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Motivated by the key role of shear induced polarization in understanding the local spin polarization
puzzle ofΛ hyperons in heavy ion collisions, we perform a complete analysis of spin polarization of massive
fermion in a quantum electrodynamic plasma with shear flow. Apart from the well-known spin-shear
coupling in free theory, we include two more collision dependent contributions: one is a nondynamical
contribution fixed by shifted spin-averaged distribution in steady state; the other is a dynamical contribution
following from spin evolution. Despite of the dependencies on collision, we find the dependencies on
coupling drop out in the final results. These contributions can lead to significant enhancement of the spin-
shear coupling in phenomenologically interesting regime.
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I. INTRODUCTION

The measurement of spin is one of the most challenging
and important experimental tasks. The observation of a
global spin polarization of Λ hyperons [1] confirms the
interplay between spin and rotation in the relativistic
heavy-ion physics [2,3]. Such global spin polarization
of final particle can be well described based on a spin-orbit
coupling picture [4–6] together with a vorticity in quark-
gluon plasma predicted through model calculations [7–9].
However, measurement of Λ hyperon local polarization
[10] shows an overall sign difference from theoretical
predictions [11–13].
Recently it has been realized that shear tensor can also

contribute to spin polarization [14–16]. Phenomenological
implementations have shown the right trend toward the
measured local polarization results [17–21]. The situation
is complicated by the fact that shear cannot be consistently
described by collisionless theories. It is known that a shear
flow necessarily drives the system into a steady state, in
which the distribution function has parametrically large
deviation from local equilibrium distribution in weakly
coupled medium [22,23]. We illustrated that the large
deviation can compensate the smallness in collision term
[24,25], giving rise to a collisional contribution to spin

polarization, which is parametrically the same as the
kinematic contribution obtained in free theory, see
also [26].
In the scenario proposed in [2], the spin polarization ofΛ

hyperons inherits the spin of strange quark. The finite mass
of strange quark introduces a further twist to the story.
Unlike the massless case where spin is locked to the
momentum, spin is an independent degree of freedom
for massive quark, and is described by an independent
kinetic equation. This leads to an extra dynamical con-
tribution to the spin polarization.
All three contributions can be systematically treated in

the framework of collisional quantum kinetic theory
(QKT). The spin polarization is described by axial com-
ponent of Wigner function given by [27–29]

Aμ ¼ 2πδðP2 −m2ÞðaμfA þ Sμνn;mDνfÞ; ð1Þ

aμfA is a dynamical contribution [29–32], which needs to
be determined by spin kinetic equation. It can be identified
as the Pauli-Lubanski vector, which describes the spin in a
given frame specified by the frame vector nμ. S

μν
n;mDνf is

the nondynamical contribution, where Sμνn;m ¼ ϵμναβPαnβ
2ðP·nþmÞ and

Dνf ¼ ∂νf þ Σ>
Vνf − Σ<

Vνf̄. f and f̄ ¼ 1 − f are the spin-
averaged distribution function and the Pauli blocking factor.
Σ≷
Vν ¼ 1

4
tr½γνΣ≷� corresponds to vector component of

greater/lesser self-energy accounting for the collisional
contribution. The ∂f and Σf terms are recognized as the
magnetization current and the displacement current,
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corresponding to kinematic and collisional contributions to
spin polarization respectively [25]. In [24] we determined
the collisional contribution for massive fermion in a shear
flow, leaving the dynamical contribution undetermined.
In this paper, we fill the gap by determining the

dynamical contribution, thus providing complete results
for spin polarization at Oð∂Þ. We shall treat the less
abundant strange quark as probe to the medium consisting
of light quarks and gluons. Since the QKT framework for
QCD is not available for now, we study a simplified version
of this problem: probe massive fermion in massless QED
plasma with a shear flow. In the limit of large fermion mass,
Compton scattering and pair annihilation are suppressed.
The collisional and dynamical contributions to probe
fermion come entirely from Coulomb scattering with
medium fermions. The collisional contribution has been
studied in our previous work [24], where we assumed the
probe fermion in local equilibrium while the medium
fermions reach steady state. We found the collisional
contribution suppresses the kinematic contribution. In this
work, we will consider both probe and medium fermions in
steady state. The dynamical contribution will be determined
for the first time. We shall show the spin kinetic equation
leads to a detailed balance condition with vanishing
collision term in the long time limit, which allows us to
fix the dynamical contribution.
This paper is organized as follows, in Sec. II we collect

and calculate the nondynamical contribution to the massive
probe fermion. In Sec. III we review the frame independ-
ence of the axial-vector component of Wigner function Aμ

and use it to determineAμ for massless fermion. We further
generalize the procedure to determine the leading mass
correction toAμ for massive fermions. In Sec. IV, we derive
the collision term of spin kinetic equation. The equation is
analyzed in the long time limit, in which we obtain the
static solution ofAμ and the dynamical term aμfA from the
vanishing of the collision term. In Sec. V we provide
conclusion and outlook. Calculation details are presented in
the Appendix.
In this paper, we take the mostly negative convention of

metrix gμν ¼ diagð1;−1;−1;−1Þ. The Levi-Civita symbol
is chosen as ϵ0123 ¼ −ϵ0123 ¼ þ1. We use majuscule letter
for four-dimension covariant momentum such as Pμ and
use minuscule latter for its component such as p0 and its
module such as p ¼ jp⃗j. We use the projector Δμν ¼ gμν −
uμuν to project a vector onto direction perpendicular to the
fluid velocity uμ, such as Pμ

⊥ ¼ ΔμνPν and define P̂μ
⊥ ¼

Pμ
⊥=p with p ¼ ð−Pμ

⊥P⊥μÞ1=2. The symmetrization and
antisymmetrization of two symbols are defined through
XðαYβÞ ¼ XαYβ þ XβYα and X½αYβ� ¼ XαYβ − XβYα.

II. SELF-ENERGY CORRECTION

We start with some general analysis based on sym-
metries. For the spin polarization induced by hydrodynamic
gradients, it is naturally to count it as Aμ ∼Oð∂Þ. Consider
a fluid where shear tensor is the only flow, Aμ can in
general be decomposed into

Aμ ¼ 2πδðP2 −m2ÞðuμIPνξN1P þ P̂⊥μIPνξN2P

þ JPμ;νξN3P þ LP
μ;νξN4PÞf0Pσνξ: ð2Þ

With the shear tensor defined as σμν ¼ 1
2
ð∂⊥μ uν þ

∂
⊥
ν uμÞ − 1

3
Δμν∂ · u, with uμ being fluid velocity. fP ≡

fVðβu · PÞ is the distribution of vector charge, and β is
inverse temperature. We have used the abbreviation f0P ¼
∂u·Pf

eq
P and feqP ¼ ðexpðβu · PÞ þ 1Þ−1. NiP are arbitrary

scalar functions of momentum. The projectors IPνξ, J
P
μ;νξ,

and LP
μ;νξ are defined as

IPξν ¼ P̂⊥ξP̂⊥ν þ
1

3
Δξν;

JPμ;ξν ¼ −P̂⊥ξΔμν − P̂⊥νΔμξ þ
2

3
P̂⊥μΔξν;

LP
μ;ξν ¼

1

2
ðϵμξλσuλP̂σ⊥P̂⊥ν þ ϵμνλσuλP̂

σ⊥P̂⊥ξÞ: ð3Þ

As has been discussed in [14], Aμ transforms under time
reversal as Aμ → ðA0;−AiÞ and transforms under parity
reversal as Aμ → ð−A0;AiÞ. In the absence of parity odd
parameter such as μ5, N1P through N4P can only be parity
even functions. In follows that only term with Lμ;νξσ

νξ in
(2) has the same behavior under time and parity reversal.
Thus Aμ can be written as

Aμ ¼ 2πδðP2 −m2Þ ϵμναβP
α⊥uβ

2P · u
P⊥ξσ

νξf0PNP: ð4Þ

On the other hand, in a collisional QKT [27–29], the axial
component of Wigner function for fermion in the local rest
frame of the fluid nμ ¼ uμ is given by (1). Aμ contains the
dynamical part aμfA as well as nondynamical part
Sμνu;mDνf, with Dνf ¼ ∂νf þ Σ>

Vνf − Σ<
Vνf̄. With the same

logic, we can parametrize the dynamical, kinematic and
collisional contributions separately as
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Aa
μ ¼ 2πδðP2 −m2ÞaμfA ¼ 2πδðP2 −m2Þ ϵμναβP

α⊥uβ

2P · u
P⊥ξσ

νξf0PNa;

