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Fixed points of the renormalization group running of quark and fermion
mixing matrices in the standard model and beyond
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The renormalization group running of fermion mixing matrices in the Standard Model and beyond is
studied. For the massless one-loop running with three generations, six fixed points are found. Their
associated anomalous dimension matrices are calculated and the nature of each fixed point, whether
attractive, repulsive, or mixed, is determined. An argument is given that the fixed points found at one loop
must remain fixed points to all orders in perturbation theory and even nonperturbatively, as they are
associated with certain differential geometric properties of vector fields on the space of mixing matrices.

With N, dark or sterile neutrinos there are at least N! fixed points of the fermion mixing matrix.

DOI: 10.1103/27bk-wwhd

I. INTRODUCTION

A central concept in understanding the Standard Model
of particle physics, and relating experimental results to the
19 fundamental parameters in the Standard Model
Lagrangian, is the running of the parameters as a function
of energy: the S functions. Understanding the behavior of
functions is also essential in any attempt to go beyond the
Standard Model. The running of the gauge couplings and
the discovery of asymptotic freedom [1,2] was a crucial
step in the development of the Standard Model and the
running of the Higgs quartic coupling, and the top quark
Yukawa coupling is important for the stability of the Higgs
sector at high energies [3,4].

The running of the parameters in the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [5] is not so well known perhaps
for two reasons: the measured magnitude of the quark
Yukawa couplings is too small for the running of the CKM
parameters to have any physical relevance, and, even at one-
loop, the f functions are not simple. The running of the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [6,7]
is more relevant beyond the Standard Model, and the mixing
matrices in both the quark and the lepton sectors can be
treated in parallel with the same techniques: for the Standard
Model with the addition of three gauge singlet, Weyl, right-
handed neutrinos the analysis is identical to that of the quark
sector.
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The p functions for the CKM parameters were inves-
tigated in [8,9], in the limit where the top Yukawa coupling
v, dominates, and it was observed there is an infrared fixed
point. The full one-loop f functions for the CKM matrix
were calculated in [10]. The one-loop f functions for
mixing matrices were further analyzed in [11-17] but the
full expressions are somewhat complicated, and they are
significantly simpler in the small angle approximation:
approximate one-loop f functions, with one dominant
Yukawa coupling and/or at least one small mixing angle,
were analyzed in [18,19] (for higher loops, see Refs.
[20-25]). However these approximations obscure an ana-
lytic pattern in the f functions which shall be explored in
the present paper.

We shall therefore study the analytic form of the full one-
loop massless renormalization group (RG) equations for
the mixing matrix: fixed points are determined and the
matrix of anomalous dimensions is calculated at each of the
fixed points (full two-loop f functions are given in [26,27],
but we leave this for later analysis). The f functions are of
course scheme dependent, but the existence of fixed points,
and the eigenvalues of the matrix of anomalous dimensions
at the fixed Points, are scheme independent. There are six
fixed points’ and the associated mixing matrices form a
unitary representation of a group of order 6, the group of
permutations of three objects, S3. The Jarlskog invariant
[28] vanishes at all of the fixed points.

The parameters in the mixing matrices consist of three
angles and one phase, parametrizing a space that is
topologically the double coset

!After this work was complete we became aware of Ref. [25]
where these six fixed points were also found.
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U(1) x U(H\SU(3)/U(1) x U(1),

where U(1) x U(1)~ T is the Cartan torus of SU(3)
(generated by 43 and Ag in the Gell-Mann representation).
The right-coset SU(3)/U(1) x U(1) is the flag manifold
F5, a compact complex manifold that admits a metric with
isometry group SU(3). The left action of 7 on F; has six
fixed points. and these are precisely the six fixed points of
the one-loop RG running.

If the RG running is lifted to 5, which can be done in a
well-defined manner, and it is assumed that the left action
of T on F; commutes with this running, then a proof is
given2 that fixed points of the left action of 7" on F3 must
necessarily be fixed points of the RG. With this assumption
the fixed points that are found at one-loop must remain
fixed points at all orders in perturbation theory, and even
nonperturbatively,

The one-loop running is reviewed in Sec. II and a
technique for extracting the running of the mixing param-
eters from the running of the Yukawa matrices is presented
in Sec. III. As a simple example the special case of two
generations, the Cabibbo angle, is presented in detail in
Sec. IV before the three generation one-loop f# functions for
the mixing matrices are presented in Sec. V. The eigen-
values of the matrix of anomalous dimensions at each of the
fixed points are determined in Sec. VI, and presented in
detail in Appendix C. A proof that fixed points of the left
action of 7" on F; must be fixed points of the RG is given in
Sec. VII. The significance of the results and possible future
developments are discussed in Sec. VIII. Full expression
for the one-loop f functions are given in Egs. (21), (22),
and Appendix B.

II. YUKAWA COUPLINGS
The Yukawa couplings in the Standard Model are

3
‘cYukawa = - Z (Yabwgq)cqj?? =+ Y:‘zblP(Zq)\P%)) - H'C"
a,b=1

(1)

where ® = (‘fj’;) is the Higgs doublet; ®, = —ic,P* the
conjugate Higgs; ¥¢ are left-handed SU(2) doublets; ¥4
and W right-handed singlets. The Yukawa couplings Y,
and Y., are 3 x 3 complex matrices, with a,b =1,2,3
labeling generations.

In the quark sector

t
lFL:<uL ‘ L>, Wr = (ug, cg. tg)

dL St bL
and lP/R = (dR,SR,bR),

’I thank Charles Nash for pointing out the significance of the
fact that these actions commute for the fixed points.

but the ensuing analysis is equally applicable to the
Standard Model with the leptonic sector extended by three
right-handed gauge-singlet Weyl neutrinos, in which case’

Ve
lPL—<
€, HL 7L

and Wi = (UI,RJ/Q,R’US.R)'

l//,t.L vrL

>7 ‘P% = (eRMR,TR),

There are 18 parameters in Y, and Y7, but, as is well
known, these are not all physical. The Weyl fermions ¥
and W can be rotated by two different U(3) transforma-
tions in generation space, to bring Y, to real diagonal
form, with just three Yukawa couplings; a further eight
parameters can be removed from Y’,, with a further SU(3)
transformation on Wy, leaving 10 parameters in Y.,. But
we are still free to perform individual U(1) phases trans-
formations on the three generations in ¥; (compensating
with phases transformation on Wy to keep Y, real) to
remove another three parameters from Y%, leaving seven
parameters in Y7, : three real Yukawa couplings and the
four mixing parameters of the CKM (or PMNS) matrix.

