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Motivated by recent developments in the application of light-ray operators (LROs) in high energy
physics, we propose a new strategy to study correlation functions of LROs through real-time quantum
simulations. We argue that quantum simulators provide an ideal laboratory to explore the properties LROs
in lower-dimensional quantum field theories. This is exemplified in the 1þ 1-d Schwinger model,
employing tensor network methods, focusing on the calculation of energy and charge correlators. Despite
some challenges in extracting the necessary correlation functions from the lattice, the methodology used
can be extended to real quantum devices.
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In recent years there has been a renewed effort toward
describing high energy scattering processes in terms of the
intrinsic correlations present in the final state at asymp-
totic spatial distances. In quantum field theories (QFTs),
these properties can be properly studied in terms of time-
integrated correlation functions of conserved current oper-
ators living on a celestial sphere—these correspond to
the theoretical realizations of detectors used in real high
energy experiments. This class of correlation functions has
been studied to great depth in conformal field theories
(CFTs) [1–11], providing a wealth of techniques and
physics insights. These developments have been trans-
lated to quantum chromodynamics (QCD), establishing a
remarkable connection between theory [12–19], phenom-
enology [20–32], and experiment [33,34].1

In contexts closer to QCD, the most common realization
of this program is in terms of theN-point energy correlators
(ENCs), which measure the correlations between asymp-
totic energy flows [16,38–40]. ENCs can be defined in
terms of the light-transformed energy momentum tensor
(EMT), Tμν,

Eðn⃗Þ ¼ lim
r→∞

rd−2
Z

∞

0

dtniT0iðt; rn⃗Þ; ð1Þ

where E denotes the LRO corresponding to the local EMT
operator, depending only on the unit vector n⃗ labeling a

point on the celestial d − 1 dimensional sphere. Using
Eq. (1), ENCs are then correlation functions of the generic
form

hΩjK†Eðn⃗1ÞEðn⃗2Þ � � � Eðn⃗NÞKjΩi
hΩjK†KjΩi ; ð2Þ

where jΩi denotes an equilibrium state of the theory, e.g.,
the vacuum, and the operatorK generates a local excitation.
In this work we also will consider charge correlations,
obtained by replacing T0i in Eq. (1) with an appropriate
conserved current operator Ji.
Correlation functions of the form of Eq. (2) have been

studied, in QCD, to high perturbative precision in certain
kinematical limits for N ≤ 3 [15,23,41,42]. Accessing the
properties of ENCs in full kinematics, for large values of N
and beyond the perturbative region, is a challenging task,2

but one that could provide further important information
about the theory. Although in QCD many of these aspects
can be addressed by the use of dedicated Monte-Carlo
simulations, such approaches lack a direct connection to the
underlying field theory problem; furthermore, attempts to
study ENCs from euclidean lattice field theory simulations
are not possible due to the Lorentzian nature of the light-
transform in Eq. (1). Thus, new methods to study LRO’s
correlation functions from first principles would consid-
erably enlarge the power of the current theoretical tool-
kit set.
In this work, we argue that real time quantum simu-

lations can provide such a new direction, both in the context
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1See also [35,35–37] for related developments inN ¼ 4 Super
Yang Mills (SYM).

2See Refs. [22,43–47] for studies on nonperturbative effects on
ENCs.
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of gauge theories and for CFTs, serving as a laboratory to
test theoretical predictions. While this program could be
realized in the near-to-mid future, taking into account the
development of quantum technologies and devices for the
study of QFTs [48–53], here we will illustrate our
approach in the Schwinger model [54], QED in 1þ 1-d,
making use of tensor network methods [55]. These are
ideally suited for quantum simulations of lower dimen-
sional systems and can be naturally mapped quantum
computer based approaches. In the A0 ¼ 0 gauge, this
theory is defined by the Hamiltonian

