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A R T I C L E I N F O A B S T R A C T 

Editor: Stephan Stieberger We compute the entanglement entropy of Hawking radiation in a bath attached to a deformed 
eternal AdS black hole. This black hole is dual to the two identical strongly coupled large-𝑁𝑐
thermal field theories, where each theory is backreacted (deformed) by the presence of a uniform 
static distribution of heavy fundamental quarks. In our observation we find that the entanglement 
entropy of Hawking radiation increases in a quadratic manner for an early time and linearly 
for the late time. The large time expression for the entanglement entropy of Hawking radiation 
is used to find the Page curve and Page time. After the Page time, the entanglement entropy 
saturates to a constant value due to the appearance of an island. We observe that introducing 
deformation (backreaction) delays the appearance of island and shifts the Page curve to a 
later time. Subsequently, the computation of the scrambling time reveals an increase with the 
backreaction parameter, suggesting a longer duration for information retrieval in the presence of 
deformation. Moreover, our analysis of the mutual information between the radiation subsystems 
shows that it vanishes at a critical time which increases with the deformation before the Page 
time. After the Page time, the appearance of island leads to the vanishing of mutual information 
between black hole subsystems and gives the time difference of the order of scrambling time.
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1. Introduction

The black hole information loss paradox is one of the most important and fascinating problem that has profound implications for 
our understanding of the quantum gravity [1,2]. Given that black hole radiation resembles thermal radiation, it has been demonstrated 
that during the evaporation of a black hole, the entropy of the radiation increases monotonically [1]. The expectation from unitarity 
is that the radiation’s entropy should start decreasing after reaching a certain value and eventually becomes zero when the black hole 
completely evaporates. This expected behavior stems from the fact that the quantum fields are supposed to be in a pure state before 
and after the black hole evaporation process. The variation of the radiation’s entropy with time which is depicted by the Page curve 
introduces a characteristic timescale known as the Page time [3,4]. Focusing on the Page curve, the information loss paradox can 
be seen in the following heuristic way. Consider a Hawking pair created near the black hole horizon with one particle falling in and 
the other escaping to a spacetime region called the radiation bath. The von Neumann entropy of the radiation is initially zero due 
to no Hawking pairs and increases as the black hole evaporates due to the accumulation of more particles in the bath. The entropy 
of the emitted radiation increases consistently in a monotonic manner, and at some point, it becomes greater than the Bekenstein

Hawking entropy [1,2]. Since the Bekenstein-Hawking entropy is the maximum amount of entropy that a black hole can possess, this 
behavior leads to the information paradox. In other words, the fine grained entropy of the radiation is given by the von Neumann 
entropy of the quantum fields existing outside the black hole. Now taking into account the fact that the quantum fields are in a pure 
state, this fine grained entropy is expected to be less than or equal to the coarse grained entropy (Bekenstein-Hawking entropy) of 
the black hole. This paradox happens during the black hole evaporation after the Page time when the fine grained entanglement 
entropy of the radiation dominates over the coarse grained entropy of the black hole implying unitarity violation. According to the 
suggestion proposed by D. Page, if the evaporation process is unitary, one can expect that the entropy of radiation increases until the 
von Neumann entropy becomes equal to the Bekenstein-Hawking entropy, and after that, it should start decreasing [3]. In particular, 
the Page curve shows that initially, the fine-grained entropy increases with time following the Hawking curve up to halfway during 
the evaporation; after that, it starts decreasing and finally vanishes.

In recent years, a lot of progress has been made to resolve the information paradox via the island prescription which involves 
contribution towards the fine grained entropy of the radiation from specific spacetime regions in the black hole geometry known as 
the ``islands'' [5--10]. The boundaries of these islands are known as the quantum extremal surfaces (QES) [11]. The QES comes into 
play when one incorporates the quantum corrections from the bulk towards the Ryu-Takayanagi (RT) formula [12]. As unitarity is 
the key ingredient when dealing with black hole information paradox and in order to preserve it, radiation’s entanglement entropy 
is expected to decrease after the Page time during the evaporation of black hole. In the case of an eternal black hole the black hole 
does not evaporate completely hence it is expected that instead of decreasing, the radiation’s entropy comes to a constant value after 
the Page time. In order to evaluate the Page curve using the island prescription, the black hole is coupled to a bath which collects 
the radiation. In the case of an eternal black hole, two baths are attached to the left and the right boundaries of eternal black hole in 
order to assess the Page curve as shown in Fig. 1. In the island formulation as we extremize the generalized entropy for black hole 
radiation which is given by the sum of the area of the boundary of island and the contribution from entanglement entropy of the 
quantum matter fields. This generalized entropy incorporates both the area term and bulk quantum corrections, the expression for 
the fine grained entropy of the Hawking radiation in a region 𝑅 gets modified as follows

𝑆(𝑅) = min

{
extI

(
Area(𝜕𝐼)
4𝐺𝑁

+ 𝑆matter(𝑅 ∪ 𝐼)
)}

, (1.1)

wherein 𝑅 denotes the radiation, 𝐼 denotes the island and 𝜕𝐼 denotes the boundary of the island, in other words the quantum extremal 
surface (QES). The expression inside the bracket in eq. (1.1) is the generalized entropy defined on 𝑅 ∪ 𝐼 . Initially, in the absence 
of island, the entanglement entropy of radiation keeps increasing but afterwards, at a later time, the presence of island saturates 
the entanglement entropy of the radiation. This modification in turns leads to the expected Page curve [3,4,13] thereby preserving 
unitarity. The island formula inspired by the quantum extremal surfaces and derived from replica wormhole saddle points in the 
gravitational path integral [14,15] has been extensively explored in the context of two dimensional Jackiw-Teitelboim (JT) gravity 
due to their relative simplicity compared to higher dimensional black holes. Importantly, this prescription has also been validated 
in higher dimensional black holes [9,16--23]. These studies also involve entanglement measures beyond the von Neumann entropy 
[24--42]. Apart from the widely investigated JT gravity setup, this development led to the analysis of the island formula and Page 
curve in various other scenarios [43--116].

