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ARTICLE INFO ABSTRACT

Editor: Neil Lambert We theoretically propose an experimentally viable scheme to explore the transfer of nonclassical correlations
from a dipolar Bose-Einstein condensate (BEC) to a pair of impurities immersed in it. Operating at ultra-low
temperature, density fluctuations of the dipolar BEC emulate a vacuum field with Lorentz-violating dispersion,
while the two impurities function as Unruh-DeWitt detectors for the BEC quasiparticles. We study the harvesting
of entanglement from the quantum vacuum of this analogue Lorentz-violating quantum field by spatially sep-
arated Unruh-DeWitt detectors. Our analysis reveals key parameter dependencies that optimize the harvesting
of entanglement. In particular, unlike the Lorentz-invariant case, smoother detector switchings does not en-
hance the entanglement harvesting efficiency from the Lorentz-violating quantum field vacuum. Moreover, the
strength of the Lorentz-invariant violation can shift the optimal energy structure of the detectors for harvesting
entanglement from the Lorentz-violating quantum field vacuum—a clear deviation from the Lorentz-invariant
scenario. As a fundamental quantum mechanical setup, our quantum fluid platform provides an experimentally
realizable testbed for examining the entanglement harvesting protocol from an effective Lorentz-violating quan-
tum field vacuum using a pair of impurity probers, which may also has potential implications for exploring the
Lorentz-invariant violation in quantum field theory.
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1. Introduction tion (RQI) protocol, has recently attracted extensive attention for explor-

ing various physics [26-36]—for instance, to explore the structure of

Vacuum of a free quantum field does not mean “nothing", rather, it
exhibits rich physical phenomena, e.g., including the presence of entan-
glement [1-7]. Within the relativistic framework, this vacuum entan-
glement serves as a fundamental ingredient in several intriguing phe-
nomena, such as Unruh effect [8] and Masahiro Hotta’s quantum en-
ergy teleportation [9-17]. It also lies at the core of a number of en-
during open problems in theoretical physics, including the black hole
information loss paradox [18-21] and its proposed solutions-most no-
tably, the “black hole firewalls" and the principle of black hole com-
plementarity [22-24]. In particular, theoretical studies have predicted
that such entanglement can be transferred to two or more spatially sep-
arated local Unruh-DeWitt detectors that interact with the vacuum state
[2,4,5]. Moreover, this extraction of entanglement still remains possible
even when the detectors are spacelike separated [4-7,25]. This process,
known as entanglement harvesting in the Relativistic Quantum Informa-
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the background spacetime [6,37-45]. Although the process of entangle-
ment harvesting is theoretically well-understood, so far its experimental
implementation remains unrealized.

On the other hand, Lorentz invariance (LI), one of the fundamental
symmetries of relativity, is expected to break down in many theories
of quantum gravity at sufficiently high energies [46]. Such LI violation
can significantly alter the properties of the quantum vacuum, leading to
intriguing phenomena absent in the LI case— such as challenging the
equivalence principle [47], exciting uniformly moving detectors in the
Minkowski vacuum [48-53], and resulting in a non-thermal Unruh ef-
fect [54-61]. Any discovery of LI violation would thus signal physics be-
yond the standard model, motivating extensive searches across diverse
physics systems [53,62-67]. Recently, Unruh-DeWitt detector [8,68-71]
has been used to explore the various properties of vacuum in Lorentz-
violating quantum field theory [48-51,56,60], while the role of LI
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violation in entanglement harvesting remains largely unexplored [72].
Moreover, experimental progress in this direction has so far remained
elusive.

In this paper, we aim at closing this gap by probing the relevant fun-
damental properties of Lorentz-violating quantum field vacuum states,
using an experimentally feasible platform consisting of a dipolar BEC
[73] and two immersed impurities [74,75]. Concretely, we show that
the density fluctuations in the dipolar BEC—featuring a roton spec-
trum [76-80] due to the dipole-dipole interaction (DDI) between atoms
(see below for a detailed discussion)—constitute the analog Lorentz-
violating quantum field. Furthermore, the two impurities, analogously
dipole coupled to the density fluctuations in the condensate, act as two
Unruh-DeWitt detectors at separate locations coupling to the Lorentz-
violating quantum field, as depicted in Fig. 1. We will demonstrate the
harvesting of entanglement from the quantum vacuum of the analogue
Lorentz-violating quantum field to the spatially separated Unruh-DeWitt
detectors. We explore how the Lorentz-violating strength and other de-
pendent parameters of the detectors, such as their spatial distance, affect
the entanglement harvesting, with a particular focus on comparing the
relevant results to the LI vacuum scenario to advance the understanding
of LI violation physics.

Our proposed quantum fluid platform offers a tabletop, experimen-
tally realizable test bed to examine the entanglement harvesting pro-
tocol of Lorentz-violating physics, thereby providing crucial guidance
for exploring the LI violation in quantum field theory. Our study may
strengthen the connection between experimentally implemented parti-
cle detectors in dipolar BEC and the idealized Unruh-DeWitt detector
models commonly employed in RQI, as well as between the Lorentz-
violating quasiparticle experimentally studied in dipolar BEC and var-
ious Lorentz-violating quantum field predicted by possible quantum
gravity theories. Furthermore, continuous, nondestructive measurement
of a BEC via local probes is exploited here, thus our approach offers a
complementary alternative to existing destructive measurements that
aim at mapping out the global entanglement structure of BEC. It is also
worth noting that the Unruh-DeWitt detector model has already been
constructed in dipolar BEC to explore various physical effects arising
from Lorentz-violating quantum fields [52,60].

