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 a b s t r a c t

We analyse a stationary, cylindrically symmetric spacetime endowed with an intrinsic helical twist, 𝑑𝑠2 = −𝑑𝑡2 +
𝑑𝑟2 + 𝑟2𝑑𝜙2 + (𝑑𝑧 + 𝜔 𝑟 𝑑𝜙)2. Solving the Einstein equations exactly yields an anisotropic energy–momentum ten-
sor whose density is negative and decays as 𝑟−2, thus violating the weak energy condition near the axis. Three 
notable features emerge: (i) axis-centred negative energy; (ii) unequal transverse stresses; (iii) a torsional momen-
tum flux 𝑇𝜙𝑧 ∝ 𝜔3∕𝑟. We identify stable photon orbits and deflection angle, fully helical geodesics, and torsion-
controlled wave optics modes, suggesting laboratory analogues in twisted liquid-crystal and photonic systems. 
The coupling between the torsion parameter 𝜔 and other physical parameters leads to significant effects, altering 
the motion along the positive or negative 𝑧-axis. These results make the twisted helical metric a useful test bed 
for studying the interplay of curvature, torsion, and matter in both gravitational and condensed-matter contexts.

1.  Introduction

Einstein’s General Theory of Relativity (GR) stands as one of the 
foundational pillars of modern physics, providing the most accurate and 
comprehensive description of gravity to date. It fundamentally reinter-
prets gravity not as a force, but as a manifestation of the curvature of 
spacetime caused by the presence of mass and energy. Over the past cen-
tury, GR has withstood a wide range of experimental and observational 
tests with remarkable success. These include the precise explanation of 
Mercury’s perihelion precession [1], the phenomenon of gravitational 
redshift [2], the behavior of binary pulsars composed of solar-mass neu-
tron stars [3], and the detection of gravitational waves from stellar-mass 
black hole mergers [4]. A recent milestone supporting GR is the first 
direct observation of Schwarzschild precession in the orbit of the star 
S2 around the supermassive black hole candidate at the center of our 
galaxy, SgrA* [5]. Additionally, the Event Horizon Telescope’s ground-
breaking imaging of the photon sphere, the bright emission ring, and 
the shadow of the supermassive black hole in M87 [6] has further capti-
vated the scientific community, offering unprecedented visual evidence 
consistent with the predictions of general relativity. Numerous exact so-
lutions of the field equations were reported in general relativity, which 
possesses many interesting geometrical and physical properties. For de-
tailed discussion of the exact solutions, readers are advised to see these 
references [7,8].
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Incorporating twisting effects in spacetime models with helical struc-
tures is a significant area of investigation. For example, geometric ef-
fects on the electronic structure of helical curved geometries, such as 
nanotubes and graphene, have been explored through geometrically in-
duced potentials in the effective Schrödinger equation [9]. The com-
bined effects of cosmic string spacetime and helical geometry (dislo-
cation) reveal a rich particle behavior structure, influencing particle 
motion and wave propagation [10]. Earlier studies by Klein [11] in-
vestigated binary black hole spacetimes with a helical Killing vector, 
revealing oscillatory behavior in metric functions and the absence of a 
smooth null infinity. Helical structures, with torsional degrees of free-
dom, crucial in both gravity and condensed matter, can support topo-
logical “monopole” configurations with integer-valued properties [12]. 
Dislocations in crystals, which carry torsion, offer opportunities for ex-
perimental exploration in gravitational contexts, since the search for 
torsion in gravity ventures into largely uncharted territory. This opens 
a promising new avenue for studying topological defects with helical 
structures in soft matter physics [12,13].

The interplay between spacetime geometry and condensed matter 
physics is central to GR, particularly through topological defects and 
geometric approaches [14,15]. The field of topological states in con-
densed matter has experienced rapid growth, encompassing topological 
insulators, the quantum anomalous Hall effect, chiral and helical topo-
logical superconductors, and Weyl semimetals [16]. The intersection of 
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$ds^{2} = -dt^{2} + dr^{2} + r^{2} d\phi ^{2} + (dz + \omega \, r\,d\phi )^{2}$


$r^{-2}$


$T_{\phi z}\propto \omega ^{3}/r$


$\omega $


$z$


$\omega $


\begin {equation}ds^2 = -dt^2 + dr^2 + r^2\, d\phi ^2 + (dz + \omega \, r\, d\phi )^2, \label {metric}\end {equation}


$\omega $


$(dz + \omega r d\phi )^2$


$T_{tt} < 0$


$\omega $


$\omega $


$\omega $


$\omega $


$z$


$\omega $


$\omega $


$\omega $


$z$


$\omega $


$z$


\begin {equation}G_{\mu \nu } = R_{\mu \nu } - \frac {1}{2} R g_{\mu \nu } = 8\pi T_{\mu \nu }, \label {Xeqn2-2}\end {equation}


$T_{\mu \nu }$


\begin {align}g_{\mu \nu } &= \begin {pmatrix} -1 & 0 & 0 & 0 \\ 0 & 1 & 0 & 0 \\ 0 & 0 & r^2(1 + \omega ^2) & \omega \, r \\ 0 & 0 & \omega \, r & 1 \end {pmatrix}, \notag \\[6pt] g^{\mu \nu } &= \begin {pmatrix} -1 & 0 & 0 & 0 \\ 0 & 1 & 0 & 0 \\ 0 & 0 & \frac {1}{r^2} & -\frac {\omega }{r} \\ 0 & 0 & -\frac {\omega }{r} & 1 + \omega ^2 \end {pmatrix}.\label {metric-tensor}\end {align}


\begin {align}\Gamma ^1_{22} &= -r(1 + \omega ^2), & \Gamma ^1_{23} &= \Gamma ^1_{32} = -\frac {\omega }{2}, \nonumber \\ \Gamma ^2_{12} &= \Gamma ^2_{21} = \frac {2 + \omega ^2}{2r}, & \Gamma ^2_{13} &= \Gamma ^2_{31} = \frac {\omega }{2r^2}, \nonumber \\ \Gamma ^3_{12} &= \Gamma ^3_{21} = -\frac {\omega (1 + \omega ^2)}{2}, & \Gamma ^3_{13} &= \Gamma ^3_{31} = -\frac {\omega ^2}{2r}.\end {align}


$\Gamma ^\lambda _{\mu \nu } = \Gamma ^\lambda _{\nu \mu }$


$\omega \to 0$


$\sim 1/r$


$\sim 1/r^2$


\begin {equation}R^\rho _{\sigma \mu \nu } = \partial _\mu \Gamma ^\rho _{\nu \sigma } - \partial _\nu \Gamma ^\rho _{\mu \sigma } + \Gamma ^\rho _{\mu \lambda } \Gamma ^\lambda _{\nu \sigma } - \Gamma ^\rho _{\nu \lambda } \Gamma ^\lambda _{\mu \sigma }, \label {Xeqn3-5}\end {equation}


\begin {equation}R_{\mu \nu } = \begin {pmatrix} 0 & 0 & 0 & 0 \\ 0 & -\dfrac {\omega ^2}{2r^2} & 0 & 0 \\ 0 & 0 & \dfrac {\omega ^2(1 + \omega ^2)}{2} & \dfrac {\omega (1 + \omega ^2)}{2r} \\ 0 & 0 & \dfrac {\omega (1 + \omega ^2)}{2r} & \dfrac {\omega ^2}{2r^2} \end {pmatrix}, \label {Xeqn4-6}\end {equation}


\begin {equation}R = -\frac {\omega ^2}{2r^2}. \label {Xeqn5-7}\end {equation}


\begin {equation}G_{\mu \nu } = \begin {pmatrix} -\dfrac {\omega ^2}{4r^2} & 0 & 0 & 0 \\ 0 & -\dfrac {\omega ^2}{4r^2} & 0 & 0 \\ 0 & 0 & \dfrac {3\omega ^2(1 + \omega ^2)}{4} & \dfrac {\omega (3\omega ^2 + 2)}{4r} \\ 0 & 0 & \dfrac {\omega (3\omega ^2 + 2)}{4r} & \dfrac {3\omega ^2}{4r^2} \end {pmatrix}, \label {Xeqn6-8}\end {equation}


$T_{\mu \nu } = G_{\mu \nu } / 8\pi $


\begin {equation}T_{\mu \nu } = \frac {1}{32\pi } \begin {pmatrix} -\dfrac {\omega ^2}{r^2} & 0 & 0 & 0 \\ 0 & -\dfrac {\omega ^2}{r^2} & 0 & 0 \\ 0 & 0 & 3\omega ^2(1 + \omega ^2) & \dfrac {\omega (3\omega ^2 + 2)}{r} \\ 0 & 0 & \dfrac {\omega (3\omega ^2 + 2)}{r} & \dfrac {3\omega ^2}{r^2} \end {pmatrix}. \label {Xeqn7-9}\end {equation}


$T_{\mu \nu }\,U^\mu \,U^\nu \geq 0$


$U^\mu $


\begin {equation}\rho = T_{tt} = -\frac {\omega ^2}{32\pi r^2} < 0. \label {Xeqn8-10}\end {equation}


\begin {align}P_r &= T_{rr} = -\frac {\omega ^2}{32\pi r^2}, \\ P_\phi &= T_{\phi \phi } = \frac {3\omega ^2(1+\omega ^2)}{32\pi }, \\ P_z &= T_{zz} = \frac {3\omega ^2}{32\pi r^2}.\end {align}


$P_\phi \neq P_z$


\begin {equation}T_{\phi z} = \frac {\omega (3\omega ^2 + 2)}{32\pi r}, \label {Xeqn9-14}\end {equation}


\begin {equation}\frac {d^{2}x^{\mu }}{d\tau ^{2}} +\Gamma ^{\mu }_{\ \alpha \beta }\, \frac {dx^{\alpha }}{d\tau }\, \frac {dx^{\beta }}{d\tau }=0, \label {eq:geodesic-general}\end {equation}


$\tau $


$\Gamma ^{\mu }_{\ \alpha \beta }$


$\{r,\phi ,z\}$


\begin {align}\ddot r &= r\,(1+\omega ^{2})\,\dot {\phi }^{2} + 2\omega \,\dot {\phi }\,\dot z + \omega ^{2}\,\dot z^{2}, \label {eq:geod-r}\\[4pt] \ddot {\phi } &= -\frac {2}{r}\Bigl [ \bigl (1+\tfrac {\omega ^{2}}{2}\bigr )\dot r\,\dot \phi +\tfrac {\omega }{2}\,\dot r\,\dot z\Bigr ], \label {eq:geod-phi}\\[4pt] \ddot z &= -\omega \,(1+\omega ^{2})\,\dot r\,\dot \phi -\frac {\omega ^{2}}{r}\,\dot r\,\dot z . \label {eq:geod-z}\end {align}


$t$


$\phi $


$z$


$\partial _{t}$


$\partial _{\phi }$


$\partial _{z}$


$\mathrm {E}$


$\mathrm {L}$


$p_{z}$


\begin {align}\mathrm {E} &\equiv -p_{t}= -g_{tt}\,\dot t = \dot t, \label {eq:E-const}\\ \mathrm {L} &\equiv p_{\phi } = g_{\phi \phi }\,\dot \phi + g_{\phi z}\,\dot z, \label {eq:L-const}\\ p_{z} &= g_{zz}\,\dot z + g_{z\phi }\,\dot \phi . \label {eq:pz-const}\end {align}


$g_{\mu \nu }\dot x^{\mu }\dot x^{\nu }=-\epsilon $


$\epsilon =1$


$\epsilon =0$


$\dot t$


$\dot \phi $


$\dot z$


$r(\tau )$


\begin {equation}\dot r^{\,2}+V_{\!\mathrm {eff}}(r)=E^{2}, \label {eq:radial-first-integral}\end {equation}


\begin {equation}V_{\!\mathrm {eff}}(r)= -\epsilon +\frac {\mathrm {L}^{2}}{r^{2}} +(1+\omega ^{2})\,p_{z}^{2} -\frac {2\,\omega \,\mathrm {L}\,p_{z}}{r} \label {eq:Veff}\end {equation}