A∂
μ ¼ 2πδðP2 −m2ÞSm;u

μν ∂
νfp ¼ 2πδðP2 −m2Þ ϵμναβP

α⊥uβ

2P · u
P⊥ξσ

νξf0PN∂;

AΣ
μ ¼ 2πδðP2 −m2ÞSm;u

μν ðΣ>
Vνf − Σ<

Vνf̄Þ ¼ 2πδðP2 −m2Þ ϵμναβP
α⊥uβ

2P · u
P⊥ξσ

νξf0PNΣ; ð5Þ

The quantities N∂ and NΣ can be further related by scalar
kinetic equation. Using the rotational symmetry, Σ>

Vνf −
Σ<
Vνf̄ in the shear flow can be decomposed as

Σ>
Vνf −Σ<

Vνf̄ ¼ ðuνIαβT1p þ P̂⊥νIαβT2p þ Jν;αβT3pÞf0Pσαβ:
ð6Þ

Thus Dνf becomes

Dνf¼Pασανf0PþðuνIαβT1pþ P̂⊥νIαβT2pþJαβν T3pÞf0Pσαβ:
ð7Þ

The scalar kinetic equation PνDνf ¼ 0 [27,28] gives a
constraint between the above parameters,

T1p ¼ p2

P · u

�
T2p

p
þ 2T3p

p
− 1

�
; ð8Þ

where p ¼ ð−Pμ
⊥P⊥μÞ1=2 is the module of the three-

momentum. With the decomposition above, the dynamical
part, the kinematic part and the collisional part have the
following decomposition, and the axial-vector component
as the sum of the above three parts Aμ ¼ Aa

μ þA∂
μ þAΣ

μ .
Comparing (4) with (5) one can directly find NP is the sum
of three parts

NP ¼ Na þN∂ þNΣ ¼ Na þ
P · u

P · uþm

�
1−

2T3p

p

�
; ð9Þ

where in the last equality we have used N∂ ¼ P·u
P·uþm and

NΣ ¼ − P·u
P·uþm

T3

p following from (5) and (6) respectively.
Before moving on to the detailed calculation, we first

recall the results in related studies. Results obtained in linear
response theory [14] and statistical field theory [15] corre-
spond NP ¼ 1. Chiral kinetic theory also gives NP ¼ 1 in
the massless limit [16]. Its extrapolation to massive case
corresponds to N∂ [19]. All three results do not contain
collision dependent contributions, which are generically
present in Na and NΣ. As we are going to see, Aμ for

massive spin carriers with collisional effect determined in a
static state is much more complicated.
We first work out the collisional contribution for probe

fermion in the massless QED plasma with a steady shear
flow with both probe and medium fermions (and also
photons) in steady state. We start by collecting the result in
our previous work [25]. Consider a neutral QED plasma
with Nf flavor of massless fermions in a shear flow. To the
leading logarithmic order, only elastic scatterings among
fermions and photons are relevant. The presence of shear
flow leads to redistribution of fermions and photons, which
has been solved in Refs. [22,23,33]. The deviation from
local equilibrium distribution can be parametrized as δfP ¼
βfeqP ð1 − feqP ÞIPμνσμνχp with IPμν being a symmetric traceless
projector defined in (3). Approximate analytic expressions
of χp have been obtained in [24], the redistribution for
massless medium fermion is characterized by δfp with χp
given by

χmed
p ¼ ð2πÞ3Cf

e4 ln e−1
β2p2; ð10Þ

with Cf ¼ 3ð1þ2NfÞ
4π2N2

f
and e being the QED coupling constant.

This redistribution leads to collisional contribution through
the self-energy correction. The collisional contribution of
the massless medium fermion includes Coulomb, Compton
and annihilation processes [25]. We quote the result in [25]
for the spin polarization of massless fermion in a shear flow
with vanishing dynamical contribution

Aμ ¼ 2πδðP2ÞSμνDνfP

¼ −2πδðP2Þ ϵμναβP
α⊥uβ

2P · u
P⊥ξβσ

νξ

×

�
1 −

2Tmed
3p

p

�
feqP ð1 − feqP Þ: ð11Þ

The ratio
2Tmed

3p

p delineates the importance of collisional
contribution in comparison to the well investigated kin-
ematic contribution. Tmed

3p is the coefficient contributed
from the self-energy correction [25].

SPIN POLARIZATION FOR MASSIVE FERMION IN A SHEAR … PHYS. REV. D 111, 056023 (2025)

056023-3



Tmed
3p ¼ CfNfð9Tζð3Þð5Fp − 4TÞ þ π2pð4T − FpÞÞ

6p

þ ðCf − CbÞπ4T2

48p

1þ feqγ;P
1 − feqP

: ð12Þ

T3 splits into contribution from Coulomb scattering (first
line) and from Compton and annihilation (second line),

with F ¼ 1–2feqP , f
eq
P , and feqγ;P are the distribution func-

tions for fermions and photons at local equilibrium respec-
tively, and ðCb − CfÞ ¼ 2

π2Nf
.

Next, we work out the self-energy part AΣ
μ in the spin

polarization of the probe fermion. We assume the probe
fermion also reaches a steady state. At the leading loga-
rithmic order we consider, the Compton scattering and pair
annihilation are suppressed as long as m ≫ eT. This is
because the Compton scattering and pair annihilation
involving the probe fermion are screened by the its mass,
giving rise to an infrared enhancement factor ln T

m, which is
much less than the counterpart ln T

eT from Coulomb scatter-
ing. Therefore, we can obtain the redistribution of probe
fermion by consider Coulomb scattering with medium
fermions only. The self-energy diagram corresponding to
Coulomb scattering is depicted in Fig. 1.
The relevant scalar kinetic equation for the massive

probe fermion reads

P · ∂fP ¼−4e4ð2πÞ3
Z
K;P0;K0

ð2πÞ4δ4ðP−K−K0 þP0ÞδðK2−m2ÞδðP02ÞδðK02ÞjMj2CoulðfPfP0 f̄Kf̄K0 − f̄Pf̄P0fKfK0 Þ; ð13Þ

where
R
K;P0;K0 ¼ ð2πÞ−12 R d4Kd4P0d4K0 and jMj2Coul is the amplitude square for Coulomb scattering with overall coupling

constants factored out

jMj2Coul ¼
2Nf · 2ðK · P0P · K0 þ P · P0K · K0 −m2P0 · K0Þ

ðQ2Þ2 : ð14Þ

The unprimed momenta and primed momenta correspond to probe and medium fermions respectively. Q ¼ P − K ¼
K0 − P0 is the small momentum transfer. 2Nf in the numerator comes from the Nf flavor fermion and antifermion in the
loop. The redistribution of medium fermions is already known. The counterpart of probe fermion can be parametrized as
δfP ¼ βfeqP ð1 − feqP ÞIPμνσμνχprobp . After linearizing the Boltzmann equation and performing the phase space integral, (13) is
then turned into a differential equation of χp

2

3
p2feqP ð1 − feqP Þ ¼ e4 ln e−1

ð2πÞ4
4π3T3Nf

3pṽ4

n
ðṽð3ṽ2 − 1Þ þ ðṽ2 − 1Þ2ηpÞχprobp

þ pṽ2

3T
ðFpðṽ2 − 1Þηp þ Fpṽ − 2Tṽ4Þχprob0p −

1

3
p2ṽ2ððṽ2 − 1Þηp þ ṽÞχprobp

00

þ 72πpζð3ÞCf

T2
ðṽ2 − 1ÞðFpðṽ2 − 3Þηp þ 3Fpṽþ 4Tṽ4Þ

o
feqP ð1 − feqP Þ; ð15Þ

where F ¼ 1–2feqP and ṽ ¼ p=p0, the rapidity ηp ≡ arctanh ṽ≡ 2−1 ln½ðp0 þ pÞ=ðp0 − pÞ�, with p the module of three-
momentum, and p0 ¼ ðp2 þm2Þ1=2. The redistribution of the probe fermion in the shear flow can be characterized with
χprobp . We solve (15) in the phenomenological interesting regime p ≫ T. An approximate analytical solution can be found

by keeping only the leading powers of p in (15), which singles out χprob
0

p terms on the right-hand side (rhs). It follows then

χprobp ¼ ð2πÞ3Cprob
f

e4 ln e−1
β2p2: ð16Þ

FIG. 1. Two-loop diagram for fermion self-energy containing
propagator corrections [28,34]. The unprimed momenta and
primed momenta correspond to probe and medium fermions
respectively.
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In comparison to (10), Cprob
f of the probe fermion is a

function of momentum and mass

Cprob
f ¼ 3

2π2Nf
·

ṽ2

ṽþ ðṽ2 − 1Þarctanh ṽ : ð17Þ

In the massless limit, namely as ṽ → 1, the above coef-
ficient has the limit Cprob

f → 3
2π2Nf

. This is different from the

corresponding coefficient Cf ¼ 3ð1þ2NfÞ
4π2N2

f
of the massless

medium fermion since only Coulomb scattering is consid-
ered for massive fermion.
With the redistribution of the medium and probe fermion

determined above, we can work out Σ>
Vνf − Σ<

Vνf̄ for the
probe fermion. By using the complete basis for the Clifford

algebra, the Wigner function and the self-energy are
decomposed into

S< ¼ S< þ iP<γ5 þ V<
μ γ

μ þA<
μ γ

5γμ þ 1

2
S<
μνσ

μν;