Our paper is constructed as follows. In Section 2 we introduce
our model—the dipolar BEC, and demonstrate how a Lorentz-violating
quantum field can be analogously constructed from the density fluctua-
tions of the condensate. In Section 3 we present the basic formulas gov-
erning the quantum state parameters of two Unruh-DeWitt detectors,
which are simulated by two impurities immersed in the dipolar BEC. In
Section 4 we investigate entanglement harvesting for Unruh-DeWitt de-
tectors in the vacuum of the analogue Lorentz-violating quantum field.
The experimental feasibility of the relevant entanglement harvesting
physics within the current technologies of dipolar BEC is discussed in
Section 5. Finally, a summary of the main results of our work is pro-
vided in Section 6.

2. Analogue Lorentz-violating quantum field in dipolar
Bose-Einstein condensate

We consider an interacting Bose gas consisting of atoms or molecules
with mass m, whose Lagrangian density reads (7 = 1)

' 1
c= é(‘{’*d,‘lf —0,P"W) — EW‘I’P = Ve [P
_%|q1|2/ 4R’ Vi (R — R)WR)|. )}

Here the system is assumed to be trapped by an external potential of the
form V. (R) = mw?r? /2 + mw?z% /2, with R = (r, z) being spatial three-
dimensional coordinates. Moreover, we also assume that over the whole
time evolution the gas is strongly confined in the z direction, with aspect
ratio k = w,/w > 1. The last term in Eq. (1) denotes the two-body in-
teraction, containing two terms—the contact interaction and the dipolar
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— le)
Q
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X

Fig. 1. Schematic of two impurities with effective internal frequency Q im-
mersed in a quasi-two-dimensional dipolar condensate. |e) and |g) denote the
effective excitation and ground state of the impurity, respectively. The two im-
purities act as two Unruh-DeWitt detectors, denoted as A and B, at separate
locations, (r,0,) and (r, 0y), respectively.

interaction. Specifically, this total interaction term is given by
ViR =R = ¢8R = R) + Vga(R - R"), )
where g, is the contact interaction coupling, and

3g4 [1-3(z—2)*/IR-R'P’]

3
4 [R-R'|3 @

VigR-R') =

describes the dipolar interaction with coupling constant g,. It is worth
noting that these two parameters g, and g, can be controlled as required
in the experiment. In addition, the dipoles here have been assumed to
be polarized along the z direction (or perpendicular to the x — y plane)
by an external field. As shown in the following, it is the interaction
between atoms or molecules (including both the contact and dipolar
interaction) that leads to the Lorentz-violating quasiparticle spectrum,
similar to the case in Ref. [81]. Therefore, in principle, through con-
trolling the parameters g, and g,, various types of Lorentz-violating
quasiparticle spectrum could be implemented experimentally. In order
to ensure the stability in the DDI-dominated regime [79], we require
the system to remain sufficiently close to the quasi-two-dimensional
(quasi-2D) regime throughout the process considered. In such case, we
assume that in the z direction, the condensate density has a Gaussian
form, p,(z) = (z d?)7!/2 exp[-z?/d?], with d, = \/1/mw,. Therefore, in-
tegrating out the z dependence, we can obtain the effective quasi-2D
interaction, Vii]t)(r —r') = [ dzdz' Vi, R— R')p,(2)p,(z') [78].

In the 2D case, the reduced atomic field operator i can be decom-
posed as

W =wo(l+ ), Q)

where y, = /poe'®, and correspondingly the 2D condensate density
reads |y, (r)|? = py ~ const. Besides, the operator ¢ denotes the pertur-
bations (excitations) on the top of the condensate. The dynamics of
such fluctuation field is governed by the Bogoliubov-de Gennes equa-

tion [77,82],

o 1 ooz
io, = _—V§¢+p0/ d*r’ Viﬁgo(r -r)

2m
X[’y + T (") 5
Here the condensate has been assumed to be static, i.e., v = lVrHO =0.

Solving Eq. (5), one can find that the corresponding density fluctuations
in Heisenberg representation can be written as

8p(t,1) = po(+ B
=/ / [dk/Q2x) 1wy + vg) X [b()e™™ T

+bf (ne~*T]. ©)
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Fig. 2. The dimensionless function f shown in (10) as a function of ¢j|k|/M,.
LI denotes Lorentz invariant case with f = 1, such that w, = ¢y|k|. R = 0 denotes
the contact interaction case, where f is independent of A. For DDI dominance
case, we take R = \/71_/2, in such case f could dip below 1 for an interval of
¢olk|/M,. Note that f becomes negative when A > A, = 3.4454, which means
the spectrum of quasiparticle becomes unstable.