The one-loop running of the Yukawa matrices ¥ and Y’
can be determined by standard techniques; the Feynman
diagrams that contribute are shown in Appendix A. Using
dimensional regularization, with ¢ = Inu, the massless
running is [10],

ay 1 [3, .

= Ten {E(YY' —Y'Y'") + 4z(01 - a)l} Y, (2)
ay' 1 [3

=T [2 (YY" =YY") +4x(I1—- a’)l] Y, (3)

where II arises from summing over fermion loops in the
Higgs leg of the Yukawa vertex and a and o' are quadratic
combinations of the gauge couplings asz, @,, and a; (their
explicit form will not be relevant for the following
analysis).4

It is convenient to express the running in terms of
Hermitian matrices

1 , 1
Z=—YY" and Z =-—Y'Y'T,
A A

*Majorana neutrinos are not considered here: if the neutrinos
are Majorana the analysis would be more complicated as there are
more mixing parameters and extra terms involving Majorana
masses [29].

“Explicitly, IT= - (3Tr(Y, Y} + Y, Yy) + Tr(Y}Y]))), where
q stands for quarks and [ for leptons (for vSM there is a fourth
term: ﬁTr(YlY}L)). For quarks a = 8a3 + %az + %al and o =
8as + 3y +Say, while for leptons a=%a +3a; and

2
a = %az —|—14—5a1, a; = f—;r being the gauge couplings (a; is
hypercharge).
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in terms of which

dz 1

3
2 _ 2 1 17 _
o 471{32 5 (22 +27) + 20 a)Z}, (4)
dZ/ 1 12 3 ! ! / !
o 4ﬂ{3z -32Z +zZ)+2M-a)Z'5. (5)

The Hermitian matrices Z and Z' can be diagonalized
with U and U’ € SU(3):
A=U'ZU, N =U"Z'U, (6)
where the diagonal components of A and A’ are related to
the usual Yukawa couplings by

N
¢ An’ 4 An

If Z and Z' do not commute, then U # U’ and
Vv =U'U

is the mixing matrix, the CKM matrix for quarks and the
PMNS matrix for leptons.

If the right-handed neutrinos are Weyl, and not
Majorana, the U(1) phases of the leptons, as well as the
quarks, are unobservable and, for both quarks and leptons,
the space of physical parameters in the mixing matrix
V is the double coset U(1) x U(1)\F5. This is a four-
dimensional space so there are four physical parameters

in V.> A general SU(3) matrix can be parametrized in terms of the Gell-Mann matrices as

V = elWeletyidr) o

The phases w3 and wg can then be eliminated by the right action of U(1) x

Changing variables to

w1 = —0ssing;,
W4 = 0y 8in¢hy,
Wwe = —0;singy,
this is°
1 0 0 CH
V=10 ¢ sye' 0
0 —se” ¢ —s,e'P

where s; = sin 8; and ¢; = cos ;. The space of all such V is the complex manifold SU(3)/U(1) x U(1)

V is preserved by the adjoint action of h€e U(1) x U(1),

i(adstwsis) o

141 +vah) pi(W3ds+wsds)

U(1) to render Ve SU(3)/U(1) x U(1).

Wy = 03cos ¢hs,
ws = 6, cos ¢y,
w7 =0 cos ¢,
0 sye”i2 3 sye'?s 0
1 0 —s3e7 ¢ 0], (7)
0 o 0 0 1

=~ F5. This form of

1 0 0 Cy 0 sze"";’2 C3 sze 0
hVh' =| 0 i sieh 0o 1 0 —s3e ey 0|,
0 —sie” ¢ —se” 0 ¢, 0 0 1

with ¢, + ¢, + b3 =
form [31],

&1 + ¢ + ¢5. The two angles in & can be chosen so that ¢,

= ¢h3 = 0 putting V into the standard

*In [30] a proof is given that T\ F5 is topologlcally S, though it is not everywhere differentiable—in the same way as the surface of a
cube while not a differentiable manifold, is topologically S2. I thank Charles Nash for bringing my attention to this reference.

®The usual physics notation is 8, = 6,3, 6, = 05, 63 = 6},, which emphasizes the generations being mixed: the notation adopted
here is chosen to reduce the number of indices.
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1 0 0 c; 0 507 c; 530
V=10 ¢ s 0O 1 0 —s3 ¢3 0
0 —s; ¢ —5,e° 0 ¢, 0 01
c3Cy §3C) syei0
= | —s30; —C35152€° 30, —835,5,e°  s1co |, (8)

§351—C3C15,€"0  —c38—853015,€°  ¢icy

with ¢, = 8. This parametrization can be used for both the
CKM matrix and for the PMNS matrix with Weyl neutrinos
(strictly speaking it would be V' that is the standard
convention for the PMNS matrix), but, more generally,
we can use (7) with CP-violating phase 6 = ¢ + ¢, + ¢5.

The physics is invariant under independent left and right
actions of U(1) x U(1),

V > hVK'T,

with A acting on Wy and A’ acting on W%. Such trans-
formations will be referred to as phase transformations, it
being understood that & and 4’ are global, but they may
depend on the RG scale u. We shall also refer to y, and Y,
as Yukawa couplings and (6, 6,,03,5) as mixing angles
and a phase.

