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 a b s t r a c t

The holographic entropy bound is discussed in cosmology. Inspired by the work of Fischler and Susskind [hep-
th/9806039], we aim to define a special class of spherical systems in cosmology, within which the entropy 
of matter remains compliant with the holographic entropy bound throughout the evolution of the universe, 
irrespective of the universe’s components. It is found that if the entropy of matter per unit co-moving volume 
is bounded from above, such a special class of spherical systems indeed exists. Moreover, the matter contained 
within a unit co-moving volume can be replaced by a black hole of the same mass-energy. Provided that the 
entropy of the black hole consistently exceeds that of the matter it replaces, there is also a unified definition for 
these special spherical systems.

1.  Introduction

The first entropy bound, i.e., the Bekenstein bound [1], was proposed 
by Jacob Bekenstein in 1981, which points out that the total entropy in 
a spherical system of radius 𝑅 should follow an inequality 𝑆 ≤ 2𝜋𝑘𝐵𝐸𝑅

ℏ 𝑐 , 
where 𝐸 is the total mass-energy contained within the system. More 
than a decade later, the holographic principle [2–7] indicates that the 
description of a volume of space is encoded on its lower-dimensional 
boundary. Thus, the degree of freedom of a spatial region resides on 
its boundary and the maximum entropy of the spatial region should 
be its area in Planck units, which is also known as the holographic (en-
tropy) bound. Since the proposal of these two entropy bounds, physicists 
have suggested various entropy bounds [4,8–11]. For a review, refer to 
Refs. [7,12].

Most entropy bounds, particularly those arising from black hole 
physics, are inherently rooted in static space-times. Consequently, they 
are prone to violations in dynamical systems [7], such as collapsing 
stars [8,13], the universe [6], and weakly gravitating spherical ther-
modynamic systems in asymptotically flat space [7]. To address the 
problem and preserve the holographic principle, Bousso introduced a 
covariant version of the entropy bound, i.e., the Bousso bound [8,9,14], 
which states that the entropy should be evaluated on null hypersur-
faces. The Bousso bound can be applicable to arbitrarily curved space-
time [15–18], so it is considered a potential imprint of quantum gravity.

In 1998, Fischler and Susskind proposed to apply the holographic 
bound from nearly flat space to both flat and non-flat universes [19]. 
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They found that, for the entropy contained within a volume of coordi-
nate size 𝑅𝐻 , the practicability of the holographic bound depends on 
multiple parameters in cosmology, so it does not universally hold true. 
In fact, as early as 1989, Bekenstein had already discovered that his en-
tropy bound is violated in the early universe when applied to the entropy 
contained within the particle horizon of a given observer. Surprisingly, 
this phenomenon could potentially help solve the cosmological singu-
larity problem [20,21]. In a similar work [22], it was also found that, as 
the universe evolves, the entropy contained within a unit co-moving vol-
ume can exceed both the Bekenstein bound and the holographic bound. 
These studies indicate that applying directly entropy bounds in cosmo-
logical contexts faces significant challenges.

Building on the failed attempts discussed above, we propose con-
structing alternative spherical systems in order to implement entropy 
bounds in cosmological settings. Our study does not introduce any fun-
damentally new entropy bound; rather, it generalizes the construction 
of the spherical system originally considered by Fischler and Susskind, 
namely the spherical system enclosed by the particle horizon [19]. In 
this sense, the present work is best viewed as a primarily mathematical 
device for enforcing entropy bounds. We refrain at this stage from in-
vestigating whether the resulting spherical systems carry any additional 
physical significance, and instead focus exclusively on whether these 
constructions are largely self-consistent from a mathematical perspec-
tive. This work can serve as a complement to the Bousso bound [8,9,14]: 
instead of switching to null hypersurfaces, we keep space-like re-
gions while allowing their radii to acquire an explicit time dependence
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determined by the global dynamical evolution of the cosmological 
spacetime. We will attempt to generalize entropy bounds to cosmologi-
cal settings in space-like regions.

