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Higher order quantization conditions for two-body scattering with spin
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We examine the Liischer quantization condition to high order for the scattering of a spinless particle and a
spin-1/2 particle in a periodic box. First, we derive the quantization conditions in a nonrelativistic framework
up to total angular momentum J = 11/2 in both cubic and elongated geometries, and for both rest and
moving frames. Then, we introduce a method to transparently cross-check their convergence, using both
quantized energy levels in the box and infinite-volume phase shifts for the same potential. We clarify how to
incorporate spin-orbit coupling into the formalism and show in detail how the quantization conditions
converge order by order in the various irreducible representations. In all, we validated 19 quantization
conditions (12 in cubic box, 7 in elongated box). This is a necessary step in applying the method in precision
studies of systems in finite volume with half-integer spin, such as meson-baryon scattering.
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I. INTRODUCTION

Scattering is an indispensable tool in our understanding
of nature at deeper and deeper levels, from the original
Rutherford experiment on the structure of the atom, to
modern nuclear and particle physics experiments on the
structure and interaction of hadrons. Such physics is
governed by quantum chromodynamics (QCD), the fun-
damental theory of the strong interaction. Theoretically,
determination of hadronic properties at low to medium
energies from the first principles of QCD remains funda-
mental but challenging. Because the interaction is strong, it
requires nonperturbative methods.

In lattice QCD, numerical simulations based on
Monte Carlo evaluation of the path integral of QCD are
performed by placing the system on a discrete lattice with
periodic boundary conditions, which leads to quantized
energy spectrum in the system. Continuum but finite-
volume results can be obtained by increasing the number
of grid points and decreasing the lattice spacing at the same
time. The energy spectrum in the finite volume is then
connected to the infinite volume scattering phase shifts
through quantization conditions (QC). A number of finite-
volume approaches have been proposed for two-body
scattering. The most well-known is the Liischer method [1]
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which establishes a direct connection between the energy
levels and phase shifts. Alternative approaches based on the
finite volume include the HALQCD method [2-4] which
extracts the interaction potential from Bethe-Salpeter
amplitudes, and the integrated correlation function method
(ICF) [5-7] which works directly with correlation functions

and bypasses the energy spectrum determination.

The original Liischer method has been extended to a
variety of scenarios (such as moving frames, asymmetric
lattices, multi- and coupled-channels, effective field
theories, etc) to extract information about hadron-hadron
interactions [8—26]. In the meson sector, such methods have
been successfully applied in lattice QCD simulations
[27-38]. With increasing computing power and algorithm
improvements, such approaches are starting to bear fruit in
the baryon sector [39-45] (see Ref. [46] for a recent
review). The main challenge is to overcome the deterio-
ration of signal-to-noise ratio when baryon are involved.
Remarkable progress has also been made in finite volume
approaches in the three-body sector [47-60] (see Ref. [61]
for a recent review).

In the present work, we focus on the scattering of a
spinless particle and a spin-1/2 particle in the Liischer
method. The study is motivated by the desire to apply the
method in the baryon sector, especially meson-baryon
scattering. We aim to conduct a comprehensive examina-
tion of the QCs in this sector, complete with cubic and
elongated boxes, rest and moving frames, unequal masses,
and higher partial waves (up to £ =6 or J=11/2).
Furthermore, after deriving the QCs, we validate each
one numerically to high precision. This is accomplished by
separately computing the two main ingredients of the QCs
for a toy potential: energy spectrum in the periodic box and
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infinite-volume phase shifts. It follows a similar study for
systems with no spin [62].

The work is presented in four steps. In Sec. II we outline
the derivation of the QCs and their projection to the
irreducible representations (irreps) of various symmetry
groups. In Sec. III we detail how to solve the Schrédinger
equation in the box to obtain the energy spectrum for a test
potential that includes a spin-orbit interaction. In Sec. IV
we compute infinite volume phase shifts, discuss how to
check the convergence of the QCs, and show a few
examples. A brief summary and outlook is given in
Sec. V. The matrix elements for the derived QCs are
partially given in Appendix A. A supplement is supplied
from which the full QCs can be retrieved [63]. Details of
the group theory used for the derivation are provided in
Appendix B.

II. QUANTIZATION CONDITION

There are different avenues to arrive at the same QCs, up
to exponentially suppressed corrections. In this work, we
work with the simplest approach, namely, nonrelativistic
quantum mechanics. Despite its simplicity, the approach
captures all the essential ideas and ingredients in the
construction of QCs. The derivation is fairly involved
mathematically and requires special functions (zeta func-
tions) and extensive use of group theory. The introduction
of spin-1/2 degrees of freedom adds even more complexity
than the zero spin case and requires double-cover group
theory. There exist previous studies on systems with half-
integer spin [12,13,16,19] in limited scopes. A compre-
hensive reexamination aims not only to serve as an
independent check of existing QCs in the literature but
also as a foundation for new QCs at higher partial waves
and in elongated boxes. In the following, we outline the
essential steps in a reasonably self-contained derivation.

The starting point is two-particle scattering in the
center of mass (CM) frame described by the Schrodinger
equation,

P%ﬁ”+Wﬂw®=Emm )

where p = "2 g the reduced mass of the system. We
my+my

omit the spin degree of freedom in the discussion until near
the end when a change of basis can be used to transform the
matrix elements from a spin-0 system to a spin-1/2 one. In
infinite volume, the wave function in the asymptotic region
has the form of an incoming plane wave plus an outgoing
spherical wave,
) eikr
y(r) = e + f(0.k)

)

r 9
where k is the relative CM momentum and is related to the
CM energy by E = %’4‘2 The scattering amplitude can be

expressed in partial-wave expansion,

[Se]

F(O0.k) = (21 + 1)f,(k)P/(cos 6). (3)

=0
Phase shifts enter via the partial-wave amplitudes,
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where alternative definitions via S matrix, T matrix and K
matrix are also indicated. Phase shift §; is a real valued
function of the interaction energy and encodes information
about the nature of the interaction between the two
particles, such as whether the force is repulsive (6 < 0)
or attractive (6 > 0), whether a resonance is formed in the
scattering process (a sharp change across z/2), and so on.

The standard procedure to determine the phase shift is by
matching the asymptotic solution (where the interaction
vanishes) in terms of spherical Bessel functions y «
[,j,(kr) 4 pn;(k)] (or exterior solution), and the interior
solution to arrive at the expression,

—ay(k) +ipy(k)
= a) =0 ©)

In finite volume, a similar procedure can be followed.
The main difference is the need to accommodate periodic
boundary conditions imposed by the box. The details were
first worked out by Liischer [1]. The setup assumes that the
box, of length L, is large enough such that the interaction
range, R, cannot wrap around the periodic boundary of the
box R < L/2. The resulting quantization condition can be
expressed in a single matrix equation that includes all
partial waves,

o2i01(K)

det |diag{e?(h)} — % =0. (6)
JL)—i

Here, diag{e??)} is a shorthand for a diagonal matrix of
all partial waves. The Mk, L) is a purely mathematical,
dimensionless, Hermitian matrix function of CM momen-
tum and box size. Its derivation for half-integer angular
momentum systems is the focus of this work. The condition
establishes a connection between quantized energy levels in
a periodic box and phase shifts in infinite volume. In fact,
the quantization condition is fairly general: It does not
matter how the energy spectrum is generated in the box, be
it quantum mechanics, effective field theories, or lattice
QCD. The quantization condition will remain the same up
to exponentially suppressed finite-volume corrections.

To obtain an analytic expression for the M (k, L) matrix,
one starts by identifying a solution to the wave function in
the exterior where the Schrodinger equation has the form of
a Helmholtz equation,
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(V2 + k) (r) = 0. (7)

A solution to this equation that satisfies the periodic
boundary conditions is given by the Green’s function,

eip-r
2

G(r, k*) :ézm (8)

where the sum runs over the quantized box momenta. A
complete basis can be formed by taking its derivatives (see
Ref. [1]),

G (1, 8) = Vin(V)G(r. k), ©)

where Y, (r) = r'Y,,, (0, ¢) are the homogeneous har-
monic polynomials. In order to match the exterior solution
with the interior, one needs to expand G, in terms of n;, j,
and Y,

(=1)&H!

Gim (r’ k2> = j-][ |:nl(kr)Ylm<9’ 45)

o 4
£3 Y M ()Y 091 (10)

I'=0 m'==1'

where the M matrix is introduced as a way to connect to
phase shifts in similar fashion to that in infinite volume.
Performing the interior-exterior matching procedure with
the wave function expanded in this basis leads to,

W= ZdlmGlm(rv k) = chm [aiji + b)Yy, (11)
Im

Im

By equating the coefficients of n; and j;, the following
condition holds,

ch’m’ [bl'Ml’m’,lm - al’éll/émm’] =0. (12)

I'm'

Considering only nontrivial solutions results in the deter-
minant equation,

det[BM — A] = 0, (13)

where A and B are diagonal matrices from a; and by,
respectively. The matrix version of Eq. (5) gives the
connection to the phase shifts,

~ A+1iB
2i5 _ 14
¢ TA-iB (14)
and yields the QC as given in Eq. (6).
The matrix M emerging from the matching procedure
takes the explicit form,

_1)1 I+l i
Mlm,l’m’:m Z Zﬁzjs(qz,’?)czm,js,l'mu (15)
J=l=ts==i

where 7 is the z-elongation factor for noncubic box geo-
metry, and the tensor coefficient are the Wigner 3j symbols,

Clm,js,l’m’ - (_l)m,il_jJrl/ \/(21 + 1)(2] + 1)(21/ + 1)
rjr Loy
Goo)l i) 0o
0 0 0/\m s —m

It is expressed in terms of zeta functions defined by,

Zinlgto) = 3 2n(8). (17)

g
where the summation index fi and ¢ are given by,

~ kL
A = (n,,n,n/n)), q:ﬂ. (18)

The projection to half-integer angular momentum is
achieved by a straightforward change of basis by coupling
to spin-1/2by J =€ + 1,

1
JM> <l’m/,§6’

where |JIM) is the coupled basis of total angular momen-
tum J, orbital angular momentum #, and J substates M.
Both the zeta function and the matrix M are mathematical
functions dependent on dimensionless variables. One can
note that the poles of the zeta function fi = ¢ correspond
to noninteracting energies in the box. Interactions cause
deviations from the poles and it is these deviations that are
responsible for the phase shifts in the QCs.

We employ a commonly used shorthand notation in the
presentation of the QCs,

MJIM.J’Z’M’

:ZZ<lm,%6

m,m' ¢,6'

J,M/>Mlm~l’m"

(19)

Zi(q*. 1)

n gt (20)

Wlm<q27 ’7) =

This allows us to express M as a linear combination of wy,,
with purely numerical coefficients.

A. Symmetry-adapted quantization conditions

In finite volume, the continuous rotational symmetry is
reduced to the finite symmetry group of the box so the
quantization condition in Eq. (6) must take on the same
symmetry properties. Multiplying both sides of Eq. (6) by
det[M — i] gives,
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det]e? (M — i) — (M + i)] = 0. (21)

After distributing and refactoring it becomes,

det [(em -1) (M - zizzi—f:;ﬂ =0. (22

Dropping the constant factor, the resulting matrix quanti-
zation condition can be written in standard form in terms of
matrix elements,

det [M s o — 855818y cot 8] =0, (23)

where the delta functions should not be confused with
phase shifts d;,.

The QC in Eq. (23) can be projected to the space of
irreducible representations (irreps) of the box symmetry.
This projection block-diagonalizes the QC matrix. The
determinant then factors into smaller, independent ones,
and partial-wave mixing is confined to what the symmetry
actually permits. If the box energy levels are irrep-projected
in matching fashion, it allows one to study the scattering
system on an irrep by irrep basis.

The projection is achieved by a decomposition into the
basis vectors of the symmetry group, expressed as,

Catin) = > ClalJIM), (24)
M

where I' stands for a given irrep, @ runs from 1 to the
dimension of the irrep, n runs from 1 to n([',J), the
multiplicity of J in irrep I'. Using this decomposition, the
matrix is projected onto,

(TaJln|M|UaJ'I'n')

_ § Tan \x ~T"o'n’ _ r
- (CJIM) CJ’[’M’MJIM,J/I/M' - 51“1"’5(1(1//\/111,1,]’[’,1’ s
MM

(25)

where Shur’s lemma in group representation theory is used
to achieve irrep orthogonality. Since the components « are
not observables, one can average over them for multidi-
mensional irreps, leading to the final form,

H det [Mgln,.l’l’n’ - 5]]’5[1/5,mf cot 5][] =0. (26)
r

We see that the QC is completely factorized by the irreps of
symmetry groups in the box.

The construction of the matrix elements Mgm. S 18
technically involved, relying on standard but complicated
group-theory steps. We have derived the QCs up to
J = 11/2. The QCs are rather lengthy, whose presentation
is relegated to Appendix A. Even so, only partial results up

to J = 5/2 are printed in the tables. To facilitate the use of

the QCs, we supply a supplemental file [63] from which all
of the QCs derived in this work can be recovered in an easy-
to-read and easy-to-use format that also eliminates typos if
the QCs are copied. For completeness, all group theory
details used to derive the QCs are placed in Appendix B.

In the following, we discuss a few aspects of the QCs.

1. Kinematics

We define P as the total momentum of the two-particle
system in the lab frame,

P =p;+p>. (27)
The momenta in the periodic box are quantized,

27~ 21
P= fd = f (dxv dyv dz/’7>7

21 2w
P = f”l = f(”lmnlyﬂlz/'l)v

27 2
P> = fnz = f(nbc’ Ny, na/n). (28)

The tilde indicates the possibility of an elongation of the
box in the z direction via the factor 5. Sometimes, the
momenta can be referenced by the triplet of integers, with
the above definition in mind. Rest frame refers to P =0
(the two particles have back-to-back momentum in the lab
frame). Moving frames refer to nonzero P. In the literature,
they are sometimes referenced simply by the boost vector d,
or simply d (suppressing the tilde).
In the lab frame the total energy is,

2 2
P1 P3
Ep=7"+-—". 29
b =5 + 2m, (29)
In the CM frame, the total energy is given by
k2
= 30
cm 2]’71 ( )

where 7/ is the reduced mass and k the relative CM
momentum (the two particles are back-to-back in the
CM frame by definition).

For moving frames the CM energy is always lower than
the lab energy,

P2

Epy=Epp—~—.
cm lab 2(m1+m2)

(31)

rendering moving frames a good option to reach smaller
CM energies in the QCs.

We can find a relation for k in terms of the lab momenta
through a Galilean transformation. Assuming that particle 1
has the same sign as P we have,
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m
:k+7P9
P my +m2
nmy
=-k+——P. 32
) 2 +m1 S+ m, (32)

Solving for k gives,

1 my — my
k==(p —py) +=
z(pl pz) 2(m1+m2)
1 my — ny
= —|——-1)P. 33
povs (o) 33)

In terms of the box momenta, it reads

2n (. 1 ~
k_f<n—§Ad>, (34)

where p, is represented by 7z = (n,,n,,n./n), and

my — ny

A=1+ (35)

m2+m1.

If instead particle 2 has the same sign as P then this
amounts to a swapping of m; and m, in A. We will show
below that this has no practical effect on the quantization
condition.

In the moving frame, the CM wave function picks
up a complex phase under periodic boundary condition
[8,10-12],

w(r+nL) = ey (). (36)

Because the phase factor depends on the particle masses
and the boost d it can be difficult to implement in practice.
We will show by working in the lab frame one can avoid
this condition and make connection to CM frame through
kinematics.

In moving frames, the summation grid for the zeta
functions in Eq. (17) needs to be modified to incorporate
the boost,

Zuldn = Y 20 )

iepPyn q

The associated shorthand retains the same form,

- Zin(¢*.d. 1)

Wlm(qzvd’ n) = nﬂ3/2qz+1 (38)

The new summation grid is,

P;(n) = {ﬁeR3lﬁ = ﬁ‘1<m —%Ad),mez}. (39)

The z-elongation projector #~' is defined as 77 'b =
(by.by.b,/n) for any b vector. The evaluation of these
zeta functions is nontrivial but has been discussed in
Refs. [11,12,18,31].

We can now see how the QC is affected by unequal
masses. The mass dependence is contained in the zeta
function. Should we swap the labels of m; and m, this will
only change the A factor in the summation grid, producing
an overall minus sign in the summation index. It leads to an
overall sign change in the zeta function which does not
change the form of the QC. However, the order does matter
for the total energy of the system, see Eq. (29).

B. Group symmetry of rest and moving frames

The symmetry group of the cubic box for rest frames is
the octahedral group, O with 24 group elements. Including
parity (improper rotations) the group is doubled to O, with
48 elements. With spin-1/2, it is further doubled to 20,
with 96 elements. In the z-elongated box, the correspond-
ing groups are D4 with 8 elements, Dy, with 16 elements,
and %Dy, with 32 elements. If moving frames are consid-
ered, these symmetry groups are further reduced to the so-
called little groups. The little group corresponding to a
moving frame is the subgroup that preserves the direction
of motion. That is, if R is a rotation in the group, then
Rd = d. Therefore, the little group depends on the direc-
tion of motion of the two-particle system and the box
geometry. For spin-1/2 systems, the double cover little
groups are named %C,,, where n denotes that the box has an
n-fold rotational symmetry about the direction of motion.
For example, the little group for a moving frame in the z
direction is >C,,, whereas the little group for a moving
frame in the xy plane is °C,,. Table I summarizes the little
groups in cubic and elongated boxes. We will consider
three distinct little groups in this work: °C,,,’C5,,, and *Cy,,.
Note that there is no 2C, but the possibility of d = (1,0, 0)
little group ’C,, in the elongated box. Details of all the
double cover groups considered in this work can be found
in Appendix B.

TABLE 1. Double cover little groups for moving frames in
cubic and elongated boxes. The lowest distinct patterns for the
boost vectord = (n,, ny, n.) are shown, but integer multiples of d
belong to the same little groups. Furthermore, all momenta
related via a lattice symmetry with the ones below have the
same little groups (this means all permutations for cubic, and 7,
and n, permutations for z elongated).

Cubic (?0) z elongated (?Dyy,)

’Cy, 0,0, 1) 0,0,
Gy, 1,1, 1 none
2Cy, (1, 1,0 (1,0,0), (1, 1, 0)
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When moving from the infinite rotational symmetries of
the infinite volume to the reduced symmetries of the box
one ends up with a many-to-one matching from J to the
box-irreps. This means that each QC only couples to a
subset of J values in an infinite tower. This is in full display
in the summary Table VII. The lowest partial wave phase
shift can be predicted using the energy levels in the box if
the higher partial waves can be neglected. This is known as
the Liischer formula. As the symmetry is reduced the
mixing of partial waves increases. For example, in the rest
frame the gap between the lowest two J in the G, irrep in
the cubic box is 3 (J = % and J = %), whereas in the
elongated box itis 1 (J = % and J = %). For moving frames,
the partial waves mix (for fixed J, the irrep couples to J =
[+ s and J = [ —s), causing this gap to always be 1.

1. Simplification of QCs

There are symmetries in the w;,, functions that can be
used to simplify the matrix elements. They arise from how
the spherical harmonics transform under the group
operations.

(i) The standard property Y, , = (—1)"Y7, translates

directly to w;_,, = (—1)"wyj,.

(ii) When a system is invariant under a mirror reflection
about the xy plane, it leads to Y,,(0,¢) =
Yim(m—0,¢) = (=1)="Y,,(6,$). Which means
wy, =0 for [ —m =odd. In particular w;y =0
for [ =1,3,5,.... This is valid for all systems with
parity symmetry, which leads to a separation into
sectors by parity. Note that in moving frames, parity
is no longer a symmetry.

(iii) Due to the ¢ dependence in Y, a system that is
invariant under a z/2 rotation about the z axis has
the constraint that e”7/> = 1. This means that
wy, = 0 for m # 0,4, 8, ..., regardless of [.

(iv) When the system is invariant under a mirror
reflection about the xz plane then Y,,(0,¢) =
Y, (0,27 — ) =Y;,(0.¢). This means all the
wy,, functions are real valued. However, the matrix
elements M can have complex valued coefficients
depending on basis vectors.

