6/¢g)6/¢§}1)

+(@) +4D ) +60) ()2 +40) () + ) (D)) 0 0 )]

+(IJ),
- (oD () -
Spy=—0) e P 0P 0%+ ()20l 0l 2 Pp sui o

(5.16)

The source, hence, decomposes into two possible channels: an additive channel (+) and
a difference channel (—). Thus, if the linear fluctuations are excited with two different
frequencies, these drive a total of 6 different QQNM frequencies: 3 in the additive channel (aa,
bb, and ab = ba channels), and 3 in the difference channel (ab, ba, and the “zero-frequency”
channel with contributions from both aa and bb).

Notice that the source term hence involves quadratic combination of the linear solutions,
with up to second order spatial derivatives, due to the action of the 0 operator. Building
upon the results of the scalar toy model, we postulate that each of the source terms can

be written uniquely as

2D g2 o

St = Z SO S g A @rrin) g (D gD (D D)
=0 nh,=0
(1>+n<1)+2 .
_ nz,n
Sp= Z try " ALA @ PPeeny) = pD = pl) = p( = )
ny=0 nh=
(5.17)
Each of the source coefficients s In ") t(ln”’ 2 can be written as a product of two integrals

in the z and y direction, respectively. However, the integrals will involve more general
polynomials than the product of two Hermite polynomials — indeed notice that the maximum

() , ()

degree in the y direction is now ny ' +ny " 42, since there are up to two derivatives. Additional

care is needed to deal with the Gaussian exponential factor which is present whenever pq(,a)
and pi(;b) have the same (different) sign in tgg””’ny) (respectively s az

The solution is then readily written in terms of the source coefficients as

(I)+n(J)+2 -
= 2 Z Z ( zxz; : AIAJ@PLI)W&‘” 2 +p5 )
1,J=a,b nf,=0
_(n;,n ) l
Ry A A @ e pE,J),nz,ny)> ’
. N (5.18)
T]érinzt;ny) 1J ( (I)+p(]) - 7n;)
: )
pe” + 2671001+ 20%) + it +p57) 2000 + 97 + (1 + 205
(noomy) \ r—
3o eny) try " N s =pt) g n))
IxJ - 0

Pt = 5101+ 2n0) + (el - pl”) [2z<p&> — o)+ 00+ 2]
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As in the black hole case, there are no contributions which oscillate with a frequency
x e Up el Ju , i.e., modes that could be associated to a —— channel. Notice that the fact
that there is no —— channel follows from eq. (3.2) and ¥; ~ ¥y (eq. (3.35)). Additionally we
highlight that the denominator never vanishes, i.e., the system is never resonant up to second
order in perturbation theory away from p) = 0 (see discussion above for the scalar case).

Here it is worth to emphasize two aspects about the physical significance of our quadratic
ratios. First, even though they transform non-trivially under a different choice of mode
normalisation (see eq. (5.10)), they still measure invariantly the quadratic excitations of the
curvature scalar ¥y at the LR, i.e., z = y = 0, as compared to the first order fluctuations.
Just as in the scalar case (see discussion below eq. (5.10)), one can define

W) pmy—0= > (foj (\1’0,1|x:y:0> (‘i’o,J\z:y:O) + +7€IxJ (‘i’o,ﬂx:y:o) (iJO,J|:c=y=O> ,

I,J=a,b
(5.19)
where the LR ratios are
++ +4(2n5,2n7) . - (2ng,2n))
Rixi= Y, Rixy ; Rixi= >, Rrxy - (5.20)
ng,mny ng,mny

These expressions are a priori particular to our choice of normalization (4.7), which was
specifically taken for the (even-even) modes to be unit at * = y = 0. However, taking as an
example the oscillating second order component related to a single parent mode, one has'!

:a|x:y:0 +(2nl,,2n; )
——————5 = Raxa = Z (5.21)
(\I’O,a|x:y:0)

The left-hand-side is a physically meaningful quantity, independent of any mode-normalisation
choice, and is given merely by the sum of our quadratic ratios. In fact, this is what motivates
our choice of normalisation. Had we chosen a different one, then the right-hand-side of (5.21)
would be an artificially-weighted sum of ratios instead.
The second aspect to emphasize is the behaviour of these ratios under gauge transfor-
mations. Our GPT gauge, introduced in section 3.1, is adapted to a null frame that is
parallelly-propagated along a twist-free, null geodesic congruence. This choice of “inertial”
null frame ensures that the associated curvature scalars are physically meaningful. In addition,
the quadratic curvature ratios are invariant under the residual gauge symmetry within the
GPT gauge. To see this, we recall that at second order W transforms, in general, according
o (3.17). However, in order to respect the GPT gauge, the gauge parameters must be fixed
by the v-independent (but otherwise arbitrary) functions &, Cr, a, 6, via equations (3.21)
and (3.24). If at linear level one has two excited QNMs, so that Wy is of the form

() () (b) (@) (D)
o = A0 ) 4@ ) = 4 g () + A (2, ), (5.22)

" Note that only parent modes with even overtone indices contribute to (5.19), as these are non-vanishing
on the LR, and similarly (5.21) is only defined for such even mode, but similar ratios could be defined for
spatial derivatives at x = y = 0 that would be sensitive to odd overtones.
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then none of the residual gauge transformations acting on Wg via (3.17) can have a v-

(b) (a) _ (b)
"o or exies”—pl ) , so they leave the ++ and +— channels

invariant. The only exception is the ﬁne—tuned conﬁguration 2p1(, ) = pg,‘]) since in that case
the QQNM frequency pq(j]) — pg,l) in the +— channel is precisely pg)

. (a)
dependence of the forms ei(P+py

, one of the parent-mode
frequencies, so that particular QQNM would be affected by the residual gauge transformations.

The computation of the ratios proceeds in the same fashion as for the scalar toy model.
Our code, written in Mathematica, is available in [150].

