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Spin polarization for massive fermion in a shear flow:
Complete results at O(0)
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Motivated by the key role of shear induced polarization in understanding the local spin polarization
puzzle of A hyperons in heavy ion collisions, we perform a complete analysis of spin polarization of massive
fermion in a quantum electrodynamic plasma with shear flow. Apart from the well-known spin-shear
coupling in free theory, we include two more collision dependent contributions: one is a nondynamical
contribution fixed by shifted spin-averaged distribution in steady state; the other is a dynamical contribution
following from spin evolution. Despite of the dependencies on collision, we find the dependencies on
coupling drop out in the final results. These contributions can lead to significant enhancement of the spin-
shear coupling in phenomenologically interesting regime.
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I. INTRODUCTION

The measurement of spin is one of the most challenging
and important experimental tasks. The observation of a
global spin polarization of A hyperons [1] confirms the
interplay between spin and rotation in the relativistic
heavy-ion physics [2,3]. Such global spin polarization
of final particle can be well described based on a spin-orbit
coupling picture [4—6] together with a vorticity in quark-
gluon plasma predicted through model calculations [7-9].
However, measurement of A hyperon local polarization
[10] shows an overall sign difference from theoretical
predictions [11-13].

Recently it has been realized that shear tensor can also
contribute to spin polarization [14—16]. Phenomenological
implementations have shown the right trend toward the
measured local polarization results [17-21]. The situation
is complicated by the fact that shear cannot be consistently
described by collisionless theories. It is known that a shear
flow necessarily drives the system into a steady state, in
which the distribution function has parametrically large
deviation from local equilibrium distribution in weakly
coupled medium [22,23]. We illustrated that the large
deviation can compensate the smallness in collision term
[24,25], giving rise to a collisional contribution to spin
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polarization, which is parametrically the same as the
kinematic contribution obtained in free theory, see
also [26].

In the scenario proposed in [2], the spin polarization of A
hyperons inherits the spin of strange quark. The finite mass
of strange quark introduces a further twist to the story.
Unlike the massless case where spin is locked to the
momentum, spin is an independent degree of freedom
for massive quark, and is described by an independent
kinetic equation. This leads to an extra dynamical con-
tribution to the spin polarization.

All three contributions can be systematically treated in
the framework of collisional quantum kinetic theory
(QKT). The spin polarization is described by axial com-
ponent of Wigner function given by [27-29]

At =2r5(P? = m?)(a"fa + SumD.f). (1)
a’f 4 is a dynamical contribution [29-32], which needs to
be determined by spin kinetic equation. It can be identified
as the Pauli-Lubanski vector, which describes the spin in a
given frame specified by the frame vector n,. S\, D, f is

e“""/}P(,n/;
2Pnem) and

D,f = 0,f +Zy,f —Zy,f. f and f = 1 — f are the spin-
averaged distribution function and the Pauli blocking factor.

the nondynamical contribution, where S}, =

X5, = 1tr[y, 3] corresponds to vector component of
greater/lesser self-energy accounting for the collisional
contribution. The df and Zf terms are recognized as the
magnetization current and the displacement -current,
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corresponding to kinematic and collisional contributions to
spin polarization respectively [25]. In [24] we determined
the collisional contribution for massive fermion in a shear
flow, leaving the dynamical contribution undetermined.

In this paper, we fill the gap by determining the
dynamical contribution, thus providing complete results
for spin polarization at O(d). We shall treat the less
abundant strange quark as probe to the medium consisting
of light quarks and gluons. Since the QKT framework for
QCD is not available for now, we study a simplified version
of this problem: probe massive fermion in massless QED
plasma with a shear flow. In the limit of large fermion mass,
Compton scattering and pair annihilation are suppressed.
The collisional and dynamical contributions to probe
fermion come entirely from Coulomb scattering with
medium fermions. The collisional contribution has been
studied in our previous work [24], where we assumed the
probe fermion in local equilibrium while the medium
fermions reach steady state. We found the collisional
contribution suppresses the kinematic contribution. In this
work, we will consider both probe and medium fermions in
steady state. The dynamical contribution will be determined
for the first time. We shall show the spin kinetic equation
leads to a detailed balance condition with vanishing
collision term in the long time limit, which allows us to
fix the dynamical contribution.

This paper is organized as follows, in Sec. II we collect
and calculate the nondynamical contribution to the massive
probe fermion. In Sec. III we review the frame independ-
ence of the axial-vector component of Wigner function A,
and use it to determine A, for massless fermion. We further
generalize the procedure to determine the leading mass
correction to A, for massive fermions. In Sec. IV, we derive
the collision term of spin kinetic equation. The equation is
analyzed in the long time limit, in which we obtain the
static solution of A, and the dynamical term a,,f , from the
vanishing of the collision term. In Sec. V we provide
conclusion and outlook. Calculation details are presented in
the Appendix.

In this paper, we take the mostly negative convention of
metrix g, = diag(1,—1,—1,—1). The Levi-Civita symbol
is chosen as €"123 = —¢(,3 = +1. We use majuscule letter
for four-dimension covariant momentum such as P# and
use minuscule latter for its component such as p° and its
module such as p = |p|. We use the projector A¥ = ¢ —
utu” to project a vector onto direction perpendicular to the
fluid velocity u#, such as P’i = A*P, and define 13’1 =
P! /p with p= (=P P,,)"/?. The symmetrization and
antisymmetrization of two symbols are defined through
X@aYp) = Xo¥p+ XpY, and X Y5 = X Y5 — XpY .

I1. SELF-ENERGY CORRECTION

We start with some general analysis based on sym-
metries. For the spin polarization induced by hydrodynamic
gradients, it is naturally to count it as A, ~ O(0). Consider
a fluid where shear tensor is the only flow, A, can in
general be decomposed into

Aﬂ = 271'5([)2 - mz)(uﬂlféNlp + PJ_ﬂIII/}NZP

+ J57U§N3p + L5’V§N4P)f})6u§. (2)
With the shear tensor defined as o, = %(8,%14,, +
Oyu,) —%A,0-u, with u* being fluid velocity. fp =

fv(pu- P) is the distribution of vector charge, and S is
inverse temperature. We have used the abbreviation f) =
O,.pfp! and f3! = (exp(Pu-P) +1)!. N;p are arbitrary
scalar functions of momentum. The projectors 155, Jﬁ Ve
and L[, are defined as

PN 1
Igy:PL§PLu+§A§U’

o A 2 .
Tpey = —PreBy = Py + §PiﬂA§w

1 A A PN
Lifl’ = 5 (€M§/15M'1PiPJ_V -+ €ﬂ,,,1(,u’1P(j_Pl§). (3)

As has been discussed in [14], A* transforms under time
reversal as A* — (A%, —A’) and transforms under parity
reversal as A* — (— A%, A"). In the absence of parity odd
parameter such as ps, Nyp through N,p can only be parity
even functions. In follows that only term with L, ,z6** in
(2) has the same behavior under time and parity reversal.
Thus A, can be written as

€apPi U’

A, =2r8(P* —m?) 5P,

PLgabff}’NP- (4)

On the other hand, in a collisional QKT [27-29], the axial
component of Wigner function for fermion in the local rest
frame of the fluid n, = u,, is given by (1). A, contains the
dynamical part a,f, as well as nondynamical part
StenD,f, with D, f = 0,f + Xy f — Z,f. With the same
logic, we can parametrize the dynamical, kinematic and
collisional contributions separately as
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Al =275(P* — m?)a, f4 = 276(P* —

A) =228(P* — m*)Si" o f, = 2n5(P?