On a different note, there has been a lot of interest in the study of strongly coupled gauge theory using the probe approximation. 
Exploring the boundary gauge theory with a substantial number of flavor quarks, especially in the context of strong coupling, continues 
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to pose significant challenges. According to the AdS/CFT correspondence, incorporating flavor quarks into the boundary theory is 
equivalent to introducing an additional stack of 𝑁𝑓 flavor branes that probe the pre-existing 𝑁𝑐 color branes in the corresponding 
dual gravity [117]. In this context, the authors [118,119] considered a 𝑑 dimensional strongly coupled large 𝑁𝑐 gauge theory at 
finite temperature in presence of uniform distribution of large number 𝑁𝑓 of externally added heavy fundamental quarks. When 
𝑁𝑓 is approximately equal to or greater than 𝑁2

𝑐
, the external heavy quark induces a notable backreaction. We refer this system 

as the quark cloud model. The holographic dual of the gauge theory influenced by the presence of heavy stationary fundamental 
quarks (quark cloud model) is an AdS black hole where strings extend from the boundary to the horizon. The end points of the strings 
are realised as the quarks, and the density of the quark cloud is holographically equivalent to the density of the string cloud. The 
distribution of strings within the string cloud is uniform, and any interactions between the strings are disregarded. The coexistence of 
a string cloud and a AdS black hole leads to the emergence of a deformed AdS black hole geometry in 𝑑 + 1 dimensions as suggested 
in the work of [118]. The author in [118] explored the thermodynamic stability and demonstrated that the density of the string cloud 
is positive. In this direction, the effect of backreaction on the dissipative force on an external quark generated by the heavy stationary 
quark cloud was presented in [118]. Furthermore, in [119], authors delve into the effects of backreaction on the hydrodynamical 
properties of a thermal plasma within the context of 𝑁 = 4 strongly coupled super Yang-Mills (SYM) theory. Interestingly, this 
gravitational dual of the quark cloud model has also been used as a setup to study the effects of deformation (backreaction) on 
the various entanglement measures as this backreacted geometry induces significant and interesting corrections. The comprehensive 
analysis of how backreaction influences various entanglement measures like entanglement entropy and entanglement of purification 
has been provided in [120]. Subsequently in [121], the authors considered two boundary field theories with each theory backreacted 
by the presence of a uniform distribution of heavy static fundamental quarks in a TFD state termed as the backreacted TFD state. The 
corresponding bulk dual theory consists of two entangled AdS black holes, each of which is deformed by a uniform distribution of 
long fundamental strings attached to the boundary. They analysed the impact of backreaction on the two-sided Mutual Information 
often referred to as thermo mutual information (TMI) in this deformed eternal black hole geometry and found that the backreaction 
leads to an increase of chaos in the system. Taken together, the existing literature strongly suggests that the backreaction brings 
significant changes in the structure of entanglement within the system.

The above developments lead naturally to inquire about the implications of backreaction on the construction of the entanglement 
entropy island and its consequences on the Page curve. In this article, we address this interesting issue by considering the holographic 
dual of a backreacted TFD state which is described by a deformed eternal (two sided) black hole glued with two auxiliary thermal 
baths on either side. Here each side of the black hole is deformed by a uniform distribution of static strings. Note that attaching 
the non-gravitational bath systems breaks the diffeomorphism symmetry leading to a massive graviton as described in [46]. In this 
scenario, taking the zero-mass limit for the graviton result in the disappearance of any island contributions. Subsequently the authors 
in [68] argue that the entanglement islands can exist only in massive gravity and it does not constitute consistent entanglement 
wedges in massless gravity obeying the gravitational Gauss law. While the applicability of the QES formula in our setup remains an 
open question, we proceed under the assumption that it holds true for asymptotically flat spacetime with a massive graviton. We 
compute the entanglement entropy of the Hawking radiation in a bath coming from the deformed eternal black hole using the island 
formula. We then study the effect of backreaction parameter on the behavior of the Page curve and its impact on the emergence 
of the island. It is observed that in the absence of an island, the entanglement entropy depends on the backreaction parameter in 
addition to linear dependence on time which influences the rising behaviour of the Page curve. Due to this, the entanglement entropy 
reaches the Bekenstein-Hawking entropy bound coming from the island contribution late and therefore the Page curve shifts towards 
a later time. In our computation of scrambling time we observe that it increases with the backreaction. Subsequently, we study 
the behaviour of mutual information in both before and after the appearance of the island scenario. We see that mutual information 
between the radiation subsystems vanishes at a particular observers time (critical time) before the Page time leading to a disconnected 
phase between the radiation subsystems. We observe that the critical time increases with backreaction parameter that signifies more 
correlation between the subsystems. After the Page time, the mutual information between the black hole subsystems vanishes which 
leads to a timescale comparable to the scrambling time.

The rest of the article is organized as follows. In section 2 we briefly review the gravitational dual of the quark cloud model. 
In section 3 we describe the setup where the gravitational dual of the quark cloud model is coupled to thermal bath and present 
our computation of the entanglement entropy of radiation in the absence and presence of island. In section 4 we study the effect 
of backreaction on the Page curve and scrambling time. In section 5 we compute and analyse the effect of backreaction on mutual 
information in the present setup. Finally we conclude with the summary and discussion in section 6.

2. Review of the backreacted geometry

In this section we briefly review the gravitational dual of finite temperature strongly coupled large 𝑁𝑐 gauge theory, influenced by 
the presence of a uniform distribution of external heavy fundamental quarks as described in [118]. The correlation between the quark 
degrees of freedom on the boundary and the homogeneous distribution of strings in the bulk gives rise to a non-trivial deformation 
of the AdS-BH metric. Consider the (d+1) dimensional gravitational action corresponding to this geometry as

𝑆 = 1 
4𝜋𝐺𝑑+1 ∫ 𝑑𝑥𝑑+1

√
𝑔 (𝑅− 2Λ) + 𝑆𝑀, (2.1)

where 𝑆𝑀 represents the matter part due to the uniform distribution of strings which is given by
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𝑆𝑀 = −1
2
∑
𝑖 
𝑖 ∫ 𝑑2𝜉

√
−ℎℎ𝛼𝛽𝜕𝛼𝑋𝜇𝜕𝛽𝑋𝜈𝑔𝜇𝜈. (2.2)

Here 𝑔𝜇𝜈 is the target spacetime and ℎ𝛼𝛽 is the intrinsic metric of the string world-sheet and 𝑖 denotes the tension of the 𝑖th string. 
On varying the total action with respect to the space-time metric gives

𝑅𝜇𝜈 −
1
2
𝑅𝑔𝜇𝜈 +Λ𝑔𝜇𝜈 = 8𝜋𝐺𝜇𝜈𝑇𝜇𝜈, (2.3)

where the energy-momentum tensor is given by

𝑇 𝜇𝜈 = −
∑
𝑖 
𝑖 ∫ 𝑑2𝜉

1 √|𝑔|
√
−ℎℎ𝛼𝛽𝜕𝛼𝑋𝜇𝜕𝛽𝑋𝜈𝛿𝑑−1𝑖

(𝑥−𝑋𝑖). (2.4)

One can construct the density function representing the distribution of the uniform string cloud as

𝑏(𝑥) = 
𝑁∑
𝑖=1 
𝛿
(𝑑−1)
𝑖

(𝑥−𝑋𝑖),

where 𝑁 is the number of string and  is the tension of each string. Moreover, we employ the static gauge 𝜉0 = 𝑡 and 𝜉1 = 𝑟. The 
string density can be obtained by averaging over the (𝑑 − 1) spatial dimensions as

𝑏̃ = 1 
𝑉𝑑−1 ∫ 𝑏(𝑥)𝑑𝑑−1𝑥 =  𝑁 

𝑉𝑑−1
,

where 𝑉𝑑−1 is the volume of the (𝑑 −1) dimensional space. In the limit 𝑉𝑑−1 →∞, we consider very large value of 𝑁 to keep 𝑁∕𝑉𝑑−1
finite. The non vanishing components of 𝑇 𝜇𝜈 are

𝑇00 = − 𝑏̃
𝑟3
𝑔𝑡𝑡,  𝑇𝑟𝑟 = − 𝑏̃

𝑟3
𝑔𝑟𝑟. (2.5)

The ansatz for the AdS-BH metric can be expressed in the following form

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓 (𝑟)
+ 𝑟2ℎ𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 , (2.6)

where the explicit form of 𝑓 (𝑟) given by

𝑓 (𝑟) =𝐾 + 𝑟
2

𝑙2
− 2𝑚 
𝑟𝑑−2

− 2𝑏𝑙𝑑−3

(𝑑 − 1)𝑟𝑑−3
, (2.7)

where 𝑙 is the AdS radius and 𝐾 is equal to 0,1,−1 for the 𝑑−1-dimensional boundary to be flat, spherical or hyperbolic respectively. 
We have further redefined the string cloud density with a dimensionless parameter 𝑏 = 𝑏̃𝑙.