III. RUNNING COUPLINGS

Allowing for possible scale dependence ¢ = In u in U(u),
U'(u), the RG evolution of Eq. (6) gives

dz dA
= = _iAA T
dt U(dt ia, ]>U’ ©)
dz’ dN
—=U —i[A", N T, 10
v (G- (10)
where
. dU . dU’
A=iUSL, A=t 1
P Y (11)
In terms of A and A’
av
= AV - VA, 12
=il ) (12
or
av BV
— =
dt
with

dv
B=—-i—VI =A-VAVT, (13)
dt
The off-diagonal components of the two matrices A and
A’ can be obtained from Egs. (4) and (5), expressed in terms
of the diagonal matrices A and A’:

dh 1 3
dt  4n

3N =S (AVA'VI 4+ VAVIA)
+2(H—a)A} +i[A, A, (14)

dN 1 3
= 3N Z(A'VIAV + VIAVA
dt 4rx { 2 ( * )

+2(H—a’)A’} +i[A, N, (15)

by demanding that the right-hand side of each these
equations is diagonal. Since A and A’ are Hermitian
matrices in the Lie algebra of SU(3) they can both be
expanded in terms of Gell-Mann matrices, A = A;4;,
A’ = A};. However Egs. (14) and (15) do not involve
the diagonal components A3, Ag, A}, or Ag; (14) and (15)
are sufficient to fix A, Ay, Ay, As, Ag, A7 and A}, A}, A,
A%, Ag, AL in terms of the off-diagonal components of the
anticommutators,
{A,VA'V'} and {A,VTAV},

but A3, Ag, A}, and Ag remain undetermined. A natural
choice is to choose fermion phases which preserve the

parametrization (8) of V at all energies. This requires that

avy dVi, dVax AV cdv
the four components —!t, =22, =2 and =2 of <~ must be

real and Eq. (12) then gives linear equations for A3, Ag, A,
and A, which can be solved to determine them uniquely as
functions of the parameters in V and the off-diagonal
components of A and A’, which have already been
calculated.

An important consequence of this is that A and A" do not
depend on I, a, or «; they are completely determined by
demanding that the off-diagonal components of

3 3
~g ANVAVIHIAA] and — {VIAV.A} +ilALA]
T T

vanish, together with the phase convention that V,,, V5,
V3, and V33 be real. In this way A and A’ can be expressed
uniquely as functions of the four parameters in V and the
six Yukawa couplings in A and A’. Once A and A’ are
known the f functions for the parameters in V are obtained
from (12).

More generally one can use (7), with the weaker
condition that only V,, and V3 are real. This is sufficient
to fix the differences A; — A} and Ag — Ag, but leaves the
sums A] = A3 + A} and Aj = Ag + A} arbitrary. Only

095043-4
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0= ¢+ ¢, + ¢3 is physical; one is free to choose
arbitrary energy-dependent phases ¢, (¢) and ¢;(¢) in order
to determine A7 and Ag, but all physical quantities are
independent of A7 and A and only the combination &
remains. It is useful to perform all calculations in a general
such “gauge,” as a check on our results: ¢, ¢3, A7, and Ay
will be left arbitrary, but they must drop out in the
calculation of any physically quantity, only 6 = ¢ + ¢, +
¢3 should remain. This is the strategy that will be adopted
in Sec. V, but we first examine the case of two generations
to warm up.

IV. TWO GENERATIONS: THE CABIBBO ANGLE

Consider first the quark sector in the case of two
generations, (%) and (), when the parameters of the
CKM matrix reduce to the Cabibbo angle 6., with

0c€[0,5], and V reduces to the 2 x 2 matrix

A;
A=
3i [ GEDGEY) N .
647[2 < y%_yg Sin 26C
!
A3
A=
2 12 (v2 2
3i [ Oaty)e—vi) \ o
647[2 < yfi_yg — Sin 2’6C

with A3 and A yet to be determined. Demanding that ‘;—‘t’ is
real in the two-generations version of (12),

dv
= i(AV —VA"),
k! )

then requires A; = A5 =0, so

a3 ((yi + y2)(y2 — y3) sin 29c) o

oan y:—y?
Y ((yf, +y3)(y2 = y2) sin 29C) o
64n° Yi— s

These expressions for A and A’ then give the Cabibbo angle
p function for the two-generation version of (13) as

B=A-VAVI —A=A-A'=Bco,

with [8]

v (cos&c sin9C>
B —sinf cosO- )

Equations (14) and (15) give the off-diagonal components
of i[A, A] and i[A, A] from the off-diagonal components of
the anticommutators

3 3
5{VA’VT, A} and E{VTAV, A} (16)

respectively, with

1 y2 0 1 y; 0
A=—s d N=—" .
1677 < 0 y%) o 167 ( 0 y?

The anticommutators are purely real and

64n’ Yevi

_ 3 ((Y%+)’:2¢)(}§_.V§)> sin 29C

_A3

S (M) sin 20

642 yi-y3

_A/3

C3sin20c [ (Yi4yi\, .
ﬂC_ 6477.'2 |:<y%_y5 (ys yd)

2 2
yi+y

+ ( 2 §>(y%—yi)]-
ys_yd

It proves convenient to define the variables (similar
variables will be used extensively in the next section)

Y= Vi
yi+vi

_ye— i
ye+ v

which lie in the range [—1, 1]: observationally these are
both close to 1. In terms of z and z/

vz
Z(1+2z)

o _

3sin 26,
¢

3272

yid
Z(1+2)]

(17)

There are fixed points of 6 at 6 = 0 and Z.
Equation (17) 1is easily solved, with 0., =46, at
t= ln”ﬂ0 =0, to give

095043-5



BRIAN P. DOLAN

PHYS. REV. D 113, 095043 (2026)

b
tan O = tan Qoefbd’ ~ tan 6, <ﬁ> , (18)
Ho

where

3 2 2,/
b Z{chz N yszl]'
16z* |Z(1+2z2) z(1+2)

Thus 8¢ — 0 or J for 4 — oo (depending on the sign of b).
With the hierarchy y, ~ y,; < y? < y2,

dfc 3yZsin26c
dt = 64n?