H ¼
Z

dx
E2ðxÞ
2

þ ψ̄ðxÞð−iγ1∂1 þ gγ1A1ðxÞ þmÞψðxÞ; ð3Þ

with ψ a two component, single flavor massive fermionic
field. Due to dimensionality, the properties of correlations
of LROs in this model are quite distinct from what is seen
in 3þ 1-d. Firstly, in 1þ 1-d the celestial sphere consists
of a set of two disconnected points; as a result there is,
for example, no notion of a light-ray operator product
expansion (OPE), which plays a big role in the study of
ENCs, even though there is a local OPE. Further, since
there are only two spatial asymptotic positions where one
can place detectors, it only makes sense to consider single
and two body correlations functions of the form

Cμν
1;kðqÞ ¼

Z
dtdxeiq

αxαhJμðt; xÞEkðfR;LgÞJνð0Þi;

Cμν
2;kðqÞ ¼

Z
dtdxeiq

αxαhJμðt; xÞEkðLÞEkðRÞJνð0Þi: ð4Þ

Here the electromagnetic currents Jμ ¼ ψ̄γμψ act on the
vacuum state, generating a local injection of momentum q,
which puts the system out of equilibrium, following
Eq. (4), while the R, L denotes the insertion of the
detector at asymptotic positive (R) or negative (L) spatial
locations.3 The index k ¼ 1; 2; 3;… in the LRO takes into
account the possibility to measure integer powers of the
operator [56]. Translation invariance and energy conser-
vation determine C1;k, since after injecting momentum q
into the system, equal amounts of momentum have to flow
through both R and L. The same statement holds for
charge correlators, provided one works in a fixed charge
sector set by Gauss’s law. Although these constraints also

affect C2;k, they should not fully determine it, especially if
one takes k > 1.
To study the EEC in the Schwinger model one could use

the fact that the theory, in the charge zero sector, is dual to a
quantum Sine-Gordon model [57] via a bosonization map.
In particular, in the limit of massless fermions, the dual
theory is that of free massive bosons, with both being
connected by the identity [57,58]

ψ̄γμψ ¼ 1

4π
εμν∂νϕ; ð5Þ

where ϕ is a bosonic field with mass mϕ ¼ g=
ffiffiffi
π

p
.

Combining this with Eqs. (4) and that the off-diagonal
component for the bosonic EMT reads T0i ¼ ∂0ϕ∂iϕ, one
can obtain for example

Cμν
1;1 ¼

limy→∞

16π2

Z
∞

0

dsεμαενβ

× ∂
α
x∂

β
x0∂

0
y1∂

1
y2hϕðxÞϕðy1Þϕðy2Þϕðx0Þiy1¼y2¼y: ð6Þ

Thus, computing the ENC boils down to the computation
of 2ðN þ 1Þ-bodyWightman functions of bosonic fields; in
the free limit the evaluation of such expectation values is
immediate through Wick’s theorem (for the creation/anni-
hilation operators). However for massive fermions, the dual
theory is interacting (gϕ ∝ m), and the computation of the
above correlation is nontrivial, see, e.g., [59,60]. As a
result, even in this simple model, the analytical computa-
tion of ENCs beyond perturbation theory is far from
obvious.
Alternatively, one can study this model on the lattice,

where the above mentioned real-time simulation methods
can be directly applied. To that end, we discretize space into
Ns=2 sites, with a physical lattice spacing 2a. Following
the Kogut-Susskind prescription [61,62] for fermions,4 the
continuum two component fermionic field operator is
mapped to the staggered single component field χn

ψðxÞ → 1ffiffiffi
a

p
�

χ2ñ

χ2ñ−1

�
;

∂1ψðxÞ →
1

a
ffiffiffi
a

p
�

χ2ðñþ1Þ − χ2ñ

χ2ñ−1 − χ2ðñ−1Þ−1

�
: ð7Þ

Here 1 < ñ < Ns=2 is a physical lattice index, while we
use 1 < n < Ns for the computational lattice. Combining
Eq. (7) with a Jordan-Wigner transform (JWt), χn ¼ Snσ−n ,
where the string operator is defined as Sn ≡Q

k<n½ð−iÞσzk�,
the Hamiltonian in Eq. (3) can be explicitly mapped to the
spin chain

3We note that to obtain the projection that would contribute to
physical processes, one should contract C1=2 with the appropriate
polarization vectors; however in the Schwinger model the gauge
field is strictly nonpropagating, and thus such a contraction is
vanishing. Secondly, the correlators should be normalized by the
expectation value of the current insertions without measurement,
as in Eq. (4).