$dV_{\!\mathrm {eff}}/dr=0$


$d^{2}V_{\!\mathrm {eff}}/dr^{2}$


$\mathcal L=\tfrac 12\,g_{\mu \nu }\dot x^{\mu }\dot x^{\nu }$


$\mathcal L$


$t$


$\phi $


$z$


$\mathcal H=\tfrac 12\thinspace g^{\mu \nu }p_{\mu }p_{\nu }$


$\omega = 0.7$


$\tau \in [0, 200]$


$r(0) = 0.1$


$\phi (0) = 0.1$


$z(0) = 0$


$\dot {r}(0) = 0.1$


$\dot {\phi }(0) = 1.0$


$\dot {z}(0) = 1.0$


$\omega = 0.16$


$\tau \in [0, 200]$


$\omega $


$\omega = 3$


$\tau \in [0, 300]$


$r(0) = 0.1$


$\phi (0) = 0.5$


$z(0) = 0$


$\dot {r}(0) = 0.01$


$\dot {\phi }(0) = 1.5$


$\dot {z}(0) = 0.2$


$\omega = 0.15$


$\tau \in [0, 800]$


$r(0) = 0.2$


$\phi (0) = 2.7$


$z(0) = 0$


$\dot {r}(0) = 0.01$


$\dot {\phi }(0) = 2.7$


$\dot {z}(0) = 3.5$


$\omega $


$\omega $


$\omega = 0.7$


$z$


$\Delta z \approx -53.11,\; \Delta z/\Delta \phi \approx -8.45$


$\omega = 0.16$


$\Delta z \approx -39.10, \; \Delta z/\Delta \phi \approx -6.22$


$\omega = 0.49$


$r(0) = 0.5$


$\phi (0) = 0.5$


$z(0) = 0$


$\dot {r}(0) = 0.05$


$\dot {\phi }(0) = 1.9$


$\dot {z}(0) = 2.7$


$r(0) = 0.01$


$\phi (0) = 0.1$


$z(0) = 0$


$\dot {r}(0) = 0.05$


$\dot {\phi }(0) = 1.9$


$\dot {z}(0) = 2.7$


$\tau \in [0, 100]$


$\dot {z}(0) = -2.7$


$p_z<0$


$\omega = 0.49$


$\omega \mathrm {L}p_{z}$


$\dot {z} < 0$


$z$


\begin {equation}\mathcal {L} = \frac {1}{2} \left [ -\dot {t}^2 + \dot {r}^2 + r^2 \dot {\phi }^2 + (\omega \, r\, \dot {\phi } + \dot {z})^2 \right ],\label {lag}\end {equation}


$\tau $


\begin {equation}\mathcal {H} = p_t\, \dot {t} + p_r\, \dot {r} + p_\phi \, \dot {\phi } + p_z\, \dot {z} - \mathcal {L}. \label {Xeqn14-25}\end {equation}


\begin {align}\mathcal {H} &= \frac {1}{2} \left [ p_r^2 - p_t^2 + \frac {(\omega ^2 + 1)^2}{r^2} (\omega p_z r - p_\phi )^2 \right ]\notag \\&\quad + \frac {1}{2}\left (\frac {p_z - \omega p_\phi /r}{\omega ^2 + 1} \right )^2.\end {align}


\begin {equation}\dot {x}^\mu = \frac {\partial \mathcal {H}}{\partial p_\mu }, \quad \dot {p}^\mu = -\frac {\partial \mathcal {H}}{\partial x^\mu }. \label {Xeqn15-27}\end {equation}


$\dot {x}^\mu $


$\dot {p}^\mu $


\begin {align}\dot {t} &= -p_t, \\ \dot {r} &= p_r, \\ \dot {\phi } &= \frac {-2\omega ^3 p_z r + 2\omega ^2 p_\phi - \omega p_z r + p_\phi }{r^2(\omega ^4 + 2\omega ^2 + 1)}, \\ \dot {z} &= \frac {3\omega ^4 p_z r - 2\omega ^3 p_\phi + 3\omega ^2 p_z r - \omega p_\phi + p_z r}{r(\omega ^4 + 2\omega ^2 + 1)}.\end {align}


\begin {align}\dot {p}^t &= 0, \\ \dot {p}^r &= \frac {p_\phi (-2\omega ^3 p_z r + 2\omega ^2 p_\phi - \omega p_z r + p_\phi )}{r^3(\omega ^4 + 2\omega ^2 + 1)}, \\ \dot {p}_\phi &= 0, \\ \dot {p}_z &= 0.\end {align}


$X(\tau )$


$X(\tau )$


\begin {equation}X=(r,\;\phi ,\;z,\;p_r,\;p_\phi ,\;p_z)^{\mathsf T}, \label {eq:vector-X}\end {equation}


$\tau $


\begin {align}\dot r &= p_r, \label {eq:ham-full-a}\\ \dot \phi &= \frac {p_\phi -\omega r p_z}{D\,r^{2}}, \label {eq:ham-full-b}\\ \dot z &= \frac {(3\omega ^{2}+1)p_z}{D} -\frac {\omega (2\omega ^{2}+1)p_\phi }{D^{2}\,r}, \label {eq:ham-full-c}\\ \dot p_r &= \frac {(2\omega ^{2}+1)\bigl (\omega r p_z-p_\phi \bigr )p_\phi }{D^{2}\,r^{3}}, \label {eq:ham-full-d}\\ \dot p_\phi &= 0,\label {eq:ham-full-e}\\ \dot p_z &= 0,\label {eq:ham-full-f}\end {align}


$D\equiv 1+\omega ^{2}$


$L=p_\phi $


$p_z$


$X(\tau )$


$\delta X(\tau )$


\begin {equation}\delta \dot X = J(\tau )\,\delta X, \qquad J(\tau )\equiv \left (\frac {\partial \dot X}{\partial X}\right )_{X(\tau )}, \label {eq:jacobian-def}\end {equation}


$6\times 6$


$J$


$\dot p_\phi =\dot p_z=0$


$J$


$J=\begin {pmatrix} \mathbf 0 & \mathbf 0\\[2pt] \mathbf A & \mathbf B \end {pmatrix},$


\begin {align}\mathbf A &= \begin {pmatrix} 0 & 0 & 0\\[4pt] \displaystyle \frac {2(p_\phi -\omega r p_z)}{D\,r^{3}} & 0 & 0\\[10pt] \displaystyle -\frac {(3\omega ^{2}+1)p_z}{D\,r^{2}} & 0 & 0 \end {pmatrix}, \mathbf B = \begin {pmatrix} 1 & 0 & 0\\[6pt] 0 & \dfrac {1}{D\,r^{2}} & -\dfrac {\omega }{D\,r}\\[14pt] 0 & -\dfrac {\omega (2\omega ^{2}+1)}{D^{2}\,r} & \dfrac {3\omega ^{2}+1}{D} \end {pmatrix}, \nonumber \\[2pt] J_{55}&= \dfrac {(2\omega ^{2}+1)(\omega r p_z-2p_\phi )}{D^{2}r^{3}},\qquad J_{56}= \dfrac {\omega (2\omega ^{2}+1)p_\phi }{D^{2}r^{2}},\nonumber \\ J_{51}&=-\dfrac {3(2\omega ^{2}+1)(\omega r p_z-p_\phi )p_\phi }{D^{2}r^{4}}. \label {eq:jacobian-entries}\end {align}


$J$


$r(\tau )$


$p_\phi ,\,p_z$


$\omega $


$\det \!\bigl (J-\lambda \mathbb I\bigr )=0$


$\lambda _i$


$\lambda _i$


$\delta X$


\begin {equation}\lambda _{\mathrm {max}} =\lim _{\tau \to \infty }\frac {1}{\tau } \ln \!\frac {\|\delta X(\tau )\|}{\|\delta X(0)\|}, \label {eq:lyapunov}\end {equation}


$z=z_0=2$


$p_r>0$


$r\simeq 3.0$


$p_r<0$


$1\lesssim r\lesssim 3$


$\omega $


$\omega $


$\dot X = F(X;\omega )$


$z=z_0$


$\dot z>0$


$(r,p_r)$


$\delta \dot X = J(\tau )\,\delta X$


$X(\tau )$


$J(\tau )$


$\dot z>0,\,z=z_{0}$


$(r,p_{r})$


$\omega $


$(x(\tau ),y(\tau ),z(\tau ))$


$(r,\phi )$


$(\phi ,z)$


$V_{\!\text {eff}}(r)$


$z=z_{0}=2$


$\dot z>0$


$\omega $


$(r,p_{r})$


$\omega $


$\omega $


$\omega $


$z=z_{0}=2$


$p_{z}<0$


$\dot z<0$


$p_{r}>0$


$r\simeq 3$


$p_{z}>0$


$\dot z<0$


$p_{r}<0$


$p_{r}=0$


$-2\omega L p_{z}/r$


$\omega =0.3\text {-}0.8$


$p_{z}$


$\omega L p_{z}$


$p_{z}<0$


$\dot z<0$


$p_{r}=0$


$-2\omega Lp_{z}/r$


$\omega Lp_{z}$


$\omega $


$p_{z}$


$(\mathrm E,\mathrm L,p_{z})$


$r_{0}=P_{\phi }/(\omega P_{z})$


$A$


$k$


$\mathbf G(\tau )=\bigl (r_{0}\cos \Omega _{\!g}\tau , r_{0}\sin \Omega _{\!g}\tau ,v_{z}\tau \bigr )$


$r_{0}=P_{\phi }/(\omega P_{z})$


$\Omega _{\!g}=\omega ^{2}P_{z}/P_{\phi }$


$v_{z}=P_{z}/(1+\omega ^{2})$


$A\bigl [\cos (k\tau )\mathbf N+\sin (k\tau )\mathbf B\bigr ]$


$(\mathbf T,\mathbf N,\mathbf B)$


$\mathbf G$


$A$


$k$


$\Omega _{\!g}$


$\omega =0.5$


$P_\phi =4$


$P_z=2$


$A=0.8$


$k=5$


$r_{\min }=r_{0}-A$


$t$


$\phi $


$z$


$\mathrm {E}$


$\mathrm {L}$


$t$


$\phi $


\begin {equation}\mathrm {E}=\dot {t}\quad ,\quad \mathrm {L}=r^2 \dot {\phi } + \omega \, r p_z, \label {Xeqn19-46}\end {equation}


$p_z$


\begin {equation}\dot {t}=\mathrm {E},\quad \dot {\phi }=\frac {\mathrm {L}-\omega r p_z}{r^2},\quad \dot {z}=(1+\omega ^2) p_z-\frac {\omega }{r} \mathrm {L}.\label {ff}\end {equation}


$r$


\begin {equation}\dot {r}^2+V_\text {eff}(r)=\mathrm {E}^2,\label {ff1}\end {equation}


\begin {align}V_\text {eff} & =-\epsilon +\frac {\mathrm {L}^2}{r^2}+(1+\omega ^2) p^2_z-\frac {2 \omega \mathrm {L} p_z}{r}.\label {ff2}\end {align}


$\omega =0$


$V_\text {eff}=\left (-\epsilon +\mathrm {L}^2/r^2+p^2_z\right )$


$\dot {r} = 0 \quad \text {and} \quad \ddot {r} = 0$


$\epsilon = 0$


\begin {equation}\mathrm {E}^2=V_\text {eff}(r_0)=\frac {\mathrm {L}^2}{r^2_0}+(1+\omega ^2) p^2_z-\frac {2 \omega \mathrm {L} p_z}{r_0},\label {ff3}\end {equation}


$r_0$


$V'_\text {eff}(r)=0$


\begin {equation}r_0=\frac {\mathrm {L}}{\omega p_z}.\label {ff4}\end {equation}


$V''_\text {eff}(r)$


\begin {equation}V''_\text {eff}(r)=\frac {2\mathrm {L}}{r^4}(3 \mathrm {L}-2 \omega r p_z).\label {ff5}\end {equation}


$r=r_0$


\begin {equation}V''_\text {eff}(r=r_0)=\frac {2 \omega ^4 p^4_z}{\mathrm {L}^2}>0.\label {ff6}\end {equation}


$\mathrm {E}=p_z>0$


$ds=0$


\begin {equation}-\dot {t}^2 + \dot {r}^2 + (1+\omega ^2)\,r^2\, \dot {\phi }^2 +2\,\omega \, r\, \dot {\phi }\,\dot {z}+ \dot {z}^2=0.\label {hh1}\end {equation}


