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Geometric Interpretation of Timelike Entanglement Entropy
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Analytic continuations of holographic entanglement entropy in which the boundary subregion extends

along a timelike direction have brought a promise of a novel, time-centric probe of the emergence of

spacetime. We propose that the bulk carriers of this holographic timelike entanglement entropy are

boundary-anchored extremal surfaces probing analytic continuation of holographic spacetimes into

complex coordinates. This proposal not only provides a geometric interpretation of all the known cases

obtained by direct analytic continuation of closed-form expressions of holographic entanglement entropy

of a strip subregion but crucially also opens a window to study holographic timelike entanglement entropy

in full generality. We initialize the investigation of complex extremal surfaces anchored on a timelike strip
at the boundary of anti-de Sitter black branes. We find multiple complex extremal surfaces and discuss
possible principles singling out the physical contribution.
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Introduction and summary—Entanglement entropy (EE)
has proven to be a prolific notion across the contemporary
physics landscape [1]. In the spacetime picture of quantum
mechanics [see Figs. 1(a) and 1(c)], it is defined by picking
a time slice that gives rise to a state and considering a
spatial subregion on this time slice giving rise to a reduced
density matrix. EE is then defined as the von Neumann
entropy of this reduced density matrix. While in general
very hard to compute, remarkably the EE for spatial
bipartitions acquires a simple geometrical description in
strongly coupled quantum field theories with many micro-
scopic constituents, where its holographic dual are extremal
codimension-two surfaces anchored at the asymptotic
boundary on the edge of the relevant spatial subregion
[2-6]. The holographic EE (HEE) is subject to the con-
ditions of homology [7] and minimality to pick the relevant
extremal surface if multiple ones exist.

Recently, Refs. [8,9] pursued a brilliant idea to depart
from the standard definition of EE and instead consider an
analog problem in which the subregion extends also in a
timelike direction at the expense of a spacelike one. In two-
dimensional conformal field theories (CFTs,) a paradig-
matic example of a subregion is a single spatial interval,
and the idea then is to consider a single timelike interval
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[see Fig. 1(b)]. Subsequently, Refs. [8,9] considered several
known closed-form expressions for EE—the universal
CFT, prediction for a single interval and the HEE for a
strip subregion in the vacuum—as a functional of param-
eters specifying the boundary subregion, and performed an
analytic continuation to make the extent of the subregion
timelike [see Figs. 1(b) and 1(d)]. This analytic continu-
ation indicated that the quantity obtained this way, dubbed
holographic timelike EE (HTEE), is a complex-valued
pseudoentropy [8,9].

In three-dimensional holography, it was possible for
Refs. [8,9] to identify candidate, partly spacelike and partly
timelike, bulk geodesics whose respective real and imagi-
nary lengths reproduce the analytic continuation of the EE
of a single subregion. Unfortunately, beyond these cases,
no geometric picture exists for what the HTEE could be and
no prescription exists to calculate it for general timelike-
extended subregions. We believe this is an important
problem to alleviate. One reason is the connection between
holography and tensor networks [10], with the latter
community considering closely related quantities in the
context of unitary time evolution under the umbrella of
temporal entanglement [11-18]. Another is that the HEE
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FIG. 1. (a) Spatial single interval subregion in 1 4 1 dimen-
sions and (c) its higher-dimensional generalization as a strip.

(b,d): Analogous timelike regions can be obtained from (a,c) by
making one of the spatial coordinates imaginary.
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FIG. 2. Our HTEE proposal (1) entails considering codimen-
sion-two complex (blue) extremal surfaces that are anchored on
the asymptotic boundary on a desired real (red) timelike sub-
region, here the timelike strip from Fig. 1(d).

and other geometric probes of the emergent spacetime,
including correlators of heavy operators [19], Wilson loops
[20,21], and holographic complexity [22-25], have their
limitations, e.g., when it comes to probing black hole
interiors [26,27], and it is important to look for probes with
complementary virtues. Finally, accelerated expansion
often rules out standard extremal surfaces in de Sitter
universes [8,9,28-34].