4See Ref. [63] for further details following the same con-
ventions.
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H ¼ g2a
2

XNs−1

n¼1

�
1

2

Xn
k¼1

ðσzk þ ð−1ÞkÞ
�
2

þ
XNs

n¼1

ð−1Þnm σzn
2

þ 1

2a

XNs−1

n¼1

σþn σ−nþ1 þ σþnþ1σ
−
n : ð8Þ

Here σfx;y;z;þ;−g
n denotes the standard Pauli matrices acting

on the computational site n. The first term in Eq. (8) is
obtained after explicitly integrating out the gauge degrees
of freedom, using Gauss’s law, such that an all-to-all
potential emerges. The energy and charge LROs can also
be constructed by latticizing Eq. (4); for the energy case we
use that the off-diagonal part of the EMT in Schwinger
model can be written as

T01ðxÞ ¼ i
2

�
ψ̄ðxÞγ0D1ψðxÞ −D1ψ̄ðxÞγ0ψðxÞ�; ð9Þ

where Dμ denotes the covariant derivative, and we have
chosen to use a nonsymmetric form, instead of the
symmetrized Belifante EMT. Both operators only differ
by a total derivative, and thus they yield the same expect-
ation values. Nonetheless, we note the practicality of the
present form that only involves spatial derivatives, while
the Belifante representation includes time derivatives that
require the operator ½H;ψ �.5 Finally, the latticized EMT can

be obtained by making use of the correspondence

ψ̄ðt;zÞγ0D1ψðt;zÞ→ 1

a2
eiHt½χ†2ñχ2ñþ2−χ†2ñχ2ñ

þχ†2ñ−1χ2ñ−1−χ†2ñ−1χ2ñ−3�e−iHt; ð10Þ

where we have performed a residual gauge transformation
ψðxÞ → Uðy < xÞψðxÞ, whereU denotes the link operators
to the left of the point x, to explicitly remove the
dependence on the gauge field, as was done at the level
of the Hamiltonian to obtain Eq. (8). A similar treatment
can be employed for the charge operator, for which one
finds the relation, after a JWt,

J1ðx; tÞ → eiHt i
a
ðσþ2ñþ1σ

−
2ñ − σþ2ñσ

−
2ñþ1Þe−iHt: ð11Þ

Using the latticized Schwinger model and the appro-
priate representations of the detector operators, we can then
study the correlation functions of the form of Eq. (2)
numerically. To that end, we implement the protocol
illustrated in Fig. 1. First, we prepare the ground state of
the Schwinger model at finite m and g; this generates the
state jΩi in Eq. (2). Second, we insert an expanding electric
field6 in the center of the lattice and let the system evolve
for a short time, such that the total string length r is much

FIG. 1. Protocol used to extract the correlation functions studied in the main text from the lattice: 1)we first prepare the ground state of
the theory, here illustrated in the strong coupling limit; 2) the system is then quenched by inserting a local expanding electric field, with
maximum size r ≪ L; 3) once the external electric field reaches its maximum length, it is turned off; detector cameras displaced by Δx
are then placed at the edge of the lattice and the system evolves naturally underH. In 3), we sketch how the initial energy deposited in the
center of the lattice (dark blue) diffuses over time (lighter blue) away from the center. Once the energy flow reaches a set of detectors at
t ≫ 0, they register a signal (blue cameras), as illustrated in Fig. 2. The Energy-Energy Correlator (EEC) limit would be realized by
taking the detectors to large separations and integrating over time, while taking a continuum limit.