5.3 Selection rules

Before directly calculating the excitation of QQNMs we comment on certain selection rules
that determine which modes are excited for any given mode combination. Let us consider the
quadratic combination of two modes, (pg, @) ) ng« ),ngga)) X (po o) ng(g ),mf, )) We must distinguish
two cases, depending on the relative sign between pq(, 9 and pg,b). As discussed in the previous
section, the QQNMs (the source-driven solution to the second order Teukolsky equation)
can be decomposed in eigenvalues of the wave operator (4.24), labelled by (pl,, py,, n, ;).
The allowed values for these labels are:

. sgn(pgja))—sgn( ()) In this case we have

e+ p=p 0 p=p 4P, 0<n, <nl 40l e ={zy},
. _ (a b _ b a b

+— p=p —pP, p,=p@—pl, 0<n, <oo, 0<nl<n{®+nl

(a) / (b)

li
Yy
—+: p=pV —p®, p,=pP —pl®, 0<nl <oo, 0<nl<nl®+nl),

where the —+ channel is obtained by swapping a <> b in the +— channel. There is
an additional selection rule related to the parity of the overtones, which applies in all
channels,

n, mod 2 = n(a) ngb) mod 2, o= {x,y}, (5.24)

which simply follows from the well-defined parity of the linear modes.

. sgn(pv ) # sgn(p (b)). In this case, the overtone selection rules for the ++ and +—

channels flip:

+4: P =P +p?, b =pM+pP), 0<n, <o, 0<ny <nf +n,

= pl=p@ =P, =@ —p ., 0<nl <nl” +nl”,
(5.25)
where we don’t write the —+ channel for brevity, and the parity selection rule (5.24)

still applies.

The selection rules for p),, p/, trivially follow from the structure of linear modes (4.6). The
parity rule, once again, simply follows from the fact that these are quadratic combinations
of functions with well-defined parities. The only selection rules which are not trivial are
those affecting the overtone excitation.

Already in the scalar toy model 5.1 we emphasized that there are two distinct cases which
could lead to the excitation of either a finite or an infinite number of n), overtones, which
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we refer to respectively as “finite (excitation) channels” or “infinite (excitation) channels”.
This is related to whether the factor A in eq. (5.5) vanishes, or not. Whenever A # 0, which
occurs whenever sgn(pga)) = sgn(pg,b)) in the +— channel, or whenever sgn(pg,a)) # sgn(pz(,b))
in the ++ channel, the absolute value in the xz-dependent Gaussian exponential acts as an
obstruction, and the decomposition of the source term in Hermite polynomials now requires
and infinite amount of terms. This explains why n! can be arbitrarily large in the +— and
—+ cases in (5.23), and in the ++ case in (5.25).

Focusing now on the finite excitation channels, a naive counting of the polynomial powers
gives that an overtone of mode number up to n’ = n(@ 4+ n® 42 could be excited, where the
+2 is a consequence of the spatial derivatives in (3.41)—(3.42). On the other hand, we find
that the maximal overtone number is, instead, n’ < n(® +n®) . A special case of this selection
rule is that the coupling between fundamental modes does not excite overtones. This was
already observed and explained on symmetry grounds in metric perturbation approach of
section 4.2. Next, we extend this argument, in terms of the Einstein tensor, to the Weyl
scalar and subsequently generalize it.

The argument we used to show that the second order metric sourced by fundamental
modes was itself composed only of fundamental tensor modes made use of the following
statements,

£, G=4£, G=0, [£¢,Vu] =0, £ an isometry. (5.26)

Before continuing, we should emphasize that we considered the case where pl()a), pg;b) > (0 and

complex metric perturbations or, equivalently, just the ++ channel. If the signs of both p,
are flipped, the role of a; and a_ is reversed, but the argument still holds. On the other
hand, if one of the contributing linear modes is lowered by a_ while the other is lowered by
a4, such as when sgn(pg,a)) + sgn(png)) in the ++ channel, the argument is bound to fail, as
expected given that this would correspond to an infinite excitation channel. For brevity, we
will not continuously emphasize these different mode combinations. Rather we again just
present the argument for the ++ channel with pg,a), pq()b) > 0, leaving implicit the analysis
with a4 < a_ for the other finite excitation channels.

First, we want to show that the a_,b_ operators anhilate the quadratic ¥y.'2 The
Weyl tensor Cypeq is so anhilated by the same argument that we applied to the Einstein
tensor. Therefore the only remaining question is to establish how do £, and £;_ act on the

background and perturbed frames. We find, by a direct computation
Lol = L3, 0=0, Lo,m= i;eimuﬁ, Loy = j:%zeimuﬁ,
£y,m = i%eiw, Ly = i;eim‘ﬁ. (5.27)

Therefore £, and £, clearly annihilate Cypeqf®mPcm? by the symmetries of the Weyl
tensor. On the other hand, noting ¢ =0 in the GPT gauge we adopted and, using eq. (3.32)

. 1. _
Coprsl®m’0im® = —icaweamﬁﬁm%?%. (5.28)

12Here we assume that we can always isolate the ++ contribution in second-order quantities with well-defined
Pu, Pu, Such as ¥y.
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This too is annihilated by £, or £, since both p>¥y and C‘amgﬁamﬂﬁm(s are (again

(a) | (b)

when restricted to the py ' + py’ modes and using (5.27) as well as symmetries of the Weyl

tensor). Finally,

CoaprslomPOm? = Copy sl 0'm® = Copyst®m i’ = 0, (5.29)

because, for the background, only ¥4 # 0. We conclude that two parent modes with

(a) ng) = 0 can only couple to a mode of n; = 0 and, similarly, two parent modes with
(a) n( ) = 0 in a finite excitation channel can only couple to a mode of n), = 0.

Running through the same logic for n?(, ), ny) # 0 and acting with more than ng, 9 4 ng(,b)

derivatives, we similarly conclude that n < n?(, @) + ngb) and analogously for né N 7& Oin a
finite excitation channel. This represents a rather remarkable cancellation. In fact, minor
changes of the source terms (3.41)—(3.42) would break this selection rule. In fact, it is a
prime example of a feature that is more readily understood from the metric perturbation
approach of section 4.2, even though the master equation (3.40) is typically more convenient
for calculations. Confirming that this selection rule is satisfied serves as a consistency check
both in the derivation of the source term for the second order master equation, as well as
for our calculation of the excitation of QQNMs.