A% = 275(P?

The quantities Ny and Ny can be further related by scalar
kinetic equation. Using the rotational symmetry, Xy f —
¥,f in the shear flow can be decomposed as

(uulaﬁ’Tlp + i)J_vIaﬂTZp + Jv,aﬂT3p)flPGaﬁ-
(6)

Z\iuf_z\iu}‘:

Thus D, f becomes

(udPTy, + Py JIPTy, + T T3,) fpap.

(7)

va = Padavfll-" +

The scalar kinetic equation P'D,f =0 [27,28] gives a
constraint between the above parameters,

2
D T,, 2T3,
T == -1 5 8

tp P-u(p p ®)

where p = (=P P,,)"/? is the module of the three-
momentum. With the decomposition above, the dynamical
part, the kinematic part and the collisional part have the
following decomposition, and the axial-vector component
as the sum of the above three parts A, = A% + AJ + A>.
Comparing (4) with (5) one can directly find Np is the sum
of three parts

P 2T
P-u+m )4

where in the last equality we have used N, =

__ _ _Pu
NE —  Putm

Before moving on to the detailed calculation, we first
recall the results in related studies. Results obtained in linear
response theory [14] and statistical field theory [15] corre-
spond Np = 1. Chiral kinetic theory also gives Np =1 in
the massless limit [16]. Its extrapolation to massive case
corresponds to N, [19]. All three results do not contain
collision dependent contributions, which are generically
present in N, and Ny. As we are going to see, A, for

N, +

Np=N,+Ny+ Ny =

P- u+ and

% following from (5) and (6) respectively.

—m*)Sp" (29, — Zy,f) = 2n6(P?

) /wa/j P(l

2P - Plfayff}’Nav
€ P" u?
%) }%—_tpgdygfﬁolva,
P
€uvaplP Ut
- m?) %P¢§U”Ef}>1\’z7 (5)

massive spin carriers with collisional effect determined in a
static state is much more complicated.

We first work out the collisional contribution for probe
fermion in the massless QED plasma with a steady shear
flow with both probe and medium fermions (and also
photons) in steady state. We start by collecting the result in
our previous work [25]. Consider a neutral QED plasma
with N flavor of massless fermions in a shear flow. To the
leading logarithmic order, only elastic scatterings among
fermions and photons are relevant. The presence of shear
flow leads to redistribution of fermions and photons, which
has been solved in Refs. [22,23,33]. The deviation from
local equilibrium distribution can be parametrized as 6f p =
e (1 = fp)1h,0"y, with IT, being a symmetric traceless
projector defined in (3) Approx1mate analytic expressions
of y, have been obtained in [24], the redistribution for
massless medium fermion is characterized by 6f,, with y,
given by

2r)3C
med _ ( ) M, 2,

10
p e*lne e’ P (10)
with Cy = U%fvz) and e being the QED coupling constant.

This redlstnbutlon leads to collisional contribution through
the self-energy correction. The collisional contribution of
the massless medium fermion includes Coulomb, Compton
and annihilation processes [25]. We quote the result in [25]
for the spin polarization of massless fermion in a shear flow
with vanishing dynamical contribution

A, = 275(P?)S,, D" f

€/4U(1/3P(j_ uﬁ
2P-u

2Tmed
< (1-20) - ).

= —278(P?) P fo*

(11)

med

.oor
The ratio —2-

contribution in comparison to the well investigated kin-
ematic contribution. Tg“lfd is the coefficient contributed

delineates the importance of collisional

from the self-energy correction [25].
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FIG. 1. Two-loop diagram for fermion self-energy containing
propagator corrections [28,34]. The unprimed momenta and
primed momenta correspond to probe and medium fermions
respectively.

CyN;(9TE(3)(5Fp —4T) + n* p(4T — Fp))
6p
N (Cp—Cp)n*T? 1 +f§f1p'
48p 1—f5

med __
T5°¢ =

(12)

T5 splits into contribution from Coulomb scattering (first
line) and from Compton and annihilation (second line),

P-ofp= —4e4(2ﬂ)3/

K.P' K

(27)*6*(P— K =K' + P')3(K?

with F = 1-2f3!, 3!, and f}% are the distribution func-
tions for fermions and photons at local equilibrium respec-
tively, and (C, — Cy) = 2Nf

Next, we work out the self-energy part A7 in the spin
polarization of the probe fermion. We assume the probe
fermion also reaches a steady state. At the leading loga-
rithmic order we consider, the Compton scattering and pair
annihilation are suppressed as long as m > eT. This is
because the Compton scattering and pair annihilation
involving the probe fermion are screened by the its mass,
giving rise to an infrared enhancement factor In L, which is
much less than the counterpart ln 7 from Coulomb scatter-
ing. Therefore, we can obtain the redistribution of probe
fermion by consider Coulomb scattering with medium
fermions only. The self-energy diagram corresponding to
Coulomb scattering is depicted in Fig. 1.

The relevant scalar kinetic equation for the massive
probe fermion reads

- m2)5(P,2)5(K,2)|M|éou1(fPfP’foK' _]_CP]_CP’foK’)’ (13)

where [y p o = (27)7'12 [ d*Kd*P'd*K’ and | M, is the amplitude square for Coulomb scattering with overall coupling

constants factored out

|M |Coul

2N;-2(K-PP-K' +P-PK-K -

m2p . K/)

(07 (14)

The unprimed momenta and primed momenta correspond to probe and medium fermions respectively. Q = P — K =
K’ — P’ is the small momentum transfer. 2N in the numerator comes from the N, flavor fermion and antifermion in the
loop. The redistribution of medium fermions is already known. The counterpart of probe fermion can be parametrized as

e‘I)IP MY prob

ofp = Bfp'(1 -

then turned into a differential equation of y,

xp - After linearizing the Boltzmann equation and performing the phase space integral, (13) is

. e*lne 4 T°N, B ob
R e e e (G R G Ve
pU -1 2 4\, prob’ 1 2~2 /(2 -1 prob//
+3—T( Fp(v* = 1)n, + Fpb = 2T%* )1y VA (2" = Un, + D)y
T27p¢(3)Cy N N . e ¢
Tf(vz — 1)(Fp(2* = 3)n, + 3Fpd + 4Tv4)} P (1=f3), (15)

where F = 1-2f3" and # = p/ py, the rapidity 77, = arctanh o = 27" In[(po + p)/(po

momentum, and p, =

— p)], with p the module of three-

(p? 4+ m?*)'/2. The redistribution of the probe fermion in the shear flow can be characterized with

pmb . We solve (15) in the phenomenological interesting regime p > T An approximate analytical solution can be found

by keeping only the leading powers of p in (15), which singles out x},°

prob
p =

3 ~prob
(27)°C}

e*lne!