(v) Invariance under a swapping of x <> y gives the
constraint that wy,, = e?"w} . This constrains the
relations between the real and imaginary parts of wy,,
depending on m mod 4.

(vi) Similar to constraint (v), invariance under a mapping
of x— —x leads to the constraint that
Wy, = e"””’w}‘m. This causes the wy, to either be
real for even m or purely imaginary for odd m.

These properties greatly simplify the presentation of the
matrix elements. See Table II for a summary of all the
constraints in each frame. Moreover, the M matrix is
Hermitian, so we only need to list the lower triangular part
of the matrix.

TABLEIIL.  Simplifications of the w;,,, in various frames for both
cubic and z-elongated boxes due to symmetries of the spherical
harmonics. We use the notation w,;,, = wry,, + Iwi,,. In the
rightmost column we indicate which listed rule is responsible
for the simplification. Rule (i) applies in all cases, as such, we
only look at these rules in relation to m > 0.

d Wy, Simplifications Rule

{0’ 07 O} Wim = Wl (IV)
w;,, 70 for / even and m =0 mod 4  (ii) and (iii)

{07 07 1} Wim = Wl (1V)

W, 0 for m =0 mod 4 (iii)

{1,1,0} wry,, = 0 for I —m odd (i)

wiy, = 0 for m =0 mod 4 )

wiy,, = wry,, for m =1 mod 4 )

wr;,, = 0 for m =2 mod 4 )

wi;,, = —wry,, for and m =3 mod 4 v)

{1,1,1} wiy,, = 0 for m =0 mod 4 v)

wiy,, = wry,, for m =1 mod 4 )

wr;,, =0 for m =2 mod 4 )

wi,, = —wry,, for and m =3 mod 4 )

An important consideration in the use of these matrix
elements is to note the conventions and notations used. There
are multiple conventions in use in the literature for basis
vectors, the definition of the w functions, etc. But since the QCs
are invariant under a change of basis, the physical content is the
same. Numerically, they all produce the same determinant.

In moving frames, condition (ii) no longer applies. For
any moving frame other than d = (0,0, 1), condition (iii)
fails; and for moving frames with any momentum in the y
direction, condition (iv) fails as well. This greatly reduces
the simplification of the matrix elements. However, we can
find a few more simplifications through the closure relation
of the zeta functions [1],

1
Z DS}?m (a’ ﬁ’ }/)Zlm’ = Zlm7 (40)

m'=l

where D is the Wigner rotation matrix for a transformation in
the little group. Because this relation stems from the spherical
harmonics we can apply it to all box geometries and boost
directions. Using this relation for each group element gives a
constraint though each constraint is not independent. A table
detailing these constraints for various boost directions is
given in Table III. The closure relation only provides new
relations ford = (0,0,0) andd = (1, 1, 1) in the cubic box.
All other simplifications from the closure relation are
equivalent to previous simplifications.

C. From nonrelativistic to relativistic QCs

Although the QCs are derived in a nonrelativistic
framework, they can be transformed into their relativistic
versions with only a few small modifications.
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TABLE III. Additional relations derived from the closure
condition in Eq. (40) for rest frame d = {0,0,0} and moving
frame d = {1, 1, 1} in cubic box. They are used to further simply
the matrix elements in the two cases.

d=0,0,0, group 20,

187
30W100

d={1,1,1}, group %Cs,

Wio
Wi = =5

W122 — —WI

Wry — ﬂr”
WI33 — —%\/§W30

Wigp — Zﬁwrm
WIy3 —> \/7wr41

5
Waa = 1/ 713WV40

WIs3 — \/Wso +3\/’W1’51

8wrs;
Wsq = —\/:Wso L

WIs5 —> \/:wr51 ——50

Wigy = 3 ( v 10wrg, —6WT6%)
Wigs = 24 (2\/ Wrgz — 9v22wryg )

7
Wes — —\éwso

Wrlgs —> \/Ewrél + \/Ewrfﬁ

363wizp—32i(V21wyy— \/_wr7|+9\/_wr7;

Wie = 33VI43
Wor —> — 25\/42w40—248\/3wrs, +120wr5
74 66v/11
14/42w70—94\/3wry, +21wrys
Wizs = 33V11

i \/1:3(2\[“/70 +V21wryy +2v7wrg3)
wigy = 5 (\/_Wfss - \/_Wfsl)

Wigg — 3\/:wr81 - \/:wr83
Wg4 = 3 \/‘ Wso

Wrgs — 3\/>wr83 2\/7wr81

Wrg; — 2\/%WI‘83 - \/T—3wr8 1
Wgg = % \/%Wso

Wr77 = —

First, relativistic kinematics must replace the nonrela-
tivistic one.

Eiw = \[0} + 3+ \Jp3 + (41)

E., = \/k2+m%+\/k2+m§. (42)

The two are related by,

Eyp = \/ E%m +P2 (43)

Boost velocity and relativistic factor are given by,

P 1 Elab

V" e T /-, E
lab 1—v cm

(44)

The kinematical sequence in a calculation typically goes
like this: for a given boost P, first Ej,, is determined in the
box (Schrodinger equation, lattice QCD, etc), then y factor,
then E.,,, then CM k, then zeta function via dimension-
less q.

Second, the summation grid in Eq. (39) of the zeta

function is modified by,
1 1 3
m— EAd . meZ’ ;.

(45)

Paly) = {fzemﬁ i

where the 7~ projection is applied in the direction of the
boost d and the factor in Eq. (35) is replaced by,

2 2
my —my

A=1
e,

(46)

Third, the wy,, in Eq. (38) picks up a y factor (see, e.g.,
Ref [12]),

Zlm (q d 77)
]/7]7[3/2ql+1

With these changes, all the QCs in this work can be used
in relativistic studies.

Wim (qz d ) (47)

III. TWO-PARTICLE ENERGIES IN THE BOX

Liischer’s method establishes a relationship between the
phase shifts in infinite volume and the energy spectrum of
two-particle states in finite volume with periodic boundary
conditions. Consequently, a comparison of the energy
spectrum predicted by the quantization conditions with
the spectrum obtained from an independent lattice
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Hamiltonian calculation provides a robust check of the
newly derived QCs. In this section, we detail how to obtain
the energy spectrum from solving the Schrodinger equation
for a test potential.

A. Reduction of the lattice Hamiltonian

We want to obtain the energy spectrum in the continuum
but in finite volume. Consider the general case of a box
with dimensions L x L x nL. where 5 is the elongation
factor in the z-direction. The Schrodinger equation
HY = EY¥ in the box frame (lab frame) with periodic
boundary conditions has the Hamiltonian,

h? h?
——Vi——Vi4+ V(| —rf).  (48)

H =
2m2

Zml

Here V; is periodic version of the infinite-volume potential V/,

Vi(lry =) =Y V(r +mL —ry—mL)).  (49)

ny.ny

Visually, the continuous space gets tiled into an infinite
number of 7L boxes in which the potential is replicated. We
solve the problem in a single box with periodic boundary
conditions. Under this scenario, the potential is no longer
rotationally symmetric. Instead, it takes on the symmetry of
the box. For a system with spin, the potential has a spin-orbit
interaction, in addition to the central part,

V(r.p) = Ve(r) + Vi (rl -, (50)

where s = 6% is the spin-1/2 operator in terms of Pauli
matrices. This potential is implicitly dependent on the vectors
r and p via the [ operator. In spin space and Cartesian
components it reads,

10 L L—il\h
Vi(r, :Vc Vso - ~
(rp) (r)(o 1>+ (r)<lx+lly L >2

with [, =yp,—zp,. l,=xp,—ypx.

(1)

ly =IPx—XPs

Note that the potential is no longer local due to the presence of
spin-orbit coupling.

The orbital angular momentum relative to CM is defined
by,

l=r xp, +r,xp, —RxP, (52)

where R = (myry + myry)/(m; + m,) is the CM position
and P = p; + p, the total momentum of the system. / can be
expressed in relative variables as,

mpypy — mp;

l=(r —r) X
(ry =) x ML

=rxp, (53)

where r is the relative position and p = p(v, — v,) the
reduced momentum between the two particles. The momen-
tum operator is p = —ihV.

Implementing periodic boundary conditions requires the
wave functions to satisfy,

Y(r) +nL.ry +n,L,mg) =¥(ry,r,,mg), (54)

where ny = (11, nyy. ny,1) and ny = (ny,, nyy, np,17). Note
that the n index appearing in periodic boundary conditions
has # multiplied in the z-component, while it is divided
in the context of discrete momenta, such as Eq. (28).
The wave function carries an additional quantum number
m, = +1/2 for the spin-1/2 particle.

We solve Eq. (48) numerically by discretizing the box into
a lattice of N, x N, x N grid points with isotropic lattice
spacing a. Both cubic (N, = N, = N,) and z-elongated
lattices (N, =N, =N and N, =nN) are considered.
However, this brute force numerical approach presents a
significant challenge: The Hilbert space for the two-particle
state grows as N®, making the problem computationally
intractable for all but the smallest lattices. This rapid growth
arises because the Hamiltonian, as formulated, includes all
possible momentum sectors simultaneously (or all possible
rest and moving frames). Since our interest lies in probing
only a handful of specific momentum sectors, this compre-
hensive formulation becomes an unnecessary computational
hurdle. To address this challenge and to focus on individual
momentum sectors more efficiently, we switch to a basis
consisting of total momentum P and relative coordinates r in
the lab frame,

P.r,mg) = Ze”""ﬂm,m +r,my), (55)

where the |n,n,, m,) notation is the ket in the position
representation for two particles. The change of basis is
realized by projecting to P by summing over all positions
separated by r. In this decomposition, the 6D basis
Iny,ny,mg) of all momenta is reduced to a 3D basis
P,r, m,) of fixed momentum. The Hilbert space grows with
N3 In the new basis, giving a significant improvement in
scalability and making studies on larger lattices more feasible.
To discretize the lattice Hamiltonian we approximate the
gradient operator by a two-point symmetric stencil,

3y (r + ak) —y(r — ak)

V(ru) = >

k=1

+0(a?). (56)

Similarly, using a centered three-point stencil, the
Laplacian operator is,

5 + O(a?).

; R .
V2 (p) = N W I+ ak) =2y(r) +y(r - ak)
w(r) ; p

(57)
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The change of basis leads to the reduced problem Hy (P, r, m;) = Ey(P,r, m;) where the lattice Hamiltonian is given by,

n2 3 1 iPa 1 . —iPra 1 . 1 1
=-—)> = {(6 +> |P,r + ak,mg) + (e +> |P,r — ak,m) —2<+) |P,r, ms>]
2 a my my m my my Ny

=1

it £ (e~ & my )P, v — k)
— ¢.0.1;[(mye m;)|P,r — ak) —
da(m; 4+ m;,) ke ITj T2 !

H|P,r,m)

+ VC|P’ r, ms> + Vsn (mZemPk + ml)|P’ r+ Cl]%, m\>]
(58)

The discretization error of this Hamiltonian comes in at O(a?
form in the CM frame for relative motion,

). For a system at rest (P = 0), it coincides with the familiar

2|0,r,my)

S 1 .
H|0,r,mg) = —— — (10,7 + ak,my) + |0,r — a,’m;) — o) (59)
2;4;2a2

where y = mym,/(m, + m,) is the reduced mass and V is the potential in Eq. (50). We emphasize that the Hamiltonian in
Eq. (58) is more general than Eq. (59): it stays in the lab frame so the standard periodic boundary condition
|P,r +nL,mg) = |P,r,m,) applies in the reduced basis, and moving frames are automatically incorporated with P as
an input in the Hamiltonian.

The low-lying spectrum of the reduced Hamiltonian can be obtained quickly for lattices up to 243 on a laptop computer.
To accelerate the convergence to the continuum we use an improved version with a centered six-point stencil for the gradient

and a centered seven-point stencil for the Laplacian,

o3iPra

H|P,r,my)

lPka

-270

ny

>|Pr+akm) 2<

—1Pka 1
—270( )
my m2

+ V. P,r,mg) + Vw

60
+45(mye™ P 4+ m))|P, ¥ — ak, m,)

o)l

—45(mye’P @ +m))

The discretization error of this Hamiltonian comes in at
O(a®).

Having obtained the lattice Hamiltonian in the reduced
+) basis, we need to take the continuum limit to obtain
box levels from lattice levels. This is done by increasing the
number of grid points and decreasing the lattice spacing
simultaneously while keeping the box size fixed,

limNa = L. (61)

Since the discretization error is known to behave as O(a®), we
perform a linear extrapolation in a® using three lattices.

We will employ two potentials in this work. One is to
check our energy determination method and another to
check the quantization conditions later. The first is

1 1
) +490 <— + —)
my - my

€;k0.1j[(mae ™+ m) )|P,x = 3ak, my) — 9(mye~>P1e +m)) [P, — 2ak, m,)

o2iPra

n 1 A 1 A
— — ) |P,r +3ak,mg) +27 — ) |P,r +2ak, m
22180a { < m +m2)| rt3ak.m,) + < m +m2>| r+2ak,m;)

o-3iPra

—2iPra

my

) \P.r —3ak,m,) + 27(
m

1 o
+ > |P,r—2ak, my)
my

)]

— (mype®Pr - m))|P, x4 3ak, m,) + 9(mye* @ + m))|P,r + 2ak, m,)

(60)

[

V(rler) = (_VO + Vl |r1 - r2|4 —+ Cﬂ‘,f . S)e_/}lrl_rﬂz’

(62)

where applies to both 6D and 3D cases if we recall
r=r; —r,. The parameters are set to V,=4GeV,
Vi =fm™, ¢, =1GeV~! fm™2, f=2m™2, m; = m, =
2 GeV. This potential is chosen because it is studied in
detail in a previous work [64] using an independent, Fourier
basis method. The potential admits a wide variety of bound
and scattering states across partial waves and energies
suitable for testing purposes. In a box with periodic
boundary conditions, the relative coordinate r must be
replaced by the displacement corresponding to the shortest
distance between the periodic images of the two particles.
The adjustment arises from the situation where one particle
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is closer to an image rather than the other particle. This
results in the shortest path between them corresponding to
going through the boundary rather than across the box. This
can be accounted for with the definition,

. r;; — Iy —sign(r;; —ry)L if |1y — 1y > 5
' if [ry; —ry] <%.

(63)

Iy — Ty

We perform two checks to verify the correctness of our
implementation of the | P, r, m) basis. The first test ensures
that this reduced basis accurately reproduces the results in
the original basis as defined in Eq. (48). To achieve this, we
solve a cutoff version of the 6D Hamiltonian on a 4°
lattice. The modification involves imposing a hard cutoff on
the potential for |r; — r,| greater than two lattice spacings.
This cutoff prevents interactions between the particles and
their periodic images. With this modified 6D Hamiltonian
we solve for all 8192 eigenvalues, which encompass all 64
discrete total momentum sectors of the system,

P:2—7[<L,L,£> where

a \N, Ny, N,

i=0,....N,— 1,

J=0,...,Ny—1,

k=0,...N, -1 (64)

Separately, we compute the 128 eigenvalues from the
projected 3D Hamiltonian in Eq. (58) on the same lattice
and potential, using each of the 64 P’s in Eq. (64) as an
input. Perfect agreement is achieved between the 6D and
3D results, for both the three-point stencil in Eq. (58) and
seven-point stencil in Eq. (60) versions of the Hamiltonian.
The same check is carried out for z-elongated latti-
ces (N, =N, #N,).

The second check is to confirm that our implementation
produces the correct energy spectrum in the continuum. We
solve Eq. (60) without a potential cutoff on three lattices of
323 with a = 1.125 fm, 403 with ¢ = 0.9 fm, and 48° with
a = 0.75 fm. After continuum extraction we compare our
results with those found in [64] which uses the same
potential and parameters. We find perfect agreement.

B. Symmetry-adapted energy levels in the box

In order to match the energy levels to that of the symmetry-
adapted QCs in Eq. (26), we project the eigenvectors of the
lattice Hamiltonian to the irreps of the same symmetry group.
To do this we construct projectors P'** according to,

d
PUAP.r.my) = ?FZ[D,I;A(Sk)]*lSkP’ Sir.my), (65)
k

where I is the irrep, A the representation row, dr the
dimension of the irrep, g the total number of elements in

the symmetry group, S, the symmetry operation, and
DY ,(Sy) its representation matrix. We say that if the norm

of a projected eigenvector, P'|P,r, m,), is nonzero then the
eigenvector and its corresponding eigenvalue belong to the 4
row of the irrep I" (we assume no accidental degeneracies). An
equivalent way to classify the energy levels is to project the
Hamiltonian matrix into an irrep first, then diagonalizes it to
obtain its eigenvalues [62].

IV. CONVERGENCE CHECKS

In this section, we carry out a numerical check of the
QCs derived in Sec. II. A QC is a function of finite-volume
energy and infinite-volume phase shift. Our strategy is to
obtain the energy spectrum and phase shifts independently
for the same interaction potential, then feed the phase shift
into the QC to predict the energy spectrum, and compare it
with the independently computed spectrum. A QC is
considered converged and checked if the two spectra agree
with each other. This is done by including more and more
partial waves in the QC.

The standard Liischer formula utilizes the energy levels
in the box determined from a certain method, but only
retains the lowest partial-wave in the QC in order to make a
prediction for its phase shift. By considering higher order
partial waves, one can assess how reliable the prediction is
for each QC in this approach.

The energy spectrum in the box has been obtained to
high precision by solving the Schrédinger equation in
Sec. III. The infinite volume phase shifts are computed in
the following.

A. Infinite volume phase shifts

In infinite volume, the Schrédinger equation in Eq. (1) in
CM frame with a central potential V(r) admits solutions
with spherical symmetry. The solution in spherical coor-
dinates can be expanded in partial waves (r) =
> R)(r)Y,,,(0,¢) where Y, is spherical harmonics.
The radial wave function R;(r) can be found by solving
the standard radial equation,

nd* (14 1)n?
V) ) = Eu).  (66)
where u;(r) = rR;(r) is the auxiliary radial wave function.
Depending on the potential, the solution can be bound
states with quantized energies, or scattering states with
continuous energies. For scattering states the boundary
conditions are

lirr(} u,(r) =0,
. 5 In
limu;(r) o ' sin |kr — -5+ orls (67)
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where k = \/2uE/h* is the relative back-to-back CM
momentum and 9; is the phase shift for partial-wave [.
The —Ix/2 term is to account for the repulsive centrifugal
1(+1)R?
2ur?
shift in this definition vanishes when the potential itself
vanishes. Conventionally, to obtain the phase shift it is
necessary to solve a second-order differential equation from
the origin to the asymptotic region, then match the solution
with an appropriate sine function (the interior-exterior
match procedure discussed in Sec. II). Here we resort to
the variable phase method [65] which requires solving only
a first-order differential equation,

barrier term and is inserted to ensure that the phase

dé,(k,r)
dr

_U@)

[cos&;(k, r)],(kr) — sin;(k, r)i, (kr)]?,
(68)

where U(r) = i—’z‘V(r), and J,(kr) = (kr)j,(kr) and
f;(kr) = (kr)n;(kr) are modified spherical Bessel functions.
The phase function 5, (k, r) is integrated from the origin where
5,(k,0) = 0 to the asymptotic region where the potential is
negligible; then the scattering phase shift is obtained directly
as the asymptotic value &;(k) = lim,_, o, &,(k, r).