Let us now connect these selection rules with the selection rules for QQNMs for Kerr black
holes. Recall that QNMs are labelled by three indices (¢, m,n), which are related to the plane
wave representations via p, = m§), n, = £ — |m/|, and n, = n, where the QNM frequencies
are Wemn = Pu, wWith p, satisfying (4.21). Moreover the plane wave approximation requires
|0 — |m]| < £. For QQNMs we have [60, 69] that (£(2), m(®) n(@)) x (£®) m® n®)) - (' m),
with m/ = m(® £ m® (in the ++ and +— channels), and ¢ > |m/| is arbitrary. The QQNM
has frequency w’ = w@ £+ w®  Notice that QQNMs in Kerr cannot be easily decomposed
in radial overtones, unlike the decomposition we achieve here. Our results hence suggest
that such a decomposition may be possible, likely following the construction of a radial
scalar product following [151, 152], or the bilinear form of [153]. Leaving aside the issue
of the overtone decomposition, our selection rules for p,, p) are identical to the selection
rules for w’,m’, as expected.

Interpreting the selection rules for the overtones is more subtle. First, as noted, no
decomposition of the black hole QQNMs is usually made in the radial overtones, corre-
sponding to n, in the Penrose limit. Therefore, these selection rules are likely an emergent
phenomenon in the high-frequency limit, although it would be interesting to investigate
this further. Similarly, at least for a Kerr black hole, with potentially unbounded ¢, the
selection rules for n, are likely emergent. On the other hand, for a Schwarzschild black
hole, the situation of the n, modes is more transparent. In that case, ¢ is additionally
constrained to satisfy |m/|, [I(® — ()] < ¢/ < 1(®) 4 1®) Therefore, it follows that at most
1@ 4+ 70) — max (]m(“) + m®)|, 1) — l(b)D + 1 modes are excited. In the ++ channel, by
(@) | (

the finite excitation channels. On the other hand, for the +- channel, this becomes instead
o +nl + 1+ (|m | + |m®)| — max (|m(“) —m®, |l(a) - l(b)|)) number of modes that
are excited with |m(® b)\ < max (m(®, m®) and 1@ — )] < max (I(®),1®)). Therefore,
because by assumption (¥ ~ |m(®| > 1 and 1) ~ |m®)| > 1, it follows that the number of

the relation n, = ¢ — |m|, this becomes exactly the ny ) + 1 modes that are excited in
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modes excited is large, or in fact infinite in the geometrical optics approximation. This is
indeed what is found for the corresponding infinite excitation channels.

5.4 QQNM excitation

The simplicity of the homogeneous plane wave background allows us to provide analytical
formulas for the ratios describing the QQNM excitation in quite general cases. We first
examine the coupling of fundamental modes with different values of pﬁ,“) # pz(zb), and then

discuss the self-coupling of overtones.

5.4.1 Fundamental modes

We begin by examining the coupling between fundamental modes, i.e., couplings of the
form (pl(,a), 0,0) x (pq()b), 0,0), where pi“) #* pl(;b), generically. We must distinguish two cases,
depending on whether the signs of the eigenvalues in v coincide or differ. Our results can
be summarized in the following concise formulas. For the 4++ sector, we have

++(0,0) i(p(a) +p(b))4
R, (a) ®) S L LI with 2@ > p® <
(pv7,0,0)x(py ~,0,0) a Py’ Z Py )
’ ’ ()3 (p")3 ( )
9/2
++(2”70) —1/2 ) + 2(1 + Z)n a\1—n b\n—3 ps;b) (530)
R 6 0.0)x (57 ,0.0) = ~ < n N\ Traarom | @) @) 1 S@)

(with p{) > [pP)| > 0> p") |

where n is any non-negative integer. For the +— sector instead we find

+—(2n,0) 1—on [ 21 i+2(1+1i)n (a)\1—n /. (b)\n—3 p1(]b) i
R (5 0.0)x (o) 0.0) =2 2\ Traa i ) " ) T - )

DPv
(with p{ > p" > 0) (5.31)
3500 2ip}” N
R(pga>70,0)x(p5,b),0,0) = - (b)\3 (Wlth p1() ) > ‘pq(zb)‘ >0> pz(Jb)) .

(po”)

The scaling for the ratios leading to the fundamental mode is shown in figure 1. We find
that generically these ratios decay as p,(,“) ~ \pg)b)] — 00, but they can grow to be large
whenever one of the two eigenvalues becomes large, while the other one remains finite. We
examine the asymptotic behavior later.

Notice that as required by the selection rules, the overtone number is conserved in the
y-direction. Therefore, the combination of fundamental modes only leads to the excitation of
overtones in the z-direction within the infinite-excitation channels. As n > 1, the amplitude

of the n-th overtone decays as

1 +(2n,0) +-(2n,0) i pq()b) n
R (5 0,0)x (~p®1.0.0)| ~ | R 6 0,0)x (1o ].0,0)| ~ 7 oy (5.32)
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Figure 1. Absolute value of the ratios R, R for the coupling between (pq(,a), 0,0) x (pg,b), 0,0) — (0,0),

exciting the fundamental mode, in logarithmic scale. We exclude the cases where pq(,a) + pg, ) =0 (for
++) and pEf‘) — pg,b) = 0 (for +—), since those correspond to zero frequency modes, as well as the

zero-frequency parent modes.

In the high-frequency regime, i.e., taking pSﬂ), |p£,b)| ~ py — 00, but keeping pl(,a) - |p1(,b)\ =0
fixed and finite, the ratios scale as

++(0.0) 16 ) B

R (p0,0,0)x (po—5,0,0) = el (1 + p—> +0(p, "),
v v

+-(0,0) 2 35 B

R (90,0,0) % (5—pu,0,0) = 2 (1 + p_u> +0(p, "),

++(2n.0) W12\ (i+20+im) [69 e (5.33)
R(Pu,O,O)X((S—pU,O,O) = (_1) ( n ) (1 + 2(1 + Z)TL E + ﬁ(pv / )?