2.  A question on entropy bounds in cosmology

When entropy bounds are applied to cosmology, we can refer to them 
as cosmological entropy bounds. If entropy bounds seek to determine 
the maximum entropy contained within a closed spherical system, then 
cosmological entropy bounds can be seen as extending the concept for 
a closed system to an open system (a spherical system with an evolving 
boundary). However, the majority of existing studies [7,19–23] demon-
strate that cosmological entropy bounds can be readily violated in a 
general spherical system. An analysis of previous studies reveals that 
the primary reason for the violation of entropy bounds in cosmology 
lies in the choice of the spherical system. In these studies, the radii of 
spherical systems are typically the characteristic length scales in cos-
mology, such as the particle horizon of a given observer  [20,21], the 
cosmological apparent horizon [24], the Hubble horizon [13,25,26], 
the radius of 𝑅 ∼ 𝐻−1 ∼ 𝑡 [27], and so forth. For these spherical sys-
tems, their internal entropy can readily violate entropy bounds at cer-
tain cosmological epochs. To elucidate the phenomenon, we perform 
the following analysis. Consider a spherical system, within which the 
maximum entropy permitted by a cosmological entropy bound takes the 
form: 𝑆𝑚𝑎𝑥 = 𝑓 (𝑡)𝑅𝑛 with 𝑛 being a constant. Here, 𝑅 is the radius of the 
spherical system and 𝑓 (𝑡) is a variable independent of 𝑅. The dimension 
of 𝑓 (𝑡) depends on the value of 𝑛; for example, when 𝑛 = 3, 𝑓 (𝑡) is the 
typical entropy density. This assumption is motivated by the fact that 
𝑆𝑚𝑎𝑥 = 𝑓 (𝑡)𝑅𝑛 can effectively encompass both the holographic bound 
(𝑛 = 2) and the Bekenstein bound (𝑛 = 4). In our analysis, we restrict 
consideration to extensive entropy formulations, thereby excluding non-
extensive entropy measures such as Tsallis entropy [28–31] and Barrow 
entropy [32–34]. Thus, the entropy of matter inside the spherical sys-
tem can be expressed as 𝑆(𝑡) = 𝑠(𝑡)𝑅3 with 𝑠(𝑡) being a time-dependent 
entropy density. Note that 𝑆(𝑡) is the form that the matter entropy must 
take, as dictated by the properties of the extensive entropy, while 𝑆𝑚𝑎𝑥
is the upper bound on the matter entropy imposed by the chosen cosmo-
logical entropy bound. We now analyze whether 𝑆(𝑡) = 𝑠(𝑡)𝑅3 can ever 
exceed 𝑆𝑚𝑎𝑥 = 𝑓 (𝑡)𝑅𝑛 as the universe evolves. In an expanding universe, 
since the radius 𝑅 evolves with the scale factor, it must be vanishingly 
small in the early universe but grow to an extremely large scale at late 
times. As a result, entropy bounds with 𝑛 < 3 are readily violated in the 
late universe due to the increase of 𝑅. Similarly, entropy bounds with 
𝑛 > 3 are violated in the early universe provided 𝑅 is sufficiently small. 
For the case of 𝑛 = 3, to guarantee the validity of entropy bounds dur-
ing the entire evolution of the universe, the coefficient 𝑓 (𝑡) must remain 
strictly greater than the entropy density 𝑠(𝑡) at all cosmological epochs. 
However, the implementation of this condition is challenging, since the 
entropy density 𝑠(𝑡) is highly sensitive to both the evolution and com-
ponents of the universe.

Based on the analysis, an intriguing question arises: Does there exist 
a special class of spherical systems in cosmology, within which the en-
tropy of matter remains compliant with a given entropy bound through-
out the evolution of the universe, irrespective of the universe’s compo-
nents? Next, we employ the holographic bound as a case to answer this 
question. Remarkably, when the components of the universe are prop-
erly specified, such a special class of spherical systems can usually be 
found for the holographic bound. For example, in a universe full of ra-
diation, we consider a spherical system of radius 𝑅. The holographic 
principle conjectures that the entropy of matter inside a given spatial 
region can not exceed the area of its boundary surface: 

𝑆 ≤
𝑘𝐵𝐴
4𝑙2𝑝

, (1)

where 𝐴 is the boundary area. Therefore, the evolution of 𝑅 need satisfy 
4
3𝜋𝑅

3

𝑎(𝑡)3𝑉0
𝑆0 ≤

4𝜋𝑅2𝑘𝐵
4 𝑙2𝑝

, (2)

where 𝑆0 = 𝑠(𝑡)𝑎(𝑡)3𝑉0 is a conserved quantity representing the radia-
tion entropy per unit co-moving volume. The variable 𝑠(𝑡) denotes the 
entropy density of radiation. To facilitate dimensional analysis, the unit 
volume 𝑉0 is not explicitly set to 1. Accordingly, the special class of 
spherical systems in the radiation universe is precisely the spheres of 
radii 𝑅 = 𝑐0 𝑎(𝑡)3 with 0 < 𝑐0 ≤

3
4
𝑘𝐵𝑉0
𝑆0𝑙2𝑝

.

3.  Holographic bound and a universe composed of black holes 
and a cosmological constant

Considering that the critical condition for the holographic bound in 
static space-times corresponds exactly to black holes, we conjecture that 
black hole entropy plays a vital role in defining a class of spherical sys-
tems that satisfies the above requirement. In light of the conjecture, we 
study a universe composed of black holes and a cosmological constant. 
The role of the cosmological constant is solely to control the evolution 
of the universe. If we can find such a special class of spherical systems 
in this universe, the result may apply to all cosmological models.

