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The intrinsic fluctuations, memory effects, and long-range color interactions in high-energy nuclear
collisions imply the presence of non-Markovian processes in the fireball evolution, which affects the
thermalization process toward equilibrium and produces a nonextensive behavior. In order to investigate
the nonequilibrium effect on the quantum chromodynamics (QCD) phase transition at finite temperature
(T) and chemical potential (μ), we apply a nonextensive correction to the equation of state in the parton
(hadron resonance) gas at high (low) temperature and interpolate these two equations of state with a smooth
crossover. The nonextensive statistics is characterized by a nonextensivity parameter q, which measures the
degrees of deviation from the thermal equilibrium. It is found that the dimensionless thermodynamic
quantities such as the entropy density, the pressure, the energy density, the specific heat at constant volume,
and the trace anomaly are sensitive to the deviation of q from unity, and they become large in both the
hadronic and quark-gluon plasma phases with the increase of q. Moreover, this deviation leads to nontrivial
corrections of the squared speed of sound [ðc2sÞq] in the vicinity of the critical point (Tc) and at lower

temperatures. Additionally, these thermodynamic quantities are sensitive to the deviation of μ from zero.
With increasing μ, they become enhanced in both phases. Specifically, for ðc2sÞq, the value increases near Tc

but decreases at lower temperatures. Finally, we observe that our results with q ¼ 1 agree well with those
from lattice QCD, the hadron resonance gas model, and the Thermal-Fist fit to the hadron yields in high-
energy nuclear collisions in the low-temperature region up to T ∼ 150 MeV.

DOI: 10.1103/4gzt-46t5

I. INTRODUCTION

Quantum chromodynamics (QCD) predicts that at high
temperatures and energy densities, there exists a deconfin-
ing transition of the matter governed by strong interactions
to a new state, denoted as the quark-gluon plasma (QGP).
QGP is expected to be produced in ultrarelativistic heavy-
ion collisions. Exploring the properties of QCD phase
transition is one of the main goals in heavy-ion collisions.
Several effective models, such as the bag model [1], the

Nambu–Jona-Lasinio (NJL) model [2,3], the linear sigma
model [4], the quark-meson model [5,6], the Dyson-
Schwinger equations approach [7,8], the functional

renormalization group approach [9–11], the hadron res-
onance gas (HRG) and statistical models [12–15], and
lattice QCD (LQCD) [14–17], have been utilized to
investigate the properties of the QCD phase transition.
In these models, a thermal equilibrium is assumed, and an
extensive statistical approach, such as Boltzmann-Gibbs
(BG) statistics, Bose-Einstein statistics, or Fermi-Dirac
statistics, is applied.
However, such an approach is only valid when the heat

bath of the system is homogeneous. In reality, this con-
dition cannot always be fulfilled. For example, in high-
energy nucleus-nucleus (AA) collisions, extreme condi-
tions of density and temperature give rise to strong intrinsic
fluctuations, memory effects, and long-range correlations
[18–21]. These conditions imply the presence of non-
Markovian processes in the fireball evolution, which affects
the thermalization process toward equilibrium and the
standard equilibrium distribution [22]. Thus, instead of
an equilibrium state, some kind of stationary state near the
equilibrium (q-equilibrium) is expected to be formed
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[23,24]. This phenomenon can be dealt with nonextensive
statistics (Tsallis statistics) [25], where the degree of
deviation from the equilibrium is described by a single
parameter q. The nonextensivity in a QCD system can also
be understood as a result of the fractal structure of the hot
and dense system formed in high-energy nuclear colli-
sions [26,27].
In recent years, Tsallis statistics has been widely