+5(2n.0) o\ (i4+20+i)n\ |6
_ 9l-2n —7/2
R(pU,O,O)X(pU—(S,O,O) - 2 <n> <m p_15} + ﬁ(pv / ) )

where p, > § > 0. Thus, in the high-frequency limit all of these ratios vanish, albeit not at
the same rate. Moreover, whenever we take § < p,, the contributions to one of the channels
— the one responsible for the infinite excitation channels — become highly suppressed. In the
limit 6 — 0, corresponding to pq(Ja) + pg,b) = 0, the ratio in this channel vanishes identically. As
discussed previously, additional care is needed to treat these modes, since they do not depend
on v. In a way, they play a similar role as the metric-completion piece when reconstructing
the second-order metric perturbation in Kerr and we leave their study to future work.
Finally we note that if pg,a) — oo keeping pg,b) fixed, the ratios grow linearly with pl(,a).
This is reminiscent of the result for a similar mode combination found for Schwarzschild black
holes in the high-frequency regime in [67]. This reinforces the expectation that the exploration
of QQNMs in plane waves may shed light towards the structure and excitation of QQNMs in

black holes, although further work is necessary to connect these two in a precise manner.
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Figure 2. Left. Scaling of the self-coupling ratios |R (,, ., 0)2| as a function of the parent overtone

ng, for different values of n/.. Red squares, blue stars, and red points correspond to au,,, B, Yn, i
eq. (5.34) respectively. Remark |y, | = an,. Right. Scaling of the same self-coupling ratios as a
function of the child overtone index nl,, for different values of the parent overtone number n,. The
same behavior is found when swapping the = and y directions, see also (5.35).

5.4.2 Self-excitation

Next we discuss the self-excitation of overtones, i.e., couplings with pq(,a) = pq(,b) = Do,

n;(ra) = ngcb) = ng,, and n@(,a) = nggb) = n,. We focus on the ++ sector and assume for simplicity
that p, > 0. This means that we restrict to study the coupling of overtones within finite
excitation channels. We emphasize that the code that we make available [150] can compute

arbitrary couplings. We find

+4(2n2,0) (=)o, ++4(n2,0) o B, 14(0,0) Yo,
R(pv7nx70)2 - T ’ R(pv7nx70)2 = (1 + (_1) x) 2p% ’ R(pvanz70)2 = p% )
(5.34)

where au,, Bn,vn are coefficients whose behavior is illustrated in figure 2. We notice that
|Yn.| = am,, while |5,,| < ap, for all n, > 0. This hints that the excitation of different
overtones occurs in a symmetric way — the minimum and maximum overtone number possible
are excited with the same amplitude up to a phase. Figure 2 also shows that a,,, |8n,| — const.
seemingly as n, — oo for odd and even n, separately. Notice also that these ratios scale as
p, 2, which is the same scaling found for the fundamental modes. This scaling depends on
the fact that we are normalizing the Weyl scalar Wy of the modes at the LR, and different
normalizations would lead to somewhat different scalings, as discussed in eq. (5.10), although
see again also the ratio (5.21) for the invariant physical implication of this result.

For the excitation of overtones in the y direction, we note the following crossing symmetry
between = < y:

(pvvnamny) (pv,nyanz)z

++(n/z7n'ly) ++(”;:”fz) *
R =— (R . (5.35)

In fact, this holds even if the two parent modes have different p,, as long as they are in the
finite excitation channel. Clearly, the x and y directions behave differently in the infinite
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excitation channel. Regardless (5.35) implies that for the couplings in (5.34), we can restrict
our discussion to self-excitation of overtones in the z-direction. These are analyzed in more
detail in figure 2. The panels in this figure show the absolute values of the coefficients
Oy B, Yo from (5.34) as a function of n, (left) and the excitation of different overtones, as
given by their value of n/,, due to the self-coupling (py, nz,0) X (py, nz, 0) = (n},0) (right).
We observe that the spectrum of overtone excitations is symmetric with respect to the
parent overtone. It leads to a somewhat flat spectrum, slightly favoring the excitation of the
most extreme overtone numbers n!, = 0 and n!, = 2n,. The odd and even parity overtones
group themselves, yielding somewhat quantitatively different values. Again, this difference is
sensitive to our choice of normalization of the modes. We have opted for a “local” choice of
normalization which is physically based on the values the Weyl scalar (even) or its derivatives
(odd) takes at the reference geodesic (x = y = 0).

6 Conclusions

Probing the non-linear regime of gravity is a challenging task. In this work we have taken one
further step in this direction by studying the back-reaction of perturbations on plane wave
spacetimes. Plane wave geometries are not only interesting in their own right, they also appear
ubiquitously as approximate geometries near null geodesics. Specifically, near equatorial
light-rings of Kerr black holes, a special class of Lorentzian symmetric (Cahen-Wallach) plane
waves emerge, which capture an asymptotic branch of quasinormal modes. The non-linearities
around such plane waves can thus be interpreted in terms of quadratic quasinormal modes.

We have first presented a GHP-framework to study second-order perturbations suitable
for general plane wave spacetimes. In doing so we introduce a novel set of gauge and frame-
fixing conditions, built upon the geometry of plane waves, which we dub geodesic, parallel
and transverse (GPT) gauge. We reduce the problem of studying second-order perturbations
to solving a sourced master wave equation, where the source is written in terms of a Hertz
potential generating the first-order metric perturbations. Along the way, we also derive
Teukolsky-Starobinsky identities for generic plane-wave spacetimes.

Additionally, we present a complementary framework built upon metric perturbations
for the case of plane waves with additional Killing vectors. While we expect this approach
to work for the entire class of homogeneous plane waves, we work it out explicitly for the
previously mentioned Lorentzian symmetric plane waves. Here, the algebraic structure of
the plane waves reduces to that of simple and inverse harmonic oscillators, and the Killing
vectors can be used to generate tensor harmonics, which in turn reduce Einstein’s equations
to mere algebraic equations. Moreover, such an approach based on metric perturbations,
evades entirely the difficulty of reconstructing the metric from curvature perturbations.

Finally, we use our perturbation frameworks to define and compute the excitation of
quadratic quasinormal modes, and measure their excitation in the second-order fluctuations
of the Weyl scalar Wy. Our work here extends previous work [117, 118], which came out
while our work was already in progress, by computing the excitation of QQNMs for arbitrary
combinations of linear modes. The second-order fluctuations in W, can always be written as
a (possibly infinite) sum of eigenfunctions of the wave operator — this allows us to uncover
emergent selection rules in the overtone numbers of the quadratic quasinormal modes. We
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provide analytical formulas for some relevant mode couplings as well as providing a code
in [150], which can compute them more generally.