It closely resembles the quantized Lorentz-violating field in terms of
bosonic operators by(f) = by e7*k! satisfying the usual Bose commuta-
tion rules [Bk, B;,] = (27)%62(k — k'), that destroy a collective excitations
of the condensate with wave vector k. Besides, the parameters u, and
vy in Eq. (6) denote Bogoliubov parameters, which are given by

e = (VHy + VH + 240 /2012 + 21, A4,
v = (VH = VH o+ 240 /2(HE + 2H, A0 V4, @)

satisfying ul — v} = 1. Here Hy =k*/2m and Ay = pOViiE ot 1771,

with k = |k|. The quasiparticle frequency ) = ‘/Hﬁ + 2H Ay, and the
Fourier transformation of the effective quasi-2D interaction is given by
[79]

2 .\ _ eff; 3R kd
Viae, oK) = g5 (1 - dezw[Tél), ®
with w[x] = exp[x?](1 —erf[x]), an effective contact coupling ggff =
;(gf +2g,), and the dimensionless ratio being defined as

ﬁdz
R=1/n/2/(1 +g./28,). (C)]

In experiment, the contact interaction and the dipolar interaction can
be tunable via Feshbach resonance [83,84] and rotating polarizing field
[85], thus the parameter R could be tunable experimentally. It ranges
from R=0 (when g,/g. — 0, i.e., contact dominance), to R = \/n_/Z
(when g, /g, - , i.e., DDI dominance).

The explicit dispersion relation of the density fluctuations shown in
Eq. (6) that closely resemble a Lorentz-violating scalar field reads

2 2
3R ~colkl [ [aclkl] 1<l

=cylk|q|1 - 2=/ 2~ 20742
oy = ¢l I\J 2\/_M*w 2 M +4M§

colklf(colkl/M.,). (10)

Here ¢y =4/ ggffpo /m denotes the speed of sound, the dimensionless pa-
rameter

A=y /0, an

represents the effective chemical potential as measured relative to the
transverse trapping, and

M, = mcé 12

is the analog energy scale of Lorentz violation, only well below which,
i.e., only when ¢;|k|/M, < 1, the dispersion relation in Eq. (10) can be
approximately reduced to the LI case (f(cylk|/M,) =~ 1). In particular,
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by appropriately setting the relevant parameters A and R, the disper-
sion could be analogously superluminal (f(cy|k|/M,,) > 1) and sublumi-
nal (f(cylk|/M,) < 1). Here we need to note that if our condensate sys-
tem is considered to be in the DDI dominance regime, and in such case A
should be assumed to be not larger than the critical value A, = 3.4454, or
the corresponding spectrum of quasiparticle becomes unstable [77-79].
Therefore, in order to keep the stability of the spectrum of quasipar-
ticle in the DDI dominance regime, A < A, will be taken throughout
the whole paper and this condition requires that the frequency of the
confinement along the z-direction satisfies w, > %.

In Fig. 2, we plot the function f(cylk|/M,) shown in Eq. (10)
as a function of ¢y|k|/M,. We can find that for the DDI dominance
case (R = \/n_/Z), the analogous subluminal spectrum develops a roton
minimum for sufficiently large A, and the LI is strongly broken near
colk|/ M, ~ 0.9 [77]. Alternatively, f(c,|k|/M,) could dip below 1 for an
interval of ¢y|k|/M,. Moreover, the larger A is, the further the Lorentz-
violating spectrum deviates from the LI one. For the contact interaction
case, i.e., R =0 case, f(cylk|/M,) is bigger than 1, which denotes the
analogous superluminal spectrum case. We note that based on the simi-
larity between the density fluctuations in Eq. (6) and a Lorentz-violating
scalar field, there has been colorful application to the exploration of
Lorentz-violating physics in various areas [52,60,77,78,86-88]. In par-
ticular, by appropriately tuning both the parameters R and A, a variety
of nonlinear trans-Planckian dispersions have been simulated to probe
Planck-scale effects in cosmology recently [89]. Go beyond the LI vac-
uum case [25], in what follows, we will analyze the harvesting of en-
tanglement from a Lorentz-violating quantum field vacuum to Unruh-
DeWitt particle detectors.

3. Basic formulas for entanglement harvesting of two
Unruh-DeWitt detectors

In order to probe quantum field, Unruh-DeWitt detector [8,68-71,
90] has been introduced. It, for convenience, usually is modeled as a
two-level (1 and 2) quantum system, such as an atom, and interacts
with the field to be probed. This detector model captures the essential
features of the light-matter interaction when angular momentum inter-
change is negligible [91,92]. To realize such analogue physics in the
ultracold atomic systems, we, inspired by the seminal atomic quantum
dot idea introduced in Refs. [74,75], model impurity consisting of a
two-level (1 and 2) atom as the Unruh-DeWitt detector, and assume it
is immersed in the quasi-2D dipolar BEC discussed above (see Fig. 1).
We also assume that the impurity is externally imposed by a tightly con-
fining trap potential whose locality could be relatively moved, so that
we can set the location of impurity and focus only on their internal de-
grees of freedom. The concrete formula of the analog between these two
models has been introduced in Refs. [52,60,93,94].