For checking the QCs in this section, we consider a
second, simpler, and repulsive potential in the form,

V() = (Vo + cp - 5)e P (69)

The wave function is the eigenstate of {J2,J_, €2 s*}
which we label as |[JM¢) with s =1/2 suppressed
for simplicity. In spherical coordinates, it has the form
w(r) = Ry (r) Ve (0, p) where Yy, is the two-compo-
nent spinor spherical harmonics. The total angular momen-
tum is J = ¢ + s. For a given partial wave #, there are two
possible J values: J, = ¢ &+ 1/2. The spin-orbit coupling
in this basis splits into two branches,

1 3
[z for J =2 +3 (all?)
_{—(f+1)/2 for J=¢-1 (¢+0)

The s-wave (£ = 0) resides in the J = ¢ +% branch. The
potential becomes central and diagonal in this basis,

ijf%(r) 0
Vye(r) = ( 0 Vo) ) : (71)

Thus for each partial wave [, the two states J = ¢ i% can
be treated separately in the infinite volume. In the finite
volume, however, the two remain coupled as in Eq. (69) or
in the lattice Hamiltonian Egs. (58) or (60). The two

decoupled central potentials are

1
Viepu(r) = (Vo + Efcfs>e_ﬁr27 (72)

Vieoi(r) = <V0 —%(?fﬂ + l)cfs>€_ﬂr2- (73)

We see that the effect of the spin-orbit term is to modify the
Vo value. As ¢ increases, the J = £ + % branch is more and
more repulsive. At the same time, the depth of the J = ¢ — %
decreases with Z so the phase shift in this branch is expected
to have smaller magnitudes at fixed energies.

For the parameters, we consider two particles mimicking
the pion and nucleon: a spin-0 particle of mass
m; = 0.138 GeV and a spin-1/2 of m, = 0.94 GeV, and
the same Vo =4 GeV and f={fm™ as in the first
potential in Eq. (62). For the strength of the spin-orbit
coupling, we choose a value of c¢,, =25 GeV~! fm™>
which leads to sizable and well-separated phase shifts
but still keeps the potential in the J =7 —% branch
(including the centrifugal barrier) repulsive over the range
of Z and k values considered. Phase shifts for partial waves
up to [ = 5 are shown in Fig. 1 for both branches. The goal
is to feed these phase shifts into the QCs and confirm that
the energy spectrum produced is converging to the energy
spectrum derived from the lattice Hamiltonian Eq. (60).

B. Results and discussion

The range of the test potential in this section is about
12 fm so a box of size 36 fm is sufficient to make the finite-
volume effects negligible. While such large volumes
are not yet feasible in current lattice QCD calculations,
we employ it here in order to get a precise check. We
calculate the energy spectrum for three different lattices:
40° with a = 0.9 fm, 48> with a = 0.75 fm, and 60> with
a = 0.6 fm, then extrapolate it to the continuum limit. The
extrapolation is a function of a, the error present in the
Hamiltonian from the seven-point stencil approximation in
Eq. (60). Figure 2 shows an example of this continuum
extrapolation alongside that from the standard three-point
stencil with O(a?) error. One sees that both extrapolations
reach the same result, but the seven-point function con-
verges much faster.

For the elongated box, we use the same lattice spacings
and length in the x and y directions, but we elongate the z
direction by a factor of n = 1.5. Calculation of a large
number of energy states is computationally expensive due
to the Hamiltonian being an ~10° x 10° matrix. For this
reason, we only look at the 100 lowest eigenvalues for each
QC. Each energy level in a d-dimensional irrep will be
d-fold degenerate. In some QCs, this degeneracy signifi-
cantly reduces the number of unique energy values studied.
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Phase shifts as a function of CM k from the test potential for partial waves up to [ = 5 for spin-up branch in Eq. (72) (top) and

spin-down branch in Eq. (73) (bottom) states. The s-wave (I = 0) resides in the spin-up branch.

34.54 34.5439 - 0.0000208622 a°

34.53

S5 345430 - 0.04549 2

k (MeV)

34.51

34.50

0.0 0.2 0.4 0.6 0.8 1.0
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FIG. 2. Continuum extrapolation of the 4th lowest level in the
G, irrep rest frame in a cubic box of L = 36 fm. Three lattices
are used: 40° with @ = 0.9 fm, 483 with a = 0.75 fm, and 603
with a = 0.6fm. The red points are from the three-point stencil in
Eq. (58) and the blue points are from the seven-point stencil in
Eq. (60). The fitted curves and forms are also displayed.

Our objective is to check the validity of the derived QCs
in Eq. (26) to higher partial waves. In lattice QCD
simulations, energy levels are used to predict phase shifts.
Since each QC is a single condition that couples to an
infinite tower of partial waves, generally speaking, only the
lowest phase shift in a given irrep can be isolated (Liischer
formula). One naturally wonders: what about the higher
partial waves? How do they influence the prediction of the
lowest partial wave? To answer this question, we turn the
typical usage of a QC in reverse: we feed the infinite
volume phase shifts to the QC, then numerically find its
roots, then compare the resulting levels to the box levels
determined separately from the Schrodinger equation. We
check convergence order by order according to J (for fixed
J, ¢ can take J + 1/2): order 1 has only the lowest J in the
QC, order 2 has the next lowest J added, and so on.

Usually, we check each QC up to J = %; if this does not
reach convergence, we then include J = %

Before going to higher orders, we show the overall
quality of phase shift prediction from the Liischer formula

in Fig. 3 (top) for selected irreps in the cubic box. The

Liischer formula is the QC truncated to include only the
lowest partial wave. For this special case, we can solve the
inverse problem: given an energy level, we can compute a
phase shift. Note that this is not possible for any higher
order truncations of QCs. The black dots in the figure
indicate the solution of the inverse problem, using as inputs
the box energy level computed by solving the Schrodinger
equation. The red crosses correspond to using the Liischer
formula to compute energy levels given the lowest partial
wave. The G, irrep gives the best prediction for phase shift
5%0 (s-wave), with the lowest 5 energy levels reproducing

the phase shifts. Note also that the crosses are very close to
the black points in this case. The 6th level is completely off
because it occurs very close to a noninteracting energy
level. In the absence of higher partial waves, this level
would be exactly equal to the noninteracting energy, but it
gets slightly shifted due to the presence of higher partial
waves. So these shifts are not connected to the lowest
partial wave, and using the Liischer formula produces
incorrect results (in special cases, you can use these levels
to extract the next partial wave [62]). The H,, irrep gives the
best prediction for phase shift b3 (p-wave). Out of the 8

lowest energy levels, levels 1, 3, 4, 5 reproduce the phase
shifts, but not levels 2, 6, 7, 8 for the same reason as in the
Gy, case (note that the second energy level has no
corresponding cross).

The G, irrep of ?Cy, is an example of a moving frame.
The story here is a bit more complex: here we have mixing
between different parities and the next strongest phase-shift
is quite large. In our setup, every noninteracting energy is at
least doubly degenerate due to the spin, and in the presence
of interactions we end up with pairs of energy levels close
by, a feature that Liischer formula cannot capture. The spin-
partners have the same ¢ and belong to neighboring J’s. In
the rest frame irreps, for lower values of J, the neighboring
J’s belong to different irreps. While at higher J, deeper in
the spectrum, the irreps start to couple to neighboring J’s
and show the spin-partners. For example, in the G, the
first neighbors to appear are J = % and J = %. Whereas for
moving frames, the irreps couple to neighboring J’s from
the beginning, in the 2C,,, little group the G, irrep couples
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FIG. 3. Top row: phase shift reconstruction from Liischer formula (lowest partial wave) from the box energy levels in G, and H,

irreps in the rest frame, and G, irrep of >Cy, for moving frame d = (0,0, 1), all in the cubic box. Black points are predicted phase shifts
from box energy levels. Red crosses show the energy levels predicted by the Liischer formula. The red and blue curves show the two
largest phase shifts active in the irrep. Vertical gray lines indicate noninteracting levels. Bottom row: same as the top row, but in the

elongated box.

to J = % and J = % The crosses show that the Liisher
formula predicts an energy level bracketed by the spin-pair.
However even though the pair is very close in energy, the
resultant phase shifts are very different, indicating that the
inverse problem is very sensitive. The dominant phase shift
is 6y (same as H, in the rest frame). Using the Liischer

formula here is clearly wrong. As we see later using higher
order QC reproduces the correct spectrum very precisely.

Figure 3 (bottom) shows the situation for the same QCs
in the elongated box. Overall, we see that the quality is
about the same as in the cubic box, even though the levels
are more packed due to elongation. Their detailed con-
vergence tables can be found in the supplement [63].

We now turn to the impact of high partial waves in the
QCs. Since the effects depend on the QC under consid-
eration to varying degrees (some are quite small), we need
an objective criterion to judge the quality of convergence.
To this end, we introduce a numerical y*>-measure,

2 (kbox - kQC)z

(kbox - klat)2

X

where ky,, is the energy level from the continuum extraction
of the three lattice levels, kqc is the level predicted from the
QC by root-finding, and k;,, is the energy level on the lattice
with the finest spacing. The idea behind this criterion is to
compare the difference between the predictions of the QCs
and the error from the lattice. Since the difference between
the box levels and levels from the finest lattice is typically
O(1077), the y*> measure is very sensitive to small changes in
the QCs. A nonconvergent energy level blows up the y°.
Note that the y? introduced here is not to be confused with
the > measure used in curve fitting. Here, convergence
means y> approaches zero as opposed to a value close to 1.

Let us return to the G, irrep in Fig. 3 as the first example
to showcase how convergence is checked by the y> measure.
Table IV lists the order-by-order convergence of the lowest 6
energy levels in this QC. The first 5 levels are typical of the
QC convergence; as new [ values are included in the QC
(every other order) the y? value drops significantly until it
approaches ~1073 at which point the values in y? start to
approach machine-precision and the precision from further
orders cannot be captured here. We see the importance of
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TABLE IV.  Convergence of G, by adding higher partial waves in the rest frame of cubic box, as measured by y%in Eq. (74). The 4
orders are labeled by Jin = %01, 141,341, %61 (J total angular momentum, ¢ orbital angular momentum, » multiplicity). All energy
levels are represented by CM momentum k in MeV. The value marked with a red star (*) is a noninteracting level in the box replacing the
pinched energy level not captured by the QC at this order. The last line is again the pinched 6th level but with the convergence measured
by 3 in Eq. (75), see discussion in the text.

Level BoxL  Lattice Order1 Order2 Order3 Order4 y?>orderl  y>order2  y?> order 3  y? order 4
1 9.35738 9.35737  9.35738  9.35738 9.35738 9.35738 0.00119665 0.000716157  0.0689808  0.0689826
2 39.0926 39.0926 39.0923 39.0924  39.0926 39.0926 13999.4 8759.09 0.00270611  0.00295507
3 55.3602 55.3602 55.36 55.36 55.3602 55.3602 4237.63 2659.14 2.7228 2.27047
4 65.2422  65.2422 65.228 65.2311 65.2422  65.2422  2.45x 10° 1.51 x 106 0.00339682  0.00415965
5 71.6554 71.6554 71.6529 71.6534 71.6554  71.6554 74016.4 45589.8 14.0837 11.9186
6 769113 769113 76.8827* 76.8915 769112 769112 1.72 x 107 197.783 160.295
6 769113 769113 76.8827* 76.8915 769112 769112 0.481 550x107% 4.45x107°

using a numerical measure to check convergence. Visually,
the lowest 5 levels all fall on the red curve at order 1, giving
the impression that they reproduce the infinite volume phase
shifts. But Table IV reveals that only level 1 has a small y? at
order 1. The next 4 levels only converge by order 3 which
means two more partial waves are added to the lowest one in
the QC. Only even 7 =0, 4, 6 partial waves contribute
because G, is an even-parity irrep by (—1)”. There is no
multiplicity to order 4 in this QC.

Level 6 deserves special attention. It has no solution even
atorder 1. The reason is that this level is extremely close to
a noninteracting level which is a singularity (pole) of the
zeta functions, see Eq. (17). We say the level is “pinched”
and use a red star and the noninteracting level instead to
label it in the convergence table. The resolution is in the
inclusion of higher partial waves which can pull the level
away from the pole. These pinched points are a major
indicator in the convergence analysis. A single pinched
point blows up the total > value for a QC.

The pinched level can give the impression that the QC is
not converging. Or that if it is converging, it could still far
from the box level. To check this possibility, we introduce a
modified measure,

2 (kbox - kQC)2

= , 75
g (kbox - kfree)2 ( )

X

where noninteracting energy level k.. replaces kj, in the
denominator. The idea behind this is to note that interaction
does not alter the number of energy levels in the box; it
merely shifts them. This y3 measures the convergence of
the QC against that energy shift, as indicated in the last line
of Table IV. Using this measure, we see that the pinched
level is “unpinched” when higher partial waves are added,
and normal convergence is observed. In the following, we
only use the regular 2 in the convergence tables, knowing
that whenever there is a pinched level, the y5 measure can
properly account for its convergence.

Next, we look at the H,, irrep in Fig. 3 which has two
pinched levels (6 and 8). In fact, levels 6, 7, and 8 are
degenerate in the noninteracting case and the interaction
only separates them by a small amount, leaving them all very
close to the free particle pole. Typically, only one of these
levels will be found at order 1. The inclusion of higher J
waves is required to achieve convergence for each level
individually, as illustrated in Table V. One sees that the QC
converges at order 5, as opposed to G, at order 3. It means at
order 5, phase shifts 5% 1> 5%3, 5%3, 5%5, 5% 5 are contributing in
the QC. This QC is an example of how higher partial waves
and high precision work together to achieve convergence,
especially when near degenerate levels are involved. Only
¢ =1, 3, 5 partial waves contribute because H, is an odd-
parity irrep. There is no multiplicity to order 5 in this QC.

TABLE V. Similar to Table IV, but for the H, irrep in the rest frame of the cubic box. The 5 orders are labeled by
Jin = % 11,%31,%31, 251,451, All the k,,, levels match the box levels to 6 decimal places so we omit the column to save space.

Level BoxL Order 1 Order2 Order3 Order 4 Order 5 x> Order 1 y? order 2 y* order 3 x° order 4 4> order 5
1 35.365 353605 35.3627 35365 35.365 35.365 2.21x107 6.12x 10° 12.25 10.67 0.49

2 48.6661 48.6249 48.634 48.6661 48.6661 48.6661 1.07 x 10! 6.51 x 1010 222327 11058.9 1.61

3 50.8628 50.8618 50.8623 50.8627 50.8627 50.8628 1.42x 10° 4.13x 10*  302.29 15249 318 x 107*
4 61.2126 61.1715 61.1914 61.2123 61.2123 61.2126 1.55x 10 4.11 x 107 7386.83  5711.04 0.0083

5 69.7484 69.6949 69.7211 69.7478 69.7479 69.7484 6.79 x 107 1.77 x 107 9118.62  7291.12 0.031

6 76.8847 76.8827* 76.8827* 76.8827 76.8833 76.8847 200496.  96881.7 5.79

7 77.0173 76.8827 77.0309 77.0156 77.0158 77.0173 3.03 x 108 3.12x 10° 472883  36145.9 0.31

8 77.2058 76.8827* 76.8827* 77.2056 77.2056 77.2058 2013.14 1476.96 0.90
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The G, irrep in Fig. 3 offers a prime example for moving
frames. The idea of using moving frames is to add more
coverage at smaller energies than those in the rest frame.
Indeed, we see about 4 times more energy levels in this QC
than in H, at the same cutoff, but they do a poor job
reproducing the infinite volume phase shifts. The reason is
partial-wave mixing due to loss of parity in moving
frames.

In typical lattice QCD applications, one inserts the finite-
volume energy levels into the quantization conditions and
solves for the phase shifts. In practice, however, one can
usually only isolate the lowest partial wave in a given irrep
from a single QC, so the QC is commonly truncated at
leading order. This truncation discards contributions from
higher partial waves, i.e., it is an approximation of the full
Liischer relation Eq. (26), and it is only reliable when those
higher partial waves do not contribute greatly to the energy
states in question. In the rest frame this often appears to be a
mild assumption, since the lowest partial waves in an irrep
are typically well separated. In moving frames, however,
the loss of parity ensures partial wave mixing; both even-
and odd-# appear and the distance between the lowest two
partial waves in any irrep, [;i — long, 18 guaranteed to be 1,
so one should generally expect larger truncation effects in
moving frames. Even for levels that are well separated from
the noninteracting poles, the reconstructed phase shift in G,
is still quite poor. Within our study, this kind of degradation
is typical across all moving frames.

TABLE VI.

Table VI shows order-by-order convergence in G, of °Cy,
for all 22 levels displayed, including 4 pinched levels (16, 18,
19,21). Atorder 1, y? is very high across the board. This is due
to the fact that the levels from the finest lattice k;,, which are
used as a measuring stick in Eq. (74), are already close to the
box levels (to 6 significant figures). It takes 5 orders for most
of the lower levels to converge; some higher levels are still not
very convergent. At order 5, ten phase shifts 5%1, 5%2, 5%2, 5%3,
6%3, 6; s 53 s 6%5, 5%1 55 5%6 are contributing in the QC (see
Fig. 1). Due to mixing, even at order 1, we have both 63 and
b3, We have to cut &3, to make a prediction for é;; Fig. 3. We

see both even and odd £ partial waves participating due to loss
of parity. Another symptom in moving frames is multiplicity
starts early (at J =5/2 in this case), as opposed to no
multiplicity in the rest-frame QCs G;, and H, below
J = 11/2. Multiplicity also leads to larger QC matrices.
The matrix sizeis 4 x 4 atorder 4 for G4, and 5 x 5 atorder 5
for H,,. For G, of °C,, here, it is 20 x 20 at order 5. The size
can be found by adding up the multiplicities through the
orders. At order 2, the size is 6 x 6, whose full form is written
out as an example in Eq. (Al) of Appendix A. Overall,
convergence is slower than in rest-frame G, and H, due to
partial wave mixing in moving frames.

Lastly, we mention an interesting feature we observed in
the K, and K, irreps of the >C;, little group for moving
frame d = (1,1, 1) in the cubic box: they have the same
convergence values (see Table VII). This is a consequence

Similar to Table V, but for the G, irrep of the 2Cy, little group for moving frame d = (0,0, 1) in the cubic box. The 5

orders are labeled in pairs by Jin = (311,321), (322,332), (332,142), ($42,252), (1153, 11 63).

Level Box L Order 1 Order 2 Order 3 Order 4 Order 5 y? Order 1 y? order 2 x? order 3 y? order 4 y? order 5
1 34.8229 34.7139 34.8224 34.8228 34.8229 34.8229 1.44 x 1010 271490. 2310.95 0.305 0.059
2 35.6299 35.6194 35.6278 35.6299 35.6299 35.6299 1.16 x 108 4.82 x 10°  259.206 7.36 0.185
3 457387 45.6487 45.7258 45.7382 45.7387 45.7387 1.47 x 10 3.00 x 103  338550. 17.8 0.118
4 46.2681 46.1087 46.2616 46.268 46.2681 46.2681 4.52 x 1010 7.35x 107 11384.5 190.2 0.0659
5 49.1788 489400 49.1773 49.1783 49.1788 49.1788 1.13 x 10" 5.01 x 10  498884. 334 1.35

6 49.8823 49.852 49.8695 49.8821 49.8823 49.8823 552 x 108 9.87 x 107 31533.1 576.1 0.0240
7 51.9355 51.8563 51918 51.9342 51.9355 51.9355 2.76 x 10° 1.35x 108  726572. 425.8 0.016
8 527478 52.559 52.7399 52.7476 52.7478 527478 6.94 x 10° 1.22 x 107 5631.9 77.1 0.0567
9 57.4367 572073 57.4012 57.4361 57.4367 57.4367 1.05x 10'! 2.52 x 10° 644423, 120.7 11.6

10 58.2843 58.0724 58.2793 58.2832 58.2842 58.2843 1.02 x 1019 5.68 x 106  246925. 1087.4 1.56
11 62.4873 622651 62.4413 62.4845 62.4873 62.4873 2.39x 109 1.02x 10° 3.71 x 10° 143.38 2.79
12 63.2379 629901 63.2149 63.2373 63.2377 63.2379 637 x 10° 5.52 x 107 448448 3643.91 4.38
13 69.4900 69.1112 69.4810 69.4859 69.4900 69.4900 2.12 x 10° 1.20 x 106  250210. 65.4251 17.9

14 69.8728 69.7941 69.8465 69.872 69.8723 69.8728 1.46 x 108 1.64 x 107  14002.8 6350.0 0.38
15 73.0315 73.1414 73.0074 73.0255 73.0308 73.0315 588 x 108 2.84 x 107 1.79 x 10° 29245.6 127.4

16 73.3718 72.9724* 73.2949 73.362 73.3714 73.3718 220 x 108 3.58 x 10 8575.0 8.36
17 75.5192 75.4572 75.4358 75.5181 75.5189 75.5192 7.20x 107 1.30x 108 257229 2744.0 89.8

18 75.7081 75.0176* 75.6852 75.703 75.7072 75.708 1.40 x 107 701237. 21335. 56.9

19 77.1195 77.0086* 77.0916 77.1172 77.1175 77.1195 1.69 x 107 110736.  89199.0 3.24
20 77.5309 77.4664 77.5121 77.5246 77.5308 77.5308 5.77 x 107 4.91 x 10°  552083. 254.78 211.15
21 77.8651 77.0086* 77.8441 77.8517 77.865 77.865 1.29 x 107 5.22 x 10° 384.6 84.12
22 78.2886 78.1414 782036 78.285 78.2875 78.2885 595x 108 1.98 x 108 341964. 33215.6 60.91
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TABLE VIIL

Summary of convergence order by order according to the average y> measure in Eq. (74) for all the QCs discussed in this

work. The orders in each QC are labeled by total angular momentum and multiplicity as J(n) with orbital angular momentum implicit
(¢ = J + 1/2). For rest frames, ¢ is even for g irreps and odd for u irreps. For moving frames, both £ values are allowed. The N is the
number of levels inspected. Both the QC matrices and detailed convergence data can be found in the supplement [63].