employed to describe the multiparticle production processes
in high-energy proton-proton (pp) [28–36] and AA [37–45]
collisions. In most of these applications, the Tsallis dis-
tribution or the Tsallis-extended blast wave model is simply
fitted to the particle transverse momentum (pT) spectra. The
extracted values of q from the fits are usually larger than 1.
The deviation of q from unity represents the intrinsic
fluctuations of the temperature [18], or of the mean value
of the charged-particle multiplicity [46] in the hadronizing
system. This deviation can be also be related to the fractal
dimension of the hadronizing system [26,27]. In the case of
high-energy AA collisions, the fluid dynamics is not
considered in these applications, which could affect the
accuracy of the results. In light of such a situation, (0þ 1)-,
(1þ 1)-, (2þ 1)-, and (3þ 1)-dimensional hydrodynamic
models based on nonextensive statistics were developed as a
description of relativistic heavy-ion collisions [20,47–49].
This is a reasonable extension of the hydrodynamic model,
as far-from-equilibrium evolution can still obey the hydro-
dynamic equations of motion, provided that the system is
locally isotropized in the comoving frame of the fluid
[50,51]. It was shown that the nonextensive hydrodynamic
model can describe the charged hadron pT spectra up to
6–8 GeV=c, which is larger than the typical validity range
of the extensive hydrodynamic description, 2–3 GeV=c.
Moreover, the elliptic flow of charged particles was
reduced with the introduction of Tsallis statistics to the
hydrodynamic model. Tsallis statistics has also been
applied on the nuclear equation of state (EOS) and the
QGP EOS in the framework of a relativistic mean-field
approach and the bag model, respectively. In the former
model, the interactions of nucleons are mediated by the
exchange of isoscalar and isovector mesons, σ, ω, and ρ
[22,52–54]. In the latter model, the quark matter is
described as a gas of free quarks, and the nonperturbative
effects are simulated by the bag constant B [22,52,54]. It
was observed that both the nuclear EOS and the QGP EOS
became stiffer when the nonextensive statistic effect was
considered. Furthermore, Tsallis statistics has been taken
into account in the NJL model to describe the QCD phase
transition [55–58]. It was found that with the increase of q,
the critical end point moved toward the direction of larger
chemical potential and lower temperature.
In this study, in order to investigate the nonextensive

effect on the QCD phase transition at finite temperature and
chemical potential, we apply a nonextensive correction to
the EOS in the parton (hadron resonance) gas [13,59,60] at

high (low) temperature and interpolate these two equations
of state with a smooth crossover. We first explore the QCD
phase transition with zero chemical potential. In the QGP
phase, the dominant excitations are the massive u, d, and s
quarks, while in the hadronic phase, they are the hadrons
and resonances composed of u, d, and s quarks with masses
below 2.5 GeV=c2. Then, we investigate the QCD phase
transition with finite chemical potential. We will inves-
tigate the effects of the nonextensive statistics as well as
the chemical potential on the temperature dependence of
the dimensionless thermodynamic quantities such as the
entropy density, the pressure, the energy density, the trace
anomaly, the heat capacity at constant volume, and the
squared speed of sound. Moreover, we will compare our
results with those from the HRG, the LQCD, and the fit of
the experimental yields of hadrons at the LHC and RHIC
energies using the Thermal-Fist package [61].
This paper is organized as follows: In Sec. II, we will

describe the Tsallis statistics and construct a nonextensive
version of the EOS by applying the nonextensive correction
to the EOS in the parton (hadron resonance) gas at high
(low) temperature and making a smooth interpolation of
these two equations of state. In Sec. III, we will discuss the
effects of the nonextensive statistics and the chemical
potential on the thermodynamic quantities and compare
our results with different models. Finally, the conclusion is
given in Sec. IV.

II. THE MODEL

A. Tsallis statistics

This description of nonextensive statistics was first
proposed by Tsallis [62]. It generalizes the BG statistics
and defines the entropy of a system as

Sq ¼ k

 
1 −

XW
R¼1

pq
R

!,
ðq − 1Þ; ð1Þ

where k is a positive constant;W ∈N is the total number of
microscopic configurations of the system; pR is the
probability associated with the Rth state and satisfiesP

W
R¼1 pR ¼ 1; and q characterizes the degree of nonex-

tensivity reflected in the following pseudoadditive rule for
a composite system consisting of two individual systems
A and B:

SqðAþ BÞ
k

¼ SqðAÞ
k

þ SqðBÞ
k

þ ð1 − qÞ SqðAÞ
k

SqðBÞ
k

: ð2Þ

In the limit q → 1, the expression in Eq. (1) approaches the
BG entropy,
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lim
q→1

Sq ¼ −k
XW
R¼1

pR lnpR: ð3Þ

In order to determine the probability distribution of a
state R in a grand-canonical system, we need to maximize
the entropy under the internal energy and particle number
constraints,