In the following sections, we will work with 𝐾 = 1 which describes the spherical symmetry in the geometry. Using eq. (2.6) and 
eq. (2.7) one can compute the thermodynamical quantities by following standard holographic methods. In this work, we focus on 
𝑑 + 1 = 4 dimensions and we will discuss the thermodynamic quantities specifically for 𝑑 + 1 = 4. For a detailed stability analysis of 
tensor and vector perturbations, as well as more information on this model, we refer to [118,119].

3. Entanglement entropy of the Hawking radiation

3.1. Preliminaries

As described in the previous section, the holographic bulk dual of the backreacted TFD state is described by the deformed eternal 
(two sided) black hole. The deformation is due to a uniform distribution of static long strings. Since the deformed black hole geometry 
still remains asymptotically AdS, we can attach thermal baths (non-gravitational flat spacetimes) on both sides at the asymptotic 
boundary of the deformed black hole with a transparent boundary condition at the interface similar to [8]. This results in a deformed 
eternal black hole plus bath system in which the black hole radiates into the thermal bath and is in thermal equilibrium with it. 
The configuration of the present setup is depicted in Fig. 1. We further assume that the backreacted (deformed) black hole plus bath 
system is filled with conformal matter of central charge 𝑐 in its vacuum state.

The metric for each side of the (3 + 1) dimensional two-sided deformed black hole geometry is given by1

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 𝑑𝑟2

𝑓 (𝑟)
+ 𝑟2𝑑Ω2

2, (3.1)

where 𝑑Ω2
2 = 𝑑𝜃

2 + sin2 𝜃𝑑𝜙2 and

𝑓 (𝑟) = 1 + 𝑟
2

𝑙2
− 2𝑚
𝑟 

− 𝑏. (3.2)

1 For simplicity, the current computations focus on the 𝑑 = 3 case, however it can be extended to any dimension 𝑑.
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Fig. 1. Schematic of the deformed eternal black hole coupled with two auxiliary flat baths. The blue curve represents the Cauchy slice that encompasses the black 
hole and radiation subsystems.

The horizon radius 𝑟ℎ is given by the real roots of 𝑓 (𝑟ℎ) = 0 as

𝑟ℎ =

3
√
3(𝑏− 1)𝑙2 +

(√
81𝑙4𝑚2 − 3(𝑏− 1)3𝑙6 + 9𝑙2𝑚

)2∕3
32∕3 3

√√
81𝑙4𝑚2 − 3(𝑏− 1)3𝑙6 + 9𝑙2𝑚

, (3.3)

and other two roots being complex with no physical meaning. The mass of the black hole can be written in terms of 𝑟ℎ by

𝑚 =
𝑟ℎ
(
𝑟2
ℎ
+ 𝑙2 − 𝑏𝑙2

)
2𝑙2

. (3.4)

We can substitute the mass parameter 𝑚 from eq. (3.4) into the function given in eq. (3.2) which reduces the number of independent 
parameters to two i.e. 𝑏 and 𝑟ℎ. The Hawking temperature and Bekenstein-Hawking entropy of the black hole are given by

𝑇H = 𝜅

2𝜋
=
𝑓 ′(𝑟ℎ)
4𝜋 

=
(1 − 𝑏)𝑙2 + 3𝑟2

ℎ

4𝜋𝑟ℎ𝑙2
(3.5)

𝑆BH =
𝐴(𝑟ℎ)
4𝐺𝑁

=
𝜋𝑟2
ℎ

𝐺𝑁
, (3.6)

where 𝜅 is the surface gravity of the horizon and 𝐺𝑁 is four dimensional Newton’s constant. The backreaction parameter lies in the 

range 0 ≤ 𝑏 ≤ (1 +
3𝑟2
ℎ

𝑙2
) where the lower bound comes from the null energy condition of the energy momentum tensor and upper 

bound from the positivity of surface gravity. In the Kruskal coordinates which covers the deformed eternal black hole, the metric in 
eq. (3.1) can be written as [23]

𝑑𝑠2 = −𝑒2𝜌𝑑𝑈𝑑𝑉 + 𝑟2
𝑅(𝐿)𝑑Ω

2
2, (3.7)

where subscript 𝑅 and 𝐿 denotes coordinate on the right and left region of the deformed eternal black hole respectively as shown in 
the Penrose diagram in Fig. 1, and the conformal factor is given by

𝜌(𝑟) = 1
2
[
log𝑓 (𝑟𝑅(𝐿)) − 2𝜅𝑟∗(𝑟𝑅(𝐿))

]
. (3.8)

The tortoise coordinate 𝑟∗ for this case can be expressed as

𝑟∗ = ∫
1 
𝑓 (𝑟)

𝑑𝑟

=
𝑙2𝑟ℎ

√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

(
log

(
1 + 𝑟

(
𝑟ℎ+𝑟

)
𝑟2
ℎ
−𝑏𝑙2+𝑙2

)
− 2 log

|||| 𝑟 𝑟ℎ − 1
||||
)

2
(
(𝑏− 1)𝑙2 − 3𝑟2

ℎ

)√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

+
𝑙2
(
3𝑟2
ℎ
− 2(𝑏− 1)𝑙2

)
(
(𝑏− 1)𝑙2 − 3𝑟2

ℎ

)√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

tan−1
⎛⎜⎜⎜⎝

𝑟

√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

2(𝑏− 1)𝑙2 − 𝑟ℎ
(
2𝑟ℎ + 𝑟

) ⎞⎟⎟⎟⎠ .
(3.9)

The coordinate transformations between the Kruskal coordinates and Schwarzschild coordinates in the right and left wedges of the 
deformed black hole are given by [23]

Right wedge ∶ 𝑈 = 𝜅−1e𝜅(𝑡𝑅+𝑟∗(𝑟𝑅)), 𝑉 = −𝜅−1e−𝜅(𝑡𝑅−𝑟∗(𝑟𝑅)) (3.10)
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Fig. 2. Schematic of the configuration having no island. 

