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 a b s t r a c t

Response functions are key observables for probing the structure and dynamics of many-body systems. We present 
and demonstrate a quantum-classical computational framework for computing response functions of general 
many-fermion systems that also provides the full bound-state spectrum. The framework employs the Lorentz 
integral transform and a recently developed Hamiltonian input scheme that enables practical and scalable circuit 
constructions for general many-fermion Hamiltonians. Within this framework, we evaluate the Lorentz integral 
and propose three protocols to extract response functions and bound-state structural information. We apply the 
method to 19O with realistic internucleon interactions, computing both the bound-state spectrum and the response 
function. This demonstration indicates opportunities for exploring the structure and dynamics of a broad class 
of many-body systems across diverse fields.

1.  Introduction

The structure and dynamics of quantum many-body systems are fun-
damental to understanding strongly interacting systems across quantum 
chemistry [1,2], nuclear physics [3–7], high-energy physics [8,9], and 
condensed matter physics [10,11]. Among the key observables are re-
sponse functions [12–14], which encode rich information about both 
the dynamical and structural properties of these systems. Response func-
tions define cross sections in scattering experiments [15–21] involving 
photons, electrons, neutrinos and nucleons. They also reveal essential 
structural information about the underlying quantum systems.

While response functions are important and useful quantities, their 
calculation is challenging. Such computations require access to both 
bound and continuum states, which obey different boundary conditions 
and therefore demand distinct numerical techniques, making a unified 
and consistent treatment difficult. Moreover, the number of many-body 
states grows exponentially with both the single-particle (SP) basis size 
and the particle number. This poses a significant challenge for first-
principles evaluations of response functions in many-body systems on 
classical computers.

Quantum computers hold the promise for addressing quantum many-
body problems that are intractable on classical computers [22]. Re-
search efforts have been devoted to solving eigenvalue problems, includ-
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ing the variational [23–26], subspace-expansion-based [27–35], and 
imaginary-time-evolution [36,37] quantum eigensolvers. Meanwhile, 
quantum algorithms have also been proposed for simulating real-time 
evolution in many-body systems, such as the Trotter-based methods 
[38,39], truncated Taylor series [40], truncated Dyson series [41], 
qubitization [42], time-dependent qubitization [43], qDrift [44], time-
dependent qDrift [45], and Magnus-expansion-based method [46,47]. 
Few approaches [48–54] have been proposed for quantum computing 
response functions that relate directly to reaction cross sections of real-
istic, strongly interacting systems; existing works are mainly based on 
time-evolution-based methods and have been demonstrated only for toy 
models, highlighting the need for practical and scalable algorithms ap-
plicable to response functions of realistic many-body systems.

In this work, we develop a quantum-classical framework for com-
puting nuclear response functions, which also provides bound-state 
structural information. Our approach is based on the Lorentz integral 
transform (LIT) [55,56], which has been widely applied to scattering 
processes such as nuclear photoabsorption and electroweak reactions 
[15–19] on classical computers. Within the LIT framework, the response 
function is mapped to a Lorentz integral (LI) via convolution with a 
smooth kernel. The LI can be evaluated by solving inhomogeneous 
many-body Schrödinger equations using only bound-state techniques. 
The response function is then extracted via the integral inversion.
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\begin {equation}H = \sum _j \langle Q_j | H | P_j \rangle b^{\dagger } _{Q_j} b_{P_j}, \label {eq:2nd_quantized_Hamiltonian}\end {equation}


$j \in [0, \mathcal {D}-1]$


$Q_j \mapsto \{ p_j, q_j , \ldots r_j \}$


$P_j \mapsto \{ u_j, v_j, \ldots , w_j \}$


$p_j <q_j < \cdots < r_j$


$u_j < v_j < \cdots < w_j$


$\langle Q_j | H | P_j \rangle \equiv \langle p_j, q_j, \ldots r_j | H | u_j, v_j, \ldots w_j \rangle $


$b^{\dagger }_{Q_j} \equiv a^{\dagger } _{p_j} a^{\dagger } _{q_j} \cdots a^{\dagger } _{r_j}$


$b_{P_j} \equiv a_{w_j} \cdots a_{v_j} a_{u_j}$


$\{ a_p, a^{\dagger }_q \} = \delta _{p,q}$


$\{a_p, a_q \} = \{ a^{\dagger }_p , a^{\dagger }_q \} =0$


$p$


$a^{\dagger }_p \ket {0}_p = \ket {1}_p$


$a_p \ket {1}_p = \ket {0}_p$


$a^{\dagger }_p \ket {1}_p = a_p\ket {0}_p = 0$


\begin {equation}(H- E_{n}) \ket {\Psi _{n}} = 0 , \label {Xeqn2-2}\end {equation}
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$n=0, 1, 2, \ldots $
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$R(E)$


\begin {equation}R(E) = {\sum \!\!\!\!\!\!\int } dn \langle \Psi _0 | V^{\dagger } | \Psi _{n} \rangle \langle \Psi _{n} | V | \Psi _0 \rangle \delta (E_{n} - E) , \label {eq:response_function_formula}\end {equation}
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$\ket { \Omega } = V \ket {\Psi _0}$
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\begin {equation}\mathcal { L} (\sigma ) = {\sum \!\!\!\!\!\!\int } K(\sigma ,E) R(E) dE . \label {eq:integral_transform}\end {equation}