We propose that the bulk carriers of HTEE are codi-
mension-two extremal surfaces y; anchored on a timelike
boundary subregion 7 and in general extending in a
complexified bulk geometry (see Fig. 2). The HTEE is
then proportional to the area of y,

St ZAgg)’ (1)

where G is the bulk gravitational constant and the nor-
malization reproduces HEE upon analytic continuation.
With the hindsight of examples, in the outlook we discuss
various physical conditions to select among possible
multiple contributing extremal surfaces.

By a complexified geometry we mean a holographic
geometry in which coordinates become complex variables
with the asymptotic boundary being defined as a real locus
in the standard way. This naturally connects to earlier
studies of complex geodesics in holography in the context
of black hole singularity [26] and correlators of heavy
operators at timelike separations [35]. Through Eq. (1),
HTEE is explicitly a geometric object and can in principle
be determined for a timelike subregion of any shape in any
state. We view our proposal as a conservative generalization
of the basic building block of the HEE prescription to
timelike boundary subregions, which allows to utilize
various techniques and concepts from the study of HEE.

We check that our proposal reproduces all the known
cases of HTEE obtainable via analytic continuation.
However, our geometric interpretation departs from the
one provided by Refs. [8,9] in the context of three-
dimensional holography. There, the real part of
the HTEE came from spatial geodesic segments and the
imaginary part from timelike geodesic segments in the

same spacetime. In our case, both parts are generically
geometrically inseparable and originate from geodesics
probing bulk spacetime coordinates having both real and
imaginary parts across the relevant curve. Within our
proposal, the interpretation in terms of a combination of
timelike and spatial paths is scarce and typically subtle (see
Supplemental Material [36]). Finally, to demonstrate the
predictive power of our proposal, we determine the HTEE
for a timelike strip on the boundary of a black brane
geometry. This example connects with the notion of critical
surfaces underlying the tsunami picture of EE production in
holographic quenches [37-39] and, crucially, gives rise to
multiple complex extremal surfaces satisfying the same
boundary conditions. We discuss two possible criteria—
minimality of real part of the area and consistency with the
ultraviolet—infrared (UV-IR) correspondence [40]—that
could select the physical contribution.

Setup—The strip subregion of interest, depicted in
Fig. 1(d), is living in d-dimensional Minkowski spacetime
located on the regularized (z = ¢ < 1) boundary of

2_l _ 2 d_ZZ x2
ds _Z2< f@)de 4 s+ d ) (2)

where the curvature scale is unity. The choice f(z) =1
corresponds to the empty anti-de Sitter (AdS) space
encapsulating the vacuum of the dual CFT, whereas f(z) =
1 = (z%/z%) corresponds to a black brane encapsulating a
thermal state. The strip is defined as (x = {x|,x, })

At At

TE{(t,X)Z tE 55
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and acts as a timelike entangling region on the asymptotic
boundary that anchors the extremal surface (1).

By symmetry, the codimension-two bulk extremal sur-
face y; takes the form

Xﬂ(/l) = {ts(’l)’ Zx(’l)7XH’xJ_ = 0}7 (4)

where 4 is a parameter moving along the variable part of the
surface. Given this, according to our proposal (1) we need
to extremize the area density functional,

%Z(A)?

A ~f(zs() () + 7ty
A=T= / diL = / da - [l (s

to find the HTEE density S = S7/V. In these expressions,
V stands for the volume of R¢~? spanned by x. Note that
for d = 2 there are no x| directions and V = 1.

Since the bulk metric (2) does not depend on time, y7 has
an associated conserved quantity, p, such that the Euler—
Lagrange equations stemming from (5) can be reduced to
the first-order form
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p 2 (/1)2‘1 2 /(/1)2
F )P (f2(D) + pPas(A)72)

From Eq. (6) it is immediate to see that the locus z = gz,
where f(z,) + p?z29~ =0 corresponds to a tip of y;
where f,(z) has a branch—point singularity. See also Fig. 2.