Lef t wedge ∶ 𝑈 = −𝜅−1e−𝜅(𝑡𝐿−𝑟∗(𝑟𝐿)), 𝑉 = 𝜅−1e𝜅(𝑡𝐿+𝑟∗(𝑟𝐿)). (3.11)

Since the deformed black hole is glued to thermal baths on the both sides where the thermal bath is a asymptotically flat region, 
the Kruskal coordinates can be extended to the right and left baths by using the prescription described in [8,23]. It involves cutting 
off the deformed two-sided black hole at some hypothetical distance 𝑟𝑅(𝐿) = Λ which lies inside the AdS boundary. The black hole 
and the bath metric are then smoothly joined at 𝑟𝑅(𝐿) = Λ by taking the normalization condition for the tortoise coordinate as 
lim 

𝑟𝑅(𝐿)→∞
𝑟∗
𝑅(𝐿) = 0. The coordinates in the left (right) bath are given by [23]

Lef t bath ∶ 𝑈 = −𝜅−1e−𝜅(𝑡𝐿−𝑟
∗
𝐿
)
, 𝑉 = 𝜅−1e𝜅(𝑡𝐿+𝑟

∗
𝐿
)

(3.12)

Right bath ∶ 𝑈 = 𝜅−1e𝜅(𝑡𝑅+𝑟
∗
𝑅
)
, 𝑉 = −𝜅−1e−𝜅(𝑡𝑅−𝑟

∗
𝑅
)
. (3.13)

Now the right and left bath corresponds to 𝑟∗
𝑅
> 0 and 𝑟∗

𝐿
> 0 respectively, and 𝑓 (𝑟) is given by 𝑓 (Λ) in the bath region. With the 

setup described, we will now compute the fine-grained entanglement entropy of the Hawking radiation in a bath, considering the 
configurations with and without an island in the following subsections.

3.2. Entanglement entropy without island

We begin by computing the radiation entanglement entropy in the absence of an island. The area term does not contribute for 
this case, so the entanglement entropy of the Hawking radiation is given only by the matter part of eq. (1.1). The Penrose diagram 
of the backreacted eternal black hole coupled with thermal baths without the island configuration is shown in Fig. 2. 

The generalized entanglement entropy can be computed by considering the von Neumann entropy of the conformal (quantum) 
matter on the radiation region 𝑅𝑅 and 𝑅𝐿. The boundaries of the radiation region 𝑅𝑅 and 𝑅𝐿 in the right and left baths are denoted 
by 𝑏𝑅 and 𝑏𝐿 respectively.2 Assuming that the initial state of the total system (radiation plus black hole) is in the pure state, so the 
entanglement entropy of the radiation region 𝑅 ≡ 𝑅𝑅 ∪ 𝑅𝐿 is equal to its complement i.e. the interval [𝑏𝐿, 𝑏𝑅]. The entanglement 
entropy of an interval having end points 𝑥1 and 𝑥2 is given by [6,16]

𝑆matter(𝑥1, 𝑥2) =
𝑐

6
log𝑑2(𝑥1, 𝑥2)

= 𝑐
6
log |||(𝑈 (𝑥1) −𝑈 (𝑥2)

)(
𝑉 (𝑥1) − 𝑉 (𝑥2)

)√
W(𝑥1)W(𝑥2)

||| , (3.14)

where 𝑐 is the central charge of the two-dimensional CFT, 𝑑(𝑥1, 𝑥2) is the geodesic distance between the points 𝑥1 and 𝑥2 in the 
metric of the form 𝑑𝑠2 = −𝑒2𝜌𝑑𝑈𝑑𝑉 and 𝑊 (𝑥1), 𝑊 (𝑥2) are the Weyl factors of the aforementioned metric. Note that eq. (3.14) is 
valid for a two dimensional CFT. Since entanglement entropy formula for higher-dimensional space-time is not known. We can still 
use the formula eq. (3.14) for higher-dimensional case in the s-wave approximation by assuming that location of the observer or 
cut-off surface 𝑟𝑏 is very far away from the black hole horizon. Therefore in the s-wave approximation we can ignore the angular part 
of the metric in eq. (3.7) and can treat the radiation as CFT in flat space [16].

After considering the symmetric configuration 𝑟∗
𝑏𝐿

= 𝑟∗
𝑏𝑅

= 𝑟∗
𝑏

and 𝑡𝑏𝐿 = 𝑡𝑏𝑅 = 𝑡𝑏, the entanglement entropy of the interval [𝑏𝐿, 𝑏𝑅]
can be computed using the eq. (3.14) as follows

𝑆(𝑅) = 𝑐
6
log |||(𝑈 (𝑏𝐿) −𝑈 (𝑏𝑅)

)(
𝑉 (𝑏𝐿) − 𝑉 (𝑏𝑅)

)√
𝑊 (𝑏𝐿)𝑊 (𝑏𝑅)

||| , (3.15)

where the Weyl factor 𝑊 is given by

𝑊 (𝑏𝑅(𝐿)) = −𝑓 (Λ)𝑒−2𝜅𝑟
∗
𝑏 . (3.16)

2 Note that 𝑏 with a subscript e.g. 𝑏𝐿 or 𝑏 in subscript e.g. 𝑟𝑏 always denotes the relevant coordinate and it is not to be confused with the string density (or 
backreaction parameter) 𝑏.
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Fig. 3. Plot of entanglement entropy of the Hawking radiation at early time with respect to observer time 𝑡𝑏 and string density 𝑏 (for 𝑟ℎ = 𝑐 = 1, 𝑙 = 10). 

Now using the eq. (3.13) and eq. (3.12), we get entanglement entropy of the Hawking radiation for the case of no island configuration 
as

𝑆(𝑅) = 𝑆(𝑅𝑅 ∪𝑅𝐿) =
𝑐

6
log (4𝜅−2𝑓 (Λ) cosh2 𝜅𝑡𝑏). (3.17)

For an early time 𝑡𝑏 ≪ 𝜅−1, the entanglement entropy of the radiation 𝑅𝑅 ∪𝑅𝐿 shows the following behaviour

𝑆(𝑅𝑅 ∪𝑅𝐿) =
𝑐

3
log (2𝜅−1

√
𝑓 (Λ)) + 𝑐

6
𝜅2𝑡2

𝑏
. (3.18)

The above expression can be written using eq. (3.2), eq. (3.4) and eq. (3.5) as

𝑆(𝑅𝑅 ∪𝑅𝐿) =
𝑐

3
log

[
4𝑟ℎ𝑙2

(1 − 𝑏)𝑙2 + 3𝑟2
ℎ

]
+ 𝑐

6
log

[
Λ2

𝑙2
−
𝑟3
ℎ

Λ𝑙2
+ (1 −

𝑟ℎ

Λ 
)(1 − 𝑏)

]
+ 𝑐

6

[ (1 − 𝑏)𝑙2 + 3𝑟2
ℎ

2𝑟ℎ𝑙2

]2
𝑡2
𝑏
.