Σ< ¼ Σ<
S þ iΣ<

Pγ
5 þ Σ<

Vμγ
μ þ Σ<

Aμγ
5γμ þ 1

2
Σ<
Tμνσ

μν; ð18Þ

and likewise for the greater components, we have used the
shorthand notation Aμ ≡A<

μ . The calculation is quite
similar to those in [24,25], here we just collect the key
steps. For the massive probe fermion, only Coulomb
scattering contributes at leading logarithmic order, the
self-energy is depicted by Fig. 1. From Fig. 1 the greater
self-energy is

Σ>ðPÞ ¼ 2Nfe4
Z
K0;P0;K

ð2πÞ4δ4ðP − K þ P0 − K0ÞδðK2 −m2ÞδðP02ÞδðK02ÞϵðK · uÞϵðP0 · uÞϵðK0 · uÞ

× γμS>ðKÞγνD22
μβðP − KÞD11

ανðP − KÞTr½γαSð0Þ<ðP0ÞγβSð0Þ>ðK0Þ�; ð19Þ

with the unprimed momenta and primed momenta correspond to probe and medium fermions respectively. 2Nf comes from
Nf flavors of fermion and antifermion in the loop of Fig. 1. For simplicity, we will choose Feynman gauge for photon

propagator D22
μβ and D11

αν, namely D22
μβðQÞ ¼ igμβ

Q2 and D11
ανðQÞ ¼ −igαν

Q2 . The vector component of self-energy is obtained

through projecting out the vector component of (19). Combining both the lessor and greater components of the self-energy,
one then has Σ>

VμfP − Σ<
Vμf̄P as

Σ>
VμfP − Σ<

Vμf̄P ¼ 4e4ð2πÞ3
Z
K0;P0;K

ð2πÞ4δ4ðP − K þ P0 − K0ÞδðK2 −m2ÞδðP02ÞδðK02Þϵðk0Þϵðk00Þϵðp0
0Þ

×MCoul
μ ðfP0fPf̄Kf̄K0 − f̄Pf̄P0fKfK0 Þ

¼ 4e4ð2πÞ3
Z
K0;P0;K

ð2πÞ4δ4ðP − K þ P0 − K0ÞδðK2 −m2ÞδðP02ÞδðK02Þϵðk0Þϵðk00Þϵðp0
0Þ

×MCoul
μ ½IP̂0

αβχ
med
p0 − IK̂

0
αβχ

med
k0 þ IP̂αβχ

prob
p − IK̂αβχ

prob
k �feqP feqP0 f̄

eq
K f̄eqK0βσαβ

¼ Tprob
μ;αβðPÞβσαβ; ð20Þ

with

MCoul
μ ¼ 2Nf · 2ðP0

μK · K0 þ K0
μK · P0Þ

ðQ2Þ2 : ð21Þ

where in the second equal sign, we have linearized in the shear tensor, and in the third equal sign we have considered that
general analysis from (6) through (8) applies to Σ>

VμfP − Σ<
Vμf̄P, so that we can write

Σ>
VμfP − Σ<

Vμf̄P ¼ ðuνIαβTprob
1p þ P̂⊥νIαβT

prob
2p þ Jν;αβT

prob
3p Þf0Pσαβ; ð22Þ

with

Tprob
2p ¼ 6CfNfTζð3Þ

pṽ4
½ð9ṽ4 − 7ṽ2 þ 15Þṽ2T þ ð17ṽ2 − 30ÞpṽFþ 3ððṽ4 − 9ṽ2 þ 10ÞpFþ ð3ṽ2 − 5ÞṽTÞηp�

−
Cprob
f Nfπ

2

3ṽ6
½ð4ṽ6 þ 2ṽ4 þ 9ṽ2 þ 3ÞṽT − ð4ṽ2 þ 3Þpṽ2Fþ ðð−2ṽ4 þ 3ṽ2 þ 3ÞpṽFþ ð2ṽ6 þ ṽ4 − 8ṽ2 − 3ÞTÞηp�;

ð23Þ
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Tprob
3p ¼ 3TCfNfζð3Þ

2p3ṽ3
½2ð−3ṽ4 þ 7ṽ2 − 6Þp2ṽT þ ð24 − 19ṽ2Þp3F þ 3m2ṽððṽ2 − 8ÞpF þ 4TṽÞηp�

þ Cprob
f Nfπ

2

6p2ṽ5
½2ð−4ṽ4 þ 9ṽ2 − 3Þp2T þ ð2ṽ2 − 3Þp3ṽF þm2ṽð3pṽF þ ð6 − 14ṽ2ÞTÞηp�: ð24Þ

In massless limit, Tprob
3p becomes

Tprob;m¼0
3p ¼ 3CfNfTζð3Þð5Fp − 4TÞ

2p

þ Cprob
f Nfπ

2ð4T − FpÞ
6

: ð25Þ

The ratio RΣ=∂ ≡ NΣ=N∂ ¼ −2Tprob
3p =p delineates the

importance of collisional contribution AΣ
μ in comparison

to the kinematic contribution A∂
μ. As has been discussed in

[25], the sign of this ratio depends on p. The ratio RΣ=∂

versus p=T for different masses is presented in Fig. 2. The
ratio for p≲ T is unreliable because of the use of
approximate solution (16).
Note that in the limit p ≫ T, the ratio RΣ=∂ still depends

the mass of the probe fermion. In the relativistic limit
p ≫ m,

RΣ=∂jp≫m;p≫T →
1

2
: ð26Þ

In the nonrelativistic limit m ≫ p,

RΣ=∂jm≫p → −
18CfNfζð3ÞT2

p2
−
2mT
5p2

: ð27Þ

III. FRAME DEPENDENCE

In this section, we constrain the dynamical part from the
frame independence of Aμ. We start our analysis by
collecting the known result in [35], see also [36]. It has
long been realized that Lorentz covariance and the require-
ment of conservation of angular momentum together
generate a frame-dependent particle position, which is a
tunnelinglike motion of the particle known as the side-
jump. For a massless fermion with helicity λ, the Lorentz
covariant current in presence of a 2-by-2 collision PK →
P0K0 in a frame specified by vector nμ is given by

Jμλ ¼ Pμfλ þ λSμνn ∂νfλ þ λ

Z
KK0P0

CλΔ̄μ; ð28Þ

with λ ¼ � corresponding to right/left-handed particles.

λSμνn ¼ λ
ϵμναβPαnβ

2P·n is the spin tensor for fermion with helicity

λ in frame n, λΔ̄μ ≡ λΔμ
n̄n ¼ λ

ϵμαβγPαn̄βnγ
2ðP·nÞðP·n̄Þ is the side-jump

of the particle between the “no-jump frame” n̄ ¼
ðPþ KÞ= ffiffiffi

s
p

and the arbitrary frame nμ.
R
KK0P0 is the phase

space integral and Cλ is the collision kernel with the
following explicit form [37].

Cλ ¼ jMj2ð2πÞ4δðPþK −P0 −K0Þ½fλn̄ðP0Þfλn̄ðK0Þ
× ð1− fλn̄ðPÞÞð1− fλn̄ðKÞÞ− ðP;K ↔ P0;K0Þ�; ð29Þ

with fn̄ being the distribution function in the no-jump
frame. The axial-vector current can be constructed from
Jμλ as

Aμ ¼ Jμþ − Jμ− ¼ PμfA þ Sμνn ∂νfP þ
Z
KK0P0

C½fP�Δ̄μ; ð30Þ

With a little bit of algebra, one can translate (30) into the
corresponding expression in [38]

Aμ ¼ 2πδðP2ÞðPμfA þ Sμνn DνfPÞ; ð31Þ

The generalization from massless to massive case (1) is
minimal [29]. By construction, aμfA is identified as the
Pauli-Lubanski vector which describes the spin in a given
frame. It is a dynamical variable which needs to be
determined by the kinetic theory. On the other hand,
Sμνn ∂νf can be recognized as the magnetization current
and Sμνn ðΣ>

Vνf − Σ<
Vνf̄Þ as the displacement current.