The excitation of QQNMSs presented here is motivated by and related to the high-frequency
limit of QQNMs of rotating BHs. The linear modes of symmetric plane waves correspond
to the high frequency limit of Kerr QNMs through the identification, for ¢ ~ |m|: p, < m,
ng, = {—m, and n, = n, where (¢, m,n) are the polar, azimuthal, and overtone numbers. This
identification makes p,, correspond to the Kerr QNM frequencies, up to a mode independent
proportionality constant depending on the affine time used as u. Therefore, we can put in
(approximate) correspondence the QQNMs excited in the plane wave spacetime to certain
QQNMs in a Kerr black hole — indeed, their frequencies would match.

Our results capture the second order fluctuations of ¥y evaluated exactly at the equatorial
LR of the Kerr black hole. Moreover, as discussed in previous sections, our results depend on
a gauge (and frame) which builds upon the geometric properties of homogeneous plane waves.
Therefore, the main steps that should be taken to perform a precise match with the black
hole quadratic quasinormal modes are: (i) matching the gauge and frame used in describing
perturbations of Kerr to the GPT gauge presented here, and (ii) translating the ratio extracted
at the lightring to the ratio extracted at future null infinity. We leave this for future work
but note that refs. [117, 118] have put forward proposals to partially carry out this matching.

Another aspect of the second order perturbations which we leave to future work are
zero-frequency modes, which appear in certain quadratic combinations. These zero-frequency
modes likely cannot be interpreted as QQNMs of a black hole. Nevertheless, it would be
interesting to better understand these contributions simply from the point of view of plane
wave perturbation theory in its own right as well as in relation to the effective gravitational
stress-energy tensor for the background that should be solved self-consistently with geometrical
optics perturbations, as discussed already in [148, 149].

In addition to the immediate extensions of the present work suggested above, there
is significant potential to bring more of the existing literature on plane wave spacetimes,
sometimes already containing higher order perturbative results, to bear on or reinterpret
them in light of the non-linear ringdown. To be sure, such extensions would only represent
a highly particular limit of the ringdown problem and, in many instances, it will only be
a toy model. Yet, it may not be entirely unfair to say that the Cahen-Wallach plane wave
stands to the ringdown as the de Sitter space does to the cosmic microwave background.
Thus, we believe that it would be a worthwhile pursuit.
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A (Inverted) harmonic oscillators

Here we briefly review the simple harmonic oscilator (SHO) and inverted harmonic oscillator
(IHO), in part to fix our notation and also because it will be useful for constructing and
interpreting solutions of gravitational fluctuations (for the THO we will follow [154]).

SHO. The Hamiltonian of the SHO is (h = 1)

_ 1 2 2 2 92\ _ 1
H—%(—ﬁm—kmwx)—w a+a_+§ (A.1)

with m,w > 0, and we introduced
o = (1/V2mw) (mwz +8,) ,  ay = (1/vV2mw) (mwz — 8) , (A.2)

which form the Heisenberg algebra.
[a_,a4] =1, [H,a_]=—wa_, [H,aq]=wa;. (A.3)

The ground-state ¥y and energy eigenstates v, are defined by

mw .2 mw

a— (o) = 0= {tho = Aoe™F" = ay" (o) = Aue” T, (Vwa) ) (A4)

where A,, are constants and H,(x) are Hermite polynomials. The energy levels of these

states are
1
Hipp = Enthp,, En:w(n+2), n=0,1,2,... (A.5)
THO. In this case the Hamiltonian is
_ 1 2 2y2 2\ _ {
H—%<—8x—m/\x)——)\ b+b_+§ , (A.6)

with m, A > 0. Now it leads to scattered states, instead of bounded ones, and we introduced
by = (1/v2mA) (mAx F i0,), which satisfy the modified Heisenberg algebra

[b_,by] =i, [H, bs]=Filbs. (A.7)

We do not have ground states in this case, but we can define a “purely ingoing/outgoing
fundamental state” and their excitations by

m\ .2

be (05) = 0> {07 = By 5= of =bu" (07) = Bre"F B (Vmdz) ) (A9)

where B,, are constants and HF(z) = eFir? %eﬂﬁ. With this, the energy eigenstates satisfy

~ - 1
Hey, = Eyor EﬁfzzFiA(HQ), n=0,12,... (A.9)
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B GHP formalism

The Geroch-Held-Penrose (GHP) formalism [121] (see also [135, 153, 155, 156]) allows a
compact and covariant translation of spinor equations into scalar ones. While the formalism
is most naturally introduced through its close relation to spinor dyads (see [119, 121]), here
we will take an approach directly based on tensorial methods. The starting point is the
choice of two globally-defined null directions, ¢* and n® with £*¢, = n%n, = 0 and ¢*n, = 1.
Then, one considers the bundle of null frames (¢4, ng, mq, M) compatible with that choice,
S0 Mmem® = mgl* = myn® = 0 and m,m® = —1. This has the structure of a principal bundle
with group Cx (complex numbers without the origin), which acts on the null frames by

(as g, Ma; A) = (AN, AN g, AAImg) WA € Cy . (B.1)

In other words, the transformation (B.1) maps null frames into null frames while preserving
our choice of null directions ¢¢, n*. Two important symmetries of the GHP equations, the
so-called priming and starring operations, consist of the formal replacements

Priming (') : ¢* —n®*, n®*—={*, m*—=m*, m®—>m*, (B.2)

Starring (*) : * —-m*, n%®— —-m®, m®— L, m*—n". (B.3)

The independent components of the spacetime covariant derivative V, are encoded in the
spin coefficients, defined as

k= mUVl, p= mmbVly, o =m* mtVly, T=mnVyl,,
1 1
8= 5 (nambvbfa + mambvbma) , =5

(nazbwa - mazbvbma) : (B4

together with their primed versions (e.g. £’ = m*n’Vyn,). In the following we restrict to
the case of vacuum GR, where the spacetime curvature is entirely given by Weyl’s tensor
Caped- Its independent components are encoded in the five complex Weyl scalars, defined
as (taking into account our sign conventions for the curvature)

Uy = _Cabcdgambgcmdv vy = _Cabcdgambgcnda Uy =— abcdgambmcnda

d b~c, d

— a,b=c _ _q (B.5)
U3 = —Capegln’mn®, Wy = —Cypegmn’mn®.