Cubic box

No. d Group I J(n) N  Order 1 Order 2 Order 3 Order 4 Order 5 Order 6
1 (0,00 %0, Gy 1124 6 4.25x10° 3.13x 10° 3578 29.09
2 Gy 1,584 5 1.40x107 26755 177699  0.0048
3 Gy 3,1,0.8(2),. 2 259x10° 7231 72.09 0.18
4 Gy, 5,11 L) 4 235x 1010 242891. 0.45 0.43
5 H, 3,3.2.2(2).4(2).. 8 1.58x10'0 2.85x 10 2.55x 105 8821  75.86
6 H, $,3.2.3(2.4(2).... 8 1.35x10' 8.15x10° 36105.  19840. 114
70,0, 1) ¢y, G 13.3.1(2.303).8(3).... 27 1.56x 10" 522 x 10® 3.00 x 107 1.46 x 105 4751.48. 10.23
8 Gy 3,3(2,2(2).2(2),1(3),... 23 1.50x 10" 2.12x 10° 8.17 x 10° 8595.13  29.67
9 (ILLD ¢, G 1.3.3(2).203).303).1L4).... 34 7.97x10° 7.06x 10® 5.03 x 107 3.47 x 105 3578.44 12.11
10 K, 2,3.2.2(2),4(2). 16 2.71 x 107 299 x 10" 591 x 105 183435  6.35
11 K, $,3,2,2(2).4(2),. 16 271 x 10° 299 x 107 591 x 10° 183435  6.35
12 (1,1,0) %G, G; 1.3(2).3(3).2(4).2(5).1L(6),... 50 1.29 x 100 3.56 x 10° 5.18 x 107 6.96 x 105 5229.88 16.49

Elongated box
No d Group I J(n) N  Order1 Order 2 Order 3 Order4  Order5 Order6
13 (0,0,00 2Dy, Gy, 1337(2),3(3).1L(3).... 14 504x10° 8.86x10° 4.17 x 10° 3.09 x 10¢ 13.54  11.47
14 G, 1.3.3.21(2).2(3).14(3), 14 2.81 x 10 1.29 x 108 9.29 x 105 5579.91 4141.93 0.029
15 Gy 2,3(2).2(2).2(2).1(3). .. 11 1.40 x 100 1.57 x 107 9.45 x 106 41.26 36.13
16 Gy  2.3(2).2(2).2(2).1(3).... 11 1.90x10® 9.36x 10° 36881.45 27336.73  0.99
17 (0,0, 1) °c,, G, 1,3.3.2(2).5(3).4(3),... 28 1.24x 10" 1.41 x 10° 298 x 107 181071.  799.89  1.01
18 G, 3.3(2).1(2.3(2.%3)... 22 1.95x 10" 2,94 x 10% 1.35x 10° 178.32 2.63
19 1,1,0 2, G 1.3.3.2(2).303). 5 (3). .. 50 2.20 x 10'% 3.08 x 10° 2.90 x 107 2.34 x 10° 993.22  2.21
of the Kramer’s degeneracy theorem [66]. The theorem We have examined all 19 QCs using the same checks.
states that for every energy eigenstate of a half-integer spin ~ Their phase shift reconstruction at order 1 and

system with time reversal symmetry, one can construct
another energy eigenstate of the same energy through the
time reversal symmetry. As a result, every energy eigenstate
must be at least doubly degenerate for half-integer spin
systems with time symmetry. This is handled naturally for
most cases where the irreps are of even dimension and thus
the energy levels have an even degeneracy. But in the case
where a frame has one-dimensional irreps—what we have
called K irreps—then those irreps must form into coupled
pairs with the same spectrum of energy values. The group
elements of these coupled irreps are related by K,(g) =
K>(g)* and the basis vectors are reversed for spin-up and

spin-down between them, i.e., if we write a basis vector as

r ; : Ko _ K
vy, for irrep I" then, for fixed J, v}, = v;5-,. We also

observed the relations in Ref. [12]. The property causes the
convergence of these irreps to be identical when looked at
J-by-J. The energy degeneracy are observed in the lattice
values as well. Note that Kramer’s theorem only applies to
the 1D irreps of spin-1/2 little groups. There is no such
degeneracy in the 1D irreps of spin-0 little groups (such as
A; and A,, or By and B, of C,,).

order-by-order convergence data can be found in the
supplement [63].

V. SUMMARY AND OUTLOOK

We derived higher-order Liischer quantization condi-
tions (QCs) for the scattering of two particles with total spin
s = 1/2. We checked the correctness of our results numeri-
cally by comparing the QC predictions with the spectrum of
two-particle states in a box. This spectrum is found by
solving the Schrodinger equation of a simple nonrelativistic
potential. Both the phase shifts in infinite volume and
energy levels in finite volume are independently generated.
Table VII gives an overview of all the QCs considered in
this work, along with convergence checks.

We derived QCs for numerous scenarios, including rest
frames as well as selected moving frames for cubic and
elongated boxes. We worked out quantization conditions up
to J = 11/2. The QCs agree with those in the literature up
to J=7/2 [12,13,19]. All higher orders in cubic and
elongated boxes are new.
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All QCs were checked against a simple potential with
phase shifts that can be readily calculated through the variable
phase method. The potential and box size were chosen to
satisfy two conditions: (1) the exponentially suppressed
finite-volume corrections of the QCs are negligible and
(2) the energy levels are sensitive to contributions from
partial waves as high as J = 11/2. This allowed us to test
with confidence high-order QCs and we find that the results
agree to more than six significant figures. We performed these
checks for several energy levels in each irrep.

For the most part, we find that elongated boxes work about
as well as cubic ones. This gives a cost effective way of
increasing the kinematic range for a small increase in lattice
volume.

Due to the smaller number of irreps that couple to
systems with spin than without [62], there is a larger
amount of partial wave mixing in the QCs. This makes the
extraction of phase shifts in the meson-baryon sector more
difficult than for meson-meson scattering. The loss of
parity in moving frames exacerbates the problem, with
most moving frames having only one or two irreps.

Looking to the future, the results and methodology
developed here can be used for lattice QCD calculations,
both to connect finite box energy-levels to the infinite volume
amplitudes and also to lay the ground-work for such
calculations. In general, energy levels computed from lattice
QCD can be directly connected to phase-shifts only when
QC:s can be truncated to the lowest partial wave in the relevant
irrep. The precision of the predicted phase-shift is influenced
by the size of the next higher partial wave in the irrep. The size
of this effect is not known beforehand, and it depends on the
energy range and box geometry. Given a good approximation
of the phase-shifts relevant for a particular channel we can
determine which irreps and box geometries are most likely to
have reduced mixing. In the same vein, when we have an
interaction model available, assuming that we can use it to
compute infinite-volume phase-shifts, we can use the QCs
validated in this work to determine which irreps and energy
levels are most effective in constraining the parameters of the
model. This information can be used to efficiently allocate
computational resources.

M%n.gn - 5%1 M%11.§21 M%ll.%ﬂ
Mgzl,gu M%zl,%ﬂ - 5%2 M%Zl.ng
Mgzl,gll Mgzlgzl M§21.%21 - 532
Mz 31 Msz1 3, Mz 5
M My 3 My
M%sz.gl 1 M§32,%21 M§32.§21
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APPENDIX A: MATRIX ELEMENTS FOR
QUANTIZATION CONDITIONS

In this section, we present all the QCs derived in this
work in terms of the matrix elements of M, ., . in
Eq. (26). We show only partial results up to certain J value
for every QC in both cubic and elongated boxes here. Only
unique matrix elements are displayed. Since M is hermi-
tian, we only show the upper triangular elements starting at
the top left, and then go down each column until we hit the
diagonal, and then go to the next column. The complete
matrix for any QC at any order (up to J = %) can be
recovered on demand from a Python notebook in an easy-to-
read and easy-to-use format in the supplement [63].

As an explicit example of how to use the following
tables, we will build the 2nd order QC for the G, irrep in the
2C,, little group of the cubic box. If one wished to start
from scratch, they would begin with the group elements in
Table XVIII and follow the procedure described in
Appendix B 5 to derive the basis vectors (Tables XXI—
XXVI). From there, the procedure detailed in Sec. II will
produce the matrix elements contained in Tables IX—XV.
To obtain the QC of the desired order, one must truncate the
matrix in Eq. (26). The size of the matrix depends on the
multiplicity and whether partial waves mix. Referencing
Table VII, we find the G, irrep has J(n) content J(n) =
2(1).3(2).--- and parity is not a symmetry (I’s mix), the
2nd order QC is then,

M§11,§31 M%11,§22 M%11,§32

Mz 531 M5 Mz 537

M§21,§31 Mgm.gzz M§21,§32 —0 (Al)
Ms3i 31 =05 Msysm M3y 537 '

Mspss My =05 Msysy,

M§32,§31 M§32,§22 M§32.§32 - 5;3

One then looks at Table X for the matrix elements of the upper triangle. The lower triangle can be filled in by using the fact
that these matrices are Hermitian. This would give the final form of the QC.

A reference guide with links to the tables is given here in Table VIII.
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TABLE VIIIL.

Quick reference with links to all the QC tables in this appendix.

Boost vector

Cubic box

Elongated box

Group elements Basis vectors

Matrix elements

Group elements

Basis vectors Matrix elements

d=(0,0,0)

)
)
)

(0707
(17 17
(1,1

’

R
(1l

S = =

)

Table XVI Table XXI
Table XVIII Table XXIII
Table XIX Table XXIV
Table XX Table XXV

Table IX
Table X
Table XI
Table XII

Table XVII
Table XVIII

Table XX

Table XXII Table XIII
Table XXIII Table XIV
Table XXVI Table XV

TABLEIX. Matrix elements for rest frame in cubic box (group 20),) in each irrep. Since the matrix elements between the even and odd
parity irreps can only differ by a minus sign we have combined the tables. The top sign and left / value corresponds to the even g irrep

while the bottom sign and the right / in parenthesis gives the odd u irrep.

r J ) n J v n MY,
Glg/“ % 0(1) 1 % 0(1) 1 Wryo
1 4(3) 1 i 0(1) 1 T 43%
2 43) 1 : 43) 1 wrgp + S5 4 L0vg
9 1
3 4(5) 1 3 0(1) 1 2\/%\“40
2 45 1 z 43 1
2 ) 2 3) F (4 V5wry + 3 \/%wrm +32 \/%ng())
: 4(5) ! : 4(5) ! wrgn + e 4 g 4 Lowy
Gayg/u 2 2(3) 1 3 2(3) 1 Wiy — 490
7 3
2 43 1 2 203) ! FLV3wry £ 8 \/%Wl‘(,o
2 43) ! : 43) I wrgy — Hra 4 20w
U 6(5 1 3 2(3 1
2 ( ) 2 ( ) +F (Tg‘:’;‘;—g +4 %Wréo) + % %Wrgo
11 7
2 6(5) 1 2 4(3) 1 % \/%quo +2 %WIBO - i—g %Wrgo
1 6(5 1 U 6(5 1 dwryy _ 80wrg _ 280wryy _ 432v21w
B (5 5 Q) Wrgo + 1;40 _ 17\/% _ 247\/:8_3 _ s T100
Hg/u % 2(1) 1 % 2(1) 1 W
3 2(3) 1 3 2(1) 1 +(2v6wry)
3 2(3) 1 3 2(3) 1 Wi -+ 200
7 3
5 4(3) 1 3 2(1) 1 2 \/@WMO
z 4 1 2 2 1
2 3 2 Q) + (% \/§wr40 + % \/%wrm)
1 4(3) 1 7 4(3) 1 Wrgp + 6:;40 _ gg\\V/rl(,_g
TABLE X. Matrix elements for moving frame d = (0,0, 1) in cubic box (little-group Cy,) up to J =5/2.
r J l n J! 4 n' MY,
Gl % 0 1 % 0 1 WrI o
% 1 1 % 0 1 \}gwrlo
% 1 1 % 1 1 WrIo
3 1
3 1 1 3 0 1 i\
3 1 1 ! 1 1 — /3wy
3 1 1 3 1 1 WIgo + <z Wrag
3 1
2 2 1 3 0 1

2
\/;WI'ZO
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TABLE X. (Continued)

r J [ n J ! n MY,
3 1
2 2 1 2 1 1 l.\/%wrlo

S T : ! ! ~g3 o~ e
3 2 1 3 2 1 Wrgo + if W
% 2 1 % 0 1 %szo
5 2 1 ! 1 1 —z\/ Bwrsg
3 2 1 3 1 1 Vw4 2i \/;Wf3o
% 2 1 % 2 1 —% \/éwrzo - %\/6WI'40
% 2 1 % 2 1 Wr o + % WI =+ %Wr40
5 1
3 3 1 2 0 1 \/ Bwrsg
% 3 1 é 1 1 - —szo
5
2 3 1 3 1 1 ! \/éWl‘zo 12 /By
5 3
2 3 ! 2 2 ! %l.\/_er() +2i\/§WI‘30
3 3 ! 3 1 —351V/3wrg — 15\fwr30 21\%'1 W50
2 3 1 2 3 1 Wro + - \/gwrzo + 2wy
G2 % 1 1 % 1 1 WrIgg — %
% 2 1 % 1 1 l\/_me %Wﬁl)
% 2 1 % 2 1 Wrog — “\/;25—0
% 2 1 % 1 1 2 \/_ 3wry — 6zwrw
’ 1 : 2 ! S — 2t
i 1 ’ ! Wi + 37 - 52
% 3 1 % 1 1 2wry GW\;Z_O
7 7V5
> 3 ! 2 2 1 2iy/Fwr) - O
: : ! : 2 ! 5 V3w + {5 iV Twryy —
s 3 1 s 3 1 Wiy + 27—
% 2 2 % 1 1 0
2
% 2 2 % 2 1 —2 \AWIM
5 5
5 2 2 s 2 1 e
5 2 2 3 3 1 .
2 2 5i %WI' 54
% 2 2 % 2 2 Wroy — %\/§Wr20 + =2
5 3
2 2 ! 1 2\/%WI'44
5 3
3 2 3 2 1 (3
§ 2 % 2 1 5i ﬁwrg4
3 3 2 2 3 1 2
2 2 =WTI'yy
7
s 3 2 s 2 2 —Liv/Fwry + o Sivey
% 3 2 % 3 2 WIo —7fWr2 +@
% 3 1 % 1 1 % \/ 10Wr40 — %\/EWI'ZO
] 3 1 3 2 1 . .
2 2 % l\/@WI}O - % l \/%WI'SO

(Table continued)
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TABLE X. (Continued)

r J l n J 4 MY,
% 3 1 % 2 %i\/ﬁwrlo —%i\/gwrso
1 3 1 2 3 IV2wryg + £ V10wryy — & \/%W%O
% 3 1 % 2 2i\/%wr54
1 3 1 s 3 A\ — 10 [T,
1 3 1 ] 3 Wrgg + 1 v/Swryy — 23t — i?“f{—‘;
1 4 1 3 1 %i\/gwrso —4i \/I;W%O
% 1 % 7 \/_ Wf40 3 \/_szo
% 4 1 % 2 -7 \/_Wr20 77 er40 + 11 \/-3wr60
% 4 1 % 3 7i\/_wr10 —71'\/;WI‘50
% 4 1 % 2 % \/17:3W1‘64 - 14—1 \/%WI'44
% 4 1 % 3 2i\/%wr54
] 4 1 3 3 ';”\r/‘—“ + frivTwry + Zsli:;%” — il \/wrm
3 4 ! 3 4 Wrgg +§v/5wr — 27 — {8
7 3 2 3 1 2
% 3 2 % o) —2iy [35Wrs,
% 3 2 % 2 le54
1 3 2 2 3 ,1\/7Wf44——\/7wr64
z 3 2 2 2 2iv2wryy — 21\/7wr30 +3 \/7wr50
1 3 2 3 3 -1 \/'wrzo +10 9\/6wryy — & \/'wrso
7 7
5 3 2 2 3 i1 \/;Wf44 11 \/3:9Wr64
1 3 2 ] 4 T i\/%wrﬂ +5% i\/gwrm
3 3 2 3 3 Wrgg = 5 V3w — 5 + e
% 4 2 % 1 Zi\/%wrﬂ
! 4 2 ; 2
1 4 2 s 2 B\ +19 B,
1 4 2 5 3 e
% 4 2 % 2 \/7W1‘20 \/_W1”40 + 3 11 \/7“’1”60
% 4 2 % 3 Z szrm 21\/7wr30 + [wrso
1 4 2 1 3 -5 \/-Wfs4 3l \/—Wf74
% 4 2 % 4 2 \/—:wr44 —|— n \/:WI"64
L ot e o
% 4 ) % 4 Wrgp — = \/’Who _ 39wry + 25wrgo

3313
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TABLE XI. Matrix elements for moving frame d = (l, 1, 1) in cubic box (little-group Cs,)) for the three lowest partial waves in each
irrep. The elements of K| and K, are related by an overall sign on certain elements. We condense these into one table where the top sign
is for K and the bottom sign is for K,. Both K| and K, couple to the same J(I)’s

T ! n MY

~
~

[

n JinJ'lI'n'
G, % 0 1 % 0 1 WIg
+
% 1 1 % 0 1 ﬁwrlo
% 1 1 % 1 1 WIg
11 oo o1 (G +L)wryo
ERED S B \2/‘wr21
3 3
11 311 wroo \/' Zwry,
% 2 1 % 0 1 \/ﬁ - Wy
201 Lo (3 +3)wrio
3 3 .
; 2 b5 1l (1+3) \/%wa —5iv2wry
3 3
3 2 1 3 2 1 Wrgp — \/%Wfﬂ
5 1 1_ i
P20 b0 (55 wra
P20 b (HMW
5 3
502 1 3 11 @1 \f 5 wra
5021 3 2 1 2 é—?—‘%
(=5 —3h)V2wry + ( \/> Wiy + Wiy
52 1 s 2 1
2 2 Wrgg + 2 Owrf} - Zwry + & \/_ Swry,
% 3 1 % 0 1 \/l Wr3g
5 1
> 3 by 1 \/VWY417L G-%) \/7W1'21
53 1 3 1 1
2 2 mwrzl +7l\/_WI'40 —7l\/;WI‘41
5 3 1 3 2 1 34 842 5_5i
2 2 (S\/§> Wr' o + (45\/79) Wr3 + (6\3/]—6]3) Wr'5(
5_5i .
+ <ﬁ) wrsy + (5= 9)1/@wrsi
S ( f Swr Fwrsg + ( +% 30) Swr + 5 ]'8256’ =G+ \/Bmr
10 — 30 126 50 67176 231751
5 5
2 31 2 3 1 Wrog + 5 \/lzswrﬂ + —wr40 +31 \/_wr41
5 1
302 2 1 0 1 (—=1—i \/7wr21
3 2 2 1 1 1 148
2 2 (\/ﬁ) WI30
s 2 2 32 1 1 117
: 2 4+ vanng -y
5 2 2 32 2 1 2 i
2 2 7 ) Wy + 3 \/7WT40— (3245 \/>WT41
3 2 2 33 2 1 2 2
2 2 (7\/%) Wr21 (_ _1)«/ WI'40 + ( l7t> \/_WI'41
3 2 2 3 3 1 @ ST wr 5150
: : s )V wm = G =)y oo = 2 8wy - 33 o
5 5
2 2 2 2 2 2 Wrog — \/7Wr21 WI'40 + 3 \/vWI'41
1
% 3 2 ? 0 1
2 3 2 1 1 1 i i
2 2 (31 — 31 wra) = (% +3)\/3wia
> 3 2 2 1 1 1.2
2 2 (1-2) (7 ?) )Wr21
% 3 2 % 2 1 - /30 WrI'og — 70 - \/7W T50 — 7\/—Wr51 %WI'SI