Note that the poles in - at z =0 and 7’ = 0 are not a
pathology [14]. For example, if the RG trajectories of y,
and y, cross at some energy £, s0 y> = y% and 7/ = 0 there,
then A’ is proportional to the identity matrix at that energy.
With y2 > y2 and y? —y2 = ¢ > 0,%%¢ - 0 as ¢ — 0 and
the RG evolution drives 6 infinitely quickly to 7 as € — 0.
This is physically perfectly reasonable.

Geometrically the Cabibbo angle parametrizes the dou-
ble coset U(1)\SU(2)/U(1). Performing the right action
first SU(2)/U(1) =~ S?, however, the left action of U(1) on
S$? has fixed points at the N and S poles. Using (8, ¢) as
standard polar coordinates on S?, 9 = 26, and the left
action of U(1) is the Killing vector ﬁ. In terms of sin @,
U(1)\SU(2)/U(1) is just the unit line interval [0, 1]
(see Fig. 1).

V. THE FERMION MIXING MATRIX
FOR THREE GENERATIONS

With three generations, including three right-handed
Weyl, gauge singlet, neutrinos, the CKM matrix, and the
PMNS matrix, can be treated with the same formalism. Let
V denote either the CKM matrix in the quark sector or the
PMNS matrix in the leptonic sector, so (yi,¥,,y3) =
Vus Yes ¥i)s (V15 95, ¥5) = (Va» Vs, ) in the quark sector
and (y1,55.53) = (Ves Yo ¥e)s (V1232:53) = (0,0 ¥ V1)
in the leptonic sector. To exhibit the explicit form of the
functions it is convenient to define the ratios

2_ .2 2_ .2 2.2
_y3_y2 _y3_y1 _y2_y1 19
y3ty; Y3+ Y3+
N 2 _.n n_.n
r Y37 r_ Y1 TY3 Yo TV (20)
L1="n n° L= n° 3="7n ”n:
Y3 +y; i +y3 Y3 Ty

"This analysis is only for illustrative purposes: Eq. (18) is not
valid for energies of the order of, or less than, the Higgs mass,
since only massless RG evolution is considered here: the running
will freeze for energies close to, and below, the Higgs mass.

SU@yu) UM\SUER)/U1)

FIG. 1. The left action of U(1) on SU(2)/U(1), with the N and
S poles fixed points, reduces the sphere to a line of constant
longitude.

These all lie in the range [—1,1]. They are not all
independent, of course: for example

) — 11

i3 = .
1- 2132

In these variables the f# functions are

; 30 ik Zk v Z
pi=bi= a3 AP gl
32;:2].,,{:1 Y0+ T i(1+2)
(21)
35in6 & © 2k A
Ps=06= [ 2P +Y5 05 ———|,
o 32;#%31 T4z T (142
(22)

with the Ps and Qs polynomials in the trigonometric
functions in V. Explicit expressions for all the Ps and
Qs are given in Appendix B.

There are poles when any of the z; or z}, are zero: as for

the Cabibbo angle above, near a pole the RG flow will push
V very quickly to a fixed point of the left action of U(1) x
U(1) on the flag manifold SU(3)/U(1) x U(1).

Using the Ps and Qs in Appendix B, the  functions (21)
and (22) vanish when

T T T T
9*19*’9* - O’O,O ) 0707_ ) _7070 ) _701_ )
00,09 =000, (003).(3.00). (5.0.)

T T T T T T T
X (0953())9 (5157())7 <Oy§7§>a <§5§3§>5

with 6 = 0 or z. For 6, = 0 there are four such points

1 00 0 1 0
Vi=10 1 0}, -1 0 0],

0 0 1 0 0 1

1 0 O 01 0

0O 0 1/],]0 0 1]/,

0 -1 0 1 00

095043-6
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choosing § = 0 or z does not give different points, § only appears in the mixing matrix V in the combination sin 6,e*".
For 6, = 7 the situation is more subtle. For § = 0 the four points give

0 01 0 0 1
Vi=10 1 0,0 -1 O
1 0 0 0 O
for 0 = x they give
0 0 -1 0 0 -1
Vi=|10 1 0 [|,]0 1 O
1 0 O 1 0 0

Up to phase transformations only two of these eight are
distinct physical points. Furthermore note that, when
0, = 5, the mixing matrix V in (8) takes the form

0 0 1
V=] —sinf, cosf, O for6 =0, (23)
—cosf, —sinf, O

with 0, = 05 + 0, €0, ] and

S=r
1

General 6

; 6
=0
1

Idenz-f
iz
5 /6

0 0 1 0 0 1
-1 0 O], | -1 0 O],
0 -1 0 0 -1 0
0 0 -1 0 0 —1
0 0 |].|-1 0 O
0 -1 0 0 1 0
|
0 0 -1
V=] snd_ cosfd_. O for6=n,  (24)
cosf_ —sinf_ O

with 0_ = 605 — 0, €[-5.%], but Egs. (23) and (24) are
physically the same up to phase transformation. For 6 = 0
the range

0<6, <=

double counts physical values, as the sign of cos @, in (23)
can be changed by a phase transformation. All distinct

) 5
5 l\
3 A |
4 1

1dentify

(5\ 6 |6

FIG.2. When 6 = 0 or  the 8, = 7 face of the cube degenerates to a line segment which is topologically equivalent to the line on the

right of Fig. 1.
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physical values of V with 6, =7 are achieved with the
smaller range 0 <60, <7.

The upshot of this is that 8, = g with 6 either O or 7, is a
one-dimension line in physical V space, given by (23) with
0 <6, <7, and there are only two physically distinct fixed
points where the f functions vanish, (21) and (22), 8, =0
and 6, = %,8 This gives the two distinct fixed points when
0, =% as

0 0 1 0 0 1
Vi=|10 1 O and 1 0 0],
1 00 010

where all entries have been rendered positive by phase
transformations of the fermions.