FIG. 2. Ratio RΣ=∂ ≡ NΣ=N∂ ¼ −2Tprob
3p =p versus p=T for

different masses for Nf ¼ 2.
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Since Aμ is frame independent, it requires that the frame
dependences in dynamical and nondynamical part to
cancel. As we shall show below this requirement can fully
fix fA in the massless case and can fix the leading mass
correction to aμfA in the massive case. We begin with the
massless case, in which the requirement leads to

Pμðf0A − fAÞ ¼ ðSμνn − Sμνn0 ÞDνfP

¼ ðPνΔμ
nn0 − PμΔν

nn0 ÞDνfP; ð32Þ

where f0A and fA are the axial-charge in frame n0 and n
respectively. The frame dependence in fP occurs only at
higher order in gradient, so we may take fP in any frame.
Using the kinetic equation P ·DfP ¼ 0, we easily find

f0A − fA ¼ −Δν
nn0DνfP: ð33Þ

We proceed by writing down the general frame independent
decomposition of DνfP with the shear tensor σαβ as

−DνfP ¼ PαPβσαβðA1Pν þ A2uνÞ þ A3Pμσνμ: ð34Þ

The term proportional to Pν vanishes upon contraction with
Δν

nn0 . The coefficients A2 and A3 are related by the kinetic
equation P ·DfP ¼ 0 as A2 ¼ − 1

P·u A3. Thus we have

f0A−fA¼
ϵμναβPνnαn0β
2ðP ·nÞðP ·n0Þ

�
−
PξPρσξρ
P ·u

uμþpξσμξ

�
A3: ð35Þ

Using the following contracted Schouten identity

ðϵμναβPξ þ ϵναβξPμ þ ϵαβξμPν þ ϵβξμνPα þ ϵξμναPβÞ

× Pνnαn0β
Pρσξρuμ

ðP · nÞðP · n0ÞðP · uÞ ¼ 0; ð36Þ

and noting the middle term vanishes by the on-shell
condition P2 ¼ 0, we obtain

f0A − fA ¼
�
ϵμναβuνPαn0βP

ξσμξ
2P · n0

− ðn0 → nÞ
�

A3

P · u
: ð37Þ

It is solved by fA ¼ ϵμναβuνPαnβPξσμξ
2P·n

A3

P·u. We cannot add
another frame-independent function to fA, which is a
pseudoscalar. The only possible structure ∼PμPξσμξ is
excluded by parity. This is in contrast to the case with
vorticity, where one can have ∼Pμωμ.
For massive fermion, we use a frame independent vector

Nμ to parametrize aμfA as

aμfA þ ϵμναβPαnβDνfP
2ðP · nþmÞ ≡ Nμ: ð38Þ

Nμ should be chosen such that fA has the correct massless
limit and aμ satisfies the constraint P · a ¼ P2 −m2 ¼ 0
[29]. Recall that for nμ ¼ uμ, with fA ¼ 0, we have the
following explicit expression for Nμ in the massless limit.

Nμðm ¼ 0Þ ¼ ϵμναβPαuβDνfP
2P · u

¼ ϵμναβPαuβ
2P · u

P⊥ξσ
νξf0P

�
1 −

2T3pðm ¼ 0Þ
p

�
:

ð39Þ

In small mass limit, we choose the corresponding Nμ to
have the same expression as above except with T3pðm ¼ 0Þ
replaced by the massive counterpart T3p.

Nμ ¼ ϵμναβPαuβ
2P · u

P⊥ξσ
νξf0P

�
1 −

2T3p

p

�
: ð40Þ

In writing down this ansatz, we have assumed that Aμ is an
even function of m. This is true for Aμ in free theory in
background vorticity and magnetic field after a cancellation
of odd terms in m [29]. We assume this also holds for the
shear case. This assumption excludes first order term of m
in the small mass limit. Inserting the decomposition (7) and
the ansatz (40) back to (38), and using the Schouten
identity, the dynamical term aμfA can be rewritten as

aμfA ¼
 
Pμ

ϵναβρPαnβuν
2ðP · nþmÞP · u

þm2
ϵμναρnαuν

2ðP · nþmÞP · u

þm
ϵμναρPαuν

2ðP · nþmÞP · u

!�
2T3p

p
− 1

�
f0PP

ξσξρ

−m2
ϵμναβPαnβuν

2ðP · nþmÞP · u

T2p

p3
f0PP

ξPσσξσ: ð41Þ

It is easy to find from the above expression Pμaμ ¼ 0 is
satisfied. In small mass limit, taking nμ ¼ uμ, we have

aμfA¼m

�
1−

2T3pðm¼0Þ
p

�
ϵμναβPαuβ
2ðP ·uÞ2 f0PP

ξσξνþOðm2Þ:

ð42Þ

Now we comment on the uniqueness of the ansatz:
the structure of Nμ is fixed by Lorentz covariance and
parity. The normalization is subject to possible mass

correction as 1 − 2T3pðm¼0Þ
p → 1 − 2T3pðm¼0Þ

p þOðm2Þ.
However, the Oðm2Þ correction will not affect our result
(42). The dynamical part beyond small mass limit can only
be obtained through detailed balance condition. As we are
going to see, (42) agrees with the result based on detailed
balance.
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As a by product, we find the dynamical contribution
nicely explains the discrepancy between field theory
approaches [14,15] and kinetic approach [29] on shear
induced spin polarization for massive fermions. In the
kinetic approach [29], if one consider only thermal shear,
the polarization should be

Nki
μ ¼ aμfA þ ϵμναβPα⊥uβ

2ðP · uþmÞP⊥ξσ
νξf0P; ð43Þ

which contains both kinematic and dynamical contribu-
tions. While in field theory approaches such as linear
response theory [14], both kinematic and dynamical con-
tributions are included implicitly, giving the shear induced
polarization

Nth
μ ðPÞ ¼

ϵμναβPα⊥uβ

2P · u
P⊥ξσ

νξf0P: ð44Þ

Obviously, in the massless case, both expressions above
agree with each other. Turning off the collisional contri-
bution by setting Tprob

3p ¼ 0, and inserting OðmÞ term of
aμfA (42) into (43), then the difference between (43) and
(44) will be ofOðm2Þ order, which means theOðmÞ term in
(42) precisely accounts for the difference between the two
approaches in the small mass limit. This is also proved by
our numerical solution in the next section.

IV. DETAILED BALANCE

A. Collision term

Nowwe specify what we mean by detailed balance. For a
plasma with steady shear flow, we expect fP and Aμ to
reach steady functions [39]. fP satisfies the Boltzmann
equation. It is known long ago that the presence of a steady
shear will drive fP away from the local equilibrium
distribution such that the collision term balance the gradient
term on the left-hand side (lhs) of the kinetic equation. The
situation of Aμ is different. Aμ satisfies a separate axial
kinetic equation, which schematically reads

P · ∂Aμ ¼ Cμ
A: ð45Þ

With our counting fA ∼Oð∂Þ and fP ∼Oð∂0Þ, Aμ ∼Oð∂Þ,
thus the lhs is counted as ∼Oð∂2Þ. It follows that the
collision term should vanish at Oð∂Þ. This is to be referred
as detailed balance condition.
The evolution of spin involves diffusion of the initial

spin of the probe fermion as well as polarization induced by
the shear flow through collision with medium fermions.
Since we are going to use the detailed balance condition of
the spin kinetic equation, it is required to evaluate the
collision terms up to Oð∂Þ. To Oð∂Þ order, the collision
terms for axial-vector components follow from Kadanoff-
Baym equation Cμ

A ¼ C>μ
A − C<μ

A , with C>μ
A given by

C>μ
A ¼ −pμΣ>

AνV
<ν þ pνΣ>

AμV
<ν þmΣ>

SA
<
μ þ pρΣ

>ρ
V A<

μ

−
1

2
ϵμνρσð∂σΣ>ν

V ÞV<ρ þm
2
ϵρσλμΣ

>ρσ
T V<λ

þ 1

2
ϵρσλμðΣ>ρ

V þ Σ<ρ
V ÞΣ>σ

V V<λ; ð46Þ

C<μ
A can be obtained by exchanging>↔<. The last term in

(46) has been ignored in previous studies, since it contains
an extra power of ΣV thus is superficially higher order in
coupling constant. However, in a steady state, distribution
functions in ðΣ>σ