Here we will consider two identical such kind of detectors immersed
in the quasi-2D dipolar BEC. The spacetime trajectory of the detector,
(tp(7), rp()) with D € {A,B} denoting two detectors, is parameterized
by its proper time z. Then, the interaction Hamiltonian between the
detectors and the analogue field in the interaction picture reads
Hp= ) [e(@)ohe™ +ope™)sp(tp(e), ()], 13)

D=AB

where g(z) = Ay(z) = Aexp[—72/(26%)] with 1 being the coupling
strength, and y(z) = Aexp[—7%/(262)] is the Gaussian switching function
with parameter ¢ controlling the duration of the interaction. Besides, Q
represents the detector’s energy-level gap between its ground state |gp)
and its excitation state |ep) (D € {A,B}). ag and °p denote the ladder
operators of the detector, and 5(t(7), rp (7)) is the density fluctuations
of dipolar BEC shown in Eq. (6) that resembles the quantized Lorentz-
violating field.

We take the initial state of joint system (the impurities and the den-
sity fluctuations, or the detectors and the quantum field) to be |g4, g5) ®
|0), i.e., the two detectors are prepared in their ground state and the field
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is in the vacuum state |0). With the interaction Hamiltonian in Eq. (13),
then, based on the perturbation theory, the density matrix for the final
state of the detectors in the basis {|ga)|gg), [ga)lep). lea)lgr). lea)lep)}
can be obtained by tracing over the field degree of freedom to leading
order in the coupling strength [25,37,95]

I-P,-P5 0 0 X
B 0 BB C 0

PaB = 0 c* Py 0
X* 0 0 0

+00UY, 14)

where the transition probability P, reads

Py = A2 // dt d‘r')((T);((r’)e_iQ(T_T’)W(ID,rD,tg,r]')), (15)

with D € {A, B}, and the quantities C and X, which characterize corre-
lations, are given by

c=x // A () (e MWty 10, T 1R, (16)
and
X = -2 // drdt’ y(0) 2 (7)e ¥+ [g(r - 1)

XW(tp, Tp, 1. Tp) + 01" — DW(t, ), 14, 14)]. 17)

Here 6 represents the Heaviside theta function. W(,r, 7, r') =
(01851, v)5p(1', x")|0) is the Wightman function associated with field.

In order to quantify the entanglement among the detectors result-
ing from their interaction with the Lorentz-violating quantum field, we
employ the concurrence as a measurement of entanglement, which has
been introduced in Ref. [96]. For the above final state (14) of the detec-
tors, the corresponding concurrence yields [37]

Clpag]l = 2max [O, | X| - \/PAPB] +0OY. (18)

We can see from this concurrence (18) that the entanglement harvested
by the two detectors from the field is determinated by the competi-
tion between two quantities: the off-diagonal matrix element | X |, which
characterizes the nonlocal correlations between the detectors, and ge-
ometric mean of the detector’s transition probabilities P, and Py (the
“noise"). Note that the matrix element C does not enter Eq. (18), and
thus has no contribution to the entanglement harvesting. Furthermore,
since two identical detectors are considered, Py = P, and the concur-
rence is simply determined by |X| —

4. Entanglement harvesting for detectors in Lorentz-violating
field vacuum

In this section, we are going to analyze how the LI violation af-
fects the entanglement harvesting for two Unruh-DeWitt detectors in a
Lorentz-violating quantum field vacuum. For this purpose, we first need
to calculate P, and X in the expression of concurrence shown in Eq.
(18).

We assume that that two identical detectors are static as shown
Fig. 1, then their corresponding trajectories in the polar coordinates can
be written as

ra =104 =04t =1,
rg = r,0g =0p,1g = 7. (19)

We assume g — 6, = 60, and L = |ry — r,| represents the constant inter-
detector spatial distance as measured in the laboratory reference frame.
It represents one of the key controllable parameters that affects the en-
tanglement harvesting.

On the other hand, the Wightman function for vacuum analogue
Lorentz-violating field reads [95]

Wit x') = / dPK(uy + vy)2e TRk ), (20)

(2 )2
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Fig. 3. Concurrence shown in Eq. (18) as a function of the energy-level spacing
Q/M, and the interdetector distance M, L/c, for the Lorentz-invariant vacuum
case. The units of the concurrence is py4%/c?, and the switching-function width
oM, =5 and 8 respectively corresponds to (a) and (b).

Substituting Eqgs. (19) and (20) into Egs. (15) and (17), one can obtain
Py = 2pyo? / k(g + vy)Pem @t g (21)
0
and
e (@2 +92)52
X = —Azpoaz/ k(g + vy)2e @kt
0
X(1 + iErfi[owy ) Jo(kL)dk, (22)

where L = |rg —rp| has been defined above. Seen from Eqs. (21) and
(22), numerical integration is needed for the evaluation of entanglement
shown in (18).