(3.19)

In Fig. 3 the early time behavior of 𝑆(𝑅𝑅 ∪𝑅𝐿) i.e. eq. (3.19) is plotted with respect to time 𝑡𝑏 and string density 𝑏. The entropy of 
the Hawking radiation 𝑅𝑅 ∪ 𝑅𝐿 increases with 𝑏 and 𝑡𝑏, however for large value of 𝑏 the increment in entropy is almost linear in 
time while for smaller values of 𝑏, the increment in entropy is quadratic in 𝑡𝑏 . This is due to the first two terms of eq. (3.19) which 
becomes significant for larger 𝑏 hence reduces the quadratic behaviour of entropy. 

In the late time limit 𝑡𝑏 ≫ 𝜅−1, the entanglement entropy of the Hawking radiation given in eq. (3.17) becomes

𝑆(𝑅𝑅 ∪𝑅𝐿) ≈
𝑐

3
log

(
𝜅−1

√
𝑓 (Λ)

)
+ 𝑐

3
𝜅𝑡𝑏

= 𝑐
3
log

[
2𝑟ℎ𝑙2

(1 − 𝑏)𝑙2 + 3𝑟2
ℎ

]
+ 𝑐

6
log

[
Λ2

𝑙2
−
𝑟3
ℎ

Λ𝑙2
+ (1 −

𝑟ℎ

Λ 
)(1 − 𝑏)

]
+ 𝑐

3

[ (1 − 𝑏)𝑙2 + 3𝑟2
ℎ

2𝑟ℎ𝑙2

]
𝑡𝑏.

(3.20)

For a very large time, the last term of eq. (3.20) dominates therefore one can approximate the entropy as

𝑆(𝑅) = 𝑐
6
𝑟ℎ

𝑙2

(
3 + (1 − 𝑏)𝑙2

𝑟2
ℎ

)
𝑡𝑏 + ..., (3.21)

where ellipses denote the time independent terms. From the above expression it is evident that the time dependent part of 𝑆(𝑅)
receives a contribution due to the backreaction 𝑏 which is discussed in the later section. We observe that the entanglement entropy of 
the Hawking radiation rises linearly in time without any bound in the absence of an island and becomes infinite at late times which 
leads to the information paradox for the deformed black hole. In the following subsection we will compute the island contribution to 
the entanglement entropy of the Hawking radiation and show that entanglement entropy has an upper bound which dominates after 
the Page time.

3.3. Entanglement entropy with island

We will now show that at late time (after the Page time), an island surface emerges outside the horizon which leads to the constant 
value of entanglement entropy of the Hawking radiation. Consider the configuration having an island surface as depicted in Fig. 4. The 
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Fig. 4. Schematic of the configuration in the presence of an island. 

end points of the island in the left and right wedges are labelled as 𝑎𝐿 and 𝑎𝑅 respectively. We choose the symmetric configuration 
such that 𝑡𝑎𝐿 = 𝑡𝑎𝑅 = 𝑡𝑎, 𝑟𝑎𝐿 = 𝑟𝑎𝑅 = 𝑟𝑎.

Assuming that the right radiation region 𝑅𝐿 is far away from the right region 𝑅𝐿 such that the s-wave approximation can be used 
to determine the entanglement entropy of 𝑅 ∪ 𝐼 , the von Neumann entropy of quantum (conformal) matter may be written as the 
sum of the 𝑆matter (𝑅 ∪ 𝐼) in the left and right regions (i.e. twice the 𝑆matter ([𝑎𝑅, 𝑏𝑅])). So, the generalized entropy in the presence of 
an island can be obtained from eq. (1.1) as

𝑆gen =
𝐴(𝑎𝑅)
2𝐺𝑁

+ 𝑐
3
log |||(𝑈 (

𝑎𝑅
)
−𝑈

(
𝑏𝑅
))(

𝑉
(
𝑎𝑅
)
− 𝑉

(
𝑏𝑅
))√

𝑊 (𝑎𝑅)𝑊 (𝑏𝑅)
||| , (3.22)

where the Weyl factors are 𝑊 (𝑎𝑅) = −𝑓 (𝑟𝑎)𝑒−2𝜅𝑟
∗
𝑎 and 𝑊 (𝑏𝑅) = −𝑓 (Λ)𝑒−2𝜅𝑟

∗
𝑏 . On using eq. (3.13) and eq. (3.10) in above equation, 

we get

𝑆gen =
𝐴(𝑟𝑎)
2𝐺𝑁

+ 𝑐
3
log

||||
√
𝑓 (𝑟𝑎)𝑓 (Λ)e

−2𝜅(𝑟∗𝑎+𝑟∗𝑏 )

𝜅2

(
2e
𝜅(𝑟∗𝑎+𝑟

∗
𝑏
) cosh[𝜅(𝑡𝑏 − 𝑡𝑎)] − (e2𝜅𝑟∗𝑎 + e

2𝜅𝑟∗
𝑏 )
)||||. (3.23)

On extremizing the above eq. (3.23) w.r.t. 𝑡𝑎 yields 𝑡𝑎 = 𝑡𝑏 and it can now be written as

𝑆gen =
𝐴(𝑟𝑎)
2𝐺𝑁

+ 2𝑐
3 

log
[

e
𝜅𝑟∗
𝑏 − e𝜅𝑟

∗
𝑎

𝜅

]
+ 𝑐

6
log

[
𝑓 (𝑟𝑎)𝑓 (Λ)e

−2𝜅
(
𝑟∗𝑎+𝑟

∗
𝑏

)]
. (3.24)

The location of QES can be determined by extremizing the above equation w.r.t. 𝑟𝑎 as

𝜕𝑟𝑎
𝑆gen ≡ 𝐴

′(𝑟𝑎)
2𝐺(𝐷)

− 2𝑐
3 

𝜅

𝑓 (𝑟𝑎)
(

e
𝜅(𝑟∗

𝑏
−𝑟∗𝑎) − 1

) + 𝑐
6
𝑓 ′(𝑟𝑎) − 2𝜅
𝑓 (𝑟𝑎) 

= 0. (3.25)

The near horizon geometry for the black hole in backreacted geometry considered here is similar to other non-extremal black holes 
considered in [23] i.e. black holes having the behaviour 𝑓 (𝑟) ≈ 2𝜅(𝑟− 𝑟ℎ) and 𝑟∗(𝑟) ≈ 1 

2𝜅 log
[ 𝑟 
𝑟ℎ

−1
]

outside the horizon. The location 
of the island surface lies near the horizon in the limit 𝑐 ⋅𝐺𝑁 ≪ 1 for these general classes of black holes as shown in [23]

𝑟𝑎 = 𝑟ℎ +
8𝜅(𝑐 ⋅𝐺𝑁 )2

9𝐴′(𝑟ℎ)2
exp

{
− 2𝜅𝑟∗

𝑏
− 2𝜌(𝑟ℎ)

}
+((

𝑐 ⋅𝐺𝑁
)3)

. (3.26)

We now use eq. (3.2) and eq. (3.9) in the above eq. (3.26) to obtain the location of the end point of the island for our case as follows