The scalars introduced above can be classified according to their transformation properties
under (B.1). We say that a quantity n has weights (p, ¢) if under (B.1) it transforms as

n = AP0, (B.6)
and we write 7 = (p,q). For example,
= (4L1), n=(-1,-1), m*=(1,-1), @m*=(-1,1), (B.7)
and consequently

H;<371)7 02(37_1)7 p;(lvl)a T;<1a_1)7

[0 (B.8)
U, < (4—2i,0) (i=0,...,4).
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The GHP weights of the complex conjugate, primed and starred versions of a quantity follow
from the fact that if n = (p,¢) then 7 = (¢,p), ' = (—=p, —q) and n* = (p, —q) (these rules
can be readily checked for quantities constructed out of contractions of the null frame with a
tensor). The spin coefficients ¢, 5 and their primes do not transform as (B.6), and we say
they are not properly weighted. Instead, they lead to the notion of GHP covariant derivative
©,. This acts within properly weighted quantities n = (p,q) as

Oan = Va1 — pwan — qWan , (B.9)
where the GHP connection 1-form w, is defined as
’ / — 1 b b =
We = —€Ly + eng + Bmg — By = B (n Vol +m Vamb> . (B.10)
The fact that it transforms correctly as a connection under C,, that is,
Wa = Wa + ATV, (B.11)

guarantees that if 7 = (p, ¢) then ©,n = (p, q), so in particular we have ©, = (0,0). Its action
is also defined on tensor-valued quantities that are properly weighted (e.g. O4 (Cpegen®)),
and it satisfies the property (0,n)" = ©,1'. More formally, we say that properly weighted
GHP quantities belong to the associated vector bundles E, , of representations with weights
(p,q), and O, is the covariant derivative on such vector bundles. Finally, the directional
GHP covariant derivatives are defined as

b=10©,, p'=n"0,, d=m"0Q,, & =m"O,. (B.12)
In particular, their action on GHP scalars 7 = (p,q) reads

bn = ({"Va—pe—qé)n, b'n= (n"Vao+pe +q¢é)n,

on = (mava —pB+ q,é') n, on= (mava b pf - QB) 0. (B.13)

With this, one can obtain the GHP projections of several geometric relations. The GHP
directional derivatives of the null frame are

bly = —kmg — kMg, bmg = _%,‘ga — RNaq,
bly = —Tmg — g, bP'mg = —R:Ea — g, (B.14)
0ly, = —pmg — omg, Omg= —01Ly — ong,
616@ = —0mg — PMa, 6I7na = _ﬁlga — PN,
together with their primes and complex conjugates. The Ricci identities yield
dp—0a=(p—p)7+(p —p)K— Vi,
bp— 'k = p? + 06 — kT — KT,
P r (B.15)

bo — 0k = (p+ p)o — (1 + 7))k + Wy,
bp =07 =p'p+oo’ — 77 — kK — Uy,
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which, together with their primed and starred versions, are equivalent to the vacuum Einstein
equations. The Bianchi identities yield

(b—4p)¥; — () — 7) ¥y = —3K Vs,

B.16
(b - 3p)\112 - (5/ - 27'/)\111 = O',\I/() - 2,%\113, ( )

together with their primed and starred versions, and finally one can also verify that the
commutator between GHP derivatives acting on a scalar with weights n = (p,q) is given by

[b, b']
[b, 0]

(7= 7)0+ (7 = 70 = plo’ — 7'+ W) — g — 77 + Ta)| . (B.17)

’[’] =
n=[-7'b— Kb +p0+ 00" —p(p's — 7’0 + V1) — q(0'k — p7)] 1.

These are the basic GHP equations, which can be found in the original work [121] and
are implemented in the SpinFrames package of the xAct bundle of Mathematica, used in

this work.

C Type N metric reconstruction

The starting point in order to recover a metric perturbation from a perturbation of one
of the Weyl scalars satisfying a Teukolsky-like equation is the following identity amongst
linear operators on the background (2.1),

O0 [To(hap)] = So |GV (ha)] (C.1)

where hgp is any symmetric tensor field, G(l)[hab] is the linearized Einstein tensor, and the
remaining operators and their adjoints (in the sense of [138]) are given by

To(hap) = 40 0maAT Vo heg T4 (W) = AVaV, ((mdbmdly)
1 1
Oo(¢) = 5V*Vap Oh(w) = 5V Va (C2)
So(hap) = 400 mA 0 mAT Vb S} (W) = AV (Gamglymge)

where ¢ = (4,0) and ¢ = (—4,0) are GHP scalars. This identity, which is associated to
the repeated PND ¢, has an analogue in vacuum type D spaces [138, 139, 141], where an
additional identity exists associated to the second PND. Given that GU) is self-adjoint,
Gt = @M and using the property (AlS’)T = BTA" of any two differential operators A
and B, one can write the identity

75 [0§ )] = GO [s§ ()] . (C.3)

Then, it follows immediately that GHP scalars Uy = (—4,0) with ¥y € Kerog (that
is, Og\I/ u = 0) generate solutions of the vacuum, linearised Einstein equations upon the
action of Sg, that is,

O =0 = GWihy) =0, with hey=38]_,(Vx)+cec.. (C.4)
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D Scalar QQNMs

In section 5.1, we discussed a scalar toy model of the problem under consideration, governed
by the non-linear equation (5.1)

O0® + &2 =0. (D.1)

The purpose of the discussion in the main text was to introduce the quadratic quasinormal
mode ratios and further illustrate that the only non-trivial step in their determination is the
decomposition of the source term in terms of the modes <I>(p7ga ’”gc@’"?(la)). However, as can be
expected and as is an important motivation for the limit we are considering, this decomposition
problem can nevertheless be solved analytically as we shall show in more detail here.