$r=r_0=\mbox {const}$


$dz/dt=c=1$


$c$


\begin {equation}(1+\omega ^2) r^2_0 \left (\frac {d\phi }{dt}\right )^2 +2 \omega r_0 \left (\frac {d\phi }{dt}\right )=0.\label {hh2}\end {equation}


$\phi (t)=A\,t$


$A$


\begin {equation}A=-\frac {2 \omega }{(1+\omega ^2) r_0}.\label {hh3}\end {equation}


$\phi (t)$


\begin {equation}\phi (t)=-\frac {2 \omega }{(1+\omega ^2) r_0} t.\label {hh4}\end {equation}


$z_2-z_1 = \Delta z =p$


$\Delta t$


$\Delta t=p/c=p$


\begin {equation}\Delta \phi =-\frac {2 \omega p}{(1+\omega ^2) r_0}.\label {hh5}\end {equation}


$\omega $


$z$


$p$


$r_0$


$r_0$


\begin {equation}\Delta \phi =-\frac {2 \omega ^2 p p_z}{(1+\omega ^2) \mathrm {L}}.\label {hh6}\end {equation}


$\omega <<1$


\begin {equation}\Delta \phi \approx -\frac {2 \omega ^2 p p_z}{\mathrm {L}},\label {hh7}\end {equation}


$\omega \ll 1$


$\omega $


$p_z$


$\omega ^{2}$


$p$


$L$


\begin {equation}\left (\frac {dr}{d\phi }\right )^2=\frac {\dot {r}^2}{\dot {\phi }^2}=\frac {\gamma ^2 r^2}{\left (\frac {\mathrm {L}}{r}-\omega p_z\right )^2}-r^2,\label {gg1}\end {equation}


$\gamma =\sqrt {\mathrm {E}^2-p^2_z}$


$r=\frac {1}{u}$


\begin {equation}\frac {du}{d\phi }=\pm u \sqrt {\frac {\gamma ^2}{\left (\mathrm {L} u-\omega p_z\right )^2}-1}.\label {gg2}\end {equation}


\begin {equation}\hat {\alpha }=2\Delta \phi -\pi ,\label {gg3}\end {equation}


\begin {equation}\Delta \phi =\int ^{u_0}_{0}\frac {du}{u \sqrt {\frac {\gamma ^2}{(\mathrm {L} u-\omega p_z)^2}-1}}.\label {gg4}\end {equation}


$u_0=(\omega p_z+\gamma )/\mathrm {L}$


$(du/d\phi )|_{u=u_0}=0$


$x$


$y$


$\omega $


$4.05$


$\mathrm {L}=18$


$p_z=2$


$\mathrm {E}=0.6$


$\omega $


$\phi $


$\omega = 0.3$


$\omega $


$\omega $


\begin {equation}\nabla ^2_{LB}\, \Psi (\mathbf {r}) + k^2\, \Psi (\mathbf {r}) = 0, \label {dd1}\end {equation}


$\Psi (\mathbf {r})$


$\mathbf {r} = (x, y, z) \in \mathbb {R}^3$


$k$


$\nabla ^2_{LB}$


\begin {equation}\nabla ^2_{LB}\,\Psi = \frac {1}{\sqrt {g}} \partial _i \left ( \sqrt {g} g^{ij} \partial _j \Psi \right ),\label {dd2}\end {equation}


$i, j \in \{1, 2, 3\}$


$ds^2=-dt^2+g_{ij}\,dx^i\,dx^j$


$g_{ij}$


$g_{\mu \nu }$


$\Psi (r, \phi , z)=\exp (i k_z z)\exp (i \ell \phi ) \psi (r)$


$k_z>0$


$\ell $


\begin {equation}\psi ''(r)+\frac {1}{r}\,\psi '(r)+\left [k^2_\text {eff}-\frac {\ell ^2}{r^2}+\frac {2 \eta }{r}\right ]\,\psi (r)=0,\label {dd3}\end {equation}


$k=\Omega \,c=\Omega $


\begin {equation}k_\text {eff}=\sqrt {\Omega ^2-(1+\omega ^2) k^2_z},\quad \eta =\omega \ell k_z.\label {dd4}\end {equation}


$k_\text {eff}$


$\omega $


$\psi (r)=R(r)/\sqrt {r}$


\begin {equation}R''(r)+\left (\Omega ^2-U_\text {eff}(r)\right )\,R(r)=0,\label {dd5}\end {equation}


\begin {equation}U_\text {eff}(r)=(1+\omega ^2) k^2_z+\frac {\ell ^2-1/4}{r^2}-\frac {2 \omega \ell k_z}{r}.\label {dd6}\end {equation}


$\omega \to 0$


$\omega $


\begin {equation}R''(r)+\Omega ^2 n_{r}^2 R(r)=0, \label {Xeqn43-71}\end {equation}


$\Omega (=k c=k)$


\begin {align}n_{r}(r)&=\sqrt {1-\frac {U_\text {eff}(r)}{\Omega ^2}}\nonumber \\ &=\sqrt {1-\frac {1}{\Omega ^2} \left [(1+\omega ^2) k^2_z+\frac {\ell ^2-1/4}{r^2}-\frac {2 \omega \ell k_z}{r}\right ]}.\label {dd7}\end {align}


$\omega $


$\ell $


$k_z$


$\omega \to 0$


\begin {align}n_{r}(r)=\sqrt {1-\frac {1}{\Omega ^2}\,\left (k^2_z+\frac {\ell ^2-1/4}{r^2}\right )}.\label {dd8}\end {align}


$n_{r} > 1$


$c$


$n_{r} < 1$


$c$


$U_{\mathrm {eff}}(r)$


$\omega =0.1,0.2,0.3$


$k_z=30$


$\ell =1$


$-2\omega \ell k_z/r$


$\omega $


$\ell =-1$


$(\ell ^{2}-1/4)/r^{2}$


$r\to 0$


$U_{\text {eff}}(r)$


$\omega $


$\ell = 0$


$\ell = 1$


$r$


$\omega $


$r$


$\omega $


$\ell $


$\omega $


$n(r)$


$\ell = 1$


$\ell = -1$


$\omega = 0.1, 0.2, 0.3$


$\Omega = 2$


$k_z = 0.2$


$n_{r}(r)$


$\Omega = 2$


$k_z = 0.2$


$\ell = 1$


$\ell = -1$


$n_r < 1$


$\omega $


$r$


$\omega $


$\ell $


$\ell = 1$


$\ell = -1$


$k_z$


$\sim 0.14$


$n_{r}>1$


$\psi (r)$


\begin {equation}\rho = 2k_\text {eff}\, r, \quad \psi (r) = \rho ^{|\ell |}\, e^{-\rho /2}\,f(\rho ).\label {dd9}\end {equation}


$f(\rho )$


\begin {equation}\rho \,f''(\rho )+\left (\mathrm {b} - \rho \right )\,f'(\rho )-\mathrm {a}\,f = 0,\label {dd10}\end {equation}


\begin {equation}\psi (r) = (2k_\text {eff} \,r)^{|\ell |}\,e^{-k_\text {eff} r}{}_1 F_1\left (\mathrm {a},\mathrm {b},\, 2k_\text {eff} \,r\right ).\label {dd11}\end {equation}


$\Psi $


\begin {align}\Psi (r,\phi ,z)=e^{ik_zz}\,e^{i\ell \,\phi }\,e^{-kr}(2k_\text {eff}\,r)^{|\ell |}{}_1 F_1\left (\mathrm {a},\mathrm {b},2k_\text {eff}\,r\right ),\label {dd12}\end {align}


${}_1 F_1 (\mathrm {a},\,\mathrm {b},\,\rho )$


\begin {equation}\mathrm {a}=|\ell | + \frac {1}{2} - \frac {\omega \,\ell \,k_z}{\sqrt {\Omega ^2-(1+\omega ^2)\,k^2_z}},\quad \mathrm {b}=1+2\,|\ell |.\label {dd14}\end {equation}


\begin {align}I(r)=\Psi ^{*}\,\Psi =4\,e^{-2k_\text {eff}r}\,(k_\text {eff}r)^{2 |\ell |}\left [{}_1 F_1(\mathrm {a},\,\mathrm {b},2k_\text {eff}\,r)\right ]^2.\label {dd13}\end {align}


$\omega =0$


$k_z=0$


\begin {align}I(r)=4\,e^{-2 \Omega r} (\Omega r)^{2 |\ell |} \left [{}_1 F_1\left (|\ell | + \frac {1}{2},1+2 |\ell |, 2 \Omega r\right )\right ]^2.\label {dd15}\end {align}


$\omega $


$\ell $


$k_z>0$


$\omega $


$k_z$


$k_z = 0$


$\Omega $


$k = 2\pi /\lambda $


$\lambda $


$\omega $


$\tilde {I}(r)=rI(r)$


$n=0$


$\ell =1$


$k_z=30$


$\omega =0.1$


$\omega =0.2$


$\omega =0.3$


$(2\lambda r)^{2\ell }$


$\exp [-2\lambda (\omega ) r]$


$\omega $


$\ell =-1$


$k_z$


$n$


$a=1/2$


$I(r)$


$\ell $


$-\,2\omega \ell k_z/r$


$a=-n$


$\ell =1$


$\tilde {I}(r)$


$r\approx 0.05$


$\lambda ^{-1}$


$\omega $


$\omega $


$\omega $


$\ell = 1$


$\lambda (\omega )=\sqrt {\Omega ^{2}-(1+\omega ^{2})k_{z}^{2}}$


$\ell =-1$


$a=\tfrac {1} {2}$


$I(r)$


$\tilde {I}(r)$


$(x,y)$


$\ell = 1$


$\omega = 0.1,\;0.2,\;0.3$


$n=0$


$n=1$


$n$


$n=0$


$n=0$


$n=1$


$r\simeq 0.17$


$(2\lambda r)^{2\ell }$


$\omega $


$\lambda (\omega )$


$\tilde {I}(r)$


$n=0$


$(2\lambda r)^{2\ell }$


$\ell = 1$


$n=1$


${}_{1}F_{1}$


$\lambda (\omega )$


$n$


$\omega $


$\lambda $


$\omega $


$r^{-2}$


$-\omega \mathrm {L}p_{z}/r$


$\omega p_{z}$


$|\omega |$


$\omega $


$\omega $


$\ell $


$k_{z}$


$|\omega |\lesssim 0.3$


$\omega $


$\omega $


$\omega $
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topology/geometry and condensed matter has bridged disciplines, pro-
viding rigorous mathematical frameworks while remaining accessible to 
physicists [17].

Therefore, in this work, we analyse an exact solution to Einstein’s 
field equations characterized by a helical spatial structure. This geom-
etry belongs to the class of stationary, cylindrically symmetric space-
times but includes a non-trivial coupling between the axial and angular 
directions, introduced through a torsional parameter 𝜔. The metric un-
der consideration is fully four-dimensional, with a line element given
by:

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2 𝑑𝜙2 + (𝑑𝑧 + 𝜔 𝑟 𝑑𝜙)2, (1)

where 𝜔 is a real dimensionless parameter. The term (𝑑𝑧 + 𝜔𝑟𝑑𝜙)2 cap-
tures the geometric twist of the spacetime, inducing an effective tor-
sion without relying on Einstein-Cartan theory. The metric describes 
a spacetime with a built-in helical twist, creating torsion-like effects 
purely from its geometry [18,19]. It is important to acknowledge that 
solving Einstein’s field equations for the helically twisted spacetime de-
scribed by Eq.  (1) reveals an energy-momentum tensor that violates the 
Weak Energy Condition (WEC), specifically exhibiting negative energy 
density (𝑇𝑡𝑡 < 0) near the axis. While such “exotic matter" presents chal-
lenges for astrophysical realizations within the standard framework of 
GR [20,21], the utility and significance of this metric extend beyond fun-
damental gravitational sources. Our primary motivation for exploring 
this geometry is its role as a theoretically tractable toy model to inves-
tigate the intricate interplay between curvature, effective torsion, and 
matter fields. Furthermore, this class of metrics offers compelling rele-
vance to analogue gravity systems and condensed matter physics [22]. 
In these fields, effective helical geometries arise naturally (e.g., in liq-
uid crystals, photonic metamaterials, or crystals with topological defects 
like dislocations), where the “exotic" properties of the effective medium 
are physically realizable manifestations of material properties, not viola-
tions of fundamental energy principles [13,14,18]. Therefore, this work 
aims to provide a precise analytical framework for understanding the 
unique geometric and physical phenomena induced by intrinsic helical 
twists, serving as a valuable testbed for both theoretical gravitational 
physics and experimental analogue systems.