$K(\sigma , E)$


$\big [ ( \sigma ^{\ast } -E ) ( \sigma - E ) \big ]^{-1}$


$\sigma = x + \sigma _R + i \sigma _I$


$\sigma _R \in \mathbb {R}$


$\sigma _I > 0$


$f(\sigma _R$
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\begin {equation}\mathcal { L} (\sigma ) = {\sum \!\!\!\!\!\!\int } \frac { R(E) }{(E- x - \sigma _R)^2 + \sigma _I^2} dE = \langle \widetilde {\Psi } | \widetilde {\Psi } \rangle , \label {eq:kernel_solution}\end {equation}


$\ket {\widetilde {\Psi } }$


\begin {equation}(\sigma - H) \ket { \widetilde {\Psi } } = \ket {\Omega } . \label {eq:inhomo_1}\end {equation}


$\ket {\widetilde {\Psi }}$


$H$


$\ket {\widetilde {\Psi }}$


$\ket {\widetilde {\Psi }}$


$G(\sigma , H) \equiv (\sigma - H)^{-1}$


$G(\sigma , H)$


\begin {equation}{G}( \sigma , H) = \sum _{k=0} f_{ k}(\sigma ) T_k ( H ) , \label {eq:expansion_scalar1}\end {equation}


$T_k(\cdot )$


$\|H\|_2 \in [-1,1]$


$H$


$k =0, 1, 2, \ldots $


$f_{ k }(\sigma )$


\begin {equation}f_k (\sigma ) = \frac {2-\delta _{k,0}}{\sqrt {\sigma ^2 -1}} \big ( \sigma -\sqrt {\sigma ^2 -1} \big )^k . \label {Xeqn8-8}\end {equation}


$\sigma _ I>0$


$G(\sigma , H)$


$\sigma _R \in \mathbb {R}$


$H$


$\sigma _I$


$\ket { \widetilde {\Psi } } = {G}( \sigma , H ) \ket {\Omega }$


\begin {equation}\mathcal {L} (\sigma ) = \sum _{k=0} \sum _{j=0} f^{\ast }_{ k }(\sigma ) f_{ j}(\sigma ) \times \frac {1}{2} \big ( \langle \Omega | T_{j+k} (H) | \Omega \rangle + \langle \Omega |T_{| j-k |} (H) | \Omega \rangle \big ) , \label {eq:result_1_straight}\end {equation}


$2 T_j ( \varepsilon ) T_k ( \varepsilon ) = T_{j+k} (\varepsilon ) + T_{| j-k |} (\varepsilon )$


$\varepsilon \in [-1,1]$


$\{ \bra {\Omega } T_n ( H ) \ket { \Omega } \}$


$H$


$V$


\begin {equation}\mathcal {L}(\sigma ) = \underbrace { \sum _{n} \frac {R_n}{ (\sigma _R - e_n)^2 + \sigma _I^2 } }_{\mathcal {L}_D(\sigma )} + \underbrace { \int _{e_{\rm th}} ^{\infty } d e \frac {R(e)}{ ( \sigma _R - e )^2 + \sigma ^2_I } }_{ \mathcal {L}_C ( \sigma ) } , \label {eq:response_function_formula_1}\end {equation}


$\mathcal {L}_D (\sigma )$


$\mathcal {L}_C(\sigma )$


$e_n = E_n - x$


$e = E - x$


$e_{\rm th} = E_{\rm th} - x$


$x = E_0$


$R(E)$
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$\underline {H}$
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$\mathrm {Re}[\langle \Omega | T_k(H') | \Omega \rangle ]$
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$\mathrm {Im}[\langle \Omega | T_k(H') | \Omega \rangle ]$
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$q$


$\ket {b_q}$


$b_q \in \{0,1\}$


$q$


$b_q = 0$


$b_q = 1$


$\ket {\mathcal {F}} = \ket {b_0} \ket {b_1} \cdots \ket {b_{N_{\rm sp}-1}}$


$H$


$H$


\begin {equation}\big (\bra {\mathcal {G}}_{s} \otimes \bra {0} _{a} \big ) \mathcal {T}_b^{\dagger } \mathcal {T} _f \big ( \ket {\mathcal {F}} _s \otimes \ket {0} _a \big ) = \frac {1}{\mathcal {B} \Xi } \bra {\mathcal {G}} H \ket {\mathcal {F}} , \label {eq:block_encoding}\end {equation}
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$\mathcal {B} \geq \mathcal {D}$


$\Xi \geq \max _j \big | \bra {Q_j} H \ket {P_j} \big |$


$j \in [0, \mathcal {D}-1]$


$T_k(H')$


$H' = H/(\mathcal {B} \Xi )$
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$\widetilde {O}(N_{\rm sp}^{2\eta +1})$