V V<λ− >↔<Þ should be replaced by f →
feq þ δf with feq and δf corresponding to local equilib-
rium distribution and steady state deviation. The feq term
vanishes by detailed balance, while terms linear in δf has
additional dependence on coupling constant as (16), which
precisely cancels the counterpart in ðΣ>σ

V V<λ− >↔<Þ [24].
Besides, since δf is first order in gradient, the last term in
(46) is ofOð∂Þ order. Hence the last term in (46) contributes
at the same order of coupling constant and gradient as the
other terms.
As reasoned earlier, for m ≫ eT, only Coulomb scatter-

ing between probe fermion and medium fermions is relevant
to leading logarithmic order. Figure 1 is the self-energy
diagram corresponding to the Coulomb scattering of the
massive probe fermion (P andK) with the massless medium
fermion (P0 and K0). Writing all the components of the self-
energy accordingly, and substituting into (46), the collision
terms for the Coulomb scattering is

Cμ
A ¼ −

Z
K;Q;K0;P0

fMA1
μν ðf̄KfP0 f̄K0 þ fKf̄P0fK0 ÞNνðPÞ þMA2

μν ðfP0 f̄K0fP þ f̄P0fK0 f̄PÞNνðKÞ

þMA3
μν ðf̄K0fPf̄K þ fK0 f̄PfKÞSνρu DρfP0 þMA4

μν ðfP0fPf̄K þ f̄P0 f̄PfKÞSνρu DρfK0

þMA5
μν ðf̄KfP0 f̄K0 þ fKf̄P0fK0 ÞDνfP þMA6

μν ðfP0 f̄K0fP þ f̄P0fK0 f̄PÞDνfKg; ð47Þ

with
R
K;Q;K0;P0 ¼ 2πδðP2 −m2Þ R d4Kd4Qd4K0d4P0

ðð2πÞ4Þ4 ð2πÞ8δðP − K −QÞδðQþ P0 − K0ÞδðK2 −m2ÞδðP02ÞδðK02Þ, and effective

amplitudes MAi
μν are given in Appendix (A1).
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The collision term above is aimed to describe the
evolution of massive probe spin in a steady shear flow.
The first line of (47) describes the spin diffusion of the probe
fermion, where NνðPÞ and NνðKÞ are the spin of the
massive probe fermion defined in (38). The rest of terms
in (47) are the polarization effect. The second line delineates
the polarization contributed from spin of the medium
fermion, where Sνρu DρfP0 and Sνρu DρfK0 are the spin
polarization of the massless medium fermion at local
equilibrium (31). The third line is the polarization effect
induced by inhomogeneous distribution as well as the
redistribution of the probe fermion. The collision terms
delineate the competition between spin diffusion and
polarization. When the evolution of the probe spin reaches
a steady state, the diffusion and polarization will balance
each other, resulting in a vanishing collision term. It is worth
noticing that the self-energy correction enters the collision

terms through both Sνρu DρfP0 ðSνρu DρfK0 Þ for medium fer-
mions and DνfPðDνfKÞ for probe fermion. With these
quantities from (12) for medium fermions and from (23)
and (24) for probe fermions, we are ready to complete the
phase space integral and determine NνðPÞ through detailed
balance condition.
Before carrying out the phase space integral, it is useful

to decompose Cμ
A. Since C

μ
A has the same parity and time-

reversal properties as Aμ, we may as well decompose it as

CAμ ¼ CALP
μ;ξνβσ

ξν; ð48Þ

with Lμ;ξλ
P defined in (3). CA is a scalar function of

momentum, it is obtained from the collision term (47)
with straightforward but tedious calculation

CA ¼ 16Nfe4ð2πÞ3
Z
K;Q;K0;P0

1

ðQ2Þ2
�

J1
2P · uP2⊥

�
NP − 1þ 2Tprob

3p

p

�
þ J2
2K · uP2⊥

�
NK − 1þ 2Tprob

3k

k

�

þ m2

2K · uP2⊥

�
J3NK − J4

�
1 −

2Tprob
3k

k

�
− J5

Tprob
2k

k

�
þ m2J6
2P · uP2⊥

�
1 −

2Tprob
3p

p

�

þ m2J7
2K0 · uP2⊥

�
1 −

2Tmed
3k0

k0

�
−

m2J8
2P0 · uP2⊥

�
1 −

2Tmed
3p0

p0

��
f̄eqK f̄eqK0f

eq
P0 f

eq
P ; ð49Þ

where the Ji are functions of momentum P;K; P0; K0

defined in (A2), Tprob
2 , Tprob

3 , and Tmed
3 comes from the

self-energy correction with their explicit expressions given
in (12), (23), and (24). The task of determining the local
equilibriumAμ from the detailed balance is now turned into
finding the coefficient NP that eliminate CA.
In the massless limit CA ¼ 0 has an exact solution, with

terms proportional tom2 vanishing in (49), one can directly
read from (49) that

NP ¼ 1 − 2Tprob
3p =p: ð50Þ

From (9), such solution of massless fermion indicates
Na ¼ 0, in other word PμfA ¼ 0 in the massless case.
This agrees with our analysis in the Sec. III and [16,40]. For
massive fermion, there is no such simple solution, however,
the vanishing of collision term gives a constraint on NP and
NK , which leads to a complicated integral equation.
Fortunately, it can be simplified to a differential equation
in the leading logarithmic order approximation: With the
probe fermion and medium fermion being hard fermions,
and the momentum transfer being soft eT ≪ q0; q ≪ T,
NK can be expanded around NP as

NK ¼NP−Q¼NP−Qν
∂PνNPþ

1

2
Qρ

∂PρQν
∂PνNPþOðQ3Þ:

ð51Þ

Since NP is only a function of jp⃗j, the expansion above can
be further simplified to be

NK ¼ NP − q cos θqN0
P þ 1

2p
ðsin2θqN0

P þ cos2θqN00
PÞq2

þOðq3Þ; ð52Þ

with cos θq ≡ q̂ · p̂, N0
P ¼ ∂pNP and q2 ¼ −Qμ

⊥Q⊥μ. The
calculation details of momentum integral are presented in
the Appendix. After momentum integral, the detailed
balance condition is converted into a differential equation
of NP

CA ¼ cð0ÞdiffNP þ cð1ÞdiffN
0
P þ cð2ÞdiffN

00
P þ cpol ¼ 0; ð53Þ

where cð0ÞdiffNP þ cð1ÞdiffN
0
P þ cð2ÞdiffN

00
P is the diffusion of probe

spin, leading to decrease of the probe spin with cð0Þdiff < 0.
cpol is the polarization effect, which contains contribution
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from different parts cpol ¼ cmed∂
pol þ cmedΣ

pol þ cprob∂pol þ cprobΣpol .
Definitions and explicit expressions of all parts are given in
the Appendix. cmed∂

pol is polarization effect contributed from
the magnetization current of the medium fermion, cmedΣ

pol

from the displacement current of the medium fermion,
cprob∂pol from the inhomogeneity of the probe distribution, and

cprobΣpol from the redistribution of the probe fermion in the
shear flow.
The competition between polarization and diffusion rate

can be characterized through the ratio −cpol=c
ð0Þ
diff , which

depends on temperature, momentum, and mass of the
probe. The ratio between polarization and diffusion can
be simplified in certain limit. In the relativistic limit

p ≫ m, the ratio between polarization and diffusion effect
approaches

−
cpol

cð0Þdiff

����
p≫m

¼ 3

2
; ð54Þ

wherein the polarization effect from the medium fermion

does not contribute in such limit cmed∂
pol =cð0Þdiff → 0,

cmedΣ
pol =cð0Þdiff → 0, while that from the inhomogeneity of

probe fermion −cprob∂pol =cð0Þdiff → 1, −cprobΣpol =cð0Þdiff → 1=2. In
the nonrelativistic limit m ≫ p, the ratio between polari-
zation and diffusion effect is

−
cpol

cð0Þdiff

����
m≫p

¼ 1

2
þ
�
π2ðCb − CfÞ

16
− CfNf

�
9ζð3Þ
4π2

þ ln 2

��
þ Tð7m − 225CfNfTζð3ÞÞ

50p2

þ tanh

�
m
2T

��
173

600
þ 21CfNfTζð3Þ

5m

�
−
128T
35m

þ 141CfNfζð3ÞT2

5m2
: ð55Þ

The magnetization current of the medium fermion spin

−cmed∂
pol =cð0Þdiff → 1=4 and inhomogeneity of probe fermion

−cprob∂pol =cð0Þdiff → 1=4 make the first 1=2 in the first line. The
second and third terms in the first line come from the
displacement current of the medium fermion cmedΣ

pol , which
also approaches a constant in such limit. The redistribution
of the probe fermion cprobΣpol contributes to the second line,
such effect is linear in m in the large mass limit. Coef-
ficients in (53) under both limits are presented in the
Appendix.