Although there are a total of ten parameters in the
Yukawa sector, it makes physical sense to focus on the

fixed points of the mixing parameters alone. Label the
six Yukawa couplings by y, = (ysV.), a=1,...,6,
and the four mixing parameters by 9, = (6,,6,,0;,9),

u=1,...,4. A fixed point of the full Yukawa sector

requires f, = Da — () and Bu= % — 0. But the six fixed

dt dt

points of $,, determined by (21) and (22), require all the P’s
and Q’s in Appendix B to vanish, regardless of the
prefactors, so if 9, are chosen so that $,(9) = 0 for some
Ya» then B,(8) = 0 for all y,, independently of the values of
the f3,,. It is shown in Appendix C that the 10 x 10 matrix of
anomalous dimensions is block diagonal when (21) and
(22) vanish, so it makes physical sense to view the above
six points where 3, = 0 to be fixed points of the mixing
matrix flow, independently of the Yukawa coupling f-
functions f,,.

In summary, there are six fixed points of the one-loop
RG flow of the mixing matrix, and V at these points is (up
to phase transformations)

100 01 0
Vi=10 1 0[,(6656;) =(0,0,0); =100 ,(91‘,9379%)—(0’0’%);
00 1 00 1
010 oo
VA VA r
vi=|0 0 1 ,(6’{,93,%)—(5,0,5); Vi=|(0 01 ’(97’93’6';)_(5’0’0)’
1 00 01 0
0 0 1 Y 00 1 x
(O’E’E)’ (09590)5
vi=|1 0 0].(67.65.0) = Vi=|[0 1 0].(67.65.05) = (25)
010 (5.5.0) 100 2303

These are labeled 1 to 6 in the above order: with this labeling of the fixed points the situation can be visualised as shown

in Fig. 2.

The six matrices V7 — V¢ actually form a group; they furnish a unitary representation of the symmetric group acting on
three objects. The appearance of this group is related to the fact that S5 is the Weyl group of SU(3) and these six points are
also fixed points of the left action of the Cartan torus of SU(3), T~ U(1) x U(1), on the flag manifold F;.”

Note that the Jarlskog invariant [28],

i
J =3deZ. 7] = 3 =¥3) (3 =y 7 =) 05 = y5) 05 = yB) OV = ¥,

1
with J = 3 sin 26, sin 26, sin 265 cos 0, sin(¢; + ¢, + ¢3)

1
=3 sin 26, sin 26, sin 205 cos 6, sin 5,

vanishes at all of the fixed points.

¥This line is a RG invariant space in (U(1) x U(1))\SU(3)/(U(1) x U(1)); it is a double coset U(1)\SU(2)/U(1).
*The fact that there are six fixed points is related to fixed point theorems: the Euler characteristic of F3 is 6. I am grateful to Charles
Nash for bringing my attention to fixed point theorems and the significance of the Weyl group of SU(3) in this context.
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VI. OPERATOR MIXING

In any quantum field theory, with couplings x, and
p-functions f, = ‘%’ with fixed points x;, operator mixing

under the RG flow is controlled by the matrix I" with entries

9
FAB - (6{\%)

The nature of each fixed point, whether attractive, repul-
sive, or unstable, is determined by the signs of the
eigenvalues of I" at the fixed point. Although the compo-
nents of I', depend on the parametrization x, its eigen-
values do not; they are invariant under a reparametrization,
x4 — X (x), and hence are not scheme dependent.

It is shown in Appendix C that, at the six fixed points, 9%,
of the fermion mixing matrix, the 10 x 10 matrix I" is block
diagonal at one loop,

P
rg=|" (26)
A 0 %
9, |,

for any values of y,, not just at y;;. It therefore makes sense
to focus on'

P 9P 9P P

%0, o0, o6, 05
By Py Py P

90, 00, 090, 0o

= s o om a
00, 0, 099, 05

Ws Ps P Ps
20, 00, 090; 05

separately.

A subtlety is that for 8, = % and 6 =0 or =, % is

indeterminate, because the (0;,6,,03,5) coordinates are
singular there: better is to change coordinates to
(61,0,,05,J) to use

P P B P
90, 00, 090, 07

P B b I
90, 00, 90, o)

= 27
o o o o || (27)
00, 0, 905 9]
By By s Py
0, o0, s d) |,
where f3; = 4/, and then %’ |, is well defined for 6, = 5 and

0 =0 or z. The eigenvalues of y, at the six fixed points
(at one loop) are given in Appendix C.

1 . . . . .

Oy* is the matrix of anomalous dimensions, but since angles
are necessarily dimensionless, this may not be an appropriate
name in this context.

In the following subsection we shall examine y, in more
detail for the quark sector of the Standard Model.

A. The CKM matrix
In the quark sector the Standard Model hierarchy, with
yi <y?<y?and y3 < y? < y7, it is a good approxima-
tion to set z; = z; = 1. In this limit (21) and (22) reduce to

3sin 20,
P = o2 (¥7 + yj cos® 6y), (28)
3 sin 292
) = W(Y% cos® 0 +y}), (29)
3y . . 5 24 2
3= 3 1 1 2
; i [sin 265 (sin* 6; — cos* O, sin“ 6,)
r
— 2cos & cos? 3 sin 20, sin ], (30)
37 , :
PBs = P sin & cot 05 sin 26, sin 0,. (31)

Assuming the above hierarchy persists under RG flow of
the Yukawa couplings, the signs of the eigenvalues of the
operator mixing matrix at the six fixed points can be found
from the expressions in Appendix C with y? > yZ > y2,
yp>y;»y;, and z;=zi=1 (so {;=¢;=4% in
Appendix C). Defining 4; = 327”22,- the eigenvalues in the
UV direction, to leading order, are

Fixed point X A FA Ay

1 v +y3 yi+y3 0 2(y7 +3)
2 v +y3 v +y3 0 2(y7 +3)
3 -2 +3) v -y} —2y?