𝑟𝑎 = 𝑟ℎ +
(𝑐 ⋅𝐺𝑁 )2

144𝜋2𝑟3
ℎ

√
1 +

2𝑟2
ℎ

𝑟2
ℎ
+𝑙2−𝑏𝑙2

exp

[(2(𝑏− 1)𝑙2 − 3𝑟2
ℎ

)
tan−1

(
𝑟ℎ

√
3𝑟2
ℎ
−4(𝑏−1)𝑙2

2(𝑏−1)𝑙2−3𝑟2
ℎ

)
𝑟ℎ

√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

−

(
3𝑟2
ℎ
+ (1 − 𝑏)𝑙2

𝑟ℎ𝑙
2

)
𝑟∗
𝑏

]
+((

𝑐 ⋅𝐺𝑁
)3)

,

(3.27)

where the area of the horizon is given by 𝐴(𝑟ℎ) = 4𝜋𝑟2
ℎ
. On substituting the location of the island from eq. (3.27) in eq. (3.24), we 

determine the entanglement entropy of the Hawking radiation in the presence of an island, at late times as3

3 One can also use the following formula derived in [23] for a general class of black holes having same near horizon geometry which is also applicable for our case 
as follows
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Fig. 5. Page time as a function of 𝑏 (for 𝑟ℎ = 𝑙 = 𝑐 = 1). 

𝑆(𝑅) =
2𝜋𝑟2

ℎ

𝐺𝑁
+ 𝑐

3
log𝑑2(𝑟ℎ, 𝑟𝑏) −

𝑐2𝐺𝑁

36𝜋𝑟2
ℎ

√
1 +

2𝑟2
ℎ

𝑟2
ℎ
+𝑙2−𝑏𝑙2

exp

[(2(𝑏− 1)𝑙2 − 3𝑟2
ℎ

)
tan−1

(
𝑟ℎ

√
3𝑟2
ℎ
−4(𝑏−1)𝑙2

2(𝑏−1)𝑙2−3𝑟2
ℎ

)
𝑟ℎ

√
3𝑟2
ℎ
− 4(𝑏− 1)𝑙2

−

(
3𝑟2
ℎ
+ (1 − 𝑏)𝑙2

𝑟ℎ𝑙
2

)
𝑟∗
𝑏

]
+(𝑐3𝐺2

𝑁
)

= 2𝑆BH +(𝑐).

(3.29)

We thus observe that the entanglement entropy of the Hawking radiation in the presence of an island saturates to a constant value 
i.e. twice the Bekenstein-Hawking entropy of the black hole (plus sub leading order corrections in 𝑐) at late time. In this way, the 
behavior of the entanglement entropy of the Hawking radiation after the appearance of an island follows the Page curve as discussed 
in the following section.

4. Page curve and scrambling time

Initially, the entanglement entropy of the Hawking radiation increases linearly with time due to the dominance of the configuration 
without the island. However due to the emergence of an island surface near the horizon at late times, the island configuration 
dominates and entanglement entropy becomes constant and saturates to a plateau. Thus, we get the expected unitary Page curve for 
a deformed eternal black hole. The time at which the entanglement entropy reaches a constant value for a backreacted eternal black 
hole is called Page time. The Page time 𝑡𝑃 can be obtained by equating eq. (3.21) and eq. (3.29), which may be expressed in the 
leading order as

𝑡𝑃 ∼
6𝑆BH
𝑐𝜅 

=
12𝑟ℎ𝑙2

𝑐
(
3𝑟2
ℎ
+ (1 − 𝑏)𝑙2

)𝑆BH. (4.1)

It can be inferred from the above equation that Page time changes with the backreaction parameter 𝑏 for this model, therefore affects 
the emergence of island. This dependence is plotted in Fig. 5. It suggests that the non-zero 𝑏 makes the evaporation of the deformed 
black hole slow to reach the Page time compared to the AdS black hole case (𝑏 = 0). We have plotted the Page curve for different 
values of 𝑏 in Fig. 6.

We obtain different Page curves for different values of 𝑏 and observe that the growth rate of entanglement entropy of the Hawking 
radiation in the absence of island decreases on increasing 𝑏. Therefore, the Page curves get shifted towards a later time indicating 
an increase in the Page time. It is expected because an increase in 𝑏 reduces the temperature of the deformed black hole which leads 
to the deformed black hole emitting the Hawking radiation more slowly and thus the entanglement entropy of radiation reaches the 
Bekenstein-Hawking entropy bound later. This causes the island which dominates after the Page time to appear late. Note that we 
recover the usual Page curve for the AdS black hole in the limit 𝑏→ 0 which is depicted by the blue curve in Fig. 6. It serves as a 
consistency check for our analysis.

𝑆𝐼𝑠(𝑅) =
𝐴(𝑟ℎ)
2𝐺𝑁

+ 𝑐
3
log𝑑2(𝑟ℎ, 𝑟𝑏) −

4𝜅𝑐2𝐺𝑁
9𝐴′(𝑟ℎ) 

exp
{
− 2𝜅𝑟∗

𝑏
− 2𝜌(𝑟ℎ)

}
+(𝑐3𝐺2

𝑁
). (3.28)
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Fig. 6. 𝑆(𝑅) for different values of 𝑏 (for 𝑟ℎ = 𝑐 = 1, 𝑙 = 10). The Page curve is given by the minimum of without island and with island contribution to the entanglement 
entropy of radiation.

4.1. Scrambling time

We now discuss the scrambling time which is defined as the shortest time interval needed to retrieve information from the Hawking 
radiation in the Hayden-Preskill experiment [122]. This time interval represents the period during which information sent into the 
black hole is recoverable. Moreover, it is also defined as the time it takes for information to reach the boundary of the island as 
described by the entanglement wedge reconstruction proposal [5]. To send information from the cutoff surface at 𝑟 = 𝑟𝑏 into the 
black hole, the time required for the information to reach the boundary of the island at 𝑟 = 𝑟𝑎 may be expressed as

𝑡scr = 𝑟∗𝑏 − 𝑟
∗
𝑎

≃
2𝑟ℎ𝑙2

(3𝑟2
ℎ
+ (1 − 𝑏)𝑙2)

log

(
𝜋𝑟2
ℎ

𝐺𝑁 𝑐

)
+ ...

≃ 1 
2𝜋𝑇H

log𝑆BH + subleading terms...,

(4.2)

where eq. (3.27) and eq. (3.5) are used for the location of the island and temperature of the deformed black hole respectively. We 
also assumed that 𝑐 ≪ 𝑆BH and 𝑟ℎ, 𝑟𝑏 have the same magnitude in the above equation. The scrambling time is given by logarithmic of 
Bekenstein-Hawking entropy in the leading order and resembles with the results described in [123]. We observe that the scrambling 
time of the system considered here is influenced by the deformation. As the temperature of the deformed black hole is dependent on 
the backreaction parameter, the scrambling time increases with increasing values of 𝑏. This implies that information recovery will 
take more time due to the deformation which conforms to our expectation that deformation delays the emergence of islands and 
consequently prolongs the information retrieval process.