$\eta $


$\widetilde {O}(N_{\rm sp}^{2\eta })$


$N_{\rm sp}$


$N_{\rm sp} + \lceil \log _2 \mathcal {D} \rceil + 4$


$T_k(H')$


$\widetilde {O}(k \, N_{\rm sp}^{2\eta +1})$


$W_{\Omega }$


$\ket {\Omega } = V \ket {\Psi _0}$


$\ket {\Omega }_s = W_{\Omega } \ket {0}_s$


$W_{\Omega }$


$T_k(H')$


$\ket {\Omega }$
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$R_n = \langle \Omega | \Psi _n \rangle \langle \Psi _n | \Omega \rangle $
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$(0d_{\frac {5}{2},-\frac {5}{2}}) (0d_{\frac {5}{2},\frac {1}{2}}) (0d_{\frac {5}{2},\frac {5}{2}} )$


$V$
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Although conceptually powerful, the LIT approach is demanding in 
computational resources as it necessitates treating many-body problems 
on classical computers. We present a hybrid scheme that efficiently eval-
uates the LI for many-body systems using the Chebyshev polynomial ex-
pansion (CPE) [57,58], where the evaluation of the LI reduces to quan-
tum computation of a limited set of Chebyshev moments (CMs) deter-
mined by the many-body Hamiltonian and the system-probe interaction. 
We further propose protocols for computing the response functions and 
full bound-state spectra of many-body systems.

Our framework also employs a recently developed Hamiltonian in-
put scheme introduced in our previous work [59], which enables prac-
tical and scalable circuit constructions for general second-quantized 
many-fermion Hamiltonians. Based on the ideas of Boolean masking 
and discrete-time quantum walks [60–63], this efficient input scheme 
avoids the expensive compilation of second-quantized Hamiltonians for 
many-fermion systems and the intricate oracle constructions required by 
standard input methods (e.g., Jordan–Wigner [64,65] or Bravyi–Kitaev 
encodings [66,67] implemented with LCU [40,68,69]). By employing 
quantum signal processing [70,71], our input scheme enables efficient 
evaluation of the CMs and, consequently, the LI.

Our hybrid framework establishes a practical and scalable approach 
for computing response functions of general many-fermion systems us-
ing future fault-tolerant quantum hardware. Moreover, it enables access 
to complete bound-state spectra of many-fermion systems, surpassing 
the above-mentioned quantum eigensolvers that target only a limited 
set of eigenenergies (e.g., ground-state energies via variational quan-
tum eigensolver algorithms [25]). To the best of our knowledge, ap-
proaches that enable combined response-function and structural studies 
of realistic many-fermion systems on quantum computers remain largely 
unexplored.

We demonstrate the framework by computing the full bound-state 
spectrum and response function of 19O using a realistic strong-force 
interaction [72] developed from fundamental theories [73–75]. Our 
framework is directly applicable to other strongly interacting systems, 
such as those in hadronic structure and dynamics (e.g., within the BLFQ 
approach [76–78]), when combined with consistent input scheme for 
many-boson Hamiltonians [79].

2.  Theory

The second-quantized Hamiltonian of a general many-fermion sys-
tem is
𝐻 =

∑

𝑗
⟨𝑄𝑗 |𝐻|𝑃𝑗⟩𝑏

†
𝑄𝑗
𝑏𝑃𝑗 , (1)

where we index each monomial by 𝑗 ∈ [0, − 1]. We denote 𝑄𝑗 ↦
{𝑝𝑗 , 𝑞𝑗 ,… 𝑟𝑗} and 𝑃𝑗 ↦ {𝑢𝑗 , 𝑣𝑗 ,… , 𝑤𝑗}, where we order the SP bases 
as 𝑝𝑗 < 𝑞𝑗 < ⋯ < 𝑟𝑗 and 𝑢𝑗 < 𝑣𝑗 < ⋯ < 𝑤𝑗 . The few-body matrix element 
is ⟨𝑄𝑗 |𝐻|𝑃𝑗⟩ ≡ ⟨𝑝𝑗 , 𝑞𝑗 ,… 𝑟𝑗 |𝐻|𝑢𝑗 , 𝑣𝑗 ,…𝑤𝑗⟩. We have 𝑏†𝑄𝑗

≡ 𝑎†𝑝𝑗 𝑎
†
𝑞𝑗 ⋯ 𝑎†𝑟𝑗

and 𝑏𝑃𝑗 ≡ 𝑎𝑤𝑗
⋯ 𝑎𝑣𝑗 𝑎𝑢𝑗 . The anticommutation relations hold for the 

fermion operators, i.e., {𝑎𝑝, 𝑎
†
𝑞} = 𝛿𝑝,𝑞 , {𝑎𝑝, 𝑎𝑞} = {𝑎†𝑝, 𝑎

†
𝑞} = 0. The 

fermion operators act on the occupation modes of SP basis “𝑝” as 
𝑎†𝑝 |0⟩𝑝 = |1⟩𝑝, 𝑎𝑝 |1⟩𝑝 = |0⟩𝑝, and 𝑎†𝑝 |1⟩𝑝 = 𝑎𝑝 |0⟩𝑝 = 0.

The Schrödinger equation of the many-body system reads
(𝐻 − 𝐸𝑛) |Ψ𝑛⟩ = 0, (2)

where |Ψ𝑛⟩ and 𝐸𝑛 (with 𝑛 = 0, 1, 2,…) denote the eigenstate and corre-
sponding eigenenergy, respectively.