Ē ¼
XW
R¼1

pq
RER; ð4Þ

N̄ ¼
XW
R¼1

pq
RNR; ð5Þ

where Ē and N̄ are, respectively, the average energy and the
average number of particles. The maximization of the
entropy under the constraints in Eqs. (4) and (5) leads to
the variational equation

δ

δpR

�
Sq
k
−α
XW
R¼1

pR−β
XW
R¼1

pq
RER−γ

XW
R¼1

pq
RNR

�
¼0; ð6Þ

where α, β, and γ are the Lagrange multipliers associated
with the total probability, the total energy, and the total
number of particles, respectively. Following the standard
thermodynamic definitions, such as β ¼ 1=T and γ ¼ −βμ
with T and μ being the temperature and the chemical
potential of the system, respectively, the probability dis-
tribution of the state R in the grand-canonical ensemble is
written as

pR ¼ ½1þ ðq − 1ÞðER − μNRÞ=T�1=ð1−qÞ=Zq; ð7Þ

where

Zq ¼
X
R

½1þ ðq − 1ÞðER − μNRÞ=T�1=ð1−qÞ ð8Þ

is the partition function of the grand-canonical system.
The quantum state of the system is uniquely determined

when occupation numbers of the one-particle states are
provided. The total energy and the total particle numbers of
the system in the state R are then automatically given by

ER ¼ n1ε1 þ n2ε2 þ � � � þ nkεk þ � � � ; ð9Þ

NR ¼ n1 þ n2 þ � � � þ nk þ � � � ; ð10Þ

where εk and nk are, respectively, the energy of a particle
and the number of particles in the state k. Substituting
Eqs. (9) and (10) into Eq. (8), one gets the partition function
as [63]

Zq ¼
X

n1;n2���;nk;���
expq

�
−
ðε1 − μÞn1

T

�

⊗q expq

�
−
ðε2 − μÞn2

T

�
⊗q � � �

⊗q expq

�
−
ðεk − μÞnk

T

�
⊗q � � �

¼
�Y∞

k¼1

�
q

X∞
nk¼0

expq

�
−
ðεk − μÞnk

T

�
; ð11Þ

where expqðxÞ ¼ ½1 þ ð1 − qÞx�ð1=ð1−qÞÞ, expqðxÞ ⊗q

expqðyÞ ¼ expqðx þ yÞ, and ðQÞq means successive
q-multiplication. When taking into account the d internal
degrees of freedom for the noninteracting fermions and
bosons, respectively, the grand-canonical partition function
becomes

Zq ¼
�Y∞

k¼1

�
q

�
1þ expq

�
−
εk − μ

T

��þd
ð12Þ

and

Zq ≈
�Y∞

k¼1

�
q

�
1 − expq

�
−
εk − μ

T

��
−d
: ð13Þ

The derivations of Eqs. (12) and (13) are shown in
Appendix A. In the derivation of Eq. (13), we have made
an approximation in which the higher ordersOðq − 1Þ2 have
been ignored.

B. Equations of state in the hadronic and QGP phases

In the framework of extensive statistics, the grand-
canonical potential Ω is related to the grand-canonical
partition function Z as follows [64]:

Ω ¼ −T lnZ: ð14Þ

In nonextensive statistics, the relation between the grand-
canonical potential Ωq and the grand-canonical partition
function Zq is similar to that in extensive statistics,

Ωq ¼ −T lnq Zq; ð15Þ

where the q-logarithm lnq x is defined as [65]

lnq x≡ x1−q − 1

1 − q
: ð16Þ

The derivation of Eq. (15) is presented in Appendix B.
It has been shown that in nonextensive statistics,

thermodynamic consistency is also satisfied [20,29].
Thus, the pressure is given by
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Pq ¼ −
Ωq

V

¼ TlnqZq

V

¼ T
V

X∞
k¼1

lnq

�
1� expq

�
−
εk − μ

T

���d
; ð17Þ

where the identity lnqðx ⊗q yÞ ¼ lnq xþ lnq y is used.
In the large-volume limit, the summation in Eq. (17) is
replaced by the integral in the six-dimensional phase space:

X
k

→ V
Z

d3k
ð2πÞ3 : ð18Þ

Therefore, the pressure is rewritten as

Pq ¼ T
Z

d3k
ð2πÞ3 lnq

�
1� expq

�
−
εk − μ

T

���d
; ð19Þ

where εk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
, and m and k are, respectively, the

rest mass and the momentum of the particle.
The entropy density for a multicomponent system with