B. Boundary condition and solution

In order to solve the differential equation (53), boundary
conditions are required. We first work out the boundary
condition. With the coefficients in the large momentum

limit p ≫ m (A20), the corresponding differential equation
can be solved analytically, keeping leading and subleading
terms, the solution of the differential equation becomes

NPjp≫m ¼ 3

2
þ 21T

2p
: ð56Þ

The homogeneous solution is discarded since without the
inhomogeneous term sourced by shear, detailed balance for
axial component would favor a vanishing axial component
for theWigner function. The solution above agrees with our
analysis from (49) upon using Tprob;m¼0

3p (25) in the large
momentum limit.
On the other hand, with the coefficients in the small

momentum limit p ≪ m (A19), the analytical solution of
the differential equation reads

NPjp≪m ¼ Tð7m − 225Tζð3ÞCfNfÞ
50p2

þ 1

2
þ
�
π2ðCb − CfÞ

16
− CfNf

�
9ζð3Þ
4π2

þ ln 2

��

þ tanh

�
m
2T

��
27TCfNfζð3Þ

10m
þ 67

200

�
−
38789T
10500m

þ 3087CfNfζð3ÞT2

105m2
; ð57Þ

where we keep the leading and subleading order. We see the
enhancement of polarization in the infrared (IR) as
Np ∼ p−2. This can be traced back to the corresponding
term in (55). As remarked before, this comes from colli-
sional effect through redistribution of the probe fermion.

An enhancement of the same origin has been found in the
massless counterpart [25].
Between both limits, the differential equation can only

be solved numerically. We take analytical solutions above
as the boundary condition for numerically solving the
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differential equation (53). The differential equation for two
flavor medium fermion Nf ¼ 2 is solved using shooting
method. Numerical solutionNP (4) as a function of p=T for
different masses is presented in Fig. 3. The black dashed
line is the exact solution (50) in the massless limit, the
colored lines are solutions with different masses. In the
large momentum limit p ≫ m and also p ≫ T, the sol-
utions all approaches 3=2 as fixed by our boundary
condition (56). For moderate p, the curves deviate from
each other. For p≲ T, the solution becomes unreliable. An
input for the redistribution of probe fermions beyond the
approximate solution (16) is needed.
Recall that from the analysis (9), NP is the sum of

dynamical contribution Na, kinematic contribution N∂ and
collisional contribution NΣ. We have calculated N∂ and NΣ
in the Sec. II, subtracting these two terms from NP will give
the dynamical part Na. We plot the dynamical part Na as a
function of momentum in Fig. 4. It shows that dynamical
part aμfA gets strongly suppressed at large momentum, and
aμfA → 0 when p=T → ∞.

The dependence of the dynamical part Na on mass is
presented in Fig. 5. In the massless limit Na always
vanishes, this is in consistency with analysis (50). In the
left panel, we present Na at small mass for various
momentum. The solid lines are the numerical solution,
while the dashed lines give a comparison with Na obtained
through frame independence (42), namely

Najp≫m ¼ m
p

�
1 −

2T3pðm ¼ 0Þ
p

�
: ð58Þ

Clearly, in the limit p ≫ m, (42) is a good approximation to
Na. In the right panel, numerical solutions to Na in a wide
range of mass are presented as the solid lines. For relatively
large mass, aμfA increases almost linearly with m=T. The
dot-dashed lines represent the analytical approximation of
Na in the case m ≫ p. This approximation is obtained
through subtracting N∂ þ NΣ from (57) and taking the
corresponding limit, giving

Najm≫p ¼ 17mT
50p2

þ CfNf

�
9

4
ζð3Þ

�
2T2

p2
−

1

π2

�
− ln 2

�

þ 241

1200
: ð59Þ

As is shown in the figure, both lines agree when m ≫ p.
Now we discuss implication for spin polarization in

heavy ion collisions. Despite the complicated dependence
of NP on m and p, we see from Fig. 3 that the complete
polarization is in general larger than NP ¼ 1 obtained
ignoring collisions [14–16]. If we naively apply the QED
results to QCD, taking p to be a few GeV, T to be the freeze-
out temperature and fermion mass to be ∼100 MeV for the
strange quark, we seem to be in the limit p ≫ T and
p ≫ m, in which NP → 3=2. It indicates that collisional
effect ignored in previous phenomenological studies
actually enhances the spin-shear coupling by 50%! This
is in contrast to the suppression found by us in [24]. The
difference follows from different assumptions on distribu-
tion of the probe fermion: in the present work, the probe
fermion is in steady state, while in [24], the probe fermion is
assumed to be in local equilibrium. Phenomenologically, the
QGP may be viewed as a steady shear flow, since the shear
flow relaxes on the hydrodynamic scale, which is much
slower than the relaxation of plasma constituents. Since the
behavior of the kaon and pion elliptic flow as a function of
pT are nearly identical, one can expect equal elliptic flow of
s and u, d quarks.With the s quarks be treated as the massive
probe fermion while u and d quarks as the massless medium
fermion, we expect both probe and medium to reach a
steady state. The enhancement seems to be phenomeno-
logically favored as existing studies suggest that the
collisionless spin-shear coupling may not be sufficient to
account for the local spin polarization [41].

FIG. 3. NP defined in (4) as a function of log10ðp=TÞ for
different masses.

FIG. 4. The dynamical part Na as a function of log10ðp=TÞ for
different masses.
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V. CONCLUSION AND OUTLOOK

In the QKT framework, the spin polarization Aμ is
composed of the dynamical term aμfA and a nondynamical
part Sμνm;nDνf. The nondynamical part including collisional
contribution in a shear flow has been obtained in [24,25].
The dynamical part is unique to massive theory and involves
solving the axial kinetic equation governing the evolution of
spin. Power counting indicates that the axial-vector com-
ponent of Wigner function satisfies a detailed balance
condition, in which the corresponding component of colli-
sion term vanishes. This allows us to fix Aμ as a whole,
which can then be split into three parts with existing
knowledge about nondynamical part.
We perform analysis with the principle of frame inde-

pendence ofAμ in the small mass regime, which enables us
to constrain the form of dynamical part ofAμ. The resulting
dynamical part in the fluid frame explains the discrepancy in
spin polarization between field theory approach and kinetic
theory approach in the corresponding regime in the colli-
sionless limit. We also perform explicit calculations for a
massive probe fermion undergoing Coulomb scattering in a
massless QED plasma with a steady shear flow, aiming at

understanding strange quark polarization in QGP. We find
the corresponding solution to Aμ and aμfA. In the phe-
nomenologically interesting region, we find the collisional
effect enhances the spin-shear coupling by 50%, which may
help better understand the measurement of local spin
polarization of Λ hyperon in heavy ion collisions.
For phenomenological application, generalizations of the

present work from QED to QCD case is necessary. In a
QCD plasma, additional gluon loop presents in the colli-
sion terms, hence the redistribution of both quarks and
gluons would contribute. We leave this for future studies.
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APPENDIX: CALCULATION DETAILS

Effective amplitudes MAi
μν in (47) are given by

MA1
μν ¼ 8Nfe4ð2πÞ3

ðQ2Þ2 2ð−m2P0 · K0 þ P · P0K · K0 þ K · P0P · K0Þgμν;

MA2
μν ¼ 8Nfe4ð2πÞ3

ðQ2Þ2 f2ðP0 · K0P · K − P · P0K0 · K − P · K0P0 · KÞgμν
− 2PμðP · P0K0

ν þ P · K0P0
νÞ þ 2KμðP · P0K0

ν þ P · K0P0
ν − P0 · K0PνÞ

þ 2P0
μðK0 · KPν − ðP · K −m2ÞK0

νÞ þ 2K0
μðP0 · KPν − ðP · K −m2ÞP0

νÞg;

FIG. 5. The dynamical part Na as a function of m=T for small masses (left) and large masses (right). Solid lines are from numerical
solution to (53). Dashed lines and dot-dashed lines correspond to (42) and (57) respectively.
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MA3
μν ¼ 8Nfe4ð2πÞ3

ðQ2Þ2 2ðm2Q · K0gμν −m2K0
μQν þ K · K0PμPν − P · K0PμKνÞ;

MA4
μν ¼ 8Nfe4ð2πÞ3

ðQ2Þ2 2ðm2Q · P0gμν −m2P0
μQν þ K · P0PμPν − P · P0PμKνÞ;

MA5
μν ¼ −

8Nfe4ð2πÞ3
ðQ2Þ2 ϵμνρσPρðK · K0P0σ þ K · P0K0σÞ;