The response function 𝑅(𝐸) describes the system’s response to an 
external perturbative probe that transfers energy 𝐸 to it. 𝑅(𝐸) admits 
the form [56]

𝑅(𝐸) =
∑

∫ 𝑑𝑛⟨Ψ0|𝑉
†
|Ψ𝑛⟩⟨Ψ𝑛|𝑉 |Ψ0⟩𝛿(𝐸𝑛 − 𝐸), (3)

with 𝑉  denoting the system-probe interaction operator. Combined with 
the factor that describes the kinematics, 𝑅(𝐸) produces the reaction 
cross section. For clarity, we refer |Ω⟩ = 𝑉 |Ψ0⟩ as the “source state”.

While 𝑅(𝐸) is a useful quantity, its first-principles calculations for 
many-body systems is generally challenging. Two major difficulties 
arise: (1) 𝑅(𝐸) depends on a large number of bound and continuum 
states {|Ψ𝑛⟩} subject to different boundary conditions, making their uni-
fied and consistent treatment computationally difficult; and (2) first-
principles calculations for quantum many-body systems are computa-
tionally demanding on classical computers.

We address the first difficulty by utilizing the LIT [56] method, 
which presents a practical approach to consistently treating the bound 
and continuum states in solving 𝑅(𝐸). In particular, one considers an 
integral transform

(𝜎) =
∑

∫ 𝐾(𝜎,𝐸)𝑅(𝐸)𝑑𝐸. (4)

We take 𝐾(𝜎,𝐸) to be the Lorentzian kernel [(𝜎∗ − 𝐸)(𝜎 − 𝐸)
]−1, where 

𝜎 = 𝑥 + 𝜎𝑅 + 𝑖𝜎𝐼  with 𝜎𝑅 ∈ ℝ and 𝜎𝐼 > 0. In the following discussions, 
we denote the function 𝑓 (𝜎𝑅, 𝜎𝐼 , 𝑥) as 𝑓 (𝜎) for simplicity. In contrast to 
existing literature [56], we introduce a free parameter 𝑥 in this work, 
where 𝑥 takes only two values, 0 and 𝐸0. The utility of 𝑥 will be-
come clear in the following discussion. We also note that various kernel 
choices have been considered in the literature (see, e.g., [53,56,80–82]), 
leading to different types of integral transformations; our framework 
discussed below is also adaptable to those cases.

The LI can be rewritten as
(𝜎) =

∑

∫
𝑅(𝐸)

(𝐸 − 𝑥 − 𝜎𝑅)2 + 𝜎2𝐼
𝑑𝐸 = ⟨Ψ̃|Ψ̃⟩, (5)

where |Ψ̃⟩ can be solved from the inhomogeneous Schrödinger equation
(𝜎 −𝐻) |Ψ̃⟩ = |Ω⟩ . (6)

It can be shown that |Ψ̃⟩ is localized and has a finite norm [56]. Conse-
quently, both the bound and continuum states of 𝐻 are encoded within 
|Ψ̃⟩ that can be treated with bound-state-type techniques. This avoids 
the explicit handling of the distinct asymptotic behaviors of the system’s 
eigenstates.

Different from prototypical approaches [56] in solving |Ψ̃⟩, we uti-
lize the CPE to evaluate the Green’s function 𝐺(𝜎,𝐻) ≡ (𝜎 −𝐻)−1. This 
facilitates the introduction of quantum computing to handle the clas-
sically demanding many-body calculations in our hybrid approach. In 
particular, the CPE of 𝐺(𝜎,𝐻) is [52,80]
𝐺(𝜎,𝐻) =

∑

𝑘=0
𝑓𝑘(𝜎)𝑇𝑘(𝐻), (7)

where 𝑇𝑘(⋅) is the Chebyshev polynomial of the first kind [83], with 
‖𝐻‖2 ∈ [−1, 1] (one rescales 𝐻 otherwise) and 𝑘 = 0, 1, 2,…. The expan-
sion coefficient 𝑓𝑘(𝜎) is

𝑓𝑘(𝜎) =
2 − 𝛿𝑘,0
√

𝜎2 − 1

(

𝜎 −
√

𝜎2 − 1
)𝑘. (8)

The summation is truncated according to the required numerical preci-
sion. With 𝜎𝐼 > 0, 𝐺(𝜎,𝐻) is smooth for any 𝜎𝑅 ∈ ℝ, as 𝐻 is Hermitian 
and its eigenvalues are real. Therefore, the CPE in Eq. (7) converges 
exponentially [57,58,84].