4 -2 +2) v y? 0

for the fixed points 1-4. For the fixed points 5 and 6 it is
better to rotate the coordinates in the 6; — 65 plane to 6 =

03 + 6, and 0_ = 05 — 6, (see Appendix C) and 1, = 33—i l,
are eigenvalues. For the fixed point 5, the directions along
the edges 25 and 35 in Fig. 2 are eigendirections near the
point 5; and for the fixed point 6, the directions along
the edges 16 and 46 eigendirections near the point 6: the
corresponding eigenvalues are labeled 1,5, A45, 416, and Az¢
in the tables below:

Fixed pOint jv+ 225 3,45 ;1_]
5 vi -V ~(yi +3) ~2y;
Fixed pOint j,_ 216 236 j.‘]

6 i =OF+y) v =200+ )

for the fixed points 5 and 6.
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One could fill in the zeros by relaxing the conditions
z; = z; = 1. For example letting z; and z| deviate slightly
from unity, keeping z, =z3 =25 =25 =1, gives 13 =
= (v2 4 y?) at the fixed point 1 and 43 = — 335 (v + y3)
at the fixed point 2: in particular this choice makes fixed
point 1 fully repulsive in the UV direction, but higher loops
could modify this conclusion. Thus, in this limit, fixed
point 6 is fully attractive in the UV while fixed point 5 is
fully attractive in the IR.

VII. FIXED POINTS AT ALL ORDERS

It is not a coincidence that the six fixed points of the one-
loop RG equations for the mixing angles and phase
coincide with the six elements of the Weyl group of
SU(3) that are fixed points of the left action of the
Cartan torus 7 on the flag manifold F3: indeed this must
be true to all orders in perturbation theory, and even
nonperturbatively, if it is assumed that the action of T
on F3; commutes with the RG flow on Fj.

Let ® = (0,,60,,03,¢,,¢>, ¢3) be a point in F3 in an
arbitrary gauge (in the sense of the energy dependence of
the fermion phases), and let ¢(®) be an infinitesimal RG
transformation of ®. Let ®* be a fixed point of the action of
T on F3, so t(®*) = ®* for some t€T. If ®* were not a
RG fixed point, it could be moved to an infinitesimally
close point ¢(®*) # ©* with a RG transformation, ¢.
Demanding that to@(@*) = @ot(®*) = @(®*) then
implies that ¢(©*) is also left invariant by t. But the six
fixed points of T are isolated, so there are no other fixed
points of T infinitesimally close to ®*. Hence ¢(0*) = 0*
and ®* must be a RG fixed point.11 This must even be true
nonperturbatively; all that has been assumed is that T
commutes with the RG flow on Fj.

This argument does not preclude the possibility that there
are fixed points of the RG that are not fixed points of the left
action of 7. But, if the Weyl group also commutes with the
RG flow, then any such fixed points must come in sets of
six. The argument is also only valid for Dirac fermions: for
Majorana fermions there are more parameters and bare
masses that are not considered in the present work
(see Refs. [33,34] for partial two-loop corrections with
Majorana neutrinos)."

VIII. DISCUSSION

It has been shown that one-loop running of the mixing
angles and the CP-violating phase for the Standard Model
with three generations gives rise to six RG fixed points.

llAgain I thank Charles Nash for pointing out the significance
of the fact that these actions commute for the fixed points. The
version of the argument presented here was used in the context of
modular symmetry and the quantum Hall effect in [32].

"I thank the referee for pointing out these references.

These six points are related to the Weyl group of SU(3),
whose elements correspond to fixed points of the left
action of the Cartan torus on F3. The same analysis applies
to both the quark sector and the leptonic sector with three
right-handed, gauge singlet, Weyl (but not Majorana)
neutrinos.

Only massless RG running has been considered here, so
the present analysis only applies to energies significantly
above the Higgs and #-quark masses, a few hundred GeV
and higher. In the IR direction one would need to include
the effect of masses and take into account the fact that
particles drop out of the running as the energy falls below
their mass threshold. It is not the case that 6, 6,, and 65 are
all driven to zero in the IR in the Standard Model hierarchy,
rather they will freeze at their observed values for energies
below a few hundred GeV. In any case the analysis
presented here is not directly relevant to the physics of
the Standard Model. The observed magnitudes of the
Yukawa couplings are so small that the one-loop running
of the CKM parameters in the UV direction is so slow that
there are no significant physical effects even up to the
largest conceivable energies.

Nevertheless the analysis could be useful for more
formal aspects of the theory. For example the idea of
gradient flow [35] requires introducing a metric on the
space of couplings and a natural metric on the double
SU(3) coset T\ F5 could be obtained from the restriction of
the SU(3)-invariant metric on the flag manifold; this will be
direction of future investigations.

The ideas presented here could also be relevant to
models beyond the Standard Model: dark matter could
arise from a gauge theory, similar to the Standard Model,
with a portal to the Standard Model Higgs but with no
coupling to the photon. If there were N, dark generations
of chiral fermions with Yukawa coupling matrices, the
mixing angles and CP-violating phases would be para-
metrized by U(1)V"\SU(N,)/U(1)¥"" which has
dimension (N, —1)?, consisting of $N,(N,—1) angles
and %(N,—1)(N,—2) CP-violating phases. The left
action of U(1)Ns~! has N,! fixed points, corresponding
to the Weyl group of SU(N,) (which is the symmetric
group acting on N, objects, S Ng) and these will be fixed
points of the RG. If the relevant Yukawa couplings were
large enough the system could be driven in the infrared
toward significant CP violation before the running cuts off
due to masses, satisfying one of the conditions for the
observed CP violation in our Universe.