MA6
μν ¼ 8Nfe4ð2πÞ3

ðQ2Þ2 fϵμνρσKρðP · K0P0σ þ P · P0K0σ − P0 · K0PσÞ þ ϵνρσλðP0
μK0σ þ K0

μP0σÞPλKρg: ðA1Þ

Additional factor 2Nf comes from scattering with Nf fermions and antifermions.
The Ji in (49) are functions of momentum P;K; P0; K0 defined below

J1 ¼ ðP · P0K · K0 þ K · P0P · K0 −m2P0 · K0Þ2P4⊥;
J2 ¼ −ðP · P0K0 · K þ P · K0P0 · K − P0 · K0P · KÞð3ðP⊥ · K⊥Þ2 − K2⊥P2⊥Þ

− P0 · K0P⊥ · K⊥ððP⊥ · K⊥Þ2 − K2⊥P2⊥Þ
þ fK · K0ðP⊥ · K⊥ÞððP0⊥ · P⊥ÞðP⊥ · K⊥Þ − ðP0⊥ · K⊥ÞP2⊥Þg þ fP0 ↔ K0g
þ fP · K0ðP⊥ · K⊥ÞððP0⊥ · K⊥ÞðP⊥ · K⊥Þ − ðP0⊥ · P⊥ÞK2⊥Þg þ fP0 ↔ K0g
− fP · K½ðk⃗0 × p⃗ · q⃗Þ2 þ ðP0⊥ · K0⊥ÞðP⊥ · K⊥Þ2 − ðP0⊥ · K⊥ÞðK0⊥ · P⊥ÞðP⊥ · K⊥Þ�g − fP0 ↔ K0g;

J3 ¼ fðk⃗0 × p⃗ · q⃗Þ2 þ ðP0⊥ · K0⊥ÞðP⊥ · K⊥Þ2 − ðP0⊥ · K⊥ÞðK0⊥ · P⊥ÞðP⊥ · K⊥Þg þ fP0 ↔ K0g;
J4 ¼ fðP⊥ · K⊥Þ½ðP0⊥ · K⊥ÞP2⊥ − ðP0⊥ · K⊥ÞðK0⊥ · P⊥Þ�g þ fP0 ↔ K0g;

− fP0 · K0ðP⊥ · K⊥ÞP2⊥ þ P · K0ðP0⊥ · K⊥ÞP2⊥ − 3P · K0ðP0⊥ · P⊥ÞðP⊥ · K⊥Þg − fP0 ↔ K0g;
J5 ¼ 4ðk⃗0 × p⃗ · q⃗Þ2ðP⊥ · K⊥Þ=K2⊥;

− f½2P · K0ðP⊥ · P0⊥K2⊥ − P⊥ · K⊥P0⊥ · K⊥Þ þ P0 · K0ððP⊥ · K⊥Þ2 − P2⊥K2⊥Þ�ðP⊥ · K⊥Þ=K2⊥g − fP0 ↔ K0g;
J6 ¼ 2P2⊥½K · K0ðP0⊥ · P⊥Þ þ K · P0ðK0⊥ · P⊥Þ − P0 · K0P2⊥�
J7 ¼ P0 · K0ð3ðK0⊥ · P⊥Þ2 − K0 2⊥ P2⊥Þ þ ðk⃗0 × p⃗ · q⃗Þ2 þ P0 2⊥ ðK0⊥ · P⊥Þ2 − ðP0⊥ · K0⊥ÞðK0⊥ · P⊥ÞðP0⊥ · P⊥Þ;
J8 ¼ P0 · K0ð3ðP0⊥ · P⊥Þ2 − P0 2⊥ P2⊥Þ þ ðk⃗0 × p⃗ · q⃗Þ2 þ K0 2⊥ ðP0⊥ · P⊥Þ2 − ðP0⊥ · K0⊥ÞðP0⊥ · P⊥ÞðK0⊥ · P⊥Þ; ðA2Þ

where fP0 ↔ K0g means exchanging the two momentum in the bracket f� � �g ahead.
Assuming that the medium fermion and probe fermion are hard fermions with momentum comparable with temperature

p; k; p0; k0 ∼ T, while the momentum transfer is soft q0; q ≪ T, the phase space integral can be simplified using the small
momentum transfer as well as momentum conservation and on-shell condition

ð2πÞ3
Z

d4Kd4Qd4P0d4K0

ðð2πÞ4Þ4 ð2πÞ8δðP − K −QÞδðQþ P0 − K0ÞδðK2 −m2ÞδðP02ÞδðK02Þ

¼ 1

ð2πÞ5
Z

dq0d3qd3k0
1

2p0
02k

0
02k0

δðp0 − k0 − q0Þδðp0
0 − k00 þ q0Þ: ðA3Þ

The momentum integral is left with integral over Q and k⃗0. It is useful to decompose momentum q⃗ and k⃗0 into

k⃗0 ¼ k0 cos θkp̂þ k0 sin θk cosφkx̂þ k0 sin θk sinφkŷ;

q⃗ ¼ q cos θqp̂þ q sin θq cosφqx̂þ q sin θq sinφqŷ; ðA4Þ

where we have denoted p̂ as ẑ for now. We introduce Ω as the angle between k⃗0 and q⃗, namely cosΩ ¼
cos θk cos θq − sin θk sin θq cosΔφ, with Δφ ¼ φq − φk. The measure can be parametrized as
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Z
d3qd3k0 ¼

Z
q2dqd cos θqdφqk02dk0d cos θkdΔφ: ðA5Þ

Considering that loop fermions are light fermions, they can be treated as massless. Using p⃗0 ¼ k⃗0 − q⃗ and k⃗ ¼ p⃗ − q⃗, we
can use the on-shell condition to cast the δ-function into

δðp0 − k0 − q0Þ ≃ δ

�
q
p
p0

cos θq − q2
ðp2sin2θq þm2Þ

2p3
0

− q0

�
;

δðp0
0 − k00 þ q0Þ ≃ δ

�
q cosΩ − q2

sin2Ω
2k0

− q0

�
; ðA6Þ

with p0 ¼ ðp2 þm2Þ1=2. The angular integral over φq and φk can be performed to obtain,

Z
dφqdφkδðp0

0 − k00 þ q0Þ ≃ 4π
1

q
�
1þ q0

k0

	 1

½sin2θqsin2θk − ðcosΩ − cos θq cos θkÞ2�1=2
: ðA7Þ

Note that the above δ–function constrain the unique solution of cosΔφ, yet sinΔφ can take both solutions
�ð1 − cos2ΔφÞ1=2. Thus integrals containing odd number of sinΔφ will be vanishing under the angular integral. The
square root constrains the domain of cos θk as cosðθq − ΩÞ < cos θk < cosðθq þΩÞ. The other δ-function gives

Z
d cos θqδðp0 − k0 − q0Þ ≃

1

pq
p0

�
1þ q0

p0

	 : ðA8Þ

From the δ-function, one can solve

cosΩ ≃
q0
q
þ q
2k0

�
1 −

q20
q2

�
þOðq2Þ; sinΩ ≃

�
1 −

q20
q2

�
1=2
�
1 −

q0
2k0

�
;

cos θq ≃
p0q0
pq

þ q
2p

�
1 −

q20
q2

�
þOðq2Þ; sin θq ≃

�
1 −

p2
0

p2

q20
q2

�
1=2
�
1 −

q2 − q20
p2 − p2

0q
2
0

q0p0

2

�
; ðA9Þ

in obtaining the leading-log order result, it is enough to keep the above solution to the first order of q. Note that −1 ≤
cosΩ; cos θq ≤ 1 also set a limit to x ¼ q0=q that − p

p0
≤ q0

q ≤ p
p0
. So that

R
dxdk0 has the integration domainR

dxdk0 →
R
∞
0 dk0

Rþp=p0

−p=p0
dx. With the above approximation of small momentum transfer, the collision term at leading

logarithmic order can be explicitly calculated. The basic process is to collect all terms of integrand to Q−2, after combining
the measure, and integrating q ranges from eT ≪ q ≪ T, the log then arises from

R
T
eT dq=q ¼ lnð1=eÞ.