Crosschecks—We will show now that the proposal (1)
reproduces the HTEE in cases where it can be computed
explicitly via analytic continuation of areas of HEE
extremal surfaces [8,9]. In these cases, the proposal can
be thought of as a direct analytic continuation of the
surfaces themselves, rather than of their areas alone.

AdS; holography: In this case y will be a boundary-
anchored bulk geodesic. We choose 4 as an affine param-
eter, £ = 1, such that the end points of the bulk geodesic at
the asymptotic boundary are reached at 1 ==F 1,

AOES

(6)

Z,(EAy) =€, t,(£44) = £A/2. (7)
For the vacuum state, the solution of Eq. (6) subject to

the boundary conditions (7) is given by

- iAo —¢
1,(2) = \/—;~—¢ tanh(2), ZSW—W’ (8a)

At
A zlog?—l—ig—l-O(ez). (8b)

The regularized geodesic length, L = 21, reproduces the
HTEE of a timelike segment in the vacuum state of a
Minkowski space CFT, with central charge ¢ [9]

L c At nc
S = —_—= —1 —_ | — s
TT36 3% TS ©)
where we used ¢ = 3/(2G) [41].
For a black brane, the solution of Eq. (6) with the
boundary conditions (7) is given by

t,(2) ]1 cosh(/H— ) Zy(/{) isinh <2ZH) (100
=—1lo , = , a
g 2 gcosh( —2A_t) Zn cosh(2)
ZH
224 sinh(£> .
2, =log——\FEn) 17 (10b)

E )
where we have quoted the expressions at leading order in €.
The proposal (1) gives then

2z sinh(ﬂ> .
L H H
- Elog4zz+%, (11)

S = —
774G, 3 €

which also agrees with the findings of Ref. [9].

Besides demonstrating that the proposal (1) computes
correctly the HTEE in known cases, these two simple
computations also illustrate a crucial aspect of it: namely,
since A, is complex, the bulk geodesic X#(1) has to be
thought of as a 3-tuple of complex functions of a complex
affine parameter A. From this perspective, any path in the
complex A-plane joining —A1, and A, provides a valid
section of the complex geodesic. Among this infinite-
dimensional set, there happen to exist special paths singled
out by their reality properties, which allow for a direct
comparison with the geometric interpretation of the HTEE
proposed in Ref. [9] (see Supplemental Material [36]).

Higher-dimensional holography: In d > 2, the HTEE

for (3) is only known in the vacuum [9],
27 r( d ) !
” -
2(d-1) C(12)

(s)

This result follows from the analytic continuation of the
HEE of a spacelike strip from real to imaginary width. Here
we demonstrate that the HTEE proposal (1) naturally
reproduces Eq. (12) and provides for the first time a clear
geometrical understanding of this result.

To perform the computation, it is convenient to employ
diffeomorphism invariance to set z;(1) =4, and work
directly with the function #,(z). With this choice of
parameterization, solving Eq. (6) with f(z) =1 for
d > 2 results in two branches of solutions,

1 (=)
Sr= (@re5%) d’;;_zzi’d'z) ,

Cqg—

ti(Z) :A:t +i—

16
(G @) ) 0

where we have demanded analyticity at z = 0. z, is the tip
of extremal surface, and A are integration constants. To fix
these three quantities, we impose that the lower (upper)
branch 7_(z) (7, (z)) ends at the lower (upper) boundary of
the timelike strip 7, 7. (z = ¢) = £At/2, and that both
branches meet continuously at the tip, 7, (z,) = _(z,). At
leading order in ¢ (there is an alternative choice where we
identify 7, (z = ¢) =F At/2, which leads to a complex-
conjugated z, and a complex-conjugated S7),

At ’F< )
Ai:i?’ lei(d 1; At (14)
2l (i)

A path in the complex z-plane, which starts at z = ¢ on the
lower branch, goes from the lower to the upper branch at z,,
and finally ends at z = € on the upper branch, provides a
valid section of this complex extremal surface. Evaluating
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the area density functional (5) along this path leads directly
to Eq. (12) upon application of Eq. (1).