" terms on the right-hand side (rhs). It follows then

p*p*. (16)
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In comparison to (10), C;’mb of the probe fermion is a
function of momentum and mass

Cp.mb — 3 . 172
f 27°Ny ¥+ (9* — 1)arctanh o

(17)

In the massless limit, namely as # — 1, the above coef-
ficient has the limit C;imb - 2H§N/. This is different from the
3(142N))
4N}
medium fermion since only Coulomb scattering is consid-
ered for massive fermion.
With the redistribution of the medium and probe fermion
determined above, we can work out =y, f — X5, f for the
probe fermion. By using the complete basis for the Clifford

corresponding coefficient C; = of the massless

¥ (P) = 2Ne* /

K'.P'.K

algebra, the Wigner function and the self-energy are
decomposed into

1
§< =8<+iP<py + Virt + A,fysy" + ES;DU”D,

1
== Z§ + lZf)}/S + Z;;tyﬂ + 2;;4}/57” + Ezﬁwaﬂv’ (18)

and likewise for the greater components, we have used the
shorthand notation A, = A;. The calculation is quite
similar to those in [24,25], here we just collect the key
steps. For the massive probe fermion, only Coulomb
scattering contributes at leading logarithmic order, the
self-energy is depicted by Fig. 1. From Fig. 1 the greater
self-energy is

(27)*8*(P = K + P' — K')6(K* — m?)8(P”)5(K™)e(K - u)e(P' - u)e(K' - u)

x 7S” (K)y*Di3(P = K)Dyy (P = K)Te[y*S 0= (P')y’ SO (K)], (19)

with the unprimed momenta and primed momenta correspond to probe and medium fermions respectively. 2N ; comes from

N flavors of fermion and antifermion in the loop of Fig. 1. For simplicity, we will choose Feynman gauge for photon
propagator D, and Dy, namely D;3(Q) = % and D!} (Q) = _lQi; The vector component of self-energy is obtained

through projecting out the vector component of (19). Combining both the lessor and greater components of the self-energy,
one then has Xy, fp — 2‘?”]_‘;) as

e - Z;JP = 4¢*(2x)3 / (27)*8*(P — K + P' — K')6(K* — m?)8(P")5(K"™)e(ky)e(kpy)e( pp)

K'.P K
X MEOUI(fP’fPJ_CK}K’ - ]_CPJ_CP’foK’)
= 4¢*(2n)3 / (27)*8*(P — K + P' — K')5(K* — m?)8(P)8(K"™)e(ko)e(ky)e( py)
K'.P' K

% M’(;oul [ Ig;)(;l,ed _ If,é}(;?ed + 15 M};}rob _ Ifﬂ)(imb] f;q fi’t/]]‘c;q]'c;fi ﬂga/}
b Q)

= Tyap(P)Bo. (20)
with
2N;-2(P,K -K'+ K,K - P')

(0%)?

where in the second equal sign, we have linearized in the shear tensor, and in the third equal sign we have considered that
general analysis from (6) through (8) applies to Xy, fp — Zf,ﬂfp, so that we can write

Coul _
M =

(1)

7 rob N rob rob
zany - Z‘</,4fP = (uleaﬁTﬁ)p + PlulaﬁTgp + Jl/.a/iTgp )f/Pga/f’ (22)
with
6C N T((3
5" :f#f()[(%“ — 75 +15)0°T + (179% = 30) poF + 3((#* — 9% + 10) pF + (30* = 5)3T)n,]
C?robeﬂ_z

=35 (486 + 2% + 9% + 3)8T — (497 + 3) pB2F + ((—28* + 392 + 3) poF + (27 + v* — 8% —3)T)n, ),

(23)
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3TCfoC(3)
20393

C;;rob Nfﬂ.'z
6p* >

prob
I3, =

+

. . b
In massless limit, ng’ becomes

_ 3C/N;T{(3)(5Fp —4T)
2p

C?mbeﬂz (4T — Fp)
N 6

prob,m=0
15 »

. (25)

The ratio R*°=Ng/N,= —2T§;’b /p delineates the
importance of collisional contribution A% in comparison
to the kinematic contribution A,‘Z. As has been discussed in
[25], the sign of this ratio depends on p. The ratio R*/?
versus p/T for different masses is presented in Fig. 2. The
ratio for p < T is unreliable because of the use of
approximate solution (16).

Note that in the limit p > T, the ratio R/ gtill depends
the mass of the probe fermion. In the relativistic limit
p > m,

1
RZ/a|p>>m,p>>T - 5 . (26)

In the nonrelativistic limit m > p,

Rz/a|m>>p - pz sz (27)
1.0
0.5
0.0
5
& -0.5 — m/T=0
m/T=0.2
-1.0¢ m/T=03
15l — mT=1
— m/T=5
oo
0 2 4 6 8 10 12 14

p/T

FIG. 2. Ratio R*?=Nys/N, = —2T§;°b/p versus p/T for
different masses for N, = 2.

[2(=3%* + 79* — 6) p*¥T + (24 — 199%) p3F + 3m*o((v* — 8) pF + 4T%)n,

[2(—40* + 99% = 3)p°T + (20* = 3) p>0F + m*v(3poF + (6 — 140*)T)n,,). (24)

III. FRAME DEPENDENCE

In this section, we constrain the dynamical part from the
frame independence of A,. We start our analysis by
collecting the known result in [35], see also [36]. It has
long been realized that Lorentz covariance and the require-
ment of conservation of angular momentum together
generate a frame-dependent particle position, which is a
tunnelinglike motion of the particle known as the side-
jump. For a massless fermion with helicity 4, the Lorentz
covariant current in presence of a 2-by-2 collision PK —
P'K’ in a frame specified by vector n* is given by

T4 = Puf, 4+ S0, f, + /1/

KK'P'

C'A*,  (28)

with 1 = 4 corresponding to right/left-handed particles.
ASH =2 gﬂb;i}:j"” is the spin tensor for fermion with helicity
Jin frame n, AA¢ = AN, = A5mrs
of the particle between the ‘“no-jump frame” 7 =
(P + K)/+/s and the arbitrary frame n*. [;,p is the phase
space integral and C* is the collision kernel with the
following explicit form [37].

is the side-jump

C' = |MP(2n)*6(P + K = P' = K')[f3(P") f3(K")

n

< (1= fa(P) (1= fi(K)) = (P.K < P".K")].  (29)

with f; being the distribution function in the no-jump
frame. The axial-vector current can be constructed from
J4 as

A= — B = Prf s+ S0, fp + / Clfpla*, (30)
KK'P'

