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We present a comprehensive study of the two-flavor quark-meson-diquark (QMD) model by comparing
a renormalization approach with a renormalization-group (RG) consistent mean-field formulation based on
the functional renormalization group (FRG). The renormalized QMD model allows analytical inves-
tigations of key quantities such as the zero-temperature diquark gap and the critical temperature for color
superconductivity, ultimately reproducing the exact BCS relation in the high-density limit. We carry out the
same analysis for different schemes of RG-consistent QMD models. We show that the RG-consistent
approach yields a phase diagram and thermodynamic properties qualitatively similar to those of the
renormalized model, provided both are embedded within a unified scheme that ensures consistent vacuum
properties. In particular, both treatments recover the Stefan-Boltzmann limit at high densities. On the
other hand, whether the BCS relation for the critical temperature is satisfied depends on the details of the
RG-consistent setup. Our results highlight the relevance of renormalization and RG-consistent methods for
accurately capturing the thermodynamics of QMD and related effective models with diquark degrees of

freedom.

DOI: 10.1103/bx12-6tt6

I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory of the strong interaction among quarks and gluons. In
the low-energy regime, however, QCD becomes inherently
nonperturbative, making direct analytical calculations
extremely challenging. Over the years, a variety of non-
perturbative tools have been developed to study QCD in this
regime. Notably, lattice QCD simulations [ 1] and continuum
functional methods (such as Dyson-Schwinger equations [2]
and the functional renormalization group [3]) have provided
important insights into the QCD phase structure. Despite
these advances, first-principles calculations remain chal-
lenging, particularly for the thermodynamics of QCD at
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finite density, motivating the use of effective models to
capture its essential low-energy physics.

Effective models of QCD are designed to respect its
symmetries and replicate the dynamics of the full theory,
enabling the study of phenomena such as spontaneous
chiral symmetry breaking and hadronization within a more
manageable framework. Two prominent examples are the
Nambu-Jona-Lasinio (NJL) and the quark-meson model,
also known as the linear sigma model coupled to quarks.
These models dynamically generate constituent quark
masses through chiral condensates and successfully capture
many qualitative features of low-energy QCD. They have
been widely employed to investigate the QCD phase
diagram and its transition properties [4—6].

At high baryon density color-superconducting (CSC)
phases are expected to emerge, i.e., phases where quarks
are paired in so-called diquark condensates [7]. Most
prominent examples are the two-flavor superconducting
(2SC) phase, where the pairs consists of up and down
quarks, and the color-flavor locked (CFL) phase, where
also strange quarks are involved. While the quark-meson
model and earlier versions of the NJL model account for
quark-antiquark condensates only, CSC phases can
straightforwardly be described within the NJL model by
adding the appropriate quark-quark interactions [4,8,9].

Published by the American Physical Society
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Similarly, a natural extension of the quark-meson model to
enable the modeling of CSC is the inclusion of diquark
degrees of freedom. This leads to the so-called quark-
meson-diquark (QMD) model [10-12], first introduced in
the context of two-color QCD [13-15], whose effective
Lagrangian incorporates not only mesonic fields (such as
the sigma (o) and pions (7), associated with the chiral
symmetry) but also explicit complex-valued diquark fields
(A, A*) representing correlated quark—quark and antiquark-
antiquark pairs. The diquark fields can condense in the
color-antitriplet channel, providing a description of the
color-superconducting phase of quark matter [7].

Despite their successes, NJL-type models are nonrenor-
malizable. As a result, a momentum cutoff (or another
regularization scheme) must be introduced to handle ultra-
violet (UV) divergences, and physical predictions can, in
general, depend on the choice of the regularization scheme.
In particular, a naive cutoff regularization can induce
significant artifacts, making certain observables unphysi-
cally sensitive to the regulator [16].

The quark—meson model, which can be regarded as a
bosonized NJL model with Yukawa couplings, is renor-
malizable. However, when treated with a simple cutoff and
without proper renormalization, it may exhibit spurious
regulator dependencies. Over the years, various techniques
have been developed to mitigate these issues and ensure
proper renormalization-group (RG) behavior in effective
models.

One strategy to eliminate cutoff artifacts is renormaliza-
tion—explicitly incorporating a dependence of the bare
model parameters (such as couplings and masses) on the
regulator scale so that all divergent contributions are
absorbed into redefinitions of these parameters. In practice,
this involves the introduction of counterterms to ensure
that physical observables remain finite and independent of
the UV cutoff eventually. As a (perturbatively) renormaliz-
able theory, the QMD model permits a fully renormalized
formulation in which all UV divergences are absorbed into
the bare parameters of the Lagrangian (at least on the mean-
field level, where bosonic fluctuations are neglected).
This issue was recently discussed in Ref. [17] and explic-
itly demonstrated using dimensional regularization in
Ref. [11]—a scheme often favored for preserving sym-
metries, particularly Lorentz invariance. At finite temper-
ature and chemical potential, however, Lorentz symmetry is
explicitly broken, reducing the advantages of this scheme.
In the present work, we instead employ a technically
simpler three-momentum cutoff, which eventually yields
more tractable expressions.

An alternative and powerful approach is provided by the
functional renormalization group (FRG) formalism, pio-
neered by Wetterich [18], which allows for an RG-
consistent formulation of the model. In this FRG-based
treatment, a scale-dependent effective action is introduced,
with the requirement that physical quantities in the infrared

(IR) of the flow remain independent of the chosen regulator
cutoff. Such FRG-improved schemes have been applied to
low-energy QCD models, see e.g. [10,17,19]. Because of
its generality, the RG-consistent treatment has two key
advantages: it extends to nonrenormalizable models, and its
implementation is usually simpler as it does not require
renormalization conditions.

The QMD model can be analyzed using an RG-
consistent mean-field methodology, ensuring that cutoff
artifacts are canceled out by flow corrections. In Ref. [17]
this method was applied to the three-flavor NJL model,
and it was found that the RG consistent treatment does not
only remove obvious cutoff artifacts, like decreasing
diquark condensates with increasing chemical potentials,
but also less expected ones concerning the ordering of the
color-superconducting phases [20]. It should be noted,
however, that the NJL model is nonrenormalizable and, as
a consequence, the cutoff cannot be chosen freely but is the
result of the parameter fit in vacuum, e.g., Ref. [21]. The
RG consistent treatment applied in Ref. [17] then removes
cutoff artifacts related to medium scales (temperatures or
chemical potentials) of the order of the cutoff. However,
the RG-consistent treatment requires special care with the
divergences that arise at finite chemical potential, often
referred to as medium-induced divergences. Related to
this, there is some scheme dependence in the NJL. model
due to the treatment of the medium-induced divergences.
Different subtraction schemes lead to variations in the
results, including changes in the predicted phase diagram.

As a consequence of these scheme ambiguities, it is thus
of great interest to better understand the RG-consistent
treatment, and the QMD model provides a controlled setup
for such an analysis. In the mean-field approximation
(MFA) of the QMD model, the initial UV scale can be
chosen arbitrarily large.1 For sufficiently large values the
results of the “RG consistent treatment” then become fully
RG invariant, i.e., independent of the initially chosen UV
scale and identical to the results of the fully renormalized
model.? In this paper, however, we deliberately choose a
relatively small value of the initial UV scale, similar to a
typical NJL cutoff, and then compare the results obtained
with different schemes of the RG consistent treatment with
the “exact” ones of the renormalized formulation. In this
way, the QMD model serves as a controlled testing ground

'At the one-loop level, the renormalized vacuum quark
contribution renders the effective potential unbounded from
below for sufficiently large values of the order parameter. This
instability is a truncation artifact, which can be resolved by the
inclusion of higher-order loop contributions, see, e.g.,
Refs. [22,23], and is not relevant for the present analysis.

We emphasize that this only holds true in the mean-field
approximation. In the presence of meson and diquark fluctua-
tions, RG-consistency simply ensures UV-cutoff independence
up to the Landau pole whose cutoff location defines the UV-
consistency scale of the QMD model. See also Ref. [10] for more
details.
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for directly contrasting these schemes, thereby giving a hint
on their quality also for other models.

For a meaningful comparison, we fix the model parameters
in both approaches to the same physical vacuum observables,
such as the pion mass, decay constant, and vanishing diquark
gap in vacuum. We then analyze how the predictions of these
two treatments diverge away from the vacuum and in
particular at finite chemical potential and temperature.

An important advantage of implementing an explicit
renormalization procedure (or an RG-consistent approxima-
tion) is that it enables us to derive analytical results, providing
benchmarks for the model’s predictions under extreme
conditions. In particular, we demonstrate that in the high-
density limit, both approaches recover the expected BCS
relation between the zero-temperature diquark gap,
Agyp(T = 0), and the critical temperature, 7', of the super-
conducting phase. Furthermore, we verify that as the quark
chemical potential u increases, both treatments approach the
free-quark Stefan-Boltzmann limit for thermodynamic quan-
tities, ensuring consistency with standard thermodynamic
expectations. On the other hand, we find that, in the QMD
model, the diquark gap asymptotically approaches a constant
atlarge u, whereas in full QCD, the pairing gap is expected to
diverge in the limit 4 — oo despite the weakening of the
attractive interaction at high density [24,25]. Nonetheless,
the ability to obtain analytic high-density results within the
QMD framework remains valuable, as it allows us to pinpoint
the limitations of the model and identify the missing physics
necessary for a more accurate description of dense quark-
matter.

Our approach is based on the MFA. However we note
that, several alternative methods are being developed to
access the intermediate-density regime beyond the MFA. In
particular, these include approaches based on Dyson-
Schwinger equations [26-31], the FRG [15,32,33] and
holographic QCD [34].

The remainder of this paper is organized as follows. In
Sec. II we introduce the QMD model and its field content,
describing the quark, meson, and diquark sectors and
introduce the standard regularized mean-field approxima-
tion. In Sec. III, we present the renormalization scheme for
the QMD model, demonstrating how divergent vacuum
contributions can be absorbed into the couplings and
discuss the determination of the model parameters from
vacuum observables. Sec. IV is devoted to the FRG
approach and the implementation of the RG-consistent
mean-field approximation, with special attention to the
treatment of medium-dependent divergences at finite
chemical potential. In Sec. V we present analytical results
for the different approximations of QMD model considered
in this work. In particular, we derive analytically the
asymptotic behavior of the diquark condensate and the
BCS relation. In Sec. VI we compare numerical results for
the renormalized and RG-consistent approaches, examin-
ing the resulting phase diagram and thermodynamic prop-
erties such as the diquark gap, critical temperatures, and
pressure. Finally, we summarize our findings in Sec. VII,
highlighting the agreements and differences between the
two treatments and offering some outlook for future
investigations.

II. QUARK-MESON-DIQUARK MODEL

In this section, we introduce the Ny = 2 quark-meson-
diquark model, which serves as the foundation of our
analysis. This model describes the interaction between the
quark fields ¢ and g and the effective degrees of freedom
associated with the ¢ and 7 mesons, as well as the diquark
fields A and A*. In this work we consider N, = 3 colors
and Ny = 2 flavors. Accordingly, the condensation of the
diquark fields corresponds to a 2SC phase.

The action of the model in the Euclidean space at finite
temperature f = 1/T is given by

2

_ . b _ ST 1 L . .
S[g.q.4. A, A] = A dx, / d3x{q[Zq(ﬁ—/4y4) + gp(o + iysit - 7)|q + 5 ga(B,qrst2ie,Cq" — Ayq' Cystyie,q)

Z
+ZH QDO + Za(0, + B850, - 25), + U IAP) - ca (1

Here, the quark fields ¢ and g are understood as vectors
in color, flavor and Dirac space. The mesonic fields are
grouped into the O(4)-symmetric chiral field ¢T = (o, 7")
which provides a convenient basis for constructing the
chirally invariant quantity ¢* = 6> + 7. The complex-
valued diquark fields A and A* are understood as vectors
in color space and their components A, and A} carry a
color index a = 1,2, 3.

Throughout this work, we generally omit field indices for
readability, except for the diquark fields, where the color indices
are always shown explicitly. Additionally, we define the diquark
invariant as |A]>=|A;|*+|A;|*+|As|*>. The Euclidean
y-matrices are defined such that {y,,y,} = 26,, and the
charge conjugation matrix reads C = y,y,. We also intro-
duced the fully antisymmetric tensor in color space (¢,),. =
€45 and the three Pauli matrices 7; acting in flavor space.
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In Eq. (1), the kinetic terms of the quark, meson and
diquark field are included with their associated wave-
function renormalizations Z,, Z, and Z,. In particular,
note the structure of the diquark kinetic term, which
explicitly couples to the chemical potential p because
the diquark field carries a nonzero U(1), charge.

We collect all bosonic interaction terms in a potential
U(¢?,|A|?), which depends only on the chiral invariant ¢*
and the diquark invariant |A|?>. The most general form of
this potential, which includes all relevant and marginal
couplings, is given by

U(¢*.|AP) = m¢¢2+ /1¢¢4

1
+ AP +Ag AR + A dAP. (2)

In practical applications, it is common to omit some of the
couplings due to the lack of physical observables sensitive
to diquark pairing, which limits constraints on these
couplings. A typical and simple approximation sets
Ar = Amix = 0. However, as we will show in Sec. III, all
of these couplings are essential for renormalization. We
revisit the issue of missing constraints in Sec. VI A.