Predictions for excited states—The key aspect of the
proposal (1) is that it allows us to study HTEE when there
are no other means to obtain it. As an important test bed we
consider thermal states in CFT; on Minkowski space,
represented holographically by d = 3 black branes. The
main novelty with respect to the cases considered so far is
the existence of several distinct complex extremal surfaces
yr associated to the same boundary region 7.

Specifically, for a given At > 0, there exist two different
classes of complex extremal surfaces to consider. Since
Eq. (6) has real coefficients, each class comprises two
branches of complex extremal surfaces related by a com-
plex conjugation. We refer to these two classes as the
vacuum-connected (v.c.) and the vacuum-disconnected
(v.d.) solutions (see Fig. 3 for the location of their tips
z, in the complex z-plane). The reason behind this
nomenclature is as follows. In the Az — 0 limit, the tips
of the v.c. solutions approach the asymptotic boundary at
z = 0 and, at leading order in Az, are given by Eq. (14) (for
the upper Im(z,) > 0 branch) or its complex conjugate (for
the lower Im(z,) <0 branch). On the other hand, in the
same limit, the tips of the v.d. solutions approach the black
brane singularity at z = co. The behavior of the conserved
momentum p also differs between the two classes of
solutions: as Az — 0, |p| diverges in the v.c. case, while
it goes to zero in the v.d. one.

To understand the behavior of both solution classes in the
opposite, At — oo regime, we need to recall the notion of a
critical extremal surface [37]. A critical extremal surface is
a solution of the equations of motion such that z,(1) = z.
The location of the critical extremal surface in the complex
z-plane is set by the requirement that the Lagrangian (5)
evaluated on the critical extremal surface is stationary with
respect to z.,

1.5f

1.0f

Im(z/251)
*

-osf

-1.0fF

-1.5F

Re(z/zm)

FIG. 3. gz, for all the known complex extremal surfaces in an
AdS,-Schwarzschild black brane. Blue (green) curves corre-
spond to v.c. (v.d.) solutions. Horizons [roots of f(z) = 0] are
represented as black stars, and critical extremal surfaces as red
Ccrosses.

P ARAC)

Ze 5
Z%d 2

0. (15)

We will refer to z.. as a critical point. In the case at hand,
f(z) =1-(2%/z3,), and Eq. (15) reduces to z} = 4z,
with critical points z; = 25z, z, = 25¢?/3)z,, and
23 = 25e~(27i/3) 7, While these critical extremal surfaces
do not satisfy the boundary condition dy; = 7, they do
govern the behavior of the valid solutions in the At — oo
limit. In this regime, the tips of both branches of v.d.
solutions approach z;, while the tips of the upper (lower)
branch of v.c. solutions approach z, (z3).

We define the finite part of the area density A, A, as

-Areg :1218<A_§>’ (16)
and use superscripts v.c. and v.d. to denote the v.c. and v.d.
solutions. Fig. 4 depicts Af¢ and ALd- as functions of Ar.
Here and in the following, we restrict to the branches with
Im(z,) >0 to avoid clutter [the complex-conjugated
branches have equal Re(A,.,) and opposite Im(A,,)].
When At — oo, both A& and A% scale linearly with
At, with a prefactor determined by their critical points,

3 LAt 35 At
).C. -z Jd.
Arteg ~ g e 3 _Z%_I s A;}eg ~ g—z%{ (17)

In the opposite, At — 0 limit, the behavior of the finite part
of both area densities is markedly different. For the v.c.
solutions, Af;g* reduces to the vacuum result as expected
(see Fig. 5),