5We note that the construction of the EMT operator on the
lattice in higher dimensions is more evolved and the current
arguments are limited to 1þ 1-d, see Ref. [64] for a detailed
discussion.

6The form of the quench is not particularly important, as long
as it leads to an increase in energy density and it is localized in
space. It is simple to check that this is indeed achieved by this
quench [65,66], see also [67–71] for related studies.
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smaller than the total system length L ¼ Nsa. This external
electric field, when acting on the vacuum, puts the system
out of equilibrium, playing the same role as the external
electromagnetic currents entering Eqs. (2). However,
applying this external field is computationally less complex
than computing the expectation values of LROs with
external currents, while still achieving the same qualitative
goal of injecting energy into the system. Finally, after
having prepared this locally out of equilibrium state, we
insert local operators on both sides of the lattice with a
Δx ∼OðLÞ spatial separation, and let the system naturally
evolve under H. In the case where the inserted operator is
the EMT, we can then directly extract

Clat
2;kðΔx; t; t0Þ≡ heiHt½T01ð−Δx=2Þ�keiHðt0−tÞ

× ½T01ðΔx=2Þ�ke−iHt0 iquench; ð12Þ
where t, t0 denote the time variable with respect to the
left and right detectors. To obtain the EEC, one needs
to integrate over time, place the detectors at increasingly
large Δx, and take the continuum limit, i.e., C2;k ¼
limΔx→∞

R
t;t0 C

lat
2;kðΔx; t; t0Þ.

In Fig. 2 we show the evaluation of Clat
2;kðΔx; t; tÞ.7 The

numerical simulations are performed using aMatrix Product
State (MPS) tensor network, implemented using the
ITENSOR package [72]. We use a lattice withNs ¼ 60 lattice
sites, while state preparation of the initial state in Fig. 1 is
done using the native density matrix renormalization group
[73,74] algorithm, and the real-time evolution is imple-
mented via the time-dependent variational principle [75,76]
algorithm implemented in ITENSOR. The maximal spatial
size of the external electric is taken to be r ¼ 11a. This
generates a variation of the total energy of the system, i.e.,
ðhHivacuum − hHiquenchÞ=hHivacuum ≈ Oð0.1 − 1%Þ, com-
pared to the vacuum state and after normal ordering of the
Hamiltonians.
In Fig. 2 (top) we show the late time behavior of

Clat
2;kðΔx; t; tÞ, for two values of spatial separation of the

detectors and two values of m=g. At times t < 6a, the
correlator exactly vanishes. This is in agreement with
the naive expectation from the right hand side illustration
in Fig. 1, where a finite amount of time is required for the
signal to propagate from the initial localized perturbation to
the detectors. Comparing the starting time for the variations
of the energy correlator for the two values of Δx, one
concludes that the momentum spread happens close to the
(lattice) speed of light, i.e., ΔðΔxÞ=δt ∼Oð0.5–1Þ where
we roughly estimate the time interval by comparing the first

peaks of the dark green and red data sets. The oscillatory-
like behavior seen after the first peaks is sensitive to the
lattice edge (due to the small gap with respect to the spatial
infinity where the detectors are placed), and thus the
extracted results there are not physical. To overcome these
issues, one should not only ensure that Δx ∼ Nsa but also
that jxdetectorj < Nsa=2, with xdetector the spatial position of
a detector; nonetheless the realization of such a limit is
numerically hard to achieve due to the need to time evolve
the full quantum state on a larger lattice.
A similar exercise to that shown on the top panel of

Fig. 2 was also carried out for the charge correlator.
Remarkably, we found for several parameters sets that if
one normalizes the curves as in Fig. 2, i.e., by dividing all
points in each data set by the maximum value in the
considered time domain, that the energy and charge
correlators have a very close behavior. This qualitative
observation agrees with the following simple picture: 1) the
evolution of the correlators is constrained by conservation