It is worth emphasizing that the torsional parameter 𝜔 may take ei-
ther positive or negative values. Physically, 𝜔 controls the handedness 
of the helical structure embedded in the spatial geometry: a positive 𝜔
corresponds to a right-handed helicoid, while a negative 𝜔 corresponds 
to a left-handed one. Moreover, the presence of both signs is consistent 
with physical realizations of helical dislocations in condensed matter 
analogues and twisted spacetime models [10,14]. This distinction may 
become particularly relevant when analyzing geodesic motion, as the 
coupling between angular and linear momentum (along the 𝑧-direction) 
and torsion may lead to modifications that depend on the sign of 𝜔. 
Ultimately, it is not merely the sign of 𝜔 that determines whether a 
particle follows a left- or right-handed helicoidal trajectory, but how 𝜔
couples with the angular and linear momenta along the 𝑧-axis. In fact, 
this matter will be fully analyzed later in the paper when we study the 
dynamics of geodesics and wave optics. Namely, throughout this work, 
we treat 𝜔 as a free parameter and explore its magnitude. Changes in its 
sign will be analyzed in conjunction with the physical parameters that 
together define the direction of motion along the positive or negative
𝑧-axis.

The paper is organized as follows. In Section 2 we introduce the 
metric, derive the full energy–momentum tensor and discuss the rele-
vant energy conditions. Section 3 is devoted to the three–dimensional 
geodesic structure, while Section 4 reformulates the problem in Hamilto-
nian form, analysing orbit stability, special trajectories, and the effective 
potential. In Section 5 we compute the deflection angle for photon rays, 
and in Section 6 we investigate wave-optics phenomena in the helically 
twisted background. Finally, Section 7 summarises our main results and 
outlines prospects for future works.

2.  Geometric foundations and energy conditions

We now present the full geometric structure of the spacetime de-
fined by the line element (1). We begin by solving the Einstein field
equations,

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1
2
𝑅𝑔𝜇𝜈 = 8𝜋𝑇𝜇𝜈 , (2)

to determine the energy-momentum tensor 𝑇𝜇𝜈 that sources this geome-
try. Our analysis proceeds by computing the Christoffel symbols, curva-
ture tensors, and finally the Einstein tensor, from which we extract the 
physical content implied by this helical background.

The metric components and their inverse are

𝑔𝜇𝜈 =

⎛

⎜

⎜

⎜

⎜

⎝

−1 0 0 0
0 1 0 0
0 0 𝑟2(1 + 𝜔2) 𝜔 𝑟
0 0 𝜔 𝑟 1

⎞

⎟

⎟

⎟

⎟

⎠

,

𝑔𝜇𝜈 =

⎛

⎜

⎜

⎜

⎜

⎝

−1 0 0 0
0 1 0 0
0 0 1

𝑟2
−𝜔
𝑟

0 0 −𝜔
𝑟 1 + 𝜔2

⎞

⎟

⎟

⎟

⎟

⎠

. (3)

Using this metric tensor, we compute the non-vanishing Christoffel sym-
bols of the second kind in the 3+1 spacetime as follows:

Γ122 = −𝑟(1 + 𝜔2), Γ123 = Γ132 = −𝜔
2
,

Γ212 = Γ221 =
2 + 𝜔2

2𝑟
, Γ213 = Γ231 =

𝜔
2𝑟2

,

Γ312 = Γ321 = −
𝜔(1 + 𝜔2)

2
, Γ313 = Γ331 = −𝜔

2

2𝑟
. (4)

All remaining components vanish. The symmetry Γ𝜆𝜇𝜈 = Γ𝜆𝜈𝜇 holds, and 
dimensional consistency confirms that all symbols have units of inverse 
length. This structure reduces to flat spacetime in cylindrical coordinates 
when 𝜔→ 0. The radial dependence ∼ 1∕𝑟 and ∼ 1∕𝑟2 reflects coordinate 
singularities and curvature concentrated near the axis.

The Riemann tensor follows from

𝑅𝜌𝜎𝜇𝜈 = 𝜕𝜇Γ𝜌𝜈𝜎 − 𝜕𝜈Γ
𝜌
𝜇𝜎 + Γ𝜌𝜇𝜆Γ

𝜆
𝜈𝜎 − Γ𝜌𝜈𝜆Γ

𝜆
𝜇𝜎 , (5)

and yields the Ricci tensor

𝑅𝜇𝜈 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0 0

0 − 𝜔
2

2𝑟2
0 0

0 0
𝜔2(1 + 𝜔2)

2
𝜔(1 + 𝜔2)

2𝑟
0 0

𝜔(1 + 𝜔2)
2𝑟

𝜔2

2𝑟2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (6)

and scalar curvature

𝑅 = − 𝜔
2

2𝑟2
. (7)

The Einstein tensor then follows as

𝐺𝜇𝜈 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

− 𝜔
2

4𝑟2
0 0 0

0 − 𝜔
2

4𝑟2
0 0

0 0
3𝜔2(1 + 𝜔2)

4
𝜔(3𝜔2 + 2)

4𝑟
0 0

𝜔(3𝜔2 + 2)
4𝑟

3𝜔2

4𝑟2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (8)

which leads directly to interpreting the matter content through the 
energy-momentum tensor 𝑇𝜇𝜈 = 𝐺𝜇𝜈∕8𝜋.

The energy-momentum tensor implied by this geometry is 
anisotropic and exhibits both radial dependence and off-diagonal 
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components:

𝑇𝜇𝜈 =
1

32𝜋

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝜔
2

𝑟2
0 0 0

0 −𝜔
2

𝑟2
0 0

0 0 3𝜔2(1 + 𝜔2)
𝜔(3𝜔2 + 2)

𝑟
0 0

𝜔(3𝜔2 + 2)
𝑟

3𝜔2

𝑟2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (9)

The WEC requires 𝑇𝜇𝜈 𝑈𝜇 𝑈 𝜈 ≥ 0 all time-like vectors 𝑈𝜇 . However, 
this condition is violated near the axis, where the energy density be-
comes negative:

𝜌 = 𝑇𝑡𝑡 = − 𝜔2

32𝜋𝑟2
< 0. (10)

While this feature typically implies the need for exotic matter in purely 
gravitational contexts, it is crucial to interpret this solution within a 
broader theoretical framework. As previously discussed in the Intro-
duction, this metric serves as a valuable analogue model for physical 
systems found in condensed matter and optics. In such analogues, prop-
erties that might be deemed “exotic" in GR (such as negative energy 
density or peculiar stress distributions) can effectively emerge from the 
collective behavior of ordinary matter, for instance, in carefully engi-
neered metamaterials or topological defects within crystals. Thus, while 
the direct astrophysical realization of this spacetime configuration is 
constrained by energy conditions, its analytical tractability provides a 
powerful tool for understanding the fundamental geometric effects of 
helical twisting, offering insights directly applicable to these laboratory-
based analogue systems. The principal pressures are given by:

𝑃𝑟 = 𝑇𝑟𝑟 = − 𝜔2

32𝜋𝑟2
, (11)

𝑃𝜙 = 𝑇𝜙𝜙 =
3𝜔2(1 + 𝜔2)

32𝜋
, (12)

𝑃𝑧 = 𝑇𝑧𝑧 =
3𝜔2

32𝜋𝑟2
. (13)

The stress tensor is anisotropic, since 𝑃𝜙 ≠ 𝑃𝑧 and includes an off-
diagonal component:

𝑇𝜙𝑧 =
𝜔(3𝜔2 + 2)

32𝜋𝑟
, (14)

which represents a momentum flux between the angular and axial di-
rections, induced by the helical structure of the spacetime.

In the following sections of this paper, we will investigate the effects 
of this geometry and energy content on geodesic motion and wave optic 
modes.

3.  Geodesic dynamics and helical trajectories

In GR, the motion of a free test particle is described by the geodesic 
equation

𝑑2𝑥𝜇

𝑑𝜏2
+ Γ𝜇𝛼𝛽

𝑑𝑥𝛼

𝑑𝜏
𝑑𝑥𝛽

𝑑𝜏
= 0, (15)

where 𝜏 is an affine parameter (proper time for time-like curves) and 
Γ𝜇𝛼𝛽 are the Christoffel symbols constructed from the metric (1). Re-
stricting attention to the spatial sector {𝑟, 𝜙, 𝑧} of the helically twisted 
geometry and inserting the non-vanishing symbols, Eq.  (15) splits into 
the following three second-order equations:
𝑟̈ = 𝑟 (1 + 𝜔2) 𝜙̇2 + 2𝜔 𝜙̇ 𝑧̇ + 𝜔2 𝑧̇2, (16)

𝜙̈ = −2
𝑟

[

(

1 + 𝜔2

2

)

𝑟̇ 𝜙̇ + 𝜔
2 𝑟̇ 𝑧̇

]

, (17)

𝑧̈ = −𝜔 (1 + 𝜔2) 𝑟̇ 𝜙̇ − 𝜔2

𝑟
𝑟̇ 𝑧̇. (18)

Because the metric coefficients do not depend on the coordinates 
𝑡, 𝜙 or 𝑧, the vectors 𝜕𝑡, 𝜕𝜙 and 𝜕𝑧 are Killing vectors. Projecting the 

four-velocity on each Killing vector produces three integrals of motion 
that we denote, respectively, by the conserved energy E, the azimuthal 
angular momentum L and the axial momentum 𝑝𝑧:

E ≡ −𝑝𝑡 = −𝑔𝑡𝑡 𝑡̇ = 𝑡̇, (19)

L ≡ 𝑝𝜙 = 𝑔𝜙𝜙 𝜙̇ + 𝑔𝜙𝑧 𝑧̇, (20)

𝑝𝑧 = 𝑔𝑧𝑧 𝑧̇ + 𝑔𝑧𝜙 𝜙̇. (21)

Exactly as will be seen later in the Lagrangian and Hamiltonian for-
malisms, Eqs.  (19)–(21) supply the first integrals that render the system 
effectively one-dimensional.

Contracting the four-velocity with the metric yields the normaliza-
tion condition 𝑔𝜇𝜈 𝑥̇𝜇 𝑥̇𝜈 = −𝜖, with 𝜖 = 1 for time-like particles and 𝜖 = 0
for null rays. Eliminating 𝑡̇, 𝜙̇ and 𝑧̇ by means of Eqs.  (19)–(21) one 
obtains a single first-order equation for 𝑟(𝜏),

𝑟̇ 2 + 𝑉eff (𝑟) = 𝐸2, (22)

where the effective potential

𝑉eff (𝑟) = −𝜖 + L2

𝑟2
+ (1 + 𝜔2) 𝑝2𝑧 −

2𝜔L 𝑝𝑧
𝑟

(23)

encodes the entire influence of the helical torsion on the radial motion. 
Circular orbits satisfy 𝑑𝑉eff∕𝑑𝑟 = 0, and their stability is fixed by the sign 
of 𝑑2𝑉eff∕𝑑𝑟2; both features will be analysed in Section 4.2.

The same dynamical content can be reformulated starting from the 
relativistic Lagrangian  = 1

2 𝑔𝜇𝜈 𝑥̇
𝜇 𝑥̇𝜈 . Because  is independent of 𝑡, 𝜙

and 𝑧, the associated Euler–Lagrange equations reproduce the constants 
of motion (19)–(21) through the standard Noether theorem. A Legendre 
transform then yields the canonical Hamiltonian  = 1

2 𝑔
𝜇𝜈𝑝𝜇𝑝𝜈 , whose 

Hamilton equations are equivalent to Eqs.  (16)–(18) and provide the 
natural setting for the phase-space analysis and the Poincaré maps pre-
sented later in Section 4. Consequently, the results derived in the La-
grangian and Hamiltonian approaches constitute alternative, but fully 
equivalent, descriptions of the trajectories already contained in the basic 
geodesic Eq. (15).