-
With a little bit of algebra, one can translate (30) into the
corresponding expression in [38]

A= 2m8(PY)(Phfy + SEDfp). (1)
The generalization from massless to massive case (1) is
minimal [29]. By construction, a*f, is identified as the
Pauli-Lubanski vector which describes the spin in a given
frame. It is a dynamical variable which needs to be
determined by the kinetic theory. On the other hand,
S,°0,f can be recognized as the magnetization current
and S’ (X7, f — Z5,f) as the displacement current.
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Since A* is frame independent, it requires that the frame
dependences in dynamical and nondynamical part to
cancel. As we shall show below this requirement can fully
fix f, in the massless case and can fix the leading mass
correction to a*f, in the massive case. We begin with the
massless case, in which the requirement leads to

Pi(fy = fa) = (S0 =S, )Dufp
= (PAY, —PAAL D (32)

where f/, and f, are the axial-charge in frame n’ and n
respectively. The frame dependence in fp occurs only at
higher order in gradient, so we may take fp in any frame.
Using the kinetic equation P - Dfp = 0, we easily find

Jfa=fa=—=8,,Dufp (33)

We proceed by writing down the general frame independent
decomposition of D, fp with the shear tensor o, as

—D,fp = P*PPo,5(A P, + Ayu,) + AsPlo,,.  (34)

The term proportional to P, vanishes upon contraction with
A* . The coefficients A, and A are related by the kinetic

nn'

equation P-Dfp =0as A, = —ﬁA} Thus we have

PP ngny ( P¢Ploy,

S A= 3y )\ P

I/l” + p56ﬂ5> A3. (35)

Using the following contracted Schouten identity

(gﬂmﬁ PS 1 erabipr - oblupy o (Pepvpa | oSuva ppp )

Plo u*
P ! ép
X Dnan/,( PP ) 0, (36)

and noting the middle term vanishes by the on-shell
condition P2 = 0, we obtain

e Py P n' Pic A
/ vialtp Hé / 3
—fa= - —. (37
frmta= (S = ) )
vap to
It is solved by f, :%ﬁ—} We cannot add

another frame-independent function to f4, which is a
pseudoscalar. The only possible structure ~P”P§o”§ is
excluded by parity. This is in contrast to the case with
vorticity, where one can have ~Ptw,.

For massive fermion, we use a frame independent vector
N* to parametrize af, as

eﬂyaﬁpanﬁpufP —

e - (38)

N* should be chosen such that f, has the correct massless
limit and @* satisfies the constraint P-a = P> —m> =0
[29]. Recall that for n* = u*, with f, = 0, we have the
following explicit expression for N* in the massless limit.

PP usD, fp
Ni(m =0) = — PP
(m ) 2P -u
e PP u 2T5,(m =0)
a’p v 3
= ap.a Tue %<1 —”f)

(39)

In small mass limit, we choose the corresponding N* to
have the same expression as above except with 75, (m = 0)
replaced by the massive counterpart 7'3,.

Nt — et p allp
2P -u

2T
PLga”éf},<1— p3”>. (40)

In writing down this ansatz, we have assumed that A4* is an
even function of m. This is true for A* in free theory in
background vorticity and magnetic field after a cancellation
of odd terms in m [29]. We assume this also holds for the
shear case. This assumption excludes first order term of m
in the small mass limit. Inserting the decomposition (7) and
the ansatz (40) back to (38), and using the Schouten
identity, the dynamical term a*f, can be rewritten as

evabr Pyngu,

e Pn u
" — | p 2 ay
@ fa < 2(P-n—|—m)P-u+m

2(P-n+m)P-u

PPy 2T,
1) p,pt
+mZ(P~n+m)P-u>< p frPog

€"WﬂPanﬂuD sz ,
L £ PePoc,,. 41
2(Pn+m)Pup3fP Gfo' ( )

—m

It is easy to find from the above expression Pta, = 0 is
satisfied. In small mass limit, taking n* = u*, we have

2T5,(m=0)\ " PP u,
a”fA:m(l— L > 2Pu) f},Pfa‘fﬁ—(’)(mz).
(42)

Now we comment on the uniqueness of the ansatz:
the structure of N* is fixed by Lorentz covariance and
parity. The normalization is subject to possible mass

_ 2T5,(m=0) L1 2T, (m=0) + 0(7}’12)
— B .

However, the O(m?) correction will not affect our result
(42). The dynamical part beyond small mass limit can only
be obtained through detailed balance condition. As we are
going to see, (42) agrees with the result based on detailed
balance.

correction as 1
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As a by product, we find the dynamical contribution
nicely explains the discrepancy between field theory
approaches [14,15] and kinetic approach [29] on shear
induced spin polarization for massive fermions. In the
kinetic approach [29], if one consider only thermal shear,
the polarization should be

eﬂmﬂP‘j u?

Nki —
Ty

PL{:o-Vf‘f/ N (43)
which contains both kinematic and dynamical contribu-
tions. While in field theory approaches such as linear
response theory [14], both kinematic and dynamical con-

tributions are included implicitly, giving the shear induced
polarization

B €uapl] u?

Nh(p
”( ) 2P - u

P1:0"f}p. (44)
Obviously, in the massless case, both expressions above
agree with each other. Turning off the collisional contri-
bution by setting Tg;Ob =0, and inserting O(m) term of
a,fa (42) into (43), then the difference between (43) and
(44) will be of O(m?) order, which means the O(m) term in
(42) precisely accounts for the difference between the two
approaches in the small mass limit. This is also proved by
our numerical solution in the next section.

IV. DETAILED BALANCE

A. Collision term

Now we specify what we mean by detailed balance. For a
plasma with steady shear flow, we expect fp and A* to
reach steady functions [39]. fp satisfies the Boltzmann
equation. It is known long ago that the presence of a steady
shear will drive fp away from the local equilibrium
distribution such that the collision term balance the gradient
term on the left-hand side (lhs) of the kinetic equation. The
situation of A* is different. A satisfies a separate axial
kinetic equation, which schematically reads

P-oA =, (45)

With our counting f4 ~ O(d) and fp ~ O(3°), A* ~ O(9),
thus the lhs is counted as ~O(d?%). It follows that the
collision term should vanish at O(0). This is to be referred
as detailed balance condition.

The evolution of spin involves diffusion of the initial
spin of the probe fermion as well as polarization induced by
the shear flow through collision with medium fermions.
Since we are going to use the detailed balance condition of
the spin kinetic equation, it is required to evaluate the
collision terms up to O(d). To O(d) order, the collision
terms for axial-vector components follow from Kadanoff-
Baym equation C*y = C /' — C}, with C* given by

Cl' = —pZ3 V™ + IV + mEs AL + p, 2y A

m No
=36 TV + 5 iy 2V

1
+ 5 €/)m1;4 (Z;p + Zéﬂ)z‘io'v@l’ (46)

C;” can be obtained by exchanging ><><. The last term in
(46) has been ignored in previous studies, since it contains
an extra power of Xy thus is superficially higher order in
coupling constant. However, in a steady state, distribution
functions in (X;°V <~ >< <) should be replaced by f —
feq+6f with f,, and f corresponding to local equilib-
rium distribution and steady state deviation. The f,, term
vanishes by detailed balance, while terms linear in §f has
additional dependence on coupling constant as (16), which
precisely cancels the counterpart in (X5°V<*— > <> <) [24].
Besides, since df is first order in gradient, the last term in
(46) is of O(09) order. Hence the last term in (46) contributes
at the same order of coupling constant and gradient as the
other terms.