4.1. Lorentz invariant case

If R=0, ie., only contact interaction between the atoms or
molecules in the Bose gas exists, the dispersion relation given in Eq.
(10) can be rewritten as

oy = cflk|* + e[k, (23)

where ¢ = cg /2M,. This dispersion becomes relevant when the quar-
tic term in (23) becomes comparable to the quadratic term. In particu-
lar, at their equivalence point there is a crossover scale k. = |k|. = ¢y /e,
which means that a transition from the linear (phononic) band to the
dispersive regime (quasiparticles) exists. Note that if k. here is suffi-
ciently larger than the inverse switching function width k;, = 1/, the
contributions from high-|k| to the integrands in (21) and (22) will
be suppressed. Therefore, if the switching function width for a detec-
tor is sufficiently larger than 1/k., the effects of dispersion for har-
vesting are negligible. Usually, one can consider the long wavelength
(phononic) regime, neglecting the quantum pressure term ~ v28p, and
thus wy =~ cy|k|, as done in Refs. [78,89,97-99]. Which in this issue al-
lows us to study the entanglement harvesting from the LI quantum field
vacuum.

We now analyze the effects of the detectors’ energy-level spacing,
Q/M,, and the interdetector distance, M,L/c,, on the entanglement
harvested between the two detectors for the Lorentz-invariant field case.
Note that here both of the energy-level spacing and the interdetector
distance are dimensionless. Seen from Fig. 3, when fixing the switching-
function width ¢ M, there are several separated regions of the detectors’
energy-level spacing and of the interdetector distance only in which the
detectors can harvest entanglement from the quantum field vacuum.
This results from the damped oscillation of Bessel function via the inter-
detector distance L in Eq. (22). Besides, there is an optimal parameter
region where the most entanglement can be harvested from the quan-
tum field vacuum. Specifically, this region corresponds to the area of
both the relatively small detectors’ energy-level spacing and small in-
terdetector distance. Furthermore, when both of the Q/M, and M, L/,
approache to zero, the maximum entanglement can be harvested. We
can also find that the width, o M, in the Gaussian distribution for the
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Fig. 4. Concurrence shown in Eq. (18) as a function of the energy-level spacing /M, and the interdetector distance M, L/c, for the Lorentz-violating case. The
units of the concurrence is p,4> /cé. The switching function width ¢ M, = 1 corresponds to (a), (b) and (c) cases, and ¢ M, = 5 corresponds to (d), (e) and (f) cases.

We take R =

switching function could affect the bound of both the energy-level spac-
ing and the interdetector distance, beyond which entanglement can not
be harvested from the quantum field vacuum. When the switching-
function width oM, increases, the bound for /M, decreases. How-
ever, the bound for the M, L/c, increases with the increase of o M,.
Besides, the amount of the harvested entanglement between the two
Unruh-DeWitt detectors becomes smaller when the switching-function
width ¢ M, increases. Therefore, for the Lorentz-invariant quantum field
case, the optimal region to harvest entanglement from the field vac-
uum using the Unruh-DeWitt detectors is the region around the orig-
inal of both the detectors’ energy-level spacing and the interdetector
distance.

4.2. Lorentz-violating case

As discussed above, the density fluctuations shown in Eq. (6) closely
resemble a Lorentz-violating scalar field with an explicit dispersion re-
lation given in Eq. (10). This analogue has been fruitful applications
in the exploration of Lorentz-violating quantum field theory in curved
spacetime, e.g., probing the scale invariance of the inflationary power
spectrum [78], studying impact of trans-Planckian excitations on black-
hole radiation [86], demonstrating the Lorentz-violation induced non-
thermal Unruh effect [60], and so on. In what follows, we will study how
the LI violation affects the entanglement harvesting from the quantum
field vacuum using this platform. Note that in Ref. [89] a variety of spe-
cific nonlinear trans-Planckian dispersions have been simulated through
appropriately tuning both of the parameters R and A introduced above.
We here fixed R = \/71'_/2 and take various A € [0, 3.4454]. As such, the
obtained dispersion in Eq. (10) is subluminal, and correspondingly its
departure from the Lorentz-invariant one increases with the increase
of A. Which has been commonly used to explore the trans-Planckian
physics of quantum field theory in different scenarios [52,60,77,78,861.

In Fig. 4, we fix the parameter R = \/n_/Z, vary A and plot the con-
currence shown in (18) as a function of the energy-level spacing Q/M,
and the interdetector distance M, L/c,. It is found that when the LI vi-
olation is weak, the optimal entanglement-harvesting region still con-
centrate in the area of relatively smaller Q/M, and M,L/c,. This con-
sists with the Lorentz-invariant field case discussed above. However,

y/7/2 in the dispersion (10) such that the strength of LI violation increases with the increase of A.

when A increases, i.e., the LI violation becomes stronger, we can find
that the optimal region of entanglement harvesting will deviate the ori-
gin of the energy-level spacing /M, and the interdetector distance
M, L/c,. Specifically, with the increase of the strength of the LI vio-
lation, the optimal parameter Q/M, for entanglement harvesting devi-
ates the origin and increases monotonously. However, the optimal pa-
rameter M, L/c, for entanglement harvesting keeps the same as that
of the Lorentz-invariant field case. Furthermore, the degree of LI vi-
olation also governs the parameter region in (Q/M,, M,L/c,) that is
accessible for entanglement harvesting from the quantum field vac-
uum. See from Fig. 4 (a), (b) and (c), when the width of the switch-
ing function oM, is small, the maximum entanglement that could be
harvested first increases with the increase of the strength of LI viola-
tion and then decreases. However, when the width of the switching
function o M, is relatively larger, seen from Fig. 4 (d), (e) and (f) the
maximum entanglement that could be harvested always increases with
the increase of the strength of LI violation. Besides, comparing Fig. 4
(a), (b) and (c) with Fig. 4 (d), (e) and (f), we can find that when the
switching function width oM, increases, the maximum entanglement
that could be harvested from the Lorentz-violating quantum field vac-
uum increases, after optimizing other parameters, such as Q/M, and
M, L/cy. This result is quite different from that of Lorentz-invariant
case where the bigger switching-function width will degrade the max-
imum entanglement that could be harvested by the Unruh-Dewitt
detectors.