Figs. 1 and 2 illustrate this behavior. They show the particle’s spa-
tial evolution for various torsion strengths and initial configurations, 
demonstrating how geometric torsion tightens the helical structure and 
reduces the axial pitch as 𝜔 increases.

Fig. 1 presents two examples of geodesic motion for the same ini-
tial configuration but different values of 𝜔. In panel (a), for 𝜔 = 0.7, 
the trajectory completes approximately four full rotations along the 𝑧-
axis, with a mean axial step per turn of Δ𝑧 ≈ −53.11, Δ𝑧∕Δ𝜙 ≈ −8.45. In 
panel (b), the curve undergoes five full revolutions using 𝜔 = 0.16, with 
a reduced pitch of Δ𝑧 ≈ −39.10, Δ𝑧∕Δ𝜙 ≈ −6.22. These results demon-
strate how increasing torsion tightens the helix and decreases the ver-
tical propagation, emphasizing the geometric control over particle mo-
tion.

Fig. 2 shows a second set of geodesic curves, where the initial con-
ditions and integration interval vary across panels. In panel (a), the re-
sulting path forms a tight helix with several revolutions but reduced 
vertical progression. In panel (b), the geodesic forms a more open spiral 
with much greater axial displacement. These contrasting behaviors fur-
ther illustrate the impact of the torsion parameter on the structure and 
inclination of geodesic trajectories.

Fig. 3 displays three representative geodesic trajectories in the heli-
coidal spacetime for the fixed value 𝜔 = 0.49. In panel (a), the particle 
starts at a moderate radial distance and follows a helical path with sig-
nificant winding and vertical displacement. In contrast, panel (b) shows 
the behavior of a particle initialized very close to the axis of symmetry. 
Due to the strong influence of the torsional geometry near the origin, 
the trajectory exhibits a pronounced spiral structure, with tighter coils 
and stronger coupling between the azimuthal and axial motion. Panel 
(c) explores the effect of reversing the vertical velocity component while 
keeping the other initial conditions of panel (b) unchanged. This is ex-
plained by the reversal of the coupling term 𝜔L𝑝𝑧 in Eq.  (23), which 
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Fig. 1. Geodesic trajectories in a helically twisted spacetime with torsion. (a) 
For 𝜔 = 0.7, the evolution parameter spans 𝜏 ∈ [0, 200], and the initial condi-
tions are 𝑟(0) = 0.1, 𝜙(0) = 0.1, 𝑧(0) = 0, 𝑟̇(0) = 0.1, 𝜙̇(0) = 1.0, and 𝑧̇(0) = 1.0. (b) 
For 𝜔 = 0.16, with the same evolution interval 𝜏 ∈ [0, 200] and the same initial 
configuration.

occurs due to the condition 𝑧̇ < 0 (see Eq.  (21)). As a result, the trajec-
tory develops a downward helical motion, still confined near the axis 
initially, but now propagating in the negative 𝑧-direction. Interestingly, 
as the particle descends, the radius of the helix gradually increases, re-
flecting a transfer of axial motion into radial displacement induced by 
the torsion term. This illustrates how the axial velocity sign modifies 
the geodesic’s global orientation and shape while preserving the torsion-
induced spiral structure. These results highlight both the sensitivity of 
the geodesic structure to the initial radial position and the influence 
of the direction and coupling of motion in the axial coordinate in the 
presence of torsion. A similar effect of torsion (dislocation) on geodesic 
dynamics was observed in Ref. [10].

4.  Special orbits and stability

We also adopt the Hamiltonian formalism to investigate the classical 
motion of test particles in the helically twisted spacetime with torsion. 

Fig. 2. Geodesic motion in helicoidal spacetime with torsion for two values 
of the angular parameter 𝜔. (a) For 𝜔 = 3, the evolution parameter spans the 
interval 𝜏 ∈ [0, 300], and the initial conditions are 𝑟(0) = 0.1, 𝜙(0) = 0.5, 𝑧(0) = 0, 
𝑟̇(0) = 0.01, 𝜙̇(0) = 1.5, and 𝑧̇(0) = 0.2. (b) For 𝜔 = 0.15, with evolution parameter 
in 𝜏 ∈ [0, 800], and initial conditions 𝑟(0) = 0.2, 𝜙(0) = 2.7, 𝑧(0) = 0, 𝑟̇(0) = 0.01, 
𝜙̇(0) = 2.7, and 𝑧̇(0) = 3.5.

This approach allows us to derive the full set of dynamical equations 
and facilitates a systematic study of stability through linear analysis and 
phase space behavior.

We start with the classical Lagrangian derived from the metric (1) 
given by

 = 1
2
[

−𝑡̇2 + 𝑟̇2 + 𝑟2𝜙̇2 + (𝜔 𝑟 𝜙̇ + 𝑧̇)2
]

, (24)

where the dot denotes a derivative with respect to the affine parame-
ter 𝜏.

The Legendre transformation gives the Hamiltonian

 = 𝑝𝑡 𝑡̇ + 𝑝𝑟 𝑟̇ + 𝑝𝜙 𝜙̇ + 𝑝𝑧 𝑧̇ − . (25)

Physics Letters B 870 (2025) 139944 

4 



E.O. Silva, F. dosS. Azevedo and F. Ahmed

Fig. 3. Geodesic trajectories in the helicoidal spacetime for fixed angular parameter 𝜔 = 0.49. In panel (a), the initial conditions are 𝑟(0) = 0.5, 𝜙(0) = 0.5, 𝑧(0) = 0, 
𝑟̇(0) = 0.05, 𝜙̇(0) = 1.9, and 𝑧̇(0) = 2.7. In panel (b), the trajectory evolves from a region much closer to the axis, with 𝑟(0) = 0.01, and other initial conditions as 
𝜙(0) = 0.1, 𝑧(0) = 0, 𝑟̇(0) = 0.05, 𝜙̇(0) = 1.9, and 𝑧̇(0) = 2.7. In both cases, the evolution parameter runs in the interval 𝜏 ∈ [0, 100]. In panel (c), the same initial radial 
and angular values of panel (b) are considered, but with a negative vertical velocity, 𝑧̇(0) = −2.7 (i.e., 𝑝𝑧 < 0).

Expressed in terms of the canonical momenta using Eqs.  (19)–(21), 
the Hamiltonian becomes

 = 1
2

[

𝑝2𝑟 − 𝑝
2
𝑡 +

(𝜔2 + 1)2

𝑟2
(𝜔𝑝𝑧𝑟 − 𝑝𝜙)2

]

+ 1
2

( 𝑝𝑧 − 𝜔𝑝𝜙∕𝑟

𝜔2 + 1

)2

. (26)

The equations of motion follow from Hamilton’s canonical
equations:

𝑥̇𝜇 = 𝜕
𝜕𝑝𝜇

, 𝑝̇𝜇 = − 𝜕
𝜕𝑥𝜇

. (27)

Explicitly, 𝑥̇𝜇 and 𝑝̇𝜇 are expressed as

𝑡̇ = −𝑝𝑡, (28)

𝑟̇ = 𝑝𝑟, (29)

𝜙̇ =
−2𝜔3𝑝𝑧𝑟 + 2𝜔2𝑝𝜙 − 𝜔𝑝𝑧𝑟 + 𝑝𝜙

𝑟2(𝜔4 + 2𝜔2 + 1)
, (30)

𝑧̇ =
3𝜔4𝑝𝑧𝑟 − 2𝜔3𝑝𝜙 + 3𝜔2𝑝𝑧𝑟 − 𝜔𝑝𝜙 + 𝑝𝑧𝑟

𝑟(𝜔4 + 2𝜔2 + 1)
. (31)

The conjugate momenta evolve as
𝑝̇𝑡 = 0, (32)

𝑝̇𝑟 =
𝑝𝜙(−2𝜔3𝑝𝑧𝑟 + 2𝜔2𝑝𝜙 − 𝜔𝑝𝑧𝑟 + 𝑝𝜙)

𝑟3(𝜔4 + 2𝜔2 + 1)
, (33)

𝑝̇𝜙 = 0, (34)

𝑝̇𝑧 = 0. (35)

In the following, we will use this set of equations to study orbital 
stability and circular motion conditions.

4.1.  Poincaré maps and stability

Now we examine the stability of the orbits. A linear perturbation 
analysis is carried out by expanding the equations of motion around a 
reference solution 𝑋(𝜏) [23–26]. To assess the stability of a given or-
bit, we linearise the Hamiltonian equations around a reference solution 
𝑋(𝜏). We collect the canonical variables in the phase-space vector
𝑋 = (𝑟, 𝜙, 𝑧, 𝑝𝑟, 𝑝𝜙, 𝑝𝑧)𝖳, (36)

where the overdot denotes differentiation with respect to the affine pa-
rameter 𝜏. In the helicoidal metric, the full set of equations of motion 

Physics Letters B 870 (2025) 139944 

5 



E.O. Silva, F. dosS. Azevedo and F. Ahmed

derived from the Hamiltonian approach described above reads
𝑟̇ = 𝑝𝑟, (37)

𝜙̇ =
𝑝𝜙 − 𝜔𝑟𝑝𝑧
𝐷 𝑟2

, (38)

𝑧̇ =
(3𝜔2 + 1)𝑝𝑧

𝐷
−
𝜔(2𝜔2 + 1)𝑝𝜙

𝐷2 𝑟
, (39)

𝑝̇𝑟 =
(2𝜔2 + 1)

(

𝜔𝑟𝑝𝑧 − 𝑝𝜙
)

𝑝𝜙
𝐷2 𝑟3

, (40)

𝑝̇𝜙 = 0, (41)

𝑝̇𝑧 = 0, (42)

with the shorthand 𝐷 ≡ 1 + 𝜔2. The last two equalities reproduce the 
integrals of motion 𝐿 = 𝑝𝜙 and 𝑝𝑧.

Let 𝑋(𝜏) solve Eqs.  (37)–(42) exactly and introduce a small deviation 
𝛿𝑋(𝜏). Expanding to first order gives

𝛿𝑋̇ = 𝐽 (𝜏) 𝛿𝑋, 𝐽 (𝜏) ≡
(

𝜕𝑋̇
𝜕𝑋

)

𝑋(𝜏)
, (43)

where the 6 × 6 matrix 𝐽 is the Jacobian of the full evaluated along the 
trajectory [25,27]. Because 𝑝̇𝜙 = 𝑝̇𝑧 = 0, 𝐽 acquires a block form 𝐽 =
(

𝟎 𝟎
𝐀 𝐁

)

, with the non-vanishing entries

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0
2(𝑝𝜙 − 𝜔𝑟𝑝𝑧)

𝐷 𝑟3
0 0

−
(3𝜔2 + 1)𝑝𝑧

𝐷 𝑟2
0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,𝐁 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0

0 1
𝐷 𝑟2

− 𝜔
𝐷 𝑟

0 −
𝜔(2𝜔2 + 1)

𝐷2 𝑟
3𝜔2 + 1
𝐷

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝐽55 =
(2𝜔2 + 1)(𝜔𝑟𝑝𝑧 − 2𝑝𝜙)

𝐷2𝑟3
, 𝐽56 =

𝜔(2𝜔2 + 1)𝑝𝜙
𝐷2𝑟2

,

𝐽51 = −
3(2𝜔2 + 1)(𝜔𝑟𝑝𝑧 − 𝑝𝜙)𝑝𝜙

𝐷2𝑟4
. (44)

All remaining elements not shown explicitly are zero. Therefore, ev-
ery component of 𝐽 is an analytic, rational function of 𝑟(𝜏), the con-
served momenta 𝑝𝜙, 𝑝𝑧, and the parameter 𝜔; no numerical approxima-
tion is involved in its construction.

Solving the characteristic equation det(𝐽 − 𝜆𝕀
)

= 0 provides the six 
Lyapunov exponents 𝜆𝑖 local to the selected point on the orbit [28–31]. 
Purely imaginary 𝜆𝑖 indicate linear stability, whereas a real part differ-
ent from zero signals local instability. To characterise global behaviour, 
one follows the evolution of 𝛿𝑋 according to (43) and evaluates

𝜆max = lim
𝜏→∞

1
𝜏
ln
‖𝛿𝑋(𝜏)‖
‖𝛿𝑋(0)‖

, (45)

which measures the average exponential rate of divergence between 
neighbouring trajectories.