5. Mutual information

We now move on towards the analysis of another bipartite entanglement measure known as the mutual information (MI) in 
our setup. The mutual information 𝐼(𝐴,𝐵) between two subsystems 𝐴 and 𝐵 of a bipartite system 𝐴 ∪ 𝐵 is defined by 𝐼(𝐴,𝐵) =
𝑆𝐴 + 𝑆𝐵 − 𝑆𝐴∪𝐵 where 𝑆𝐴, 𝑆𝐵 and 𝑆𝐴∪𝐵 are the entanglement entropy of 𝐴, 𝐵 and 𝐴 ∪ 𝐵 respectively. It is a measure of both 
classical and quantum correlations between the subsystems. In the following subsections, we will compute the mutual information 
for both before and after Page time regimes and analyze its dependence on the backreaction (string density) parameter 𝑏.

5.1. Mutual information without island

As we have already discussed in section 3.2 that before the Page time, the fine grained entropy of the Hawking radiation is 
identified with the von Neumann entropy of matter fields in the bath region i.e. 𝑆(𝑅) = 𝑆matter (𝑅𝑅 ∪𝑅𝐿). Here 𝑅𝑅 and 𝑅𝐿 are two 
disjoint subsystems with end points [𝑏𝑅, 𝑒𝑅] and [𝑏𝐿, 𝑒𝐿] respectively. These radiation subsystems are extended up to spatial infinity 
as can be seen from the Fig. 2, with 𝑟∗

𝑒𝑅∕𝐿
= 𝑟∗

𝑒
at 𝑡𝑒𝑅∕𝐿 = 0 where 𝑒→ ∞ is taken at the end of computations. The entanglement 

entropy of radiation subsystems 𝑅 ≡ 𝑅𝑅 ∪𝑅𝐿 in the absence of island is given by eq. (3.17). The mutual information between the 
radiation subsystems 𝑅𝑅 and 𝑅𝐿 is given by

𝐼(𝑅𝑅 ∶𝑅𝐿) = 𝑆(𝑅𝑅) + 𝑆(𝑅𝐿) − 𝑆(𝑅𝑅 ∪𝑅𝐿), (5.1)

where the expressions for 𝑆(𝑅𝑅) and 𝑆(𝑅𝐿) may be written using eq. (3.14) as
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Fig. 7. Plot of 𝑡0 with respect to string density 𝑏 (for 𝑟ℎ = 1, 𝑙 = 10). 

𝑆(𝑅𝑅) =
𝑐

6
log𝑑2(𝑏𝑅, 𝑒𝑅)

𝑆(𝑅𝐿) =
𝑐

6
log𝑑2(𝑏𝐿, 𝑒𝐿).

(5.2)

Note that 𝑆(𝑅𝑅) = 𝑆(𝑅𝐿) due to the artifact of 𝑑(𝑏𝑅, 𝑒𝑅) = 𝑑(𝑏𝐿, 𝑒𝐿). Now the MI between the radiation subsystems can be obtained 
using eq. (5.2) and eq. (3.17) as

𝐼(𝑅𝑅 ∶𝑅𝐿) =
𝑐

3
log

[
2𝜅−2𝑓 (Λ)|(cosh𝜅𝑟∗

𝑏
− cosh𝜅𝑡𝑏)|]− 𝑐3 log

[
2𝜅−1

√
𝑓 (Λ) cosh𝜅𝑡𝑏

]
= 𝑐

3
log

[
𝜅−1

√
𝑓 (Λ)

( cosh𝜅𝑟∗
𝑏
− cosh𝜅𝑡𝑏

cosh𝜅𝑡𝑏

)]
.

(5.3)

For the early time 𝑡𝑏 ≪ 𝜅−1, the above expression for MI becomes

𝐼(𝑅𝑅 ∶𝑅𝐿) =
𝑐

3

[
log

(
𝜅−1

√
𝑓 (Λ) cosh𝜅𝑟∗

𝑏

)
− sech𝜅𝑟∗

𝑏
− 𝜅

2

2 
(1 + sech𝜅𝑟∗

𝑏
)𝑡2
𝑏

]
. (5.4)

We note that in the early time regime, the 𝐼(𝑅𝑅 ∶ 𝑅𝐿) decreases with the time as ∼ 𝑡2
𝑏
. Similarly, the MI at the late time regime 

𝑡𝑏 ≫ 𝜅
−1 is given by

𝐼(𝑅𝑅 ∶𝑅𝐿) =
𝑐

3

[
log

(
𝜅−1

√
𝑓 (Λ)

)
− 2cosh𝜅𝑟∗

𝑏
𝑒−𝜅𝑡𝑏

]
, (5.5)

which suggests that MI increases with time as ∼ 𝑡𝑏. This behavior of 𝐼(𝑅𝑅 ∶𝑅𝐿) at early and late times before the Page time is similar 
with the other models considered in [38,41]. Since the MI is decreasing in earlier time and increasing at later time, there exists a 
critical time 𝑡𝑏 = 𝑡0 at which the MI vanishes i.e. 𝐼(𝑅𝑅 ∶𝑅𝐿)|𝑡𝑏=𝑡0 = 0. This time 𝑡0 can be obtained using eq. (5.3) as

𝑡0 = 𝜅−1 cosh−1
[
𝜅−1

√
𝑓 (Λ) cosh𝜅𝑟∗

𝑏

1 + 𝜅−1
√
𝑓 (Λ)

]
. (5.6)

The above time 𝑡0 lies in the early time regime due to being 𝑡0≪𝜅−1. The behavior of this critical time 𝑡0 with 𝑏 is shown in Fig. 7. 
We observe that the critical time increases with the increase in string density which is similar to the behavior of the Page time. In 
other words an increase in string density 𝑏 introduces more correlations between 𝑅𝑅 and 𝑅𝐿 hence it requires more time for the 
mutual information to vanish. The behavior of mutual information before the Page time implies that the entanglement wedge of 
𝑅𝑅 ∪𝑅𝐿 is in connected phase during the early time since 𝐼(𝑅𝑅 ∶ 𝑅𝐿) ≠ 0, and becomes disconnected at 𝑡0 when the MI vanishes. 
This observation of MI is consistent with the proposal of mutual information proposed in [38].

5.2. Mutual information with island

We next consider the case when the island surface emerges after the Page time and its contribution starts dominating. This 
configuration is depicted in Fig. 8. In this configuration, the entanglement entropy of radiation 𝑆(𝑅 ≡𝑅𝑅 ∪𝑅𝐿) is given by eq. (1.1). 
Since the whole Cauchy slice 𝑅 ∪ 𝐼 ∪𝐵𝑅 ∪𝐵𝐿 is in a pure state, we have

𝑆matter (𝑅𝑅 ∪𝑅𝐿 ∪ 𝐼) = 𝑆matter (𝐵𝑅 ∪𝐵𝐿). (5.7)
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Fig. 8. The black hole subsystems 𝐵𝑅 and 𝐵𝐿 are depicted by green segments. 