In order to see how the LI violation affects the entanglement harvest-
ing more clearly, we fix the parameters, such as the energy-level spacing
Q/M,, the interdetector distance M,L/c,, and the switching function
width oM., and plot the entanglement harvested as a function of the
strength of the LI violation, A, in Figs. 5 and 6. Seen from Fig. 5 (a), (b)
and (c) for relatively smaller switching-function width cases, we can find
that for relatively smaller interdetector distance M, L/c, case, the entan-
glement harvested first increases with the increase of the strength of the
LI violation A, and the then decreases monotonously to a constant that
depends on both the detector’s energy-level spacing 2/ M, and the inter-
detector distance M, L/c,. However, when M, L/c, is relatively larger,
the entanglement harvested decreases monotonously as the increases of
A for relatively smaller energy-level spacing cases, while still increases
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Fig. 5. Concurrence shown in Eq. (18) as a function of the strength of the LI violation, A. The units of the concurrence is p,42/ CS. Here the detector’s energy-level

spacing Q/M, is fixed, while the interdetector distance M, L/c, varies. We take R = 1/z/2 in the dispersion (10) such that the strength of LI violation increases with
the increase of A. The switching function width ¢ M, = 1 corresponds to (a), (b) and (c) cases, and o M, = 5 corresponds to (d), (e) and (f) cases.

(a)

M.,L/cy =0,0M,=1

—_— O/M,=0.1

Q/M.=0.4

O/M.=1

(b)

M,L/cy =0.3,0M,=1
—_— /M,=0.1

]

2022
c

Ccl

e

A

po X2 ]
i

(©)

M.L/cy = 0.7, cM,=1

SN0 ] /) ppe—

OM.=0.4

Q/M,=0.7

1

0 A2
2
<

Cl

e e e ez E e

Fig. 6. Concurrence shown in Eq. (18) as a function of the strength of the LI violation A. The units of the concurrence is p,4> /cé. Here the interdetector distance

M, L/c, is fixed, while the detector’s energy-level spacing Q/M, varies. We take R = y/x/2 in the dispersion (10) such that the strength of LI violation increases
with the increase of A. The switching function width ¢ M, = 1 corresponds to (a), (b) and (c) cases, and 6 M, = 5 corresponds to (d), (e) and (f) cases.
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and then decreases monotonously for relatively larger energy-level spac-
ing cases. Therefore, for the case of relatively smaller switching-function
width ¢ M, the qualitative behavior of the entanglement harvest vs the
strength of the LI violation depends on both the detector’s energy-level
spacing Q/M, and the interdetector distance M, L/c,. When the width
of the switching function is relatively wider, we can see from Fig. 5 (d),
(e) and (f) that the entanglement harvested first increases monotonously
and then decreases rapidly to a constant with the increase of the strength
of the LI violation A. This behavior is different from the case with smaller
width of the switching function shown in Fig. 5 (a), (b) and (c), where
the behavior of the entanglement harvested depends on both the detec-
tor’s energy-level spacing Q/M, and the interdetector distance M, L/c,.
Furthermore, we can also find that no matter for the small or large width
of the switching function, the interdetector distance M,L/c, may re-
duce the amount of the entanglement harvested. Therefore, the opti-
mal interdetector distance for harvesting entanglement approaches to
M,L/cy=0.

In Fig. 6, we fix the interdetector distance M,L/c, and the width
of switching function cM,, and plot the entanglement that could be
harvested as a function of the strength of the LI violation A via the vari-
ous detector’s energy-level spacing 2/ M,. When the width of switching
function o M, is relatively smaller, we can see from Fig. 6 (a), (b) and (c)
that with the increase of the strength of the LI violation A, the entangle-
ment that could be harvested from the Lorentz-violating quantum field
vacuum increases monotonously first and then decreases to a constant,
which could be vanishing with properly choosing M, L/c, and Q/M, . In
particular, there is a cross between the curves corresponding to various
Q/M, cases with fixed M,L/c,. This indicates that the entanglement
harvested is not a monotonous function of the detector’s energy-level
spacing /M, for fixed M,L/c, and A. We can also find that when fix-
ing the Q/M, and A, the entanglement harvested decreases with the in-
crease of the interdetector distance M, L/c, by comparing Fig. 6 (a), (b)
and (c). When the width of switching function o M, is relatively wider,
we can see from Fig. 6 (d), (e) and (f) that the entanglement harvested
shows two kinds of behaviors as the increase of the strength of the LI vi-
olation: 1) when the detector’s energy-level spacing Q/M,, is relatively
smaller, it increases to a maximum and then decreases monotonously;
2) when the detector’s energy-level spacing Q/M,, is relatively larger,
it always increases monotonously. This is quite different from the case
of relatively smaller width of the switching function. Furthermore, the
wider width 6 M,, of the switching function may lead to more entangle-
ment that could be harvested by the Unruh-DeWitt detectors from the
Lorentz-violating quantum field vacuum.