As a heuristic example, we begin by considering a static universe that 
is assumed to be homogeneous and isotropic. Here, “static" refers to a 
constant scale factor, but black holes are still allowed to merge. For sim-
plicity, the contribution of black hole motion to the mass-energy density 
of the universe is neglected. Furthermore, energy losses associated with 
black hole mergers and Hawking radiation are also disregarded. Accord-
ing to the holographic bound, for a spherical system of radius 𝑅 in this 
universe, the boundary area should satisfy 
𝜋𝑅2𝑘𝐵

𝑙2𝑝
≥

4𝜋𝐺𝑘𝐵
ℏ𝑐

(

∑

𝑖
𝑀𝑖

)2
≥

4𝜋𝐺𝑘𝐵
ℏ𝑐

∑

𝑖
𝑀2

𝑖 , (3)

where 𝑀𝑖 represents the mass of the 𝑖-th black hole in the spherical 
system. The first inequality indicates that even if all black holes in the 
spherical system collapse into a single black hole, the entropy contained 
within the spherical system still obeys the holographic bound. Since 
black holes are evenly distributed in the universe, black hole mergers ev-
erywhere in the universe should also be equiprobable. Since the universe 
is static, the average mass-energy density of the universe is a constant, 
which can be expressed as 

𝜌̄ =
( 4𝜋

3
𝑅3

)−1
∑

𝑖
𝑀𝑖. (4)

We use the average mass-energy density 𝜌̄ of the universe to characterize 
the mass-energy density of the spherical system. Hence, the radius 𝑅 that 
satisfies Eq. (3) is given by 

𝑅 ≤ 𝑅𝑐 = 𝑐
( 8𝜋𝐺

3
𝜌̄
)− 1

2 . (5)

Here, 𝑅𝑐 can be interpreted as a critical radius, which, consistent with 
expectations, is a constant for a fixed 𝜌̄. The critical radius 𝑅𝑐 in re-
lation to the spherical system in the static universe is similar to the 
Schwarzschild radius of a black hole in relation to a spherical system 
encompassing the black hole in static space-times. It should be noted 
that 𝑅𝑐 is the upper bound on the radius of the spherical system, but the 
Schwarzschild radius of a black hole is the lower bound on the radius 
of a system encompassing the black hole.

If the universe evolves, the critical radius 𝑅𝑐 should evolve as well. 
Here, “evolve” implies not only the merging of black holes but also ac-
counts for the time-dependent nature of the scale factor. To simplify the 
calculation, we assume that black holes have an average mass of 𝑀̄ and 
use this value to characterize the mass-energy density of the spherical 
system. Since black holes are continually merging, they can be modeled 
as a form of dust with a time-dependent average mass 𝑀̄(𝑡) and a par-
ticle number density 𝑛(𝑡). Although black holes are constantly merging, 
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we can still regard them as dust with variable mass. In this case, the 
scale factor can be given as 

𝑎(𝑡) = 𝑏 𝑡
2
3 , (6)

where 𝑏 is a constant depending on the energy density of the universe. 
Because of the merger of black holes, the number of black holes inside a 
co-moving volume will decrease with the expansion of the universe. We 
can define an annihilation rate to quantify the frequency of black hole 
mergers: 

Γ = d𝑁
d𝑡

1
𝑁

= d𝑛
d𝑡

1
𝑛
+ 3𝐻, (7)

where 𝐻 is the Hubble parameter and 𝑛 = 𝑁∕𝑉 = 𝑁∕( 4𝜋3 𝑎3) is the num-
ber density of black holes. We set 𝑛(𝑡0) = 𝑛0, which represents the num-
ber density of black holes at time 𝑡0. Since the number of black holes 
inside the co-moving volume is decreasing, we have Γ < 0. Then, the 
number of black holes inside the co-moving volume at time 𝑡 can be 
written as 

𝑁(𝑡) = 𝑁0 exp

[

∫

𝑡

𝑡0
Γ(𝑡)d𝑡

]

= 𝑁0 exp

[

∫

𝑡

𝑡0

(

d𝑛
d𝑡

1
𝑛
+ 3𝐻

)

d𝑡

]

, (8)

where 𝑁(𝑡0) = 𝑁0 =
4𝜋
3 𝑎30 𝑛0 is the number of black holes inside the co-

moving volume at time 𝑡0. According to the previous assumptions, the to-
tal mass-energy (i.e., the total mass of black holes) inside the co-moving 
volume is a constant unaffected by the merger of black holes, so the 
average mass of black holes at time 𝑡 can be expressed as 

𝑀̄(𝑡) =
4𝜋
3 𝑎30 𝑛0 𝑀̄0

𝑁(𝑡)
=

𝑀̄0 𝑁0
𝑁(𝑡)