The phase-space portraits of Fig. 4 are obtained from the numeri-
cal integration of the full Hamiltonian 𝑋̇ = 𝐹 (𝑋;𝜔) in Eqs.  (37)–(42). 
Whenever the trajectory crosses the hypersurface 𝑧 = 𝑧0 with positive 
vertical velocity (𝑧̇ > 0), the pair (𝑟, 𝑝𝑟) is recorded; these pairs consti-
tute the Poincaré map. The variational system 𝛿𝑋̇ = 𝐽 (𝜏) 𝛿𝑋 in Eq.  (43) 
is used solely for local stability diagnostics (eigenvalues and Lyapunov 
exponents) and is not involved in generating the map itself.

Here, the orbit 𝑋(𝜏) is obtained numerically from (37)–(42); at each 
integration step the analytic expressions (44) are evaluated to update 
𝐽 (𝜏). Time-ordered multiplication of the resulting fundamental matrices 
yield the finite-time Lyapunov exponent, while Poincaré sections are 
constructed by recording intersections with a fixed hypersurface (𝑧̇ >
0, 𝑧 = 𝑧0) in the reduced phase space (𝑟, 𝑝𝑟) as illustrated in Fig. 4. The 
combined use of the analytic Jacobian and the numerical trajectory, 
thus linking the local linear analysis to the global phase-space portraits, 
provides a consistent picture of how the torsion parameter 𝜔 governs 
stability and orbital architecture.

Fig. 4. Poincaré maps on the plane 𝑧 = 𝑧0 = 2. (a) Outbound crossings (𝑝𝑟 >
0) collapse into a narrow vertical strip centred at 𝑟 ≃ 3.0, indicating that the 
orbit meets the reference plane near the outer turning point of each revolution. 
(b) Inbound crossings (𝑝𝑟 < 0) populate a much broader band, 1 ≲ 𝑟 ≲ 3; the 
pattern evolves from thin, nearly integrable curves at small 𝜔 to wider, quasi-
periodic layers as 𝜔 increases.

To complement the analytical criteria, the Hamiltonian equations are 
integrated numerically, and the resulting motion is visualised through 
a set of graphical diagnostics. First, the complete three-dimensional tra-
jectory is reconstructed in Cartesian coordinates (𝑥(𝜏), 𝑦(𝜏), 𝑧(𝜏)), expos-
ing at a glance the helical character of the path. Two planar projec-
tions, (𝑟, 𝜙) and (𝜙, 𝑧), are extracted to emphasise the radial excursions 
and the axial advance per revolution. In parallel, the effective poten-
tial 𝑉eff(𝑟) from Eq.  (23) is plotted for the same integrals of motion, 
allowing a direct comparison between the turning points predicted by 
the one-dimensional reduction and those realised in the whole orbit. 
Poincaré sections provide a compact portrait of the phase-space struc-
ture. Throughout this work, we adopt the plane 𝑧 = 𝑧0 = 2 and keep only 
the upward crossings, 𝑧̇ > 0. For every value of the torsion parameter 𝜔
we integrate the full Hamiltonian (37)-(42); at each step the crossing 
criterion is checked and, whenever it is met, the pair (𝑟, 𝑝𝑟) is stored. We 
separate the data according to the sign of the radial momentum to high-
light the two radial branches of the motion. Fig. 4 collects the resulting 
maps: The stark contrast between panels (a) and (b) confirms that the 
helicoidal torsion fixes the phase at which the trajectory re-enters the 
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Fig. 5. Poincaré sections on the plane 𝑧 = 𝑧0 = 2 for orbits with negative ax-
ial momentum 𝑝𝑧 < 0. (a) Outbound crossings (𝑧̇ < 0, 𝑝𝑟 > 0) cluster in a narrow 
vertical strip around 𝑟 ≃ 3, mirroring the behaviour seen for 𝑝𝑧 > 0 but shifted in 
phase because the trajectory meets the reference plane while descending. (b) In-
bound crossings (𝑧̇ < 0, 𝑝𝑟 < 0) populate a very thin band just below 𝑝𝑟 = 0, in-
dicating that the repulsive coupling term −2𝜔𝐿𝑝𝑧∕𝑟 prevents the particle from 
penetrating deeply into the potential well. Colours encode the torsion strength 
𝜔 = 0.3-0.8. Together with Fig. 4, these panels show that changing the sign of 
𝑝𝑧 rearranges the phase-space islands without destroying the overall layer struc-
ture, confirming that the product 𝜔𝐿𝑝𝑧 is the key control parameter.

plane during the outward leg, the inward leg is far more sensitive to 𝜔. 
For slight torsion, the points lie on thin invariant curves; increasing 𝜔
broadens those curves into bands, signalling a transition from regular to 
mixed dynamics. These global features echo the local-stability diagnos-
tics obtained from the Jacobian analysis, reinforcing the role of 𝜔 as an 
effective control parameter for the system’s orbital architecture.

For completeness, we repeated the construction with the axial mo-
mentum reversed. Fig. 5 displays the resulting sections for 𝑝𝑧 < 0, se-
lecting crossings with 𝑧̇ < 0 so that the reference plane is approached 
from the same physical side. Panel (a) reveals that the outbound strip 
persists but is phase-shifted to the descending branch, while panel (b) 
shows that the inbound points collapse into a very thin layer close to 
𝑝𝑟 = 0, a direct consequence of the repulsive sign acquired by the cou-
pling term −2𝜔𝐿𝑝𝑧∕𝑟. The comparison with Fig. 4 demonstrates that it 
is the product 𝜔𝐿𝑝𝑧, rather than the individual signs, that determines 
the topology of the invariant layers; reversing either 𝜔 or 𝑝𝑧 relocates 
the islands without altering their stability hierarchy.

Fig. 6. The nested helical orbit is generated directly from the Lagrangian (24). 
The red curve is the slow guide helix 𝐆(𝜏) =

(

𝑟0 cosΩ𝑔𝜏, 𝑟0 sinΩ𝑔𝜏, 𝑣𝑧𝜏
) with 

𝑟0 = 𝑃𝜙∕(𝜔𝑃𝑧), Ω𝑔 = 𝜔2𝑃𝑧∕𝑃𝜙 and 𝑣𝑧 = 𝑃𝑧∕(1 + 𝜔2). The blue curve is obtained 
by adding the circular offset 𝐴[cos(𝑘𝜏)𝐍 + sin(𝑘𝜏)𝐁

]

, where (𝐓,𝐍,𝐁) is the Frenet 
frame of 𝐆 [32–34]. Because the perturbation lives entirely in the normal plane, 
i.e, the distance between the two helices remains constant secondary radius 𝐴, 
realizing an exact “super-helical” motion in which a fast wave of frequency 𝑘
rides on the slow drift set by Ω𝑔 . We use the parameters 𝜔 = 0.5, 𝑃𝜙 = 4, 𝑃𝑧 = 2, 
𝐴 = 0.8, 𝑘 = 5. (For interpretation of the references to colour in this figure leg-
end, the reader is referred to the web version of this article.)

Having established the global picture in phase space, it is natural to 
ask how sensitive a single timelike orbit is to rapid, small–amplitude 
perturbations that respect the conserved quantities (E,L, 𝑝𝑧). Within the 
Lagrangian framework, this question can be answered analytically: start-
ing from the slow helical geodesic of radius 𝑟0 = 𝑃𝜙∕(𝜔𝑃𝑧), we add a 
transverse oscillation of fixed amplitude 𝐴 that rotates 𝑘 times faster 
around the local Frenet-Serret frame [32–36]. The resulting “helix on 
a helix” is shown in Fig. 6 provides a concrete example of persistent 
confinement under high–frequency modulation.

The construction confirms, at the level of explicit trajectories, the 
Jacobian-based result that torsion does not necessarily disrupt bounded 
motion: Even under rapid radial wobbling, the particle never escapes the 
effective potential well, its closest approach to the axis being fixed by 
𝑟min = 𝑟0 − 𝐴. Hence, moderate twisting can coexist with high-frequency 
internal dynamics without compromising spatial confinement, a point 
that will be revisited in the discussion of wave-optics analogues
(Section  6).

4.2.  Special orbits and effective potential

In the above Hamiltonian discussion, one can observe three constants 
of motion corresponding to the cyclic coordinates 𝑡, 𝜙, and 𝑧. Thus, ac-
cording to Eqs.  (19) and (20), the conserved quantities (E, L) associated 
with 𝑡 and 𝜙 coordinates are as follows
E = 𝑡̇ , L = 𝑟2𝜙̇ + 𝜔 𝑟𝑝𝑧, (46)

where 𝑝𝑧 is given earlier. We can rewrite the above equation as

𝑡̇ = E, 𝜙̇ =
L − 𝜔𝑟𝑝𝑧

𝑟2
, 𝑧̇ = (1 + 𝜔2)𝑝𝑧 −

𝜔
𝑟
L. (47)

Therefore, the geodesic equation for the axial coordinate 𝑟 using the 
Lagrangian (24) is given by
𝑟̇2 + 𝑉eff(𝑟) = E2, (48)

where 
𝑉eff = −𝜖 + L2

𝑟2
+ (1 + 𝜔2)𝑝2𝑧 −

2𝜔L𝑝𝑧
𝑟

. (49)
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Fig. 7. The trajectories of the 2D orbits projected onto the 𝑥–𝑦 plane for different values of 𝜔. The inner gray circle in the third figure defines a radius of 4.05 and 
represents a “forbidden region” where there is a barrier that the particle cannot access. In all cases we have used L = 18, 𝑝𝑧 = 2 and E = 0.6.

which is just the effective potential given in Eq.  (23). One can recover 
Minkowski flat space in the limit 𝜔 = 0, corresponding to the absence 
of the helical twist parameter. In this case, the potential is reduced to 
𝑉eff =

(

−𝜖 + L2∕𝑟2 + 𝑝2𝑧
)

.
Now, we specifically focus on the properties of circular photon orbits. 

An analogue study of circular photon orbits was carried out in Ref[37]. 
To determine such orbits, the standard conditions 𝑟̇ = 0 and 𝑟̈ = 0
must be satisfied. Applying these conditions to Eqs.  (48) and (49), and 
considering the null geodesic case (𝜖 = 0), we obtain the following rela-
tions:

E2 = 𝑉eff(𝑟0) =
L2

𝑟20
+ (1 + 𝜔2)𝑝2𝑧 −

2𝜔L𝑝𝑧
𝑟0

, (50)

with 𝑟0 being the radius of the photon’s circular orbit. So, by calculating 
𝑉 ′
eff(𝑟) = 0, we find

𝑟0 =
L
𝜔𝑝𝑧

. (51)

Next, we determine 𝑉 ′′
eff(𝑟) using the effective potential given in Eq. 

(49) as,

𝑉 ′′
eff(𝑟) =

2L
𝑟4

(3L − 2𝜔𝑟𝑝𝑧). (52)

At the radius 𝑟 = 𝑟0 given in Eq.  (51), we find

𝑉 ′′
eff(𝑟 = 𝑟0) =

2𝜔4𝑝4𝑧
L2

> 0. (53)

Moreover, the photon particle’s energy at the circular null orbits us-
ing Eq.  (50) becomes E = 𝑝𝑧 > 0.

The above analysis reveals that circular null orbits are stable, and 
photon particles remain confined near the circular path.

5.  Deflection angle of photon rays

The deflection angle is a fundamental quantity in the study of grav-
itational lensing, particularly in the context of cosmic strings and other 
exotic spacetime structures. As light propagates through curved space-
time, its trajectory is bent by the gravitational influence of intervening 
masses or topological defects, such as wiggly cosmic strings. This angle 
is a key observable, linking theoretical predictions with astrophysical 
observations. By analyzing its behavior, researchers can probe the ge-
ometry, mass distribution, and physical properties of lensing objects, 
providing a powerful means to test general relativity, detect subtle as-
trophysical signatures, and constrain phenomena beyond the Standard 
Model of cosmology [38–40].