N number of species, then, is expressed as

sq ¼
XN
i¼1

∂Pi
q=∂T; ð20Þ

where Pi
q is the pressure for the single-component system

with the particle type i. One key factor in the calculation of
the entropy density is the number of internal degrees of
freedom d. In the QGP (hadronic) phase, the masses of u, d,
and s quarks (hadrons and resonances composed of these
quarks) are considered. The degeneracy factor for quarks
(antiquarks) of a given flavor is dqðq̄Þ ¼ 2spin × Nc ¼ 6,
while for gluons the degeneracy is dg¼2spin×ðN2

c−1Þ¼16,
where Nc ¼ 3 represents the number of colors. For hadrons
of a specific species, the degeneracy factor is given by
dH ¼ 2Sþ 1, with S denoting the spin of the hadron.
Another key factor in the calculation of the entropy density
is the chemical potential. The chemical potential for the ith
particle species is μi ¼ BiμB þ SiμS þQiμQ, where Bi, Si,
and Qi are, respectively, the particle’s baryon, strangeness,
and electric charge numbers, while μB, μS, and μQ are the
respective chemical potentials of the system.

C. Smooth crossover around the critical temperature

In Sec. II B, the EOS in the hadronic (QGP) phase has
been constructed by applying a nonextensive correction to
the hadron resonance (parton) gas model. In order to
match the equations of state in the hadronic and QGP
phases around the crossover temperature Tc, we make a
smooth interpolation of sqðTÞ between the hadronic gas at
low T and the QGP at high T. The simplest possible

parametrization of the entropy density sqðTÞ satisfying the
thermodynamic inequality ∂sqðTÞ=∂T ≥ 0 and the third
law of thermodynamics, sqðT → 0Þ → constant, is [12]

sqðTÞ ¼ fðTÞsHq ðTÞ þ ð1 − fðTÞÞsQGPq ðTÞ; ð21Þ

where fðTÞ is a weighting function,

fðTÞ ¼ 1

2
½1 − tanhððT − TcÞ=ΓÞ�; ð22Þ

with Γ setting the width of the phase transition region. For
T satisfying jT − Tcj > Γ, sqðTÞ quickly approaches sHq
below Tc and sQGPq above Tc.
The pressure PqðTÞ, the energy density εqðTÞ, the

specific heat at constant volume ðCVÞqðTÞ, and the squared
speed of sound ðc2sÞqðTÞ then can be obtained using the
following expressions, respectively:

PqðTÞ ¼
Z

T

0

sqðtÞdt; ð23Þ

εqðTÞ ¼ TsqðTÞ − PqðTÞ þ
X
i

μi

Z
T

0

∂sqðtÞ
∂μi

dt; ð24Þ

ðCVÞqðTÞ ¼
∂εqðTÞ
∂T

����
V
¼ T

∂sqðTÞ
∂T

þ
X
i

μi
∂sqðTÞ
∂μi

; ð25Þ

ðc2sÞqðTÞ ¼
∂PqðTÞ
∂εqðTÞ

¼ sqðTÞ
ðCVÞqðTÞ

; ð26Þ

where the index i in the summation runs over all the particle
species.

III. RESULTS AND DISCUSSIONS

A. Zero chemical potential

The QCD phase transition is first studied at zero chemical
potential. In the QGP phase, the u, d, and s quarks are
considered, with masses set to mu ¼ 3.503 MeV=c2,
md ¼ 3.503 MeV=c2, and ms ¼ 96.4 MeV=c2, respec-
tively [66]. In the hadronic phase, hadrons and hadron
resonances composed of u, d, and s quarks with masses
below 2.5 GeV=c2 [16] from the Particle Data Group [67]
are considered.
In each subplot of Fig. 1, the dashed and solid black

curves present dimensionless thermodynamic quantities
such as the entropy density sq=T3, the pressure Pq=T4,
the energy density εq=T4, the specific heat at constant
volume ðCVÞq=T3, the trace anomaly Δq ¼ ðεq − 3PqÞ=T4,
and the squared speed of sound ðc2sÞq as a function of the
temperature for two nonextensive parameters, q ¼ 1 and
q ¼ 1.05, respectively. In the figure, Tc is taken to be
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156.5 MeV [68], and Γ is set as 0.05Tc, which is identical
to the choice made in Ref. [12]. The qualitative behavior of
these thermodynamic quantities in both cases can be
summarized as follows:

(i) There is a rapid increase of the entropy density in a
narrow region of T around Tc (with a width
∼8 MeV). In the high-temperature region, sq=T3

approaches the Stefan-Boltzmann (SB) limit. In the
low-temperature region, sq=T3 approaches 0. This
behavior could be explained as follows: The excitation

of a massive hadron of mass m is exponentially
suppressed by the Boltzmann factor expð−m=TÞ.
The entropy density sq is dominated by this exponen-
tial factor, which vanishes much more rapidly than the
power-law term T3 when T → 0.

(ii) Pq=T4 increases rather slowly with T > Tc and
approaches the SB limit at high temperature. As
shown in Eq. (23), PqðTÞ is expressed as an integral
of sqðTÞ, thus such a continuous and slow rise is
naturally expected [12].

FIG. 1. (a) sq=T3, (b) Pq=T4, (c) εq=T4, (d) Δq, (e) ðCVÞq=T3, and (f) ðc2sÞq as functions of T=Tc. The solid and dashed black lines
correspond to q ¼ 1.05 and q ¼ 1, respectively, with zero chemical potential. The solid and dashed blue lines correspond to q ¼ 1.05
and q ¼ 1, respectively, with μB ¼ 398.2 MeV, μS ¼ 89.5 MeV, and μQ ¼ 0 MeV.
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(iii) There is a peak just above Tc for the temperature
dependence of εq=T4. The existence of such a peak
is due to the rapid increase of sqðTÞ and the slow rise
of PqðTÞ above Tc [12].

(iv) ðCVÞq=T3 has an obvious peak near Tc. The specific
heat at constant volume is defined as the derivative
of the energy density with respect to the temperature.
The dimensionless εq=T4 has a peak above Tc,
which leads to the peak of ðCVÞq=T3 near Tc.

(v) Δq also has a prominent peak near Tc. Such a peak is
a consequence of the rapid increase of sqðTÞ. It
vanishes when the temperature approaches either
0 or ∞.

(vi) sq=T3, Pq=T4, εq=T4, ðCVÞq=T3, and Δq are sensi-
tive to the deviation of q from unity, and they
become large both in the hadronic and QGP phases
with the increase of q. This can be interpreted as the
effect that at a fixed temperature, the particle yield in
the nonextensive distribution with q > 1 is always
larger than that in the extensive one.

(vii) ðc2sÞq exhibits a sharp drop in the critical region
jT − Tcj < Γ and stays below 1=3 in the hadronic
phase. In both cases, the behavior results from the
energy density εqðTÞ rising more rapidly than the
pressure PqðTÞ, leading to a soft equation of state.
Across Tc, this is due to deconfinement. In the
hadronic phase, it is a consequence of hadron masses.
Moreover, ðc2sÞq approaches 1=3 in the high-temper-
ature region and 0 in the low-temperature region.
This could be understood as follows: At low temper-
atures, the exponential suppression expð−m=TÞ
causes both Pq and εq to vanish, but their derivatives
vanish at different rates. The ratio of these deriva-
tives, ðc2sÞq ¼ ∂Pq=∂εq, scales as T=m, guaranteeing
it approaches zero with T → 0. At extremely high
temperatures, the masses of the u, d, and s are
negligible. Thus, these quarks behave dynamically as
massless noninteracting particles. Additionally, the
deviation of q from unity leads to nontrivial correc-
tions of the squared speed of sound in the vicinity of
the critical point and at lower temperatures.

We have also investigated the Γ dependence of the
thermodynamic quantities at the vanishing chemical poten-
tial for both extensive and nonextensive cases in Fig. 2. The
dashed (solid) black and blue curves represent the temper-
ature dependence of these quantities with Γ ¼ 0.05Tc and
Γ ¼ 0.25Tc, respectively, for the extensive (nonextensive)
cases. It is observed that an increase in the value of Γ leads
to a more gradual temperature dependence of the entropy
density and pressure. Concurrently, the characteristic peaks
in the trace anomaly and the specific heat at constant
volume undergo a broadening and a reduction in height.
For the squared speed of sound, an increase in Γ produces a
dip that is both shallower and significantly wider. This set

of phenomena is attributable to the broadening of the QCD
phase transition window. Specifically, a larger Γ implies
that the conversion from the hadronic phase to the QGP
phase takes place across an extended temperature interval,
which smears out the thermodynamic profiles, resulting in
smoother, broader, and flatter curves.