The various terms in the differential equation cð0ÞdiffNP þ cð1ÞdiffN
0
P þ cð2ÞdiffN

00
P þ cpol ¼ 0 are defined as follows. cð0ÞdiffNP þ

cð1ÞdiffN
0
P þ cð2ÞdiffN

00
P is the diffusion of probe spin, which is defined as the corresponding parts in (49) by

cð0ÞdiffNP þ cð1ÞdiffN
0
P þ cð2ÞdiffN

00
P ¼ 16Nfe4ð2πÞ3

Z
K;Q;K0;P0

1

ðQ2Þ2
�

J1
2P · uP2⊥

NP þ ðJ2 þm2J3Þ
2K · uP2⊥

NK

�
f̄kf̄k0fp0fp; ðA10Þ

due to the small momentum transfer, NK is expanded around NP by (52). After performing the phase space integral, the

coefficients cðiÞdiff are given as the following,
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cð0Þdiff ¼ cA
ðp2−2p2

0Þp3p3
0Fþð−2p6þ6p2

0p
4−11p4

0p
2þ3p6

0ÞpT−m2p0ηpðFp0ðp2−2p2
0Þp2þð2p4−5p2

0p
2þ3p4

0ÞTÞ
p3p4

0

;

cð1Þdiff ¼ cA
−Fp3p3

0þpTðm2p2
0þ2p4þ2p4

0Þþm2p0ηpðFp0p2þðp2−3p2
0ÞTÞ

p2p2
0

;

cð2Þdiff ¼ cA
p0Tðpp0−m2ηpÞ

p
; ðA11Þ

where cA ¼ T2Nf

24π is an overall constant. cpol is the polarization effect, which contains contribution from different parts

cpol ¼ cmed∂
pol þ cmedΣ

pol þ cprob∂pol þ cprobΣpol . Where cmed∂
pol is the polarization effect contributed from the magnetization current of

the medium fermion, the definition and expression are

cmed∂
pol ¼ 16Nfe4ð2πÞ3

Z
K;Q;K0;P0

1

ðQ2Þ2
�

m2J7
2K0 · uP2⊥

−
m2J8

2P0 · uP2⊥

�
f̄eqK f̄eqK0f

eq
P0 f

eq
P

¼ cA
m2ðFp2

0ðm2 þ 2p2
0Þηp − 3Fp3

0pþ 2p3TÞ
2p3p2

0

: ðA12Þ

cmedΣ
pol from the displacement current of the medium fermion,

cmedΣ
pol ¼ 16Nfe4ð2πÞ3

Z
K;Q;K0;P0

1

ðQ2Þ2
(
−

m2J7
2K0 · uP2⊥

2Tmed
3k0

k0
þ m2J8
2P0 · uP2⊥

2Tmed
3p0

p0

)
f̄eqK f̄eqK0f

eq
P0 f

eq
P

¼ −
9cACfNfm2ζð3Þ½ðF − 2Þp2

0ð3p2
0 − p2Þηp − 3ðF − 2Þp3

0pþ 2p3T�
2π2p3p2

0

þ 2cACfNfm2 ln 2½Fp2
0ðp2 − 3p2

0Þηp þ 3Fp3
0p − 2p3T�

p3p2
0

þ π2cAðCb − CfÞm2½p2
0ð3p2

0 − p2Þð2F þ 1þ 2 ln 2Þηp − 3p3
0pð2F þ 1þ 2 ln 2Þ þ 4p3T�

16p3p2
0

: ðA13Þ

cprob∂pol is the contribution from the inhomogeneity of the probe distribution,

cprob∂pol ¼ 16Nfe4ð2πÞ3
Z
K;Q;K0;P0

1

ðQ2Þ2
�
m2J6 − J1
2P · uP2⊥

−
m2J4 þ J2
2K · uP2⊥

�
f̄eqK f̄eqK0f

eq
P0 f

eq
P

¼ cA
ð9m4 þ 7m2p2 þ 2p4Þp0pF þ 2ðm2 þ 4p2Þp3T − Fm2p2

0ð9m2 þ 4p2Þηp
2p3p2

0

: ðA14Þ

cprobΣpol is polarization effect contributed from the redistribution of the probe fermion in the shear flow. It is defined as the
corresponding parts in (49) by

cprobΣpol ¼ 16Nfe4ð2πÞ3
Z
K;Q;K0;P0

1

ðQ2Þ2
(
ðJ1 −m2J6Þ
2P · uP2⊥

2Tprob
3p

p
þ ðJ2 þm2J4Þ

2K · uP2⊥
2Tprob

3k

k
−

m2J5
2K · uP2⊥

Tprob
2k

k

)
f̄eqK f̄eqK0f

eq
P0 f

eq
P : ðA15Þ

After taking the phase space integral, it becomes

cprobΣpol ¼ cfFp þ cð1Þf Fð1Þ
p þ cð2Þf Fð2Þ

p þ chHp þ cð1Þh Hð1Þ
p ; ðA16Þ

with the coefficients giving by
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cf ¼ cA

�
Fm2ð5m2 þ 4p2

0Þηp
2p3

−
Fð2m4 þ 7m2p2

0 þ 2p4Þ
2p2p0

−
2ð3p2 þ p2

0ÞT
2p2

0

�
;

cð1Þf ¼ cA

�
m2ηp

�
9m2T þ 4p2T

p3
−
Fp
p0

�
þ Fp2 −

Tð9m6 þ 16m4p2 þ 9m2p4 þ 4p6Þ
p2p3

0

�
;

cð2Þf ¼ 2cApT

�
p −

m2ηp
p0

�
;

ch ¼
cAm2ð3m2p2

0ηpðFp2 þ 2p0TÞ − Fp0p3ð3m2 þ p2Þ þ 2pTð−3m4 − 4m2p2 þ p4ÞÞ
p5p2

0

;

cð1Þh ¼ −
2cAm2Tð−3m2p0ηp þ 3m2pþ p3Þ

p3p0

: ðA17Þ

And Fp ¼ 2Tprob
3p =p andHp ¼ Tprob

2p =p with Tprob
3p and Tprob

2p given in (23) and (24), there expression are also presented here
for completeness,

Fp ¼−
3CfNfζð3ÞT

p5p2
0

½Fpð−19m2p3
0− 5p5

0Þþ 2pð3p4− 7p2
0p

2þ 6p4
0ÞT − 3m2p2

0ηpðFðp2− 8p2
0Þþ 4p0TÞ�

−
2NfC

prob
f π2p0

p7
½ð3p3

0p
3− 2p0p5ÞFþð8p5 −18p2

0p
3þ 6p4

0pÞT −m2p0ηpð3Fp0p2− 14p2Tþ 6p2
0TÞ�;

Hp ¼
6CfNfζð3ÞT

p5p2
0

½ð17p2− 30p2
0Þpp3

0Fþð9p4− 7p2p2
0þ 15p4

0ÞpTþ 3p2
0ηpððp4− 9p2

0p
2þ 10p4

0ÞFþð3p2− 5p2
0Þp0TÞ�

−
2NfC

prob
f π2

6p7p0

½−ð4p2þ 3p2
0Þp3p3

0Fþð4p6þ 2p2
0p

4þ 9p4
0p

2þ 3p6
0ÞpT

þp0ηpðð−2p4þ 3p2
0p

2þ 3p4
0Þp2p0Fþð2p6þp2

0p
4− 8p4

0p
2− 3p6

0ÞTÞ�: ðA18Þ

Fð1Þ
p ¼ −∂p0

Fpðp0; mÞ, Fð2Þ
p ¼ 1

2
∂
2
p0
Fpðp0; mÞ and Hð1Þ

p ¼ −∂p0
Hpðp0; mÞ can be obtained by taking p0 and m as variable

and taking derivatives with respective to p0.
In the small momentum limit p ≪ m, the coefficients in (53) are expanded as series of v ¼ p=m around v ¼ 0. The

coefficients becomes

cð0Þdiff jp≪m ¼ −cA4T;

cð1Þdiff jp≪m ¼ cA2Tp;

cð2Þdiff jp≪m ¼ cA
2

3
Tp2;

cpoljp≪m ¼ cA

�
Tð7m − 225Tζð3ÞCfNfÞ

50p2
þ 1

2
þ
�
π2ðCb − CfÞ

16
− CfNf

�
9ζð3Þ
4π2

þ ln 2

��

þ tanh

�
m
2T

��
27TCfNfζð3Þ

10m
þ 67

200

�
−
38789T
10500m

þ 3087CfNfζð3ÞT2

105m2

�
: ðA19Þ

In the large momentum limit p ≫ m, the coefficients in (53) are expanded as series of v ¼ p=m around v ¼ ∞. Keeping the
leading and subleading orders, the coefficients becomes
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cð0Þdiff jp≫m ¼ −cAðpþ 4Þ;
cð1Þdiff jp≫m ¼ −cAðp2 − 4pÞ;
cð2Þdiff jp≫m ¼ cAp2;

cpoljp≫m ¼ cA

�
3

2
pþ 6

�
: ðA20Þ
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