, (9)

where 𝑀̄0 is the average mass of black holes at time 𝑡0.
Here, we can take the co-moving volume as an example to illustrate 

that, for a general evolving radius 𝑅 (such as the scale factor), the holo-
graphic bound does not always hold true. The total entropy of black 
holes inside the co-moving volume at time 𝑡 is given by 

𝑆(𝑡) = 4𝜋𝑀̄(𝑡)2𝑁(𝑡) = 4𝜋
𝑀̄2

0𝑁
2
0

𝑁(𝑡)
, (10)

where, for convenience, we have set 𝑐 = 𝑘𝐵 = 𝐺 = ℏ = 1. With the holo-
graphic bound, we need it to satisfy 

𝑆(𝑡) = 4𝜋
𝑀̄2

0𝑁
2
0

𝑁(𝑡)
≤ 𝜋𝑎2. (11)

Substituting Eqs. (6) and (8) into Eq. (11) yields 

4
𝑀̄2

0𝑁
2
0

𝑏2
≤ 𝑁(𝑡) ⋅ 𝑡

4
3 = 𝑁0 exp

[

∫

𝑡

𝑡0
Γd𝑡

]

⋅ 𝑡
4
3 . (12)

Apparently, if we need the above inequality to hold true at any time, Γ
can not be arbitrary. Therefore, for the co-moving volume, it is difficult 
to guarantee that the holographic bound holds true throughout the evo-
lution of the universe. Next, we try to define a typical 𝑅, for which the 
holographic bound is valid all the time regardless of the value of Γ.

For a general system of radius 𝑅𝑐 , the number of black holes inside 
the system is 

𝑁𝑐 (𝑡) =
𝑅3
𝑐

𝑎3
𝑁(𝑡), (13)

where 𝑁(𝑡) is the number of black holes inside the co-moving volume. 
The holographic bound for the system is given as 
𝑆𝑐 (𝑡) = 4𝜋𝑀̄(𝑡)2 𝑁𝑐 (𝑡) ≤ 𝜋𝑅2

𝑐 . (14)

Therefore, 𝑅𝑐 needs to satisfy 

𝑅𝑐 ≤
𝑎3

4𝑀̄2
0𝑁

2
0

𝑁0 exp

[

∫

𝑡

𝑡0
Γd𝑡

]

. (15)

Since these black holes are regarded as dust, the Friedmann equation 
can be given as 𝐻2 = 8

3𝜋𝜌̄ = 8
3𝜋𝜌̄0 𝑎

−3, where 𝜌̄0 = 𝑀̄0𝑁0∕(
4
3𝜋𝑎

3
0) is the 

average mass-energy density of the universe at time 𝑡0. Substituting it 
into the above inequality, we have 

𝑅𝑐 ≤
8
3𝜋𝜌̄0 𝐻

−2

4𝑀̄2
0𝑁

2
0

𝑁0 exp

[

∫

𝑡

𝑡0
Γd𝑡

]

= 1
2𝑀̄0𝐻2𝑎30𝑁0

𝑁(𝑡). (16)

If there exists a non-vanishing minimum function for the r.h.s. of the 
inequality and it is independent of Γ, then the non-vanishing minimum 
function can be regarded as a critical radius 𝑅𝑐 of the spherical system. 
Thus, we need determine the lower bound on 𝑁(𝑡). If the minimum value 
of 𝑁(𝑡) vanishes, the existence of 𝑅𝑐 becomes highly improbable. Oth-
erwise, the spherical system must have a non-vanishing critical radius 
𝑅𝑐 .

In a universe with an initial singularity, as 𝑎(𝑡) approaches zero, the 
behavior of 𝑁(𝑡) is ambiguous. This suggests that the presence of the 
initial singularity may hinder our definition of the critical radius 𝑅𝑐 . In 
this case, we require that the universe composed of black holes and a 
cosmological constant did not originate from an initial singularity. At 
the beginning of the universe, we have 𝑁(𝑡 = 0) > 0. As the universe ex-
pands and black holes undergo mergers, 𝑁(𝑡) monotonically decreases. 
We postulate that there exists a critical moment during cosmic expan-
sion at which black hole mergers effectively cease. The corresponding 
black hole number density is defined as the critical black hole number 
density. At this critical moment, the total entropy of the universe attains 
its maximum value and thereafter remains constant. A non-vanishing 
critical black hole number density guarantees a non-vanishing minimum 
value of 𝑁(𝑡). In general, the critical black hole number density depends 
on multiple factors, including the cosmological expansion rate, the rel-
ative velocity of black holes, the average black hole mass, and related 
quantities. Therefore, even within this simplified cosmological frame-
work, deriving the critical black hole number density is a nontrivial task. 
Here, we present a heuristic scheme to demonstrate the existence of the 
non-vanishing critical black hole number density. Specifically, we can 
consider an extreme scenario and prove that the critical number density 
is nonzero under this scenario. On the other hand, we prove that, for 
all other cases, the non-vanishing critical black hole number density ap-
pears earlier than that obtained in the extreme scenario. Therefore, if the 
critical black hole number density is nonzero in the extreme scenario, 
then, the critical black hole number density should always be nonzero 
in any case.