(Table continued)
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TABLE XI. (Continued)

! U T
r J 1 J M,
5 3 5 2 (5 19,') (205 1851) (5 251)
2 2 5 i R _ G o 191
(2] + 2])\/§er0 + \/Iz— WI'3 \/66 WrI'50 + \/—i WrI'5; + 28 + \/‘WI'SL
(-4) .
ER 1 20 _ 20 5 20 2
3 3 3 3 =g w4 (3= 5)V2wry = (3 =3\ /5vie + (- 31) /5 Wie
5 3 5 2 (1 2;) (4 8[) 1; ]6()
F -y _+_ _ _
2 2 72l 973 _ 29 401 _\7 21 1 /5
75 Wro + \/EWI':;,O + \/’WI"SO wr51+3 31WI51
% 3 % 3 Wroo——Wr4o
3 3
Kip 5 1 5 Wroo + _wrzli[wrzl
() 2-y)
% 2 % 1 Y ero:F \/me:F ~ 7 WI3p
32 32
2 2 WIgg iﬁwrzl + \/%Wrm F 7 \éwrﬂ
5 2 3 1 (] m) (3 171)
+3 i
2 2 2710
Wr10+ \/—2 Wr30:|:\/—Wr30
117
% 2 % 2 _(7¢§')Wf21 T_‘ \/szl :F )\/_Wf4o¢ \/Wf41 17 \/7WI41
5 2 5 2
2 2 WIgy + Tszl —‘\/:szl +7WY40 _ﬁ\/_Wrﬂ :Fﬁ\/wm
303 3 1 =) 2 2
75 Wiy \/szl T (G+%)V3wrg + ($-3) \/7Wf41 F(GE+% \/-Wf41
SRR N () (m) (62, o G, (0
3+i 543 n +3t
2 2 5 02 21721
75 W0 + =757 Wig F =7 WI3o F =757 Wrso F = 5=~ W) T ( \/7wr51
3_2i l Sz
5 3 5 02 — (7_7) 16 _ _
5 5 75 Vo :F ero Wr%o :F Fwr F 126\/—Wlfso
00i
——(“‘+l*)wr Wrs; + wrs F (2 - 2)\/wr +890) [ wr
Vil 50 6\/F 51 6\/_ 51 51— 51
3 3 3 3
2 2 _8 -2 /2 2 4 _38 _100 20 /10,
2 2 wroo(:i: 2)]\/—W1"21 \/7wr21 +Zwry F 57 V10wry, — 5 V5w, F 3372735 Vel + 171/ 5373VI63
2 6
_+_
3 U 40 + 10
% 3 5 1 —~ 3 Wi F 3 \/7wr21 +211 lOwr40:i:2] V5w, + (———’)\/_wr41 ( 63’)Wr41
7.3 32
5 2 +2 1% 1%
2 2 -5 \/7WI";0:'Z 18 ! \/'W1"30 63 ! \/»WI'SO ! \/»WI'SO
(2_5_7) (16+ix1)
A2l 6/ — A3 71
+ \/@ W5 \/ﬁ er \/7Wr5| + Wr51
73 32
L 2 19
2 2 (3 +2)V5wry + (1 )\/> Wiy — z[wrsoi @ +4) \/7wr50
()., 9)
3 T8 wto 7 Si S 5
7 Wis Ts1 = (12""12) AWst F (5= 5)1/3:Wrs1
1_19i
7 5 _ (6_3__3 1 _ i 2 4 20,/ V15
3 3 5 3 ( \/§ WIp + (63 9>Wr21 F ( +77) 30Wr40 ( ) WTI'y
92_12i
77 10_& + 10 E_&
s Wi + (13-4 \/Wf41 F{+4 \[Wf60 \/-WTGO
185 95 _ 115 5 (11 ﬁ) 25 25i
! \/'Wr6l — 991) 182 Wr61 o1 Wr63 __—I \/7Wr63
% 3 % 3 Wrgy — 4 —wr +4 —Wr + 5 wryy F A/ 10wr -3 /5wy — =3 wr,
00 — 7 21 21 21 77 40 77 41 77 41 33V13 60
33\/7WI'61 11 \/7WI'61 33 \/7WI'6'; :t WI'63
74 30
2 2 7_7 \/>Wl‘30i 54 \/VWl'g()ZlI 27 18 \/7W1'50+ \[WFSO
(), 0
3'6
F-ee WrIs + 753 wr51:t \/7wr51+9 \/7wr51
7 4 3 2 2_6i
2 7 1. /2 2 - /10 4+ 40
2 (\/5) Wrp F ﬁl\/gWI‘Zl +ﬁl 10Wr40 F ﬁ\/§Wr4O ( 1)\/7Wr41 F ( 63)Wr41
4 : /70 8 : /1
:Fﬁl\/;—;wrﬁl :I:Hz\/%wr&
7 5 3
5 4 2 2 &

(6;? Wray % (3 + ) Wran F (5 + 75) V30wry + (35— 75) V15w

(Table continued)
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TABLE XI. (Continued)

r J Lon J U MY

<2§4| ) 4800 10i 20i
] L
+t=75 75 Wi :F 231 \/WT41 :F 11 ]— \/7WT60 ——— \/—W%o
:l: 251 \/7WI'61 %% \/7WI'61:F ——— \/7WI'63+ \/7WI'63
4 5i 3 1% 17i 17
( 7)\/_wrlo¥ 11 3 [wmo f—lgé \/7wr50— = ! \/7wr50
317
4

() (- 3‘3775) 5.7 5 151 5
T wrsy F o wrs — (95 /A F (55 + D) (i

460 | 460i (L4 10 1270 | 12700\ /7
$195) V2wrag £ (7357 + 1i1) VTwry, £ + \/vwrﬂ F (i1 + #9) \Awrm
) (8:30)
W :F 63 + \/Wf10 WI3 :F ——— \/szo
(20123 (29— 10 202 +3
+Twr50 :F 3 \/—-Wrso Wril :F or — ﬂ \/-WI'SI 273 \/—-Wrgl
(10 1 28i 4 27 256 _ ouiy /10
(15 \/“’VrSl (rats7 — 10%0) \/7“’1’70 (idss + fatsr) \/Wf70 (357 — §719) \/;wrﬂ
(109 _ 7 14i
(355 — 1575) \/"’Vr7l (H—15) \/7wr71 F (s +13) \/-Wfﬂ
_ (398 _ 100\ /70 19 _ 17i),/35
(1157 — 516) VIOWE3 F (13476 — 3h10) V35Wr73 F 3¢/ 133W173
1 /1o 20 /s 6 1270
WIgg — 5 \/:Wrzl + 31 \/:Wer —+ ﬁWI‘4O F 77 Wr41 -7 \/‘WI}U b eréo

11 \/7Wr61 F 33 \/7Wr61 i 99 \/>Wr63 33 \/-WI'G?, 1287\/—Wr81 F i+ “7 Wr83

[SIEN]
~
—_

(1%
w
—

o~|u
S

[SSTEN
[STEN}

ST}
ST}

TABLE XII. Matrix elements for moving frame d = (1, 1,0) in cubic box (little-group %C,,) up to J = 5/2.

r J l n J 14 n M,
G, ! 0 1 i 1 WTpg
3 ! ! 3 0 1 1+1i) \/%WI‘“
! 1 1 ! 1 Wrog
3 1 1 3 0 1 (=1 =i)wry,
3 1 1 L 1 1 & Win
% 1 1 % 1 1 WIgo \/Lngzo
% 2 1 % 0 1 %szo
3 2 1 ! 1 1 (1}1) WIy
5 2 1 3 1 1 (=35 + 35) (7V2wry; = 6v/Twrs;)
3 2 1 2 2 1 Wrgo + %wrm
% 1 2 % 0 1 - (1\/—_;) Wy
2 1 2 ! 1 1 — /3wy
5 1 2 3 1 1 —i\/3Wipn
3 1 2 3 2 1 (185 — 1o5) (TV/6wry + 9v21wrs))
3 1 2 3 1 2 WIgo + 7—Wf20
3 2 2 1 0 1 2 Wiy,
3 2 2 1 1 1 (=1 + Dywry,
3 2 2 3 1 1 ("jg)w -

(Table continued)
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TABLE XII. (Continued)

r J l n J 4 ! MY,
% 2 2 2 1 —i\@wizz
3 2 2 3 1 2 (== + L) (7v2wry, — 6V/Twry;)
3 2 2 3 2 2 WIgp — \/ngrzo
3 2 1 ! 0 1 iWip,
5 2 1 ! 1 1 14+1) \/éwr%
% 2 1 % 1 1 (1+ i)\/zwrm -1+ i)\/gwr”
3 2 1 2 2 1 Li [(27/2Wiyy — V/6Wiygy)
3 2 1 3 I 2 (=1 +1i)y/3wrs
3 2 1 5 2 2 2y /3wry
3 2 1 3 2 1 L(Twrgg = 2v/5wryg + Wryg)
s 3 1 1 0 1 (1+ i)\/%wru
5 3 1 ! 1 1 J= Wiy
5 3 1 3 1 1 Zwryy — %wr20
3 3 1 3 2 1 (=5 =H(3V2wry; + VTwry)
3 3 1 3 1 2 —Li\ /2(4wiy + 5v3wiy)
s 3 1 3 2 2 <*¢%> WI3;
3 3 1 3 2 1 L) (33v/30wry; — 44v/105wr3 + 25v/66wrs;)
3 3 1 3 3 1 Wrgg + = \/-wrzo 2wryg
3 2 2 : 0 1 —\/3Wry
3 2 2 ! 1 1 (2}?) Wy
3 2 2 3 1 1 (=% + L) (7V3wry, — 3V42wry))
3 2 2 3 2 1 35 V6(V/5wry + 10wry)
3 2 2 3 1 2 (=35 = 55) (21wryy + V14wry)
2 2 2 3 2 2 % (V3Wig, — 5wiy,)
3 2 2 3 2 1 —Li(2v3wiy, — 3wiyy)
3 2 2 3 3 1 %\E%) (66wry; + 11v/T4wry, — 25v/55wrs))
3 2 2 3 2 2 WIgo + 552 Wiag + 3 Wrgg
% 2 % 0 1 (2\_/?) Wr3;
s 3 2 ! 1 1 —y\/2wry
3 3 2 2 1 1 —% (V3wiy — 5wiy,)
3 3 2 2 2 1 (=35 +35) (21wry; + V1dwry))
3 3 2 3 1 2 6(v/Swray + 10wry)
% 3 2 % 2 2 (—%—%)(7\/§Wf11 —3\/Z§wr3,)
5 3 2 s 2 1 (_323_f)\/>(1lwr;g—5\/7wr53)

114519-24
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TABLE XII. (Continued)

r J l n J I n MY
3 3 2 3 3 1 - # (6+/3Wiy, + Swigy)
3 3 2 3 2 2 (— 1155 + 1155) (99V/6wr) | + 88v/21wrs; + 50v/330wrs, )
% 3 2 % 3 2 Wro =+ m WI + 7 WrI'40
5 1
2 2 3 2 1 1 ] —l \/’Wrgl
_ (343i)
% 2 3 % 1 1 \/3-5[ WI33
5 3
3 2 3 3 2 ! %z\ﬂ(4win +5V3wip)
3 2 3 3 ! 2 (=5+ )(3\/_Wf11 +V7wry)
% 2 3 % 2 2 %WI’4O 7\/§wr20
5 5
2 2 3 2 2 1 %wr44
5 2 3 s 3 1 (%f;? (44wry; + 25/ TTwrs;)
s 2 3 2 2 — 752 (6v/3wiy; + 5wiy)
2 2
3 2 3 S8 (66w, + 11v/Tdwry, — 25v/55wrsy))
% 2 3 3 2 3 Wrgg + %wrzo - %wr4o
5 1
3 3 3 i 0 1 (=1 —i)y/Swrs;
5 3
5 3 3 1 1 2 %WI‘44
5 3
2 2 1 2 —1i(2v2wip — V6wiy,)
5 3
2 2 2 2 \/>wr31 (1—i \/7wr11
5 i
2 3 3 % 2 1 10\/%70 > WrI'55
5 5
3 3 3 2 3 ! s
3 Pl
2 3 3 2 2 2 (—3%——)\/>(11wr3g—5\/ 1wrss)
s 3 3 3 2 —1i(2v3wiy — 3wiy,)
% 3 3 % 2 3 (—ﬁ _5 (33\/ erl — 44\/ 105 WrI'3 + 25 \/ WrSl)
% 3 3 % 3 3 7 (7WI‘00 — 2\/_WI'20 + WI'40)
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TABLE XIIL

Matrix elements for rest frame in z-elongated box (group 2D,,,) up to the third partial wave in each irrep. Since the matrix
elements between the even and odd parity irreps can only differ by a minus sign we have combined the tables. The top sign and left /
value corresponds to the even g irrep while the bottom sign and the right / in parenthesis gives the odd u irrep.

r J ! n J v n MY,
Glg/u % O(l) 1 % 0(1) 1 WrIo
3 1
% 2(1) 1 % 2(1) 1 WIgg + &2-0
s 2(3) 1 1 0(1) 1 Wiy
5 3
2 2(3) 1 3 2(1) 1 = (% \/éwrzo +2 \/gwrm)
% 2(3) 1 % 2(3) 1 Wrgo + 87“’\;10 + 2WT40
Gag/u % 2(1) 1 % 2(1) 1 Wy — ﬂ\/go
3 2(3) 1 3 2(1) 1 o 20 . G
N O g+ 35 =2
5 2(3) 2 3 2(1) 1 F24/2wry
5 5
2 2(3) 2 2 2(3) 1 %wr44
% 2(3) 2 % 2(3) 2 WrIoy — %\/gwrzo + %
1 43) 1 3 2(1) 1 1/ T0wrgg — 3v/2wrs
A 4 1 3 2 1
2 S 2 S F(EV2wry + £ V10wry,) 2 \/%wrm
I 403 1 3 2(3 2
2 ( ) 2 ( ) :F%\/;WI}M:E%\/%WY@‘
1 4Q3) 1 I 4(3) 1 Wroo + % V3w — 9"7\’;40 _ ﬁvf%
1 4(3) 2 2 2(1) 1 2\‘}"_44
7 43 2 3 2(3 1
7 ( ) 2 ( ) (ll \/7W1"44+ \/7WI'64)
A 5
2 40) 2 2 23) 2 + (— 19 Vewryy +1 \/Ewrzo + 2 \/%wrw)
7 7
N N O B b 5B,
% 4(3) 2 % 4(3) 2 Wry) — 27 \/_Wr20 — 3wy + :23:55‘:716_2
TABLE XIV. Matrix elements for moving frame d = (0,0, 1) in the z-elongated box (little-group Cy,) up to J = 7/2.
r J l n J v n L
Gl % 0 1 % 0 1 WI (o
% 1 1 % 0 1 \;§ WI'1o
% 1 1 % 1 1 WrIo
3 1
3 1 1 3 0 1 ; %me
3 1 1 1 1 1 —\/3wry
2 1 1 2 1 1 Wro + <z Wiy
3 1
3 2 1 5 0 1 \/gwrzo
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TABLE XIV. (Continued)

r J 1 n g I MY
R  five
3 2 1 3 1 — 1 (7V3wry + 27V Twry)
3 2 1 3 2 WIgo + %5 Wz
5 2 1 1 0 — /v
2 2 1 3 1 —iy/3wrs
2 2 1 3 1 Li(21v2wryo + 2v42wrs)
3 2 1 3 2 — L V/6(V5wry + 10wry)
2 2 1 3 2 Wrgg + %wrzo + %wr40
SR  fives
2 3 1 1 1 —\/éwrzo
% 3 1 % 1 % 6(\/§wr20 + 1Owr40)
2 3 1 3 2 Li(21V2wro + 2v42wry)
3 3 1 3 2 — 1155 (33/3wry + 88V Twrsg + 250v/11wrs))
3 3 1 3 3 Wroo + %szo + 2wy
G, 3 1 1 3 1 WIgp — % Wy
3 2 1 3 1 Li(7V3wrjg — 3V Twry)
3 2 1 3 2 Wrgp — % Wy
3 2 1 3 1 2i(7v/3wryg — 3v/Twry)
3 2 1 2 2 Z (3V/5wry) — Swry)
2 2 1 3 2 Wrgg + %wrzo - %wr40
3 3 1 2 1 Zwryy — % Wr'y
3 3 1 2 2 Zi(7/3wryg — 3V Twry)
2 3 1 3 2 Tiss (99/3wrg + 154v/Twrs — 125v/11wrs )
3 3 1 3 3 Wroo + %szo —2wryg
% 2 2 % 1 0
5 2 2 3 2 =24 /3Wry
o2 23 2 s
% 2 2 % 3 5i %wr54
3 2 2 3 2 1 (Twrgg — 2v/5wrg + wry)
% 3 2 % 1 2\/%WI‘44
% 2 % 2 0
2 2 3 2 -5 %wr54
3 - 3 3 2wry
3 2 3 2 —54i(33v/3wr)g — 22¢/Twry + 5v/11wrs))
3 2 3 3 3 (Twrgy — 25wy + Wry)
Z 3 1 3 1 T (V10wryg — 3v/2wry)

114519-27
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TABLE XIV. (Continued)

r J 1 n J r n MY
1 3 1 2 2 1 5 i(11v/70wr30 — 7/110wrs))
I 3 1 3 2 1 Li(11v/30wr; — 3v/110wrs)
] 3 1 3 3 1 %(143wr20+104\f Swrag — 35v/65wrg))
% 3 1 % 2 2 2i\/%wr54

z 3 1 3 3 2 157 (26V/35wry, — 3591 wrgy)

0 3 1 1 3 1 Wrgg + 5 V/5wry — 25 wryg — %wréo

1 4 1 3 1 1 — 557 (11V/70wr3o — 7v/110wrsy)

z 4 1 3 2 1 L (V10wry — 3v2wry)

z 4 1 s 2 1 — 22 (143wry + 1041/5wryg — 35v/65wrg )

Z 4 1 3 3 1 #i(11V/30wr g — 3v/110wrs) )

I 4 1 3 2 2 — &7 (26v/35wry, — 35v9Twrg,)

% 4 1 % 3 2 2i\/%wr54

1 4 7 3 1 a7 (143V/3wryg + 273V7wryg + 255V 11wrsy — 343v/15wry)
] 4 1 ] 4 1 Wrog +%\/§Wf20 — 75 Wy —ﬁwrso

1 3 2 3 1 1 \/%WYM

7 3 2 3 2 I ) '\/%wr54

z 3 2 3 2 1 AT Wiy

1 3 2 3 3 1 —ﬁ_ (156wryy + 35v/65wrgy)

. 3 2 3 2 2 5 1(99v2wryg — 22v/42wrs0 + 5v/66wrs )

1 3 2 2 3 2 o3 (—143v/30wrs + 390v/6wr,g — 35v/78wrg)
% 3 2 % 3 1 i \/;wr44 +3 i1 \/%wrm

7 3 2 ] 4 1 & i\/%(15wr54 + 49wr7,)

% 3 2 ] 3 2 Wrgg — 2 V/Swryg — 2 wryg + %wréo

% 4 2 % 1 1 21\/—wr54

% 4 2 % 2 1 mWTM

% 4 2 % 2 1 143%/2_1 (156wr44 + 35\/6wr64)

1 4 2 3 3 1 \/%wrﬂ

1 4 2 3 2 2 5005 (143/30wrag — 390v/6wryg + 35v/78wrg)
1 4 2 3 3 2 2;—1i(99fwr10 — 22V/42wry + 5ﬁwr50)

7 4 2 7 3 1 — L \/7 (15wrs; + 49wry,)

% 4 2 % 4 1 1*—1 \/;wr44 + 3 i1 \/;Wrm

I 4 2 ’ 3 2 — o5 (715V3wryg + 585/ Twrsg — 1035/ T1wrsy + 3431/15wr)
z 4 2 1 4 2 Wroo — 2 V/5wryg — 2 wryg + %wréo

114519-28



HIGHER ORDER QUANTIZATION CONDITIONS FOR TWO-BODY ...