A. Regularized mean-field approximation

A common approach for studying the model’s thermo-
dynamic properties is the mean-field approximation, where
the bosonic fields are assumed to take constant field
configurations: ¢ = (o, 0 ) and A, = Ad,; with c€R
and A €R. Note that in a slight abuse of notation we use
the same symbol for the homogeneous field configuration
and for the space-time dependent field. A nonvanishing
value of A singles out a direction in color space and thus
breaks the global SU(3) color symmetry of the action
Eq. (1) down to SU(2). Correspondingly, since Az couples
to the quarks via €3, only the quarks of the first two colors
(usually called “red” and ‘“green”) are affected by the
condensation, while the third color (“blue™) is not.

Then, neglecting all bosonic fluctuations in the path
integral, the effective thermodynamic potential of the
model can be computed as

Q?efg(a’ As Ty ,l/l) - U(Gz, A2) — CO — 4ZAﬂ2A2

+ LA(mq’ Agap; T’ /")7 (3)
where
(m Agap’ )
= —2N; {Ef +E; +e,
l<A
+2TIn (14 ¢ E/T) 4 2T In (1 + e~ Ea/T)
+TIn(1+e /Ty + Tln(1 +e~a/T)}, (4)

stands for the quark loop contribution with the dispersion

relations
Eg = /e + Mgy, (5)

and

€;=¢,£pu with e, =/p*+mj. (6)

The quark mass m, and the Fermi-surface gap A,,, are
related to the homogeneous field configurations through
m, =gso and Ay, = gaA, (7)
and correspond to the physical implications of the chiral
and diquark condensate on the quark sector. In particular,
the dependence of L, on m, and A, and not ¢ or A
individually, highlights that it originates from the quark
physics.
In general, we use a short-hand notation for momentum
integrals, where the integral index specifies any possible

cutoffs

3

[~ [ [= [aow-m- @
i) 2n)Y |7l<A

Thus, the effective potential Eq. (3) consists of the tree-

level bosonic potential with the explicit symmetry breaking

term, a quadratic diquark contribution from the diquark

kinetic term that still depends on the chemical potential,

and a quark loop contribution. The divergent quark loop is

regularized with a three-momentum cutoff, |p| < A.> We

refer to Eq. (3) as the regularized mean-field approximation

(regMFA) and use the subscript reg accordingly.

Note that in obtaining Eq. (3) we implicitly chose to set
Z,=1. At the mean-field level, the quark wave function
renormalization does not receive any loop contribution and
only contributes through a rescaling of the Yukawa
couplings g, and g,. As such any dependency on Z,
can be safely removed by a rescaling of g, and g,, which is
fully equivalent to choosing Z, = 1 in Eq. (1). This is in
contrast to the meson and diquark wave function renorm-
alizations which receive a loop contribution. As we only
consider homogeneous condensates, the meson wave
function Z; does not contribute to the effective potential
and can safely be ignored. However, the diquark wave

’In nonsuperconducting models, it is common to only regu-
larize the divergent vacuum contribution, leading to reduced
cutoff artifacts. However, for superconducting models the
dispersion relation E,f depends on the chemical potential and
a separation into a divergent vacuum contribution and a con-
vergent medium contribution is not possible. For details, see
Ref. [17].
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function renormalization Z, contributes to the effective
potential and must, without further approximations, be
considered.

The three-momentum cutoff regularization scheme is
often used in the literature due to its simplicity and the fact
that at finite 7 and p the Lorentz symmetry is already
explicitly broken. Only the 7 =0 contribution of the
quark loop diverges, as can be seen from the asymptotic
expansion

LA(mqa Agap; T, :u)

2 2
~ %A“ — WLSA@P)AZ
A—0 2w 2w
3my  mgAgy | Agyp 2 288,
+(4—;;2+ v >lnA. )

Note in particular the presence of a > divergence, which
we call a medium divergence.

The regularized effective potential Eq. (3) suffers from
cutoff artifacts due to the absence of high-momentum
modes |p| > A. A straightforward yet naive solution is
to choose A much larger than any physical scale in the
system. However, this procedure presents two difficulties.

The first difficulty is technical: the vacuum and medium
contributions to the effective potential diverge as A — oo
[see Eq. (9)]. Due to these divergences, fixing the bare
parameters as A — oo becomes a fine-tuning problem. The
renormalization of the model is the procedure that resolves
this fine-tuning issue.

The second difficulty is conceptual: in nonrenormaliz-
able models like the NJL model, the cutoff A is an intrinsic
parameter—similar to the bare couplings—and is chosen to
reproduce vacuum phenomenology. As a result, it may be
impossible to eliminate all cutoff artifacts by simply tuning
A. RG-consistency offers a way to address this issue,
enabling the removal of cutoff artifacts in both renormaliz-
able and nonrenormalizable models [10,17]. We are thus
faced with two approaches that aim to achieve the same
goal. It is therefore natural to compare them directly.

In the following Sec. III, we present a straightforward
renormalization procedure to eliminate the cutoff depend-
ence. Then, Sec. IV briefly reviews the RG-consistency
approach introduced in Ref. [10] and discusses how it
handles medium divergences. Finally, in Secs. Vand VI, we
compare the predictions of the two methods using both
analytical and numerical results.

III. RENORMALIZED APPROACH

In the renormalized approach, the bare parameters are
assumed to depend on the cutoff scale A such that the
effective potential remains finite as A — oo. To detail this,
we derive in Sec. III A the asymptotic behavior of the
couplings required for finiteness of the potential. In

Sec. Il B, we present an explicit strategy for implementing
the renormalized mean-field approximation.

A. Asymptotic expansion

We begin by noting that all divergent contributions to the
effective potential take the form shown in Eq. (9). By
rewriting this expression in terms of the condensates and
comparing it to the various bare couplings in U(¢?, |A[?),
we find that all purely bosonic bare couplings are required
to absorb the divergences—except for the medium diver-
gence, which can be handled via the wave function
renormalization of the diquarks.

Promoting all couplings and the diquark wave function
renormalization in the regularized potential Qfgg, Eq. (3),to
functions of the cutoff A, the renormalized effective
potential QI is eventually obtained by taking the limit
A — oo. An asymptotic expansion of the renormalized
potential together with Eq. (9) then yields

Qn(0. AT pr)
29,94

i+ 2

1
1 343 1 34
+3 [mg,(A) - ﬂ—;’M] o’ + 1 [/1¢(A) + ﬂ—flnA} ot

2 4
+ [mi(/\) - g—gAz] A+ [/IA(A) + 29—A21nA} A4
T T

2

9a 202 3 4
— 4| ZA(A) +=SInA | A — A*. 10
[A() 27‘[2n ],u 272 (10)

From Eq. (10), we conclude that maintaining a finite
effective potential as A — oo requires the bare couplings
to scale with A as follows:

) 39 >
92
m3 (A) :”—§A2+0(1), (12)
gz
Za(A) = —2—]?21nA+(9(1), (13)
3935
2.2
Amic(A) = — g‘/’ng InA+O(1), (15)
T
g4
Ia(A) = —2—7¢21nA+(9(1). (16)
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The remaining parameters g, ga, and c stay finite, as they
do not receive loop corrections at mean-field level, and can
therefore be treated as cutoff-independent.

B. Vacuum matching procedure

We now outline a concrete strategy to fix the model
parameters. In general, determining all couplings and their
cutoff dependence requires a sufficient number of con-
straints, typically obtained by fitting a suitable set of
vacuum parameters. If the analysis is restricted to the
homogeneous phase diagram and momentum-dependent
observables (such as the pole masses) are not of interest, the
mesonic wave function renormalization Z, does not enter
the calculation. In contrast, the diquark wave function
renormalization Z, must be taken into account, as it
appears explicitly in the effective potential through its
coupling to the chemical potential, as previously noted.

The importance of wave function renormalization for the
renormalizability of such effective models at finite density
was recently emphasized in Refs. [17,35]. Particularly in
Ref. [35] and in the context of the two-flavor quark-meson
model at finite isospin density, it was shown within an RG-
invariant mean-field approximation that, once a single RG-
invariant scale is matched to lattice data, the resulting
equation of state and phase diagram agree quantitatively
with modern lattice simulations over a broad range of y;.

As already mentioned, g4, gx and c receive no loop
contributions in MFA. They can therefore be fixed directly,
without requiring corresponding vacuum parameters. This
leaves six couplings from Eqgs. (11) to (16) that must be
determined. To illustrate the procedure, we fix them using a
set of vacuum parameters—a process we refer to as the
vacuum matching procedure. The chosen set of parameters is

Pvac = {}‘mﬁ’irzrvmiva7/~1mixv:lA}' (17)

In Table I, we list the vacuum parameters, their definitions in
terms of the effective action, and their physical interpreta-
tions. It is worth noting that this choice of parameters is not
unique—alternative sets of vacuum parameters could be
used. In particular, no parameter is directly associated with

TABLE I. Vacuum parameters and their definitions in terms of
the effective action, along with their physical interpretation (in
vacuum). The subscript “vac” denotes evaluation at ¢ = 7, and
A = 0 in vacuum.

Vacuum parameters Physical interpretation

l

2= {0)yac Pion decay constant
vac .
2 = (aﬁgeff) vac Sigma mass
g =% (039 e Diquark mass

Ty = L(0205Q°M)|,,. A-o scattering amplitude
,?A = ﬁ(aigeffﬂw A—-A scattering amplitude
7 A:_%(aﬁaigeﬁ)\m Diquark wave function renormalization

44> which will instead be fixed through a combination of Fx
and /2, as discussed in Appendix A.

Note that the diquark wave function renormalization, Z,,
is associated with single particle states and, in this regard, is
not directly linked to any physical observable. One can
always fix Z, to an arbitrary constant at a fixed scale,
which in turn rescales the fields and consequently modifies
the values of other model couplings. Here, we choose to fix
this parameter in vacuum. In contrast, the remaining
parameters can be related to physical observables involving
multiparticle states that are, for example, realized through
certain scattering or decay processes. To this end, we define
a set of vacuum parameters that can be associated with
these physical quantities.

The pion decay constant is directly related to the chiral
condensate in vacuum®

[z = (O)vacs (18)

which is determined as the solution of the gap equation
evaluated for vanishing diquark condensate

QM (6, A =0;T =0, =0)
Jdo

=0. (19)

For A = 0 we can use Eq. (3) and obtain

OLx(m,, Dy =0; T =0, = 0)

—c=0.
Jdo ¢

W+ AT+
(20)

With the definitions of the remaining vacuum parameters,
one can derive a linear system of equations that allows one
to express the bare parameters in terms of vacuum
quantities. Substituting these expressions into the effective
potential and subsequently taking the limit A — oo yields a
renormalized form of the effective potential. The details of
this procedure are presented in Appendix A. The renor-
malized potential takes the following form

QL (0. AT, pt) = Upen (67, A%) = co = 4Z,\N°p
+ Lren(mqv Agap; T, ,Lt), (21)

where U, is the renormalized potential contribution, now
expressed in terms of the vacuum parameters as

“This identity assumes that the residue of the pion propagator
at its pole is normalized to one. This condition can always be
achieved by choosing an appropriate Z,, which we have
implicitly done here. In contrast, in Refs. [36,37], the choice
Z; = 1 was made. The relation between the pion decay constant
and the chiral condensate was then given by f, = 6/\/Z,, where
72 is the residue of the dressed pion propagator at the pion pole.
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. n:  3c i 1~ 1. -
Upen(0?, A2) = TyA% 4 (=Z0 4 22 )02 o + A0 A2 + (3 — = AoJ2 ) A2, (22
ren((7 ) A =+ 4 =+ 4f,, o” + 8f,, 8fﬂ. + 2 mix0 + my 7 mlen ( )
and L., (m,, Agan; T, 1) represents the renormalized loop contribution
4> Sgap p p
A2 ,Lt2 A4 A2 2 m2
Lren(mq, Agap; T7 //l) = 2ANvf / {317 =+ gap 4 gap + 5gap 2(2172 + Smg],vac) - gZ;P g ( 2 — 2m§.vac)
D €4.vac €q vac  2€ €4.vac 2e €4.vac
L 3mg 3m} 20 43 ) - 3mj, Ef -
p m? — = —€
4€q vac e 8e ?] vac I 1
—2Tmu+e4WU—2Tmo+e4NU—Tma+e*WU—TmU+eﬁﬂﬁ} (23)

where we introduced

My vac = gcﬁfﬂ and €gvac = 1/ p2 + mtzz,vac-

It includes both the standard loop contribution and the
additional counterterm contribution arising from the bare
parameters. This results in a finite expression for the
effective potential in the limit A — oo.

Using this, we can define the gap equations

(24)

do 5.A ’

ol (0, AT, 1)

— =0. 25b
0A A (25)

By solving these two equations simultaneously, we get the
physical gap solutions (7, i), and A(T, ), also denoted
as the condensates in the following and the thermodynamic
potential is then obtained by inserting these solutions back
into the effective potential. What is now missing are the
values of the vacuum parameters we have introduced. We
will come back to them in Sec. VI A.

Lastly, we note that one could, if desired, absorb the
wave function renormalization factor Z, via the field
redefinition A — AZ;I/ *. One can simultaneously rescale
the diquark Yukawa coupling as gy — gaZy'*, the diquark
vacuum curvature mass as mj — miZ As the meson-
diquark vacuum scattering coupling as lmlx — lleZ A
and the diquark vacuum scattering coupling as
An = /IAZ In that representation the RG-invariant com-
binations Ay, = gaA, M3 A2, 1y A%¢? and A, A* remain
unchanged. Proceeding similarly for the mesons, one can
write the effective action EQ. (21) in an RG invariant way.
However, in this work and for clarity we keep the original
normalization, with Z, explicit. Conversely, ignoring
the Z, factor when quoting the vacuum parameters, e.g.
the vacuum curvature masses in Table I, would misidentify

the intended parameter set. Since this work enforces a
common vacuum baseline across all approximations, we
retain Z, explicitly in every step, akin to the canonical
choice of Z, = 1.