As reasoned earlier, for m > eT, only Coulomb scatter-
ing between probe fermion and medium fermions is relevant
to leading logarithmic order. Figure 1 is the self-energy
diagram corresponding to the Coulomb scattering of the
massive probe fermion (P and K) with the massless medium
fermion (P’ and K’). Writing all the components of the self-
energy accordingly, and substituting into (46), the collision
terms for the Coulomb scattering is

= _AQK/ P/{Mﬁt}(]_chP’}K’ + fxfpfr )N (P) + Mﬁf(fP’]_cK’fP + fofrfr)NY(K)

+ M,i‘f (frfefx+ fK’.?PfK)SZprfP' + Mﬁj(fP’fPJ_CK + ]P’fPfK)SZpD,;fK/
+ Mﬁf (Fxfrfx + fefofe)Dfp+ M?S(fP/J_CK'fP + fpfrfe)D fi}. (47)

with [y o g pr = 208(P? — m?) [ CEEOLELEE 07)85(P — K — Q)5(Q + P' = K')5(K* — m?)8(P?)6(K"), and effective

(@)t
amplitudes My, are given in Appendix (Al).
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The collision term above is aimed to describe the
evolution of massive probe spin in a steady shear flow.
The first line of (47) describes the spin diffusion of the probe
fermion, where N*(P) and NY(K) are the spin of the
massive probe fermion defined in (38). The rest of terms
in (47) are the polarization effect. The second line delineates
the polarization contributed from spin of the medium
fermion, where Si’D,fp and S./D,f are the spin
polarization of the massless medium fermion at local
equilibrium (31). The third line is the polarization effect
induced by inhomogeneous distribution as well as the
redistribution of the probe fermion. The collision terms
delineate the competition between spin diffusion and
polarization. When the evolution of the probe spin reaches
a steady state, the diffusion and polarization will balance
each other, resulting in a vanishing collision term. It is worth
noticing that the self-energy correction enters the collision
|

1 J
C _16N-e42ﬂ3/ { :
! s 2n) xox.p (Q%) 2P uPy

2Tprob J
(NP—1+ ;” >+ :

terms through both Si/D,fp (Si'D,fx) for medium fer-
mions and D*fp(D*fg) for probe fermion. With these
quantities from (12) for medium fermions and from (23)
and (24) for probe fermions, we are ready to complete the
phase space integral and determine N*(P) through detailed
balance condition.

Before carrying out the phase space integral, it is useful
to decompose C*,. Since C*) has the same parity and time-
reversal properties as A*, we may as well decompose it as

C = CaL B, (48)

with L’,‘,":’1 defined in (3). C, is a scalar function of
momentum, it is obtained from the collision term (47)
with straightforward but tedious calculation

2Tpr0b
No—1 3k
zx-upi( k=1t )

m? 27
+7<J3NK—J4<1— >—J5

5" n m*Jg : 2T‘3’fb
2P - uP? p

2K - uP? k
d med
+—m2]7 2y s () 2T FEFarears, (49)
2K" - uP% K 2P - uP? P KJ KPP

where the J; are functions of momentum P,K,P' K’

defined in (A2), 79", 79", and T7¢ comes from the
self-energy correction with their explicit expressions given
in (12), (23), and (24). The task of determining the local
equilibrium A from the detailed balance is now turned into
finding the coefficient Np that eliminate Cj,.

In the massless limit C4, = 0 has an exact solution, with
terms proportional to m? vanishing in (49), one can directly
read from (49) that

Np=1-2T5"/p. (50)

From (9), such solution of massless fermion indicates
N, =0, in other word P,f, =0 in the massless case.
This agrees with our analysis in the Sec. Il and [16,40]. For
massive fermion, there is no such simple solution, however,
the vanishing of collision term gives a constraint on N p and
Nk, which leads to a complicated integral equation.
Fortunately, it can be simplified to a differential equation
in the leading logarithmic order approximation: With the
probe fermion and medium fermion being hard fermions,
and the momentum transfer being soft e7 <« ¢y, q < T,
N can be expanded around Np as

[
v 1 v 3
NK:NP—Q :NP_Q 0puNP+EQ”0an aPuNP—FO(Q‘).
(51)

Since Np is only a function of | p|, the expansion above can
be further simplified to be

1
Ng = Np—qcosO,Np + 2 (sin?6,N}, + cos?0, N} ) g

+O(g%), (52)

with cos§, =g - p, Np = 0,Np and ¢* = -0’/ Q. The
calculation details of momentum integral are presented in
the Appendix. After momentum integral, the detailed
balance condition is converted into a differential equation
of Np

Cy= C<(i(i)f)fNP + Cgl;f)fN/P + C((i?f)fN; + cpot =0, (53)

where c((j?f)fN p+ c((j;ng Pt cgf)fN  is the diffusion of probe
spin, leading to decrease of the probe spin with cé?gf < 0.
Cpol 18 the polarization effect, which contains contribution
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1 medd medX probo probX
from different parts cpo1 = cpo™ + oo™ + o1+ Cp

Definitions and explicit expressions of all parts are given in
the Appendix. ¢™% is polarization effect contributed from

pol
the magnetization current of the medium fermion, cgloeldz

from the displacement current of the medium fermion,
gg{bd from the inhomogeneity of the probe distribution, and
gg‘sz from the redistribution of the probe fermion in the

shear flow.
The competition between polarization and diffusion rate

C

can be characterized through the ratio —c1/ cg?gf, which
depends on temperature, momentum, and mass of the
probe. The ratio between polarization and diffusion can
be simplified in certain limit. In the relativistic limit
|

p > m, the ratio between polarization and diffusion effect
approaches

Chol 3
- P :E, (54)

C(O)
diff ' P>m

wherein the polarization effect from the medium fermion

does not contribute in such limit 5"/ cfft)r -0,
gz)eldz / cd ff — 0, while that from the inhomogeneity of

probo probx
pol /Cdiff -1, ~Cpol /Cdiff - 1/2. In

the nonrelativistic limit m > p, the ratio between polari-
zation and diffusion effect is

probe fermion —c

Cpol 1 (;ﬁ(cb - Cy) (9@( ) )) T(7Tm —225C;NT¢(3))
— =+ |——-C/N +In2) |+
Cé?f)f m>p 2 16 7o 50p2
m\ (173 21C;N,T{(3)\ 1287 141C/N£(3)T?
tanh( — | [ —— ‘ - ‘ 55
an (2T> <600+ Sm Bm 5wl (55)