Compared to our previous work [59], where the Green’s function 
is approximated using a discrete Fourier transform combined with the 
CPE, the polynomial approximation [Eq. (7)] provides a more direct and 
convenient treatment of the Green’s function, in which the singularities 
are removed by introducing a finite positive 𝜎𝐼 . The polynomial approx-
imation employed in this work can be further improved by the kernel 
polynomial method [85] for enhanced numerical precision and stability. 
Based on the solution |Ψ̃⟩ = 𝐺(𝜎,𝐻) |Ω⟩, we have
(𝜎) =

∑

𝑘=0

∑

𝑗=0
𝑓 ∗
𝑘 (𝜎)𝑓𝑗 (𝜎) ×

1
2
(

⟨Ω|𝑇𝑗+𝑘(𝐻)|Ω⟩ + ⟨Ω|𝑇
|𝑗−𝑘|(𝐻)|Ω⟩

)

, (9)

where we have employed the identity 2𝑇𝑗 (𝜀)𝑇𝑘(𝜀) = 𝑇𝑗+𝑘(𝜀) + 𝑇
|𝑗−𝑘|(𝜀)

with 𝜀 ∈ [−1, 1] [83]. In this sense, the LI is expressed as a linear combi-
nation of a limited set of CMs {⟨Ω| 𝑇𝑛(𝐻) |Ω⟩}. These CMs only depend 
on 𝐻 and 𝑉 , which determine the reaction dynamics.
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The LI can be separated into two parts

(𝜎) =
∑

𝑛

𝑅𝑛

(𝜎𝑅 − 𝑒𝑛)2 + 𝜎2𝐼
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐷(𝜎)

+∫

∞

𝑒th
𝑑𝑒

𝑅(𝑒)
(𝜎𝑅 − 𝑒)2 + 𝜎2𝐼

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐶 (𝜎)

, (10)

where 𝐷(𝜎) and 𝐶 (𝜎) denote the contributions from the bound and 
continuum states, respectively. Notably, we define 𝑒𝑛 = 𝐸𝑛 − 𝑥, 𝑒 = 𝐸 −
𝑥, and 𝑒th = 𝐸th − 𝑥. For 𝑥 = 𝐸0, this notation accounts for excitation 
energies. Accordingly, we rewrite 𝑅(𝐸) as 𝑅(𝑒), whereby 𝛿(𝐸𝑛 − 𝐸) is 
replaced by 𝛿(𝑒𝑛 − 𝑒) and the integration limits are shifted consistently.

3.  Quantum-classical framework

To address the second difficulty, namely the exponential growth 
of computational resources required for first-principles many-body cal-
culations, we propose a hybrid quantum–classical framework, whose 
workflow is illustrated in Fig. 1. In this framework, quantum computers 
are employed to evaluate the CMs, which encode essential many-body 
physics and are computationally demanding on classical computers. 
These CMs are subsequently processed on classical computers to com-
pute the structure and response functions, where this post-processing 
can be more efficiently performed classically than on quantum hard-
ware.

On the quantum computers, we employ the direct encoding scheme to 
map 𝑁sp SP bases onto 𝑁sp qubits, where each qubit records the occupa-
tion of the corresponding SP basis. The state of the 𝑞th qubit is |𝑏𝑞⟩, with 
𝑏𝑞 ∈ {0, 1}, denoting that the 𝑞th SP basis is vacant (𝑏𝑞 = 0) or occupied 
(𝑏𝑞 = 1), respectively. Accordingly, a many-fermion state is encoded as 
|⟩ = |𝑏0⟩ |𝑏1⟩⋯ |𝑏𝑁sp−1⟩, which corresponds to a binary string on the 
quantum register.

We employ a recently developed Hamiltonian input scheme pro-
posed in our previous work [59] to encode 𝐻 [Eq. (1)] on a quan-
tum computer. This scheme constructs circuit representations of the 
fermionic operators, as well as their various combinations, based on 
the idea of Boolean masking [87], thereby avoiding expensive compila-
tion overhead associated with the conventional Jordan–Wigner [64,65] 
or Bravyi–Kitaev [66,67] encodings. With these circuit representations, 
the quantum-walk approach [60–62] is employed to block-encode 𝐻 as 
[59, Eq. (8)]]
(

⟨|𝑠 ⊗ ⟨0|𝑎
)

 †
𝑏 𝑓

(

|⟩𝑠 ⊗ |0⟩𝑎
)

= 1
Ξ

⟨|𝐻 |⟩ , (11)

where the subscripts 𝑠 and 𝑎 denote the system and ancilla registers, 
respectively. The states |⟩ and |⟩ encode the many-fermion states 
in the system register. 𝑏 and 𝑓  denote the circuit operations used to 

Fig. 1. Workflow of the quantum–classical algorithm for solving the re-
sponse function and bound-state spectrum. The circuit implements a standard 
Hadamard test [86], with the Hadamard gate denoted by 𝐻 . The gate  is set 
to the identity for Re[⟨Ω|𝑇𝑘(𝐻 ′)|Ω⟩] and to 𝑆† for Im[⟨Ω|𝑇𝑘(𝐻 ′)|Ω⟩].

construct the quantum-walk states based on |⟩, |⟩, and 𝐻 . The fac-
tor  ≥  arises from the diffusion operators in the quantum circuit, 
whereas Ξ ≥ max𝑗

|

|

|

⟨𝑄𝑗 |𝐻 |𝑃𝑗⟩
|

|

|

 with 𝑗 ∈ [0, − 1] denotes the maxi-
mum norm of the input few-body matrix elements in Eq. (1).

By employing a specific technique to encode few-body matrix ele-
ments, this quantum-walk-based Hamiltonian input scheme provides a 
practical circuit design that avoids the explicit construction of the “Pre-
pare oracle” required in the standard LCU approach [59], which can 
become challenging due to the need to extract a large number of matrix 
elements in general many-body systems. Interested readers are referred 
to Fig. 2 of Ref. [59] for an explicit example of the circuit implementa-
tion of the Hamiltonian input scheme.