IV. RG-CONSISTENT MEAN-FIELD
APPROXIMATION

We now adopt an alternative perspective on the mean-
field approximation, which is based on the functional
renormalization group (FRG). First, we demonstrate how
the FRG framework reproduces the regMFA. We then use
this approach to construct RG-consistent (RGC) approx-
imations, with a particular focus on the treatment of
medium divergences. This leads to alternative forms of
the effective potential, which we compare with the renor-
malized approach in Secs. V and VL

A. FRG and MFA

The FRG is rooted in the Wilsonian formulation of the
renormalization group in quantum field theory. The
Wilsonian coarse-graining procedure is captured by a
functional differential equation for an effective action. In
this work, we employ the Wetterich equation [18], where
the central object is the scale-dependent one-particle
irreducible effective action I';, with the infrared (IR) cutoff
scale k. For a purely fermionic theory, the Wetterich
equation takes the form

1 -1
@U=—jﬁ@9+&)@&L (26)

where d, = kd; denotes the derivative with respect to the
dimensionless scale r = In(k/A) with the UV cutoff scale
A.In Eq. (26), F,EZ) denotes the full two-point function (i.e.,
the inverse full propagator) for the fermion fields. With the
superfield YT = (¢", g), itis defined in momentum space as
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2
ré = f#. (27)
SV (p)s¥(p)
The trace Tr in Eq. (26) runs over all relevant spaces,
including momentum, color, flavor, and Dirac spaces on
which the fermionic fields are defined. The regulator
function Ry (p) implements the Wilsonian coarse-graining
procedure within the path-integral formulation by acting as
a scale-dependent mass term. In this work, we employ the

sharp three-dimensional regulator function for fermions
[38,39], given by

R =iF (g m1) )

which renders momentum modes with p < k infinitely
massive, while vanishing for p > k. This choice is par-
ticularly convenient, as it leads to an expression for the
effective potential that coincides with the result obtained in
the regMFA using a three-momentum cutoff, as shown
in Eq. (3).

Solving the Wetterich equation Eq. (26) with the initial
condition I", at the UV scale k = A yields the full effective
action I' = I';_ in the infrared limit. In general, I'; admits
an infinite expansion in terms of effective operators,
rendering the exact treatment of the effective action
intractable without suitable truncations.

To recover the MFA results, we employ the following
ansatz for the effective action of the quark-meson-diquark
model in Euclidean space

s
Fk=/0 dX4/d3x{51[5—ﬂ74+g¢6]q

1

+§9AA(1_]7572i€3CQT —q'Cysmaiesq) + 9?}7 (29)

where ¢ and A denote the homogeneous background fields
associated with the scalar ¢ and the diquark A; channels,
respectively. The scale-dependent effective potential
Q% (6, A; T, u) is treated as a general function of ¢ and
A and depends on T and p, generally. In the infrared limit, it
corresponds to the thermodynamic effective potential

1
Qeff = WFkZO = QZEO’ (30)

where V denotes the three-dimensional spatial volume. At
the UV scale k = A, and for a given T and u, we initialize
the flow with the polynomial form

QL (6, AT, p) = U6, A?) — co — 4Zp > A?
= Q5 (0, As ), (31)

which is consistent with the classical action of the quark-
meson-diquark model in Eq. (1) and depends only on px.

Next, we observe that for the truncation Eq. (29), the
inverse two-point function is independent of the RG scale k
and coincides with the second derivative of the classical
action given in Eq. (1),

r =so, (32)

where S is defined analogously to Eq. (27). This
identification lies at the heart of the mean-field approxi-
mation and allows the Wetterich equation to be rewritten as

1
ol = —ETT[(SQ) + Ry) 7 0kRy]
1
= —EakTr[ln (S® +Ry)]. (33)

With the truncation Eq. (29), we obtain the flow equation
for the effective potential

akﬂiff(@ AT p) = 0cfi(o, AT, ), (34)

where we introduce the shorthand notation

11
fi= —ﬁ—VETr[ln (8@ 4+ Ry)]. (35)

Evaluating the trace over flavor, color and Dirac indices,
and performing the Matsubara sums in Eq. (35), one
obtains

Ji(o. AT, p) = —Ly(my, Aga: T 1), (36)

where Ly(m,, Ag,p: T, p) is defined in Eq. (4).

To derive the infrared mean-field potential, we integrate
Eq. (34) from k = A to k = 0 and recover the regularized
effective potential Eq. (3)

Qe (0, AT p) = Q (0, AT, )
+ LA(mq’ Agap; Ta ,M), (37)

where we have used Lj_o(m,, Agap; T, pt) = 0.

Lastly, we remark that the mean-field flow Eq. (33) with
the sharp momentum regulator Eq. (28) can be understood
as a mapping that directly relates the RG scale k to the
UV cutoff scale A. With this in mind, one can alterna-
tively derive the scale dependence of the couplings, the
P-functions, directly from the Wetterich equation by solving
their associated flow equations. This procedure reproduces
the scale dependency of the couplings in Egs. (11) to (16) and
is explicitly demonstrated in Appendix B.

In the following, we extend this analysis by utilizing the
FRG flow to eliminate cutoff artifacts, building on the
concept of RG-consistency [10]. In particular, we focus on
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the treatment within this

framework.

of medium divergences

B. RG-consistency of the QMD model

The concept of RG-consistency was introduced in
Ref. [10] and has recently been discussed in the context
of the Ny = 3 NJL model in Ref. [17]. It requires that the
full quantum effective action I" remains independent of the
explicit cutoff dependence of 'y,

dr
A A= 0. (38)
In practice, however, this property is not automatically
guaranteed if external scales of the theory, such as the
temperature or the quark chemical potential, approach the
cutoff scale A.

This issue can be resolved using the FRG. The underlying
idea is most transparently illustrated in the context of the NJL.
model [17]. Suppose the initial conditions are originally
specified by the effective potential QS (¢, A; T, i) at some
fixed scale A/, for instance obtained via a vacuum fit at that
cutoff. By formally integrating the flow in vacuum upward to
a higher scale k = A > A/, one can construct a modified
initial condition Q§T(c, A; T, u), that reproduces the same
infrared effective potential in vacuum. However, flowing
downward from k = A to k = 0 yields an RG-consistent
effective potential ino(a, A; T, p) even in the presence of
finite external scales, provided that A is much larger than
these scales (e.g., A>T, u).

For the QMD model, the general strategy remains the
same. However, a small difference arises: the effective
potential at the initial UV scale, denoted henceforth as A/,
includes an explicitly u-dependent term originating from
the diquark kinetic term, see Eq. (31). However, in the FRG
MFA, this term does not affect the behavior of the medium
divergence, and hence its treatment remains similar to the
NJL model.

From this, the RG-consistent initial effective potential at
k = A, Qg x» can be constructed, starting with the initial
potential Q¢ defined in Eq. (31), by integrating the mean-
field flow, Eq. (34), upward from A’ to A,

Qeff

e (02 i) = QL

init

(0, Asp) + Fpoa(o.4;0,0), (39)

with the flow integral

A
Fnonlo AT, p) = /\/ dkoyfi(o, AT, ) (40)

= LA’(mq’ Agap; T, Iu) - LA(mq’ Agap; T, :u) (41)
As indicated, the flow and loop contributions defined in
Egs. (35) and (36) and consequently the flow integral F
generally depend on T and u. However, in Eq. (39) the UV

effective potential at k = A is connected to the UV effective
potential at k = A’ via a flow contribution in vacuum
(T =pu =0), in accordance with the general idea out-
lined above.

The infrared effective potential at arbitrary 7" and yu is
then found by integrating the flow from k = A to k =0,

Ot (0, 05T, ) =\ (0,80) + Frno(o, A5 T. ). (42)

As we will discuss next, the initial conditions at k = A,
Eq. (39), need to be modified further because of medium
divergences. However, Eq. (42) remains valid for all RGC
schemes introduced in this context.

C. Treatment of medium divergences

For the QMD model, the procedure outlined above
removes possible cutoff artifacts at finite 7', but not at
finite x. This is due to the presence of the medium
divergence in Eq. (9). Since the modified initial condition
in Eq. (39) contains only vacuum flow contributions, it is
insensitive to divergences that vanish when y = 0.

To address this issue, the solution originally proposed in
Ref. [10] was to perform a Taylor expansion of the upward
flow in powers of i and add this term to the right-hand side
of Eq. (39)

O A(0, Asp) = OFF

init

(0. 85u) + Fnyon(o,A;0,0)
2
+ E (aﬁfA’—ﬁ\(o-a A» Ov ,Ll)) . (43)

u=0

The RG-consistent approximation to the effective potential
is then again obtained by integrating the flow from k = A
to k =0, as given in Eq. (42).

In Eq. (43), we implicitly allowed the last term to
depend on the background fields ¢ and A. For this reason
we refer to this scheme as the 6A scheme. Note however
that this dependence is not determined by the requirement
of RG consistency; any counterterm that removes the
logarithmic medium divergence o x?>A2In(A) is admis-
sible. Consequently, there exists an intrinsic scheme ambi-
guity in the construction of an RG-consistent mean-field
potential.

An illustration of this ambiguity was given in Ref. [17].
In addition to the 6A scheme (which was called the massive
scheme in Ref. [17]) the authors proposed a minimal
scheme that takes advantage of the fact that the divergent
term depends only on u>A?. By setting ¢ = 0 and expand-
ing only to second order in x> and A2, one obtains the
modified initial condition

5Here, we treat the diquark wave function renormalization Z
as independent of the cutoff scale. In the renormalized approach
discussed in Sec. III, it is exactly the running of this term that
cancels the medium divergence.
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O, o (0. ) =

init

(0 s ) + Fovon (o, A:0,0)

1
+ Zﬁﬂ(aﬁaﬁa,%(o, A;0, 1))

9
u=A=0

(44)

which removes the logarithmic divergence without intro-
ducing any additional field-dependent counterterms. Again,
the RG-consistent effective potential is obtained by inte-
grating the flow from k = A to k = 0 as in Eq. (42).

We note that the last term in Eq. (44) can be combined
with the Z,-term to define a scale-dependent wave-func-
tion renormalization constant Z (k) « 0703 a—,—o- In
fact, the minimal prescription reproduces exactly the
running of Z, that appears in the fully renormalized model,
see Sec. III. In this sense it is the closest RG-consistent
analog of the renormalized mean-field approximation
known in the literature.

1. Vacuum matching scheme

The fact that the subtraction term of the minimal scheme
defined in Eq. (44) can be reinterpreted as a scale—
dependent wave function renormalization of the diquark
field, makes this scheme particularly engaging. However,
there is a drawback once one wishes to confront the RG—
consistent framework with the standard (cutoff-)regularized
mean-field model.

Using the definition of Z, in Table I, and using Eq. (42)
for the minimal scheme we find

1
16

1 -
_E(a}ztaif/\—)()(fﬂ’ A,O, H))‘ﬂ:AZO’ (45)

Zimn _ 7, (0203 F n—n (0, A O’ﬂ))’

u=A=0

whereas for the regularized model Z, is obtained as

1

2% =~ AR
1 ;
_ L (RR T .
=7y~ g BARFxo T M:0.0)| o (46)

where we used Egs. (3) and (40), remembering that the
initial cutoff is now A’ and L;_, = 0. Hence, taking the
same Z,, the two frameworks yield different results for Z,.
Since we want to preserve Z,—as one of the vacuum
parameters listed in Table [—across all approximations in
order to enable a meaningful, parameter-synchronized
comparison, this is a problem. In principle, this could be
cured by readjusting the bare wave function renormaliza-

tion constant Z, in the minimal scheme, such that Z(Amm)

becomes equal to deg). On the other hand, it is one of the
advantages of the RG-consistent approximation that cutoff
artifacts present in the regularized model can be removed

without changing the bare parameters (in contrast to full
renormalization).

To resolve this issue, we introduce an alternative
approach—the RGC vacuum matching scheme—which
yields the same value for Z, as for the regularized model
while keeping Z, (and all other bare parameters of the
model) identical to the ones in the regularized model. In
this scheme, the initial condition is fixed in vacuum, that is,
evaluated at 6 = f,, where f, denotes the vacuum chiral
condensate, and at A = 0. This leads to the following
modified initial conditions

Qi A (0.85p) = QS (0, A5 ) + F 2 a (0, 450,0)

init

1 ~
+ A (0R0RF N n(fr A50,1))

4 p=A=0"

(47)

This RGC scheme yields the same expression for Z, as the
regularized model

~lvimn 1 7
Z<A ) — N —%(()ﬁai}—/\/—»/\(fm A;0,p))

n=A=0

1 -
16 (alzlazAfA—»O(fﬂv A; O’ﬂ))‘

pu=A=0

1 -
Zy - T (0503 F N0 (f A;O,u))‘

=7\, (48)

p=A=0

We note that Eq. (47) is equivalent to Eq. (44) with a
modified bare coupling Z . However, the vacuum matching
scheme has the advantage that no explicit refit of Z, is
necessary in order to preserve the vacuum parameters of the
regularized model.

From now on we will always assume that all bare
parameters, including Z,, in the RGC schemes are the
same as the regularized model. For the minimal scheme this
implies that Z, will take a different vacuum value. A
comparison of the results for the minimal and the vacuum
matching schemes will therefore give us a hint on the
importance of this parameter.