We give a summary here. When one uses two Unruh-DeWitt detec-
tors to harvest entanglement from quantum field vacuum, the Lorentz-
violating quantum field vacuum will lead to quite distinct behaviors
compared with that induced by the Lorentz-invariant quantum field vac-
uum. Specifically, for the entanglement harvesting from the Lorentz-
invariant quantum field vacuum, the optimal detector’s energy-level
spacing Q/M, approaches to the vanishing region. However, for the
Lorentz-violating quantum field vacuum case, the optimal detector’s
energy-level spacing Q/M, for the entanglement harvesting may have
departure from the original point, and the stronger the LI violation is,
the further the departure is. Furthermore, the wider width ¢ M, of the
switching function may lead to more entanglement that could be har-
vested by the Unruh-DeWitt detectors from the Lorentz-violating quan-
tum field vacuum, which is completely opposite to that of the Lorentz-
invariant quantum field vacuum case. These distinctions, in principle,
could be used as the criteria to explore whether the quantum field is
Lorentz invariant or not in practice.

5. Experimental implementation
Recent advances in ultra-cold atomic technology have enabled

groundbreaking observations of magnetic DDI-dominated condensate
[73] using various atomic species [100-104]; see also Ref. [105] for an
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extensive review and a comprehensive list of references. Furthermore,
the realization of BEC composed of molecules with permanent electric
dipoles [106] represents a current frontier of research [107-112]. The
presence of the DDI between atoms significantly influences the quasipar-
ticle dispersion on the condensate. As a result, the excitation spectrum
of a dipolar BEC deviates from the Lorentz-invariant form—a deviation
that can be tuned by varying the ratio of contact to dipolar interaction
strengths. Notably, in the DDI-dominated regime, the spectrum even
exhibits a roton minimum [76-80]1, signaling an ultra-strong effective
violation of LI for the analog quantum field. Such roton modes have
been experimentally observed recently [105,113-117], underscoring
the relevance of dipolar BECs as analog quantum simulators of Lorentz-
violating field theories. In this context, the dipolar BEC could furnish a
perfect platform for using its corresponding density fluctuations to em-
ulate Lorentz-violating quantum field within experimentally accessible
regimes. Furthermore, rapid progress in high-precision measurements of
correlation functions [118-126] opens promising avenues for exploring
the possible extraordinary propagation of quantum field arising from
the broken LI.

In our proposal, an effective two-level quantum system serves as a
probe to detect the density fluctuations in a dipolar BEC, which em-
ulates a Lorentz-violating quantum field. The similar hybrid systems
[127,128], combining trapped ions and ultracold atomic gases, have
recently emerged as a promising platform for fundamental research in
quantum physics. Experimentally, single effective detector system, such
as a trapped single ion [129,130] and single electron [131], that is cou-
pled to a BEC has been reported recently. Moreover, usually the dynam-
ics of such impurities can be used to probe the density profile of a BEC
[132-137], see Ref. [128] for an extensive review and a comprehensive
list of references. By designing an external trapping potential, one can
tightly confine impurities and precisely control their positions, enabling
the study of entanglement harvesting from the quantum field vacuum
at variable detector separations. Thus, it is possible in principle to de-
sign a hybrid system combining two impurities embedded in a dipolar
BEC, allowing investigation of impurity dynamics mediated by roton
modes arising from atomic DDI. This proposed ultra-cold atomic setup
thereby functions as a programmable quantum simulator of the broken
LI physics, as motivated in previous sections.

6. Conclusions and discussions

In this paper, we establish the connection between a pair of impu-
rities in a dipolar BEC and a pair of idealized Unruh-DeWitt detectors
interacting with the Lorentz-violating quantum field. This mapping pro-
vides a synthetic quantum system enabling an experimental proof-of-
principle demonstration of the entanglement harvesting protocol from
the Lorentz-violating quantum field vacuum. We systematically inves-
tigate how key parameters, such as the energy-level spacing and spa-
tial distance, influence the amount of entanglement harvested from the
Lorentz-violating quantum field vacuum. In particular, we analyze how
the strength of the LI violation affects the harvested entanglement, re-
vealing significant distinctions from the Lorentz-invariant case. These
include shifts in the optimal energy structure of detector and the feasible
separation range for entanglement harvesting. Our proposed quantum
fluid platform provides an experimentally realizable testbed to exam-
ine the entanglement harvesting protocol in Lorentz-violating quantum
field theories. The results also provide valuable guidance for explore LI
violation in quantum field theory.

Our proposed quantum fluid platform can function as a quantum sim-
ulator [138] for studying quantum field theories. It enables the explo-
ration of entanglement harvesting from Lorentz-violating quantum field
vacuum by various Unruh-DeWitt detectors, including inertial detec-
tors with constant velocity [52], uniformly accelerated detectors [60],
those in black hole background [86], and those in an expanding uni-
verse [78,87]. In turn, our proposed scheme also offers a local and
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nondestructive measurement method for probing continuous variable
entanglement in non-equilibrium ultra-cold atom systems.