AL~ —, 18
b i (18)
'I' T T T T T
[
6l Re (snA25)
[
al ‘|| ----- Im (zHAﬁéZ;')
Ay
2 N\
'___<: _______________________________
of =
N Re(andid)  sal ]
-af —m--- Im (2 AL ) el ]
eV S ey
0 2 4 6 8 10 12
At/ZH

FIG. 4. Regularized area density A, for the v.c. (blue curves)
and v.d. (green curves) extremal surfaces. Real (imaginary) parts
correspond to solid (dashed) curves.
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FIG. 5. Left: comparison between the A¢ — 0 limit of the
regularized area density of the v.c. extremal surfaces, Ay, and
the vacuum result (18). Right: comparison between the At — 0 limit
of the regularized area density of the v.d. extremal surfaces, Areg ,
and the prediction of the singularity probing solution, Eq. (20).

On the other hand, in this regime, .Ar”e'g' does not exhibit
power-law scaling with At¢, but rather goes to a constant.
This constant has a straightforward geometric interpreta-
tion. Recall that, for the v.d. solutions, —0as At = 0.
At p=0, Eq. (6) allows for the trivial solution
t,(1) = ty €R, for which the area density functional reads

o fele (G

Evaluating Eq. (19) along a path in the complex z-plane that
first goes from z = € to z = oo slightly above the real axis,
then crosses the branch cut at 7 = o0, and finally comes back
to z = e slightly above the real axis again, results in

2(=1 + 3%) (2
€ € F(g)ZH

In the right plot of Fig. 5, we compare A, with the Ar — 0
limit of .Afe'g', finding perfect agreement (for the lower
Im(z,) <0 branch of v.d. solutions, the relevant path in
the complex z-plane goes below the positive real axis). We
emphasize that, while at A¢ = 0 the v.d. solutions pierce the
singularity, for any At # 0 they correspond to completely
smooth complex extremal surfaces with a tip close to but
away from it.

We will comment on the implication of the two classes of
solutions for the computation of the HTEE in the outlook.

Outlook—Our Letter postulates that HTEE is defined in
terms of complex extremal surfaces anchored in a timelike
boundary subregion. Our explicit studies demonstrated that
in general there are multiple complex extremal surfaces
satisfying the same boundary conditions. This should not
come as a surprise, given that an analogous phenomenon
occurs for HEE, but it leaves us with the key question of
which one computes the HTEE.

We see two main possibilities to consider. The first one is
to pick the surface with a minimal real part of the area, in
analogy with HEE. In the black brane case we considered,

(20)

this implies that the v.d. solutions dominate for small At
(see Fig. 4) and hence that the HTEE does not reduce to its
vacuum counterpart as the temporal width of the boundary
subregion tends to zero (see Fig. 5). For this choice, the
HTEE violates the basic spirit of the UV-IR correspon-
dence and is instead endowed with a UV-UV character,
since the short-distance regime in the boundary CFT
corresponds to the short-distance, sub-AdS length regime
in the complexified bulk spacetime.

The second possibility is to regard the HTEE as the analytic
continuation of the HEE when the boundary subregion is
taken from spacelike to timelike in a specific manner. Note
that when the extent of the initial spacelike subregion tends to
zero, the HEE reduces to the vacuum answer. Hence, while
this analytic continuation is hard to implement, a basic
requirement one can demand is that the same property holds
for the HTEE of the final timelike subregion. This way of
proceeding restricts the relevant surfaces in the HTEE
computation and restores the UV-IR correspondence.

We emphasize that, irrespectively of the chosen dis-
crimination criterion, it is perfectly possible that whichever
complex extremal surface exists and does not happen to be
contributing to HTEE has alternative physical interpreta-
tion, in analogy to the role played by entwinement for HEE
[42,43]. Studies of further examples will certainly be
insightful in this respect.

Finally, in a broader context, our Letter raises the
question of whether there are contributions to various
holographic observables that originate from complex
extremal surfaces and were missed in the literature (a
possibility that has not gone unnoticed [44,45]). This
provides another arena where the methods developed in
the present Letter apply.
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