The magnetization current of the medium fermion spin

medd
pol

gg}ba / cdncf — 1/4 make the first 1/2 in the first line. The

second and third terms in the first line come from the

displacement current of the medium fermion ¢™=, which
pol

also approaches a constant in such limit. The redistribution

probX
pol

/ cdlff — 1/4 and inhomogeneity of probe fermion

contributes to the second line,
such effect is linear in m in the large mass limit. Coef-
ficients in (53) under both limits are presented in the
Appendix.

of the probe fermion ¢

B. Boundary condition and solution

In order to solve the differential equation (53), boundary
conditions are required. We first work out the boundary
condition. With the coefficients in the large momentum
|

|

limit p > m (A20), the corresponding differential equation
can be solved analytically, keeping leading and subleading
terms, the solution of the differential equation becomes

3, a7

NP|p>>m :§+ 2p . (56)

The homogeneous solution is discarded since without the
inhomogeneous term sourced by shear, detailed balance for
axial component would favor a vanishing axial component
for the Wigner function. The solution above agrees with our
analysis from (49) upon using Tpmbm % (25) in the large
momentum limit.

On the other hand, with the coefficients in the small
momentum limit p < m (A19), the analytical solution of
the differential equation reads

T(Im - 25T¢(3)CN,) 1 (2(Cyp - C)) 9 (3)
NP|p<<m: 50P2 E‘i‘ 716 —Cfo 4
2ITC;NL(3) 67 38789 3087C,N£(3)T
h S JEN _ _ B
an <2T) ( 10m  200) T 10500m 105m (57)

where we keep the leading and subleading order. We see the
enhancement of polarization in the infrared (IR) as
N, ~ p~2. This can be traced back to the corresponding
term in (55). As remarked before, this comes from colli-
sional effect through redistribution of the probe fermion.

|
An enhancement of the same origin has been found in the
massless counterpart [25].

Between both limits, the differential equation can only
be solved numerically. We take analytical solutions above
as the boundary condition for numerically solving the
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FIG. 3. Np defined in (4) as a function of log,y(p/T) for
different masses.

differential equation (53). The differential equation for two
flavor medium fermion N, =2 is solved using shooting
method. Numerical solution Np (4) as a function of p/T for
different masses is presented in Fig. 3. The black dashed
line is the exact solution (50) in the massless limit, the
colored lines are solutions with different masses. In the
large momentum limit p > m and also p > T, the sol-
utions all approaches 3/2 as fixed by our boundary
condition (56). For moderate p, the curves deviate from
each other. For p < T, the solution becomes unreliable. An
input for the redistribution of probe fermions beyond the
approximate solution (16) is needed.

Recall that from the analysis (9), Np is the sum of
dynamical contribution N, kinematic contribution N, and
collisional contribution Ny. We have calculated N, and Ny
in the Sec. II, subtracting these two terms from N p will give
the dynamical part N,. We plot the dynamical part N, as a
function of momentum in Fig. 4. It shows that dynamical
parta,f, gets strongly suppressed at large momentum, and
a,fa — 0 when p/T — co.

0.7 . .
0.6l —  m/T=0.1
m/T=05 — m/T=4

0.5¢ mT=1 — m/T=8

0.4} —  m/T=15 |
= 0.3} :
0.2}
0.1
0.0

0.1 e
°X5 00 05 10 15 20 25 30

logo(p/T)

m/T=2

FIG. 4. The dynamical part N, as a function of log,y(p/T) for
different masses.

The dependence of the dynamical part N, on mass is
presented in Fig. 5. In the massless limit N, always
vanishes, this is in consistency with analysis (50). In the
left panel, we present N, at small mass for various
momentum. The solid lines are the numerical solution,
while the dashed lines give a comparison with N, obtained
through frame independence (42), namely

:%<LEEA§19> (58)

Na|p>>m

Clearly, in the limit p > m, (42) is a good approximation to
N,. In the right panel, numerical solutions to N, in a wide
range of mass are presented as the solid lines. For relatively
large mass, a, f, increases almost linearly with m/T. The
dot-dashed lines represent the analytical approximation of
N, in the case m > p. This approximation is obtained
through subtracting N, 4+ Ny from (57) and taking the
corresponding limit, giving

17mT 9 27 1
Na|m>>p :450p2 +Cfo (4(;(3) <p2 —71-2) —1n2>
241
T 1200° 39)

As is shown in the figure, both lines agree when m > p.

Now we discuss implication for spin polarization in
heavy ion collisions. Despite the complicated dependence
of Np on m and p, we see from Fig. 3 that the complete
polarization is in general larger than Np = 1 obtained
ignoring collisions [14-16]. If we naively apply the QED
results to QCD, taking p to be a few GeV, T to be the freeze-
out temperature and fermion mass to be ~100 MeV for the
strange quark, we seem to be in the limit p > T and
p > m, in which Np — 3/2. It indicates that collisional
effect ignored in previous phenomenological studies
actually enhances the spin-shear coupling by 50%! This
is in contrast to the suppression found by us in [24]. The
difference follows from different assumptions on distribu-
tion of the probe fermion: in the present work, the probe
fermion is in steady state, while in [24], the probe fermion is
assumed to be in local equilibrium. Phenomenologically, the
QGP may be viewed as a steady shear flow, since the shear
flow relaxes on the hydrodynamic scale, which is much
slower than the relaxation of plasma constituents. Since the
behavior of the kaon and pion elliptic flow as a function of
pr are nearly identical, one can expect equal elliptic flow of
s and u, d quarks. With the s quarks be treated as the massive
probe fermion while u and d quarks as the massless medium
fermion, we expect both probe and medium to reach a
steady state. The enhancement seems to be phenomeno-
logically favored as existing studies suggest that the
collisionless spin-shear coupling may not be sufficient to
account for the local spin polarization [41].
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FIG. 5.

m/T

The dynamical part N, as a function of m/T for small masses (left) and large masses (right). Solid lines are from numerical

solution to (53). Dashed lines and dot-dashed lines correspond to (42) and (57) respectively.

V. CONCLUSION AND OUTLOOK

In the QKT framework, the spin polarization A* is
composed of the dynamical term a* f, and a nondynamical
part S}, ,D,f. The nondynamical part including collisional
contribution in a shear flow has been obtained in [24,25].
The dynamical part is unique to massive theory and involves
solving the axial kinetic equation governing the evolution of
spin. Power counting indicates that the axial-vector com-
ponent of Wigner function satisfies a detailed balance
condition, in which the corresponding component of colli-
sion term vanishes. This allows us to fix .4# as a whole,
which can then be split into three parts with existing
knowledge about nondynamical part.