In the following, we determine the deflection angle of photon rays 
in the gravitational field generated by the curved spacetime described 
by Eq.  (1). We employ two complementary approaches to evaluate the 
deflection, as detailed below:

5.1.  Case A: General method

The motion of light in the Riemann space-time is described by the 
equation 𝑑𝑠 = 0. Using the line-element (1), we can write
−𝑡̇2 + 𝑟̇2 + (1 + 𝜔2) 𝑟2 𝜙̇2 + 2𝜔 𝑟 𝜙̇ 𝑧̇ + 𝑧̇2 = 0. (54)

Let us suppose that the test particle (light) moves in the direction of 
the z-axis, or we can say, 𝑟 = 𝑟0 = const and 𝑑𝑧∕𝑑𝑡 = 𝑐 = 1, where 𝑐 is 
the speed of photon particles. This is an analogy to the case studied in 
[41,42].

Thereby, from Eq.  (54) we find

(1 + 𝜔2)𝑟20

(

𝑑𝜙
𝑑𝑡

)2
+ 2𝜔𝑟0

(

𝑑𝜙
𝑑𝑡

)

= 0. (55)

Let us consider the solution of the above differential equation to be 
the form 𝜙(𝑡) = 𝐴 𝑡, where 𝐴 is an arbitrary parameter that must be de-
termined. Substituting this solution into the Eq.  (55) and after simpli-
fication results
𝐴 = − 2𝜔

(1 + 𝜔2)𝑟0
. (56)

Thus, the function 𝜙(𝑡) is in the following form:

𝜙(𝑡) = − 2𝜔
(1 + 𝜔2)𝑟0

𝑡. (57)

Now, we choose the interval 𝑧2 − 𝑧1 = Δ𝑧 = 𝑝 (pitch); the distance 
between two points on the line parallel to the z-axis, then the time-
interval Δ𝑡 is given by Δ𝑡 = 𝑝∕𝑐 = 𝑝. Thus, the deflection angle of light 
is given by

Δ𝜙 = −
2𝜔𝑝

(1 + 𝜔2)𝑟0
. (58)

From the expression in Eq.  (58), it becomes evident that the deflec-
tion of photon rays depends on the real parameter 𝜔, the distance along 
the 𝑧-axis 𝑝 for a fixed value of 𝑟0.

Substituting 𝑟0, the deflection angle from Eq.  (58) becomes

Δ𝜙 = −
2𝜔2𝑝𝑝𝑧
(1 + 𝜔2)L

. (59)

For very small parameter 𝜔 << 1, we find

Δ𝜙 ≈ −
2𝜔2𝑝𝑝𝑧

L
, (60)

which reveals that, for 𝜔 ≪ 1, the deflection is second-order in the tor-
sion strength and flips sign when either 𝜔 or 𝑝𝑧 changes sign. Although 
suppressed by the small factor 𝜔2, it can still be enhanced by large pitch 
𝑝 or small angular momentum 𝐿, offering a clear geometric signature of 
the helical twist.
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5.2.  Case B: Lagrangian method

The equation of orbit is defined using Eqs.  (47) and (48) as,
(

𝑑𝑟
𝑑𝜙

)2
= 𝑟̇2

𝜙̇2
=

𝛾2𝑟2
(

L
𝑟 − 𝜔𝑝𝑧

)2
− 𝑟2, (61)

where 𝛾 =
√

E2 − 𝑝2𝑧. Defining a new variable via 𝑟 = 1
𝑢  into the above 

equation results

𝑑𝑢
𝑑𝜙

= ±𝑢

√

√

√

√

𝛾2
(

L𝑢 − 𝜔𝑝𝑧
)2

− 1. (62)

Eq. (62) is the photon trajectories in the given gravitational field. 
One can determine the deflection angle of the photon rays using the 
following formula [43]
𝛼̂ = 2Δ𝜙 − 𝜋, (63)

where

Δ𝜙 = ∫

𝑢0

0

𝑑𝑢

𝑢
√

𝛾2
(L𝑢−𝜔𝑝𝑧)2

− 1
. (64)

Fig. 8. Effective potential 𝑈eff (𝑟) given by Eq.  (70) for three values of the helical 
parameter 𝜔 = 0.1, 0.2, 0.3 at fixed 𝑘𝑧 = 30. (a) For 𝓁 = 1 the term −2𝜔𝓁𝑘𝑧∕𝑟 is 
negative, producing a short-range attractive well whose depth grows with 𝜔. 
(b) For 𝓁 = −1 the same term becomes repulsive, so the potential stays positive-
definite; only the centrifugal barrier (𝓁2 − 1∕4)∕𝑟2 dominates as 𝑟→ 0.

Here 𝑢0 = (𝜔𝑝𝑧 + 𝛾)∕L that is obtained from Eq.  (62) under the con-
dition (𝑑𝑢∕𝑑𝜙)|𝑢=𝑢0 = 0.

Fig. 7 shows the orbits for different values of 𝜔, obtained by taking 
the second derivative of Eq.  (62) concerning 𝜙. In Fig. 7(a), for 𝜔 =
0.3, the orbit extends further outward and exhibits a larger inner free 
region. As 𝜔 increases, the particles move closer to the center, resulting 
in smaller orbital radii, see Fig. 7(b) and (c). This behavior, in which 
the orbits shrink as 𝜔 increases, was anticipated in Section 4.2, where 
the effective geometric potential was discussed, see Eq.  (51).

It is important to note that, in the trajectories obtained in this work, 
the presence of torsion causes the orbits to conform to Bertrand’s Theo-
rem: they are bounded, though not necessarily closed. Additionally, the 
2D orbits found here reflect the helical structure of the spacetime, which 
is further explored in the 3D trajectories. For 3D orbits that oscillate be-
tween a minimum and maximum radius, see Section 3.

6.  Wave optics in three-dimensional surface

Wave optics (or physical optics) describes the behavior of light as 
a wave, accounting for phenomena like interference, diffraction, and 
polarization effects not explained by geometric (ray) optics. A central 
equation in wave optics is the scalar Helmholtz equation, derived from 

Fig. 9. Effective position-dependent refractive index 𝑛(𝑟) for (a) 𝓁 = 1 and 
(b) 𝓁 = −1, plotted for three values of the helical parameter 𝜔 = 0.1, 0.2, 0.3. 
Throughout we set Ω = 2 and 𝑘𝑧 = 0.2.
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Fig. 10. (a) Normalised radial intensity density 𝐼(𝑟) = 𝑟𝐼(𝑟) for the bound 
ground state (𝑛 = 0) with azimuthal quantum number 𝓁 = 1 and longitudinal 
momentum 𝑘𝑧 = 30. Three torsion strengths are shown: 𝜔 = 0.1 (blue), 𝜔 = 0.2
(red) and 𝜔 = 0.3 (green). The factor (2𝜆𝑟)2𝓁 produces the initial rise, while 
the Gaussian envelope exp[−2𝜆(𝜔)𝑟] enforces an exponential decay; the peak 
therefore shifts only slightly as 𝜔 varies. (b) Intensity density for the scatter-
ing solution with azimuthal number 𝓁 = −1 and the same 𝑘𝑧 and 𝑛. Here, the 
hypergeometric parameter remains at its generic value 𝑎 = 1∕2, so the mode is 
not square-integrable: 𝐼(𝑟) decreases near the axis but eventually grows expo-
nentially, signalling an outgoing wave. Together, the two panels illustrate how 
changing the sign of 𝓁 turns the torsion-coupling term −2𝜔𝓁𝑘𝑧∕𝑟 from attractive 
(panel (a)) to repulsive (panel (b)), thereby converting a confined Gaussian-like 
mode into a delocalised scattering state while leaving the background geometry 
unchanged. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)

Maxwell’s equations under the assumption of monochromatic light, 
scalar fields [44–46]
∇2
𝐿𝐵 Ψ(𝐫) + 𝑘2 Ψ(𝐫) = 0, (65)

where Ψ(𝐫) is a complex scalar function (potential) defined at a spatial 
point 𝐫 = (𝑥, 𝑦, 𝑧) ∈ ℝ3, and 𝑘 is a real or complex constant related to the 
wave properties of the medium. Here, ∇2

𝐿𝐵 explains the Laplace-Beltrami 
operator, and in curved space, it takes the following form:

∇2
𝐿𝐵 Ψ = 1

√

𝑔
𝜕𝑖
(√

𝑔𝑔𝑖𝑗𝜕𝑗Ψ
)

, (66)

where the indices 𝑖, 𝑗 ∈ {1, 2, 3}. Noted that we can expressed the line 
element (1) in the form: 𝑑𝑠2 = −𝑑𝑡2 + 𝑔𝑖𝑗 𝑑𝑥𝑖 𝑑𝑥𝑗 , where 𝑔𝑖𝑗 is the spatial 
part of the metric tensor 𝑔𝜇𝜈 given in Eq.  (3).

Considering the scalar function Ψ(𝑟, 𝜙, 𝑧) = exp(𝑖𝑘𝑧𝑧) exp(𝑖𝓁𝜙)𝜓(𝑟), 
where 𝑘𝑧 > 0 is the translation and 𝓁 is the angular numbers. Using this, 
we can re-write Eq.  (65) after simplification as

𝜓 ′′(𝑟) + 1
𝑟
𝜓 ′(𝑟) +

[

𝑘2eff − 𝓁2

𝑟2
+

2𝜂
𝑟

]

𝜓(𝑟) = 0, (67)

where we defined (setting 𝑘 = Ω 𝑐 = Ω, the frequency of waves)

𝑘eff =
√

Ω2 − (1 + 𝜔2)𝑘2𝑧, 𝜂 = 𝜔𝓁𝑘𝑧. (68)

Here 𝑘eff is the effective propagation constant that depends on the 
helical parameter 𝜔.

6.1.  Effective potential and refractive index

Now, transforming the ansatz to a new function via 𝜓(𝑟) = 𝑅(𝑟)∕
√

𝑟
in Eq.  (67) yields
𝑅′′(𝑟) +

(

Ω2 − 𝑈eff(𝑟)
)

𝑅(𝑟) = 0, (69)

a Schrödinger-like radial equation with effective potential given by

𝑈eff(𝑟) = (1 + 𝜔2)𝑘2𝑧 +
𝓁2 − 1∕4

𝑟2
−

2𝜔𝓁𝑘𝑧
𝑟

. (70)

In the limit 𝜔 → 0, the result reduces to that of flat space. This indi-
cates that the helical parameter 𝜔 modifies the effective potential gov-
erning the wave dynamics, distinguishing it from the flat space scenario.

Writing the above Eq. (69) as
𝑅′′(𝑟) + Ω2𝑛2𝑟𝑅(𝑟) = 0, (71)

we find the refractive index of the monochromatic wave of frequency 
Ω(= 𝑘𝑐 = 𝑘) as

𝑛𝑟(𝑟) =
√

1 −
𝑈eff(𝑟)
Ω2

=

√

1 − 1
Ω2

[

(1 + 𝜔2)𝑘2𝑧 +
𝓁2 − 1∕4

𝑟2
−

2𝜔𝓁𝑘𝑧
𝑟

]

. (72)

From the above expression, it becomes evident that several key factors 
influence the position-dependent effective refractive index of the elec-
tromagnetic wave. These include the helical parameter 𝜔, the angular 
quantum number 𝓁, and the translation quantum number 𝑘𝑧. In the limit 
𝜔 → 0, the result reduces to that of flat space as 

𝑛𝑟(𝑟) =

√

1 − 1
Ω2

(

𝑘2𝑧 +
𝓁2 − 1∕4

𝑟2

)

. (73)

When the refractive index 𝑛𝑟 > 1, the local wave propagation is slowed 
down due to the influence of the curved background geometry. In such 
a scenario, the electromagnetic wave’s phase velocity becomes less than 
the speed of light in vacuum (𝑐), implying that the energy or informa-
tion carried by a monochromatic wave or a group of waves travels more 
slowly than it would in free space. This condition is called the sublu-
minal regime, where the wave propagation is impeded by the medium 
or effective geometry. On the other hand, when 𝑛𝑟 < 1, the wave propa-
gates faster than light in a vacuum. This corresponds to the superlumi-
nal regime, in which the phase velocity exceeds 𝑐, indicating that the 
wave crests move faster than they would in a vacuum. However, it is 
important to emphasize that even in the superluminal case, there is no 
causality violation, as the actual transmission of energy or information 
(governed by the group or signal velocity) remains constrained by the 
relativistic speed limit.