Now consider an extreme scenario in which all black holes in the 
universe move at their maximum possible velocities. The constraint im-
posed by the speed of light on the relative velocity of black holes al-
lows us to derive a “minimum” critical black hole number density that 
is independent of both the relative velocity and the average black hole 
mass. The rationale for using the term “minimum” is as follows. It is well 
known that the expansion of the universe can prevent two objects from 
ever encountering one another, even if they are moving toward each 
other at speeds close to that of light. Therefore, as the relative velocity 
of black holes approaches the speed of light, the corresponding critical 
black hole number density must be minimum value among all admissi-
ble relative velocities. In other words, for all other cases, the critical mo-
ment must appear earlier than the one corresponding to the scenario in 
which black holes propagate at the speed of light. In this extreme limit, 
the black hole mass would formally tend to infinity. However, because 
the relative velocity has already reached the speed of light, variations 
in the black hole mass and other related quantities do not further in-
fluence the critical black hole number density. At this point, whether 
black holes can effectively encounter each other is the dominant fac-
tor governing whether mergers occur. Therefore, the minimum critical 
black hole number density is determined solely by the expansion rate of 
the universe. If the minimum critical black hole number density is non-
vanishing, it can be used naturally to give a non-vanishing minimum 
value of 𝑁(𝑡). We take an arbitrary black hole as an observer located at 
the origin. For the black hole closest to the observer, the co-moving co-
ordinate distance between them can be approximated by the average co-
moving coordinate distance 𝑟̄ among black holes, which increases over 
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time due to black hole mergers. The recessional velocity of the closest 
black hole is assumed to be approximately linear, i.e., 𝑣𝑟̄ = 𝐻 𝐷̄ + 𝑣𝑝, 
where 𝐷̄ = 𝑎(𝑡) 𝑟̄ is the average proper distance and 𝑣𝑝 is the peculiar ve-
locity of the closest black hole. If 𝑣𝑟̄ ≥ 𝑐, then black holes can no longer 
encounter each other. In this case, we have 𝐻 𝐷̄ ≥ 𝑐 − 𝑣𝑝. In the limit-
ing case where 𝑣𝑝 → −𝑐, the lower bound on the average proper distance 
becomes 𝐷̄ = 2𝑐

𝐻 . In the following, we explore the evolution of 𝑁(𝑡) in 
relation to the expansion rate of the universe.

We begin by considering that the universe is decelerating, allowing 
us to set the cosmological constant to zero. In this case, the scale factor 
evolves as 𝑎(𝑡) = 𝑏 𝑡

2
3  with 𝑏 being a constant. The critical co-moving co-

ordinate distance between the observer and the closest black hole is de-
noted by ̄𝑟𝑐 = 2𝑐

𝑎(𝑡)𝐻 = 3 𝑐
𝑏 𝑡1∕3𝑐 , where 𝑡𝑐 is a critical time to be determined. 

When 𝑟̄ ≥ 𝑟̄𝑐 , black holes are no longer able to merge. The critical black 
hole number density at this moment is 𝑛(𝑡𝑐 ) = 1∕( 4𝜋3 𝐷̄3) = (36𝜋𝑐3 𝑡3𝑐 )

−1. 
Hence, the number of black holes per unit co-moving volume at the crit-
ical time is 𝑁(𝑡𝑐 ) =

3 𝑎3𝑉0
4𝜋𝐷̄3 = 3𝑉0

4𝜋 𝑟̄−3𝑐 = 𝑏3𝑉0
36𝜋𝑐3𝑡𝑐

, which is the lower bound 
on 𝑁(𝑡). Next, we analyze the value of 𝑟̄𝑐 . If 𝑟̄𝑐 is a finite constant, 
then the lower bound on 𝑁(𝑡) is non-vanishing. Recalling 𝑣𝑟̄ = 𝐻 𝐷̄ + 𝑣𝑝, 
the recessional velocity of the closest black hole can be expressed as 
𝑣𝑟̄ =

2
3 𝑏 𝑡

− 1
3 𝑟̄𝑐 + 𝑣𝑝. Assuming ̄𝑟𝑐 is finite, it follows that 𝑣𝑟̄ decreases over 

time. As 𝑣𝑟̄ decreases, black holes can continue to merge, which contra-
dicts the assumption that no mergers occur when 𝑟̄ ≥ 𝑟̄𝑐 . Therefore, no 
finite 𝑟̄𝑐 exists beyond which black holes are guaranteed to remain iso-
lated and the lower bound on 𝑁(𝑡) must vanish as time progresses. This 
suggests that the spherical system may not exist in a decelerating uni-
verse composed of black holes.