PHYS. REV. D 113, 114519 (2026)

TABLE XV. Matrix elements for rest frame in the z-elongated box (group *C,,) up to J = 5/2.

r J L n 7 U MY,

Gl % 0 1 % 0 1 W
1 1
! 1 1 ! 0 1 (1+ i)\/gwr“
% 1 1 % 1 1 WI
O -y,
3 1
5 1 1 3 1 1 \/WI‘ZO + z\/rwrzl
% 1 1 % 1 1 WTo + 7§Wr20
o2 1 Lo 1 — ZEWin
I T —“ngiﬂ — (1 4 i)wry,
% 2 1 % 1 1 (%‘F%) (i\/ 70Wi32 +7\/§WI‘1| - 6\/7WI‘3])
% 2 1 % 2 1 WIg) — \/ngrzo
% 1 2 % 1 1 2L W122
% 1 2 % 1 1 —l\/7W122
3 3
2 1 2 2 2 1 <6+\/%’) Wr33 — \/7W132
% 1 2 % 1 2 WIo) — \/ngrzo
3 1
2 2 2 2 0 I \ﬁwrm - i\/gwrzl
3 1
2 2 2 2 1 1 -1 - l \/'Wl';z erl
$ 2 2 32 1 1 S5 (( 3+3z)\/21 Wiz, — (4—41)(7\/_wr11 +9v21wry))
% 2 2 % 2 1 %Wizz
50202 5 12 (35 +3) (7\/5“”11 —6v/7wry)
i 2 2 3 2 2 Wwrgo + W&l’
% 2 1 % 0 1 ﬁlez
5 1 AR ,
2 2 1 2 1 1 (\2/5252 Wizp — (1 + l) \/%WQ]
52 1 32 11 <‘¢;_(")) wizy — (2 + 1) (3v2wry; + VTwry))
% 2 1 % 2 1 % (6\/§Wr20 —+ Si(\/ Wr21 —+ 2iWr40 - \/§Wr41))
52 1 3 12 '+’> U2 (=V6wiz, + 3iwrs;)
5 3
3 2 1 3 2 2 —i\[(4wi22 +5/3wiy)
% 2 1 % 2 1 WrIo =+ 7\/- WIhy — 7 Wr40

+

503 1 L o0 1 G ﬁ> (Wizy + 2iv/6wr3;)
% 3 1 % 1 1 -5 l (2\/_W122 - \/_W142)
3 3 1 3 2 1 _(;};)Wi32+£/®w152 (1+z)\ﬂwr” + (1+1) \/—wrgl
503 1 32 1 2 L ( —2V/2wryy — iwrgs)
503 1 3 2 2 <‘+’> Ui wisy — (1 - i) \/wr33
3 3 1 2 2 1 (155 + 1153) (55iV42wis, — 5n/46 2wisy + 33v/30wr;; — 44v/105wr3; + 25V/66wrs, )
% 3 1 % 3 1 % (7Wr00 - 2\/§Wr20 —+ Wr40>

(Table continued)
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TABLE XV. (Continued)

r J & n J U My
5 1
2 2 2 2 0 1 —\/éwrzo - l.\/%WrZI
3 2 2 1 1 1 —2i
2 2 —1 - l \/ZWi32 - (Z—Q)WI'31
% 2 2 % 1 1 (7 %) (\/ ngz + 1(21wr11 + V1 Wrgl))
% 2 2 % 2 1 75 (lezz - 5W142)
% 2 2 % 1 2 (—%—%) (7\/§er1 —3\/4'_2Wr31)
% 2 2 % 2 2 31—5 (— \Y4 30Wr20 - Si(\/gwrzl - 2i\/6Wr40 + V 30Wr41))
502 2 5 2 1 —# (67/3wiy, + Swiy,)
3 2 2 3 3 1 (455 + 75) (=3iV231wisy + 44v/Tdwry; — 20v/154wrs;)
% 2 2 % 2 2 WrOO ngrzo + 7 Wryg
503 2 1 0 1 C20 wryy
% 3 2 % 1 1 — %Wrzo + i %Wer
32 3 2 2 1 1 L (=v/30wryg + 5i(V/5wry; + 2iv6wry + V30wry,))
2 3 2 3 2 1 .
2 2 (33}3 ) (—22/35wix, + 5v/385wis, + 33i(Twry; — 3v/Tdwry,))
% 3 2 % 1 2 - 75 (\/—W122 - 5Wl42)
3 3 2 3 2 2 (385 — 555) (11V/35wis, + 5/385wis, — 11i(21wry; + v/14wry,))
3 3 2 2 2 1 i
2 2 (70\/_7 ) (22\/—w132 — 5V/385wis; + 4i(66wr;; + 11v/14wry; — 25V/55wrs)))
% 3 2 % 3 1 - 7 1 (2\/_W122 - 3Wl42)
3003 2 5 2 2 (i) (—11iV210wis, — 5iv/2310wis, + 99v/6wr, + 88v/21wrs; + 501/330wrs) )
% 3 2 % 3 2 Wro + %Wrzo + %WI'4()
2 2
502 03 Lo s (2 + 2i)\/_wr33 — (1 = i)wiz)
502 03 3 11 -4 ¢_ ) Wiz, — (1 + 1) \/ E
% 2 3 % 2 1 \/7 (WI‘43 + 21\/_WI'44)
3 2 3 2 22 Li (2\/_ Wiy, — V6 w142)
% 2 3 % 2 1 = (\/EWI‘44 + 2iWI‘43)
% 2 3 % 3 1 (](:/_#)i) W55
502 3 3 2 2 —1i(2v/3wiy — 3wiy,)
53 2 3 3 3 2 (365 + 75) (22iv/21wis, — 5iv/231wis, + 44+/14wrs; — 20V 154wrs;3)
% 2 3 % 2 3 % (7Wr00 - 2\/§Wr20 + Wr40>
% 3 3 % 1 1 \}gWizz
% 3 3 % 1 1 —* \/(4W122 + 5\/7W142)
% 3 3 % 2 1 - (GLL\/%’G) (1 1\/_W132 + 5 \/ W152 + 198iWr33)
% 3 3 % 1 2 31*5 (6\/§W1‘20 - 5imwr2| - lOWr40 -+ 5i\/§Wr4|)
% 3 3 % 2 2

(1 —+ l) ]g4W152 (- — %) (3\/§er1 =+ \/7Wr3l)

(Table continued)
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TABLE XV. (Continued)

A A A Y M
s 03 03 3 2 1 7_‘ (11v/6wis, + 5v/66wis, + 88iwrss + 50iv/TTwrs; )
2 3 3 2 3 1 143\/- (26iwry; + 143v/2wryy + 101(\/“wr63 + \/7Twr65))
3 03 3 5 2 2 (} (=15v/385wis, + 4i(66wry; + 11v/Tdwrs, — 25v/355wrs, )
503 03 5 3 L (6fw122 + 5wWig)
% 3 3 % 2 3 (% )(33\/—er| _44\/er’;| +25\ﬁwrg,)
2 3 3 2 3 3 Wrgo + mwrzo — 3wy

APPENDIX B: GROUP THEORY DETAILS

For completeness, we give the group theory details used
to derive the QCs in the previous appendix. Due to spin
degree of freedom, double-cover groups must be used.

1. Symmetry of the cubic box

The symmetry group of the cubic box is the octahedral
group and is denoted by O. This group consists of the 24
orientation preserving rotations. This group is sufficient to
describe integer angular momentum in the cubic box.

To account for half-integer angular momentum in the
cubic box requires the double-cover of O, which we denote
%0. This group is constructed by viewing a 27 rotation as
different from a 4z rotation. As such, the number of group
elements doubles. Each element g€ O now has a corre-
sponding double cover element that we denote as §. If one
describes the rotation using the rotation axis and angle,
g=R(n,w) then = R(A,(w+2x) mod 4rz). Or if
described by active z —y — z Euler angles g = R(«, f3,7)
then § = R(a, p, (y + 2x) mod 4r). Both descriptions are
provided in the tables below.

For nonmoving frames, parity is another symmetry
of the cubic box. This is another doubling of the group
elements corresponding to 20;, =20 ® {E,—E}. Where
the subscript ;, denotes the inclusion of parity, and E is the
identity element.

A useful tool when studying a symmetry group is to look
at its irreducible representations (irreps). The number of
irreps of a group is equal to the number of conjugacy
classes. One can easily show that the group O has 5
conjugacy classes and thus 5 irreps. To determine the
dimensionality of irreps we use the fact that the sum of the
squares of the dimensions of the irreps equals the order of
the group.

(B1)

Gl =) a

where d; is the dimension of the ith irrep. This gives
the Diophantine equation 24 = a® + b*> + ¢* + d* + >
This has one solution with dimensions 1, 1, 2, 3, and 3.

Using the convention set by Mulliken [67], these irreps are
called A, A,, E, Ty, and T,, respectively. A; is the trivial
representation; every element is represented by 1. The A,
representation can be constructed from the A irrep using
two facts. The first is that irreps are orthogonal in the sense
that

ixj) = (B2)

612 6) =By

geG

Where y;(g) is the character of the element g in the ith irrep.
The second fact needed is that all elements in a given
conjugacy class have the same character. Using these two
facts, and noting that the size of the conjugacy classes are 1,
3, 8, 6, and 6 we see that the only way for the orthogonality
relation to hold is for the two classes with six elements to be
represented with —1. The real meaning of the subscripts
G/, has to do with the symmetry properties of the irrep
basis functions, but such details are not necessary to
construct the irreps here. The construction of the E irrep
proceeds in a similar way. One finds that the conjugacy
classes must have characters 2, 2, —1, 0, and 0, respectively.
One then must choose matrices with these traces that also
form a homomorphism. We choose the five found in [68].

10 _1 _\3 _1 3
ey = I 2 2 63 o 2 2
1 0 1 ) 2 \/_g _% ) _@ L N

2

1 _Vv3 1 V3
2 2 2 2
— . es—= , B3
c _V3 _1 “ V31 (B3)
2 2 2 2

The T, irrep is then the standard 3 x 3 rotation matrices and
the 7', follows the same pattern as the A; and A, irreps by
negating the last 12 elements in the group. The T'| elements
are generated via

f = emilndon (B4)
where (Jy);; = i€;j, and n and @, are the rotation axis and
angle in the order given below.
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V3

The double cover adds three more irreps called G, G, 0 ¥ 0 0
and H with dimensions 2, 2, and 4, respectively. These are
the “spinor” irreps and are the only ones sensitive to the %g o 1 0
double-cover and antisymmetric with respect to it. That is, Je = o 1 o B
if D'(g) is an irrep of element g€?0 then D'(g) = 2
—D"(§) for T€{G,.G,.H} and D'(g) = D"(§) for 0 0 ¥ o0
re{A,,A,,E,T|,T,}. The G elements are generated ,
similar to the T elements but they halve the rotation angle 0 - %i 0 0
so as to distinguish a 2z and 4z rotation. %? 0 i 0
J, = ,
o i 0 =5
g = emimo)on/2 g =1 . 24, (B5) 0 o0 M oo
% 0 0 O
The four-dimensional H irreps are generated by ; 0 % 0 O 87
oo -1 oo (B7)
' 00 O —%
hy = e i Dox e =1,...,24. (B6)
Inclusion of parity doubles the number of irreps.
Forming an even and an odd version of each irrep, denoted
Where J are the generators of spin-3/2 by the subscript , and , for gerade and ungerade (even and
TABLE XVI. Group elements of 20,,.
k 20, n o S, {a.p.yv} Ay Ay E; Ty Tyy Gy Goy Hy Ay Ay E, Ty Ta G Gy H,
1 E {100} 4z t {000} 1 1 1 t ¢t g g h 1 1 1 t t g g h
2 G {100} 7z t {Omz} 1 1 1 & t g & h 1 1 1 t 6t g g h
3 Cy {0,1,0} Tt {0,,0} 1 1 1 t3 ¢t 23 23 hs 1 1 1 3tz g3 23 h;
4 C,, {0,0,1} z t {00z} 1 1 1 ¢ t g g h 1 1 1 t t g g h
5 ¢ {Lu1p ¥ o {0535 1 1 es ts 5 g g hs 1 1 e t5 ts g g5 hs
6 C, {-1L.-L1} Z ¢ {z22% 1 1 et t g g he 1 1 e t t g & he
7 CH {L-1L-1}p E o4 {zZ232 1 1 es 4 g g h 1 1 e 4t 4 g g b
8 ¢ {-LL-1} Z & {055 1 1 e g g g g h 1 1 e & g g g h
9 G5 {-lL-1,-1} Z {5537z} 1 1 ety to g g ho 1 1 e to ty g g h
10 ¢35 {LL,-1} 2 t {F22z} 1 1 e tig tio o o ho 1 1 e to to o &o hpo
1 c; {-LL1}y Z 4y {5500 1 1 ety ty gn gn hyp 1 1 e ty 4 gn gn hy
12 ¢35 {L-11} 2 tp {F23z} 1 1 e tnp tn go g hp 1 1 e typ ty g go hp
13 ¢ {100} otz {2 1 -1 ey t3—tz g3 —g3 hz 1 -1 ey t3 —tz g3 —gi3 hp
14 Cf{y {0,1,0} 5 ot {03,041 =1 es ty —ty g4 —gs hy 1 =1 e ty —ty gy —gu hy
15 ¢;, {0,0,1} 5 ts {0,053} 1 -1 e t5—ts g5 —gis hs 1 -1 e ts —ts gs —gs hs
16 ¢, {-1,0,0} 5 tg {5.2.27 1 —1 e4 tjg —tic 26 —216 he 1 =1 es tig —tis 26 —Lis hie
17 Cyy {0,-1,04 5 t7 {m5.3z} 1 =1 es t7—t; g7 —g7 hy 1 =1 e t7 —t; g7 —g7 hy
18 C;, {0.0.-1} 5 t5 {0,0,} I -1 e tg—tig gg —gs hg 1 =1 e tg —tig g5 —gs hyg
19 Cy {1,1,0} 7ty {075} 1 =1 e tg—tg g9 —go ho 1 =1 e tig—tg g9 —go hy
20 Cpy {1,-L0} 7 tyn {0.mZ} 1 -1 e ty—toy go —g0 ho 1 -1 ety —ty o —g0 hy
21 G {LO,1} 7t {0.5.7} 1 =1 es ty =ty g —2i hy 1 =1 es t —tyy g —g hy
22 Cy {0, 1,1} Tty {5.5.5 L =1 ey ty —ty go —g» hyn 1 -1 e tn —tn go —g» hp
23 Cpe {L,0,-1} 7 tz {#5,0} 1 =1 e5 ty3 —tz g3 —Z3 hy 1 =1 es ti3 —tiz 23 —g3 hys
24 Cy {0.1,-1} 7 ty {F5.F 1 -1 ey tyy —tu gu —gu hu 1 -1 e ty —ty gu —gu hy

(Table continued)
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TABLE XVI. (Continued)

k 20, n o S Aa.pyy Ay Ay E, Ty Ty Gy, Gy, H, Ay Ay E, Ty, Ty Gy, Gy H,
25 [ {1,0,0} 2z ¢ {0,0,22} 1 1 1 ¢ ¢ —-g —-g -h 1 1 1 4 t —g -g —h
26 sz {1,0,0} 3z. t {0,337z} 1 1 1 t, t —-g -g -h 1 1 1 L t, —g —g& —h
27 CZy {0,1,0} 3zt {0,727} 1 1 1 35 t3 —g3 —g3 —hy 1 1 1 t3 t3 —g3 —g; —hs
28 sz {0,0,1} 3z t4 {0,0,3z} 1 I 1 ty ty —g4 —g4 —hy 1 1 1 ty ty —gy —g4 —hy
29 ¢y, {LL1} %2 4 {0%2% 1 1 e ts 5 —g —g —hs 1 1 e t5 t5 —g5 —g —hs
30 ¢, {-L-L1} % t {n23 1 1 e tg t& —g —g —he 1 1 e t¢ t& —g —g —hs
31 ¢, {l.-1,-1} % {ﬂ, 5.5 11 ety 4 =gy =& -y 1 1 e t t —g —g -y
32 ¢y, {-LL-1} & g {0,’2’ ol 1 ey g tg —gg —gg —hg 1 1 e3 g tg —gg —gg —hg
33 C5 {-L-L-1} & g 2 gy 11 ey tg tg —gg —g —hy 1 1 e tg to —g —gy —hg
34 ¢, A{LL-1} %oy {FZ20 1 1 e to to —go —go~ho | 1 e to to —gio —gio—hio
35 ¢ {-L L1} 8’§_ﬂ ty {5,527z} 1 1 e ty ty —gy —gn —hy 11 ety ty —gy —gy —hy
36 C3 {L-L1} 83—” ty {22 1 1 e tp tn —gp =22 ~hp 1 1 e tn tn —gn —gp —hp
37 ¢, {100} E oy {22 I =1 e t3 —t3 —gi3 g3 —hz 1 =1 e ti3 —t3 —g3 g3 —hp
38 ¢, {010y F oty {0.5.27) 1 -1 es tiy —ty —gu4 g —hu 1 -1 es ty —ty —gy g —hy
39 ¢, {001} 2 uys {0.0.Z 1 -1 e uys—ts —gs gs —hs 1 -1 e ts —tis —gis s —his
40 G5 {-1.0,0} 3 s {5533} 1 -1 ey tig —tig —6 &6 —hie | -1 es g —tis —6 L6 —his
41 CZy {0,~1,0} 57” ty {m3.7} 1 -1 es t; -t —g7 g7 —hy 1 =1 es t7 —ty7 —g7 g7 —hy
42 ¢;, {0,0,-1} 32 3 {003} 1 -1 e tg—tg —gg &g —hg 1 -1 e tg—tg—gs gs —hyg
43 ¢, {10} 37 t {073} 1 =1 e tg—tg —go go —hy 1 =1 e tg —tg—go go —hp
44 Cy  {1,-1,0} 37 tyy {0,732} 1 =1 e ty —ty —gx Lo —hp 1 =1 ety —tyn —2o o —hp
45 Cy, {L0, 1} 37ty {0,537z} 1 =1 es ty —tyy —g g ~hy 1 =1 e ty —ty =g g —hy
46 Cpy  {0.1,1} 37 tn {222} 1 —1 e4 ty —ty —g» &o —hyn 1 -1 e tn —ty —gn g»n —hy
47 Cp  {1,0,-1} 37 t3 {7527} 1 —1 es tizs —tizs —Z3 &3 —hyy 1 =1 e5 s —tizs —Z3 g3 —hy
48 Cy {0,1,=1} 37 toy {32,237 1 —1 ey thyy —tyy —gu &4 —hyy 1 =1 ey tyy —ty —Zu g —hyy