FIG. 2. Top: Evaluation of Clat
2;1 as a function of time, for two

values of m=g ¼ 1, 1.5 and a shorter (Δx ¼ 24 a) and larger
(Δx ¼ 32 a) spatial separations of the detectors. To collect all
curves, we have normalized the y–axis to the maximum extracted
value each data set, in this time domain. We numerically checked
that after such a renormalization of the curves the results for the
charge correlator show an identical behavior. Bottom: Extraction
of the initial value, i.e., at times before the detector detects the
signal, for the energy and charge correlators with power k, using
m=g ¼ 1. For odd values of k we find that this quantity exactly
vanishes, as illustrated above for the k ¼ 1 case. For even values
of k, the charge correlator gets a nonvanishing positive value,
which does not depend on k. This behavior differs from the
energy correlator, where the initial value decreases with k, as
illustrated. Note that here we have normalized the expectation
values of the energy correlator to hH2kiquench.

7Note that here we take t ¼ t0 and we do not perform the time
integrals. The reasoning for this is twofold. First, the EEC in two
dimensions is a number, and thus having the time differential
correlator provides more information. Secondly, taking different
times for the two operator insertions makes the simulation
technically more costly; since we do not compute the full
EEC looking at the equal time correlator seems sufficient.
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of energy and conservation of total charge8; 2) as energy
flows outwards, left and right, itmust do so in a balancedway
since there are noother directions;3) a similar statementmust
be true about charge, since any imbalance would violate
Gauss’s law; 4) this would support the naive picture that an
electron flying to the left of the lattice must be compensated
by an equivalently charged state flying to the right of the
lattice. Of course, the explanation is more complicated since
the axial and vector currents are related nontrivially in
1þ 1-d, where Jμ ∝ εμνJν5, and thus the true degrees of
freedom of the system are not fermionic. These aspects
require a more detailed understanding of the particular
structure of the underlying quantum state. Conversely, they
can also be studied by computing the correlations functions
of the axial J15 current and mixed correlators, e.g.,
hT01J1iquench, which we leave for future work.
On the bottom of Fig. 2, we show the results for the

initial value of the energy and charge correlator, i.e., the
correlator value for times earlier than the observation of
the first peak, for several values of k. The odd values are not
shown since for the those cases the extracted value is
exactly vanishing. More, we observed that for the odd
values of k the behavior in time of the energy and charge
correlation functions is very close to what is seen for k ¼ 1.
These statements do not hold for even k, where we observe
that the charge correlator acquires a finite initial value,
which does not depend on k, while the energy correlator
acquires a positive value that grows with k.9 This indicates
that in the massive Schwinger model these two currents can
not be identified (as one should expect), complementing the
above observations. Further, one would expect that these
deviations are sensitive to the fluctuations of the energy and
charge asymptotic transport, which can not be fully con-
strained by global energy and charge conservation.
In this manuscript we have provided a first discussion on

the study of LROs’ correlations from real-time lattice

simulations. This new approach can be potentially used
to explore nonperturbative features of ENCs in gauge
theories and complements existing perturbative methods.
Of course, the realization of such a program is tightly
dependent on the development of large scale quantum
computers, which are not available at the moment. This is
particularly important for the extraction of LROs’ correla-
tions functions since the measurements must be performed
at large spatial separations. Combined with the need to take
continuum limits and the large number of degrees of
freedom necessary to implement gauge theories in quantum
devices, such an endeavor is extremely resource intensive.
Hopefully continuum and large volume extrapolations may
be possible in the mid to long term future, using more
advanced quantum devices. Perhaps more interesting for
near term implementations is the study of 2þ 1-d field
theories where the behavior near critical points of LROs can
be theoretically described; a natural example is the three-
dimensional critical Ising model, which can be more easily
realized in quantum devices and (large) tensor networks,
when compared to gauge theories.We leave such a study for
future work, see Refs. [77,78] for related discussions. From
the point of view of quantum simulation of QFTs, the study
of LROs is of critical importance since they provide a proper
way to introduce the notion of detector, a necessary element
in the study of high energy physics using lower dimensional
models, see, e.g., [48].
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