Data availability

No data was used for the research described in the article.

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgments

ZT was supported by the National Natural Science Foundation of
China under Grant No. 12575050, and the scientific research start-
up funds of Hangzhou Normal University: 4245C50224204016. This
research was supported by Hangzhou Leading Youth Innovation and
Entrepreneurship Team project under Grant No. TD2024005, and the
HZNU scientific research and innovation team project (TD2025003).
XL acknowledges the support by the National Natural Science Founda-
tion of China (NSFC) under Grant No. 12065016 and the Discipline-
Team of Liupanshui Normal University of China under Grant No.
LPSSY2023XKTD11. M. Wang is supported by the National Natural Sci-
ence Foundation of China under Grant Nos. 12475050, 11705054, by
the Hunan Provincial Natural Science Foundation of China under Grant
No. 2022JJ30367 and by the Scientific Research Fund of Hunan Provin-
cial Education Department Grant No. 22A0039. J. Wang was supported
by the National Natural Science Foundation of China under Grant Nos.
12475051, 12375051 and 12421005; the science and technology in-
novation Program of Hunan Province under grant No. 2024RC1050;
the Natural Science Foundation of Hunan Province under grant No.
2023JJ30384; and the innovative research group of Hunan Province
under Grant No. 2024JJ1006.

Appendix A. Supplementary material the detectors’ density
matrix

Let us begin with the interaction Hamiltonian of two Unruh-DeWitt
detectors interacting with the analogue Lorentz-violating quantum field
in the interaction picture,

Ay ()= ) [r()(ohe™™ + o5 )6 ptn(0), 1p(1))]. A1)
D=AB

where 1 is the coupling parameter and y(z) is similar to a real-valued

smooth switching function that specifies how the interaction is turned

on and off. With the Hamiltonian (A.1), the interaction-picture time evo-

lution operator for any initial state can be written as

ﬁ:T[exp(—i/wdrﬁ,(r)>]. (A.2)

In the weak coupling regime, the evolution operator U can be approx-
imated using the Dyson series. After this, one can find the evolution
operator, to the second order in the coupling constant, reads

U =00+ 00 40O + 003 (A.3)

with

0O -, (A.4)

A © A

- —i/ dtH (o), (A.5)
)

R o T . A

U® = —/ dr/ do' H;(v)H, (7)), (A.6)
—00 —00

where I is the identity matrix.
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At the beginning, the detectors and the field are prepared at the state

Ao = lea)(gal ® lgp){epl ® ly ) wl, (A.7)

where |g)p with D € {A, B} denotes the ground state of the detector and
|w){(w| denotes the initial state of the field. The time-evolved state yields
pr= U ﬁOU*. To the second order, it is found to be

ﬁT — ﬁ() +p/~(14,0) +p/~(0,l) +ﬁ(l,l) +ﬁ(2,0) +ﬁ(0,2) + (9(13) (A.8)
= po+ UV py + poU' D + TV p,0T0 1+ 0P + 5,07 + 0(23).(A.9)
Since we are interested in the detectors’ state, we will trace over the
degree of freedom of the quantum field. Therefore, the evolved state of
the detector can be written as
Aap = Trs;lor] = 18a)(gal ® lgp){8al +Tr5ﬁ[(7(”ﬁ0] + Traﬁ[ﬁof]m)]
+Tr55[0D oo UTD] + Tr 5[0 py] + Trys 15,0731, (A.10)
Note that the terms Tr;;[0‘V3y] and Tr,;[5,0 (V] are dependent on the
one-point correlator of the field, which for the vaccum and thermal state
is zero. Therefore, we can find that the leading order corrections to the
state of the detectors should be at the second order, which depend on
the two-point correlation function of the field,

W r.t ") = (w|5pt.1)6p(  t)ly),

also known as the Wightman function. In our case, the analogue quan-
tum field is the density fluctuations of dipolar BEC, which is of the form,

(A11)

2 A - A o
8p(t,r) = \/pg / %(uk + 0 [B ™™ + b (e~ ] (A.12)
T
This leads to the corresponding Wightman function as
Wit r, ¢, r') = 2 / dPK(uy, + vy) e ok kT, (A.13)
Qry?

In the basis {|ga)|gp). |ga)ler). lea)|gr). lea)leg)}, the reduced den-
sity matrix of the detectors shown in (A.10) can be written as

1-P,—P 0 0 X

0 Py s
- Al
Pab 0 e p o|tOE): (A14)
X* 0 0 0

where the transition probability P, reads
Py =4 // drd7’ y(2) 2 (e X Wt ., ). x]). D € {A,B}(A.15)

and the quantities C and X, which characterize correlations, are respec-
tively given by

c=1 // Ay (e HTIW(ty a1 1h) (A.16)
and
X=-2 // drd7’ y(2) () HHFD 01" — YW1y, 1, 1, 1h)

00t — YWt 1. ta, 1)) (A17)

Here 0 represents the Heaviside theta function. Note that the detector’s
coordinate time is a function of its proper time in the above equations,
i.e., t = (7).
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