The present work has not considered Majorana fermions,
which would introduce more parameters and masses.
Such an analysis would be more involved but, at least in
principle, could be tackled using similar techniques: this is
left for future work.
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The manipulations necessary to derive the polynomials P and Q and the matrix of anomalous dimensions were all
performed using the symbolic manipulation software Mathematica.
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APPENDIX A: FEYNMAN DIAGRAMS

The one-loop Feynman diagrams that contribute to the running of the Yukawa couplings are shown below:

SU(3) SU(2) U(1)

L~ ANANAAN ANNANANNAN

qr qr qr Ir

qr qr. qr I

Ir Ir Ir Ir
FE D R
fr fr fr fr

Ir fRSﬂé Ir Ir Ir
JL JL fr fr fr
Ifr fr fr Ir
>m >Q > >u
fr fr fr fr
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APPENDIX B: THE POLYNOMIALS P AND Q
The polynomials P and Q in Egs. (21) and (22) are

P}l =sin20,cos’0; — cos §sin’0; sin 6, sin 203,
P} = sin 26, sin’0; + cos §sin’0; sinH, sin 265,
P12 = cos 5sin 205 sin 6,,
P = —c0s5sin 205 sin 6,,
I = 5in 20, (cos?@; — sin6,sin’03) + cos & cos 20, sin O, sin 203,
03! = sin 20,5in%0,sin’03 + cos 5sin?6; sin O, sin 205,
03! = —sin 20;sin%0,sin%0; + cos 5cos?d, sin O, sin 203,
12 = sin 20, (sin?03 — sin*@,c0s?0;) — cos & cos 20, sin 6, sin 265,

03? = sin 20;sin’0,cos’0; — cos 5sin’0, sin 6, sin 2605,

Q3% = —sin 20;sin%0,c0s°03 — cos 5cos’0; sin O, sin 205.
1

Pl = —5sin26,sin’0;3sin0; + 7 ¢os 5 cos 6, sin 205 sin 20,
1

P3' = —sin26,c0s?03sin%0, — 5¢08 5cos 6, sin 265 sin 26, ,

P1? = sin 26,sin0;,

P%? = sin20,c08%0;,
1

21 = 5in 260,sin%05c0s%0, + 5 ¢os 5¢os 6, sin 205 sin 20,

1
31 = sin260,sin?03sin’0; — 5€08 5 cos 0, sin 265 sin 20, ,

1
32 = 5in 20,c0805c0s°0, — 5 ¢os 5 cos B, sin 265 sin 26,

1
32 = sin 20,c08%03sin’0,; + 5 €08 5¢os 6, sin 205 sin 26),.

P! = sin 20;sin?0,sin%@, — cos 5cos?0s sin 26 sin 0,,

P3! = —sin20;sin%0,sin’0, — cos 5sin®6; sin 20, sin 6,,
P3' = sin 205 (sin%@,sin?0, — cos*@,;) — cos & cos 265 sin 20, sin s,
P12 = —sin20;sin%0,,

P2 = sin 20;sin0,,

P3* = sin 20;c0s%0,,

2 = —in26;sin°0; — cos 5sin’0; sin 20, sin 6,,
31 = —sin2605c08%0; + cos sin?6; sin 26, sin 65,
22 = sin2603sin°0; — cos 5cos’0s sin 26, sin 65,
32 = §in 205c08%0, + cos 5cos’0s sin 26, sin 6,.
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t 65 tan 0
1 SO TanT [cos 205(1 — sin®0,cos?0,) + (3cos*d,sin’, — cos*d, — sin®0,)],

g sin 0,
tan 03 tan 0
P = nsfni‘g:] [cos 205(1 — sin?0,cos?6,) — (3cos?0,sin’f, — cos*d, — sin®0,)],

P> = —25in 205 cot 20, sin 05,
P% = 25in 205 cot 20, sin 6,,
_ 2sin20; sin 0,

P31 ,
0 sin 264
11 2sin260;sin0,
o sin20,
21 tan @5 tan 0, ) 2 . 5 Con a0 2
e Y N [c0s 205 (cos?0,cos*6, — sin“6,) — sin*6,sin”6, + cos*6,],
2
3 _ tan6scotd, 2 2 ) 20 in2 2
3l = —————[c0s 260;(sin*0,cos0, — sin“6,) — cos*0;sin“6, + sin=0, ],
sin 6,
2 _ 2sin 2605 sin 6,
0 sin20,
2 cot 5 tan 9, 2 5 . 5 Cas 2
N [c0s 205 (cos”0,cos°0, — sin“6,) + sin“;sin“d, — cos=6,],
sin 0,

3 cotfzcotd,

2= [cos 205 (sin?@, cos?0, — sin?6,) + cos*@,sin’f, — sin’6,]

sin 0,

(all other Ps and Qs vanish).
Observe that

32
P = gin 20, E E Q" = sin 26, cos*0,,
k=1 h=1

2

3
PA" = sin 20, cos? 0, Z Z QA" = sin 20,,
k=1 h=1
PA = §in 205(sin%0, — cos?0;sin’0,) — 2 cos 5cos*@s sin 20 sin 0,,
0t o

3 2
P =2 sin20,sinf,cotl;, > Y 0¥ =o0.
k=1 h=1

M- M- 1M T T
Mo - 1M I 1

»
1|

1

>
Il

1

We also note that §, = 0 when 6, = %, 50 6, = 5 is an invariant hypersurface of the RG flow in (6;,6,, 65, 5) space.

APPENDIX C: OPERATOR MIXING

At a global fixed point y;, 9, where f;, = p, = 0, the operator mixing matrix is

% %
y/;' v

L= o |l (C1)
ays 99, ) |,

This appendix gives the eigenvalues of the operator mixing matrix y, in (27) at each of the six fixed points at one loop.
We first prove that, at one loop, I', is block diagonal,
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P
9y
e (C2)
99,/ |9=9x«

for 9, and any y,.

(1) As noted at the end of the Sec. V, at the fixed points
9,,, all the P’s and Q’s must vanish, regardless of the
prefactors involving z; and z; in (21) and (22). This
implies that 5 i | =0.

(i1) Next note that in Eq (14), A(9,) is chosen to cancel
the off-diagonal components of = (AVA'V' +
AN'VTA) +i[A,A] for all 6,, so the off-diagonal
components of

a{;—ﬂ (AVA'VT + A'VTA) +i[A, A]}

09

u

vanish for all values of 9, by construction—we only
need to prove that the diagonal entries of the six
matrices

I(AVA'VT + NVIA)
09

H

vanish at the six points 9, and this is easily checked

directly. Exactly the same arguments applies to (15).