Note that the results obtained in our RG-consistent
treatment differ in general from those of a renormalized
mean-field model. This can be explained as follows. In the
RGC treatment, the effective potential is initialized at a
finite scale A’ as a polynomial of fourth order in ¢ and A,
see Egs. (31) and (39). At any other scale k # A’, however,
the quark loop generates infinitely many higher-order
contributions to the effective potential beyond the initial
fourth-order polynomial. This includes RG scales k > A’,
and in particular the limit £ — oco. In contrast, the renor-
malized model is defined by a potential with the same
fourth-order polynomial form at k£ — oco. In this case, the
RGC treatment and the renormalized model correspond to
different UV effective actions. As a consequence, even if
both models are fitted to the same set P,,. of vacuum
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parameters listed in Eq. (17) and defined in Table I, all
other correlators—such as the 6th-order derivatives of the
effective potential—generally differ. In fact, even the
fourth-order derivatives 4, = & (92Q°)| . are not identical
in both approaches because ;1,]5 does not belong to Pvac.6

From the arguments above, it follows that the discrepancy
increases as the UV cutoff A’ is lowered. On the other hand,
in the limit A’ — oo, the UV effective action of the RGC
treatment converges to that of the renormalized model.
Accordingly, for sufficiently large A’, the differences
between the two approaches become negligible. However,
as we will see in Sec. VI, even for a relatively low cutoff
A = 600 MeV, the prediction of the vacuum matching
scheme and the renormalized approach are mostly similar.
In the next Sec. V, we get back to this issue and analytically
study the differences between these schemes in more details.

V. ANALYTICAL STUDIES

Before presenting the numerical results of our calcu-
lations, it is worthwhile to analytically examine certain
aspects of the approximations employed in this work. Since
the integrand in the gap equation or thermodynamic
potential is typically sharply peaked at p = y, a common
approximation, often found in the color superconductivity
literature [40], is to restrict the momentum integration to a
narrow window around the Fermi surface. This approxi-
mation simplifies the calculation while retaining the dom-
inant physics of Cooper pairing—particularly in the weak-
coupling regime, where the density of state is largest. For
instance, in Ref. [41], a sharp regulator was imposed on the
Fermi surface, yielding a finite and physically meaningful
expression for the diquark gap

_ 712

Agap,o =2w exXp (— W) R (49)
where Bgapp denotes the diquark gap evaluated at 6 =0
and vanishing temperature. A is the coupling constant, y the
chemical potential, and @ is the half of the size of the
chosen cutoff around the Fermi surface. Another com-
monly employed approximation, used to obtain finite and
cutoff-independent results, replaces parts of the integration
measure in the three-momentum integral by the chemical
potential and extracts it from the integral [25,42-44]

A 00
/ dpp’f(p) - / dpf(p).  (50)
0 0

Historically, such approximations were indispensable:
without a proper renormalization procedure, loop inte-
grals diverge as the ultraviolet integration bounds are taken
to infinity. Moreover, a key benchmark in any

6Alternatively, we could have chosen :14, to be an element of
Pyac instead of f . However, we prefer to fit all models to the pion
decay constant, which has a more direct physical interpretation.

superconducting framework is the BCS relation, which
connects the critical temperature 7. to the zero-temperature

pairing gap,

e’ - _
;Agap(T =0)~ 0.567Agap(T =0), (51)

T.=
where y ~0.5772 is the Euler-Mascheroni constant. In
weak-coupling QCD, an analogous relation has been
derived for color superconductivity using similar approx-
imations (see, e.g., Ref. [45]).

In contrast, our renormalized QMD model, as well as its
RG-consistent treatment, allows us to evaluate the relevant
integrals without such assumptions or encountering diver-
gences. For massless quarks, i.e., 6 =0, at T = 0, we can
solve the gap equation for the diquark condensate A analyti-
cally, obtaining an explicit relation between A and p.
Moreover, we derive a closed-form expression of the gap
equation at the critical temperature 7., corresponding to the
vanishing gap, in terms of u and A,,, (7 = 0). With both
quantities accessible analytically for arbitrary chemical
potentials, we can explicitly test the BCS relation Eq. (51).
We note that the case ¢ = 0 considered in the following
section can alternatively be viewed as the mean-field solution
of a quark-diquark model without mesons, see for example
Refs. [10,46,47] for discussions on similar models.

In the remainder of this section we derive compact
analytic formulas for the pressure, the asymptotic diquark
gap, the speed of sound and for the BCS ratio 7./ Agap.()‘ In
addition to the calculations for the renormalized model, we
also study the asymptotic diquark gap for different RGC
schemes, and identify which of the proposed approxima-
tions respects the BCS limit Eq. (51).

We note that some of our results for the renormalized
model, Eqgs. (57), (61) and (68), have also been derived in
Ref. [11] using dimensional regularization, demonstrating
the consistency between the two approaches. Moreover, the
BCS relation was independently derived in a model similar
to the QMD model in Ref. [48].

As before, and throughout the following, we use the
overbar notation to distinguish the solution of the gap
equation, A, from the general diquark field A. The subscript
gap denotes the corresponding gap, obtained by multiply-
ing A or A with the diquark coupling g,. Finally, the
subscript O indicates that the quantity, A or A is
evaluated at 6 = 0 and T = 0.

gap»

A. Pressure at T=0

We start with the derivation of an analytical expression
for the pressure in the renormalized model, which we
compare with the Stefan-Boltzmann limit’

"Here we consider only quark degrees of freedom since
mesons and diquarks do not contribute to the thermal pressure
in mean-field approximation. In QCD there would be an addi-
tional gluonic contribution.
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Nch <771'

4
,u

For 6 =0 and T = 0, the loop and counterterm contribu-
tion Eq. (23) can be computed analytically

1
ren(o Agap’()’ ) ] Q.2 {3Agap 12Aéap qvac
C 4t 4A2, (A2, — 4y In v
H + gap( gap H ) n A ’
gap
(53)
which yields for the effective potential
1. -
Q:H (0,450, p) = (ﬁli - Eﬂmixf,%) A
— AZ\AM? + Ip A + Lign (0, Agyp; 0, ).
(54)

Following the procedure in Ref. [49] we use the gap
equation, Eq. (25b), to replace m%. Then, using the
definition of the pressure

Pren(T. pt) = Q52(5.8:0,0) — QL (5. A T p), (55)

this yields the analytical form

A2

Pren -1 + o) gapO
PsB ﬂ
1A, 87>
4zl <1 Sy P P2 > (56)
4 H gA gap,0

We see that we recover the well-known first correction
from the superconducting gap to the Stefan-Boltzmann
pressure proportional to A /4 [49,50]. Moreover, we
observe from Eq. (56) that the quartic coupling only affects

subleading contributions proportional to Agap o> Which are
negligible at high densities,
2 A2 4
P4 ga"°+o< gi{“’). (57)
PsB H H

We note that this expansion is a general feature of the model
and remains valid, even when additional terms beyond the
quartic coupling are included in the classical effective
action.

B. Diquark condensate at 7'=0

Next, we derive the diquark gap at vanishing temper-
ature, which is obtained as the solution of the gap equation
Eq. (25b). At zero temperature, the gap equation can be

directly computed from Eq. (54) and yields

0Q (5, A; 0, )
0A

o=0
A=Ay

_ A, [41@5 L2 = o J2 = 878
9a [«
+ ? <A§ap_0 =+ 2/’42 - 3m121,vac

+ (B2, —2) 1n%>} —0. (58)
gap,0

We note explicitly that Ay =0 is a trivial solution of
Eq. (58). The nontrivial solution A (x) to this equation is
the inverse function of

//LZ(AO) C(AOv Pvac)
203 — 87°Zp — 493 InTo~

édp 0

. (59)

where the numerator is defined as

C(A09 Pvac) = _ZﬂszA + 392Am%/,vac + ﬂz.?izrzmix
—4n?A3As — A2, 093 (1 +2In e V“) :
2ap.0

(60)

and depends on the diquark condensate A, and the different
vacuum parameters P,,. defined in Eq. (17). Note that
Eq. (59) is not generically monotonic and therefore not
globally invertible. In practice, we restrict ourselves to the
physical branch where the mapping is monotonic and the
inversion is well-defined. Branches that would give y* < 0
are discarded as unphysical.

Because the denominator in Eq. (59) may vanish for
specific values of A, a pole can appear in this expression.
At this pole, u diverges while A, remains finite. This
defines the asymptotic value of the diquark condensate,

ren 1 2 2
Mll)m Az‘(%ap) - mq vac €XP <_ Py gi ) ’ (61)

which coincides with the result of Ref. [11] if we adopt
their choice Z, = 1. The explicit dependence on Z, in our
expression is a consequence of our treatment of the diquark
wave function renormalization. If we instead worked with
the canonically normalized diquark field, A — Z_l/ 2A,
then the quantity g% /Z, would correspond to the infrared
Yukawa coupling of the canonically normalized field. See
the last paragraph of Sec. III B for more details. Contrary to
expectations from QCD [7,24,25,51], the QMD model
predicts a finite asymptotic limit for A as 4 — oo in MFA.
Among the parameters of the model only the infrared
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diquark coupling g, /Z, and the vacuum quark mass My vac
determine the asymptotic value of the diquark gap.

Note that the numerator of Eq. (59) is nonzero at the pole
solution for the parameters chosen here. However, one
could select parameters such that x> becomes negative,
making p imaginary and hence nonphysical for some

A < lim, Agf; ). In this case, diquark condensation

might start at a large value already when x = 0 and then
decrease to the asymptotic value as u grows. While this
behavior is mathematically admissible for certain param-
eter choices, we do not consider it to be physically
meaningful.

A similar analysis for the RGC minimal scheme gives

. % (min) 3 2%
”ILrEoAéap = 2N exp (—5 + ng . (62)

which resembles the y — oo limit of Eq. (49), as it is
proportional to the cutoff scale A’. In contrast, the RGC
vacuum matching scheme yields (see Appendix D for
details)

2
. x(vm) 27
”ll)riloAg,p = My yac €XPY — 3 + ?AZA
N N
-t artanh ———= ),
\/ A/2 =+ mé.vac \/ Alz + m?],vac
(63)
which then by using the relation for Z, from Eq. (48),
» 2 A/
Zy=Zs-35%
271- Alz + m%}.vac
A/
—artanh ————— ), (64)
e 2
A/ + mq,vac
reproduces the expression given in Eq. (61),
limAgy) = lim Ay, (65)

C. Speed of sound at 7=0

From the pressure, the squared speed of sound at
constant specific entropy s/n (with entropy s = v and

ar
number density n = ‘;—5) can be computed directly as
dp dp ( d*p\~!
€lgn du \' du

where the last equality holds only at zero temperature,
T = 0. Using the fact that the diquark condensate saturates
to a constant value as y — oo, and employing Eq. (56), we
derive the exact expression

20 A2
+ Az,
» M gap.0 (67)

C‘, _— =5
‘ 3ﬂ2 + Aéalp,O

where we have assumed that the gap has reached its
asymptotic value and neglected its u dependency.
Expanding in powers of A7 ,/u*, we find

1 24, Ay,
sl

which shows that the squared speed of sound will always
approach the conformal limit ¢2 = 1/3 from above. This
stands in contrast to predictions from perturbative QCD
[52-55]. However, once improvements to the perturbative
expansion are implemented, either through resummation
techniques [56] or by incorporating the pairing gap
[51,57,58], the situation becomes less clear.

D. The critical temperature

Next we derive the critical temperature. For this purpose
we follow the procedure that leads to the derivation of the
BCS relation. With ¢ = 0, we consider the gap equations
for the diquark field at 7T =0 and at T = T, (with A = 0),

0t (6, A; 0, )
Elanl® 221, 69
oA - (69a)
A:AO
0L (6, A; T, 1) _o (69b)
oA <

To remove the trivial solution A = 0, we rewrite the gap

equations noting that % =2A ()(%:2), and then drop the
overall factor of A.

Thus, the relevant conditions become

S
=40
(o A Tep)| (706)
oa?) g

Taking the difference of these equations leads to
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9% (0. A:0.)| _ 9Q%en(0, AT, )

o(a%) e oA%) e
; B
— 2, A2 - A {2 272 + 342, (21n £2p0 1)
677,' mq vac
T,
+12/42<1n_ﬂ-—L—]/>:| =0, (71)
Agap.O

which can be solved to obtain T,(A, u) as

— 3/,42 A? 0
2B0) = 25 w( e |2

A2 1 272 A
#2002 ) ) (7
g

A Mg vac

where W denotes the Lambert W-function (for more details
see Appendix C). Furthermore, we obtain an explicit
analytical relation between 7. and p by following the
procedure detailed in Appendix C. We get

4n ZZA

32 (MG vac
T2 (u )— =W 32 exp|—1+42y+
A

1 2l 272
+— |3+ m”‘)mzvac——r#)D. (73)
24 (< g ) Mg

The weak-coupling regime is characterized by a vanishing
ratio Agap,O /i, which can be reached in two distinct ways:
either by taking Ag,, o — 0, or by sending y — co. Using
the relation Eq. (72) and taking the A,,,o — O limit of
T./A

gap,

gap,0» We recover the standard BCS ratio,

T. 14
im =5, (74)
Agpo—0 A gap0 T

where we used lim,_,o W(x)/x=1. Taking the limit 4 — oo
of Eq. (73) and using Eq. (61) yields

Iim7, =— hmA

U0 JT U—0

gap,0» (75)

confirming the BCS relation as well. Note, however, that
the limits in Egs. (74) and (75) are reached along different
trajectories in parameter space and therefore do not
coincide in general. We will come back to this point in
Sec. VIC.