We perform analysis with the principle of frame inde-
pendence of A* in the small mass regime, which enables us
to constrain the form of dynamical part of A*. The resulting
dynamical part in the fluid frame explains the discrepancy in
spin polarization between field theory approach and kinetic
theory approach in the corresponding regime in the colli-
sionless limit. We also perform explicit calculations for a
massive probe fermion undergoing Coulomb scattering in a
massless QED plasma with a steady shear flow, aiming at

understanding strange quark polarization in QGP. We find
the corresponding solution to A, and a“f,. In the phe-
nomenologically interesting region, we find the collisional
effect enhances the spin-shear coupling by 50%, which may
help better understand the measurement of local spin
polarization of A hyperon in heavy ion collisions.

For phenomenological application, generalizations of the
present work from QED to QCD case is necessary. In a
QCD plasma, additional gluon loop presents in the colli-
sion terms, hence the redistribution of both quarks and
gluons would contribute. We leave this for future studies.
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APPENDIX: CALCULATION DETAILS

Effective amplitudes M, in (47) are given by

o 8Nfe4(27t)3
272 (Q2>2
8N e*(27)?
M =g

2(-m?P' - K' +P-PK-K +K-PP-K)g,,

{2(P-K'P-K—P-PK -K—P-K'P -K)g,,

~2P,(P-PK,+P-K'P,))+2K,(P-PK,+P-K'P,—P -KP,)
+2P,(K'-KP,— (P-K —m*)K}) +2K,(P'-KP,— (P-K —m?)P})},
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8N re*(27)?
Mﬁg ](CQZ)Z 2(m*Q - K'g,, — mzK;,QU +K-K'P,P,—P-K'P,K,),

8N et (2r)3
M = '€Q2()2 ) 2(m*Q - P'g,, —m*P,Q, + K-P'P,P,—P-PP,K,),

8N ;e*(27)3
M;}S _ f€2(2ﬂ> €pr0Pp(K'K’P’6+K'P,K,U),
(0%)

8N et (2r)?

MAS = % {€4peK?(P-K'P'° + P-P'K'” = P - K'P°) + €,);(P,K'"" + K|,P') P*K?}. (A1)

Additional factor 2N comes from scattering with N, fermions and antifermions.
The J; in (49) are functions of momentum P, K, P/, K’ defined below

Ji=(P -PK-K'+K-PP-K —m?P-K')2P%,
J==(P-PK -K+P-K'P-K—-P -K'P-K)3(P.-K,)>?—K}P?})

—PK'P K (P -K,)’=KIP)

+{K-K'(P_-K,)(P" - P )(PL-K,)— (P -K,)P1)} +{P' < K'}

+{P-K'(P_- K )(P' - K )(PL-K,)= (P -P)K)} +{P' < K'}

—{PK[(K'x p-GP+ (P - K)(PL-K = (P K ) (K - PL)(PL- K]} = {P' <K'},
Jy={(K' x -G+ (PL-K\)(PL- K. )* = (P - K )(K - PL)(PL-K )} +{P' <K'},
Jy=A{(PL-K)[(P- K )PT = (P - K )(K' - P} +{P' <K'},

—{P"-K'(P.-K\)P} +P-K'(P\ -K)P1 =3P -K'(P'-P.)(P,-K|)} —{P' <K'},
Js=4(K x p-§>(PL-K.)/K2.

—{[2P K'(P. P\ K} =Py K P\ - K.)+P - K((PL-K.)* = PAK})|(PL- KL)/K3} = {P' < K'}.
Jo=2P}K-K'(P,-P,)+K-P(K -P)-P - -KPi]

=

Jy=P K'G(KL - P =KPPL)+ (K xp-g”+PP(K - P1)* = (P K\ )(K' - PP P,
Jg=P -K'G(PL-P )" =P PY)+ (K x PG +KPPL-P) = (PL-K)(PL-P)K, P, (A2)

where {P’ <> K’} means exchanging the two momentum in the bracket {---} ahead.

Assuming that the medium fermion and probe fermion are hard fermions with momentum comparable with temperature
p.k, p', k' ~ T, while the momentum transfer is soft ¢, ¢ < T, the phase space integral can be simplified using the small
momentum transfer as well as momentum conservation and on-shell condition

HKP QP K’
e [ G

1 1
= (2”)5 / dé]od3qd3k/m5(170 — ko — 610)5(])6 - k6 + qo)_ (A3)

(27)88(P — K — 0)8(Q + P' — K')5(K* — m*)5(P")8(K'"%)

The momentum integral is left with integral over Q and K. Tt is useful to decompose momentum g and K into

K=

"cos 0, p + k' sin 0, cos ¢, X + k' sin @, sin ¢, 9,
g =qcosf,p+ qsin@,cos g,k + qsinb,sing,3, (A4)

where we have denoted p as Z for now. We introduce € as the angle between K and g, namely cosQ =
cos Oy cos 0, — sin 0y sin O, cos Ag, with Ap = ¢, — ¢;. The measure can be parametrized as
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/ dqd’k = / q*dqd cos 0 ,dp k*dk' d cos 6, dAp. (A5)

Considering that loop fermions are light fermions, they can be treated as massless. Using p’ = K- g and k= p—q,we
can use the on-shell condition to cast the §-function into

2cin2 2
p (p*sin“0, + m*)
5(po—ko—610):5<61—0089q—q2—"3 —q
Po 2p;y

sinZ2Q
30~k +a0) =3 geos = 25— g0 ). (A6)

with py = (p® + m?)"/2. The angular integral over ¢, and ¢, can be performed to obtain,

! 1
<1 + %) [sin0,sin%6; — (cos Q — cos 0, cos 6;)?]'/2

/ dp,deid(py — ky + qo) = 4n (A7)

q

Note that the above o—function constrain the unique solution of cosAg, yet sinAg@ can take both solutions
+(1 — cos> Ap)'/?. Thus integrals containing odd number of sin Ag will be vanishing under the angular integral. The
square root constrains the domain of cos 6 as cos(6, — Q) < cos by < cos(d, + Q). The other 5-function gives

1
/dcos Gqé(po —ky—qo) 2—F7—. (A8)
20
Po Po
From the §-function, one can solve
2 2\ 1/2
40 q q . q 4o
COSQ:;+2_I€< —q—g)+(9(q2), stz( —q—ﬁ) <1_2_k’>’
2 2 2\ 1/2 2_ .2
Poqo , 4 ‘0 2 . Po 90 9" — 4y 4o0Po
cos 0 z_+_(1__) LO@),  sing, = <1___) <1_7_>, (A9)
" pg 2p q* ! P4 P> —pias 2

in obtaining the leading-log order result, it is enough to keep the above solution to the first order of g. Note that —1 <

cosQ,cosf, <1 also set a limit to x = gy/q that —%s%’si. So that [dxdk’ has the integration domain

[dxdk' - [ dk [*7 /7o dx. With the above approximation of small momentum transfer, the collision term at leading
0 p/Po

logarithmic order can be explicitly calculated. The basic process is to collect all terms of integrand to Q~2, after combining

the measure, and integrating ¢ ranges from e7 <« g < T, the log then arises from eTT dq/q =1n(1/e).