49 1IE {1,0,0} 4z -, {0,000} 1 1 1 ¢ ¢ g g h -1 -1 -1 —t; —t; —g —g —h
50 1¢,, {1,0,0} = -t {O0m=x} 1 1 1 & t g g h -1 -1 -1 —t; —t; —g —-g —h,
511G, {0,1,0) 7 -5 {070} 1 1 1 & & g g hy -1 =1 —1 —t; —t; —g5 —g; —hs
5216, {0.0,1} 7 —t, {0,007} 1 1 1 t t g g h -1 -1 -1 —t, —t, —g, -g, —h,
3t {LL1} 2 5 {023 1 1 e t5 t5 g g hy -1 -1 —ey —t; —t; —g5 —g5 —hg
541y, {-1,-1,1} Z ¢ {z2.%} 1 1 e t¢ t g g he —1 =1 —es —t¢ —t¢ —g¢ —g —hs
55 1Cy; {l.-1,-1} 23” ~t {zZ232 1 1 e3s 5 b g g h -1 -l —es - ~t; —g; —g —hy
56 1cy, {-1.1,-1} Z —tg {0,537 1 1 e3 tg tg g g hy —1 —1 —e3 —tg —tg —gg —gg —hg
57 1G5 {-1,-1.-1} & —t {2 .3z} 1 1 e tg o g g hy -1 -1 —e; —ty —tg —gy —g —hg
58 1C3, {1.1,-1} 22—t {3, 2,27z} I 1 e tg to go &o hio -1 -1 —ex =ty —tip —g10 —&10 —hio
59 1C3;  {-1,1,1} 23—”—t11 5.5.0y 1 1 e ty ty gy gn hy =1 =1 —e; —tyy —t;; —gyy —g —hy
60 IC3, {l.-L.1} 22—t {F 23z} 1 1 e tp tp go g2 hp -1 -1 —ep —tp ~t;p —g» —g» —hp
61 1Cc;,  {1.0.0} 5 -tz {23} 1 -1 e t3—tz g3 —g hz -1 1 —ey —ti3 43 —g;3 g3 —hp
62 ICIy {0, 1,0} 7 —ty {0,5,0} 1 =1 es tig —ty g4 —gu hy -1 1 —es —ty ty —gu gu —hy
63 1C;, {0.0.1} 5 —t;5 {0,0.5} 1 =1 e t5—t;s gs —gs hs =1 1 —e; —tis tis —gis  gs —hys
64 1C;,  {-1.0,0} 5 —tig {5.5.5} 1 —1 e tis —tig &6 —216 he —1 1 —es —tig tg &6 816 —hie
65 ICy, {0,-1,0} 5 —t; {z5.372} 1 =1 es t7 —t7 g7 —g7 hyy =1 1 —es —tj7; t7 =g g7 —hy
66 1C;, {0,0.-1} 5 —t;5 {0,0,ZZ} 1 —1 e tig —tig gg —gs hg —1 1 —e —tig tg —g;g g5 —hyg
67 1C;, {1.1,0} 7 -ty {05} 1 =1 e tg—tig go —go hy =1 1 —e; —tig tg —gi9 g9 —hyo
68 1Cy, {1,-1,0} 7 —tyy {02} 1 =1 e ty —tn o —o0 hyo -1 1 —e; —tyy oy —go0 o —hxo
69 1C,.  {1,0,1} 7~y {0.5.7} 1 -1 es ty —ty g —gi hy =1 1 —es —ty; t —g g —hy
70 1C,q {0, 1,1} 7 —t, {5.5.5 I =1 ey tyy —ty gn —8» hp -1 1 —eqy —tyn ty —g» gn —hy
711G, {1,0,=1} 7 —t,3 {#5.0} 1 =1 es ty3 —tizs g3 —23 hy =1 1 —es —thy 3 —23 g3 —hy
72 1Cy  {0.1,-1} 7 —ty {F.5.Z 1 -1 ey tyy —tu g —gu hy -1 1 —eq —tyy by —8u &4 —hy
73 I {1,0,0} 27—t {0,027} 1 1 1 t t -g -g —h -1 -1 -1 —t -, g g h

(Table continued)
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TABLE XVI. (Continued)

k 20, n o S Aa.pyy Ay Ay E, Ty Ty Gy, Gy, H, Ay Ay E, Ty, Ty Gy, Gy H,
74 1c,, {1,0,0} 3z —t, {0z3z} 1 1 1 ¢t - —-g -hy, -1 -1 -1 —t, =, g g h
750c,, {010} 3zt {0m2z} 1 1 1 g —o, —g; —hy -1 -1 -1 —t; —t; g g b
76 ic,, {0.0.1} 3z —t, {0.03z} 1 1 1 t g, —g, —hy -1 -1 -1 —t, —t, g g h
77 1cy;, {111} ¥Eo—ts {05 1 1 es g —g —& —hs -1 -1 —es5 —ts —ts g g hs
8 Icy, {-1.-L1} & —t¢ {z53 1 1 e —2 & —he -1 -1 —es5 —t¢ —t¢ g & he
79 Icy; {l.-1.-1} ¥ -tz {z5.3 1 1 e gy -2 & —hy -1 -1 —e5 4 - g g Iy
80 Icy, {-1.L.-1} ¥ —tg {0.5.3} 1 1 e g —g —& —hy -1 -1 —es5 —tg —t; g g hg
81 Ic;, {-1.-1.-1} ¥ -ty {5.5.2} 1 1 e g —2 —& —hy -1 -1 —e —ty —ty g g hy
82 Ic;, {L1.-1} % -ty {F.50} 1 1 e t —gi0 g0 ~hyp =1 =1 —e; —tip =tig g0 &0 hyo
83 Icy; {-LLI1} -t {§.5.27} 1 1 e t, —gn —gn —hy -1 -1 —ep =ty —t;; gy gn  hy
84 Ic;, {l.-L1} 8-ty {Fiap 1 1 e tp =2 =82 —hp -1 -1 —e; —t)p —tip g g hp
85 Icy,  {1.0.0}  F—t5 {¥F.2.50 1 -1 e t3 —23 &3 —hi -1 1 —ey —ti3 t3 g3 —g3 hgs
86 TCIy {0.1,0} 32—ty {0.5.27} 1 -1 es5 tyy —g14 8 —hy -1 1 —es —tiy ty gy —g4 hy
87 icj, {0.0.1} 2 —t5 {0,032} 1 -1 e ts —2i5 &5 —his -1 1 —ep —tis ts g5 —gi5s  hys
88 Ic;, {-1.0.0} ¥ —t,s {5.5.3 1 -1 ey 5 —i6 &6 —hig -1 1 —es —tig tig g6 —i6s hie
89 Ic;, {0.-1.0}y ¥ -ty {mZf.x} 1 -1 e 1ty -7 &7 —hip -1 1 —es —tj7 tiz gy —g7 hyy
90 Ic;, {0.0.-1} ¥ -tz {0,0.3} 1 -1 ¢ ty —&is Qs —hig -1 1 —ep —tig tig gis —&s  hig
91 ic,, {1,1,0} 37 —t {0,0,3%} 1 -1 e tg —tyg —g9 go —hyy =1 1 —e; —tig tig go —go hy
92 1Cy, {1,-1,0} 37—ty {0.7.3%} 1 =1 e ty —g20 8o —hyp-1 1 —e —t tyn 8o —8o hyp
93 ic,e {1,0,1} 37 —ty; {0,737z} 1 =1 es tyy —ty —g & —hy =1 1 —es =t ty g —g; hy
94 1Cy,s {011} 37z —tn {5,232} 1 -1 ey tn by —gn 8»n ~—hp -1 1 —e4 —tn tn g»n —g»n hy
95 1C,. {1,0,—1} 37 —ty3 {#.5.2x} 1 —1 es tiz —ti3 —g3 &3 —hyy =1 1 —e5 —t3 tiz g3 —g;3 hy
96 1Cy {0,1,-1} 37—ty {3,233} 1 -1 ey ty —g4 S —hy -1 1 —ey =ty ty gy —8u hy

odd). The even irreps do not change with parity
D' (g) = D" (=E * g), whereas the odd irreps are antisym-
metric with respect to the inversion D' (g) = =D (=E x g).

We have organized the following tables in the manner
described here. By first listing the elements of the standard
group without double-cover or parity, and then listing the
double-cover elements, and then the parity elements. We
denote the natural representation of the group elements by
S These are the matrices that act on the standard (x, y, z)
coordinates. S; happens to coincide with the 7'y, irrep. A
faithful representation of the 20}, group can be made with
the G, irrep by

Chinra = {D(9) ® I |g€?0}

vt e () )lseo). (B

2. Time reversal symmetry

A natural question that arises in symmetry discussions is
“What happens if we include time-reversal symmetry in our
group?” After all, the addition of parity and the double-
cover doubled the number of group elements and provided
more irreps to project onto. Unfortunately, since the

time-reversal operator is antiunitary, it does not fit nicely
into the standard representation theory. Representation
theory with antiunitary elements is known as corepresen-
tation theory. The theory of corepresentations was explored
by Wigner [69] and Dimmock and Wheeler [70]. In short,
the inclusion of antiunitary elements breaks certain struc-
tures of standard representation theory, e.g., the number of
conjugacy classes is no longer equal to the number of
irreducible corepresentations (ICRs). Ref. [71] lays out the
resulting structure of ICRs in terms of the irreps of the
unitary part of the group. Let G = G U aq(G, with a, the
antiunitary operator. Pick an irrep I' of G.

(a) I'is real, I' = I'"*. The antiunitary symmetry will not
split the representation any further, providing no addi-
tional ICRs to project onto. Effectively, the ICR retains
the same structure as the irrep in the unitary group.

(b) T'is “quaternionic,” I is equivalent to its conjugate but
in a way that forces a quaternionic structure. The ICR
will take the form I' @ I'. Simply doubling the
dimension of the irrep.

(c) T' is complex, I" # I'*. The antiunitary element then
swaps I' <+ I and therefore the ICR will take the
form I' @ I'* to encompass the extra symmetry. In the
case of the K irreps here this ends up merging them
into one greater ICR of doubled dimension.
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In all three cases, there is no further structure to exploit
from the methodology used here.

3. Elongated box

The symmetry group of the z-elongated box is Dy, It is
the subgroup of O that preserves the (0, 0, 1) vector. The
construction of the irreps follows that of the cubic box. One
finds there are five irreps with dimensions 1, 1, 1, 1, 2 and
identifies them as the A, A,, By, B,, and E irreps. The
double cover, 2D, doubles the group elements and adds two
2-D irreps, G; and G,. Parity doubles the number of
elements again and forms even and odd versions of each
irrep. This brings the total number of elements to 32 with

14 irreps. We use the same notational convention as the
cubic case to denote the elements in Table XVIIL.

4. Moving frames

When the two particle system has a nonzero total
momentum, we say that it is in a moving frame. We denote
the direction of total momentum as d = (n,,n,,n,) with
n; € Z. These moving frames single out a certain direction
in space, reducing the overall symmetry of the box. These
subgroups are called little groups and their elements are all
elements, k from 20, (or ?Dy;,) such that S,d = d. In this
work we have considered three moving frames in the cubic
box and two in the elongated case: d = (0,0,1) and

TABLE XVII.  Group table of Dy, for rest frame in elongated box. The inversion is labeled by preceding with the letter / in the k and
Oy, columns. The E representations are given in terms of Pauli matrices.

k Dy, n o S Aapyy Ay Ay By By E, Gy, Gy Ay, Ay By, By E, Gy, Gy,
1 E {1,0,0} 4z {0,0,0} 1 1 1 1 g g 1 1 1 1 1 g g
2 Cy {00} 7z t {Omzxp 1 1 -1 -1 o3 2 2 1 I -1 -1 oy 2 2
3Gy {010} 7 5 {0z0} 1 1 -1 -1 —o3 g g 1 1 -1 -1 —o3 g g
4 C,, {0,0,1} = t, {0,0,z} 1 1 1 -1 2 24 1 1 1 [ | g4 g4
5 ¢, {001y % 4 {003 1 -1 -I —ioy g5 —gs 1 -1 -1 1 —ioo g5 —g;s
6 Ci {0.0.-1} 5§ uy {005 1 -1 -1 icp, gy —&s 1L -1 -1 1 oy g5 —gs
7 G {LLO} 7 oty {03 1 -1 1 -1 o g9 —go I -1 1 -1 6 go¢ —gpo
8 Cp {LL-10} 7 1t {0.z% 1 -1 I -1 -0 g0 820 I -1 I -1 -0 220 —8&20
9 E {100} 2z t {0027} 1 1 1 1 ¢ —g 1 1 1 1 1 —-g -—g
10 ¢,, {1.0,0} 3z t {0,73z} 1 1 -1 -1 03 —2 & 1 1 -1 -1 6y —2 -
11 ¢, {010} 3z t {0m2z} 1 1 -1 -1 -0y —g —g 1 1 -1 -1 -0y —g -—g
12 CZZ {0,0,1} 3z t {0,0,3z} 1 1 1 -1 —g —-g 1 1 1 1 -1 —g —g
13 ¢, {001} 3 yus {003% 1 -1 -1 —io;, —g5 gs 1 -1 -1 1 —iox —g5 g
14 ¢, {0.0-1} = g {00 1 -1 -1 icp —gis g 1 -1 -1 1 ic, —gi5 g
15 éza {1,1,0} 3z ty {0, =, 5—”} 1 -1 1 -1 61 —Z9 L9 1 -1 1 -1 o1 —Z9 Lo
16 C,, {1,-1,0} 3z t, {0,732 1 -1 I -1 -6, —g & 1 -1 1 -1 -6, -2 g
17 IE {1,0,0} 4z -t {0,0,0} 1 1 -1 -1 1 g g -1 -1 1 1 -1 -g -—g
18 1C,, {1,0,0} = —t, {0,z =} 1 1 1 03 2 e -1 -1 -1 -1 -635 —-g -
19 1C,, {0.1,0} 7 —t {0,7,0} 1 1 1 —03 g3 gz -1 -1 -1 -1 03 —g& —&
20 1C,, {0.0.1} =z -t {00z} 1 1 -1 -1 -1 g g -1 -1 1 1 1 -g -g
21 1y, {001} % -5 {007} 1 -1 1 -1 iy g5 —gs -1 1 -1 1 —ioey —gi5 gis
22 1¢;, {0,0,—1} % -t {0,053} 1 -1 I icy gy —gg -1 1 -1 1 —iey —gig g
23 1C,, {1,1,0} 7 —ty {0, 7, %} I -1 -1 —0] g9 —go -1 1 I -1 o —89 g19
24 1Cy, {L,-1,0} 7 —ty {0.z%} 1 -1 -1 -or o —go -1 1 1 -1 o6 —go g
25 fE {1.0.0} 2z —t {0027z} 1 1 -1 -1 1 -g g -1 -1 1 1 -1 g g
26 1C,, {1.0,0} 3z —t, {0,z 3z} 1 1 1 1 o3 —-g& —-g -1 -1 -1 -1 —-03 g 2
27 16, {0.1.0} 37 —t {0m27} 1 1 1 o3 —gs —g -1 -1 -1 -1 o5 g g
28 1C,, {0.0,1} 3z —t, {0,z 2z} 1 [ | -1 —-g -g -1 -1 1 1 1 24 2
29 iCj(Z {0,0,1} 57” —tis {0, x, 5—”} 1 -1 1 —io, —gi5 g5 -1 1 -1 1 icr, g5 —Egs
30 Ic;, {0.0.-1} ¥ -t {0.z3% 1 -1 -1 iop —gig g —1 1 -1 1 —iey g5 —gis
31 1c,, {110} 37 -t {0.n% I -1 -1 or —g9 go -1 1 1 -1 -0 g9 —gp
32 Iy, {L.-10} 37 —ty {0z} 1 -1 -1 —o; —go g0 -1 1 I =1 o1 g0 —g
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TABLE XVIIIL

Group elements of 2Cy, for both cubic and elongated boxes. The E representation is given in terms of the Pauli

matrices.

k 2Cy, n w Sy {a.p.7} A, A, B, B, E G, G,
1 E {1,0,0} 4n t {0,0,0} 1 1 1 1 -1 g g
2 Cy, {0,0,1} r ty {0,0,7} 1 1 1 1 -1 g g
3 c; {0,0,1} z tis {0.0.3} 1 -1 -1 1 ioy g5 —gi5
4 Ci {0.0,-1} 3 g {0.0.%5} 1 -1 -1 1 —ioy gis —&is
5 E {1,0,0} 2r t {0,0,2x} 1 1 1 1 -1 —g; —g
6 C,, {0,0,1} 3z ty {0,0,37} 1 1 1 1 -1 —g4 —g4
7 C4, {0,0,1} x ts {0,0,32} 1 -1 -1 1 ioy —8i5 215
8 C;, {0,0,-1} 57” tg {0,0,37} 1 -1 -1 1 —io, —g13 218
9 1C,, {1,0,0} r —t {0, 7, 7} 1 1 -1 -1 03 ) 2
10 IC,, {0,1,0} z —t3 {0, 7,0} 1 1 -1 -1 —03 2 2
11 1C,, {1,1,0} z —tg {0, 7,5} 1 -1 1 -1 —0 219 —819
12 1Cy, {1,-1,0} z —tg {0, 7,72} 1 -1 1 -1 o1 20 —2
13 ic,, {1,0,0} 3r —t {0, 7,37} 1 1 -1 -1 03 -2 -2
14 IC,, {0,1,0} 3z —t3 {0, 7,2z} 1 1 -1 -1 —03 —g3 —g3
15 iCy, {1,1,0} 3z —tg {0, =, %2} 1 -1 1 -1 -0 —gi9 g9
16 iCy, {1,-1,0} 3z —tg {0, 7,32} 1 -1 1 -1 o1 —g 0
TABLE XIX. Group elements of 2Cs, in the cubic box.

k °Cs, n @ Sk {a.B.v} A Ay K, K, E G,
1 E {1,0,0} 4n t {0,0,0} 1 1 1 1 1 g
2 i {1,1,1} %’f ts {0.5.3 1 1 -1 -1 es3 g5
3 C3 {-1,-1,-1} 27” ty {5.5.37} 1 1 -1 -1 € g
4 E {1,0,0} 27 t {0,0,27} 1 1 -1 -1 1 —g
5 Cq, {1,1,1} %’f ts {0%57” 1 1 1 1 e3 —gs
6 G35 {-1,-1,-1} %” ty {5.5.7} 1 1 1 1 € —go
7 ICy, {1,-1,0} T —tyg {0, 7,22} 1 -1 —i i ey 20
8 1Cy {1,0,-1} /3 —t3 {n.5,0} 1 -1 i —i e 23
9 ICy; {0,1,-1} s —tyy {3—2”§77” 1 -1 —i i es —24
10 ICy, {1,-1,0} 3z —tg {%” 3, 77”} 1 -1 i —i ey —2%
11 1C,, {1,0,-1} 3z —ty3 {n.5.2x} 1 -1 —i i e —g2x
12 ICy {0,1,—1} 3z —toy {3—2”§37”} 1 -1 i —i es —g
TABLE XX. Group elements of 2C, in both the cubic and elongated boxes.

k °Cy, n ® Sk {a.B.7v} Ay Ay B, B, G
1 E {1,0,0} 4n t {0,0,0} 1 1 1 | g
2 Coa {1,1,0} P s tio {0, 7,5} 1 -1 -1 1 219
3 E {1,0,0} 2r t {0,0,2x} 1 1 1 1 —g
4 Gy, {1,1,0} 3z tio {0, 7,32} 1 -1 -1 1 —g19
5 1C,, {0,0,1} T —ty {0,0,7} 1 1 -1 -1 —g4
6 1Cy, {1,-1,0} /3 —tg {0, 7,2} 1 -1 1 -1 —2
7 ic,, {0,0,1} 3 —ty {0,0,37} 1 1 -1 -1 2
8 iCy, {1,-1,0} 3z ) {0, 7,32} 1 -1 1 -1 290
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d = (1,1,0) in both cases and d = (1,1,1) in just the
cubic box. Tables XVI through XX detail these little
groups.

For permutations of these directions say, d = (1,0,0),
then the irreps will stay the same but the group elements
will change to new subgroups of the parent group. This will
change the basis vectors and the overall structure of the
QCs. However, physical results such as energy levels,
phase shifts, and angular momentum from two similar
boost directions must be the same. This change of boost
direction is equivalent to a rotation of the zeta functions.