Now, let us assume that the universe is undergoing accelerated ex-
pansion. When the cosmological constant is non-vanishing, the scale fac-
tor turns into 

𝑎(𝑡) = 𝑒−
√

Λ
3 𝑐 𝑡

(

1
2
𝑒
√

3Λ 𝑐 𝑡 −
4𝜋 𝐺 𝜌̄0
𝑐2Λ

)
2
3
. (17)

To ensure the continued acceleration of the expansion, we require 
8𝜋 𝐺 𝜌̄0
Λ 𝑐2

≤ 2 −
√

3. Our goal remains to determine a non-vanishing lower 
bound on 𝑁(𝑡). As in the previous case, the average proper distance 𝐷̄
need satisfy the condition 𝐷̄𝐻 ≥ 𝑐 − 𝑣𝑝. Using the scale factor (17), the 
critical average co-moving coordinate distance between black holes is 
given by 

𝑟̄𝑐 =
25∕3

√

3 𝑐2
√

Λ 𝑒
√

Λ
3 𝑐 𝑡𝑐

(

𝑒
√

3Λ 𝑐 𝑡𝑐 − 8𝜋 𝐺 𝜌̄0
Λ 𝑐2

)
1
3

𝑐2Λ 𝑒
√

3Λ 𝑐 𝑡𝑐 + 8𝜋 𝐺 𝜌̄0
, (18)

where 𝑡𝑐 is still a critical time to be determined. Given the constraint 
8𝜋 𝐺 𝜌̄0
Λ 𝑐2

≤ 2 −
√

3, it can be shown that d𝑟̄𝑐d𝑡𝑐 ≤ 0 for all 𝑡𝑐 ≥ 0. Then, the 
maximum value of 𝑟̄𝑐 occurs at 𝑟̄𝑐 (𝑡𝑐 = 0), and the lower bound on 𝑁(𝑡)
is given by 𝑁(𝑡𝑐 = 0) > 0. Therefore, the radius 𝑅 of the spherical system 
need satisfy

𝑅 ≤ 𝑅𝑐 =

√

3(𝑐2Λ + 8𝜋 𝐺 𝜌̄0)3𝑉 2
0

2048𝐺2
√

Λ𝜋2𝑀̄2
0𝑁

2
0 (𝑐

2Λ − 8𝜋 𝐺 𝜌̄0)
𝑎3 = 𝑓0𝑎

3, (19)

where 𝑓0 is a non-vanishing constant with the dimension of length. 
Hence, in an accelerating universe composed of black holes and a cos-
mological constant, there exists a special class of spherical systems (with 
radius 𝑅 ≤ 𝑅𝑐 = 𝑓0𝑎3), within which the entropy of black holes consis-
tently adheres to the holographic bound.

In fact, it can be demonstrated that the fundamental condition for the 
feasibility of the definition (19) is the existence of an upper bound on 
the entropy per unit co-moving volume, regardless of the expansion rate 
of the universe and the presence of an initial singularity. For a spherical 
system defined by (19), the entropy contained within the system satisfies
4𝜋
3 (𝑓0𝑎3)3

𝑎3𝑉0
𝑆(𝑡) ≤

4𝜋
3 (𝑓0𝑎3)3

𝑎3𝑉0
𝑆𝑚𝑎𝑥 ≤

𝑘𝐵(𝑓0𝑎3)2

𝑙2𝑝
, (20)

where 𝑆(𝑡) is the entropy per unit co-moving volume at time 𝑡, and 𝑆𝑚𝑎𝑠
is the maximum value of 𝑆(𝑡) for the entire evolution of the universe. 
Then, we have

0 < 𝑓0 ≤
3 𝑘𝐵𝑉0

16𝜋 𝑙2𝑝 𝑆𝑚𝑎𝑥
. (21)

Based on the above calculations and analyses, we conclude that in any 
cosmological model in which the entropy per unit co-moving volume 
admits an upper bound, there exists a critical radius 𝑅𝑐 = 𝑓0𝑎3 with 𝑓0
being a non-vanishing constant. A spherical system of radius 𝑅 ≤ 𝑅𝑐 can 
accommodate entropy in a way that is consistent with the holographic 
bound. However, we have proved that the construction 𝑅𝑐 = 𝑓0𝑎3 is not 
universally applicable in cosmological models. In a decelerating uni-
verse that originates from an initial singularity, the entropy per unit 
co-moving volume may diverge in both the early and late stages. As a 
result, the definition (19) does not hold in general, and it is typically 
restricted to accelerating cosmologies without an initial singularity. For 
realistic cosmological scenarios, such as the ΛCDM model, the defini-
tion (19) can be applicable provided that the model does not develop 
an initial singularity and that the matter entropy per unit co-moving 
volume remains bounded from above throughout the post-inflationary 
decelerating epoch.