Based on Eq. (11), we block-encode the Chebyshev polynomial 
𝑇𝑘(𝐻 ′), with 𝐻 ′ = 𝐻∕(Ξ), utilizing quantum signal processing [70,71,
88]. For clarity, we denote the unitary that block-encodes 𝑇𝑘(𝐻 ′) as 𝑈𝑇𝑘
in Fig. 1. A circuit implementation of 𝑈𝑇𝑘  can be found, e.g., in Fig. S1 
of Ref. [59].

Our input scheme enables efficient circuit construction for encoding 
general many-fermion Hamiltonians with low gate cost [59]. In par-
ticular, the gate complexity scales as 𝑂(𝑁2𝜂+1

sp ) for encoding Hamilto-
nians containing interaction terms up to 𝜂-body operators, where the 
number of monomials scales as 𝑂(𝑁2𝜂

sp ). The number of qubits required 
to encode a many-fermion Hamiltonian in a basis of 𝑁sp SP states is 
𝑁sp + ⌈log2 ⌉ + 4. Accordingly, 𝑇𝑘(𝐻 ′) is encoded using quantum sig-
nal processing with one additional qubit, and the corresponding gate 
complexity scales as 𝑂(𝑘𝑁2𝜂+1

sp ).
In this work, we propose an oracle 𝑊Ω to encode the source state 

|Ω⟩ = 𝑉 |Ψ0⟩ on the system register as |Ω⟩𝑠 = 𝑊Ω |0⟩𝑠. The systematic 
circuit design of 𝑊Ω, consistent with our Hamiltonian input scheme, 
requires further developments, which we defer to our forthcoming work 
[89].

We employ the Hadamard test [86] to quantum compute the CMs 
based on the circuit representations of 𝑇𝑘(𝐻 ′) and |Ω⟩, which are real-
ized by the input scheme of 𝑇𝑘(𝐻 ′) and the oracle 𝑊Ω.

On the classical computers, we collect the CMs evaluated on quan-
tum computers, which are combined with the expansion coefficients to 
compute the LI [Eq. (9)]. Based on the LI, we then introduce three pro-
tocols to extract the full bound-state spectrum (including the eigenener-
gies and their total angular momenta 𝐽 ) as well as the response function. 
The details of these protocols are as follows.

The first protocol determines the structural information of the Hamil-
tonian. Since the input schemes for both the Hamiltonian and the cor-
responding Chebyshev polynomials respect the underlying symmetries 
of the Hamiltonian, the calculations can be carried out within the cas-
cading 𝑀𝐽  scheme [5,59]. In particular, if one elects the source state 
|Ω𝑀𝐽

⟩ to be a single-configuration state with specific projection 𝑀𝐽  of 
𝐽 (note that |Ω𝑀𝐽

⟩ is not associated with any physical system-probe 
interaction), the resulting (𝜎) receives contributions only from bound 
or continuum states satisfying 𝐽 ≥ |𝑀𝐽 |. Based on this scheme, we em-
ploy a set of single-configuration source states {|Ω𝑀𝐽

⟩} with cascading 
𝑀𝐽  values to resolve the structural information of the bound states. 
The inputs, outputs, and methods of this protocol are summarized in
Algorithm 1.

In practice, we set 𝑥 = 0 and choose a small 𝜎𝐼  to ensure well-
separated peaks in 𝐷(𝜎), while sampling 𝜎𝑅 below the threshold energy 
𝐸th. We compute the LI [Eq. (9)] as a function of 𝜎𝑅 for source states 
{|Ω𝑀𝐽

⟩} with 𝑀𝐽 > 1; for 𝜎𝑅 < 𝐸th, the response (𝜎) receives contribu-
tions solely from the discrete component 𝐷(𝜎) [Eq. (10)]. Bound-state 
energies 𝐸𝑛 are extracted from the locations of the resolved peaks. Re-
peating the calculation with the source states {|Ω𝑀𝐽−1⟩} reveals newly 
appearing states with 𝐽 = 𝑀𝐽 − 1, whose eigenenergies are extracted 
analogously. Iterating this procedure within the cascading 𝑀𝐽  scheme 
yields the energies {𝐸𝑛} and angular momenta {𝐽𝑛} of the bound states.

In the second protocol, we compute the coefficients {𝑅𝑛}, which 
quantify the contributions of discretized states to the response function
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Algorithm 1: Prescan for spectral information.
Input:
 1. Single-configurations {|Ω𝑀𝐽

⟩} with cascading 𝑀𝐽
 2. 𝜎𝐼  fixed to be a small positive value
 3. {𝜎𝑅} below the threshold
Methods:
 1. Hybrid computations of (𝜎) with 𝑥 = 0
 2. 𝑀𝐽  scanning
 3. Peak-structure fitting for 𝐷(𝜎)
Output:
 Bound-state information {𝐸𝑛} and {𝐽𝑛}

induced by a physical probe (Algorithm 2). We employ the same param-
eter settings as in the first protocol, namely {𝜎𝑅}, 𝜎𝐼 , and 𝑥 = 0, except 
that we adopt the physical source state |Ω⟩ = 𝑉 |Ψ0⟩. The LI is evalu-
ated within the hybrid framework [Eq. (9)]. We note that, for 𝜎𝑅 < 𝐸th, 
only the discrete contribution 𝐷(𝜎) enters. With small 𝜎𝐼 , the peaks 
of 𝐷(𝜎) are sufficiently separated, allowing {𝑅𝑛} to be extracted by 
fitting the Lorentzian line shape [Eq. (10)]. Using the bound-state en-
ergies {𝐸𝑛} obtained from the first protocol, each peak fit reduces to a 
single-parameter determination of 𝑅𝑛.