On the 6, =0 hypersurface it is straightforward to

calculate the eigenvalues of y at the fixed points: y, in

(27) is diagonal in (6;,6,,65,J) coordinates at the four

fixed points 1, 2, 3, and 4 and the eigenvalues are just the
four diagonal elements.

From (21) and Appendix B:

o, 3

For the two fixed points on the 6, = 7 hypersurfaces the
situation is rather more subtle. First rotate the 6; — 5 plane
through 45°,to . = 65 + 0,, then at the fixed points 5 and

6, 7. diagonal. However, expressmg 1n terms of o, the
four choices (67.05.05,6%) = (0’2’ %0) (O,’Z’,’z’, ),
(5.5.0,0), and (5.5,0, ) give the same physical mixing
matrix V, s, but with different y, for the fixed point 5;
similarly the four choices (67,63,63,6%) = (0, £.0,0),
(0,5.0,7), (5.5.5.0), and (5.5.5.7) give the same
physical mixing matrix V, ¢ but with different y, for the
fixed point 6: the differences lie in the fact that the
eigenvalues are permuted, and some signs are changed.
This is due to the singularity when 6, =% and 6 = 0 or
described in Sec. V: the space of physical mixing matrices
when 6, = % 0 =0, 7 is only one-dimensional, not two-
dimensional.

To unravel this consider y, in (6, 6_, 6,) coordinates on
the hypersurface 6, = 7. In the left-hand diagram in Fig. 2,
0, =7 at the two vertices corresponding to fixed point 5
(purple), but 8_ is different at these two vertices, it is not a
good coordinate there: similarly 6_ = 0 at the two vertices
corresponding to fixed point 6 (green), but 8, is different at
these two vertices. We therefore use 0, for fixed point 5
and 6_ for fixed point 6.

For convenience we define

%

Zi(1+zp) (€3)

Tk
Cjk =7

— = _ and ¢, =
(1 + z¢) i

as these combinations appear frequently and this notation
tidies up the following formulas.

) z
by = o W[ylsz( 11— Cla) = ¥3¢a]sin20,  for 6, = 5 0= 0;
do_ 3 . /4
ﬂ_ :W:Wb}?( /11 - /]2)—)7%631]811129_ for 9225, 5:71',
and
B, 3 .
izﬁ[y’f( 11— o) — ¥3831) cos 20, for 6, =3 5=0;
op_ 3 /2
Do DR - ) ~yialeos20. for 0= %, 5=
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Using 6, =73, 6 = 0 for fixed point 5, and _ = 0, 6 = « for fixed point 6 yields

KA 3 . .
A =— W2, = 2 t fixed point 5;
790, s 1622 V5 (L1, = ¢1y) +v383]  atfixed poin
9B 3 . .
A =—— = [y, = 2 t fixed t6.

For 4, = % | on the 6, = % hypersurface 6, = (0.5 .5

5,and 6, = (0, ’2’ ,0) and 6, = (5.5.%) give different eigenvalues for 1, at fixed point 6. The reason for this can be again
understood from Fig. 2: for fixed point 5 one eigenvalue is from the direction of the 25 edge and the other from the
direction of the 4-5 edge; for fixed point 6 one eigenvalue is from the direction of the 1-6 edge and the other from the
direction of the 3—6 edge: these are labeled accordingly below.

The four eigenvalues of y, at each of the fixed points 1-6 obtained from this strategy are

2)and 0, = (5.,5.0) give different eigenvalues for 4, at fixed point

1) (01,05057°) = (0.0,0,0) 2) (0:.05.05.0%) = (o,o,%,o)
3 2 12 1 3 12 =!I
/11,1:—2()’35114')’34711)’ /12,1:16712( ¥3a1 +Y5¢).
3

Mo = Tom2 (v3l2 + Y50, Aoy = Tom2 (v3¢12 +Y58h),

3 3
3= —@[ﬁ(ﬁ:m $3) + Y385 — E5)]. a3 = @[yg@m $30) + V3 (S = 85)] = —Mass
Mg =4+ Ao+ A Aoy =21+ Ao + 4233
3) (00.65.00.0) = (g,o,g,o) 4) (0,.05.05.0) = <g,o,o,o>

3 3
31 = 167r2( ¥3a1 +Y58,) = =421, /14'1:_16712( Yi&u + Y50 = =,

3 3
A3 = —@b’%@n - Clz) _y/32 /3]] dap = @[Y%(sz - 4’21) —|—y§2 '32]

3 3
A33=— Tom2 V3830 + Y3 (& — &51)] = a3, a3 = 1622 V3832 + V5 (&5 — )],
A3y =A31 +Asn + 4335 Aag =)+ Aao + 4433

* * * * T T * * * * T
5) (6’1,92,93,1):<0,2,2,0) or <2,2,0,0> 6) (91,92,03,1):<o,2,0,0> or (

7
-0
39

N\hl
N\él

3 3
A5y = 1622 [)’%531 —YSZ(CIU - /12)] Ao = —Fﬂz[}’%é’ﬂ —)”32(5/11 - /12)] = —A54.
3 5 3 2 2 1
As25 = 1622 V3(Ca1 = $n) = Y3Ch,] = =24 A6.16 = 1622 V3¢ + ¥58h] = =12,
3 3
/15,45 = —@ (}%Cm +)’/32§'21) = —/12,27 A636 = @ [ﬁ(éu - Clz) - y’32€’31] = —/13,2,
As ) = As 4 + Asp5 + Asas A6 = A6— t 6,16 T 4636

Note that, for all six fixed points A =1, ...,6, 44 ; is the sum of the other three eigenvalues, so

Tr(y.a) = 244,
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and the six traces can be put into two subsets {1,3,5} and {2,4, 6}, satisfying

TI‘(}’*’I) + Tr(y*}) + Tr(y*.S) = Tr(Y*,Z) + Tr(Y*A) + Tr(y*,ﬁ) = O?

corresponding to even and odd permutations of the permutation group Sz, {V, V3, Vs} and {V,,V,, Vg} in Eq. (25).
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