Similar expressions to Egs. (72) and (73) can be derived
for all RGC schemes. These results are provided in
Appendix D. Eventually, in the limit of Agap.o — 0, the
BCS relation Eq. (74) is obtained for all the RGC schemes
studied in this work. However, in the limit of y — oo
Eq. (75), the BCS relation is only realized for the RGC
minimal scheme and the vacuum matching scheme but not

in the oA scheme. Particularly, due to the A-dependence of
the wave function renormalization factor in this scheme,
one cannot derive a closed-form expression for the diquark
gap in the limit 4 — oo (see Appendix D for a detailed
analysis.). Nevertheless, in the oA scheme the critical
temperature can be expressed explicitly as a function of
u [see Eq. (D13)], and this expression coincides with the
result obtained in the RGC-minimal scheme. Hence, for
o = 0 the two schemes yield identical 2SC phase bounda-
ries. With the choice of Z, = 0, the asymptotic value for
the critical temperature for these two schemes is shown to
be directly connected to the scale A’ via

This holds even though Eq. (62) is not a solution of the cA
scheme’s gap equation at 7 = 0. Hence, while for the cA
scheme, the standard BCS relation T'./ Agap,O = ¢’ /m holds
in the limit of Ag,,o — 0, it does not hold as y — oo.
Instead, the ratio lim,_,, T./ Agap.{) converges to a value
that must be evaluated numerically and depends on the
model parameters specific to this scheme.

E. Finite quark masses

In the analysis above, we have assumed vanishing quark
masses, 1.e., my = gs0 = 0. This is correct in the chiral
limit ¢ =0 above the chiral phase transition. In the
following we argue that the results remain valid as
u — oo, even for ¢ # 0, i.e., away from the chiral limit.
This assertion is supported by the following observations:

In the absence of diquark pairing (A = 0), the chiral
condensate ¢ tends to zero as u approaches infinity. This
aligns with the expectation that chiral symmetry is restored
at high densities and can be readily verified by solving the
gap equation Eq. (25a). Conversely, when the chiral
condensate ¢ vanishes, the diquark gap A asymptotically
approaches a finite constant. This behavior can be rigor-
ously demonstrated away from the chiral limit as a
simultaneous solution to the gap equations Eq. (25) in
the limit y — oo. To establish this result, we applied the
dominated convergence theorem to the gap equations,
which justifies interchanging the limit and the integral in
the gap equations. This rigorous treatment confirms that
o6 = 0and A — A, constitute the mutual solution to the
gap equations at T =0 as pg — oo. Given the technical
nature of this analysis, we refrain from presenting the
detailed calculations here.

VI. NUMERICAL RESULTS

A. Fixing the vacuum parameters

In this section, we compare numerical results obtained
from the different mean-field approximations to the
QMD model introduced above. To ensure a meaningful

114020-14



RENORMALIZING THE QUARK-MESON-DIQUARK MODEL

PHYS. REV. D 113, 114020 (2026)

comparison, we fix the parameters such that all versions
reproduce the same vacuum physics, ideally based on a
common set of observables or quantities derived from
QCD. Due to the limited availability of such data from
either observations or first-principles calculations, we adopt
values obtained within the regularized mean-field approxi-
mation (regMFA).

Our strategy proceeds as follows. As detailed below, we
first fix the UV parameters of the regMFA model at a given
cutoff scale A’. These parameters determine the vacuum
quantities listed in Table I, which then serve to define the
renormalized model, as outlined in Sec. III B. For the RGC
schemes, by contrast, we directly adopt the UV parameters of
the regMFA as input for the effective potential at the initial
scale A’. In the vacuum matching scheme, the IR vacuum
parameters are, by construction, identical to those obtained in
the regMFA approach and, consequently, also to those of the
renormalized model. In the minimal scheme, however,
the resulting value of Z, differs (see Sec. IV C), while the
remaining vacuum parameters still coincide with the other
schemes. In the regMFA and likewise in the RGC variants
that retain an explicit wave function renormalization, the
vacuum value of the diquark renormalization constant is
Z, # 1. Because our renormalization conditions are
imposed on off-shell correlators, the phenomenological input
for the diquark sector is therefore not fixed by the physical
pole mass. For that reason we keep Z , explicit throughout, so
every scheme can be compared on an equal footing.

Let us now explain in detail how the parameters of the
regMFA model are fixed. Starting from the action Eq. (1),
and recalling that the quark and meson wave function
renormalizations do not enter directly in our equations, we
are left with nine UV parameters: the bare meson and
diquark masses m,, and m,, the Yukawa couplings g, and
ga, the quartic couplings Ay, 4x and Ay, the explicit
symmetry breaking parameter ¢, and the diquark wave
function renormalization constant Z,.

Among these, my, g4, 44 and ¢ belong to the quark-
meson sector and can at least be partially constrained by
vacuum observables such as the pion decay constant and
the pion mass. In contrast, since diquarks do not exist as
asymptotic states in vacuum, the diquark sector cannot
directly be fixed from experimental observables. Here, we
adopt values commonly used in the literature and compat-
ible with typical theoretical expectations, see, e.g.,
Refs. [59-61] for estimates of the vacuum diquark mass.

In the absence of further constraints, we simplify the
bosonic potential, Eq. (2), by setting Ay = Anix =0,
yielding the reduced form

1 1
U@ |AR) = S mid? +dgdh + AP, (77)

Additionally, we set Z, = 0. This choice is motivated by
the fact that in models without diquark kinetic terms, like

the NJL model, there is no bare wave-function renormal-
ization constant in the starting UV action, and therefore
Z, = 0 would be realized at the initial scale A’ in these
models. In the QMD model, where diquark kinetic
terms exist, other choices are possible. However, choosing
Z = 0 is particularly convenient for the RGC schemes, as
it renders the UV initial conditions at u-independent,
see Eq. (31).

We are thus left with six nonvanishing UV parameters:
My, Ma, Gps ga» 44> and c. The diquark Yukawa coupling is
setto ga = 4.5, which is not strongly constrained but yields
a physically reasonable diquark gap at the onset of the
color-superconducting phase (see VI B). To fix the remain-
ing five parameters, we choose a UV cutoff A’ = 600 MeV
and fit the model to the following vacuum properties:

(1) chiral condensate (pion decay constant)

fr=92.4 MeV, (78)
(2) pion mass

m? = 2(0,.Q)|,,. = (137 MeV)2,  (79)

|vac

(3) sigma mass

% = (560 MeV)?, (80)
(4) quark mass
Myvac = 9pf= = 300 MeV, (81)
(5) diquark mass
% = (600 MeV)2. (82)

The mesonic properties are taken from Ref. [62]. For the
diquark mass, we assume it to be twice the quark mass,
consistent with Refs. [59—61], provided the curvature mass
of the diquark field is a good approximation to its
pole mass.

The UV effective action parameters that reproduce these
vacuum properties are then determined as

m} = (951.5 MeV)?,
m3 = (959.2 MeV)?,

/14) - —1.34,
¢ = (120.7 MeV)?,

together with our choice gy, = 4.5and Ay, = A, = Zp = 0.
With this set of bare parameters we can now calculate the six
vacuum parameters Eq. (17) defined in Table I. The numeri-
cal values are listed in Table II. Note that this set of vacuum
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TABLE II. Values for vacuum parameters.

Vacuum parameters Value

7x 92.4 MeV
n2 (560 MeV)?
X (600 MeV)?
i =724

Aa 11.4

Zy 0.56

parameters has partial overlap with but is not identical to the
vacuum quantities in Egs. (78) to (82), which we used to fix
the UV parameters. This is related to the fact that some of the
UV parameters, like g, and ¢ do not receive loop corrections
in mean-field approximation but, of course, need to be fixed
nonetheless (e.g., ¢ viathe pion mass). On the other hand, the
vacuum parameters listed in Table I all receive loop correc-
tions, so that 15, 4,;x and Z,, which we set equal to 0 in the
UV have nonzero vacuum values in the IR.

With these values at hand, we now have access to the
renormalized effective potential. Notably, if the integration
in the renormalized effective potential is carried out only up
to a finite cutoff A’ rather than to infinity, the resulting
expression remains identical to that of the regularized
potential. This property ensures consistency between the
regularized and renormalized models.

For the RGC schemes, as explained above, we adopt the
same UV parameters at the initial scale A’. This yields to
identical IR vacuum parameters as those listed in Table II,
with the exception of Z, in the minimal scheme, which

takes the value Z(Amm) = 0.39. As we will see below, this
deviation has consequences for some of the results.

In the following, we present numerical results for the
different approximations discussed in this work. Details
regarding the computational procedures and numerical

implementation are provided in Appendix F.

B. Phase structure and thermodynamics

In Fig. 1, we present the QMD phase diagram obtained
within the regularized and renormalized mean-field approx-
imations, including all RGC schemes (¢A, vacuum match-
ing and minimal). Thin solid lines denote the chiral
crossover, defined by the minimum of d2Q at fixed g,
while thick solid lines indicate first-order phase transitions,
where both chiral and diquark condensate are discontinu-
ous. Dashed lines correspond to second-order diquark
transitions, and critical endpoints are marked by dots.
All approximations share the same qualitative structure:
atlow T and u, the system resides in a chirally broken phase
without diquark pairing; at low 7" and high y, it enters the
chirally restored, color-superconducting (2SC) phase; and
at high 7, chiral symmetry is restored with no diquark
condensate. Quantitatively, however, significant differences

T T T T T T T T T
150 - /,:;:::—:: ———— |
. i ,/::'/ —regularized
% 100 L /:,/ — minimal
=) S e, . —vac. mat.
= i o \\ —oA 1
. —renormalized
50 - % .
\
\
|
L ! ]
]
[}
0 I L L 1 I L I
0 200 400 600 800 1000
1 [MeV]
FIG. 1. Phase diagram corresponding to the different approxi-

mation schemes considered in this work. Thin solid lines denote
crossover transitions of the chiral condensate, thick solid lines
indicate first-order transitions for both the chiral and diquark
condensates, and dashed lines represent second-order transitions
for the diquark condensate. Dots mark the location of critical
endpoints. Chiral crossover phase boundaries of all RGC
schemes overlap. Note that the critical temperatures for the
2SC phase in the minimal and oA schemes are identical. This
is shown analytically for 6 = 0, see Eq. (D13), and is confirmed
here numerically, even away from the chiral limit.

emerge. In particular, the regMFA fails at large p: its
diquark boundary bends downward and eventually disap-
pears, reflecting the absence of high-momentum contribu-
tions in the medium integrals. In contrast, all RGC schemes
and the renormalized treatment maintain a 2SC phase up to
arbitrarily large u. Moreover, the regMFA overestimates the
chiral crossover temperature at low p, shifting the crossover
line to higher 7, and delaying the onset of the 2SC region to
larger p at low T.

To understand the origin of these differences, Fig. 2
shows the behavior of the condensates as functions of u at
T = 0 (left panel) and of T at u = 0 (right panel). At zero
temperature, the diquark gap Agap in the regMFA initially
increases but subsequently decreases and eventually van-
ishes at y ~ 686.5 MeV. In contrast, the curves in the RGC
schemes and the renormalized model exhibit the expected
monotonic rise of A, , followed by saturation to constant
values.

Similarly, the quark mass m, = g,6 remains relatively
large in the 2SC phase and tends toward a nonzero constant
as y — oo in the regMFA, while it asymptotically vanishes
in the RGC and renormalized schemes. These differences
can be traced back to the limited integration domain in the
regMFA, which suppresses diquark pairing and conse-
quently delays the 2SC onset. A detailed analysis for this
behavior is provided in Appendix E.

Similarly, at 4 = 0, the regularized MFA restores chiral
symmetry only at higher 7, because the truncated thermal

gap»
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FIG. 2. Quark mass m, = g,46 and diquark gap Agap = gaA at T = 0 MeV (left), and quark mass at 4 = O (right) for the different
approximations considered in this work. For g = 0 (right) the diquark gap always vanishes, Agap = 0, and is not shown. Also note that
for u = 0 all RGC schemes are identical, while the renormalized model yields slightly different results.

integrals slow down the decrease of /1, and leave it nonzero
even as T — oo, similar to what happens at 7 = 0 in the u
direction. In contrast, both the RGC and renormalized
treatments drive 6 — 0 at large 7', giving a lower crossover
temperature. Thus, in both the p- and T7-directions, the
limited integration domains in the regMFA favor chiral
condensate persistence, shifting the chiral-restoration
crossover as well as the 2SC onset to higher external
parameters when compared to the properly renormalized
approaches.

We note that even for 4 = 0, the results of the renor-
malized and RGC approaches are not expected to be strictly
identical by construction. The renormalized model is fixed
by matching a finite set of vacuum observables, which are
implemented through a limited number of derivatives of the

400 T »
= = finite quark mass

[—analytic c =0

300 |

100 4 —minimal
i E A —renormalized |
- :: —vac. mat. -
0 R [ —ah
0 500 1000
p [MeV]
FIG. 3. Diquark gap Ag,,

effective potential with respect to ¢ at y=0. As a
consequence, some parameters that are not directly fixed
by the vacuum matching conditions differ slightly between
the two setups. For example, the mesonic self—interaction
Ay (and similarly other higher—order couplings) takes
different values in the RGC schemes compared to the
renormalized model. These differences propagate into
observables and lead to the small discrepancy visible in
Fig. 2 (right).