In Fig. 8, we present a few plots illustrating the behaviour of the ef-
fective potential 𝑈eff(𝑟) in the context of wave optics for various values 
of the helical parameter 𝜔. The top panel corresponds to the case 𝓁 = 0, 
while the bottom panel shows the results for 𝓁 = 1. In the top panel, 
the effective potential is observed to increase gradually with increasing 
𝑟, and this overall trend shifts upward as the value of 𝜔 increases. In 
contrast, in the bottom panel, the effective potential decreases mono-
tonically with 𝑟, and this behaviour shifts downward for larger values 
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of 𝜔. These contrasting trends highlight the significant role played by 
both the angular momentum parameter 𝓁 and the helical parameter 𝜔
in shaping the effective potential of the wave dynamics.

In Fig. 9 we display the radial profile of the effective refractive index 
𝑛𝑟(𝑟) at fixed monochromatic frequency Ω = 2 and translational quan-
tum number 𝑘𝑧 = 0.2. Fig. (a) corresponds to the angular-momentum 
sector 𝓁 = 1, while Fig. (b) shows the result for 𝓁 = −1. In both cases, 
the curves lie in the superluminal regime (𝑛𝑟 < 1), with the curves ap-
proaching a nearly constant value. In Fig. (a), for small 𝜔, this asymp-
totic value is close to unity as 𝑟 increases. In contrast, as 𝜔 increases, 
the curves approach lower values and may even intersect those with 
smaller torsion values. The slight differences between the two panels 
stem from the sign of 𝓁: for 𝓁 = 1 the centrifugal term raises the effec-
tive index near the core, whereas for 𝓁 = −1 the combined action of 
the helical coupling and the negative angular momentum lowers it, pro-
ducing a deeper minimum. Reducing 𝑘𝑧 below ∼ 0.14 would invert this 
behaviour, driving the system into the subluminal regime (𝑛𝑟 > 1) over 
a finite radial interval.

6.2.  Solution and intensity profiles

To investigate the solution of Eq.  (67), we will consider a transfor-
mation of the radial coordinate and the function 𝜓(𝑟) as,
𝜌 = 2𝑘eff 𝑟, 𝜓(𝑟) = 𝜌|𝓁| 𝑒−𝜌∕2 𝑓 (𝜌). (74)

Substituting this into the Eq. (67) leads to the standard confluent 
hypergeometric differential equation for 𝑓 (𝜌) as,
𝜌 𝑓 ′′(𝜌) + (b − 𝜌) 𝑓 ′(𝜌) − a 𝑓 = 0, (75)

whose solution is given in terms of the confluent hypergeometric func-
tion

𝜓(𝑟) = (2𝑘eff 𝑟)|𝓁| 𝑒−𝑘eff𝑟1𝐹1
(

a, b, 2𝑘eff 𝑟
)

. (76)

Therefore, the complete scalar complex function Ψ is given by 
Ψ(𝑟, 𝜙, 𝑧) = 𝑒𝑖𝑘𝑧𝑧 𝑒𝑖𝓁 𝜙 𝑒−𝑘𝑟(2𝑘eff 𝑟)|𝓁|1𝐹1

(

a, b, 2𝑘eff 𝑟
)

, (77)

where 1𝐹1(a, b, 𝜌) is the confluent hypergeometric function, and

a = |𝓁| + 1
2
−

𝜔𝓁 𝑘𝑧
√

Ω2 − (1 + 𝜔2) 𝑘2𝑧
, b = 1 + 2 |𝓁|. (78)

The intensity of the beam of waves propagating in the curved space 
is calculated using the relation 

𝐼(𝑟) = Ψ∗ Ψ = 4 𝑒−2𝑘eff𝑟 (𝑘eff𝑟)2|𝓁|
[

1𝐹1(a, b, 2𝑘eff 𝑟)
]2. (79)

In the limit 𝜔 = 0, which corresponds to the Minkowski flat space, the 
beam intensity reduces as (setting 𝑘𝑧 = 0 due to the cylindrical symme-
try) 

𝐼(𝑟) = 4 𝑒−2Ω𝑟(Ω𝑟)2|𝓁|
[

1𝐹1
(

|𝓁| + 1
2
, 1 + 2|𝓁|, 2Ω𝑟

)]2
. (80)

From the expression (79), it becomes evident that several key factors 
influence the beam intensity propagating in a curved space background. 
These include the helical torsion parameter 𝜔, the angular quantum 
number 𝓁, and the longitudinal momentum 𝑘𝑧 > 0. Notably, due to the 
coupling between 𝜔 and 𝑘𝑧, the case 𝑘𝑧 = 0 is not physically meaningful 
and therefore cannot be considered. Additionally, the wave frequency 
Ω, which corresponds to the propagation constant 𝑘 = 2𝜋∕𝜆 (where 𝜆 is 
the wavelength), also significantly determines the beam intensity. The 
intensity undergoes a modification due to the helical parameter 𝜔, com-
pared to the flat space result presented in (80).

Fig. 10(a) confirms that, once the quantisation condition 𝑎 = −𝑛 is 
imposed, the optical mode acquires a genuinely Gaussian–type enve-
lope even in the presence of torsion. For 𝓁 = 1, the peak of the shell-
normalised radial intensity density, 𝐼(𝑟), occurs near 𝑟 ≈ 0.05 and decays 
on the scale 𝜆−1, matching the depth and position of the potential min-
ima in Fig. 8(a). The decrease in peak height with 𝜔 shows that torsion 
redistributes intensity within essentially the same radial window, pre-
serving transverse confinement. The apparent “centrifugal” effect is, in 
fact, a subtle consequence of enhanced centripetal confinement due to 
the torsion parameter 𝜔. As seen before, the effective potential deepens 

Fig. 11. Normalised intensity density 𝐼(𝑟) in the transverse (𝑥, 𝑦) plane for azimuthal quantum number 𝓁 = 1. Each panel is a polar pseudocolour map from the full 
analytical solution (79). Columns: three torsion strengths 𝜔 = 0.1, 0.2, 0.3 (left to right). Rows: bound ground state 𝑛 = 0 (top) and first excited state 𝑛 = 1 (bottom). 
For each row, the colour scale is normalised independently so that the brightest yellow corresponds to the peak of that 𝑛-manifold; the vertical bar on the right 
therefore shows the actual scale for the top row (𝑛 = 0). For 𝑛 = 0 the mode is single-lobed and Gaussian-like, while for 𝑛 = 1 a clear nodal ring appears at 𝑟 ≃ 0.17, 
as expected from the factor (2𝜆𝑟)2𝓁 and the first zero of the confluent hypergeometric function. Increasing 𝜔 raises the propagation constant 𝜆(𝜔), shrinking the 
transverse width of both states without changing their qualitative structure. (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)
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with increasing 𝜔 for 𝓁 = 1, reinforcing localization near the axis. How-
ever, the peak of the ground-state intensity remains nearly unchanged 
because the sharper potential is balanced by faster exponential decay of 
the wavefunction, governed by 𝜆(𝜔) =

√

Ω2 − (1 + 𝜔2)𝑘2𝑧. This interplay 
highlights how torsion reshapes mode confinement without significantly 
shifting the peak, thereby blending classical and wave-optical effects 
in a nontrivial manner. In contrast, Fig. 10(b) corresponds to 𝓁 = −1, 
for which the coupling term is repulsive and the effective potential of 
Fig. 8(b) remains strictly positive. With no well to support bound states, 
the wave function retains its generic parameter 𝑎 = 1

2  and becomes non-
normalizable: 𝐼(𝑟) decays close to the axis but diverges exponentially 
once the centrifugal barrier is surpassed, a clear fingerprint of a scatter-
ing solution. The side-by-side comparison emphasises that changing the 
sign of the azimuthal quantum number toggles the torsion term from 
attractive to repulsive, transforming a tightly confined beam into a de-
localised outgoing mode without altering the underlying metric.

Fig. 11 provides a two-dimensional visualisation of the shell-
normalised density 𝐼(𝑟) discussed above. The polar maps highlight two 
features that the one-dimensional profiles of Fig. 10 suggest but cannot 
display directly. First, the ground state (𝑛 = 0, top row) remains single-
lobed and Gaussian-like even in the presence of torsion, showing that 
the factor (2𝜆𝑟)2𝓁 does not introduce additional nodes when 𝓁 = 1. Sec-
ond, the first excited state (𝑛 = 1, bottom row) exhibits a clear nodal ring 
whose radius is fixed almost entirely by the first zero of the confluent hy-
pergeometric function 1𝐹1; torsion merely rescales the envelope through 
the propagation constant 𝜆(𝜔). For visual clarity, the colour scale is nor-
malised independently in each row, so the brightest yellow corresponds 
to the peak value of that 𝑛-manifold; absolute heights therefore match 
the radial plots of Fig. 10. The gentle radial contraction from left to right 
quantifies the effect of increasing 𝜔: a larger torsion parameter raises 𝜆, 
tightening the transverse confinement while leaving the angular struc-
ture untouched. Combined with Figs. 8 and 10, this two-dimensional 
portrait completes the correspondence between the geometric poten-
tial, the radial density, and the full spatial distribution of the confined 
optical modes.

7.  Concluding remarks

We have introduced and analysed an exact, stationary, cylindrically 
symmetric spacetime whose geometry incorporates a built-in helical 
twist through the parameter 𝜔. The metric (1) leads to an analytic 
energy–momentum tensor that is negative near the axis, violates the 
weak energy condition, and remains anisotropic everywhere. Because 
every component decays at least as 𝑟−2, the exotic matter required to 
sustain the twist becomes negligible at large distances, so ordinary mat-
ter dominates in the asymptotic region.

The dynamics of test particles are governed by the effective poten-
tial (23), where the coupling term −𝜔L𝑝𝑧∕𝑟 competes with the usual 
centrifugal barrier. Depending on the sign of 𝜔𝑝𝑧, the background can 
either confine or repel particles, yielding stable circular photon orbits 
and genuine helical trajectories for massive probes. A Hamiltonian treat-
ment supplemented by Poincaré maps reveals that increasing |𝜔| drives 
the system smoothly from regular motion to a mixed, quasi-periodic 
regime, thereby establishing 𝜔 as an effective control parameter for or-
bital architecture.

In the wave optics sector, the background acts as a radially varying 
medium whose refractive index (72) depends on 𝜔, on the angular num-
ber 𝓁, and on the longitudinal momentum 𝑘𝑧. Even moderate torsion 
strengths (|𝜔| ≲ 0.3 in our normalization) produce sizable shifts in the 
propagation constant and marked intensity modulations, which suggest 
that photonic or phononic analogues of the metric could be engineered 
in metamaterials. The same coupling also affects light deflection: for 
small 𝜔, the bending angle grows linearly with the pitch and quadrati-
cally with 𝜔, providing a clear observable that distinguishes this space-
time from straight cosmic strings or torsion-free helicoids.

Several avenues remain open. Coupling spinor or gauge fields to the 
background might clarify whether the exotic source can be interpreted 
as an effective fluid endowed with internal degrees of freedom. Allow-
ing 𝜔 to vary in time or space would turn the solution into a toy model 
for rotating cosmic defects and could reveal parametric instabilities in 
the geodesic flow. Finally, quantizing matter and gravitational perturba-
tions on this geometry may uncover torsion-driven vacuum polarization 
or Casimir effects with potential laboratory analogues. Taken together, 
our results demonstrate that helically twisted spacetimes offer a fertile 
arena for exploring the interplay between curvature, torsion, and mat-
ter, both in fundamental gravity and condensed-matter analogue sys-
tems.

Finally, it is worth reiterating the dual significance of the helically 
twisted spacetime presented in this work. While its precise matter con-
tent, characterized by a violation of the Weak Energy Condition, limits 
its direct interpretation as a source for astronomical gravity, its ana-
lytical exactness offers unparalleled clarity in dissecting the complex 
interplay between curvature, effective torsion, and matter properties. 
More importantly, this framework provides a fertile ground for analogue 
gravity studies and condensed-matter physics, where similar helical and 
torsional geometries can be engineered and observed. Our findings, re-
sulting from a detailed analysis of geodesic dynamics and the unique 
features of photon deflection, as well as the characterization of wave-
optical modes, provide predictive insights that can guide future experi-
mental designs in these analogue systems, particularly in metamaterials 
and synthetic gauge fields. The potential for laboratory verification of 
torsion-controlled phenomena underscores the continued relevance of 
exploring such theoretically rich spacetime models.
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