5. Basis vectors

The irreps of the continuum rotation group with
J=0.,1.3,..., are defined on the (2J + 1) dimensional
space spanned by the basis vectors |[JM). These basis
vectors are the spin spherical harmonics and reduce to the
standard spherical harmonics for J € Z. These representa-
tions, while irreducible in the continuum, become reducible
into the 16 irreps of 20,. This is to say, that certain
subspaces in the space spanned by |JM), are invariant
under the symmetry transformations of the box. The basis
vectors for this new subspace can be constructed from the
projector

P |IM) = g)lIM’)  (BY)

61 Pt

83 Dl
geG =
where I' is the irrep, 1 a row from the irrep, dr the
dimension of the irrep, |G| is the order of the group, D' (g)
the representation of group element g, and D’(g) the
Wigner D matrix evaluated at the Euler angles correspond-
ing to group element g. Then, if we rotate a projected vector
from row 4, then we get

TABLE XXI.

Basis vectors of 20, in terms of spherical harmonics Y(J, M) up to J =

S(9)P¥IIM) = D, (9)PE#lIM).  (B10)
The recipe for calculating the basis vectors is then as
follows. For a given J and irrep I', we construct the
projector for row 1. Then we perform a QR decomposition,
Pl = Q'R, with Q a unitary matrix and R being upper
triangular. If R = 0 then this irrep does not couple to this J.
If R#0 then the Q' and R matrices will have the
dimensions (2J + 1) x k and k x (2J + 1), respectively.
The rank, k, of these matrices is the number of linearly
independent vectors for this J. This is what is meant by the
multiplicity of the irrep in J.

The k columns of Q = |I'1Jn), withn = 1, ..., k are the
basis vectors corresponding to row 1. For a one-dimen—
sional irrep, this is the end of the story. For higher
dimensional irreps one can use these basis vectors to build
the higher dimensions,

TAJn) = (PR, X =2,...d, (B11)
where RR™! = [.

For improper rotations, one must insert a factor of (—1)’
onto the Wigner D function in Eq. (B9) to account for the
parity of the spin-spherical harmonics. The basis vectors
obtained from this procedure are orthonormal,

(TN, ', 0" \TAIn) = 88856, - (B12)

All the basis vectors up to J = 2 are included below.
Table XXI contains the vectors for >0, Table XXII for the
2D, group in the elongated box, Table XXIII for the little
group *C,, for both box geometries, Table XXIV for the
2C5, little group in the cubic box, and Tables XXV and
XXVI contain the basis vectors for the >C,, little group in
the cubic and elongated boxes, respectively.

% for the rest frame of the cubic box.

Multiplicities are labeled by n and multidimensional components are indicated by a.

r J n a Basis vector
l ! ! ! rG.9
2 Y(3.-3)
Gl 1 1 1
z WG +5 Gy
2 56 -H -1
Gl 2 1 1 ) ;
: M%ﬂﬂ%é)ﬂ 3.9
2 9 (%1
LB e
Gl U 1 1 Y
z WErG D - ;;;w;ﬁw%@
)
2 TR (G

(Table continued)
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TABLE XXI. (Continued)

r J n a Basis vector
13
Gl ; ! : $VAY(E .- - (s.9
)
2 LTIy (2, -9 - (M +1v3Y (1.2
G2 3 1 1 Sy _3y_ YGY)
2 G, —3) -7
2 f y(i’_i)
6.5 -5
G2 3 . I 3 Y(3.-3) —3V3r(3.3)
2 V3Y(3,-3) -1Y(G.3)
11
“ : 1 1 R R (C R R N G
2
FBYG -9+ BB -1 B
G2 B 1 1 | [Bya3 11y 3 [3ya3 35 [55y3 5y _ 1 [13y13 13
2 Z\/%Y(_*_7)+Z 86Y (5 =2) —3y/5se¥ (5.2) —4/ass (5 3)
2 —iyasl (5 -5 3 ERY (G- 3RV () +1/RY D)
G2 13 2 1
: LEr g -p+ Ay -1 ey
2 bR+ -y ey
H 3 ! 1 Y33
2 Y(3.})
; ¥g.-b
4 Y3, -3)
H 5 1 1 v
z -9+ 5
2 -Y(3.%)
5 1
X Y@ 3)Y(§’_§)
: -1 gy
H 7 1 1 1y, _§)+lfy(z 3)
: G- -4
3 ATy
4 l\/—Y(z,—*) 3Y(.3)
H % 1 1 ;)
2 ~AED 41 \/Y NN
3 1\/—Y7 _7 _7\/7Y2’_7 5Y27>
4 Y )
H g 2 1 Y(% )
2 WIYG.-D+ 1 -1V 3
Y
: SVIYE. -9 - F VTG
: 1)

(Table continued)
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TABLE XXI. (Continued)

T J Basis vector
11 113
> 1 /37yl 5 1Y(55 1 /55y /11 11
2 Y R RV (D)
7 3 11 7 1 35 11 1 5 15 11 9
WG -D+ 1 Erd D -1 /Brdy
5 15 11 9 1 35 11 1 7 3 11 7
_Z\/;Y(T’_Z)JFE\/;Y(? —z)+1\/;y(7’z)
1 fsyu _u)_“Y(%—%)Jrl\/Zy(u 3
4 37 2 2 2\/@ 4 3 2°2
H 1 15y /11 3 2v1l 11
2 Y59+ 5Y(5.3)
5 vl 7 7yl 1y, YA
7Y (5 —3) + 25 (5 2) + 55
7vE-9) 7yl 1 5 vl 7
werrk +2\/;Y(7,—§)+\/EY(7,§)
22 11 11 15 11 3
(G =) /5 (G )
H 1 1 Jesy(13 13y 1 [ily(1z 5\ 1 [33y/13 3y, YEY)
2 2 6Y(7»—?)+1\/%Y(7’—5 Ty (32 T35
1 11 13 7 1 33 13 1 1 3 13 9
—3\/3YE -2 =/ (5 5)_1\/;1/(?’5)
Y VA (G IR RYA ()
YELY 1 [Byaz 3 1 [iy3 5y 1 [eSy/13 13
w5 7)Y (50) — a6 Y (5 5)
H B 1y3 5 _YED 1 Jiys 1
2 r($, -9 -+ gy
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TABLE XXII. Basis vectors of 2D, in terms of spi spherical harmonics Y (J, M) up to J = % for the rest frame of the elongated box.
Multiplicities are labeled by n and multidimensional components are indicated by a.

r J n a Basis vector r J a Basis vector
G1 } ! ! vd. G2 : ! vG.-)
2 Y(h,-1) 2 Y39
Gl 2 1 1 Y(3.9) G2 2 1 Y3, -3)
> Y 2 1.9
Gl 3 1 1 Y(3.9) G2 3 1 Y(.3)
2 YE, -1 2 -Y(3.-3)
Gt : ! ! ¥G.-) @2 : ! vG.-)
2 ~1G.) 2 V6.3
Gl 1 2 1 Y(Z.3) G2 1 1 YZ.3)
2 Y3 2 vg.-3
Gl 2 1 1 Y3.-1) G2 2 1 YZ.-3)
2 Y3 2 ~Y(3.3)
Gl 2 2 1 Y(3.%) G2 2 1 Y3.3)
2 Y(3.—3) 2 -Y(.-3)
G1 3 ! 769 @ Y ! Y-
2 YE. -9 2 Y(3.3)
Gl u 1 1 Y& -2 G2 u 1 Y&, -3
2 -Y(4.9) 2 Y(43)
I YeR) @ oy ! Y4
2 vy 2 (UR
. Yy @2 ! Y-t
2 Y49 2 ~¥(8.4)
CHEE ! Y3.-) @ ok ! V5.
2 Y(2.2) 2 -Y(§.3)
a1 o2 ! vy @@ % ! vE )
2 Y(3.-} 2 v
Gl B 3 1 Y(.9) G2 B 1 Y&, 1)
2 rg.-y 2 vy
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TABLE XXIII. Basis vectors of >Cy, in terms of spherical harmonics Y (J, M) up to J = % In both cubic and z-elongated boxes.
Multiplicities are labeled by n and multidimensional components are indicated by a.

r J 1 n a Basis vector r J 1 n a Basis vector
Gl ! 0 1 1 ri.h G2 3 1 1 1 Y3.-3)
2 VG- 2 16y
Gl 1 1 1 1 Y(3.9) G2 3 2 1 1 Y(3.-3)
2 Y(k.-9 2 Y3
Gl 3 1 1 1 Y(3.)) G2 3 2 1 1 YG3.-3)
2 -r3.-) 2 Y9
Gl 3 2 1 1 Y.} G2 3 3 1 1 Y3.-3)
2 YG.—2) 2 Y3
Gl 3 2 1 1 Y3.1) G2 3 2 2 1 Y3.3)
2 -¥(§,-}) 2 —YG.-3)
Gl 3 3 1 1 Y3.)) G2 3 3 2 1 Y(3.3)
2 Y3, -1 2 Y3.-3)
Gl . 3 1 1 YZ.-) G2 z 3 1 1 YG.-3)
2 v 2 v
Gl 1 4 1 1 YZ.-) G2 % 4 1 1 Y3.-3)
2 Y(.2) 2 Y(.3)
Gl 1 3 2 1 Y3.} G2 I 3 2 1 Y(3.3)
2 G- 2 YG-Y
Gl . 4 2 1 Y3, 1) G2 1 4 2 1 YZ.3)
2 vG.-3) 2 v3.-9
Gl g 4 1 1 Y3.-2) G2 2 4 1 1 Y3.-3)
2 v3.d 2 YE.3
Gl 2 5 1 1 Yé.-) G2 2 5 1 1 Y$3.-3)
2 Y@y 2 Y39
Gl 2 4 2 1 Y($.1) G2 2 4 2 1 Y(3.3)
2 -Y(3.-Y 2 -Y(3.-3)
Gl 2 5 2 1 Y.} G2 2 5 2 1 Y(3.3)
2 YG.-) 2 YG.-9
Gl 2 4 3 1 Y$.9) G2 s 5 1 1 v -1
2 ~YG.-3) 2 —Y(5.2)
Gl 2 5 3 1 Y.9) G2 u 6 1 1 v -1
2 Y, -9 2 Y55
Gl u 5 1 1 Y3, -] G2 Y 5 2 ! Y(3.-3)
2 -rd) 2 YEY
Gl u 6 1 1 Y(&.-2) G2 y 6 2 ! Y(5.-3)
2 ) 2 r(§.3)

(Table continued)

114519-41



CHANDLER, LEE, and ALEXANDRU

PHYS. REV. D 113, 114519 (2026)

TABLE XXIII. (Continued)

r J 1 n a Basis vector r J 1 n a Basis vector
Gl o 5 2 1 Y& G2 n 5 3 1 Y(&.3)
2 —Y(5.-2) 2 ~Y(5.-3)
Gl 4 6 2 1 YL G2 u 6 3 1 Y(iL.3)
2 Y5~ 2 Y-
Gl u 5 3 1 Y(iL.9) G2 L 6 1 1 Y&, -1
2 vy 2 Gy
Gl n 6 3 1 Y(iL9) G2 L 7 1 1 Y. -1
2 Y-y 2 Y
Gl N 6 1 1 y(&,-0 G2 N 6 2 1 Y&, -3
2 -Y£.7 2 -Y(5.3)
Gl 13 7 1 1 Y&, -7 G2 u 7 2 1 Y, -3)
2 (ER) 2 Y39
Gl L 6 2 1 Y($.9) G2 L 6 3 1 Y(§.3)
2 rE) 2 )
Gl 1 7 2 1 Y& G2 L 7 3 1 Y(&,3)
2 Y2, -1 2 Y(5.-3)
Gl L 6 3 I Y($.9 G2 g 6 - I Y55
2 vy 2 B
Gl L 7 3 1 rY(&.9 G2 L 7 4 1 YE.5
R 2 rE-y)

TABLE XXIV. Basis vectors of 2Cy, in terms of spherical harmonics Y (J, M) up to J = % in the cubic box. Multiplicities are labeled
by n and multidimensional components are indicated by a. The K, basis vectors are the same as the K| basis vectors simply swapping
the [ for the corresponding J. For example, the basis vectors for J/ = 3/2,/ = 1 in K are the same as the J = 3/2,[ = 2 basis vectors

iIle.
Gt L o 1 1 3)
_L)
2
Gl 1 1 1 1 =i
G.-)+ G
1-i .
2 Cyg. -y -i i)
3 .
S WG+ RYG D+ 513D
2 HYG-D+2YG D) + Y3
3 i 1y
Gl 3 2 1 1 HYG.~D+G-9YG. -+ G
1_i .
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TABLE XXIV. (Continued)
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TABLE XXIV. (Continued)
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TABLE XXIV. (Continued)
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TABLE XXIV. (Continued)
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TABLE XXIV. (Continued)
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TABLE XXV. Basis vectors of >C,, in terms of spherical harmonics Y(J, M) up to J = % in the cubic box. Multiplicities are labeled
by n and multidimensional components are indicated by a.

r J 1 n a  Basis vector r J 1 n a  Basis vector I J 1 n a  Basis vector
Gt L o 1 1 Yi.-9 Gl I 4 4 1 YZ.D Gt i 5 5 1 Y(iL.3)
2 -ivG) (RS L ()
Gt L 1 1 1 Y31 Gl 2 4 1 1 ré,-9 G 1L 6 5 I YL,
2 rd,-) 2 -iY(3.3 2 ir®-
Gl 3 1 1 1 Y3, -3 Gt 3 5 1 1 Yé¢.-9 Gt 4L 5 6 1 Y(&.9)
2 vG3 2 vg) 2 -v(4.-)
Gt 3 2 1 1 Y3,-1 Gl 2 4 2 1 r¢,-3) Gt 4 6 6 1 Y&
2 Gy 2 G 2 v -4
Gt 3 1 2 1 G4 Gl 2 5 2 1 Y3.-3) Gl B 6 1 1 y&-b
2 G- 2 G 2 Gy
Gt 3 2 2 1 Y(3.3) Gl % 4 3 1 Y3, -} Gt B 7 1 1 y&-
2 —iv@.o)) 2 V@4 2 v
Gl 3 2 1 1 Y3,-3) Gt 2 5 3 1 Y(3.h) Gl B 6 2 1 Y2, -9
2 Y3y 2 rg.-h 2 -iv(®.y
Gl 3 3 1 1 Y3G,-3) Gl 3 4 4 1 Y(2.3) Gl L 7 2 1 Y&, -4
2 Y33 2 iy, -3 2 Y(&.9
Gl 3 2 2 1 Y3, -} Gl 2 5 4 |1 Y3.3) Gl B 6 3 I Y(2,-3)
2 -3y 2 VG- 2 i3y
Gt 3 3 2 1 Y3.4 Gl 2 4 5 1 Y(3.%) Gt L& 7 3 1 y%-3
2 ¥G.-d 2 -ivE-) G
Gt 3 2 3 1 Y(3.3) Gt ¢ 5 5 1 Y2.% Gl L 6 4 1 Y&.-h
2 - 2 G-y 2 v
Gl 3 3 3 1 Y3.3 Gt 4 5 1 1 yd-y 61 Bo7 4 1 Y&,
2 VG- 2 vy R
Gt I 3 1 |1 Yz, -1 Gt L 6 1 1 Y&, -9 Gl L 6 5 1 Y(&.3)
2 -Y(3.3) 2 iY(iL.2) 2 iv(.-3)
Gl I 4 1 1 Y@, -3 Gt 4 5 2 1 Y&, -1 Gl B 7 5 1 Y(2,3)
2 -iYE3) A () p RS (< )
Gt I 3 2 1 Y, -3 Gl U1 6 2 1 Y&, -3) Gl B 6 6 1 Y.
2 YZ.3 2 —-iv®) 2 —ivrE.-)
Gl I 4 2 1 YG.-y G614 s 3 1 y#. -3 G B 7 6 1 Y(5.3)
2 iY(2.}) 2 Y, 3) 2 Y&.-9
Gt 7 3 3 1 Yz} G 1 6 3 | Y&, -1 Gl B 6 7 |1 YL,
2 -r(.-Y 2 iy(iL, b 2 ir@E.-4
Gl I 4 3 1 Y(3.3) Gl 4 5 4 1 Y& b Gt L 7 7 1 Y. 5
2 —iv(}.-3) 2 -r%.-) 2 v, -9
Gl 7 3 4 1 Y(3.3) Gl 1 6 4 1 Y(4.3)
2 Y3, -3) 2 —iv(} -3
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TABLE XXVI. Basis vectors of 2Cs, in terms of spherical harmonics Y (J, M) up to J = '2—3 in the elongated box. Multiplicities are
labeled by n and multidimensional components are indicated by .

I J 1 n a Basis vector r J 1 n a Basis vector I J a Basis vector
Gt I 0 1 1 Y. Gl I 4 4 1 Y(Z.3) Gl U 1 Y7
2 Y}.-h 2 Y(Z,-3) 2 Yy, -9
Gt L o1 1 1 Yd.-1 Gl 2 4 1 1 Y$G.-2) Gt U 1 Y(4.3)
2 —iY(3.d) 2 Y$.2) 2 YA, -3
Gl 3 1 1 1 Y, -9 Gt 3 5 1 1 Y(3.-9) Gr U 1 Y(4,
2 iY(3.}) 2 —iY(3.3 2 —ivy -1
Gl 3 2 1 1 Y3.,-3) Gl 2 4 2 1 Y(3.-3) Gr U 1 Y(i.3)
2 Y3.3 2 -Y(3.3) 2 -v#.-9
Gt 3 1 2 1 Y3.3 Gt 2 5 2 1 rE,-3) Gl B 1 v, -1
) 2 g3 2 v
Gt 3 2 2 1 v@.1 Gt 2 4 3 1 YZ.h Gl LB 1 Y2, -1
2 -YG3.-) 2 Y3, -} 2 iy (2,1
Gt 3 2 1 1 YE,-3) Gt 2 5 3 1 r¢,-d Gl Db 1 r2,-7
2 Y(3.3) 2 —iYGg 2 v&)
Gt 3 3 1 1 Y3, -3) Gl 2 4 4 1 Y$.3) Gl B 1 Y&.-9
2 iY(3.3) 2 -Y(3.-3) 2 —-ir}y
Gl 3 2 2 1 Y(3.4 Gl 3 5 4 1 Y3.3) Gl B 1 Y, -3
2 Y3, -3 2 iY(3.-3) 2 -Y#.)
Gt 3 3 2 1 r@,-1) Gl 3 4 5 1 Y. Gl L 1 Y2, -3
) 2 YG.-3) R (C3)
Gt 3 2 3 1 Y3.3) Gl 3 5 5 1 Y3.0) Gl B 1 Y20
2 G-y 2 -ivG.-) 2 vB-Y
Gt 3 3 3 1 Y3.3 Gt 4 5 1 1 Y&, -9 Gl B 1 Y2, -1
2 -r3.-) 2 vy 2 iy
Gl I 3 1 1 Y(Z,-3) Gl 4L o6 1 1 r@,-1y G L 1 Y(2,3)
2 -G 2 vy )
Gt I 4 1 1 YZ.-) Gt 4 5 2 1 Y&, -3 Gl b 1 Y(£,3)
2 Y(1.2) 2 -}y 2 irG.-3)
Gt I 3 2 1 YZ,-1) Gt 4 6 2 1 Y, -1 Gl b 1 Y(2,9)
2 Gy 2 vy 2 vy
Gl I 4 2 1 YZ,-3) Gt 4 5 3 1 Y&, -1 Gl L 1 Y20
2 Y(Z.3 2 iY(4.D) 2 —iv($. -
Gt I 3 3 1 v(Z.3 Gt 4 6 3 1 YA, -3 Gl B 1 Y(2, 1)
2 -iv3.-) (O 2 -r(%.-B)
Gl 7 4 3 1 Y(Z.h Gt 4 5 4 1 Y(iL.3) Gl L 1 v,
2 -¥G.-d 2 -iv(-y 2 G-y
Gl I 3 4 1 Y(Z.2 Gl o 6 4 1 Y
2 wv@,-D 2 -r&. -9y
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