In Sec. V and Appendices C and D, we derived closed-
form expressions for y(Ag,p0) and T () in the limit 6 = 0.
To illustrate their accuracy, Fig. 3 compares these analytic
results (solid curves) with the corresponding numerical
results at physical quark masses (dashed lines taken from
Figs. 1 and 2) for the renormalized model and for RGC

|= = finite quark mass i
—analytic 0 =0
150 +
=
é) 100
&~ L
50 _
—renormalized
- —vac. mat. B
—minimal and oA
0 | 1 | | 1 |
0 200 400 600 800 1000
p [MeV]

at T = 0 (left) and critical temperature 7' (right) against the chemical potential y. Solid lines indicate closed-

form expressions derived in the ¢ = 0 limit, while the dashed lines indicate results obtained numerically for the full solutions of the gap
equation, including explicit chiral-symmetry breaking, see also Figs. 1 and 2.
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schemes. In the left-hand panel, Agap(T =0) is plotted
against y. In every case the numerical results merge with
the chiral-limit curves almost immediately after diquark
condensation sets in, indicating that at high density the
dynamics is governed by quark-diquark properties while
the chiral condensate (mesonic part) plays only a minor
role. The same rapid convergence is visible in the right-
hand panel for the 2SC phase boundaries T'.(u).

The RGC vacuum matching and renormalized schemes
differ only in their UV completion of the vacuum sector.
Their small residual discrepancies arise from the choice of
the RG matching scale A’ and the specific set of vacuum
operators retained at that scale. Both approaches never-
theless agree closely with each other, showing that once
vacuum matching is imposed, the detailed structure of the
UV effective action has only a minor impact on the medium
physics. The RGC minimal scheme, however, deviates
further due to its different value of Z,, and accordingly its
diquark gap approaches a different constant at large u: in
the minimal RGC scheme one finds [see Eq. (62)]

lim Al = 267.8 MeV,
HU—00

whereas both the RGC vacuum matching and the renor-
malized schemes converge to [see Egs. (61) and (65)]

lim Al = 1im Al = 3152 MeV,
H—>00 H—> 0

consistent with the numerical results at 4 = 1000 MeV in
Fig. 2. Finally, the cA-scheme shows the most different
behavior compared to the other schemes as the diquark gap
grows much faster with u. This is confirmed by the
asymptotic value, which can be computed from the
procedure outlined in Appendix D (see Eq. (D10) and
also Fig. 6) to yield

limAl73) = 584.2 MeV.
H— 00

Finally, as discussed in Sec. V D, the renormalized, as
well as the minimal and the vacuum matching RGC
schemes exhibit BCS scaling for the critical temperature
T associated with the melting of the 2SC phase in the limit
u— oo as given by Eq. (75). Inserting the gaps at
1 = 1000 MeV, one finds

7MY % 0.567 x 246.7 MeV ~ 139.9 MeV,
7™ ~ 70 5 0.567 x 292.8 MeV ~ 166.0 MeV,

in very good agreement with the 2SC boundaries in Fig. 1
already at y = 1000 MeV

7MY — 1405 MeV, and
70 — 166.0 MeV.

For the 6A scheme, we do not expect the BCS relation to
hold. As shown analytically, the 2SC phase boundaries of
the minimal scheme and the oA scheme coincide for 6 = 0,
and our results in Fig. 1 indicate that this agreement
persists even away from the chiral limit. Despite the
identical critical temperature curves in Figs. 1 and 2 reveals
a pronounced difference in the diquark gap, confirming
that the system is far from the BCS limit. Using the
asymptotic  critical temperature from Eq. (D14),

lim,_ o, Tc" = 151.8 MeV, together with the asymptotic

gap lim,_ ALY = 5842 MeV, we obtain the ratio

gap,0 —
lim”_,oo% = 0.260 for the chosen parameter set. Using

this ratio, at 4 = 1000 MeV, we find

T ~0.260 x 373.6 MeV ~ 97.14 MeV.

This value does not match the computed 2SC boundary at

T (4 = 1000 MeV) = 140.5 MeV. The discrepancy

arises because, in the oA scheme, the diquark gap
approaches its asymptotic limit much more slowly and
saturates only at considerably larger u (see Fig. 3 and also
Sec. VIC).

In Fig. 4, we show the pressure p and the squared speed
of sound ¢? at T = 0 as functions of the chemical potential.
As observed, the regMFA fails to approach the Stefan-
Boltzmann limit for u — oo. Again, this deficiency is
absent in the RGC and renormalized schemes, where the
Stefan-Boltzmann limit is gradually attained in the high-
density regime. For the speed of sound (right panel) we
observe a peak exceeding the conformal limit ¢ = 1/3,
which is a characteristic feature of models incorporating
diquark condensation [11,12,33,63,64]. As discussed in
Sec. V C, this quantity approaches the conformal value
from above at large p.

Additionally, in the regMFA the speed of sound exhibits
an unphysical divergence at higher chemical potentials.
This can be traced back to the behavior of the condensates
in this approximation: as shown in Fig. 2, the diquark
condensate vanishes and the chiral condensate & tends
toward a constant at large u. Under these conditions, the
regulated medium integrals lead to a linear increase of the
pressure p with yu, while the energy density e asymptoti-
cally saturates to a constant value (see Appendix E for

details). Since the squared speed of sound is defined as
2 =4 this leads to %2 — co, implying a divergent c? at
high chemical potentials in the regMFA. This unphysical
behavior of the speed of sound was discussed for the NJL.
model in Ref. [65].

We also compare the pressure and speed of sound to the

weak coupling expansions, Eqs. (57) and (68), for two
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FIG. 4. Pressure p normalized to the Stefan-Boltzmann pressure pgp (left) and squared speed of sound (right) as functions of y at
T = 0 MeV. The black and gray solid lines indicate the asymptotic behavior of the pressure, Eq. (57), and of the speed of sound,
Eq. (68), expected from a weak-coupling expansion. The gray dashed line marks the conformal limit, ¢2 = 1/3 (right).

constant diquark gap values corresponding to the asymp-
totic values for the minimal and renormalized schemes. At
large densities u 2 1.5 GeV, we find a very good agree-
ment between the weak-coupling expansion and the
numerical results as already noted in Ref. [10].

The same cutoff artifacts that distort the phase diagram and
the speed of sound at higher values of y, are also visible in
thermal observables. Because the regularized MFA omits
high-momentum modes, its thermal pressure and entropy fall
short of the Stefan-Boltzmann limits. Fig. 5 compares the
entropy density of the five approximations with the SB limit

NN, (Tx*
_ e 3 2
Sgg = —T1° 4+ uT)|. 83
=20 (M 4ot ) (®3)
T T T T T
1.0 F
—regularized
- — minimal =
—vac. mat.
g —oA
= 0.5 —renormalized |
0.0 ‘ L
0 100 200 300
T [MeV]
(a) p=0MeV
FIG. 5.

For y = 0 (left panel) no diquark condensate is present, and
after the chiral crossover the quark mass drops to nearly zero.
One therefore expects s/sgg — 1 at high temperature. All
curves with RG consistent treatment and the renormalized
curve meet this expectation, whereas the regMFA never
reaches unity because the truncated momenta omit an
increasing fraction of thermal modes as 7" grows.

The right panel shows the same ratio at 4 = 450 MeV,
where a 2SC condensate persists up to the critical temper-
ature. Below T, the red-green quarks are gapped and
exponentially suppressed, so only the ungapped blue qua-
siquarks contribute; consequently s/sqp ~1/3, a limit
reached by all five approximations. Above T, the diquark
gap vanishes and the quark mass is small; the RG-consistent

1.0 Frmmmmmmmr e
—regularized
- — minimal =
—vac. mat.
Z —oA
= 0.5 —renormalized |

0.0 1 1 1
0 50 100 150 200

T [MeV]
(b) ju = 450 MeV

Entropy density s, normalized to the Stefan-Boltzmann entropy sgg [Eq. (83)], as a function of 7" at y = 0 MeV (left) and

u =450 MeV (right). The horizontal dashed lines indicate s/sqg = 1 and s/sqg = 1/3.
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and renormalized schemes therefore approach s/sqg — 1.
For temperatures near but below T, a linear increase in this
ratio is observed in both the renormalized and RGC vacuum
matching schemes, as well as in the minimal scheme, while
this linear behavior is absent in the oA scheme. The
regularized MFA, however, breaks down once again, with
the entropy ratio turning over and falling because the missing
high-momentum thermal modes cannot be recovered by any
further increase in 7.

We emphasize that all thermodynamic observables tell
the same story. Whether one probes along the temperature
axis or along the chemical potential axis, the truncated
integrals in the regularized MFA restrict the available phase
space and, as a consequence, distort chiral and super-
conducting transitions as well as bulk quantities such as the
entropy. By contrast, the RG-consistent and renormalized
calculations, which integrate over the full momentum
range, consistently recover the Stefan-Boltzmann limits
and preserve the expected pattern of phase transitions
throughout the entire (7, ) plane.

C. Testing the BCS relation

With A(T = 0) and T, at our hands, we can compare
their ratio with the BCS result and also with the numerical
results obtained away from the chiral limit. The results are
shown in Fig. 6, where T, is plotted as a function of the
zero-temperature diquark gap, Ay, (7 = 0): the left panel
of Fig. 6 shows the regularized model together with the
RGC-minimal and vacuum matching schemes in compari-
son with the renormalized results, while the right panel
displays the oA scheme.

First, recall that for the renormalized QMD, the BCS

ratio T,/ Agap,(} = e’/n is recovered both in the limit
200 T T T T T T T T T T T 7
—regularized analytic 0 =0 s
[ — minimal renormalized 1
150 —vac. mat. |
—renormalized
>
[
= 100 b i
S5 L Z 178t 4
50 - vl 1 4
| 7 176 1]
// Il Il 1 Il
g 312 315
0 1 il 1 1 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350
Ry T=0) [MeV]

1 — oo and Agap,() — 0, see Eqgs. (74) and (75). The solid
gray curve in the left panel of Fig. 6 shows the analytic
result for T'./ Agap,O obtained from the closed-form analytic
expressions in Egs. (72) and (D11) for the renormalized
model, whereas the dashed line indicates the BCS ratio
T./ Agap,() = e’/n.  Accordingly, the analytic curve
approaches the dashed BCS line smoothly at both ends:
once as Agap,() — 0 and once as u — oo, the latter using the
asymptotic gap Agap,O from Eq. (61). The lower endpoint
Agap.o — 0 is, however, never realized in the physical
calculation with finite quark masses (colored curves): In
all approximations, the 2SC phase is reached through a
first-order transition at a finite gap (see Fig. 2), so only the
high-density limit 4 — oo is able to approach the BCS ratio
in practice. At large chemical potential, the quark mass
vanishes, and all three curves satisfy the BCS relation
Eq. (75). The calculation with physical quark masses in the
renormalized model (red curve) lies almost exactly on top
of the analytic curve obtained for massless quarks, dem-
onstrating that explicit chiral-symmetry breaking has only a
minor effect. Finally, the regularized model (blue curve)
never shows the BCS scaling. Its multivalued behavior is a
cutoff artifact: at large y the finite three—-momentum cutoff
forces Agap to decrease (see Fig. 2), which causes the curve
to bend back on itself. Even within the displayed range, the
slope of T/ Agap,o differs substantially from the BCS value,
and no systematic BCS behavior is visible. The values in
the lower-left corner correspond to the point in the phase
diagram where both the diquark condensate and the 2SC
phase boundary drop to zero, at u=~686.5 MeV (see
Figs. 1 and 2).

In the right panel of Fig. 6, the solid gray curve depicts
the analytic result for the 6A scheme for ¢ = 0. In this

200

T T
—oA
150 g
_ ‘
[}
=100 - .
= i , i
// Lt
/.
L //’ analytic o =0
fo oA
0 d 1 1 1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600
A, (T=0) MeV]

FIG. 6. Ccritical temperature 7', against the diquark gap at vanishing temperature Agap(T = 0). The gray solid lines indicate results
obtained analytically for ¢ = 0, see Eqs. (72) and (D11), and solid squares mark their limits at 4 — co. Solid dots are obtained
numerically at 4 = 4 GeV. The dashed gray lines indicate the BCS scaling relation 7', = 0.567Agap(T = 0), while the dotted gray line
indicates the asymptotic ratio of the 6A scheme obtained for our parameter choice, 7, = 0.2605gap(T =0).
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scheme, the BCS ratio (dashed gray line) is reached only in
the Agap,O — 0 limit, which explains why the curve touches
the dashed BCS line in the lower-left corner. At the
opposite end, y — oo, the scaling deviates from the BCS
value toward the computed value of 7./ Agap,O = 0.260,
shown in the gray dotted curve. So the analytic curve bends
away from the dashed line and toward the dotted line at the
end, as expected. As in the other schemes, the lower-left
corner is never realized once the chiral dynamics is
included. The purple curve in the right panel of Fig. 6,
which incorporates finite quark masses in the cA scheme,
follows the analytic chiral-limit curve almost perfectly but
starts at a nonzero lower value of the gap. This starting
point is almost exactly on the BCS line, but we consider
this to be accidental.

As discussed in Sec. VD, the 6A scheme yields a
different asymptotic value for the diquark gap, yet, the
critical temperature approaches the same limit as in the
minimal scheme, consistent with Eq. (76). This similarity
and distinction is clearly visible in comparing the two
panels of Fig. 6. Therefore among the RGC schemes
discussed in this paper, only the A scheme fails to follow
the BCS relation at 4 — oo. Finally, we note that in the A
scheme the asymptotic regime is reached only at much
larger chemical potentials than in the other schemes. Near
the asymptotic point (gray square), 7. remains almost
constant while Agap continues to grow, so no extended
linear window develops around the dotted line in the right
panel of Fig. 6. Even at y = 4 GeV (solid purple dot) the
system is still far from its asymptotic point (gray square).