4.  Holographic bound and a general cosmological model

In the previous part, we have defined a special class of spherical 
systems in cosmology, within which the entropy of matter constantly 
adheres to the holographic bound, based on the assumption that the en-
tropy per unit co-moving volume is bounded from above in the universe. 
In this part, we further explore the holographic bound in a general cos-
mological model and aim to establish a universal definition from the 
perspective of the entropy per unit co-moving volume.

We start with an arbitrary cosmological model, in which the entropy 
of matter per unit co-moving volume is described by a time-dependent 
function 𝜎(𝑡). The holographic bound requires the entropy of matter con-
tained within a spherical system of radius 𝑅 to satisfy 

𝑆 =
4
3𝜋𝑅

3

𝑎(𝑡)3𝑉0
⋅ 𝜎(𝑡) ≤

𝑘𝐵 𝜋𝑅2

𝑙2𝑝
. (22)

Given a mass-energy density 𝜌(𝑎), the corresponding entropy function 
𝜎(𝑡) may depend on multiple factors, and whether it possesses a univer-
sal upper bound is unknown. However, for any 𝜌(𝑎), we can define an 
auxiliary entropy function 𝜎𝑥(𝑡) such that 𝜎𝑥(𝑡) ≥ 𝜎(𝑡) at all times, with 
an additional constraint that 𝜎𝑥(𝑡) depends solely on the scale factor. 
If such a function 𝜎𝑥(𝑡) exists, it can be used to derive a general form 
of the critical radius 𝑅𝑐 applicable to any cosmological model. In the 
following, we present a method for constructing such a function 𝜎𝑥(𝑡).

When all the matter contained within a unit co-moving volume is 
treated as a black hole of the same mass-energy 𝑚(𝑎) = 𝑎3𝑉0𝜌(𝑎), the 
entropy of this black hole can be expressed as 

𝜎𝐵𝐻 (𝑡) =
4𝜋𝐺𝑘𝐵
ℏ𝑐

𝑎6𝑉 2
0 𝜌(𝑎)

2. (23)

If 𝜎𝐵𝐻 (𝑡) is the maximum entropy within unit co-moving volumes that 
share the same mass-energy, and if we can define a class of spherical 
systems based on 𝜎𝐵𝐻 (𝑡) such that the entropy contained within these 
systems adheres to the holographic bound, then this definition should 
be applicable to other universes as well. According to the Bekenstein-
Hawking entropy formula and the generalized second law of thermo-
dynamics, the inequality 𝜎𝐵𝐻 (𝑡) ≥ 𝜎(𝑡) “appears to” hold for any form 
of matter. Here we temporarily assume that this condition holds for all 
matter, and later we will provide a counterexample.

To analyze the evolution of 𝜎𝐵𝐻 (𝑡), we employ the Friedmann equa-
tion. Assuming the universe contains only a single component of mat-
ter, characterized by an energy density 𝜌(𝑎), one can use the Friedmann 
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equation to derive that 𝜎𝐵𝐻 (𝑡) ∼ 𝐻4𝑎6. Therefore, the radii of these spe-
cial spherical systems need satisfy 

𝑅 ≤ 𝑅𝑐 =
𝑘𝐵 𝜋
𝑙2𝑝

ℏ𝑐
4𝜋𝐺𝑘𝐵

16𝜋𝐺2

3𝑉0
𝐻−4𝑎−3 = 4𝜋

3𝑉0
𝑐4

𝐻4𝑎3
. (24)

The definition of 𝑅𝑐 is independent of the specific components and ex-
pansion of the universe if 𝜎𝐵𝐻 (𝑡) ≥ 𝜎(𝑡) holds for all matter. As such, it 
provides a definition for these spherical systems ensuring that the en-
tropy contained within them adheres to the holographic bound. Strictly 
speaking, this result relies only on two assumptions: 1) The evolution 
of the universe is governed by the Friedmann equation; 2) Among unit 
co-moving volumes with the same mass-energy, when the mass-energy 
is converted into a black hole, the entropy reaches its maximum. We 
can regard 4𝜋

3𝑉0
𝑐4

𝐻4𝑎3
 as a characteristic length scale in the universe. It 

implies that as long as the radius of any spherical system in the uni-
verse does not exceed this scale, the entropy contained within it can 
remain compliant with the holographic bound. Defining 𝑅 = 𝑔0𝐻−4𝑎−3

with 𝑔0 ≤ 4𝜋
3𝑉0

𝑐4, and differentiating it with respect to time, we have 
d𝑅
d𝑡 = 𝑔0

𝑎̇2−4𝑎 𝑎̈
𝑎̇5

. If the universe is undergoing decelerated expansion, 𝑅
increases over time. But, in the case of accelerated expansion and 𝑎̈ > 𝑎̇2

4𝑎 , 
𝑅 decreases over time.