To show that the integrals appearing in the scalar toy model (5.5) can be done analytically,

all we need are the identities [157]

[n/2

|
Holye) = 3 722 - 1>k<”>(2’“)!ﬂn_2k<z>, (D.2)
k

= 2k k!
and

min(m,n)
Hy(2)Hu(2) = 2%!(7:) (:)Hern_Qr(z). (D.3)
r=0

Let us first consider the Z, integral

>\ /|p,|2d /
L, =/ WH"U) (\/ ‘pz(zl)‘Qx> H (\/ |p1(fj)\99€) Hp, ( \Pé\9x> e~ (ol 3)e?,

(D.4)
with pq(;a),pq(;b) > 0 or pq(,a),pl()b) < 0. This implies that A = |pf,(fl)| + |p£,b)| — |pl,| = 0 and

() ks @ ! k l
|P;;|k+l <Im — 1) (p” | _ 1> = (—|p£,b)\) (—|p7(,a)]) . We can use (D.2) to obtain

[P [P, ]

n(zb)/Q n;a)/2 \‘nga)/QJ {ngb>/2J

>, X

k=0 =0

WO\ (nO\ Ry 20 (T @)
ok J\ 2 ) W0\ 0
Hn(la)—Qk ( ’p;’QI’) Hn;b)_Ql ( |p’/U|Qx) )

Then, using the addition theorem (D.3), and the orthogonality of Hermite polynomials, we find

(b)

oY (a)

(2

H @ (\/ |Pq(fl)|9$> H (\/ |p5b)|996> =

|pl,|(ns”+n)/2

(a)y (b) n(b),n;c ”(a)+n(b)—n;
ng ng ! r = (_1)% b b
I{E: xn/ 'x n(b)+n(a) n(a)«kn(b)fn/ Icn(za) (ngl) +n§:)_nlz’néa)+n;)’1+r> ,
* (1+T) et F<1+902wz>
P @) : @
P e =N, 0N Snfn,
Dv

(D.6)
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where K is a Krawtchouk polynomial

k
(x;n,q) 2_: q—l (j) <Z:j) (D.7)

Based on a parity selection rule, it is clear that the daughter modes will all have either only
even mode numbers if né“) = nggb) mod 2 or odd quantum numbers otherwise; the cases
not covered by (D.6) are identically zero. For the modes allowed by this parity selection,
n% +nl — n! will in particular always be even. Let us again emphasize that we have simply
used certain ways to rewrite polynomials, and the integrals (5.5) represent a way to pick
up coefficients of such rewritings. Therefore, especially for the unstable y-direction, they
are not fundamental and we do not need to make more precise the contour C or statements
about completeness of the mode functions. As a result, the integral Z, can be derived in
an identically to (D.6).

Consider now instead A # 0. We expect to still be able to give a fairly explicit expression,
on account of the integral'® [157]'4

1 0 _(H_A/)ZQ AN\ T A 3
S dz H H, 2wl )" (1 2 _=
2nm;!\/7r/oo @ Hy(2)Hy (2)e ( +2\p;\) ( 2\?2\)

oNT (NAng+1 1-N—n [p]|+2
X (/ 2 )QFI <—N, —n’; nx; 7| 2) , N=n/ mod?2.
n!\\/m

The first step is still to use (D.2) although now

l

a k
st (105 ) | 1) = (A 1®) (A @), D.9
P T ) = (A=) (A= 1) (D.9)

such that
Hn;a>< [Pt Qx) ( y;;Sj”ym):
/21 (s /2 [ni® 2| [0l /2 k
pt \” { Il J<n§:>> <n¥’>> <2k>!<2w!< |p \) (A—|p5f’>|>
(b) a
| 2= i N2k J\ 20 ) k! p] P\
XH ()_y, (\/ \PHQUC> H o)y, (\/ \PHQUC> :
(D.10)

Using the addition theorem (D.3) and the integral (D.8), we find an explicit albeit fairly
uninsightful expression, as could have already been expected from the simpler case (D.6).
Therefore, instead of presenting this expression, let us simplify to ng(ga) = né”) = 0 and
pg,b)pq(,a) < 0 (such that A # 0), for which in the main text we also find an analytical

B Taking into account already the parity selection rule and using (1 + T ‘) > 0.
"“The relevant integral from [157] is 7.374 (5.) but remark there is a sign missing in that formula, in the

second argument of the hypergeometric function 2 F}.
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expression in the gravitational case:

(0@ — n® — 0) = 2t 1/2p)
(%)!
>) (<)

where py”’ and py ’ denote whichever of pSﬁ) or pg,b) have respectively the largest and smallest
absolute value.

D1F p0pl <o, (D.11)

E Tensor harmonics

Entirely analogous to the vector modes in (4.14), the tensor modes satisfying (4.13) are
given by

fLELPVu Doy T Ty ML) :./\/(pv,ni,ny,nn)Hnm (\/ |pU|Qx) Hny (\/ zvay) éué
BELZLU,,pu,nm,ny,ﬂcn) :/\[(pv,nm,ny,xn)Hnm (\/ Ipv Qaj) (\/my) E(x)g

it (Hne (Vimedse ) 2oty (e ), (Vi) b
By P ) = Ny ) Hn (\/ o Qx) Ha, (VipAy) E( )
—i QHM (\/ Ipv|9w> (Hny+1( ivay)72nyHny—l( ivay»Eufu,
hiby P e ED = Ny g g o) H, (\/ Ipvlﬂx) Hn( ipuAy) EJES)
—92i 4§§v| <Hn1+1 <\/|pv|Qx> —2n,H, _1 (1/ |pUQat>) ny ( ivay> E((Zi)ﬁu)
—Q2a:2Hnw (\/ |pv|Qx> H,, ( ivay) I
El(tpuu7pwnz7ny7xy) :Mpv,rzz7ny7my)Hnm (\/ |pv|Qx> Hy, ( ipyAy )E(m)El(})l)