B. Finite chemical potential

The QCD phase transition is also investigated at finite
chemical potential. The baryon, strangeness, and electric
charge potentials are, respectively, set as μB ¼ 398.2 MeV,
μS ¼ 89.5 MeV, and μQ ¼ 0 MeV, which correspond to
the chemical potentials of the system created in the central
Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV [69]. In each subplot
of Fig. 1, the solid and dashed blue curves show the
temperature dependence of the thermodynamic quantities
with finite chemical potential for q ¼ 1.05 and q ¼ 1,
respectively. For the case with finite chemical potential,
Tc and Γ are set to be the same values as those for the case
with vanishing chemical potential. The qualitative behav-
iors of the thermodynamic quantities are summarized as
follows:

(i) sq=T3, Pq=T4, εq=T4, ðCVÞq=T3, and Δq are sensi-
tive to the deviation of the chemical potential from
zero, and they become large in both the hadronic and
QGP phases with the increase of μ. This is due to the
fact that at a given temperature, a larger population is
expected for the system with finite chemical poten-
tial. A similar increase was observed for the nor-
malized pressure and trace anomaly obtained from
the Dyson-Schwinger equations when the values of
quark chemical potential were increased [70].

(ii) With the increase of the chemical potential, the
squared speed of sound ðc2sÞq increases in the vicinity
of Tc and decreases at lower temperatures, which is
different from the chemical potential dependence of
sq=T3, Pq=T4, εq=T4, ðCVÞq=T3, and Δq.

(iii) At high temperature, these thermodynamic quan-
tities with finite chemical potential approach the
respective ones with zero chemical potential. At low
temperature, the thermodynamic quantities with
both zero and finite chemical potential approach 0
when T → 0.

(iv) As shown in the previous section, at zero chemical
potential, the thermodynamic quantities are sensi-
tive to the deviation of q from unity. With the
consideration of effects of both the finite chemical
potential and the nonextensivity, an obvious change
of the behavior for the thermodynamic quantities is
observed.

C. Comparison with other models

The upper panel of Fig. 3 displays the comparison of the
temperature dependence of Pq=T4 calculated with zero
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chemical potential for different models. Our results with
q ¼ 1.05 and q ¼ 1 are presented as solid and dashed lines,
respectively. The result from the HRG model is shown as a
dotted line, while the result from the LQCD is presented as
solid black circles. The dependence extracted from the fit of
experimental yields of hadrons at the central centrality in pp
collisions at

ffiffiffi
s

p ¼ 7 TeV [71–73] and 13 TeV [74,75],
p-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV [76–78], Pb-Pb col-
lisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV [79–82] and 5.02 TeV [83,84],
and Xe-Xe collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.44 TeV [85] using the
Thermal-Fist package [61] are shown as empty markers.

Thermal-Fist is a C++ package designed for the analyses of
particle productions in relativistic heavy-ion collisions
within the framework of the HRG model. In the package,
there are several options regarding the ensemble with which
to treat the baryon number, strangeness, and electric charge.
In this work, we choose the grand-canonical ensemble,
which is widely applied to heavy-ion collisions [86–89].
It is shown that our result with q ¼ 1 agrees well with the
HRG model and the LQCD data up to T ∼ 150 MeV. In
our model, PqðTÞ quickly approaches the pressure at the
hadronic phase with T < Tc − Γ. When q → 1, the Tsallis

FIG. 2. (a) sq=T3, (b) Pq=T4, (c) εq=T4, (d) Δq, (e) ðCVÞq=T3, and (f) ðc2sÞq as functions of T=Tc at zero chemical potential. The
dashed (solid) black and blue curves represent the temperature dependence of these quantities with Γ ¼ 0.05Tc and Γ ¼ 0.25Tc,
respectively, for the extensive (nonextensive) cases.
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statistics approaches the BG statistics valid for systems
under the thermal equilibrium. Thus, the agreement at low
temperature is reasonably expected, as the HRG model and
the LQCD calculations are based on equilibrium consid-
erations. Moreover, our result with q ¼ 1 is consistent with
the results from the Thermal-Fist fit to the hadron yields at the
central centrality in Pb-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV
(triangle-left) and 5.02 TeV (triangle-up), and in Xe-Xe
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.44 TeV (triangle-down). However,
it obviously overestimates the results from the Thermal-Fist fit
to the hadron yields in p-Pb collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 5.02 TeV
(triangle-right), and in pp collisions at