The various terms in the differential equation cfl?f)fN pt c((ﬁf)fN} + cfi?f)fN% + ¢por = 0 are defined as follows. cfi?f)fN p+

c((iif)fN P+ cfﬁf)fN % is the diffusion of probe spin, which is defined as the corresponding parts in (49) by

Cé?f)fNP -+ C((i;ng}’ + c((i?f)fN;/’ = 16Nfe4(2”)3/

1 { Ji (J2 + m?J3)
x.ok.p (0%)?

2P-uP2LNP+ 2K - uP% NK}J_CkJ_[k/fp/fp, (A10)

due to the small momentum transfer, N is expanded around Np by (52). After performing the phase space integral, the

coefficients cé?ff are given as the following,
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0) (P> =2p3) PP PAF + (=2p° +6p3 p* — 11 p3p* +3p§) pT — m® pon,, (Fpo(p* —2p3) p* + (2p* = 5pip* +3p3)T)

Caiep —Chg s
diff pSPé
e —Fp*py+ pT(m?p§+2p* +2pg) +m? pon,(F pop® + (p* =3pg)T)
diff — 2.2 >
PPy

@ poT(ppo—mn,)

Caiff = €A » (All)

T°N; . . . . . L .
where ¢, = 57! is an overall constant. ¢, is the polarization effect, which contains contribution from different parts

bo b
= cg}ﬁda + Cg}f,dz + cgg‘) +c gfﬁ . Where cgled" is the polarization effect contributed from the magnetization current of

the medium fermion, the definition and expression are

Cpol

1 m2J m2
CMedd = 16N et (2 3/ T - Ay
pol 14 ( ﬂ') KQK’P’(Qz)z 2K’-MP2 P . f f[(fpf
m*(Fp§(m* +2 —3Fplp+2p°T
_ . R o po), =3Fpop +2p°T) (A12)
2p* pj
cg}j"ldz from the displacement current of the medium fermion,

1 m2J, 2704 2y 275
cmedE — 16N 2 / _ 7 3K 8
Cpol 1€ ( ”) K.OK P (QZ)Z 1K' - “Pi K + P . Pi P f f f

9cACyN pm*E(3)[(F = 2)pg(3p5 — p*)np = 3(F = 2)pop + 2p°T|
2722
ZCACfom2 In Z[Fp%(p2 - 3p0)11p + 3Fp(3)p - 2p°T]
+ £
P Dy
N m2ca(Cp — Cp)m?[p§(3pg — p*)(2F + 1+ 2In2)n, — 3pip(2F + 1+ 21In2) + 4p°T]
16p°p} '

(A13)

probd

pol is the contribution from the inhomogeneity of the probe distribution,

C

. U (mdg—d, mAJy+J .
Cgolba = 16Nf€4(2”)3/ AV {m ° 21 S 22}f fK({
K.,Q.K'.P' (Q ) 2P - I/tPJ_ 2K - MPJ_
(Om* + Tm?p* + 2p*) popF + 2(m* 4+ 4p*) p*T — Fm? p§(9m* + 4p*)n,, (A14)
=Ca 32 :
2p’pp

gf;l’bz is polarization effect contributed from the redistribution of the probe fermion in the shear flow. It is defined as the

corresponding parts in (49) by

C

prob b b
Prob): — 16N e (277:) / 1 (J] - mz-]é) 2T3[7 + (JZ + m2J4) 2T§)5<0 _ m2J5 TPrO f fg[{fet/)f (A]S)
Epol koxr (0%)?) 2P-uPtl p 2K-uP%  k  2K-uP} k KoP

After taking the phase space integral, it becomes

PP = ¢ F ), + Cj(fl)Fy) + C;Z)FEDQ) +cnHy, + ¢ Hy (A16)

with the coefficients giving by

056023-15



ZIYUE WANG and SHU LIN PHYS. REV. D 111, 056023 (2025)

<sz(5m2 +4pdn, FQm*+7Tm?pi+2p*) 2(3p* + p%)T)
Cf = Cy - - s

2p? 2p*po 2p§

Om*T +4p*T F T(9m® + 16m* p? + 9Im?p* + 4p°
c(,l):cA<m277 <7m AP ——p>—|—FP2— Om” & 16mp” + 9m’p” + p)>’
f P 3 2.3

p Po P°rh

m2
6;2):2CAPT<P— 77,,>’

Po

cam?(3m? p§n, (Fp* + 2poT) — Fpop* (3m* + p*) + 2pT(=3m* — 4m? p* 4 p*))
Cp = ) )
P Py
2c,m*T(=3m?pon, + 3m?p + p?

o — _ cam™T(=3m"pon, +3m°p + p ) (A17)

P*po

And F, = 2T§;°b /pand H, = Tg;ob /p with Tg;)b and Tg;ob given in (23) and (24), there expression are also presented here
for completeness,

F,= —% [Fp(=19m?p§ —5p3) +2p(3p* = Tpp* +6p4)T = 3m* pin, (F(p* —8p3) +4poT)]
- %ﬂjﬂzpo ((3p3p” =2pop”)F + (8p° = 18pgp® +6pip)T — m* pon, (3F pop® — 14p°T +6piT)],

H,= % [(17p% =30p2) pp3F + (9p* = Tp2p + 15p8) pT +3p2n, ((p* = 9pip* + 10p3)F + (3p* = 5p3) poT)]
—%}:(?”2[—(4192 +3p3) PP pOF + (4p°+2p5p* +9p5p* +3p8) pT
+ pon,((=2p* +3p5p* +3p5) p* poF + (2p° + pip* = 8pip* —3p)T)). (A18)

F;,l) = —0,,F,(po.m), F;,Z) =105 F,(po.m) and Hg,l) = —0,,H ,(po. m) can be obtained by taking p, and m as variable
and taking derivatives with respective to p,.
In the small momentum limit p < m, the coefficients in (53) are expanded as series of v = p/m around v = 0. The

coefficients becomes

(0) _
Cait | pem = —Ca4T,

i
c<(iif)f| p<m = €A2TDp,
2

2
Cfiif)f|P<<m = CAgTPZ’
T(Tm—225T¢(3)C;N;) 1 (7(Cy = Cy) 9¢(3)
Cpol| pm =CA< 50 Tyt T ~ Nz TIn2
m\ (2TTC;NL(3) 67\ 38789T  3087C,NL(3)T?
tanh (%) (22000 DT : A19
tan <2T> ( 10m " 200) " 10500m 105m? (A19)

In the large momentum limit p >> m, the coefficients in (53) are expanded as series of v = p/m around v = co. Keeping the
leading and subleading orders, the coefficients becomes
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0
C((iif>f|p>>m = —Cy (p + 4)’
1
c((iif>f|p>>m = _cA(p2 - 4p)v

2) _ 2
Cdiff|p>>m = AP,

Cpol|p>>m = CA<

%p + 6) : (A20)
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