—q Zﬁ) H,. (mx) (Hnyﬂ ( ivay) —2nyHy, 1 ( z‘pyAy>>E( )
4|(;)| (H’nm+1 (mx> —2n,H, 1 (mx>) Hny ( ivay) E((z)éu)
- 4Z;\vH <\/m:n> ( ny+1 ( z’vay> —2ny My, 1 ( ivay)>
4|S;v| <an+1 ( |pu|QfB> —2n,Hy, (\/mx)>€u€w
flgzzju,pv,nz,ny,yy) =Npy oy ) Hn <\/m37> H,, ( Z'vay) E’(Ly)El(jy)
_9 41;9th (m;@) ( ny+1( z'pUAy> —2ny, Hy,, 1 ( ivay)> ((i)é )
A%y H,, (Wﬁc) H,, ( ipUAy) 0l (E.1)
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We do not display explicitly the pure gauge modes, which we define instead in terms of
vector modes as

hg;ju’pv,nl,ny,lf) — 2v(HVV()pu:pv77’Lac,TLyJ) . (EQ)

Just as for the vector modes, these pure gauge modes are the only ones with non-vanishing
components £#h,,,, and it is thus convenient to impose a gauge where these vanish. We also
leave open the choice of normalization ./\/’(pmn%n% 17)-

When imposing the linearized Einstein equation, in addition to a relation between the
mode numbers identical to those for the massless scalar and Maxwell field (4.21), we find
that for each set of spacetime mode numbers we are left with the following degrees of freedom

thVu,pv,nZ7ny) =hy (hl(%vpu,nz,nwm) _ h&l;ju,pu,nz,nyyyy)
n (2ny +1)Q —i(2ny + 1)A
Po

9. ?n 7n 7nn 9. ’n 7n 7$
h(Pqu x, My )) +2hXhLI;;¢Pv My y)’

mz
(E.3)
assuming N, n..nynn) = Nponemyaz) = Nponemny.yy)- We abbreviate the modes (E.3) as

Pu (E4)
hfj,) — th(ﬁly) 7

where for brevity we have kept implicit the labels p,, p,,ng, and n,,.
The modes (E.3) are generated by a scalar Hertz potential as in (3.31)
B nem) = b (~0,0,0° + 26(,m, b0 — mym, b? ) @)
+ h (=040, 0% + 20,7, b — 1, b2 ) @ P

In order to recover (4.22) identically with

@gu,pv,nz,ny) - H, <mx) " (\/ZPT?J> iupu+ivpy— IPUIQ —ipy A 7 (E.6)

and N, neny,17) = 1, we need

Polian p2 7 hxy ip2 7
hy = hge = —hy, = : = U(h+h), hy =2 = _"2(h—h),
* YT (20, + 1)Q — (20, + 1A g (R == 3 ( )

(E.7)
where hry is again the coefficient of the mode h(p wpenz iy L) oo defined in (E.1).

The Weyl scalars ¥ are particularly simple for the linearized metric perturbations
on a plane wave background and closely related to the Hertz potentials. Specifically, the
only non-zero Weyl scalars ¥ associated to the tensor modes (E.1) in the frame (2.11) are
associated to the on-shell degrees of freedom and are given by

\Ifém)Z—‘I’(()yy)z—i\lf((fy):—pjﬂnz (\/mx) - (\/ZPTy) zupquva( - %) Ipv|ﬂ

4
(E.8)

— 44 —



In particular, for a mode generated by a Hertz potential as from (E.5) above, we have

4
ol ) = i, (), (i) e
—_ 47 . 2
\I,O[(I)gu,pmna:my)] _ _%thz < /|pv QCL‘) n ( [ipo\ y) iupytivpy— IpUIQ —ipy A

Note that, because we did not consider real metric perturbations here, ¥y and ¥, are not

(E.9)

complex conjugates.
In the main text, we considered as an example calculation in the direct metric perturbation
approach, a linear solution of the form

hw/ _ Z h(z)h(pu ,pv ,0 0,+) h&)h/&pg)ypg),o 0,x) 7 (E.lO)

i€{a,b}
where, for the sake of the example, pq(}a), pq(,b) > 0 and (4.21) is satisfied. A direct calculation
led to the following second order Einstein tensor

ih (@ p® .
a b Q(l—z)

G [ )= NG { @ ® [
2(py "+po ) 2y Py

(200 (1440) ()PP +6i (B2 (0P + (1+40) (0P P 2 (o) 15
(2i0) = (1=40) ()0 +6i(p)* (041))? — (1=40) (b)) 0 +2i(p() ) B2 |

QQ a a a a nn
W(2( P+ (i) +2(pl))? (p")) +p§ )(pq(]b))3+2(p§b))4) hi

a a), (b b ey 20(1419) , (ne
(P + 07 (it - 22050 ) |,

+

e 'Y (144)0
a1 =" (012 04 07 i)
Zh(a)h(b)

G h(“) h(b)
/A = 2\ +p")

Q ) @ ) a y xrr
o { 2D ((1—4d) () P—6ip I p D +(1—40) ) iz

+@ ((1+ 44) (p{™) 2 +6ip{ p? + (1+4i) (pF))? )h<yy)

v
QQ a a nn
RO (7(175 ))2+10p )pff’)”(pg’)f) hi
+py

a a QQ 1+ n.
(P + 07 (it - 2050 ) |,

(E.11)
where for definiteness we have fixed the normalizations N, (po,nasmy,I7) = 1 and for simplicity

we distinguish the following three contributions from different polarizations: hgf)hgf), hf)h(xb)

(vielding also (a) <> (b)), and h(Xa)h(Xb) as well as labeling the modes only with their tensor

index, not including the common mode label which are implicitly (pq(f) + pq(lb), p&“) + pq()b), 0,0).

In addition, we have used 2 = A and (4.21) for both pq(f) and p&b) to ensure the zeroth and
first order Einstein equations are satisfied. Finally, as discussed in the main text, (E.11) itself

consists only of n, = n, = 0 modes. It is therefore readily decomposed and solved by (4.29).
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Remark that, contrary to the component sourced by é,ﬂ,[hﬁf‘), h(xb)], the quadratic modes

sourced by C;’#V[hgf), hgf)] and C;’W[h(xa), h(Xb)] do not simply take the naive form of a mode
sourced by a linear Hertz potential. Therefore, quantifying these modes as simple scalar ratios
of amplitudes between the linear and quadratic modes is more delicate and is most physically
done on the level of the Weyl scalars. However, the proper definition of the Weyl scalars
for the second order modes require a frame for the linearly perturbed metric, which is also

naturally discussed in a higher-order description of the GHP-approach to the perturbations.
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