We conclude that although both the A and the vacuum
matching schemes employ the same set of vacuum param-
eters, the additional field dependent subtractions in the A
scheme leads to a distinct behavior of the diquark gap and
entropy density (cf. Figs. 2 and 5). As noted in Ref. [17],
such subtractions in RGC schemes can yield unexpected
consequences, not anticipated from a physical standpoint,
for example regarding the melting pattern of the different
diquark condensates. The discrepancy observed here
regarding the BCS relation is of the same nature; the
additional subtraction in all A-dependent RGC schemes
(including schemes used in Ref. [10] and mass-dependent
and massless schemes in Ref. [17]) results in a deviation
from the expected BCS relation.® It should be stressed that
we employ the BCS relation only as a convenient diag-
nostic. It is derived for conventional (phonon-mediated)
superconductors and therefore should not be viewed as a
rigorous benchmark for color-superconducting models,
where the pairing mechanism and underlying dynamics

¥We note that those subtractions are motivated by consider-
ations beyond MFA. At the mean-field level they are not required,
but once bosonic fluctuations are taken into account they may
become essential.

are qualitatively different and no experimental confirmation
of the ratio exists.

It is also worth noting that the extent to which the BCS
relation is realized and how the asymptotic limit is
approached are sensitive to the choice of parameters.
With different parameter choices, the BCS relation might
become a good approximation only at substantially larger
values of y. Thus, the linear scaling along a large range of
Agap values observed in Figs. 6 and 6 (left) may be

coincidental.

VII. SUMMARY, DISCUSSION
AND CONCLUSIONS

In this work, we have presented a systematic comparison
between two conceptually distinct approaches for rendering
the two-flavor quark-meson-diquark (QMD) model ultra-
violet complete: a renormalized formulation, and an RG-
consistent mean-field treatment that incorporates ideas
from the functional renormalization group. In order to
make the comparison meaningful, we fix the couplings in
both approaches to a common set of vacuum parameters,
related to low-energy properties of the model. With this
vacuum fit, they yield descriptions of cold and dense quark
matter that are not only qualitatively but also, to a large
extent, quantitatively consistent. Both frameworks generate
similar qualitative phase structures, approach the Stefan-
Boltzmann limit at large chemical potential, respect the
BCS relation T, = eVAgap’O/ x (with the exception of the
oA scheme) and avoid the cutoff artifacts that typically
affect naively regularized mean-field calculations.

Our analysis reveals that the regularized mean-field
approximation with explicit diquark degrees of freedom
leads to unphysical thermodynamics at high densities and
temperatures. In particular, the pressure grows only linearly
with p, the Stefan-Boltzmann limit is never reached, and
the speed of sound diverges, signaling a breakdown of the
approximation.

Both renormalization and RG consistent treatment cure
these artifacts. The two approaches nevertheless differ in
important details. In the renormalized model, all vacuum
and medium divergences are absorbed into scale-dependent
bare couplings, rendering the effective action completely
independent of the regulator. The price for this regulator
independence is an enlarged parameter space: additional
couplings proportional to ¢*|AJ?, |A|* and, via the diquark
wave function renormalization, to x*|A|> must be allowed
to run with the cutoff. In contrast, RG-consistent mean-field
schemes retain a fixed microscopic action and compensate
for the residual cutoff dependence by imposing renormal-
ization group consistency through suitable matching
conditions.

Although an RG-consistent (RGC) mean-field construc-
tion ensures that physical observables become independent
of the ultraviolet cutoff in the limit A — oo, it does not
uniquely determine how to eliminate medium-induced
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divergences. The corresponding counterterms are therefore
scheme-dependent, and different prescriptions can affect
finite-density observables even after the vacuum parameters
have been fixed. In Ref. [17], it was shown how these
schemes can be related to the wave function renormaliza-
tion of the diquark field, Z,. Motivated by this insight, we
introduce a vacuum-matching RGC scheme in which Z, is
fixed in the vacuum, facilitating direct comparisons with
other approaches.

With this choice, the in-medium flow reproduces the
diquark gap obtained in the fully renormalized QMD model
up to subleading 1/u? corrections, while preserving the
cutoff independence characteristic of all RGC construc-
tions. In this sense, the vacuum-matching scheme retains
the conceptual clarity of the prescription in Ref. [10] as well
as the minimal prescription in Ref. [17].

A final crisp benchmark is the BCS relation,
T. = €Ay, (T =0)/7. We find that this ratio is exactly
reproduced in the ¢ — oo limit by the renormalized QMD
model and by RG-consistent schemes whose medium
subtraction can be reinterpreted as a diquark wave function
renormalization, specifically, the minimal and vacuum-
matching variants. In contrast, schemes in which the
subtraction acquires an additional A-dependent structure
(such as the oA scheme of Ref. [10]) violate the BCS ratio.
This underscores, once again, that seemingly innocuous
choices for removing medium divergences can significantly
alter key in-medium observables.

We emphasize, however, that this should not be taken as a
criterion for discarding specific RG-consistent schemes,
since it is unclear whether the BCS relation is actually
realized within the regime of applicability of such models.
Rather, this observation highlights the intrinsic scheme
dependence associated with the subtraction of medium
divergences, an ambiguity that persists even after matching
to vacuum parameters. If one assumes that the BCS relation
is indeed realized (or, alternatively, that the renormalized
MFA represents the most reliable description), our results
could be used to disfavor the cA scheme. However, the
present analysis is based solely on the MFA, and the cA
scheme may become mandatory once fluctuations beyond
mean field are taken into account, see Ref. [10].
Consequently, more detailed analyses are required to clarify
the origin and implications of this scheme dependency.

Our analytic solution of the 7 = 0 gap equation reveals
that, in the limit 4 — oo, the diquark gap approaches a finite
constant—see Eqs. (61) and (62). Remarkably, in both the
renormalized model and RGC vacuum-matching scheme,
this asymptotic value depends only on the vacuum quark
mass, the diquark Yukawa coupling, and the vacuum
wave function renormalization of the diquark field, with
every explicit trace of the UV regulator eliminated.
Renormalization and RG consistency thus remove the
cutoff from the formalism without severing the link
between vacuum physics and dense-matter observables:

once the vacuum parameters are fixed, the entire finite-7"/
finite-u sector of the QMD model becomes a genuine
prediction of mean-field dynamics.

The most compelling next step is therefore to determine
off-shell correlators directly from QCD—for example, via
lattice calculations or by matching to continuum FRG/DSE
computations. Such an ab-initio calibration would render
the model a parameter-free tool for exploring the phase
structure and equation of state of dense matter. This
procedure would provide a decisive test of whether a
mean-field QMD model, once anchored to realistic vacuum
observables, can simultaneously satisfy astrophysical con-
straints without the need to incorporate beyond-mean-field
fluctuations.

With the vacuum parameter fixing provided by first-
principles QCD in place, several phenomenologically
important extensions become both natural and reliable.
For instance, the present two-flavor framework can be
generalized to the three-flavor case. In Ref. [17], the
melting pattern of the color—flavor-locked (CFL) phase
was analyzed within an RG-consistent NJL framework,
successfully  reproducing earlier  Ginzburg-Landau
predictions [20], in contrast to the failure of conventional
cutoff-regularized NJL models. It would be instructive to
extend this analysis to a three-flavor QMD model.

For astrophysical applications, a repulsive vector inter-
action, together with electric charge, isospin and color-
neutrality constraints, must be incorporated to obtain an
equation of state compatible with ~2M ; neutron stars and
their tidal-deformability bounds [64,66—69]. In addition,
the regulator-independent framework developed here pro-
vides a clean setting to revisit spatially modulated chiral or
pairing phases, whose very existence crucially depends on
careful control of cutoff artifacts [70-72]. Work along these
lines is ongoing and will be reported elsewhere.

Since many earlier hybrid-star studies rely on regMFA
diquark equations of state at high densities, they inevitably
inherit unphysical artifacts, potentially leading to erroneous
conclusions regarding stellar properties. A properly renor-
malized or RG-consistent treatment is therefore essential to
ensure reliable astrophysical predictions. In this work, we
have demonstrated that both renormalization and RG
consistency eliminate the regulator ambiguities in the
QMD model, yielding mutually consistent and analytically
tractable descriptions of dense quark matter. Together, these
approaches provide a powerful and flexible framework for
future studies aiming to bridge microscopic QCD dynamics
with astrophysical observations of compact stars.
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APPENDIX A: DERIVATION OF THE
RENORMALIZED POTENTIAL

Fixing f,, the remaining vacuum parameters in Table I
are found by evaluating derivatives of the effective potential
Eq. (3) in vacuum, which yields

g = m3(A) + 34y (N)f7 + (ZLp) e (A1)
B 1
2A = mi(A) + Elmix( )fl[ (62 L/\)|vac’ (AZ)
3 1 2 32

)*mix = /Imix<A> + 5 (aﬁaALA) |vac’ (AS)

- 1
/1A = ﬂ'A (A) + ﬂ (aiL/\Mvac’ (A4)

- 1
Zy = Zp(N) = - (GR0R L) | - (A5)

Eq. (20) and Egs. (A1) to (A5) form a simple linear system
of equations that can be solved for an expression of the 6
UV scale-dependent bare parameters in terms of the
correlators. The solution of this linear system yields

1 e ~
mé(A) - _i{m%fﬂ —3c _fﬂ(aterA>|vac + 3(60LA>|VaC}’
(A6)
2 L L Iz 2 5>
my (A) =iy —Eﬂmixfn _E(aALA> e +Z(avaALA) vae”
(A7)
’1¢(A) 2f 3 {maflr ¢ — }n(arerA)‘vac + (aﬂLA)|vaC}’
(A8)
~ 1
j*mlx (A) = j'mlx - 5 (arzrazALA) ’ (Ag)

- 1
Aa(A) = 25 = 7 (OALA)

, (A10)

vac

Za(A) =Za+— (azazLA) (A1)

16

vac

Using the expression for the loop contribution Eq. (4),
we can write the bare parameters as

1 _ 3¢
mi(A) = —Em(z;'f'y
3g¢ 2
+ ZNf A3 (2 + 3mq Vac) (A]Z)
|Bl<A “€g.vac
S P
my (A) = i —Eﬂmix ;
N
+ 2Nf A (2p2 + Smg/,vac)’ (A13)
2ed
|Pl<A £€4.vac
1 c 9
W =5z o N g A
2.2
9aY,
j'mix(A) /1m1x 2Nf /q A€5 ¢(p 2mqvac) (AIS)
PI< g.,vac
Aa(A) = 1y — 2N, / (A16)
\<A4€qvac
_5 _ 94
Zs(A) = Z, — 2N, (A17)

- 3 :
|pl<A 4€q~vac

Finally, we obtain the renormalized and UV scale indepen-
dent potential by sending A — oo in the momentum inte-
gration of the effective potential, which results in Eq. (21).

APPENDIX B: -FUNCTIONS
OF THE MODEL COUPLINGS

From the mean-field flow Eq. (34), we can evaluate the
p-functions of the relevant couplings of the model. At
vanishing temperature and for the sharp regulator, the
mean-field flow reduces to

2
00 = "L (e, (K) + E7 (k) + B (6) — e ()0l (k).

(B1)

In the following, we neglect the last term —e (k)0(e; (k))
arising from the thermal part of the potential, as it yields an
irrelevant contribution in the limit k — co. We then perform
a Taylor expansion of the effective potential
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1 1 1
Qk = Em?ﬁ’kqﬁz + Z;L(/)’k64 + E’lmix,kazAz + mZA’kAz

+ Aa kAt —AZp P A - (B2)

and insert this expansion in the mean-field flow Eq. (B1).
The p-functions of the couplings are obtained by compar-
ing coefficients, yielding

4

64 3951 243
2 _ 99 _ ¢ 2 “9a
0km¢,k—7k, aki(/,,k—— ”2 z, ak Ak — ”2 k:
4 2 2 2 2
_ Gl __“9a91 ga 1
0k/1A,k = _27712%’ O Amix k = 5 %, akZA,k 2”2;'
(B3)

This directly leads to the following solutions for the scale
dependence of the couplings:

3;
i = (2 = k?) - m} (B4)
3g, k&
dpi = = =2+ Ay BS
¢k 20 k0+ ko (B5)

01 (0, A:0,)
0A?

00 (0, A5 T 1)
0A?

=0

A=Ay =0

where, assuming a vanishing chiral condensate, we have

Eio =/(eF)* + A2 € =pEu

with p =|p|. Since both gap equations vanish, their
difference also vanishes. The resulting condition implicitly
defines the location of the second-order phase boundary of
the 2SC phase at a given chemical potential yx, which is
determined by the corresponding zero-temperature gap
Ao(u) = A(T = 0, ). Solving this condition for T yields
the critical temperature T'.

To proceed, we split the remaining momentum integral
into two convergent parts, one for each tanh term. Because
each part converges separately, we can shift and unify the
integration limits. Rewriting Eq. (C1) in this way, we obtain

1A2 11
0 =2],A2 - Nf{/ < w0 11 ne )
2 eq vac qu €y 2T
182,01 e
by c2
- /13 <2 ez,vac " E;O €q 2T > } ( )

By shifting the integration variable in the first integral,
p — p—u, and in the second integral, p — p + p, and

=21,A2—N 2/{—1 +— ! —|—A an
= 2ApR — N yg -
0 798 3\ E, " El €

mj g = ;q[_%(kz —ko?) +my 4, (B6)
Aagx = _%lnk% + Aa ks (B7)
Amixk = — 2932935 ln]i + Amix ko> (B8)
Zar— Bk (BY)

271'2 ko

Here, &, represents an arbitrary reference scale. Notably, if
we choose k= A, the RG scale dependence of the
couplings exactly matches the A-dependence of the renor-
malized model couplings, as given in Egs. (11) to (16).
This explicitly demonstrates that, as expected, the RG-
consistency generates the appropriate counterterms intro-
duced in the renormalized model.