We note that 𝑅𝑛 depends on the bound state |Ψ𝑛⟩ and the physical 
source state |Ω⟩, i.e., 𝑅𝑛 = ⟨Ω|Ψ𝑛⟩⟨Ψ𝑛|Ω⟩. This identity provides a direct 
cross-check of the hybrid framework for model systems of limited size. 
For large many-body systems, however, the direct classical evaluation 
of 𝑅𝑛 is computationally demanding; by exploiting the complementary 
strengths of quantum and classical computers, the present hybrid frame-
work offers a viable and scalable solution.

Algorithm 2: Solving {𝑅𝑛}.
Input:
 1. |Ω⟩ = 𝑉 |Ψ0⟩

 2. 𝜎𝐼  fixed to be a small positive value
 3. {𝜎𝑅} below the threshold
 4. Bound-state energies {𝐸𝑛}
Methods:
 1. Hybrid computations of (𝜎) with 𝑥 = 0
 2. Peak-structure fitting for 𝐷(𝜎)
Output:
 Bound-state response {𝑅𝑛}

In the third protocol, we compute the response function 𝑅(𝑒) as a 
function of the excitation energy 𝑒, using the physical source state 
|Ω⟩ = 𝑉 |Ψ0⟩ together with the inputs {𝐸𝑛} (equivalently {𝑒𝑛}) and {𝑅𝑛}
obtained from the first two protocols. We summarize this protocol in Al-
gorithm 3. In practice, we set 𝑥 = 𝐸0 and choose a moderate 𝜎𝐼  (e.g., of 
the order of 𝑒th) when evaluating the LI over 𝜎𝑅 ∈ [𝑒th, 𝑒max], where 𝑒max
is some cutoff energy. For 𝜎𝑅 ≥ 𝑒th, the LI receives contributions from 
both bound and continuum states [Eq. (10)]. The continuum contribu-
tion 𝐶 (𝜎) is obtained by subtracting the discrete contribution 𝐷(𝜎)
from the LI, and 𝑅(𝑒) is then extracted from 𝐶 (𝜎) using the integral 
inversion technique in Section 3.5 of Ref. [56].

4.  Results and discussions

We demonstrate the framework by computing the bound-state struc-
ture and response function of 19O using a nonrelativistic two-body 
Hamiltonian formulated in a three-dimensional harmonic-oscillator ba-
sis [91]. We retain the SP basis in the 0𝑑5∕21𝑠1∕2 orbitals and exclude 
those in the 0𝑑3∕2. The few-body matrix elements of the Hamiltonian are 
available in Table S3 of Ref. [59]; these elements are derived from realis-
tic nuclear interactions [72] via a transformation from the coupled basis 
to the SP basis [91]. The Hamiltonian is block encoded into a quantum 

Algorithm 3: Solving 𝑅(𝑒).
Input:
 1. |Ω⟩ = 𝑉 |Ψ0⟩

 2. 𝜎𝐼  fixed to be a moderate positive value
 3. {𝜎𝑅} values above threshold
 4. Bound-state energies {𝐸𝑛}
Methods:
 1. Hybrid computations of (𝜎) with 𝑥 = 𝐸0
 2. Separating the 𝐶 (𝜎) from (𝜎)
 3. Integral inversion for 𝐶 (𝜎)
Output:
 Continuous-state response 𝑅(𝑒)

circuit employing the input scheme of Ref. [59]. Although the present 
calculations are performed in a limited model space, the same approach 
can be extended to no-core shell model calculations [5,92,93] and to 
BLFQ studies of structure and dynamics in QCD systems [76–78,94–99].

We evaluate the CMs employing the IBM Qiskit [100] statevector 
simulator in noiseless mode and validate them against independent clas-
sical calculations. On future fault-tolerant quantum hardware, these mo-
ments can be obtained using standard quantum algorithms, such as the 
Hadamard test [86]. The LI is subsequently evaluated on a classical com-
puter from the CMs according to Eq. (9).

We apply the first protocol to achieve the bound-state spectrum of 
19O applying a set of many-body states. As stated in Algorithm 1, these 
states are of cascading 𝑀𝐽  values, each of which is of a single configura-
tion that can be prepared on the quantum computer in a straightforward 
manner. The resulting excitation spectrum is shown in Fig. 2a, together 
with their 𝐽 values and parities. These results agree with those obtained 
from classical calculations based on the full-configuration interaction 
(FCI) approach [4]. We expect better agreement with the experiment 
[90] when we further include the SP bases in the 0𝑑3∕2 shell.