The von Neumann entropy 𝑆matter (𝐵𝑅 ∪𝐵𝐿) of quantum (conformal) matter in the s-wave approximation may be obtained as4

𝑆matter (𝐵𝑅 ∪𝐵𝐿) ≈ 𝑆matter (𝐵𝑅) +𝑆matter (𝐵𝐿), (5.9)

where (𝑒− 2𝜋𝑡𝑎,𝑏
𝛽 ) contributions are ignored in the late time limit [16,93]. The above observation is similar to the one observed for 

different gravitational setups in [31,38,41]. So, we now use the proposal described in [31] where the authors argue that the mutual 
information between 𝐵𝑅 and 𝐵𝐿 after the Page time vanishes i.e.

𝐼(𝐵𝑅 ∶ 𝐵𝐿) = 0. (5.10)

It is proposed in [31] that the MI between the matter fields on 𝐵𝑅 and 𝐵𝐿 vanish in the presence of an island in order to avoid the 
time-dependent form of 𝑆(𝑅) after the Page time. This implies that the entanglement wedge of 𝐵𝑅 ∪𝐵𝐿 becomes disconnected and it 
occurs after the Page time where the island effectively separates the entanglement wedge of 𝐵𝑅 ∪𝐵𝐿. Now the proposal in eq. (5.10) 
can be rewritten as

𝑆matter (𝐵𝑅 ∪𝐵𝐿) = 𝑆matter (𝐵𝑅) +𝑆matter (𝐵𝐿) (5.11)

On utilizing the eq. (3.14) and eq. (5.8) in the above equation, we obtain the following relation

𝑡𝑎 − 𝑡𝑏 = |𝑟∗
𝑎
− 𝑟∗

𝑏
|. (5.12)

Now substituting the location of island from eq. (3.27) in the above equation gives

𝑡𝑎 − 𝑡𝑏 =
1 

2𝜋𝑇H
log𝑆BH + ... = 𝑡scr , (5.13)

where 𝑡scr is the scrambling time described in eq. (4.2). We observe that the condition for saturation of the mutual information 
between black hole subsystems aligns with a time difference on the order of the scrambling time as previously noted in [31,38,41]. 
This indicates that the emergence of island after Page time results in a disconnected entanglement wedge for 𝐵𝑅 ∪𝐵𝐿, described by 
the condition specified in eq. (5.13). As described earlier scrambling time is directly proportional to the backreaction 𝑏, we see that 
the saturation of the MI between black hole systems is influenced accordingly, with an increase in time difference corresponding to 
larger values of 𝑏. It is expected since deformation delays the appearance of island and thus it takes more time for island to separate 
the entanglement wedge of black hole subsystems.

6. Summary and discussion

To summarize, we have computed the entanglement entropy of radiation in a system where the backreacted eternal black hole is 
coupled to auxiliary thermal baths. In our observation we noted that the entanglement entropy of the Hawking radiation receives a 
significant contribution due the presence of backreaction parameter 𝑏. This backreaction parameter corresponds to the deformation 
of the black hole in the bulk gravitational theory. The island formula was utilized to obtain the entanglement entropy of the Hawking 
radiation in baths coming through the AdS boundaries on which transparent boundary conditions are imposed. First we computed 
the entanglement entropy of radiation in the absence of an island using the s-wave approximation in the early and late time limit. 
We found that it shows a quadraticaly increasing behaviour with time that deviates slightly from quadratic nature as the value of 
backreaction parameter increased. In the late time we observe a linear increment in entropy with respect to time as well as with 

4 The von Neumann entropy of two disjoint intervals in the s-wave approximation is given by [16]

𝑆matter (𝐵𝑅 ∪𝐵𝐿) =
𝑐

3
log

[ 𝑑(𝑎𝑅, 𝑎𝐿)𝑑(𝑏𝑅, 𝑏𝐿)𝑑(𝑎𝑅, 𝑏𝑅)𝑑(𝑎𝐿, 𝑏𝐿)
𝑑(𝑎𝑅, 𝑏𝐿)𝑑(𝑎𝐿, 𝑏𝑅) 

]
. (5.8)
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backreaction parameter. Then we obtained the entanglement entropy of radiation in the presence of an island. It is observed that 
the entanglement entropy for the island configuration gives twice the Bekenstein-Hawking entropy of the deformed black hole at the 
leading order and is independent of time. Hence, we observed that the entanglement entropy of radiation increases during the initial 
period of the black hole evaporation and at the later stage, an island appears slightly outside the horizon which leads to a constant 
value of entanglement entropy and we get the Page curve.

Subsequently we studied the impact of the backreaction parameter on the entanglement entropy of radiation and its effect on 
the Page curve. It was observed that the Page curve depends on the backreaction parameter and gets shifted towards a later time as 
the value of the backreaction parameter is increased. This is because backreaction decreases the temperature of the deformed black 
hole causing it to evaporate slowly. As a result, the growth rate of the entanglement entropy slows down initially and it reaches the 
saturation value at a later time. Consequently the emergence of the island is delayed and the Page time gets shifted to a later time. 
In the absence of backreaction our result recover the Page curve of the eternal AdS black hole. We calculated the scrambling time 
and observed that it is influenced by the backreaction. This backreaction or deformation increases the scrambling time which leads 
to longer time duration required for the information retrieval. Furthermore, we computed the mutual information for backreacted 
system. Before the Page time, we noticed that the MI between the radiation subsystems is constant at the initial time and decreases 
as time increases. Eventually MI becomes zero at a critical value of time. This critical value of time is affected by the backreaction 
𝑏 present in the system. We observe that the critical time and the Page time shows a similar dependency on parameter 𝑏. Post Page 
time, the emergence of an island gives way to the disconnected entanglement wedge corresponding to black hole subsystems which 
in turn implies vanishing of the MI between them. It was observed that the timescale associated with this MI saturation aligns with 
the order of scrambling time.

The backreaction parameter 𝑏 represents the external quarks in the quark cloud model. These external degrees of freedom intro

duced into the system affects the entanglement entropy of the Hawking radiation and consequently we see an increase in the Page 
time. Furthermore, as we increase 𝑏, it takes a longer time to scramble the information. This increment in the scrambling time is in 
expectation with the results as observed in [121]. The scrambling time is also related with the saturation of the mutual information 
after the island formation so an increase in 𝑏 delays the time required for the mutual information to go to zero. Our analysis captures 
important and novel insights about the Page curve, scrambling time and mutual information via the island prescription as we are able 
to extract an exciting interplay between (i) quark density and Page time (ii) quark density and scrambling time (iii) quark density and 
mutual information which has not been reported in the literature so far. These results can play an important role in understanding 
the relationship between strongly coupled gauge theories and black holes as it accentuates the quantum information theoretic aspects 
of this relationship.

In this paper, we have studied the Page curve and MI of the deformed eternal black hole, it would be interesting to investigate 
the behaviour of the Page curve for an evaporating black hole with deformation. It would also be extremely interesting to obtain the 
entanglement entropy of radiation using the double holography picture, where the computation reduces to calculating the RT surface 
in higher dimensions. Another interesting research direction could be to explore other quantum information theoretic measures such 
as entanglement negativity and reflected entropy, in the present gravitational setup using the island prescription to gain a better 
understanding of the black hole information paradox. We leave these open issues for future work.
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