ffiffiffi
s

p ¼ 7 TeV (empty
circle) and 13 TeV (empty square). In pp and p-Pb collisions,
the temperature of the system is around 160 MeV, which is

in the phase transition region jT − Tcj < Γ, leading to the
overestimate of our model for the pressure. At high temper-
ature, our result approaches the SB limit of the pressure for
idea parton gas. However, in LQCD, partons interact with
each other, which leads to the deviation from the limit. In the
HRGmodel, only the hadron gas is considered and the phase
transition is absent; thus, the pressure approaches infinity at
high temperature.
The lower panel of Fig. 3 shows the comparison of the

temperature dependence of Pq=T4 calculated with three sets
of finite chemical potentials (see Table I) for different
models. They correspond to the chemical potentials in
central Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7, 11.5, and 200 GeV
[69]. Our results with q ¼ 1.05 and q ¼ 1 are, respectively,
presented as the solid and dashed lines. The results from the
HRG model are shown as the dotted line. The results
extracted from the Thermal-Fist fit of experimental yields of
hadrons in central Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7, 11.5,
and 200 GeV [69,90–92] are shown as empty blue, red, and
black markers, respectively. It is found that our results with
q ¼ 1 agree well with the HRG model up to T ∼ 150 MeV.
Moreover, our results with q ¼ 1 are consistent with the
results from the Thermal-Fist fit to the hadron yields in central
Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV (triangle-right) and
11.5 GeV (triangle-left). However, they overestimate the
result from the Thermal-Fist fit to the hadron yields in central
Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV (triangle-up). The
temperature of the system in Au-Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼
200 GeV is around 160 MeV, falling in the phase transition
region and leading to this overestimate.

IV. CONCLUSIONS

In this work, by applying the nonextensive correction to
the EOS in the parton (hadron resonance) gas at high (low)
temperature and making a smooth interpolation of these
two equations of state, we have constructed a nonextensive
version of the EOS to investigate the properties of QCD
phase transition with both zero and nonzero chemical
potentials. We find that the dimensionless quantities such
as sq=T3, Pq=T4, εq=T4, ðCVÞq=T3, and Δq are highly
sensitive to the nonextensivity parameter q. As q deviates
from unity, these quantities increase in both the hadronic
and QGP phases. Furthermore, this deviation introduces
nontrivial corrections to ðc2sÞq near the critical point and at
lower temperatures. These thermodynamic quantities also

FIG. 3. Upper panel: Pq=T4 as a function of T with zero
chemical potential for q ¼ 1.05 (the solid line) and 1 (the dashed
line). The results from the HRG model, the LQCD, and the
Thermal-Fist fit are shown as the dotted line, the solid black circles,
and the empty markers, respectively. The inset is the temper-
ature dependence of Pq=T4 in the region with 136 MeV <
T < 174 MeV. Lower panel: Pq=T4 as a function of T with
finite chemical potential for q ¼ 1.05 (the solid line) and q ¼ 1
(the dashed line). The results from the HRG model and the
Thermal-Fist fit are, respectively, shown as the dotted line and the
empty markers.

TABLE I. Chemical potentials in central Au-Au collisions atffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7, 11.5, and 200 GeV.

ffiffiffiffiffiffiffiffi
sNN

p
(GeV) Centrality μB (MeV) μS (MeV) μQ (MeV)

7.7 0%–5% 398.2 89.5 0
11.5 0%–5% 287.3 64.5 0
200 0%–5% 28.4 5.6 0
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exhibit significant sensitivity to the chemical potential μ.
They increase with μ in both phases. Specifically, ðc2sÞq rises
near the phase transition temperature but decreases at
lower temperatures. Finally, we observe that our results
with q ¼ 1 agree well with the LQCD, the HRG, and the
results from the Thermal-Fist fit to the hadron yield in high-
energy nuclear collisions in the low-temperature region up
to T ∼ 150 MeV. These findings will deepen our under-
standing for the properties of the QCD phase transition at
finite temperature and chemical potential, both in the
extensive and nonextensive statistics.
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APPENDIX A: THE DERIVATION OF
EQS. (12) AND (13)