Next, we demonstrate the protocols for solving the LI and 
the response function. To this end, we elect a simple source 
state |Ω⟩ that is chosen to be of an equal-weight combination of 
the configurations (1𝑠 1

2 ,−
1
2
)(1𝑠 1

2 ,
1
2
)(0𝑑 5

2 ,
1
2
), (1𝑠 1

2 ,
1
2
)(0𝑑 5

2 ,−
5
2
)(0𝑑 5

2 ,
5
2
), and 

(0𝑑 5
2 ,−

5
2
)(0𝑑 5

2 ,
1
2
)(0𝑑 5

2 ,
5
2
). This choice implicitly defines the unitless test 

system-probe interaction 𝑉 , insofar as the source state can be generated 
by its action on the ground state |Ψ0⟩ of 19O. We implement the oracle 
𝑊Ω to prepare |Ω⟩, where, in this work, the circuit of 𝑊Ω is realized by 
the protocol of initial state preparation in Qiskit.

Based on |Ω⟩ and the spectral information, we apply Algorithm 2 
to obtain {𝑅𝑛}. Then, we apply Algorithm 3 to obtain 𝐶 (𝜎), based on 
which we obtain the response function 𝑅(𝑒) for 𝑒 ≥ 𝑒th. Here, we com-
pute the threshold energy for the neutron separation to be 𝑒th = 3.919
MeV from the ground state energies of 18O and 19O obtained from our 
hybrid framework, which are 𝐸0(18O) = −11.155 MeV and 𝐸0(19O) =
−15.074 MeV, respectively. This separation energy compare well with 
the experiment [90], which is 3.956 MeV.

We present the LI as a function of 𝜎𝑅 ≥ 0 in Fig. 2b, where 𝜎𝐼  is fixed 
to be 8 MeV for illustration. According to Eq.  (10), only the bound 
states contribute to the LI below the threshold, while both the bound 
and continuum states contribute above it. The 𝑅(𝑒) results for 𝑒 ≥ 𝑒th
are presented in Fig. 2c. We find that the 𝑅(𝑒) results converge well. We 
tested that the converged results are independent of 𝜎𝐼  over the range 
𝜎𝐼 ∈ [5, 14] MeV based on the 𝐶 (𝜎) results with 𝜎𝑅 ∈ [𝑒th, 40] MeV. The 
associated fitting uncertainties are indicated by the uncertainty band. 
We note that the present fit and its associated uncertainty band are de-
rived from a limited representation of continuum states in our demon-
stration problem. A more comprehensive fit and corresponding uncer-
tainty analysis, such as that in Ref. [101], are deferred to future work, 
where more realistic Hamiltonians will be adopted to provide improved 
descriptions of continuum states. Furthermore, as a validity check, we 
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Fig. 2. (a) Excitation spectrum of 19O. The total angular momentum and parity are shown with each state. The results from the FCI calculations on classical computers 
and from the experiment [90] are also shown for comparison. (b) The LI as a function of 𝜎𝑅 of 19O. (c) Response function 𝑅(𝑒) of 19O as a function of the excitation 
energy 𝑒. See text for more details.

reconstruct the LI according to Eq. (10) based on the fitted results of 
𝑅(𝑒), {𝑅𝑛}, and {𝐸𝑛} in Fig. 2b. The reconstructed LI agrees with the 
input data.

5.  Conclusion and outlook

We introduce a quantum-classical framework for computing re-
sponse functions and the full bound-state spectra of general many-
fermion systems. This framework is based on the LIT and a recently 
developed input scheme that enables efficient and practical circuit con-
struction for block-encoding second-quantized Hamiltonians. We pro-
pose a hybrid scheme to compute the LI using a limited set of CMs eval-
uated on quantum computers. These CMs are post-processed on clas-
sical computers to reconstruct the LI. Based on the LI, we further in-
troduce three protocols for extracting bound-state structural informa-
tion and response functions of many-fermion systems. Our framework 
is practical and scalable, opening a new avenue for addressing various 
many-fermion structure and dynamics problems in quantum chemistry, 
nuclear physics, and field theories on future fault-tolerant quantum com-
puters.

As a demonstration, we apply the framework to 19O using a realistic 
internucleon interaction. We obtain the eigenenergies and total angular 
momenta of the full bound-state spectrum, which show good agreement 
with the FCI results from classical calculations. We also compute the 
response function for a test probe in this work. With realistic system-
probe interactions, such response functions provide reaction cross sec-
tions when combined with the corresponding kinematics.

Going forward, we plan to develop an efficient scheme for construct-
ing the source-state oracle 𝑊Ω, including systematic circuit designs for a 
wide class of system-probe interaction operators, together with efficient 
algorithms for ground-state preparation [102,103]. Building on the hy-
brid framework introduced here, and incorporating the Hamiltonian in-
put scheme for many-boson systems [79], these developments will com-
plete the toolkit for computing response functions of general many-body 
systems across various fields. Furthermore, we aim to simplify circuit de-
signs (e.g., via quantum machine learning [104,105]), thereby enabling 
demonstrations of the framework on NISQ hardware [106] for simpli-
fied model problems.
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