APPENDIX C: BCS ANALYSIS AT T,

Subtraction of the gap equations in Eq. (69) yields the
relation

1 e, 1 €l
90— tanh_ L~ —tanh_? } (C1)
qvac 4 2T, € 2T,

I
then separating the even and odd parts of the integrand, the
two integrals can be combined into a single one,

Nf/ 1 { A% o(p —p)?
2((p = ) + mgve)?

Aédpo(P +p)?

2((p + p)* + myae)?

0 = 21,A% -

(p—n)?

+ 2
\/ +Agap0
2 1
M—Z(pz—i—,uz)—tanh(z?)}. (C3)
/p +Agap0 P c

The integral can be evaluated analytically by inserting the
series representation

+

tanh(x) = 2 sinh(x) Z(_l)k+]e(l—2k)x
k=1

= 2e¢~*sinh(x) + 2 sinh(x) Z

k=2

k+1 (1-2k)x

(C4)

For all k > 2, the resulting terms can be integrated using
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1) (120 where y~0.5772 1is the Euler-Mascheroni constant.
Z Summing all contributions for the integral in Eq. (C3),
this whole expression can be evaluated as

= 4@l . (Cs)
2T _ - - 2 T.
= ( T k= 0—2/1AA(2)——69A2{2712T§+12/42 (m—_” ‘ —y>
T

2ap.,0

/oo dx(x* + a?) —smh

0 k=2

with @ €R. The first part is summed to

“gap0
- ~ ) +3Agap0(21 - 1>} (C10)
2k 1 T g.vac
Z k 1) (k—1)2k2 g =1 (Co)
k= B The expression above can be rewritten as
and the second part can be simplified using 2 2
T 12 ) exp (12
> (=D ( ) Z( 12m1n< > 2 12
- Ay, A 1 2727 A
k=2 -1 ZL%OeXp [27+ gazllo <§+i4/1A _IHLP'O>:|'
1 2m+1 1 2m + 1 3” 9a mq,vac
—(-1) n m (C11)
——In <H <1 — %)) (C7) Now, starting from the transcendental equation
k=1
zet = C, (C12)
with the infinite product value of [ [ (1 4k2) =2 This
contributions to Eq. (C5) is one introduces the (multivalued) Lambert W-function [74],
defined implicitly by
23 215 ) = (-2 4 ma). (C8)
k—1 W(x)e"™ = x. (C13)
=2

The remaining contribution from the k=1 term in  APPIyi ng this definition to Eq. (C12) gives the formal
Eq. (C4), together with the remaining terms of Eq. (C3)  solution

is obtained by use of an integral of the form 2= W(O). (C14)

/oo dx{_L + % e sinh(x)} =In2+y, (C9) Employing Eq. (C14), the critical temperature 7, in
0 I+x x Eq. (C11) can be written compactly as
|

A2

x 3/4 Adipo Agpo (1 272 Agapo
r28un) = o w(SERenp o+ St (14 27, - mt ) ), (c1s)
q.vac

where the branch of the W-function must be chosen such that the second root is positive and the resulting 7', is real and
positive. Furthermore, T, can also be expressed purely in terms of the chemical potential . To derive this relation, we start
from the gap equation Eq. (58) and establish the following identity

In S0 _

mA + 21AAO - 4ZA/“ mle2 QZA (A2 0 + 2/42 - 3m(2].vac)
2 .
mq,vac ‘Z—% (Aéap,() - 2ﬂ2>

&ap,

(C16)

Plugging the above identity into Eq. (C15), all A-dependence cancels out, and we obtain an explicit expression for 7' that
depends only on the chemical potential y

°For real arguments C € [—e~!, 00) the Lambert W function has exactly two real branches: the principal branch W (C) > —1 and the
secondary branch W_; (C) < —1. Consequently, Eq. (C14) can supply up to two distinct real roots, one from each branch. For C < —e™!
the two real branches combine and become complex. Detailed discussions of these branches may be found in Refs. [74,75].

114020-25



GHOLAMI, KURTH, MIRE, BUBALLA, and SCHAEFER PHYS. REV. D 113, 114020 (2026)

3 M2 e 4n*7 1 2
T2(4) = 2 W( CALIPoN p{ 1+2y+%+—2<3m;j‘_m+”—2(/1mixf3,—2ﬁ1§)>D. (C17)
3u? g 2u g

* A A

Taking the limit 4 — oo of the above equation yields

4 1 22°Z v
lim T (1) = =y yae xp (== + a2 ) =< 1im Ay, (C18)
H—00 T 2 Ja T u—co ’
which is the BCS relation Eq. (51). Additionally, taking the weak-coupling limit A aap0 — 00f T/ A gap,0- Irom Eq. (C15) we find
T v
lim ¢ =% (C19)

Agap,o—>0 gap,0 T
which agrees with the standard BCS ratio. This explains why the analytic curve in Fig. 6 approaches the BCS line at both ends:
once for y — oo and once for Agap.o - 0.

APPENDIX D: ANALYTIC RGC SCHEMES EXPRESSION AT 6=0

In this Appendix, we provide the analysis for the case ¢ = 0, leading to expressions for the diquark gap at T = 0 and the
dependence of the critical temperature on the chemical potential i for all RGC schemes presented in this work. To obtain the
expression for critical temperature, we follow the same procedure as in Appendix C.

1. Minimal scheme
Starting from the effective potential given in Eq. (42) and the minimal scheme ansatz in Eq. (44), and taking the limit

A — oo, the gap equation for the diquark field becomes

_ = _ A2
= 24, [mi izt + (—A’\/ A% 4 Ao + Aggpartanh ———eee (3 +1n galfzo) )]
- T A2+ A2 4N

0 (5, A;0, 1)

min

0A

—0. (D1)

Solving this equation for x> and identifying for which value of the diquark gap does y? diverge, similarly to Sec. V B, one
finds the asymptotic diquark gap to be

min 3 2772
lim A0 = 2N exp (— o+ ngZA> : (D2)

as given by Eq. (62). Following the procedure outlined in Appendix C, we obtain the equation for 7. as

A2

Agap.o
e A2 2 - 2;42
) 32 (A A2 _ —1+ 1+ A2 /A
T2 (Bo.) = 5 W | —E50exp {w——( T4+ /1+ Azap,O/A'2>] = . (D3)
n 3u? w L4 /1 + A2, /A2

Furthermore, making use of the identity

A\ + ,//\/2+A 0 A\ —42/A2 1 — 272
— (- > " exp [T <—2A/\/ N2+ B2+ 6 + T (3 — 4ZAﬂ2)>} . (D4)
N+ N+ A2, \Papo Agapo 9a

which follows from the gap equation Eq. (D1), the critical temperature 7', can be expressed as an explicit function of u as

32 4A/2 24Z 2 2 A/Z
Tg(ﬂ)ziw< exp[3+2y+”< A mA/”)+—D. (D5)

2 32 e 2
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Taking ¢ — o0, we get

, 2N 3 27
lim 7. (u) = —exp (y———l——zZA) (D6)
oo 7 2T
.el o

yielding the BCS relation.

2. Vacuum matching scheme

As the vacuum matching scheme is a variant of the minimal
scheme with a special value for Z,, both schemes are similar.
This is directly seen by computing the gap equation

0t (5, A; 0,
dA =0
A=Aq

which yields the same expression as Eq. (D1) with the
replacement Z, — Z!, where

2 2N A
Z=Zy—A I In— +1

2% m 2 2
q.vac N+ My yac

/

” 2
\/ A*+ my vac

All relations derived in the previous section can be
recovered for the present scheme by the insertion of the
|

+ artanh (D9)

above ansatz into Eq. (D2). In particular, the resulting
asymptotic diquark gap coincides with Eq. (63), which in
turn equals Eq. (61). Consequently, the BCS relation is
obtained for this scheme as well.

3. 6A scheme

As discussed in the main text, the A scheme differs
from the other two schemes because of its additional A- and
o-dependence. These extra A terms become particularly
important, especially in deriving the BCS relation.
Proceeding analogously to the previous cases, but starting
from the ansatz Eq. (43) and taking the limit A — oo, we
determine the asymptotic value of A by examining the pole
of the gap equation in 2. This procedure yields

0= 23 A2, oA — 42 Z, A2 /A2, o + A”

+ A (BA? — 4n*Z A} Agapp + A?)
!

Baa A7

The equation above cannot be solved analytically for
Agap,O; in its current form only a numerical solution is
feasible. Solving Eq. (D10) numerically with Z, = 0, A’ =
600 MeV and g, = 4.5 gives the asymptotic diquark gap in

the 6A scheme as lim,_,, Agﬁ ) = 584.2 MeV. Lastly, to
obtain the critical temperature 7. we follow the procedure

leading to Eq. (C1). This leads to the implicit equation

— 243 (A2

2ap0 T A?)32artanh

(D10)

32
A2
1 gap,0

N o PV A
T2(Ro.p) =W 3/42 exp[—3+2y—P7<—A'+

Using the following identity, derived from the gap equation

—A + /A2 + Aéap,o -

2

<A§ap.O+A/2)2_(ZAéap,O"’_SA/z)ﬂz)] N AR G\

Aéap.o T A’2)3/2

2 | A2
AN+ A +AZ o

(D11)

= = exp
A+ JA?+ A

T. can be expressed as an explicit function of y as

32

T

n”
T2(u) —2W< exp[—3+2y+

3u?

|: ng(Aéap,O + A/2)3/2(A§ap~0 - 2ﬂ2)

- ”2 \/ Aéap,O + AQ (AQ + ngAéap,O

o, = 420} |

{ngA/(Agap,O + 2Aéap,o(/\/2 - /"2) + Al4 - 3A/2/’£2)

(D12)

42y = mi/i) | /\’1 ) (D13)

ga s
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Equation (D13) is the same as Eq. (DS5), implying that
the 6A scheme and the minimal scheme yield identical 2SC
phase boundary for ¢ = 0. Taking u — oo in Eq. (D13),
we get

2N 3 2%
im 7. (u) = —exp (}/ —-= —i—izZA), (D14)

o 2" A

which is equal to Eq. (D6). However, within this
scheme, the above equation does not reproduce the BCS
relation. The reason is straightforward: if we insert the
ansatz

3 2z2
A =2A —=+—52Zx |,
o =2 exp (3455 2)
|

into the gap equation and then take the limit y — oo, the
right-hand side does not vanish. Consequently, this ansatz
is not a solution of the gap equation in the 6A scheme, and
the BCS relation does not hold in general.

APPENDIX E: BEHAVIOR OF REGMFA AT
HIGH CHEMICAL POTENTIAL

In the regularized QMD model, as seen in Fig. 2, the
diquark condensate vanishes at sufficiently large chemical
potentials, leaving only a finite constituent quark mass
which remains at a constant value. This behavior can be
understood analytically as follows. For chemical potentials

satisfying y > /A? + m2, the loop contribution to the
effective potential Eq. (4) at 7 = 0 reads

1 1
La(mg, Agyp: T =0) = =2N; {E§+Eq‘+—eq+~l——|eq‘|}. (El)
pl<a 2% 2
Expanding this expression in powers of A/A gives
NA  NgAA? 2—mg
La(my, Agp; T =0) = ———p+ —L=2— A |1 - artanh +O(A2/A?)]. (E2)
V4 b3 A 12— m2
q

Inserting this into the effective potential together with the bosonic potential Eq. (77) (with Z, = 0) and differentiating with

respect to A to get the gap equation yields

09?%(0', AT =0)
0A

2N
”2

=A 2m2A—|—

2
gAMA 1 —

+o/A)| S =0 (E3)

2
p—mg

For the nontrivial finite solution A = A, the expression in braces vanishes. The critical chemical potential x,., where A — 0

(and g,6 = my), is thus determined by the condition

2N, 4
2m3 + ;2%”./\ 1 -

C

which can be solved numerically to obtain p. once m, is
known (Note that u,. should still satisfy the condition

Ue > /A2 + ﬁi?]). Accordingly, a cutoff-dependent critical

chemical potential y,. emerges, and its very appearance
signals a cutoff artifact of the regularized approximation.
Furthermore, setting A = 0 in Eq. (E2) leaves only the term
linear in p

3
_Nsp

LA(mq, Agap = 0, T = 0) = 7/4 (ES)

(E4)

Because the bosonic potential in Eq. (77) is y-independent
without diquarks and the loop contribution Eq. (ES) is
o-independent, the gap equation reduces to the tree-level
condition

—c +myG +2445° = 0. (E6)
Using the vacuum parameters listed in Table 11, this yields a
p-independent constituent quark mass of m, = 6.31 MeV

at large chemical potentials in the regMFA. This result is in
perfect agreement with the values shown in Fig. 2. Inserting
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this value into Eq. (E4), we get y. = 686.5 MeV, in perfect
agreement with the boundaries found in Figs. 1 and 2.
Furthermore, since 7m,(u) is constant, the only
u-dependence in the pressure originates from the linear
term in Eq. (ES). Consequently, the pressure scales as p o<
(in contrast to the u* behavior in the Stefan-Boltzmann
limit), and the corresponding energy density € = —p + u Z—fz
becomes p-independent. As a result, the squared speed of

2 _dp __dp d*py\—1 . .
sound, ¢y = F = @(y d—”Q) , diverges at large u in the

regularized model, as illustrated in Fig. 4.

APPENDIX F: NUMERICAL IMPLEMENTATION

Numerical results presented in this work are obtained
using the Sc 1ML ecosystem offered by the Julia language.
In particular, Optimization. j1 [76] and solvers acces-
sible within [77,78]. We also made use of automatic differ-
entiation through ForwardDiff . j1 [79] in the numerical
computation of vacuum parameters, the entropy density,
number densities and the speed of sound (by means of the
Jacobian method developed in Ref. [80]). All figures are
produced using Makie.j1 [81].
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