In the framework of the nonextensive statistics, the grand-
canonical partition function of particles with d internal
degrees of freedom is given by

Zq ¼
�Y∞

k¼1

�
q

�X∞
nk¼0

expq

�
−
ðεk − μÞnk

T

��d
; ðA1Þ

where εk and nk are, respectively, the energy of a particle
and the number of particles in the state k; T and μ are,
respectively, the temperature and the chemical potential of
the system.
For noninteracting fermions, their grand-canonical par-

tition function is written as

ZF
q ¼

�Y∞
k¼1

�
q

�X1
nk¼0

expq

�
−
ðεk − μÞnk

T

��d

¼
�Y∞

k¼1

�
q

�
1þ expq

�
−
ðεk − μÞ

T

��
d
: ðA2Þ

For noninteracting bosons, their grand-canonical partition
function is written as

ZB
q ¼

�Y∞
k¼1

�
q

�X∞
nk¼0

expq

�
−
ðεk − μÞnk

T

��d

¼
�Y∞

k¼1

�
q

�
1þ � � � þ expq

�
−nk

εk − μ

T

�
þ � � �

�
d

≈
�Y∞

k¼1

�
q

�
1 − expq

�
−
εk − μ

T

��
−d
; ðA3Þ

where the approximation expqðxÞ expqðyÞ ¼ expqðxþ yþ
ð1 − qÞxyÞ ≈ expqðxþ yÞ has been adopted [93].

APPENDIX B: THE DERIVATION OF EQ. (15)

In the grand-canonical ensemble, the probability distri-
bution of the state R and the partition function in Eqs. (7)
and (8) are, respectively, rewritten as

pR ¼ 1

Zq
expqð−αNR − βERÞ;

ZR ¼
XW
R¼1

expqð−αNR − βERÞ; ðB1Þ

where α≡ −μ=T, β≡ 1=T,W is the total number of states.
The particle numberN, the energy E, and the generalized

force Y are then, respectively, given by

N ¼
X
R

pq
RNR ¼

P
R½expqð−αNR − βERÞ�qNR

Zq
q

¼ −
∂

∂α
lnqZq; ðB2Þ

E ¼
X
i

pq
RER ¼

P
R½expqð−αNR − βERÞ�qER

Zq
q

¼ −
∂

∂β
lnqZq; ðB3Þ

Y ¼
X
R

pq
R
∂ER

∂y
¼
P

R½expqð−αNR − βERÞ�q ∂ER
∂y

Zq
q

¼ −
1

β

∂

∂y
lnqZq: ðB4Þ

With Eqs. (B2)–(B4), the following relation is con-
structed:

β

�
dE − Ydyþ α

β
dN

�

¼ −βd
�
∂lnqZq

∂β

�
þ ∂lnqZq

∂y
dy − αd

�
∂lnqZq

∂α

�
: ðB5Þ

Since lnq Zq is a function of α, β, and y, its full differential is
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dðlnq ZqÞ ¼
∂ lnq Zq

∂β
dβþ ∂ lnq Zq

∂α
dαþ ∂ lnq Zq

∂y
dy: ðB6Þ

Combing Eqs. (B5) and (B6), we can get

β

�
dE − Ydyþ α

β
dN

�

¼ d

�
lnqZq − α

∂lnqZq

∂α
− β

∂lnqZq

∂β

�
: ðB7Þ

It has been shown that the following thermodynamic relation
still holds in the nonextensive statistics [20,29]:

dS ¼ 1

T
ðdE − Ydy − μdNÞ: ðB8Þ

Comparing Eq. (B7)with Eq. (B8), we obtain the entropy S as

S ¼ lnq Zq − α
∂ lnq Zq

∂α
− β

∂ lnq Zq

∂β
: ðB9Þ

Therefore, in the nonextensive statistics, the relation between
the grand-canonical potential Ω and the grand-canonical
partition function Zq is

Ω ¼ E − TS − μN

¼ −
∂

∂β
lnqZq − μ

�
−

∂

∂α
lnqZq

�

− T

�
lnqZq − α

∂lnqZq

∂α
− β

∂lnqZq

∂β

�
¼ −T lnqZq: ðB10Þ
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