It is important to emphasize that the condition 𝜎𝐵𝐻 (𝑡) > 𝜎(𝑡) does 
not hold universally across cosmological models. For instance, consider 
a universe filled solely with photons. In this case, the entropy per unit 
co-moving volume, 𝜎𝑝(𝑡), remains constant, whereas the internal energy 
per unit co-moving volume decreases with the scale factor. For suffi-
ciently large scale factors, we necessarily obtain 𝜎𝐵𝐻 (𝑡) < 𝜎𝑝(𝑡). As a 
consequence, the definition (24) is not universal, and it still requires 
the special condition 𝜎𝐵𝐻 (𝑡) ≥ 𝜎(𝑡) to hold for validity.

The photon-dominated universe can violate the condition 𝜎𝐵𝐻 (𝑡) >
𝜎(𝑡) because, for low-energy photons, spontaneous collapse into black 
holes may correspond to a decrease in entropy 1 Therefore, from a more 
physical perspective, it would be appropriate for us to claim that the 
definition (24) applies only to particular cosmological models in which 
matter can evolve to form black holes spontaneously, without conflict-
ing with the second law of thermodynamics. In realistic cosmological 
scenarios, such as the ΛCDM model, the definition (24) may be applica-
ble because photons cease to be the dominant component at sufficiently 
large scale factors. However, given that the entropies of dark matter and 
dark energy remain unclear at present, a definitive conclusion is not yet 
within reach. 

5.  Discussion

We have identified two specific definitions of spherical systems in 
cosmology that guarantee the matter entropy enclosed within them 
satisfies the holographic bound throughout the evolution of the uni-
verse. However, both definitions suffer from limitations, being valid 
only under restricted cosmological conditions, as demonstrated by ex-
plicit counterexamples. Specifically, the definition (19) holds exclu-
sively for cosmological models in which the entropy per unit co-moving 
volume is bounded from above, whereas the definition (24) is violated in 
a radiation-dominated universe. Thus, it appears impossible to construct 
a universal class of spherical systems in cosmology in which the matter 
entropy always satisfies the holographic bound. We stress once more 
that the spherical systems considered in this work do not correspond to 
any known cosmological horizon or physically meaningful scale; rather, 
they are constructed solely to enforce compliance with the holographic 
bound. Should a physical interpretation be sought, one may note that, 
within the specific cosmological models (an accelerating universe with-

1 Although we can not yet provide a first-principles explanation for why this 
phenomenon arises, it may motivate further study on the entropy properties of 
gravitational systems and the second law of thermodynamics in the future.

out an initial singularity or a universe not composed of photons), po-
tential violations of the holographic bound are evaded only inside such 
spherical systems.

For the definition (19), the requirement that the entropy per unit 
co-moving volume has an upper bound, is almost certain to fail near the 
singularity of the universe. If a cosmological model satisfies this require-
ment, compliance with other entropy bounds can be achieved by appro-
priately adjusting the exponent of the scale factor in the definition (19). 
For instance, with regard to the Bekenstein bound, the radii of spherical 
systems are given by 𝑅 ≤ 𝑅𝑐 = 𝑓0𝑎 with 𝑓0 being a non-vanishing con-
stant. In this case, counterexamples to the holographic bound may also 
arise for other entropy bounds, not due to a flaw in the entropy bounds 
themselves, but rather because of the similar definitions of spherical 
systems.

The fundamental reason why definition (24) fails in a radiation uni-
verse is that converting the mass-energy of photons within a system into 
a black hole may reduce the total entropy of the system, which does not 
occur in other known ordinary matter. This counterexample suggests 
that, in order to properly apply the holographic bound (as well as other 
entropy bounds) in cosmology, we must first clarify the maximal entropy 
state among all systems with the same mass-energy. If this problem can 
be resolved, it may pave the way toward identifying the most univer-
sal definition of such a special class of spherical systems. It now appears 
that the common assumption that black holes always represent the max-
imal entropy state is not entirely accurate. Finally, we emphasize that 
although we have only studied the methods and results related to the ex-
tension of the holographic bound in cosmology, the methods are applica-
ble to most entropy bounds and the results [see Eqs. (19) and (24)] shed 
new light on the question addressed in Section 2. Therefore, we believe 
that our methods and results possess broad generality and conceptual 
novelty.  In future work, we will further investigate realistic cosmologi-
cal settings and generalized entropy in cosmology [35–38], which is mo-
tivated by the fact that entropy bounds can assume markedly different 
forms and exhibit distinct ranges of validity depending on the specific 
entropy. Such considerations will help place the present research within 
a broader and more modern theoretical context.
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